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�àññìàòðèâàåòñÿ ëèíåéíàÿ ãèáðèäíàÿ ñèñòåìà �óíöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì.

Ïðèìåíåí W-ìåòîä. Ïîëó÷åíû óñëîâèÿ åå ðàçðåøèìîñòè â ïàðàõ ïðîñòðàíñòâ. �àññìîòðåíû ïðîñòûå ïðèìåðû

äâóõ óðàâíåíèé. Çàäà÷à ñâîäèòñÿ ê îäíîé ïåðåìåííîé èëè äðóãîé ïåðåìåííîé.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ ãèáðèäíàÿ ñèñòåìà �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì,

ðàçðåøèìîñòü â ïàðàõ ïðîñòðàíñòâ, ìåòîä ìîäåëüíûõ óðàâíåíèé.

Ââåäåíèå

Èññëåäîâàíèþ ïî óñòîé÷èâîñòè ðåøåíèé ê íàñòîÿùåìó âðåìåíè ïîñâÿùåíî êðàéíå ìàëî

ðàáîò. Â ðàáîòå Â.Ì. Ìàð÷åíêî è Æ.Æ. Ëóàçî [1℄ èññëåäîâàíà çàäà÷à îá óñòîé÷èâîñòè ðåøå-

íèé ñòàöèîíàðíûõ ëèíåéíûõ ãèáðèäíûõ ñèñòåì �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé

ñ ïîñëåäåéñòâèåì (Ë�ÑÔÄÓÏ).

Ïîñòðîåííàÿ â íàñòîÿùåå âðåìÿ îáùàÿ òåîðèÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíå-

íèé [2�6℄ ïîçâîëèëà äàòü ÿñíîå è ëàêîíè÷íîå îïèñàíèå îñíîâíûõ ñâîéñòâ ðåøåíèé, â òîì ÷èñëå

ñâîéñòâà óñòîé÷èâîñòè ðåøåíèé. Â òî æå âðåìÿ øèðîêèå è àêòóàëüíûå äëÿ ïðèëîæåíèé êëàñ-

ñû ñèñòåì Ë�ÑÔÄÓÏ �îðìàëüíî íå îõâàòûâàþòñÿ ïîñòðîåííîé òåîðèåé è âî ìíîãîì îñòàþòñÿ

âíå ïîëÿ çðåíèÿ ñïåöèàëèñòîâ.

Ïîñòàíîâêà çàäà÷è: îäíî óðàâíåíèå ëèíåéíîå ðàçíîñòíîå, îïðåäåëåííîå â äèñêðåòíîì ìíî-

æåñòâå òî÷åê, à äðóãîå � ëèíåéíîå �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíåíèå ñ ïîñëåäåé-

ñòâèåì (ËÔÄÓÏ) íà ïîëóîñè.

Èññëåäîâàíèå ïðîäîëæàåò ðàáîòû [7�11℄.

Îáîçíà÷èì ÷åðåç

y = {y(−1), y(0), y(1), . . . , y(N), . . .}

áåñêîíå÷íóþ ìàòðèöó ñî ñòîëáöàìè y(−1), y(0), y(1), . . . , y(N), . . . ðàçìåðàìè n, à ÷åðåç

g = {g(0), g(1), . . . , g(N), . . .} � áåñêîíå÷íóþ ìàòðèöó ñî ñòîëáöàìè g(0), g(1), . . . , g(N), . . . ðàç-
ìåðàìè n.

Êàæäîé áåñêîíå÷íîé ìàòðèöå

y = {y(−1), y(0), y(1), . . . , y(N), . . .}

ìîæíî ñîïîñòàâèòü âåêòîð-�óíêöèþ

y(t) = y(−1)χ[−1,0)(t) + y(0)χ[0,1)(t) + y(1)χ[1,2)(t) + . . .+ y(N)χ[N,N+1)(t) + . . . .

Àíàëîãè÷íî êàæäîé áåñêîíå÷íîé ìàòðèöå g = {g(0), g(1), . . . , g(N), . . .} ìîæíî ñîïîñòàâèòü
âåêòîð-�óíêöèþ

g(t) = g(0)χ[0,1)(t) + g(1)χ[1,2)(t) + . . .+ g(N)χ[N,N+1)(t) + . . . .

Ñèìâîëîì y(t) = y[t] îáîçíà÷èì âåêòîð-�óíêöèþ y(t) = y([t]), t ∈ [−1,∞). Ñèìâîëîì g[t]
îáîçíà÷èì âåêòîð-�óíêöèþ g(t) = g([t]), t ∈ [0,∞).

1

Ñòàòüÿ ïîäãîòîâëåíà â ðàìêàõ ðåàëèçàöèè êîìïëåêñíîãî ïðîåêòà ïî ñîçäàíèþ âûñîêîòåõíîëîãè÷íîãî ïðî-

èçâîäñòâà, äîãîâîð � 02.G25.31.0039 (Ïîñòàíîâëåíèå Ïðàâèòåëüñòâà �Ô � 218 îò 09.04.2010 ã. ¾Î ìåðàõ ãî-

ñóäàðñòâåííîé ïîääåðæêè ðàçâèòèÿ êîîïåðàöèè ðîññèéñêèõ âûñøèõ ó÷åáíûõ çàâåäåíèé è îðãàíèçàöèé, ðåàëè-

çóþùèõ êîìïëåêñíûå ïðîåêòû ïî ñîçäàíèþ âûñîêîòåõíîëîãè÷íîãî ïðîèçâîäñòâà¿ ïðè �èíàíñîâîé ïîääåðæêå

Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè �îññèéñêîé Ôåäåðàöèè).
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Ìíîæåñòâî òàêèõ âåêòîð-�óíêöèé y[·] îáîçíà÷èì ñèìâîëîì ℓ0. Ìíîæåñòâî òàêèõ âåêòîð-

�óíêöèé g[·] îáîçíà÷èì ñèìâîëîì ℓ. Îáîçíà÷èì (∆y)(t) = y(t) − y(t − 1) = y[t] − y[t − 1] ïðè
t > 1, (∆y)(t) = y(t) = y[t] = y(0) ïðè t ∈ [0, 1).

Çàïèøåì Ë�ÑÔÄÓÏ â âèäå

L11x+ L12y = ẋ− F11x− F12y = f,
L21x+ L22y = ∆y − F21x− F22y = g.

(0.1)

Çäåñü è íèæå R
n
� ïðîñòðàíñòâî âåêòîðîâ α = col{α1, . . . , αn} ñ äåéñòâèòåëüíûìè êîìïî-

íåíòàìè è ñ íîðìîé ||α||Rn
. Ïóñòü L � ïðîñòðàíñòâî ëîêàëüíî ñóììèðóåìûõ f : [0,∞) → R

n

ñ ïîëóíîðìàìè ||f ||L[0,T ] =

∫ T

0
||f(t)||Rn dt äëÿ âñåõ T > 0; D � ïðîñòðàíñòâî ëîêàëüíî àáñîëþò-

íî íåïðåðûâíûõ �óíêöèé x : [0,∞) → R
n
ñ ïîëóíîðìàìè ||x||D[0,T ] = ||ẋ||L[0,T ] + ||x(0)||Rn

äëÿ

âñåõ T > 0; C � áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ �óíêöèé x : [0,∞) → R
n

ñ íîðìîé ||x||C = sup
t>0

||x(t)||Rn .

Ïóñòü ℓ � ïðîñòðàíñòâî âåêòîð-�óíêöèé

g(t) = g(0)χ[0,1)(t) + g(1)χ[1,2)(t) + . . . + g(N)χ[N,N+1)(t) + . . .

ñ ïîëóíîðìàìè ||g||ℓT =
T
∑

i=0
||gi||Rn

äëÿ âñåõ T > 0; ℓ0 � ïðîñòðàíñòâî âåêòîð-�óíêöèé

y(t) = y(−1)χ[−1,0)(t) + y(0)χ[0,1)(t) + y(1)χ[1,2)(t) + . . .+ y(N)χ[N,N+1)(t) + . . .

ñ ïîëóíîðìàìè ||y||ℓ0T =
T
∑

i=−1
||yi||Rn

äëÿ âñåõ T > −1.

Îïåðàòîðû L11, F11 : D → L, L12, F12 : ℓ0 → L, L21, F21 : D → ℓ, L22, F22 : ℓ0 → ℓ ïðåäïîëà-
ãàþòñÿ ëèíåéíûìè íåïðåðûâíûìè è âîëüòåððîâûìè.

Ïóñòü ìîäåëüíîå óðàâíåíèé [2�6℄ L11x = z è áàíàõîâî ïðîñòðàíñòâî B ñ ýëåìåíòàìè èç

ïðîñòðàíñòâà L (B ⊂ L è ýòî âëîæåíèå íåïðåðûâíî) âûáðàíû òàê, ÷òî ðåøåíèÿ ýòîãî óðàâ-

íåíèÿ îáëàäàþò èíòåðåñóþùèìè íàñ àñèìïòîòè÷åñêèìè ñâîéñòâàìè. Ïðîñòðàíñòâî D(L11, B),
ïîðîæäàåìîå ìîäåëüíûì óðàâíåíèåì, áóäåò ñîñòîÿòü èç ðåøåíèé âèäà

x(t) = (C11z) (t) + (X11α)(t) =

∫ t

0
C11(t, s)z(s) ds +X11(t)α (α ∈ R

n, z ∈ B).

Íîðìó â ïðîñòðàíñòâå D(L11, B) ìîæíî ââåñòè ðàâåíñòâîì

||x||D(L11,B) = ||L11x||B + ||x(0)||Rn .

Ïðåäïîëîæèì, ÷òî îïåðàòîð W11 íåïðåðûâíî äåéñòâóåò èç ïðîñòðàíñòâà B â ïðîñòðàí-

ñòâî B è îïåðàòîð X11 äåéñòâóåò èç ïðîñòðàíñòâà R
n
â ïðîñòðàíñòâî B. Ýòî óñëîâèå ýêâèâà-

ëåíòíî òîìó [2,5℄, ÷òî ïðîñòðàíñòâî D(L11, B) ëèíåéíî èçîìîð�íî ïðîñòðàíñòâó Ñ.Ë. Ñîáîëåâà

W
(1)
B [0,∞) ñ íîðìîé

||x||
W

(1)
B

[0,∞)
= ||ẋ||B + ||x||B .

Äàëüøå áóäåì ýòî ïðîñòðàíñòâî îáîçíà÷àòü êàê WB . Ïðè ýòîì WB ⊂ D, è ýòî âëîæåíèå

íåïðåðûâíî.

Óðàâíåíèå L11x = z ñ îïåðàòîðîì L11 : WB → B WB-óñòîé÷èâî [2,5℄ òîãäà è òîëüêî òîãäà,

åñëè îíî ñèëüíî B-óñòîé÷èâî. Óðàâíåíèå L11x = z ñèëüíî B-óñòîé÷èâî, åñëè äëÿ ëþáîãî z ∈ B
êàæäîå ðåøåíèå x ýòîãî óðàâíåíèÿ îáëàäàåò ñëåäóþùèì ñâîéñòâîì: x ∈ B è ẋ ∈ B [2, ãë. IV,

� 4.6; 5℄.
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� 1. Ñâåäåíèå ê ËÔÄÓÏ

Ïðåäïîëîæèì, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ L22y = g äëÿ g ∈ ℓ ïðèíàäëåæèò ïðîñòðàí-

ñòâó ℓ0 è ïðåäñòàâëÿåòñÿ �îðìóëîé Êîøè:

y[t] = Y22[t]y(−1) +

t
∑

s=0

C22[t, s] g[s].

Ïîñòàâèì çàäà÷ó: ïóñòü g ∈ M ⊂ ℓ, ãäå M � áàíàõîâî ïðîñòðàíñòâî, è òîãäà áóäåò

y ∈ M0 ⊂ ℓ0, ãäå M0 � áàíàõîâî ïðîñòðàíñòâî, ïðè÷åì M0 èçîìîð�íî M .

Îáîçíà÷èì (C22g)[t] =
t
∑

s=0
C22[t, s] g[s], (Y22y(−1))[t] = Y22[t]y(−1).

Òîãäà êàæäîå ðåøåíèå y âòîðîãî óðàâíåíèÿ â (0.1) èìååò âèä

y = −C22L21x+ Y22y(−1) + C22g.

Ïîäñòàâèì â ïåðâîå óðàâíåíèå â (0.1):

L11x+ L12y = L11x−L12C22L21x+ L12Y22y(−1) + L12C22g = f,

L11x− L12C22L21x = f1 = f − L12Y22y(−1)− L12C22g.

Ââåäåì îáîçíà÷åíèå L = L11−L12C22L21, òîãäà ïåðâîå óðàâíåíèå â (0.1) ïðèìåò âèä Lx = f1.
Ïðåäïîëîæèì, ÷òî âîëüòåððîâ îïåðàòîð L : W 0

B → B âîëüòåððîâî îáðàòèì, ãäå

W 0
B = {x ∈ WB : x(0) = 0},

òî åñòü êîãäà çàäà÷à äëÿ óðàâíåíèÿ Lx = f1 îáëàäàåò ñëåäóþùèì ñâîéñòâîì: ïðè ëþáîì f1 ∈ B
åå ðåøåíèÿ x ∈ WB . Òàêèì îáðàçîì, ìû ðåøèëè çàäà÷ó, êîãäà äëÿ óðàâíåíèÿ (1) ïðè ëþáîì

{f, g} ∈ B ×M åå ðåøåíèÿ {x, y} ∈ WB ×M0.

Ï ð è ì å ð 1.1. �àññìîòðèì äâà óðàâíåíèÿ:

ẋ(t) + ax(t) + by[t] = f(t), t ∈ [0,∞),
y[t]− dy[t− 1] + cx(t) = g[t], t ∈ [0,∞).

(1.1)

Ïðè÷åì

y(0)− dy(−1) + cx(0) = y[t]− dy[t− 1] + cx(t) = g[t] = g(0), t ∈ [0, 1).

Ââåäåì ïðîñòðàíñòâà

ℓ∞0 = {y ∈ ℓ0 : ||y||ℓ∞0 = sup
k=−1,0,1,···

||y(k)||Rn < +∞},

ℓ∞ = {g ∈ ℓ : ||g||ℓ∞ = sup
k=0,1,···

||g(k)||Rn < +∞}.

×åðåç S îáîçíà÷èì îïåðàòîð (Sy)[t] = dy[t − 1], t > 1, (Sy)[t] = 0, t ∈ [0, 1), òîãäà âòîðîå

óðàâíåíèå çàïèøåòñÿ â âèäå

y[t]− (Sy)[t] + cx(t) = g1[t] = g[t] + dy[t− 1], t ∈ [0, 1),

y[t]− (Sy)[t] + cx(t) = g[t], t ∈ [1,∞).

�àññìîòðèì îïåðàòîð S : ℓ∞ → ℓ∞. Èçâåñòíî, ÷òî îïåðàòîð (I − S) : ℓ∞ → ℓ∞ âîëüòåððîâî

îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà ñïåêòðàëüíûé ðàäèóñ îïåðàòîðà ρℓ∞(S) â ïðîñòðàíñòâå ℓ∞
ìåíüøå åäèíèöû: ρℓ∞(S) < 1 [12, ãë. 4, � 4.1, çàäà÷è è óïð. 1.11, ê), ñ. 87, ñ. 140℄. Äëÿ îïåðàòî-

ðà S óñëîâèå ρℓ∞(S) < 1 ýêâèâàëåíòíî íåðàâåíñòâó |d| < 1 [12, ãë. 4, � 4.1, çàäà÷è è óïð. 1.11, ê),
ñ. 87, ñ. 140℄.
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

(L11x)(t) = ẋ(t)+ax(t), (L12y)[t] = by[t], (L21x)(t) = cx(t), (L22y)[t] = y[t]−(Sy)[t], t > 0.

Ïîñòðîèì �óíêöèþ Êîøè C22 è �óíäàìåíòàëüíîå ðåøåíèå Y22 äëÿ óðàâíåíèÿ y[t]−dy[t] = g[t]:

y[t] = dt+1y(−1) +

[t]
∑

s=0

g[s]d[t]−s = Y22[t]y(−1) + (C22g)[t].

Îòñþäà âûðàçèì y[t] èç âòîðîãî óðàâíåíèÿ ñèñòåìû (1.1):

y[t] = dt+1y(−1) +

[t]
∑

s=0

(g[s]− cx[s])d[t]−s = Y22[t]y(−1) + (C22(g − cx))[t].

Ïîäñòàâèì íàéäåííîå y â ïåðâóþ �îðìóëó â (0.1) (èëè (1.1)), ïîëó÷èì

(L11x)(t) + (L12y)[t] = ẋ(t) + ax(t) + bdt+1y(−1) + b

[t]
∑

s=0

(g[s]− cx[s])d[t]−s = f(t).

Ïðåîáðàçóåì ê âèäó

(Lx)(t) = ((L11 −L12C22L21)x) (t) = ẋ(t) + ax(t)− bc

[t]
∑

s=0

x[s]d[t]−s = f1(t) =

= f(t)− bdt+1y(−1)− b

[t]
∑

s=0

g[s]d[t]−s.

Âèäíî, ÷òî f1 ∈ L∞, åñëè |d| < 1.

Âîçüìåì ìîäåëüíîå óðàâíåíèå L11x = z, z ∈ L∞. Çàïèøåì �îðìóëó Êîøè äëÿ óðàâíåíèÿ

(L11x)(t) = z(t) = bc
[t]
∑

s=0
x[s]d[t]−s + f1(t):

x(t) = X11(t)x(0) +

∫ t

0
C11(t, s)(bc

[s]
∑

i=0

x[i]d[s]−i + f1(s)) ds.

Çäåñü X11(t) = e−at
, C11(t, s) = e−a(t−s). Âîçüìåì a > 0.

Ïîëó÷àåì, ÷òî íîðìà îïåðàòîðà C11bcC22 ìåíüøå 1, êîãäà |bc| < a(1− |d|).

Ïîëó÷èëè, ÷òî äëÿ ëþáîãî f1 ∈ L∞ ðåøåíèå x çàäà÷è Lx = f1 ïðèíàäëåæèò ïðîñòðàí-

ñòâó L∞, êðîìå òîãî, ïîëó÷èëè, ÷òî ïðîèçâîäíàÿ ðåøåíèÿ ẋ ïðèíàäëåæèò ïðîñòðàíñòâó L∞.
Òàêèì îáðàçîì, ïîêàçàëè, ÷òî äëÿ ëþáîãî f1 ∈ L∞ ðåøåíèå x çàäà÷è Lx = f1 ïðèíàäëåæèò

ïðîñòðàíñòâó WL∞
.

Òàêèì îáðàçîì, ìû ðåøèëè çàäà÷ó, êîãäà äëÿ óðàâíåíèÿ (1.1) ïðè ëþáîì {f, g} ∈ L∞ × ℓ∞
åå ðåøåíèÿ {x, y} ∈ WL∞

× ℓ∞0.

Ï ð è ì å ð 1.2. �àññìîòðèì äâà óðàâíåíèÿ:

(L11x)(t) + (L12y)[t] = ẋ(t) + ax(t− τ) + by[t] = f(t), t > 0, τ > 0, x(ξ) = 0, ξ < 0,

(xτ (t) = x(t− τ), t > τ, xτ (t) = 0, 0 6 t < τ),

(L11x)(t) + (L12y)[t] = ẋ(t) + axτ (t) + by[t] = f(t), t > 0,

(f ∈ L∞, x, ẋ ∈ L∞, D(L11, L∞) ∼= WL∞
⇐⇒ 0 < aτ < π/2),

(L21x)(t) + (L22y)[t] = cx(t) + y[t]− (Sy)[t] = g[t], t > 0.

187



Âûïîëíèì ïðåîáðàçîâàíèå Lx = (L11 −L12C22L21)x = f1. Çàïèøåì â èñõîäíûõ òåðìèíàõ:

(Lx)(t) = ẋ(t) + ax(t− τ)− bc(C22x)[t] = f1(t), x(ξ) = 0, ξ < 0.

Ïåðåïèøåì åãî òàê:

(L11x)(t) = ẋ(t) + axτ (t) = bc(C22x)[t] + f1(t).

Çäåñü (L11x)(t) = ẋ(t) + axτ (t) = z(t) � ìîäåëüíîå óðàâíåíèå, à x(t) = X11(t)x(0)+

+

∫ t

0
C11(t, s)z(s) ds � �îðìóëà Êîøè äëÿ íåãî. Îáîçíà÷èì C11(t, s) = Ca,τ,11(t, s). Ïîëîæèâ

x(0) = 0 =⇒ x(t) = bc

∫ t

0
Ca,τ,11(t, s)(C22x)[s] ds + f2(t), ìû óðàâíåíèå Lx = f1 ñâåëè ëåâîé

W-ïîäñòàíîâêîé ê îïåðàòîðíîìó óðàâíåíèþ.

Äàäèì îöåíêó íîðìû îïåðàòîðà Êîøè óðàâíåíèÿ L11x = f3:

||Ca,τ,11||L∞→C = sup
t>0

∫ t

0
|Ca,τ,11(t, s)|ds.

Èç ðåçóëüòàòà Ñ.À. �óñàðåíêî [13℄ ñëåäóåò ||Ca,τ,11||L∞→C = σ(τ)/a ⇐⇒ 0 < aτ < π/2,
σ(τ) = ||C1,τ,11||L∞→C , σ(τ) = 1 ⇐⇒ 0 < τ < 1/e.

Äàëåå îöåíêà íîðìû â îïåðàòîðíîì óðàâíåíèè äàåò òàêîé ðåçóëüòàò: |bc|σ(τ)/(a(1−|d|)) < 1.
À ýòî çíà÷èò, |bc| < a(1 − |d|)/σ(τ), òî åñòü ýòî äîñòàòî÷íîå óñëîâèå, ÷òî ïðè ëþáîì f1 ∈ L∞

åe ðåøåíèÿ x ∈ WL∞
. Òàêèì îáðàçîì, ìû ðåøèëè çàäà÷ó, êîãäà äëÿ ñèñòåìû óðàâíåíèé ïðè

ëþáîì {f, g} ∈ L∞ × ℓ∞ åå ðåøåíèÿ {x, y} ∈ WL∞
× ℓ∞0.

Ï ð è ì å ð 1.3. �àññìîòðèì äâà óðàâíåíèÿ:

(L11x)(t) + (L12y)[t] = ẋ(t) + a1x(t) + a2x(t− τ) + by[t] = f(t), t > 0, τ > 0, x(ξ) = 0, ξ < 0,

(L11x)(t) + (L12y)[t] = ẋ(t) + a1x(t) + a2xτ (t) + by[t] = f(t), t > 0,

f ∈ L∞, x, ẋ ∈ L∞, D(L11, L∞) ∼= WL∞
⇔ {a1, a2} ∈ ∆

(∆ � ýòî óãîë Àíäðîíîâà�Ìàéåðà íà ïëîñêîñòè äâóõ ïàðàìåòðîâ [14℄),

(L21x)(t) + (L22y)[t] = cx(t) + y[t]− (Sy)[t] = g[t], t > 0.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

(L11x)(t) = ẋ(t) + a1x(t) + a2xτ (t), (L12y)[t] = by[t], (L21x)(t) = cx(t), (L22y)[t] = y[t]− (Sy)[t].

Âûïîëíèì ïðåîáðàçîâàíèå Lx = (L11 −L12C22L21)x = f1.
Çàïèøåì â èñõîäíûõ òåðìèíàõ:

(Lx)(t) = ẋ(t) + a1x(t) + a2xτ (t)− bc(C22x)[t] = f1(t), t ∈ [0,∞).

Ïðèìåì çà ìîäåëüíîå óðàâíåíèå (L11x)(t) = ẋ(t)+a1x(t)+a2xτ (t) = z(t), t > 0. Îáîçíà÷èì
÷åðåç C11(t, s) = Ca1,a2,τ,11(t, s) �óíêöèþ Êîøè ìîäåëüíîãî óðàâíåíèÿ. Ñäåëàåì â ìîäåëüíîì

óðàâíåíèè ïîäñòàíîâêó x(t) = y(t)e−a1t, z(t) = u(t)e−a1t, a1 > 0. Òîãäà ìîäåëüíîå óðàâíåíèå

ïðèìåò âèä ẏ(t) + a2e
a1τyτ (t) = u(t), t > 0.

Âîçüìåì p = a2e
a1τ

, îáîçíà÷èì ÷åðåç Wp,τ (t, s) �óíêöèþ Êîøè ýòîãî óðàâíåíèÿ. Èç ðåçóëü-

òàòîâ Ñ.À. �óñàðåíêî [13℄ ñëåäóåò, ÷òî ||Wp,τ ||L∞→C = σ(τ)/p ⇔ 0 < pτ < π/2. Îòñþäà ñëåäóåò
||Ca1,a2,τ,11||L∞→C = ||Wp,τ ||L∞→C/a1 = σ(τ)/(a1p).

Ïîëîæèì x(0) = 0, òîãäà x(t) = bc

∫ t

0
Ca1,a2,τ,11(t, s)(C22x)[s] ds + f2(t).

Îöåíèì íîðìó îïåðàòîðà, ñòîÿùåãî ñïðàâà, îíà áóäåò ìåíüøå 1, åñëè 0 < p = a2e
a1τ < π/2

è a1 > 0, è âûïîëíÿåòñÿ íåðàâåíñòâî |bc| < a1p(1 − |d|)/σ(τ) ⇔ |bc| < a1a2e
a1τ (1 − |d|)/σ(τ).

Òàêèì îáðàçîì, ìû ðåøèëè çàäà÷ó, êîãäà äëÿ ñèñòåìû óðàâíåíèé ïðè ëþáîì {f, g} ∈ L∞ × ℓ∞
åå ðåøåíèÿ {x, y} ∈ WL∞

× ℓ∞0.
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� 2. Ñâåäåíèå ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ ñ ïîñëåäåéñòâèåì

Äëÿ óðàâíåíèÿ (0.1) áóäåì ïîëüçîâàòüñÿ òàêèìè îáîçíà÷åíèÿìè, êîòîðûå ïðèíÿòû â ïóíê-

òå 1.

Ïðåäïîëîæèì, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ L11x = f äëÿ f ∈ B (B íåïðåðûâíî âëîæåíî

â L) ïðèíàäëåæèò ïðîñòðàíñòâó D(L11, B) è ïðåäñòàâëÿåòñÿ �îðìóëîé Êîøè:

x(t) = X11(t)x(0) +

∫ t

0
C11(t, s)f(s)ds.

Èç ïåðâîãî óðàâíåíèÿ â (0.1) íàéäåì x:

x = −C11L12y +X11x(0) + C11f.

Ïîäñòàâèì âî âòîðîå óðàâíåíèå â (0.1):

L21x+ L22y = −L21C11L12y + L21X11x(0) + L21C11f + L22y = g,

−L21C11L12y + L22y = g1 = g − L21X11x(0)− L21C11f.

Ââåäåì îáîçíà÷åíèå L = L22−L21C11L12, òîãäà âòîðîå óðàâíåíèå â (0.1) ïðèìåò âèä Ly = g1.

Ïðåäïîëîæèì, ÷òî âîëüòåððîâ îïåðàòîð L : M0 → M âîëüòåððîâî îáðàòèì, òî åñòü êîãäà

çàäà÷à äëÿ óðàâíåíèÿ Ly = g1 ïðè ëþáîì g1 ∈ M åå ðåøåíèÿ y ∈ M0. Òàêèì îáðàçîì, ìû

ðåøèëè çàäà÷ó, êîãäà äëÿ óðàâíåíèÿ (0.1) ïðè ëþáîì {f, g} ∈ B × M åå ðåøåíèÿ {x, y} ∈
∈ D(L11, B)×M0.

Ï ð è ì å ð 2.1. �àññìîòðèì äâà óðàâíåíèÿ:

ẋ(t) + ax(t) + by[t] = f(t), t ∈ [0,∞),
y[t]− dy[t− 1] + cx[t] = g[t], t ∈ [0,∞).

(2.1)

Âîñïîëüçîâàâøèñü �îðìóëîé Êîøè äëÿ x, ïîëó÷àåì, ÷òî ïåðâîå óðàâíåíèå â ñèñòåìå (2.1)
çàïèñûâàåòñÿ â âèäå

x(t) = X11(t)x(0) +

∫ t

0
C11(t, s)(f(s)− by[s]) ds

èëè òàê:

x(t) = e−atx(0) +

∫ t

0
e−a(t−s)(f(s)− by[s])ds .

Ïîäñòàâèì x âî âòîðîå óðàâíåíèå â ñèñòåìå (2.1):

y[t]− dy[t− 1] + c(e−a[t]x(0) +

∫ [t]

0
e−a([t]−s)(f(s)− by[s]) ds) = g[t],

y[t]− dy[t− 1]− bc

∫ [t]

0
e−a([t]−s)y[s] ds = g1[t] = g[t]− ce−a[t]x(0) − c

∫ [t]

0
e−a([t]−s)f(s) ds.

Âû÷èñëèì èíòåãðàë:

bc

∫ [t]

0
e−a([t]−s)y[s] ds = bce−a[t]

∫ [t]

0
easy[s] ds = bce−a[t]

[t]−1
∑

i=0

y[i]

∫ i+1

i

eas ds =

= bce−a[t]

[t]−1
∑

i=0

y[i](ea(i+1) − eai)/a =
bc

a

[t]−1
∑

i=0

y[i](e−a([t]−i−1) − e−a([t]−i)).
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Ïîëó÷àåì óðàâíåíèå

y[t]− dy[t− 1]−
bc

a

[t]−1
∑

i=0

y[i](e−a([t]−i−1) − e−a([t]−i)) = g1[t], t ∈ [0,∞).

Îáîçíà÷èì

(Ky)[t] =
bc

a

[t]−1
∑

i=0

y[i](e−a([t]−i−1) − e−a([t]−i)).

Ïðåäïîëîæèì, ÷òî a > 0. Íàéäåì îöåíêó íîðìû ||K||ℓ∞0→ℓ∞:

||Ky||ℓ∞ = sup
k=0,1,2,...

∣

∣

∣

∣

∣

∣

bc

a

[t]−1
∑

i=0

y[i](e−a([t]−i−1) − e−a([t]−i))

∣

∣

∣

∣

∣

∣

6

6 sup
k=0,1,2,...

|y[k]| · sup
k=0,1,2,...

∣

∣

∣

∣

∣

bc

a

k−1
∑

i=0

(e−a(k−i−1) − e−a(k−i))

∣

∣

∣

∣

∣

6

6 ||y||ℓ∞0 ·
|bc|

a
sup

k=0,1,2,...

k−1
∑

i=0

∣

∣

∣

e−a(k−i−1) − e−a(k−i)
∣

∣

∣

6

6 ||y||ℓ∞0 ·
|bc|

a
sup

k=0,1,2,...

k−1
∑

i=0

(e−a(k−i−1) − e−a(k−i)) =

= ||y||ℓ∞0 ·
|bc|

a
sup

k=0,1,2,...
(1− e−ak) = ||y||ℓ∞0 ·

|bc|

a
.

Äàëüøå îöåíèì íîðìó ||(I − S)−1K||ℓ∞→ℓ∞ :

||(I − S)−1K||ℓ∞→ℓ∞ 6 ||(I − S)−1||ℓ∞→ℓ∞0 · ||K||ℓ∞0→ℓ∞ 6
1

1− |d|
·
|bc|

a
.

Ïîëó÷àåì, ÷òî íîðìà îïåðàòîðà ||(I − S)−1K||ℓ∞→ℓ∞ ìåíüøå 1, êîãäà

|bc| < a(1− |d|).

Ïîëó÷èëè, ÷òî äëÿ ëþáîãî g1 ∈ ℓ∞ ðåøåíèå y óðàâíåíèÿ Ly = g1 ïðèíàäëåæèò ïðîñòðàí-

ñòâó ℓ∞.

Òàêèì îáðàçîì, ìû ðåøèëè çàäà÷ó, êîãäà äëÿ óðàâíåíèÿ (2.1) ïðè ëþáîì {f, g} ∈ L∞ × ℓ∞
åå ðåøåíèÿ {x, y} ∈ WL∞

× ℓ∞0.
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