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Ï�ÎÑÒÅÉØÈÌ Ó�ÀÂÍÅÍÈÅÌ ÒÅÏËÎÏ�ÎÂÎÄÍÎÑÒÈ

�åøåíèå êðàåâîé çàäà÷è äëÿ ïðîñòåéøåãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, çàäàííîé â ïðÿìîóãîëüíèêå,

äîïóñêàåò ïðåäñòàâëåíèå â âèäå ñóììû äâóõ ñëàãàåìûõ, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè äâóõ êðàåâûõ

çàäà÷: â ïåðâîì ñëó÷àå ãðàíè÷íûå �óíêöèè ëèíåéíû, à âî âòîðîì � íà÷àëüíàÿ �óíêöèÿ ðàâíà íó-

ëþ. Ýòà ñïåöè�èêà ïîçâîëÿåò ïðèìåíÿòü äëÿ ÷èñëåííîãî ðåøåíèÿ îáåèõ çàäà÷ äâóìåðíûå ñïëàéíû.

Ïåðâàÿ çàäà÷à èññëåäîâàíà â ïðåäûäóùèõ ðàáîòàõ, ãäå ïîëó÷åí ýêîíîìè÷íûé àëãîðèòì åå ÷èñëåííîãî

ðåøåíèÿ, èìåþùèé ëèíåéíóþ ñëîæíîñòü âû÷èñëåíèé. Äàííîå îáñòîÿòåëüñòâî ïîñëóæèëî îñíîâàíèåì

äëÿ àíàëîãè÷íûõ ïîñòðîåíèé ïðè ðåøåíèè âòîðîé çàäà÷è. Çäåñü òàêæå îïðåäåëåíî êîíå÷íîìåðíîå ïðî-

ñòðàíñòâî ñïëàéíîâ ëàãðàíæåâîãî òèïà, à â êà÷åñòâå ðåøåíèÿ ïðåäëîæåí îïòèìàëüíûé ñïëàéí, äàþùèé

íàèìåíüøóþ íåâÿçêó. Äëÿ êîý��èöèåíòîâ ýòîãî ñïëàéíà è äëÿ åãî íåâÿçêè ïîëó÷åíû òî÷íûå �îðìó-

ëû. Ôîðìóëà äëÿ êîý��èöèåíòîâ ñïëàéíà ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ �îðìó îò èñõîäíûõ êîíå÷íûõ

ðàçíîñòåé, çàäàííûõ íà ãðàíèöå. Ôîðìóëà äëÿ íåâÿçêè ïðåäñòàâëÿåò ñîáîé ñóììó ïÿòè ïðîñòûõ ñëà-

ãàåìûõ è îòðèöàòåëüíî îïðåäåëåííîé êâàäðàòè÷íîé �îðìû îò íîâûõ êîíå÷íûõ ðàçíîñòåé, çàäàííûõ

íà ãðàíèöå. Ýëåìåíòû ìàòðèöû �îðìû âûðàæàþòñÿ ÷åðåç ìíîãî÷ëåíû ×åáûø¼âà, ìàòðèöà îáðàòèìà

è òàêîâà, ÷òî îáðàòíàÿ ìàòðèöà èìååò òðåõäèàãîíàëüíûé âèä. Ýòà îñîáåííîñòü ïîçâîëÿåò ïîëó÷èòü äëÿ

ñïåêòðà ìàòðèöû âåðõíèå è íèæíèå îöåíêè è ïîêàçàòü, ÷òî íåâÿçêà îãðàíè÷åíà êîíñòàíòîé, íå çàâèñÿ-

ùåé îò ðàçìåðíîñòè N. Ïîêàçàíî, ÷òî ñîþçíàÿ íåâÿçêà ñòðåìèòñÿ ê íóëþ ñ ðîñòîì N. Òàêèì îáðàçîì,

ïîëó÷åííûé îïòèìàëüíûé ñïëàéí ñëåäóåò ñ÷èòàòü ïñåâäîðåøåíèåì âòîðîé çàäà÷è.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, èíòåðïîëÿöèÿ, àïïðîêñèìèðóþùèé ñïëàéí, òðåõäèàãî-

íàëüíàÿ ìàòðèöà, ìíîãî÷ëåíû ×åáûø¼âà.

Ââåäåíèå

�àáîòà ðàçâèâàåò àâòîðñêèé ìåòîä ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì äëÿ ðåøåíèÿ ïðî-

ñòåéøèõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè è ïðîäîëæàåò öèêë ïóáëèêàöèé [1�7℄.

Óðàâíåíèå ut = cuξξ, çàäàííîå â ïðÿìîóãîëüíèêå, çàìåíîé ïåðåìåííûõ ïðèâîäèòñÿ

ê âèäó aut = buξξ (â òåðìèíàõ íîâûõ ïåðåìåííûõ èç êâàäðàòà Π =̇ [0, 1]2). Ïóñòü ÷èñëà
a, b � ïîëîæèòåëüíûå, à íåïðåðûâíûå �óíêöèè φ, ρ0, ρ1 : [0, 1] → R òàêîâû, ÷òî φ(0) =
ρ0(0), φ(1) = ρ1(0) è ñóùåñòâóþò ïðîèçâîäíûå ρ′0(0), ρ

′

1(0).
�åøåíèå u = u(t, ξ) çàäà÷è

aut = buξξ, u(0, ξ) = φ(ξ), ξ ∈ [0, 1],

u(t, 0) = ρ0(t), u(t, 1) = ρ1(t), t ∈ [0, 1],
(0)

ïðåäñòàâèìî â âèäå u = u(1)+ u(2), ãäå u(1) = u(1)(t, ξ) è u(2) = u(2)(t, ξ) � ýòî ðåøåíèÿ

çàäà÷

aut = buξξ, u(0, ξ) = 0, ξ ∈ [0, 1],

u(t, 0) = ρ̂0(t), u(t, 1) = ρ̂1(t), t ∈ [0, 1],
(I)

è

aut = buξξ, u(0, ξ) = φ(ξ), ξ ∈ [0, 1],

u(t, 0) = r0(t), u(t, 1) = r1(t), t ∈ [0, 1],
(II)

ñîîòâåòñòâåííî. Èñïîëüçîâàíû îáîçíà÷åíèÿ

r0(t) =̇ ρ0(0) + ρ′0(0) t, r1(t) =̇ ρ1(0) + ρ′1(0) t,

ρ̂0(t) =̇ ρ0(t)− r0(t), ρ̂1(t) =̇ ρ1(t)− r1(t).
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Çàäà÷à (II) èññëåäîâàíà â ðàáîòàõ [2, 3℄ (ïîëó÷åí ýêîíîìè÷íûé àëãîðèòì ÷èñëåííîãî

ðåøåíèÿ), à â íàñòîÿùåé ðàáîòå (ïî àíàëîãèè ñ ýòèìè ðàáîòàìè) â êà÷åñòâå ðåøåíèÿ

(ïñåâäîðåøåíèÿ) çàäà÷è (I) ïðåäëàãàåòñÿ èñïîëüçîâàòü îïòèìàëüíûé ñïëàéí çàäà÷è

∥∥ aut − buξξ

∥∥ 2

L2(Π)
→ min, u ∈ σ(Π).

×åðåç σ(Π) îáîçíà÷åíî êîíå÷íîìåðíîå ïðîñòðàíñòâî, ñîñòîÿùåå èç ñïëàéíîâ (ñì. íèæå),
çàâèñÿùèõ îò êîý��èöèåíòîâ ui

1, i = 1 , . . . , 2N (ãäå N � ýòî ïàðàìåòð, îòâå÷àþùèé

çà êîëè÷åñòâî óçëîâ ðàçíîñòíîé ñõåìû), è îïðåäåëåííûõ â êâàäðàòå Π. Ïóñòü, äàëåå,
n =̇N − 1, τ =̇ 1

2N
, h =̇ 1

2
, θ =̇ b

a
τ
h2 = 2b

aN
, à òî÷êè (τi, hj) ∈ Π òàêîâû, ÷òî τi =̇ iτ, i =

0, 1, . . . , 2N, hj =̇ jh, j = 0, 1, 2.

� 1. Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî àïïðîêñèìèðó-

þùåãî ñïëàéíà

Ìàññèâ ( ui
j ), i = 0, 1, . . . , 2N, j = 0, 1, 2, íàçûâàåòñÿ äîïóñòèìûì äëÿ çàäà÷è (I),

åñëè:

1) ui
0 = ρ̂0(τi), ui

2 = ρ̂1(τi) äëÿ âñåõ i = 0, 1, . . . , 2N ;

2) u0
j = 0 äëÿ j = 0, 1, 2.

Îäíîìåðíûå èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà

ωκ(ζ) =̇
2∏

α=0

α6=κ

ζ−α

κ−α
, ζ ∈ R, κ = 0, 1, 2 (1.1)

(òàêèå, ÷òî ωκ(µ) = δκµ äëÿ âñåõ κ, µ = 0, 1, 2), è äîïóñòèìûé ìàññèâ ( ui
j ), i =

0, 1, . . . , 2N, j = 0, 1, 2, ïîðîæäàþò ñåìåéñòâî ïîëèíîìîâ

Qk(s, η) =̇

2∑

i=0

2∑

j=0

u2k−2+i
j ωi(s)ωj(η), s, η ∈ R, k = 1, . . . , N.

Ïóñòü, äàëåå, P k(t, ξ) =̇Qk(s, η), ãäå s =̇ t
τ
−2k+2, η =̇ ξ

h
= 2ξ, òî åñòü

P k(t, ξ) =
2∑

i=0

2∑

j=0

u2k−2+i
j ωi

(
t
τ
−2k+2

)
ωj

(
ξ

h

)
.

Î÷åâèäíî, äëÿ âñåõ k = 1, . . . , N è ℓ, µ = 0, 1, 2 ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

Qk(ℓ, µ) =
2∑

i=0

2∑

j=0

u2k−2+i
j

2∏

α=0

α6=i

ℓ−α

i−α

2∏

β=0

β 6=j

µ−β

j−β
=

2∑

i=0

2∑

j=0

u2k−2+i
j δℓi δµj = u2k−2+ℓ

µ ,

ñëåäîâàòåëüíî, P k(τ2k−2+ i, hj) = P k
(
(2k− 2+ i )τ, jh

)
= Qk(i, j) = u2k−2+i

j äëÿ âñåõ

k = 1, . . . , N, i, j = 0, 1, 2, òî åñòü ïîëèíîì P k
ÿâëÿåòñÿ äâóìåðíûì èíòåðïîëÿöèîí-

íûì ìíîãî÷ëåíîì Ëàãðàíæà, îïðåäåëåííûì â 9 óçëàõ ïîëîñû Πk =̇
{
(t, ξ)∈ Π: τ2k−2 6

t 6 τ2k, 0 6 ξ 6 1
}
:

t t t

t t t

t t t

♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣

♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣

♣
♣
♣
♣
♣
♣
♣
♣
♣

♣
♣
♣
♣
♣
♣
♣
♣
♣u2k−2

0

u2k
0

u2k−2
2 .

u2k
2

Òàêèì îáðàçîì, îïðåäåëåíà íåïðåðûâíàÿ �óíêöèÿ u : Π → R òàêàÿ, ÷òî u(t, ξ) = P k(t, ξ),
åñëè (t, ξ) ∈ Πk. Äðóãèìè ñëîâàìè, äîïóñòèìûé ìàññèâ ( ui

j ), i = 0, 1, . . . , 2N, j = 0, 1, 2,

50



ïîðîæäàåò ñïëàéí, êîòîðûé ìû íàçûâàåì àïïðîêñèìèðóþùèì. �àçíîîáðàçèå òàêèõ

ñïëàéíîâ îïðåäåëÿåòñÿ ëèøü íàáîðàìè ÷èñåë ui
1, i = 1 , . . . , 2N. Ýòî îçíà÷àåò, ÷òî

àïïðîêñèìèðóþùèå ñïëàéíû îáðàçóþò êîíå÷íîìåðíîå ïðîñòðàíñòâî ðàçìåðíîñòè 2N.
Îáîçíà÷èì åãî σ(Π) = σ

N
(Π).

Îïðåäåëèì îïåðàòîð D : σ(Π) → L2(Π) ñëåäóþùèì îáðàçîì. Ñïëàéí u ∈ σ(Π) èìååò
âñå ÷àñòíûå ïðîèçâîäíûå âî âñåõ òî÷êàõ ìíîæåñòâà Π, çà èñêëþ÷åíèåì ìíîæåñòâà S

ìåðû íóëü:

S =̇ Π ∩
{
(t, ξ) : t = τ2k

}n

k=1
.

Ïóñòü (Du)(t, ξ) =̇ 0 âî âñåõ òî÷êàõ ìíîæåñòâà S, à â îñòàëüíûõ òî÷êàõ êâàäðàòà Π ïîëà-

ãàåì (Du)(t, ξ) =̇ aut− buξξ. Òàêèì îáðàçîì, â êà÷åñòâå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è

(I) ìîæíî ïðèíÿòü îïòèìàëüíûé àïïðîêñèìèðóþùèé ñïëàéí u ∈ σ(Π) çàäà÷è

J =̇ ‖Du ‖ 2
L2(Π) → min, u ∈ σ

N
(Π), (1.2)

ðåøåíèå êîòîðîé â êîíå÷íîì ñ÷åòå ñâîäèòñÿ ê ïîèñêó ÷èñåë u i
1, i = 1, . . . , 2N, ðåàëèçó-

þùèõ ìèíèìóì J∗
�óíêöèîíàëà è ïîðîæäàþùèõ îïòèìàëüíîå ðåøåíèå u ∈ σ

N
(Π).

Çàìåòèì, ÷òî íàðÿäó ñ �óíêöèîíàëîì (1.2) â ðàáîòå ïðèìåíÿåòñÿ ñîþçíûé �óíêöè-

îíàë

J ′ =̇ max
k=1,...,N

‖Du ‖ 2
L2(Πk), u ∈ σ

N
(Π). (1.3)

Äëÿ �óíêöèîíàëà (1.2) ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

J =

∫

Π

[
aut− buξξ

]2
dt dξ =

N∑

k=1

∫

Πk

[
aP k

t − bP k
ξξ

]2
dt dξ =

N∑

k=1

∫

Πk

f 2
k (t, ξ) dt dξ, (1.4)

ãäå

fk(t, ξ) =̇ aP k
t (t, ξ)− bP k

ξξ(t, ξ) = a ∂
∂t
Qk(s, η)− b ∂2

∂ξ2
Qk(s, η) =

=
a

τ

2∑

i=0

2∑

j=0

u2k−2+i
j ω′

i(s)ωj(η)−
b

h2

2∑

i=0

2∑

j=0

u2k−2+i
j ωi(s)ω

′′

j (η) =

=
a

τ

2∑

i=0

2∑

j=0

u2k−2+i
j Ωij(s, η). (1.5)

Çäåñü è äàëåå èñïîëüçóåì îáîçíà÷åíèå Ωij =̇ Ωij(s, η) =̇ω′

i(s)ωj(η)− θ ωi(s)ω
′′

j (η).

� 2. Áåçûíòåãðàëüíàÿ �îðìóëà äëÿ �óíêöèîíàëà íåâÿçîê

Âñÿêèé äîïóñòèìûé ìàññèâ ( ui
j ), i = 0, 1, . . . , 2N, j = 0, 1, 2, ïîðîæäàåò òåðìû

xi =̇ui
0 − 2ui

1+ ui
2, i = 0, 1 , . . . , 2N, (2.1)

Xk =̇x2k−2− 2x2k−1+ x2k, k = 1 , . . . , N, (2.2)

è ãðàíè÷íûå ýëåìåíòû

zk0 =̇ 1
2θ

(
u2k−2
0 − u2k

0 + u2k−2
2 − u2k

2

)
, wk

0 =̇ 1
θ

(
u2k−2
0 − 2u2k−1

0 + u2k
0 + u2k−2

2 − 2u2k−1
2 + u2k

2

)
,

zk1 =̇ 1
2θ

(
u2k−2
0 − u2k

0 − u2k−2
2 + u2k

2

)
, wk

1 =̇ 1
θ

(
u2k−2
0 − 2u2k−1

0 + u2k
0 − u2k−2

2 + 2u2k−1
2 − u2k

2

)
,

k = 1 , . . . , N. (2.3)
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Ïðèìåíÿåì òàêæå �èêòèâíûå ýëåìåíòû zN+1

0 =̇ 0 è wN+1

0 =̇ 0. Î÷åâèäíî, x0 = 0. Â ñèëó

(2.1) ñïðàâåäëèâî ðàâåíñòâî ui
1 =

1
2

(
ui
0 − xi+ ui

2

)
, ñëåäîâàòåëüíî, �îðìóëà (1.5) ïðèíè-

ìàåò âèä

τ

a
fk(t, ξ) =

2∑

i=0

u2k−2+i
0 Ωi0 +

1

2

2∑

i=0

[
u2k−2+i
0 − x2k−2+i+ u2k−2+i

2

]
Ωi1 +

2∑

i=0

u2k−2+i
2 Ωi2 =

=

2∑

i=0

u2k−2+i
0 ϕi

0 +

2∑

i=0

x2k−2+iϕi
1 +

2∑

i=0

u2k−2+i
2 ϕi

2, (2.4)

ãäå ϕi
0 =̇ϕi

0(s, η) =̇Ωi0 +
1
2
Ωi1, ϕi

1 =̇ϕi
1(s, η) =̇ − 1

2
Ωi1, ϕi

2 =̇ϕi
2(s, η) =̇

1
2
Ωi1 + Ωi2. Â ñèëó

(1.1)

ω0(η) =
1
2
( η2−3η+2 ), ω1(η) = −η2+2η, ω2(η) =

1
2
( η2−η ),

ω′′

0(η) = 1, ω′′

1(η) = −2, ω′′

2(η) = 1,

ñëåäîâàòåëüíî, èç îïðåäåëåíèÿ �óíêöèé Ωij ñëåäóåò, ÷òî

ϕi
0 = ω′

i(s)
[
ω0(η) +

1
2
ω1(η)

]
− θ ωi(s)

[
ω′′

0(η) +
1
2
ω′′

1(η)
]
=

= 1
2
ω′(s) (2−η) = 1

2
ω′

i

(
1+u

)
(1−v),

ϕi
1 =−1

2

[
ω′

i(s)ω1(η)− θωi(s)ω
′′

1(η)
]
=−1

2
ω′

i(s) η (2−η)− θωi(s) =

= −1
2
ω′

i

(
1+u

)
(1−v2)− θωi

(
1+u

)
,

ϕi
2 = ω′

i(s)
[

1
2
ω1(η) + ω2(η)

]
− θ ωi(s)

[
1
2
ω′′

1(η) + ω′′

2(η)
]
=

= 1
2
ω′

i(s) η = 1
2
ω′

i

(
1+u

)
(1+v),

ãäå u =̇ s−1, v =̇ η −1. Ïðåîáðàçóåì ïåðâóþ è òðåòüþ ñóììû �îðìóëû (2.4):

2∑

i=0

u2k−2+i
0 ϕi

0 =
1
2
(1−v)

2∑

i=0

u2k−2+i
0 ω′

i

(
1+u

)
=

= 1
2
(1−v)

[
− 1

2

(
u2k−2
0 −u2k

0

)
+u

(
u2k−2
0 −2u2k−1

0 +u2k
0

) ]
= 1

4
θ (1−v)

[
−zk0−zk1+uwk

0+uwk
1

]
,

2∑

i=0

u2k−2+i
2 ϕi

2 =
1
2
(1+v)

2∑

i=0

u2k−2+i
2 ω′

i

(
1+u

)
=

= 1
2
(1+v)

[
− 1

2

(
u2k−2
2 −u2k

2

)
+u

(
u2k−2
2 −2u2k−1

2 +u2k
2

) ]
= 1

4
θ (1+v)

[
−zk0+zk1+uwk

0−uwk
1

]
.

Âîñïîëüçîâàëèñü �îðìóëàìè (2.3) è ëåãêî ïðîâåðÿåìûìè ðàâåíñòâàìè

ω0

(
1+u

)
= 1

2
( u2−u ), ω1

(
1+u

)
= 1−u2, ω2

(
1+u

)
= 1

2
( u2+u ),

ω′

0

(
1+u

)
= u− 1

2
, ω′

1

(
1+u

)
= −2u, ω′

2

(
1+u

)
= u+ 1

2
.

Òàêèì îáðàçîì, �îðìóëà (2.4) ïðèíèìàåò âèä

τ
a
fk(t, ξ) = −1

2
θ zk0 +

1
2
θ uwk

0 +
1
2
θ v zk1 −

1
2
θ uv wk

1 +
2∑

i=0

x2k−2+iϕi
1. (2.5)

Îáîçíà÷èì ïîñëåäíþþ ñóììó ÷åðåç σ. Ïîñêîëüêó ϕi
1 =−1

2
ω′

i

(
1+u

)
(1−v2)− θ ωi

(
1+u

)
,

òî σ = −1
2
(1−v2) σ0 − θσ1, ãäå

σ0 =̇
2∑

i=0

x2k−2+iω′

i

(
1+u

)
=

(
u− 1

2

)
x2k−2 − u

[
x2k−2+ x2k−Xk

]
+
(
u+ 1

2

)
x2k =
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= −1
2
x2k−2 + 1

2
x2k + uXk.

σ1 =̇
2∑

i=0

x2k−2+iωi

(
1+u

)
= 1

2

(
u2−u

)
x2k−2+ 1

2

(
1−u2

) [
x2k−2+x2k−Xk

]
+ 1

2

(
u2+u

)
x2k =

= 1
2
(1−u) x2k−2 + 1

2
(1+u) x2k − 1

2
(1−u2)Xk.

(Äëÿ èñêëþ÷åíèÿ âåëè÷èí x2k−1
âîñïîëüçîâàëèñü �îðìóëîé (2.2).) Ñëåäîâàòåëüíî,

σ = 1
4

[
(1−v2)− 2θ(1−u)

]
x2k−2 − 1

4

[
(1−v2) + 2θ(1+u)

]
x2k − 1

2

[
u (1−v2)− θ(1−u2)

]
Xk,

à �îðìóëà (2.5) ïðèíèìàåò âèä fk(t, ξ) =
a
τ
Fk(u, v), ãäå

Fk(u, v) =̇− 1
2
θ zk0 +

1
2
θ uwk

0 +
1
2
θ v zk1 −

1
2
θ uv wk

1 +

+ 1
4

[
(1−v2)− 2θ(1−u)

]
x2k−2 − 1

4

[
(1−v2) + 2θ(1+u)

]
x2k − 1

2

[
u (1−v2)− θ(1−u2)

]
Xk.

(Ïîñêîëüêó u = s−1, v = η −1 è s = t
τ
−2k+2, η = 2ξ, òî u = t

τ
−2k+1, v = 2ξ−1.)

Òàêèì îáðàçîì, äëÿ �óíêöèîíàëà (1.4) ñïðàâåäëèâî ðàâåíñòâî J =
N∑
k=1

Jk, ãäå

Jk =̇

∫

Πk

f 2
k (t, ξ) dt dξ =

a2

τ 2

∫ 2kτ

(2k−2)τ

∫ 1

0

F 2
k (u, v) dt dξ =

a2

2τ

∫ 1

−1

∫ 1

−1

F 2
k (u, v) du dv. (2.6)

Èìååò ìåñòî ïðåäñòàâëåíèå

Fk(u, v) =
1
2

[
− Fk1(u, v) + uFk2(u, v) + v Fk3(u, v)− uv Fk4(u, v)

]
,

ãäå

Fk1(u, v) =̇ θ
[
x2k−2+ x2k+ zk0

]
− 1

2
(1−v2)

[
x2k−2− x2k

]
− θ (1−u2)Xk,

Fk2(u, v) =̇ θ
[
x2k−2− x2k+ wk

0

]
− (1−v2)Xk, Fk3(u, v) =̇ θzk1 , Fk4(u, v) =̇ θwk

1 .

Ïîëèíîìû Fk1 (u, v) è Fk2 (u, v)� ÷åòíûå �óíêöèè ïî îáåèì ïåðåìåííûì, ñëåäîâàòåëüíî,

8τ

a2
Jk =

∫ 1

−1

∫ 1

−1

[
− Fk1(u, v) + uFk2(u, v) + v Fk3(u, v)− uv Fk4(u, v)

]2
du dv =

=

∫ 1

−1

∫ 1

−1

[
F 2
k1(u, v) + u2F 2

k2(u, v) + v2F 2
k3(u, v) + u2v2F 2

k4(u, v)
]
du dv =

=
(
4θ2

[
x2k−2+ x2k+ zk0

]2
− 8

3
θ
[
x2k−2+ x2k+ zk0

] [
x2k−2− x2k

]
+ 8

15

[
x2k−2− x2k

]2
−

− 16
3
θ2
[
x2k−2+ x2k+ zk0

]
Xk + 16

9
θ
[
x2k−2− x2k

]
Xk + 32

15
θ2
[
Xk

]2 )
+

+
(

4
3
θ2
[
x2k−2− x2k+ wk

0

]2
− 16

9
θ
[
x2k−2− x2k+ wk

0

]
Xk + 32

45

[
Xk

]2 )
+

+ 4
3
θ2
[
zk1

]2
+ 4

9
θ2
[
wk

1

]2
. (2.7)

Òàê êàê J =
N∑
k=1

Jk, òî â èòîãå ìû ïîëó÷èëè áåçûíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ �óíê-

öèîíàëà (1.4) (çíà÷èò, è äëÿ �óíêöèîíàëà (1.2)). Òåïåðü îí ÿâëÿåòñÿ êâàäðàòè÷íîé �îð-

ìîé îò âåëè÷èí (2.1)�(2.3) (èñêëþ÷àÿ âåëè÷èíû âèäà x2k−1
). Ïîñêîëüêó x0 = 0, à òåðìû

(2.3), âõîäÿùèå â �îðìóëó (2.7), ïîñòîÿííû (êàê ãðàíè÷íûå ýëåìåíòû), òî �óíêöèîíàë

â êîíå÷íîì ñ÷åòå ÿâëÿåòñÿ êâàäðàòè÷íîé �óíêöèåé îò ïåðåìåííûõ x2k, Xk, k = 1, . . . , N
(îïðåäåëåí â ïðîñòðàíñòâå R

2N
). Äëÿ íàõîæäåíèÿ ìèíèìóìà �óíêöèîíàëà íåîáõîäèìî

âû÷èñëèòü åãî ÷àñòíûå ïðîèçâîäíûå.
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� 3. ×àñòíûå ïðîèçâîäíûå �óíêöèîíàëà íåâÿçîê

Äëÿ ëþáîãî k = 1, . . . , N ñïðàâåäëèâî

8τ

a2
∂J

∂Xk
=

8τ

a2
∂Jk

∂Xk
= −16

3
θ2
[
x2k−2+ x2k+ zk0

]
+

+ 16
9
θ
[
x2k−2− x2k

]
+ 64

15
θ2Xk − 16

9
θ
[
x2k−2− x2k+ wk

0

]
+ 64

45
Xk =

= −16
3
θ2
[
x2k−2+ x2k+ zk0

]
− 16

9
θwk

0 +
64
45
( 1+3θ2 )Xk. (3.1)

Äëÿ ëþáîãî k = 1, . . . , n èìåþò ìåñòî ðàâåíñòâà

8τ

a2
∂J

∂x2k
=

8τ

a2

[ ∂Jk

∂x2k
+

∂Jk+1

∂x2k

]
=

= 8θ2
[
x2k−2+ x2k+ zk0

]
− 8

3
θ
[
x2k−2− x2k

]
+ 8

3
θ
[
x2k−2+ x2k+ zk0

]
− 16

15

[
x2k−2− x2k

]
−

− 16
3
θ2Xk − 16

9
θXk − 8

3
θ2
[
x2k−2− x2k+ wk

0

]
+ 16

9
θXk +

+ 8θ2
[
x2k+ x2k+2+ zk+1

0

]
− 8

3
θ
[
x2k− x2k+2

]
− 8

3
θ
[
x2k+ x2k+2+ zk+1

0

]
+ 16

15

[
x2k− x2k+2

]
−

− 16
3
θ2Xk+1 + 16

9
θXk+1 + 8

3
θ2
[
x2k− x2k+2+ wk+1

0

]
− 16

9
θXk+1 =

= 8
3
θ( 1+3θ) zk0 −

8
3
θ( 1−3θ) zk+1

0 − 8
3
θ2wk

0 +
8
3
θ2wk+1

0 −

− 16
3

(
1
5
−θ2

)
x2k−2+ 32

3

(
1
5
+2θ2

)
x2k− 16

3

(
1
5
−θ2

)
x2k+2− 16

3
θ2Xk− 16

3
θ2Xk+1. (3.2)

Íàêîíåö,

8τ

a2
∂J

∂x2N
=

8τ

a2
∂JN

∂x2N
= 8θ2

[
x2n+ x2N+ zN

0

]
− 8

3
θ
[
x2n− x2N

]
+ 8

3
θ
[
x2n+ x2N+ zN

0

]
−

− 16
15

[
x2n−x2N

]
− 16

3
θ2XN − 16

9
θXN − 8

3
θ2
[
x2n−x2N+wN

0

]
+ 16

9
θXN =

= 8
3
θ( 1+3θ) zN

0 − 8
3
θ2wN

0 − 16
3

(
1
5
−θ2

)
x2n+ 16

3

(
1
5
+θ+2θ2

)
x2N − 16

3
θ2XN . (3.3)

� 4. Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ êîý��è-

öèåíòîâ îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà

Äàëåå ïîëàãàåì, ÷òî θ 6 1
3
, òî åñòü N > 6b

a
. Òîãäà îïðåäåëåíû ÷èñëà

y =̇−
α+β

α−β
, a =̇−

α+β+2θ

α−β
, b =̇−

α+β−2θ

α−β
, (4.1)

ãäå

α =̇ 2
5
+ θ2 > 0, β =̇ 1

2
θ2+ 2θγ > 0, γ =̇ 5

4
θ/(1+3θ2 ) > 0. (4.2)

Äåéñòâèòåëüíî, ëåãêî ïðîâåðèòü, ÷òî α−β = 1
10
( 4− 8θ2+15θ4 )/(1+3θ2 ) > 0.

Ñïðàâåäëèâû ðàâåíñòâà

12θ2γ = 5θ−4γ, a+b = 2y, 1
4
(α−β )2( ab−1 ) = αβ − θ2 = 1

15
β + 1

2
θ4. (4.3)

Ïåðâîå ðàâåíñòâî ñëåäóåò íåïîñðåäñòâåííî èç îïðåäåëåíèÿ (4.2) ÷èñëà γ, âòîðîå ðàâåí-
ñòâî î÷åâèäíî, òðåòüå ðàâåíñòâî íîñèò ýëåìåíòàðíûé õàðàêòåð, à ÷òî êàñàåòñÿ ÷åòâåð-

òîãî, òî

(
α− 1

15

)
β =

(
1
3
+ θ2

) (
1
2
θ2+2θγ

)
= 1

6
θ2+ 1

2
θ4+ 2

3
θ (1+3θ2 ) γ = 1

6
θ2+ 1

2
θ4+ 5

6
θ2 = θ2+ 1

2
θ4.
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Ñïðàâåäëèâû íåðàâåíñòâà

ab > 1, a < y <−1 < b < 0. (4.4)

Äåéñòâèòåëüíî, ïåðâàÿ îöåíêà èìååò ìåñòî â ñèëó (4.3), à äëÿ îñòàëüíûõ âûïîëíåíî

y−a =
2θ

α−β
> 0, 1+y = −

2β

α−β
< 0, 1+ b = 2

θ−β

α−β
=

2θ (1−3θ ) + 3θ3(2−θ )

(α−β ) (1+3θ2)
> 0.

Îöåíêà b < 0 ñëåäóåò èç íåðàâåíñòâ ab > 1 è a <−1.
Ïðèðàâíÿåì ïðîèçâîäíûå (3.1) íóëþ, òîãäà äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî ðà-

âåíñòâî

Xk = γ
(
3θ

[
x2k−2+ x2k+ zk0

]
+ wk

0

)
. (4.5)

Åñëè ∂J /∂x2k = 0, k = 1, . . . , n, òî â ñèëó (3.2) èìååò ìåñòî ðàâåíñòâî

0 = θ( 1+3θ) zk0 − θ( 1−3θ) zk+1
0 − θ2wk

0 + θ2wk+1
0 −

− 2
(

1
5
−θ2

)
x2k−2 + 4

(
1
5
+2θ2

)
x2k − 2

(
1
5
−θ2

)
x2k+2 − 2θ2Xk − 2θ2Xk+1. (4.6)

Èñêëþ÷èì èç íåãî âåëè÷èíû Xk
è Xk+1. Â ñèëó (4.5) è ïåðâîãî ðàâåíñòâà (4.3) ñïðàâåä-

ëèâî

2θ2Xk = 1
2
θ ( 5θ−4γ )

[
x2k−2+ x2k+ zk0

]
+ 2θ2γ wk

0 ,

2θ2Xk+1 = 1
2
θ ( 5θ−4γ )

[
x2k+ x2k+2+ zk+1

0

]
+ 2θ2γ wk+1

0 ,

ïîýòîìó ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ ðàâåíñòâî (4.6) ïðèíèìàåò âèä

0 = ( β + θ ) zk0 + ( β − θ ) zk+1
0 − θ2(1+2γ )wk

0 + θ2(1−2γ )wk+1
0 −

− (α−β ) x2k−2 + 2 (α+β ) x2k − (α−β ) x2k+2.

Çíà÷èò,

x2k−2 + 2y x2k + x2k+2 = vk, k = 1, . . . , n. (4.7)

Çäåñü è äàëåå èñïîëüçóåì îáîçíà÷åíèÿ

V k =̇ ( β+ θ ) zk0 +( β− θ ) zk+1
0 − θ2(1+2γ )wk

0 + θ2(1−2γ )wk+1
0 , vk =̇ V k/(α−β ). (4.8)

Åñëè ∂J /∂x2N = 0, òî â ñèëó (3.3), (4.5) è ïåðâîãî ðàâåíñòâà (4.3) ñïðàâåäëèâî

θ( 1+3θ) zN

0 − θ2wN

0 − 2
(

1
5
−θ2

)
x2n + 2

(
1
5
+ θ +2θ2

)
x2N = 2θ2XN =

= 1
2
θ ( 5θ−4γ )

[
x2n+ x2N + zN

0

]
+ 2θ2γ wN

0 ,

ïîýòîìó ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ ðàâåíñòâî ïðèíèìàåò âèä

(α−β ) x2n − (α+β+2θ) x2N = ( β + θ ) zN

0 − θ2(1+2γ )wN

0 .

Çíà÷èò, x2n + ax2N = vN . (Çäåñü ìû èñïîëüçóåì �èêòèâíûå ýëåìåíòû zN+1

0 = 0 è wN+1

0 =
0, îïðåäåëåííûå â (2.3), è âåëè÷èíû VN

è vN , îïðåäåëåííûå â (4.8).) Òàêèì îáðàçîì,

ïîñëåäíåå ðàâåíñòâî è ðàâåíñòâà (4.5), (4.7) ïîðîæäàþò èòîãîâóþ ðàçíîñòíóþ ñõåìó

{
x2k−2 + 2y x2k + x2k+2 = vk, k = 1, . . . , n,
x2n + ax2N = vN ,

Xk = γ
(
3θ

[
x2k−2+ x2k+ zk0

]
+ wk

0

)
, k = 1, . . . , N.

(4.9)
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Ïåðâàÿ ñîâîêóïíîñòü óðàâíåíèé (4.9) èìååò ñàìîñòîÿòåëüíûé õàðàêòåð: åå óðàâíåíèÿ

ñâÿçûâàþò ìåæäó ñîáîé ëèøü ïåðåìåííûå âèäà x2m, ïðè÷åì x0 = 0. Ìàòðèöà ñèñòåìû

èìååò òðåõäèàãîíàëüíûé âèä ñ äîìèíèðóþùåé äèàãîíàëüþ (òàê êàê |y | > 1 è |a| > 1,
ñì. (4.4)), ñëåäîâàòåëüíî, ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ëåãêî íàéòè ìå-

òîäîì ïðîãîíêè. Ïîñëå ýòîãî èç âòîðîé ñîâîêóïíîñòè óðàâíåíèé (4.9) ÿâíî âû÷èñëÿþòñÿ

âñå çíà÷åíèÿ Xk. Ïîëó÷åííûå çíà÷åíèÿ ïîçâîëÿþò â êîíå÷íîì ñ÷åòå íàéòè èñêîìûå âå-

ëè÷èíû u i
1, i = 1 , . . . , 2N (ñì. (2.1)�(2.2)). Íèæå ìû óñòàíîâèì, ÷òî äëÿ ðåøåíèé ïåðâîé

ñèñòåìû (4.9) ñïðàâåäëèâû ÿâíûå �îðìóëû (5.6).

Ìåòîä ïðîãîíêè èìååò ëèíåéíóþ ñëîæíîñòü âû÷èñëåíèé è, áåçóñëîâíî, íàèáîëåå ý�-

�åêòèâåí â ïðèêëàäíîé ðåàëèçàöèè. Îäíàêî ÿâíàÿ �îðìóëà (5.6) èìååò âàæíîå òåî-

ðåòè÷åñêîå çíà÷åíèå: îíà ïîçâîëÿåò â ÿâíîì âèäå ïîëó÷èòü ìèíèìàëüíîå çíà÷åíèå J∗

�óíêöèîíàëà (1.2) è ïîêàçàòü, ÷òî â ñëó÷àå ãëàäêèõ ãðàíè÷íûõ �óíêöèé âåëè÷èíà J∗

îãðàíè÷åíà êîíñòàíòîé, íå çàâèñÿùåé îò ðàçìåðíîñòè N, à íåâÿçêà ñîþçíîãî �óíêöèî-

íàëà (1.3) ñòðåìèòñÿ ê íóëþ ñ ðîñòîì N . Ýòè èññëåäîâàíèÿ è ñîñòàâëÿþò îñòàâøóþñÿ

÷àñòü íàñòîÿùåé ðàáîòû.

� 5. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ î ìíîãî÷ëåíàõ ×åáûø¼âà

Ñîâîêóïíîñòü {Un(x), x ∈ R }n∈Z, ñîñòîÿùóþ èç ìíîãî÷ëåíîâ ×åáûø¼âà 2-ãî ðî-

äà, îïðåäåëÿåì ðåêóðñèâíî: U−1(x) =̇ 0, U0(x) =̇ 1, Un−1(x) + Un+1(x) = 2xUn(x). ×èñëà
a, b, x ∈ R òàêèå, ÷òî a+ b = 2x, ïîðîæäàþò ÷èñëà

Pn =̇Pn(x) =̇Un(x)−b Un−1(x), n ∈ Z, (5.1)

è ìàòðèöû A(x) =
(
Aki(x)

)
è B(x) =

(
Bki(x)

)
, k, i = 0, 1, . . . , n, ïîðÿäêà N òàêèå, ÷òî

Aki(x) =̇

{
a, åñëè (k, i) = (0, 0),
δk,i+1 + 2x δki + δk,i−1, åñëè (k, i) 6= (0, 0),

Bki(x) =̇ (−1)k+i

{
Pk(x)Un−i(x), åñëè k 6 i,
Un−k(x)Pi(x), åñëè k > i.

Òå î ð å ì à 1 (ñì. [3℄, òåîðåìà 2). Èìåþò ìåñòî ðàâåíñòâà

A(x)B(x) = P
N
(x)E0

n = B(x)A(x),

ãäå E0
n� åäèíè÷íàÿ ìàòðèöà ïîðÿäêà N ñ ýëåìåíòàìè (E0

n)ki =̇ δki, k, i = 0, 1, . . . , n.

Åñëè δ >

ki� ñèìâîë Êðîíåêåðà òàêîé, ÷òî δ >

ki = 0 ïðè k < i è δ >

ki = 1 ïðè k > i, òî,
î÷åâèäíî,

Bki(x) = (−1)k+i
[
δ >

ik Pk(x)Un−i(x) + δ >

k−1,i Un−k(x)Pi(x)
]
, (5.2)

Bki(x) = (−1)k+i
[
δ >

i−1,k Pk(x)Un−i(x) + δ >

ki Un−k(x)Pi(x)
]
. (5.3)

Çàìåòèì åùå, ÷òî â ñèëó (5.1) èìååò ìåñòî ðàâåíñòâî

Pn−1(x) + Pn+1(x) = 2xPn(x). (5.4)

Ñïðàâåäëèâû �îðìóëû

Pk(x) = aUk−1(x)− Uk−2(x),

a Pk(x)− Pk+1(x) = ( 1−ab )Uk−1(x), Pk(x)− b Pk+1(x) = ( 1−ab )Uk(x). (5.5)
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Äåéñòâèòåëüíî, òàê êàê a+b = 2x, òî Pk(x) = Uk(x)− b Uk−1(x) = aUk−1(x)− Uk−2(x),

aPk(x)− Pk+1(x) = aUk(x)− abUk−1(x)− Uk+1(x) + b Uk(x) =

= ( a+b )Uk(x)− abUk−1(x)− 2xUk(x) + Uk−1(x) = ( 1−ab )Uk−1(x),

Pk(x)− b Pk+1(x) = aUk−1(x)− Uk−2(x)− abUk(x) + b Uk−1(x) =

= ( a+b )Uk−1(x)− abUk(x)− 2xUk−1(x) + Uk(x) = ( 1−ab )Uk(x).

Äëÿ ðåøåíèÿ ïåðâîé ñèñòåìû (4.9) ââåäåì â ðàññìîòðåíèå âñïîìîãàòåëüíûå ïåðåìåí-

íûå xk =̇x2N−2k , k = 0, 1 , . . . , N, vk =̇ vN−k , k = 0, 1 , . . . , n, òîãäà





ax0 + x1 = v0,
xk−1 + 2yxk + xk+1 = vk, k = 1, . . . , n−1,
xn−1 + 2yxn = vn

(âîñïîëüçîâàëèñü òåì, ÷òî x
N

= x0 = 0). Ïóñòü X =̇ col (x0, . . . , xn), V =̇ col (v0, . . . , vn),
òîãäà ñèñòåìà ïðèíèìàåò âèä A(y)X = V. Â ñèëó òåîðåìû 1 èìååò ìåñòî ðàâåíñòâî

P
N
(y)X = B(y)V, à òàê êàê b ∈ [−1, 1] (ñì. (4.4)), òî â ñèëó ñëåäñòâèÿ 3 [3℄ ñïðàâåäëèâî

P
N
(y) 6= 0, ñëåäîâàòåëüíî,

xk =
1

P
N
(y)

n∑

i=0

Bki(y) vi, k = 0, 1, . . . , n.

Âîçâðàÿùàñü ê èñõîäíûì ïåðåìåííûì, ïîëó÷àåì èòîãîâóþ �îðìóëó

x2k =
1

P
N

N∑

i=1

B
N−k,N−i

vi, k = 1, . . . , N. (5.6)

Çäåñü è äàëåå ìû ïðèìåíÿåì îáîçíà÷åíèÿ Um =̇Um(y), Pm =̇Pm(y), Bki =̇Bki(y).

� 6. Òî÷íàÿ �îðìóëà äëÿ íåâÿçêè îïòèìàëüíîãî àïïðîêñèìèðóþ-

ùåãî ñïëàéíà

Ïóñòü J∗
� çíà÷åíèå �óíêöèîíàëà J íà ðåøåíèè ñèñòåìû (4.9). Äðóãèìè ñëîâàìè,

J∗
� ýòî ìèíèìàëüíîå çíà÷åíèå �óíêöèîíàëà (1.2) â ïðîñòðàíñòâå àïïðîêñèìèðóþùèõ

ñïëàéíîâ σ(Π). Çà�èêñèðóåì ýòî ðåøåíèå è ïîäñòàâèì åãî â �îðìóëó (2.7). Òîãäà

J∗ =
N∑

k=1

Jk, 8τ
a2

Jk = Ik + Ik0 + Ik1 + Ik2 , (6.1)

ãäå

Ik =̇ 4
3
θ2
[
zk1

]2
+ 4

9
θ2
[
wk

1

]2
, Ik0 =̇ 32

15
θ2
[
Xk

]2
+ 32

45

[
Xk

]2
, (6.2)

Ik1 =̇ − 16
3
θ2
[
x2k−2+ x2k+ zk0

]
Xk + 16

9
θ
[
x2k−2− x2k

]
Xk − 16

9
θ
[
x2k−2− x2k+ wk

0

]
Xk,

Ik2 =̇ 4θ2
[
x2k−2+ x2k+ zk0

]2
− 8

3
θ
[
x2k−2+ x2k+ zk0

] [
x2k−2− x2k

]
+ 8

15

[
x2k−2− x2k

]2
+

+ 4
3
θ2
[
x2k−2− x2k+ wk

0

]2
.

Ëåãêî óáåäèòüñÿ, ÷òî

Ik1 = −16
3
θ2
[
x2k−2+ x2k+ zk0

]
Xk − 16

9
θwk

0X
k = −16

9
θ
(
3θ

[
x2k−2+ x2k+ zk0

]
+ wk

0

)
Xk,

Ik2 = 4θ2
[
x2k−2+ x2k

]2
+8θ2

[
x2k−2+ x2k

]
zk0 +4θ2

[
zk0

]2
− 8

3
θ
[
x2k−2+ x2k

] [
x2k−2−x2k

]
−
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− 8
3
θ
[
x2k−2−x2k

]
zk0+

8
15

[
x2k−2−x2k

]2
+ 4

3
θ2
[
x2k−2−x2k

]2
+ 8

3
θ2
[
x2k−2−x2k

]
wk

0+
4
3
θ2
[
wk

0

]2
.

Â ñèëó (4.9) è òðåòüåé �îðìóëû (4.2) ñïðàâåäëèâû ðàâåíñòâà

Ik0 = 32
45

[
(1+3θ2 )Xk

]
Xk = 32

45

[
(1+3θ2 )γ

(
3θ

[
x2k−2+ x2k+ zk0

]
+ wk

0

) ]
Xk =

= 8
9
θ
(
3θ

[
x2k−2+ x2k+ zk0

]
+ wk

0

)
Xk,

à ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ çàâåðøàåòñÿ ññûëêîé íà ïåðâóþ �îðìóëó (4.3):

Ik0 +Ik1 = −8
9
θ
(
3θ

[
x2k−2+x2k+zk0

]
+wk

0

)
Xk = −8

9
θγ

(
3θ

[
x2k−2+x2k

]
+3θzk0 +wk

0

)2

=

= −8 θ3γ
[
x2k−2+ x2k

]2
− 16 θ3γ

[
x2k−2+ x2k

]
zk0 − 8 θ3γ

[
zk0

]2
−

− 16
3
θ2γ

[
x2k−2+ x2k

]
wk

0 −
16
3
θ2γ zk0w

k
0 −

8
9
θγ

[
wk

0

]2
=

= −2
3
θ ( 5θ−4γ )

[
x2k−2+ x2k

]2
− 4

3
θ ( 5θ−4γ )

[
x2k−2+ x2k

]
zk0 −

2
3
θ ( 5θ−4γ )

[
zk0

]2
−

− 16
3
θ2γ

[
x2k−2+ x2k

]
wk

0 −
16
3
θ2γ zk0w

k
0 −

8
9
θγ

[
wk

0

]2
.

Ñëåäîâàòåëüíî, äëÿ ñóììû Ik0 + Ik1 + Ik2 èìååò ìåñòî ðàâåíñòâî Ik0 + Ik1 + Ik2 = ςk+σk
1 +σk

2 ,
ãäå

ςk =̇ 4
3
β
[
zk0

]2
− 16

3
θ2γ zk0w

k
0 +

4
9
θ( 3θ−2γ )

[
wk

0

]2
,

σk
1 =̇

8
3
β
[
x2k−2+x2k

]
zk0 −

8
3
θ
[
x2k−2−x2k

]
zk0 +

8
3
θ2
[
x2k−2−x2k

]
wk

0−
16
3
θ2γ

[
x2k−2+x2k

]
wk

0 ,

σk
2 =̇

4
3
β
[
x2k−2+ x2k

]2
− 8

3
θ
[
x2k−2+ x2k

] [
x2k−2− x2k

]
+ 4

3
α
[
x2k−2− x2k

]2
, (6.3)

à äëÿ �óíêöèîíàëà (6.1) èìååò ìåñòî ïðåäñòàâëåíèå

8τ

a2
J∗ =

N∑

k=1

Ik +
N∑

k=1

ςk +
N∑

k=1

σk
1 +

N∑

k=1

σk
2 . (6.4)

Ïðåîáðàçóåì òðåòüå ñëàãàåìîå �îðìóëû (6.4):

3

8

N∑

k=1

σk
1 = ( β − θ )

N∑

k=1

x2k−2zk0 + ( β + θ )
N∑

k=1

x2kzk0+

+θ2(1−2γ )

N∑

k=1

x2k−2wk
0 − θ2(1+2γ )

N∑

k=1

x2kwk
0 =

= ( β − θ )
n∑

k=0

x2kzk+1
0 + ( β + θ )

N∑

k=1

x2kzk0+

+θ2(1−2γ )

n∑

k=0

x2kwk+1
0 − θ2(1+2γ )

N∑

k=1

x2kwk
0 .

Â ïåðâîé è òðåòüåé ñóììàõ çàìåíèëè èíäåêñ k íà k +1. Ïîñêîëüêó x0 = 0, zN+1

0 = 0 è

wN+1

0 = 0, òî âñå ñóììèðîâàíèÿ ìîæíî âåñòè îò 1 äî N, ñëåäîâàòåëüíî,

N∑

k=1

σk
1 =

8

3

N∑

k=1

x2k
[
(β−θ) zk+1

0 +(β+θ) zk0+θ2(1−2γ )wk+1
0 −θ2(1+2γ )wk

0

]
=

8

3

N∑

k=1

x2kV k
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(ñì. îïðåäåëåíèÿ (4.8)). Ïðåîáðàçóåì ÷åòâåðòîå ñëàãàåìîå �îðìóëû (6.4):

3

4

N∑

k=1

σk
2 =

(
β −2θ+α

) N∑

k=1

[
x2k−2

]2
+ 2

(
β−α

) N∑

k=1

x2k−2x2k +
(
β +2θ+α

) N∑

k=1

[
x2k

]2
=

= −b
(
α−β

) N∑

k=1

[
x2k−2

]2
− 2

(
α−β

) N∑

k=1

x2k−2x2k − a
(
α−β

) N∑

k=1

[
x2k

]2
.

Âîñïîëüçîâàëèñü îïðåäåëåíèåì (4.1) ÷èñåë a è b. Òîãäà

−
3

4 (α−β )

N∑

k=1

σk
2 = b

N∑

k=1

[
x2k−2

]2
+ 2

N∑

k=1

x2k−2x2k + a
N∑

k=1

[
x2k

]2
=

= b

n∑

k=0

[
x2k

]2
+ 2

N∑

k=1

x2k−2x2k + a

N∑

k=1

[
x2k

]2
= 2y

n∑

k=1

[
x2k

]2
+ 2

N∑

k=1

x2k−2x2k + a
[
x2N

]2
.

Ñíà÷àëà ìû çàìåíèëè â ïåðâîé ñóììå èíäåêñ k íà k +1, à çàòåì âîñïîëüçîâàëèñü ðà-

âåíñòâàìè x0 = 0 è a+b = 2y (ñì. (4.3)). Çíà÷èò, â ñîîòâåòñòâèè ñ (4.9) èìååò ìåñòî

öåïî÷êà ðàâåíñòâ

−
3

4 (α−β )

N∑

k=1

σk
2−2

N∑

k=1

x2k−2x2k−a
[
x2N

]2
=

n∑

k=1

[
2y x2k

]
x2k =

n∑

k=1

[
vk−x2k−2−x2k+2

]
x2k,

ïîýòîìó

−
3

4 (α−β )

N∑

k=1

σk
2−a

[
x2N

]2
−

n∑

k=1

vkx2k= 2

N∑

k=1

x2k−2x2k−

n∑

k=1

x2k−2x2k−

n∑

k=1

x2k+2x2k= x2nx2N .

Â ïîñëåäíåé ñóììå ìû çàìåíèëè èíäåêñ k íà k −1, à çàòåì ïðîèçâåëè ìàññîâûå ñîêðà-

ùåíèÿ, ó÷èòûâàÿ ðàâåíñòâî x0 = 0. Ñëåäîâàòåëüíî, â ñèëó (4.9) è (4.8) ñïðàâåäëèâî

−
3

4 (α−β )

N∑

k=1

σk
2 =

n∑

k=1

vkx2k +
[
x2n+ ax2N

]
x2N =

n∑

k=1

vkx2k + vNx2N =
1

α−β

N∑

k=1

V kx2k,

ïîýòîìó

N∑

k=1

σk
2 = −

4

3

N∑

k=1

V kx2k. Çíà÷èò, �îðìóëà (6.4) ïðèíèìàåò âèä

8τ

a2
J∗ =

N∑

k=1

Ik+

N∑

k=1

ςk+
4

3

N∑

k=1

V kx2k, èëè

6τ

a2
J∗ =

3

4

N∑

k=1

ςk+
3

4

N∑

k=1

Ik+

N∑

k=1

V kx2k.

Â ñèëó (5.6) è (4.8) ñïðàâåäëèâû ðàâåíñòâà

N∑

k=1

V kx2k=
1

P
N

N∑

k=1

V k

N∑

i=1

B
N−k,N−i

vi=

=
α−β

P
N

N∑

k=1

N∑

i=1

B
N−k,N−i

vkvi=
α−β

P
N

n∑

k=0

n∑

i=0

Bki vN−kvN−i .
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Îïðåäåëèì â R
N
âåêòîðû v =̇ col (vN , vn, . . . , v1), z0 =̇ col (z10 , . . . , z

N

0 ),

w0 =̇ col (w1
0, . . . , w

N

0 ), z1 =̇ col (z11 , . . . , z
N

1 ), w1 =̇ col (w1
1, . . . , w

N

1 ).

(Ñì. îïðåäåëåíèÿ (2.3) äëÿ ÷èñåë zk0 , w
k
0 , z

k
1 , w

k
1 è îïðåäåëåíèå (4.8), ñîãëàñíî êîòîðî-

ìó âåëè÷èíû vk òàêæå çàâèñÿò îò ãðàíè÷íûõ ýëåìåíòîâ (2.3).) Òîãäà â ñîîòâåòñòâèè ñ

îïðåäåëåíèåì ÷èñåë τ, θ è îïðåäåëåíèÿìè (6.3), (6.2) ÷èñåë ςk, Ik ñïðàâåäëèâû èòîãîâûå

�îðìóëû

J∗ =
4b2

3N

[
κ
〈
z0, z0

〉
− 4γ

〈
z0, w0

〉
+ ̺

〈
w0, w0

〉
+

+
〈
z1, z1

〉
+ 1

3

〈
w1, w1

〉
+

α−β

θ2
1

P
N
(y)

〈
B(y)v, v

〉 ]
=

=
4b2

3N

[
κ
〈
z0, z0

〉
− 4γ

〈
z0, w0

〉
+ ̺

〈
w0, w0

〉
+

+
〈
z1, z1

〉
+ 1

3

〈
w1, w1

〉
+

α−β

θ2
〈
A

−1

(y)v, v
〉 ]

,

(6.5)

ãäå κ =̇ θ−2β, ̺ =̇ 1 − 2
3
θ−1γ. Ïðèìåíèëè çàïèñü ÷åðåç ñêàëÿðíîå ïðîèçâåäåíèå â R

N,
óêàçàëè çàâèñèìîñòü îò ïàðàìåòðà y è âîñïîëüçîâàëèñü òåîðåìîé 1.

Òàêèì îáðàçîì, â òåðìèíàõ ââåäåííûõ îáîçíà÷åíèé ñïðàâåäëèâà

Ò å î ð å ì à 2. Ìèíèìóì J∗
�óíêöèîíàëà (1.2) äîñòèãàåòñÿ íà ðåøåíèè ñèñòåìû

óðàâíåíèé (4.9), è äëÿ íåãî èìåþò ìåñòî ïðåäñòàâëåíèÿ (6.5) ÷åðåç ãðàíè÷íûå ýëåìåí-

òû (2.3).

� 7. Ïîâåäåíèå íåâÿçêè J∗
ïðè N → ∞ â ñëó÷àå ãëàäêèõ ãðàíè÷-

íûõ óñëîâèé

Ïóñòü { J
N
}� ýòî ïîñëåäîâàòåëüíîñòü, â êîòîðîé J

N
=̇ J∗

� ìèíèìàëüíîå çíà÷åíèå

�óíêöèîíàëà (1.2), âû÷èñëåííîå ïðè çàäàííîì N.
Â ñèëó ñëåäñòâèÿ 2 [3℄ ñïåêòðû ìàòðèö A(y) è A

−1

(y) âåùåñòâåííûå è ñïðàâåäëèâî

−2 (1−y ) < Λ0 < Λ1 < . . . < Λn < 2 (1+y ) < 0, 1
2 (1+y )

< Λ−1
n < . . . < Λ−1

0 <− 1
2 (1−y )

< 0

(çäåñü ìû íàõîäèìñÿ â óñëîâèÿõ, êîãäà ïåðåìåííûå c, x è β èç ñëåäñòâèÿ 2 [3℄ òàêîâû,

÷òî c > 0, x < 0 è β ∈ [−1, 1]: â íàøåì ñëó÷àå c = 1, x� ýòî y, à β� ýòî b ). Çíà÷èò,〈
A

−1

(y)v, v
〉
� îòðèöàòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ �îðìà (

〈
A

−1

(y)v, v
〉
< 0 äëÿ

âñåõ v 6= 0 ), ïîýòîìó

J
N
= J∗ 6 4b2

3N

[
κ
〈
z0, z0

〉
− 4γ

〈
z0, w0

〉
+ ̺

〈
w0, w0

〉
+
〈
z1, z1

〉
+ 1

3

〈
w1, w1

〉 ]
. (7.1)

Ïîëàãàåì äàëåå, ÷òî ρ0, ρ1 ∈ C2[0, 1], òîãäà ρ̂0, ρ̂1 ∈ C2[0, 1], à â ñèëó (2.3) è �îðìóëû

Òåéëîðà ïðè N → ∞ ñïðàâåäëèâî zk0 = O(1), wk
0 = O(N−1), zk1 = O(1), wk

1 = O(N−1).
Çàìåòèì, ÷òî ýòè îöåíêè ðàâíîìåðíû ïî k = 1, . . . , N. Íàïðèìåð,

|zk0 | 6
a
4b

(
max | ρ̂ ′

0(·)|+max | ρ̂ ′

1(·)|
)
, |wk

0 | 6
a

8bN

(
max | ρ̂ ′′

0 (·)|+max | ρ̂ ′′

1 (·)|
)
.

(Àíàëîãè÷íî äëÿ |zk1 | è |wk
1 |.) Ëåãêî óáåäèòüñÿ, ÷òî κ = O(1), γ = O(N−1), ̺ = O(1),

ïîýòîìó ñëàãàåìûå, ðàñïîëîæåííûå â êâàäðàòíûõ ñêîáêàõ (7.1), ðàâíû O(N), O(N−1),
O(N−1), O(N), O(N−1) ñîîòâåòñòâåííî. Çíà÷èò, J

N
= O(1), òî åñòü ïîñëåäîâàòåëüíîñòü

{ J
N
} îãðàíè÷åíà.
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Ç à ì å ÷ à í è å 1. Â (7.1) ìû èñêëþ÷èëè îòðèöàòåëüíî îïðåäåëåííóþ êâàäðàòè÷íóþ �îðìó,

è åñòü îñíîâàíèå ïîëàãàòü, ÷òî ïîðÿäîê àïïðîêñèìàöèè äëÿ ïîñëåäîâàòåëüíîñòè {J
N
} ìîæåò

áûòü óëó÷øåí. Îäíàêî ýòî íå òàê. Íàïðèìåð, åñëè ρ̂0(t) = −t, ρ̂1(t) = t, òî zk0 = wk
0 = wk

1 = 0,

zk1 = a
2b , ïîýòîìó vk = 0, à �îðìóëà (6.5) ïðèíèìàåò âèä J

N
= 4b2

3N

〈
z1, z1

〉
= 1

3 a
2
(äëÿ âñåõ N).

Ñèòóàöèþ ìåíÿåò ñîþçíàÿ íåâÿçêà (1.3). Îáîçíà÷èì ÷åðåç J ′

N
çíà÷åíèå �óíêöèîíàëà

(1.3), âû÷èñëåííîå äëÿ ñïëàéíà, ïîðîæäåííîãî ðåøåíèåì ñèñòåìû (4.9), è ïîêàæåì, ÷òî

J ′

N
→ 0.

� 8. Ïîâåäåíèå ñîþçíîé íåâÿçêè ïðè N → ∞ â ñëó÷àå ãëàäêèõ

ãðàíè÷íûõ óñëîâèé

Â ñîîòâåòñòâèè ñ �îðìóëîé (6.1) è îïðåäåëåíèÿìè (1.3), (1.5), (2.6), (6.2), (6.3) ñïðà-

âåäëèâî

J ′

N
= max

k=1,...,N
Jk, 8τ

a2
Jk = Ik + Ik0 + Ik1 + Ik2 = Ik + ςk + σk

1 + σk
2 , (8.1)

max
k=1,...,N

Ik = max
k=1,...,N

(
4
3
θ2
[
zk1

]2
+ 4

9
θ2
[
wk

1

]2)
= O(N−2),

max
k=1,...,N

ςk = max
k=1,...,N

(
4
3
β
[
zk0

]2
− 16

3
θ2γ zk0w

k
0 +

4
9
θ( 3θ−2γ )

[
wk

0

]2)
= O(N−2),

à äëÿ òîãî, ÷òîáû îöåíèòü âåëè÷èíû σk
1 , σ

k
2 , çàâèñÿùèå îò òåðìîâ x2k−2+x2k, x2k−2−x2k

(ñì. �îðìóëû (6.3)), íåîáõîäèìî ïðèâåñòè ïîñëåäíèå âûðàæåíèÿ ê ðåãóëÿðíîìó âèäó.

Ñîãëàñíî �îðìóëàì (5.2), (5.3) è (5.5) äëÿ âñåõ k, i = 1, . . . , N èìåþò ìåñòî ðàâåíñòâà

B
N+1−k,N−i

= (−1)k+i−1
[
δ >

N−i,N+1−k
P

N+1−k
Ui−1 + δ >

N−k,N−i
Uk−2 PN−i

]
=

= (−1)k+i−1
[
δ >

k−1,i PN+1−k

Pi−1− bPi

1−ab
+ δ >

ik

aPk−1− Pk

1−ab
P

N−i

]
,

B
N−k,N−i

= (−1)k+i
[
δ >

N−i−1,N−k
P

N−k
Ui−1 + δ >

N−k,N−i
Uk−1 PN−i

]
=

= (−1)k+i
[
δ >

k−1,i PN−k

Pi−1− bPi

1−ab
+ δ >

ik

Pk−1− bPk

1−ab
P

N−i

]

(ïðèìåíèëè ëåãêî ïðîâåðÿåìûå ðàâåíñòâà δ >

N−i,N+1−k
= δ >

N−i−1,N−k
= δ >

k−1,i è δ >

N−k,N−i
= δ >

ik),

ñëåäîâàòåëüíî, â ñèëó (5.6) äëÿ âñåõ k = 1, . . . , N (â òîì ÷èñëå äëÿ k = 1; â ýòîì ñëó÷àå

x0 = 0)

x2k−2 + x2k =
1

P
N

N∑

i=1

(
B

N+1−k,N−i
+B

N−k,N−i

)
vi =

1

1−ab

N∑

i=1

C0
ki v

i,

x2k−2 − x2k =
1

P
N

N∑

i=1

(
B

N+1−k,N−i
− B

N−k,N−i

)
vi =

1

1−ab

N∑

i=1

C1
ki v

i, (8.2)

ãäå

C0
ki =̇ (−1)k+i 1

P
N

(
δ >

k−1,i

[
P

N−k
−P

N+1−k

] [
Pi−1−bPi

]
+δ >

ik

[
( 1−a )Pk−1+( 1−b )Pk

]
P

N−i

)
,

C1
ki =̇ (−1)k+i 1

P
N

(
δ >

k−1,i

[
P

N−k
+P

N+1−k

] [
bPi−Pi−1

]
+δ >

ik

[
( 1+b )Pk−( 1+a )Pk−1

]
P

N−i

)
.

Ó ò â å ð æ ä å í è å 1. Äëÿ ëþáûõ k, i = 1, . . . , N ñïðàâåäëèâà îöåíêà C0
ki > 0. Åñëè

k > i, òî C1
ki > 0, à èíà÷å C1

ki < 0.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü Qk =̇ (−1)kPk, k ∈ Z, òîãäà ëåãêî óáåäèòüñÿ, ÷òî

C0
ki =̇

1
Q

N

(
δ >

k−1,i

[
Q

N−k
+Q

N+1−k

] [
−Qi−1− bQi

]
+

+ δ >

ik

[
( 1−b )Qk − ( 1−a )Qk−1

]
Q

N−i

)
,

C1
ki =̇

1
Q

N

(
δ >

k−1,i

[
Q

N+1−k
−Q

N−k

] [
−Qi−1 − bQi

]
+

+ δ >

ik

[
( 1+b )Qk + ( 1+a )Qk−1

]
Q

N−i

)
.

(8.3)

Â ñèëó (5.4) ñïðàâåäëèâî ðàâåíñòâî Pk−1− 2y Pk + Pk+1 = 0, ïîýòîìó ÷èñëà Qk óäîâëå-

òâîðÿþò ëèíåéíîìó ðåêóððåíòíîìó óðàâíåíèþ Qk−1 + 2y Qk + Qk+1 = 0 ñ íà÷àëüíûìè

óñëîâèÿìè Q0 = 1, Q1 = −a (èìååì Q0 = P0 = U0− b U−1 = 1, Q1 = −P1 = −U1 + b U0 =
−2y+b = −a), ïðè÷åì y <−1. Ñëåäîâàòåëüíî, íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ,
÷òî äëÿ âñåõ k ∈ Z

Qk =
1
2ν

(
λk+1+ b λk− λ−k−1− b λ−k

)
, ãäå ν =̇

√
y2−1, λ =̇− y + ν.

Òàêæå ëåãêî ïðîâåðèòü, ÷òî r =̇ λ−1 = −y − ν, 1 + 2y λ + λ2 = 0 è 1 + 2y r + r2 = 0
(çíà÷èò, 0 < r < 1 < λ). Òàêèì îáðàçîì, äëÿ ÷èñåë Qk èìååò ìåñòî àëüòåðíàòèâíîå

ïðåäñòàâëåíèå

Qk = c0 λ
k+1+ c1r

k+1, ãäå c0 =̇
1
2ν

(1+b r), c1 =̇− 1
2ν

(1+bλ). (8.4)

Òàê êàê c0 + c1 =
b
2ν

(r−λ) = −b > 0 è

c0 c1 = − 1
4ν2

(
1+b ( r+λ )+b2

)
= − 1

4ν2

(
1−2b y+b2

)
= 1

4ν2
(ab−1) > 0 (8.5)

(ñì. îöåíêè (4.4)), òî c0 > 0, c1 > 0. Ñëåäîâàòåëüíî, Qk > 0. Ñïðàâåäëèâû öåïî÷êè

ðàâåíñòâ

c0 (a+λ) = 1
2ν

(
a+ ab r + λ+ b

)
= 1

2ν

(
2y + ab r + λ

)
= r

2ν

(
2y λ+ ab+ λ2

)
= r

2ν
(ab−1),

c1(a+r) = − 1
2ν

(
a+ab λ+r+b

)
= − 1

2ν

(
2y+ab λ+r

)
= − λ

2ν

(
2y r+ab+r2

)
= − λ

2ν
(ab−1),

à ïîñêîëüêó λ > r è èìåþò ìåñòî îöåíêè (4.4), òî äëÿ âñåõ k ∈ N

aQk−1+Qk = c0 (a+λ) λk + c1 (a+r) rk = 1
2ν

(ab−1)
[
λk−1− rk−1

]
> 0,

−Qk−1− bQk = −b
[
aQk−1+Qk

]
+ (ab−1)Qk−1 > 0, Qk −Qk−1 > −bQk−Qk−1 > 0,

( 1−b )Qk − ( 1−a )Qk−1 =
[
aQk−1+Qk

]
+
[
−Qk−1− bQk

]
> 0. (8.6)

Çíà÷èò, C0
ki > 0. Òàêæå ëåãêî ïðîâåðèòü, ÷òî c0 (1 + bλ) = − 1

2ν
(ab −1), c1(1 + br) =

1
2ν

(ab−1), ïîýòîìó

( 1+b )Qk + ( 1+a )Qk−1 =
[
c0 (a+λ) + c0 (1+bλ)

]
λk+

[
c1(a+r) + c1(1+br)

]
rk =

= 1
2ν

(ab−1)
(
(r−1) λk+ (1−λ) rk

)
< 0, (8.7)

÷òî è äîêàçûâàåò âòîðóþ ÷àñòü óòâåðæäåíèÿ.

Ó ò â å ð æ ä å í è å 2. Äëÿ ëþáûõ k, i = 1, . . . , N ñïðàâåäëèâî C0
ki 6 C0

NN
.
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Ä î ê à ç à ò å ë ü ñ ò â î. 1. Â ñèëó (8.3) äëÿ âñåõ âñåõ k = 1, . . . , n ñïðàâåäëèâî

(
C0

k+1,k+1− C0
kk

)
Q

N
= ( 1−b )

[
Qk+1Qn−k −QkQN−k

]
+ ( 1−a )

[
Qk−1QN−k

−QkQn−k

]
.

Îáîçíà÷èì âûðàæåíèÿ, ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ, ÷åðåç ςk0 è ςk1 . Òîãäà â ñèëó (8.4)

ςk0 =
(
c0 λ

k+2+ c1r
k+2

) (
c0 λ

n−k+1+ c1r
n−k+1

)
−
(
c0 λ

k+1+ c1r
k+1

) (
c0 λ

N−k+1+ c1rN−k+1

)
=

= c0 c1

(
λk+2rn−k+1+ rk+2λn−k+1−λk+1rN−k+1 − rk+1λN−k+1

)
= c0c1 ( λ−r )

[
rn−2k − λn−2k

]
,

ςk1 =
(
c0 λ

k+ c1r
k
) (

c0 λ
N−k+1 + c1rN−k+1

)
−

(
c0 λ

k+1+ c1r
k+1

) (
c0 λ

n−k+1+ c1r
n−k+1

)
=

= c0 c1

(
λkrN−k+1 + rkλN−k+1 − λk+1rn−k+1 − rk+1λn−k+1

)
= c0 c1 ( λ−r )

[
λN−2k − rN−2k

]
.

Ñëåäîâàòåëüíî, â ñèëó (8.5) è î÷åâèäíîãî ðàâåíñòâà λ− r = 2ν èìååì

(
C0

k+1,k+1− C0
kk

)
Q

N
= c0 c1 ( λ−r )

(
( 1−b )

[
rn−2k − λn−2k

]
+ ( 1−a )

[
λN−2k − rN−2k

] )
=

= 1
2ν

(ab−1)
( [

1−a−( 1−b )r
]
λN−2k +

[
a−1+( 1−b )λ

]
rN−2k

)
.

Òàê êàê a+ b = 2y, λ+ r = −2y, òî a+ b+ λ+ r = 0, ïîýòîìó

1−a−( 1−b )r = b+ λ+ 1 + b r = (1+λ) (1+b r) = 2ν c0 (1+λ),

a−1+( 1−b )λ = −b− r − 1− bλ = −(1+r) (1+bλ) = 2ν c1 (1+r),
(
C0

k+1,k+1 − C0
kk

)
Q

N
= (ab−1)

[
c0 (1+λ) λN−2k + c1 (1+r) rN−2k

]
> 0,

C0
11 < C0

22 < . . . < C0
NN

.

2. Â ñèëó (8.3) è (8.6) äëÿ âñåõ k = 1, . . . , n è i > k ñïðàâåäëèâî

(
C0

kk − C0
ki

)
Q

N
=

[
( 1−b )Qk − ( 1−a )Qk−1

] [
Q

N−k
−Q

N−i

]
> 0, C0

ki < C0
kk < C0

NN
.

3. Â ñèëó (8.3) äëÿ âñåõ k = 2, . . . , N ñïðàâåäëèâû ðàâåíñòâà

C0
k,k−1 =

[
Q

N−k
+Q

N+1−k

] [
−Qk−2− bQk−1

]
/Q

N
=

[
Q

N−k
+Q

N+1−k

] [
aQk−1+Qk

]
/Q

N
,

ïîýòîìó

(
C0

k,k−1 −C0
kk

)
Q

N
=

[
Q

N−k
+Q

N+1−k

] [
aQk−1+Qk

]
−
[
( 1−b )Qk − ( 1−a )Qk−1

]
Q

N−k
=

= aQk−1QN+1−k
+QkQN+1−k

+ b QkQN−k
+Qk−1QN−k

= (8.8)

= a
(
c0 λ

k+ c1r
k
) (

c0 λ
N−k+2 + c1rN−k+2

)
+
(
c0 λ

k+1+ c1r
k+1

) (
c0 λ

N−k+2 + c1rN−k+2

)
+

+ b
(
c0 λ

k+1+ c1r
k+1

) (
c0 λ

N−k+1 + c1rN−k+1

)
+
(
c0 λ

k+ c1r
k
) (

c0 λ
N−k+1 + c1rN−k+1

)
=

= c20 λ
N+1

{
1 + 2yλ+ λ2

}
+ c0c1

( [
2 + aλ+ b r

]
λN−2k+1 +

[
2 + bλ + ar

]
rN−2k+1

)
+

+c21 r
N+1

{
1 + 2yr + r2

}
.

Âûðàæåíèÿ, ñòîÿùèå â �èãóðíûõ ñêîáêàõ, ðàâíû íóëþ. Îáîçíà÷èì êîý��èöèåíòû, ñòî-

ÿùèå â êâàäðàòíûõ ñêîáêàõ, ÷åðåç κ0 è κ1. Òîãäà κ0+κ1 = 4+( a+b ) ( λ+r ) = 4−4y2 < 0
è

κ0κ1 = 4 + 2 ( aλ+ b r + bλ+ ar ) + ( aλ+ b r) ( bλ+ ar) =
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= 4 + 2 ( a+ b ) ( λ+ r) + abλ2 + b2 + a2 + ab r2=

= 4− 8y2 + ab (λ−r)2 + ( a+b )2 = 4− 8y2 + 4ab (y2−1) + 4y2 = 4 (ab−1) (y2−1) > 0,

ñëåäîâàòåëüíî, κ0 < 0, κ1 < 0. Òàêèì îáðàçîì, C0
k,k−1 < C0

kk 6 C0
NN

äëÿ âñåõ k =
2, . . . , N.

4. Â ñèëó (8.3) è (8.6) äëÿ âñåõ i = 2, . . . , n è k > i ñïðàâåäëèâî

(
C0

i,i−1 − C0
k,i−1

)
Q

N
=

[
(Q

N−i
−Q

N−k
) + (Q

N+1−i
−Q

N+1−k
)
] [

−Qi−2− bQi−1

]
> 0,

C0
k,i−1 < C0

i,i−1 < C0
ii < C0

NN
.

Ó ò â å ð æ ä å í è å 3. Äëÿ ëþáûõ k, i = 1, . . . , N ñïðàâåäëèâî |C1
ki | 6 −C1

11.

Ä î ê à ç à ò å ë ü ñ ò â î. 1. Ñîãëàñíî óòâåðæäåíèþ 1 âñå ÷èñëà C1
kk îòðèöàòåëüíûå, à

â ñèëó ïðåäñòàâëåíèÿ (8.3) äëÿ âñåõ k = 1, . . . , n ñïðàâåäëèâî

(
C1

k+1,k+1− C1
kk

)
Q

N
= ( 1+b )

[
Qk+1Qn−k −QkQN−k

]
− ( 1+a )

[
Qk−1QN−k

−QkQn−k

]
.

Âûðàæåíèÿ, ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ, � ýòî ÷èñëà ςk0 è ςk1 èç óòâåðæäåíèÿ 2,

ïîýòîìó

(
C1

k+1,k+1− C1
kk

)
Q

N
= c0c1 ( λ−r )

(
( 1+b )

[
rn−2k − λn−2k

]
− ( 1+a )

[
λN−2k − rN−2k

] )
=

= 1
2ν

(ab−1)
(
−
[
1+a+( 1+b )r

]
λN−2k +

[
1+a+( 1+b )λ

]
rN−2k

)
.

Âîñïîëüçîâàëèñü ðàâåíñòâàìè (8.5) è λ− r = 2ν. Òàê êàê a+ b+ λ+ r = 0, òî

1 + a+ (1 + b)r = −b− λ+ 1 + b r = (1− λ)(1 + b r) = 2ν c0 (1− λ),

1 + a+ (1 + b)λ = −b− r + 1 + bλ = (1 − r) (1 + bλ) = −2ν c1 (1− r),
(
C1

k+1,k+1−C1
kk

)
Q

N
= (ab−1)

[
c0 (λ−1) λ

N−2k −c1 (1−r) rN−2k
]
= (ab−1)

[
Q

N−2k
−Qn−2k

]
.

Ïîñêîëüêó Q0 − Q
−1

= Q0 + Q1 + 2y Q0 = 1 − a + 2y = 1 + b > 0, òî Q
−1

< Q0. Â ñèëó

òðåòüåé îöåíêè (8.6) èìååì Q0 < Q1 < Q2 < . . . , ïîýòîìó ïðè N−2k > 0 ñïðàâåäëèâû

íåðàâåíñòâà Qn−2k < Q
N−2k

è C1
k+1,k+1 > C1

kk. Äðóãèìè ñëîâàìè, åñëè m =̇
[
N
2

]
, òî

0 > C1
m+1,m+1 > C1

mm > . . . > C1
11.

Çà�èêñèðóåì k = m + 1, . . . , N, è ïóñòü ℓ =̇N + 1 − k. Î÷åâèäíî, ℓ ∈ { 1, . . . , N −m },
ïðè÷åì N −m 6 m+ 1, ïîýòîìó C1

ℓℓ > C1
11. Ñ äðóãîé ñòîðîíû,

(
C1

kk−C1
ℓℓ

)
Q

N
=

[
( 1+b )Qk+( 1+a )Qk−1

]
Q

N−k
−
[
( 1+b )Q

N+1−k
+( 1+a )Q

N−k

]
Qk−1 =

= ( 1+b )
[
QkQN−k

−Qk−1QN+1−k

]
= ( 1+b ) ςk−1

0 = ( 1+b ) c0c1 ( λ−r )
[
rn−2k+2 − λn−2k+2

]
.

Âîñïîëüçîâàëèñü îïðåäåëåíèåì è �îðìóëîé äëÿ ÷èñåë ςk0 (ñì. ïåðâûé ïóíêò óòâåðæäå-

íèÿ 2). Òàê êàê λ > r è k > ℓ, òî

(
C1

kk− C1
ℓℓ

)
Q

N
= ( 1+b ) c0c1 ( λ−r )

[
rℓ−k − λℓ−k

]
= ( 1+b ) c0c1 ( λ−r )

[
λk−ℓ − rk−ℓ

]
> 0.

Òàêèì îáðàçîì, 0 > C1
kk > C1

ℓℓ > C1
11 äëÿ âñåõ k = m+1, . . . , N.

2. Â ñèëó (8.3), (8.7), (8.6) è óòâåðæäåíèÿ 1 äëÿ âñåõ k = 1, . . . , n è i > k ñïðàâåäëèâî

(
C1

ki−C1
kk

)
Q

N
=

[
( 1+b )Qk +( 1+a )Qk−1

] [
Q

N−i
−Q

N−k

]
> 0, 0 > C1

ki > C1
kk > C1

11.
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3. Ñîãëàñíî (8.3) äëÿ âñåõ k = 2, . . . , N ñïðàâåäëèâû ðàâåíñòâà

C1
k,k−1 =

[
Q

N+1−k
−Q

N−k

] [
−Qk−2− bQk−1

]
/Q

N
=

[
Q

N+1−k
−Q

N−k

] [
aQk−1+Qk

]
/Q

N
,

(
C1

k,k−1 + C1
kk

)
Q

N
=

[
Q

N+1−k
−Q

N−k

] [
aQk−1+Qk

]
+
[
( 1+b )Qk + ( 1+a )Qk−1

]
Q

N−k
=

= aQk−1QN+1−k
+QkQN+1−k

+ b QkQN−k
+Qk−1QN−k

.

Ïîñëåäíåå âûðàæåíèå ñîâïàäàåò ñ âûðàæåíèåì (8.8), êîòîðîå â ñèëó òðåòüåãî ïóíêòà

óòâåðæäåíèÿ 2 îòðèöàòåëüíî, ñëåäîâàòåëüíî, C1
k,k−1 + C1

kk < 0, ïîýòîìó 0 < C1
k,k−1 <

−C1
kk <−C1

11.

4. Â ñèëó (8.3), (4.4) è (8.6) äëÿ âñåõ i = 1, . . . , n−1 è k > i ñïðàâåäëèâî

(
C1

k+1,i − C1
ki

)
Q

N
=

[
(Q

N−k
−Q

N−1−k
)− (Q

N+1−k
−Q

N−k
)
] [

−Qi−1− bQi

]
=

=
[
2Q

N−k
+ 2y Q

N−k

] [
−Qi−1− bQi

]
= 2 (1+y )Q

N−k

[
−Qi−1− bQi

]
< 0.

Ñëåäîâàòåëüíî, 0 < C1
Ni

< . . . < C1
i+2,i < C1

i+1,i < −C1
i+1,i+1 < −C1

11 ïðè âñåõ i =
1, . . . , n−1. �

Â ñèëó îïðåäåëåíèé (8.3) ñïðàâåäëèâû ñîîòíîøåíèÿ

−C1
11 = −

[
( 1+b )Q1 + ( 1+a)Q0

]
Qn/QN

= (ab −1)Qn/QN
< ab−1,

C0
NN

= 1−b− ( 1−a)Qn/QN
< 1−b+ ( 1−a) ( 1+b )/( 1+a) = 2 ( 1−ab )/( 1+a).

Âîñïîëüçîâàëèñü îöåíêîé (8.7), ñîãëàñíî êîòîðîé −Qn/QN
< ( 1+b )/( 1+a). Ñëåäîâà-

òåëüíî,

∣∣ x2k−2 + x2k
∣∣ 6 1

ab−1
C0

NN

N∑

i=1

| vi | < −
2

1+a

N∑

i=1

| vi | =
α−β

θ +β

N∑

i=1

| vi | =
1

θ +β

N∑

i=1

| V i |,

∣∣ x2k−2 − x2k
∣∣ 6 1

1−ab
C1

11

N∑

i=1

| vi | <

N∑

i=1

| vi | =
1

α−β

N∑

i=1

| V i |

(ñì. �îðìóëû (8.2)). Â � 7 îòìå÷åíû ðàâíîìåðíûå (ïî i) îöåíêè zi0 = O(1), wi
0 = O(N−1).

Òàêæå ëåãêî óáåäèòüñÿ, ÷òî zi0 −zi+1
0 = O(N−1) (ðàâíîìåðíî ïî i), ñëåäîâàòåëüíî, â ñèëó

(4.8)

V i = θ (zi0−zi+1
0 )+βzi0+βzi+1

0 −θ2(1+2γ )wi
0+θ2(1−2γ )wi+1

0 = O(N−2), i = 1, . . . , n,

VN = ( β + θ ) zN

0 − θ2(1+2γ )wN

0 = O(N−1),

N∑

i=1

| V i | =

n∑

i=1

| V i |+ | VN | = O(N−1).

Èòàê,

∣∣x2k−2 + x2k
∣∣ = O(1),

∣∣x2k−2 − x2k
∣∣ = O(N−1). Â ñèëó �îðìóë (6.3) ñïðàâåäëèâî

σk
1 = O(N−2), σk

2 = O(N−2) (ðàâíîìåðíî ïî k ), à â ñèëó (8.1)

max
k=1,...,N

σk
1 = O(N−2), max

k=1,...,N
σk
2 = O(N−2), 8τ

a2
Jk = O(N−2), J ′

N
= O(N−1).

Òàêèì îáðàçîì, äëÿ ëþáîãî ε > 0 íàéäóòñÿ ðàçìåðíîñòü N è ñïëàéí u ∈ σ
N
(Π) (ïîðîæ-

äåííûé ðåøåíèåì ñèñòåìû (4.9)) òàêèå, ÷òî max
k=1,...,N

‖ aut− buξξ ‖
2
L2(Πk) < ε.
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On solution of one optimization problem generated by simplest heat conduction equa-

tion

Keywords: heat conduction equation, interpolation, approximate spline, tridiagonal matrix, Chebyshev’s
polynomials.

MSC: 41A15

The solution of boundary value problem for the simplest heat conduction equation defined on a rectangle
can be represented as the sum of two terms which are solutions of two boundary value problems: in the first
case, the boundary functions are linear, while in the second case, the initial function is zero. This specificity
allows us to apply two-dimensional splines for the numerical solution of both problems. The first problem
was studied in previous papers where an economical algorithm was obtained for its numerical solution with
linear computational complexity. This fact served as the basis for similar constructions in solving the second
problem. Here we also define the finite-dimensional space of splines of Lagrangian type, and as a solution, we
suggest the optimal spline giving the smallest residual. We have obtained exact formulas for the coefficients of
this spline and its residual. The formula for the spline coefficients is a linear form of initial finite differences on
the boundary. The formula for the residual is the sum of five simple terms and a negative definite quadratic
form of new finite differences defined on the boundary. The entries of the matrix of the form are expressed
through Chebyshev’s polynomials, the matrix is invertible and is such that the inverse matrix has a tridiagonal
form. This feature allows us to obtain upper and lower bounds for the spectrum of the matrix and to show that
the residual is bounded by a constant independent of the dimension N. It is shown that the associated residual
tends to zero with increasing N. Thus, the obtained optimal spline should be considered the pseudosolution
of the second problem.
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