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ÑÈÑÒÅÌ ËÈÍÅÉÍÛÕ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ

Â ñòàòüå èññëåäóåòñÿ ñïåêòð ñêîðîñòè áëóæäàíèÿ íà ìíîæåñòâå ëèíåéíûõ äè��åðåíöèàëüíûõ ñèñòåì ñ îãðàíè-

÷åííûìè êîý��èöèåíòàìè îáùåãî âèäà, à òàêæå íà ïîäìíîæåñòâàõ äàííîãî ìíîæåñòâà: ìíîæåñòâå äèàãîíàëü-

íûõ ñèñòåì ïðîèçâîëüíîãî ïîðÿäêà è ìíîæåñòâå äè��åðåíöèàëüíûõ ñèñòåì, îòâå÷àþùèõ ëèíåéíûì äè��åðåí-

öèàëüíûì óðàâíåíèÿì âòîðîãî ïîðÿäêà. Ïîêàçàíî, ÷òî ñïåêòð ñêîðîñòè áëóæäàíèÿ íà ìíîæåñòâå ñèñòåì îáùå-

ãî âèäà ñ îãðàíè÷åííûìè êîý��èöèåíòàìè ÷åòíîãî ïîðÿäêà, à òàêæå íà ïîäìíîæåñòâå äèàãîíàëüíûõ ñèñòåì

ïðåäñòàâëÿåò ñîáîé îòðåçîê. Ïðèâîäèòñÿ îöåíêà âåðõíåé ãðàíèöû äëÿ ñïåêòðà ñêîðîñòè áëóæäàíèÿ ðåøåíèé

ëèíåéíûõ óðàâíåíèé âòîðîãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà: èñòåìû ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé, ñêîðîñòü áëóæäàíèÿ, ñïåêòð ñêîðîñòè

áëóæäàíèÿ.

Ââåäåíèå

Äëÿ çàäàííîé êîíñòàíòû M > 0 âî ìíîæåñòâå Mn
ñèñòåì âèäà

ẋ = A(t)x, x ∈ R
n, t ∈ R

+ ≡ [0;∞),

ñ êóñî÷íî-íåïðåðûâíûìè ïî t êîý��èöèåíòàìè (êàæäóþ ñèñòåìó áóäåì îòîæäåñòâëÿòü ñ çàäà-

þùåé åå ìàòðè÷íîé �óíêöèåé A) âûäåëèì ïîäìíîæåñòâî Mn
0 ⊂ Mn

ñèñòåì ñ îãðàíè÷åííûìè

êîý��èöèåíòàìè

|aij | 6 M, i, j = 1, . . . , n.

Òàêæå âûäåëèì ïîäìíîæåñòâî Mn
1 ⊂ Mn

0 , ñîñòîÿùåå èç äèàãîíàëüíûõ ñèñòåì

A ≡







a1(t) . . . 0
.

.

.

.

.

.

.

.

.

0 . . . an(t)






, |ai| 6 M, i = 1, . . . , n,

è ïîäìíîæåñòâî En ⊂ Mn
, ñîñòîÿùåå èç ñèñòåì, îòâå÷àþùèõ ëèíåéíûì óðàâíåíèÿì n-îãî

ïîðÿäêà:

A ≡











0 1 . . . 0
.

.

.

.

.

.

.

.

.

0 0 . . . 1
−an(t) −an−1(t) . . . −a1(t)











, |ai| 6 M, i = 1, . . . , n.

Îáîçíà÷èì ÷åðåç S∗(A) ìíîæåñòâî âñåõ íåíóëåâûõ ðåøåíèé ñèñòåìû A.

Î ï ð å ä å ë å í è å 0.1. Îïðåäåëèì [1℄ âåðõíþþ è íèæíþþ ñêîðîñòè áëóæäàíèÿ ðåøåíèÿ

x ∈ S∗(A):

µ̂(x) ≡ lim
t→∞

1

t

∫ t

0
v(x(τ)) dτ , µ̌(x) ≡ lim

t→∞

1

t

∫ t

0
v(x(τ)) dτ , (0.1)

ãäå

v(x(τ)) =

∣

∣

∣

∣

d

dτ

x(τ)

|x(τ)|

∣

∣

∣

∣

, (0.2)

|x(τ)| ≡
√

x1(τ)2 + . . .+ xn(τ)2. (0.3)
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Î ï ð å ä å ë å í è å 0.2. Ñïåêòðîì [1℄ ñêîðîñòè áëóæäàíèÿ (âåðõíåé èëè íèæíåé) äëÿ ñèñòå-

ìû A ∈ Mn
íàçîâåì îáëàñòü åå çíà÷åíèé

Spµ(A) = {µ(x) | x ∈ S∗(A)},

à òàêæå îïðåäåëèì ñïåêòð ñêîðîñòè áëóæäàíèÿ íà íåêîòîðîì ïîäìíîæåñòâå: H ⊂ Mn

Spµ(H) =
⋃

A∈H
Spµ(A).

Ñ�îðìóëèðîâàííûå íèæå òåîðåìû îòâå÷àþò íà âîïðîñ î òîì, êàêèì ìîæåò áûòü ñïåêòð

ñêîðîñòè áëóæäàíèÿ íà ìíîæåñòâå Mn
0 ñèñòåì ñ îãðàíè÷åííûìè êîý��èöèåíòàìè îáùåãî âèäà,

à òàêæå íà ïîäìíîæåñòâå Mn
1 äèàãîíàëüíûõ ñèñòåì n-îãî ïîðÿäêà.

Ò å î ð å ì à 0.1. Ñïðàâåäëèâû ðàâåíñòâà Spµ̌(Mn
1 ) = Spµ̂(Mn

1 ) = [0;M ], è ñóùåñòâóåò

òàêàÿ ñèñòåìà A ∈ Mn
1 , ÷òî Spµ̌(A) = Spµ̂(A) = [0;M ].

Òå î ð å ì à 0.2. Åñëè n ÷åòíî, òî Spµ̌(Mn
0 ) = Spµ̂(Mn

0 ) = [0;nM ] è ñóùåñòâóåò òàêàÿ

ñèñòåìà A ∈ Mn
0 , ÷òî Spµ̌(A) = Spµ̂(A) = [0;nM ].

Òå î ð å ì à 0.3. Åñëè n = 2k + 1 íå÷åòíî, òî supSpµ̂(Mn
0 ) 6 (2k + 1)M è ñóùåñòâóåò

ñèñòåìà A ∈ Mn
0 , äëÿ êîòîðîé âûïîëíåíî: Spµ̌(A) = Spµ̂(A) = [0; 2M

√

k(k + 1)].

Â ñëåäóþùåé òåîðåìå ïðèâîäèòñÿ îöåíêà ñâåðõó ïðè M → 0 äëÿ ñïåêòðà âåðõíåé ñêîðîñòè

áëóæäàíèÿ äëÿ ëèíåéíûõ óðàâíåíèé âòîðîãî ïîðÿäêà.

Ò å î ð å ì à 0.4. Äëÿ ëþáîãî ðåøåíèÿ x ∈ ⋃

A∈E2 S∗(A) âåðõíÿÿ ñêîðîñòü áëóæäàíèÿ óäî-

âëåòâîðÿåò îöåíêå µ̂(x) 6 2
√
M ïðè M 6 2 è ñòðåìèòñÿ ê íóëþ ïðè M → 0.

� 1. Äîêàçàòåëüñòâî òåîðåìû 0.1

Îáîçíà÷èì ξ1 =
x1

|x| , . . . , ξn = xn

|x| , òîãäà âûðàæåíèå (0.2) ïðåîáðàçóåòñÿ ê âèäó

v(x(τ)) =
√

a1(τ)2ξ21 + . . .+ an(τ)2ξ2n − (a1(τ)ξ21 + . . .+ an(τ)ξ2n)
2. (1.1)

Â êàæäûé ìîìåíò âðåìåíè τ ïîëó÷åííîå âûðàæåíèå (1.1) ÿâëÿåòñÿ êâàäðàòè÷íîé �óíêöèåé

îòíîñèòåëüíî êàæäîé èç a1(τ), . . . , an(τ) ñ ïîëîæèòåëüíûì êîý��èöèåíòîì ïðè ñòàðøåì ÷ëåíå.

Ïîýòîìó äëÿ ëþáîãî �èêñèðîâàííîãî τ è ëþáîãî �èêñèðîâàííîãî íàáîðà (ξ1, . . . ξn) (ξ
2
1 + . . .+

ξ2n = 1) ìàêñèìóì âûðàæåíèÿ (1.1) íà ìíîæåñòâå

{(a1(τ), . . . , an(τ)) : |ai(τ)| 6 M, i = 1, . . . , n}

ìîæåò äîñòèãàòüñÿ òîëüêî äëÿ çíà÷åíèé a1(τ), . . . , am(τ), ñîîòâåòñòâóþùèõ êîíöàì îòðåçêà

[−M ;M ], òî åñòü ïðè ai = ±M , i = 1, . . . , n. Ó÷èòûâàÿ ýòîò �àêò, çàìåòèì, ÷òî äëÿ ïåðâûõ

n ñëàãàåìûõ â ïîäêîðåííîì âûðàæåíèè ñïðàâåäëèâî

a1(τ)
2ξ21 + . . .+ an(τ)

2ξ2n = M2(ξ21 + . . . + ξ2n) ≡ M2,

îòêóäà âûòåêàåò

max
|ai(τ)|6M,ξ1...ξn

v(x(τ)) =
√

M2 − min
a1=±M...an=±M,ξ1...ξn

|a1ξ21 + . . .+ anξ2n|2 =

=
√

M2 − min
a1=±M...an=±M,ξ1...ξn

|a1 + (a2 − a1)ξ22 + . . .+ (an − a1)ξ2n|2 6 M.

Òàêèì îáðàçîì, ñïðàâåäëèâà îöåíêà

µ̂(x) 6 lim sup
t→∞

1

t

∫ t

0
M dτ 6 M. (1.2)
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�àññìîòðèì ñèñòåìó Ad ∈ Mn
1 ñ êóñî÷íî-ïîñòîÿííûìè êîý��èöèåíòàìè, çàäàâàåìûìè ïîñëå-

äîâàòåëüíî ïðè j = 1, 2, . . . ðàâåíñòâàìè

a3(t) = . . . = an(t) = a1(t) =

{

−M, Tj−1 ≤ t 6 Tj−1 +∆t1j ,

M, Tj−1 +∆t1j 6 t 6 Tj−1 +∆t1j +∆t2j ≡ Tj,

a2(t) = −a1(t),

ãäå

Tj =

j
∑

m=1

(

∆t1m +∆t2m
)

(T0 = 0), ∆t1j =
1

j
, x(Tj) = x0. (1.3)

Äëÿ çàäàííîãî âåêòîðà íà÷àëüíûõ çíà÷åíèé x0 = ( 1√
2
, 1√

2
, 0, . . . , 0) ðàññìîòðèì �óíêöèþ x,

ÿâëÿþùóþñÿ ðåøåíèåì ñèñòåìû Ad è óäîâëåòâîðÿþùóþ íà÷àëüíîìó óñëîâèþ x(0) = x0.

Ë å ì ì à 1.1. Íà ðåøåíèè ñèñòåìû Ad, óäîâëåòâîðÿþùåì íà÷àëüíîìó óñëîâèþ

x(0) = (
1√
2
,
1√
2
, 0, . . . , 0),

ñïðàâåäëèâî µ̂(x) = µ̌(x) = M .

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ïðîèçâîëüíîãî ε > 0 ìîæíî ïîäîáðàòü òàêîå t(ε), ÷òîáû äëÿ

ëþáîãî t > t(ε) âûïîëíÿëîñü íåðàâåíñòâî

v(x(τ)) > 1− ε′, ε′ ≡ ε

2M
,

îáåñïå÷èâàåìîå óñëîâèÿìè (1.3), ïðè÷åì äëèíû ∆t1j óìåíüøàþòñÿ ñ ðîñòîì íîìåðà j. Òîãäà äëÿ

ëþáîãî t >
t(ε)
ε′

áóäåò âûïîëíåíà îöåíêà

1

t

∫ t

0
v(x(τ)) dτ >

1

t

∫ t

t(ε)
v(x(τ)) dτ > M(1− ε′) · t− t(ε)

t
>

> M(1− ε′)(1 − ε′) > M
(

1− 2 ε
2M

)

> M − ε,

îòêóäà, ñ ó÷åòîì îöåíêè (1.2), ïîëó÷àåì

µ̂(x) = µ̌(x) = M.

Ëåììà 1.1 äîêàçàíà.

Ë å ì ì à 1.2. Spµ̌(Ad) = Spµ̂(Ad) = [0;M ].

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, äëÿ êàæäîãî �èêñèðîâàííîãî r ∈ [0;M ] ñóùåñòâóåò
w ∈ [0; 1√

2
], óäîâëåòâîðÿþùåå ðàâåíñòâó

M
√

1− (1− 2w2)2 = r.

Ïðîäåëûâàÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ëåììå 1.1, ïîëó÷àåì, ÷òî äëÿ ðåøåíèÿ x(t) ñèñòåìû
Ad, óäîâëåòâîðÿþùåãî íà÷àëüíûì óñëîâèÿì x0 = (

√
1−w2, w, 0, . . . , 0), ñïðàâåäëèâî

µ̂(x) = µ̌(x) = r.

Ëåììà 1.2 äîêàçàíà.

Óòâåðæäåíèå òåîðåìû 0.1 ñëåäóåò èç óòâåðæäåíèé ëåìì 1.1 è 1.2.
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� 2. Äîêàçàòåëüñòâà òåîðåìû 0.2

Îáîçíà÷èì

ξi =
xi

|x| , ρi =
ẋ1

|x| , i = 1, . . . , n.

Çàìåòèì, ÷òî

ρi = ai1ξ1 + . . .+ ainξn. (2.1)

Òîãäà âûðàæåíèå (0.2) ïðåîáðàçóåòñÿ ê âèäó

v(x(τ)) =
√

ρ21 + . . .+ ρ2n − (ρ1ξ1 + . . . + ρnξn)2. (2.2)

Â êàæäûé ìîìåíò âðåìåíè τ ïîëó÷åííîå âûðàæåíèå (2.2) ÿâëÿåòñÿ êâàäðàòè÷íîé �óíêöè-

åé îòíîñèòåëüíî êàæäîé èç a11(τ), . . . , ann(τ) ñ ïîëîæèòåëüíûì êîý��èöèåíòîì ïðè ñòàðøåì

÷ëåíå. Ïîýòîìó äëÿ ëþáîãî �èêñèðîâàííîãî τ è ëþáîãî �èêñèðîâàííîãî íàáîðà (ξ1, . . . ξn)
(ξ21 + . . .+ ξ2n = 1) ìàêñèìóì âûðàæåíèÿ (2.2) íà ìíîæåñòâå

{(a11(τ), . . . , ann(τ)) : |aij(τ)| 6 M, i, j = 1, . . . , n}

ìîæåò äîñòèãàòüñÿ òîëüêî äëÿ çíà÷åíèé a1(τ), . . . , am(τ), ñîîòâåòñòâóþùèõ êîíöàì îòðåçêà

[−M ;M ], òî åñòü ïðè ai = ±M , i = 1, . . . , n. Ñ ó÷åòîì ýòîãî �àêòà ïîëó÷àåì

max
ξi:ξ21+...+ξ2

n
=1

|ρi| = M
√
n, i = 1, . . . , n,

è, ñëåäîâàòåëüíî,

v(x(τ)) 6
√

M2n2 − (ρ1ξ1 + . . . + ρnξn)2 6 nM. (2.3)

Äàëåå àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 0.1 ðàññìîòðèì ñèñòåìó A0 ∈ Mn
ñ êóñî÷íî-

ïîñòîÿííûìè êîý��èöèåíòàìè, çàäàâàåìûìè ïîñëåäîâàòåëüíî ïðè j = 1, 2, . . . è l = 1, . . . , n2
ðàâåíñòâàìè

ai1(t) = . . . = ain(t) =

{

−M, Tj−1 ≤ t 6 Tj−1 +∆t1j ,

M, Tj−1 +∆t1j 6 t 6 Tj−1 +∆t1j +∆t2j ≡ Tj,
i = 2l, (2.4)

ai1(t) = . . . = ain(t) = −a(i+1)1(t), i = 2l − 1,

ãäå, àíàëîãè÷íî (1.3),

Tj =

j
∑

m=1

(

∆t1m +∆t2m
)

(T0 = 0), ∆t1j =
1

j
, x(Tj) = x0.

Äëÿ çàäàííîãî âåêòîðà íà÷àëüíûõ çíà÷åíèé x0 = ( 1√
n
, . . . , 1√

n
) ðàññìîòðèì �óíêöèþ x, ÿâëÿ-

þùóþñÿ ðåøåíèåì ñèñòåìû A0 è óäîâëåòâîðÿþùóþ íà÷àëüíîìó óñëîâèþ x(0) = x0.

Ë å ì ì à 2.1. Íà ðåøåíèè ñèñòåìû A0, óäîâëåòâîðÿþùåì íà÷àëüíîìó óñëîâèþ

x(0) = (
1√
n
, . . . ,

1√
n
),

ñïðàâåäëèâî µ̂(x) = µ̌(x) = Mn.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ïðîèçâîëüíîãî ε > 0 ìîæíî ïîäîáðàòü òàêîå t(ε), ÷òîáû äëÿ

ëþáîãî t > t(ε) âûïîëíÿëîñü íåðàâåíñòâî

v(x(τ)) > 1− ε′, ε′ ≡ ε

2Mn
,
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îáåñïå÷èâàåìîå óñëîâèÿìè (1.3), ïðè÷åì äëèíû ∆t1j óìåíüøàþòñÿ ñ ðîñòîì íîìåðà j. Òîãäà äëÿ

ëþáîãî t >
t(ε)
ε′

áóäåò âûïîëíåíà îöåíêà

1

t

∫ t

0
v(x(τ)) dτ >

1

t

∫ t

t(ε)
v(x(τ)) dτ > M(1− ε′) · t− t(ε)

t
>

> Mn(1− ε′)(1− ε′) > Mn
(

1− 2 ε
2Mn

)

> Mn− ε,

îòêóäà, ñ ó÷åòîì îöåíêè (2.3), ïîëó÷àåì

µ̂(x) = µ̌(x) = Mn.

Ëåììà 2.1 äîêàçàíà.

Ë å ì ì à 2.2. Spµ̌(A0) = Spµ̂(A0) = [0;Mn].

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ðåøåíèÿ ñèñòåìû A0, óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

x0 = ( 1√
n
,− 1√

n
, 1√

n
, . . . ,− 1√

n
), àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.1 ïîëó÷àåì, ÷òî µ̌(x) =

= µ̂(x) = 0. Â ñèëó íåïðåðûâíîñòè �óíêöèè v(x) îòñþäà è èç óòâåðæäåíèÿ ëåììû 2.1 ñëåäóåò,

÷òî äëÿ êàæäîãî �èêñèðîâàííîãî r ∈ [0;Mn] ñóùåñòâóåò w = (w1, . . . , wn) (w
2
1 + . . . + w2

n = 1),
óäîâëåòâîðÿþùåå ðàâåíñòâó

√

ρ21 + . . . + ρ2n − (ρ1w1 + . . .+ ρnwn)2 = r.

Ïðîäåëûâàÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ëåììå 2.1, ïîëó÷àåì, ÷òî äëÿ ðåøåíèÿ x(t) ñèñòåìû
A0, óäîâëåòâîðÿþùåãî íà÷àëüíûì óñëîâèÿì x0 = (w1, . . . , wn), ñïðàâåäëèâî

µ̂(x) = µ̌(x) = r.

Ëåììà 2.2 äîêàçàíà.

Óòâåðæäåíèå òåîðåìû 0.2 ñëåäóåò èç óòâåðæäåíèé ëåìì 2.1, 2.2.

� 3. Äîêàçàòåëüñòâî òåîðåìû 0.3

Äîêàçàòåëüñòâî òåîðåìû 0.3 ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 0.2. Îãðàíè-

÷åííîñòü ñïåêòðà ñëåäóåò èç îöåíêè (2.3). �àññìîòðèì ñèñòåìó A0, êàê â (2.4), òîãäà äëÿ �óíê-

öèè x, ÿâëÿþùåéñÿ ðåøåíèåì ñèñòåìû A0, óäîâëåòâîðÿþùèì íà÷àëüíîìó óñëîâèþ

x0 = (
1√
n
, . . . ,

1√
n
), n = 2k + 1,

àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.1 ïîëó÷àåì

µ̂(x) = µ̌(x) = 2M
√

k(k + 1).

Äàëåå, äëÿ ðåøåíèÿ òîé æå ñèñòåìû (2.4), óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

x0 = (
1√
n
,− 1√

n
,

1√
n
, . . . ,− 1√

n
), n = 2k + 1,

ñïðàâåäëèâî

µ̂(x) = µ̌(x) = 0.

Äàëåå àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.2 ïîëó÷àåì, ÷òî â çàâèñèìîñòè îò âûáîðà íà÷àëüíûõ

óñëîâèé x0 ñêîðîñòü áëóæäàíèÿ íà ðåøåíèè ñèñòåìû A0 ïðèíèìàåò âñå çíà÷åíèÿ èç îòðåçêà

[0, 2M
√

k(k + 1)].
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� 4. Äîêàçàòåëüñòâî òåîðåìû 0.4

Óòâåðæäåíèå òåîðåìû 0.4 íåïîñðåäñòâåííî ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [2℄. Äåéñòâèòåëü-

íî, ïðè 0 < M < 4 ñïðàâåäëèâà îöåíêà, ïîëó÷åííàÿ â ðàáîòå [2℄:

µ̂ < κ
∗∗(M) = π

(

4√
4M −M2

(

π

2
− arctan

M√
4M −M2

))−1

6

6
π

4

√

4M −M2
π

4
6 2

√
M

ïðè

arctan

(

M√
4M −M2

)

6
π

4
⇔ M 6 2.
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In this paper, the wandering rate spectrum is investigated on the set of common type linear differential equations

systems with bounded coefficients, as well as on the subset of diagonal systems of arbitrary order and on the subset

of differential systems, corresponding to the second order linear differential equations. It is shown that the wandering

rate spectrum is a segment on the set of even dimension common type systems with bounded coefficients, as well as

on the subset of diagonal systems. The estimation of the upper boundary of the wandering rate of second order linear

differential equation solution is given.
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