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�àññìàòðèâàåòñÿ íà÷àëüíàÿ êðàåâàÿ çàäà÷à ñ �àçîâûìè îãðàíè÷åíèÿìè äëÿ íåëèíåéíîãî óðàâíåíèÿ �àìèëüòî-

íà�ßêîáè. Âââîäèòñÿ íîâîå îïðåäåëåíèå íåïðåðûâíîãî îáîáùåííîãî ðåøåíèÿ, êîòîðîå ïðèìåíÿåòñÿ ê íåëè-

íåéíîìó íåêîýðöèòèâíîìó óðàâíåíèþ �àìèëüòîíà�ßêîáè, âîçíèêàþùåìó â ìîëåêóëÿðíîé áèîëîãèè. Äëÿ ýòîãî

óðàâíåíèÿ ïðåäëàãàåòñÿ êîíñòðóêöèÿ ïîñòðîåíèÿ îáîáùåííîãî ðåøåíèÿ, óäîâëåòâîðÿþùåãî äîïîëíèòåëüíûì

òðåáîâàíèÿì ê ñòðóêòóðå. Èçó÷àåòñÿ ñâÿçü ïîñòðîåííîãî ðåøåíèÿ ñ âÿçêîñòíûì îáîáùåííûì ðåøåíèåì. Ïðè-

âåäåíû ðåçóëüòàòû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå �àìèëüòîíà�ßêîáè, îáîáùåííîå ðåøåíèå, âÿçêîñòíîå ðåøåíèå, ìèíèìàêñíîå ðåøå-

íèå, �àçîâûå îãðàíè÷åíèÿ, ìåòîä õàðàêòåðèñòèê.

Ââåäåíèå

Ìíîãèå ïðàêòè÷åñêèå çàäà÷è ïðèâîäÿò ê íåîáõîäèìîñòè ðàññìîòðåíèÿ óðàâíåíèé òèïà

�àìèëüòîíà�ßêîáè â îãðàíè÷åííûõ çàìêíóòûõ îáëàñòÿõ �àçîâîãî ïðîñòðàíñòâà. Ïðè ýòîì, êàê

ïðàâèëî, ðåøåíèå ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå. Îíî èçâåñòíî íà íà÷àëüíîì ìíîãîîáðàçèè,

ïðåäñòàâëÿþùåì ñîáîé ÷àñòü ãðàíèöû ðàññìàòðèâàåìîé îáëàñòè, è òðåáóåòñÿ îïðåäåëèòü åãî

âíóòðè îáëàñòè è íà îñòàâøåéñÿ ÷àñòè ãðàíèöû.

Â òåîðèè óðàâíåíèé �àìèëüòîíà�ßêîáè èçâåñòíû ðàçëè÷íûå êîíöåïöèè îáîáùåííîãî ðåøå-

íèÿ (ñì., íàïðèìåð, [1�3℄). Îäíàêî ïîíÿòèå ìèíèìàêñíîãî [3℄ ðåøåíèÿ íå ââîäèëîñü äëÿ çàäà÷

ñ �àçîâûìè îãðàíè÷åíèÿìè. Âÿçêîñòíûå [2℄ ðåøåíèÿ áûëè îïðåäåëåíû è äëÿ çàäà÷ â îãðàíè-

÷åííîé îáëàñòè. Íî ïðè ýòîì âÿçêîñòíîå ðåøåíèå, îïðåäåëåííîå â îòêðûòîé îáëàñòè è íåïðå-

ðûâíî ïðîäîëæåííîå íà çàìûêàíèå ýòîé îáëàñòè, íå îáÿçàòåëüíî áóäåò ÿâëÿòüñÿ âÿçêîñòíûì

ðåøåíèåì íà çàìûêàíèè. Áîëåå òîãî, ñóæåíèå âÿçêîñòíîãî ðåøåíèÿ, ñóùåñòâóþùåãî â áîëü-

øåé îòêðûòîé îáëàñòè, íà êîìïàêòíóþ ïîäîáëàñòü �àçîâûõ îãðàíè÷åíèé òàêæå ìîæåò íå áûòü

âÿçêîñòíûì ðåøåíèåì â ýòîé êîìïàêòíîé ïîäîáëàñòè. Èçâåñòíûå [4,5℄ òåîðåìû ñóùåñòâîâàíèÿ

âÿçêîñòíîãî ðåøåíèÿ äëÿ óðàâíåíèÿ

∂u/∂t+H(x, ∂u/∂x) = 0, (0.1)

ðàññìàòðèâàåìîãî â îáëàñòè [0, T ] × Ω ⊂ R × R
n ∋ (t, x), ãäå Ω � êîìïàêò, äîêàçàíû ïðè

ñëåäóþùåì óñëîâèè êîýðöèòèâíîñòè ãàìèëüòîíèàíà:

H(x, p) → +∞ ïðè |p| → ∞. (0.2)

Òàêèì îáðàçîì, äëÿ óðàâíåíèé âèäà (0.1) ñ íåêîýðöèòèâíûìè ãàìèëüòîíèàíàìè âÿçêîñòíûå

ðåøåíèÿ â çàäà÷àõ ñ �àçîâûìè îãðàíè÷åíèÿìè ìîãóò íå ñóùåñòâîâàòü, è äëÿ òàêèõ çàäà÷

òðåáóåòñÿ êîððåêòíî ââîäèòü íîâûå îïðåäåëåíèÿ ðåøåíèÿ.

Â äàííîé ðàáîòå ìû ââîäèì íîâîå îïðåäåëåíèå íåïðåðûâíîãî îáîáùåííîãî ðåøåíèÿ äëÿ

óðàâíåíèÿ (0.1) â íà÷àëüíîé çàäà÷å ñ �àçîâûìè îãðàíè÷åíèÿìè è ïðèìåíÿåì åãî äëÿ èññëåäî-

âàíèÿ îáîáùåííîãî ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ �àìèëüòîíà�ßêîáè, ïîëó÷åííîãî â [6℄ äëÿ

ìîäåëè Êðîó�Êèìóðû ìîëåêóëÿðíîé ýâîëþöèè.

� 1. Îïðåäåëåíèå íåïðåðûâíîãî îáîáùåííîãî ðåøåíèÿ

�àññìîòðèì óðàâíåíèå �àìèëüòîíà�ßêîáè

∂u/∂t+H(x, ∂u/∂x) = 0, (1.1)

ãäå t ∈ [0, T ], T > 0, x ∈ Ω ⊂ R
n
, Ω � êîìïàêòíîå ìíîæåñòâî.

1

�àáîòà ÷àñòè÷íî ïîääåðæàíà �ÔÔÈ (ãðàíò � 14-01-00168) è ÓðÎ �ÀÍ (ãðàíò � 14-1-ÍÏ-348).
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Óðàâíåíèå (1.1) ðàññìàòðèâàåòñÿ ñîâìåñòíî ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x), x ∈ Ω. (1.2)

Ïðåäïîëàãàåì, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ.

A1. Ω ⊂ R
n
� îãðàíè÷åííàÿ çàìêíóòàÿ îáëàñòü ñ íåïóñòîé âíóòðåííîñòüþ int Ω è ãëàäêîé

ãðàíèöåé ∂Ω.
A2. �àìèëüòîíèàí H(x, p) ÿâëÿåòñÿ íåïðåðûâíî äè��åðåíöèðóåìûì ïðè (x, p) ∈ Ω×R

n
è âû-

ïóêëûì ïî p, òî åñòü

H(x, λp1 + (1− λ)p2) 6 λH(x, p1) + (1− λ)H(x, p1) ∀λ ∈ [0, 1], ∀(p1, p2) ∈ R
2, ∀x ∈ Ω.

A3. Ôóíêöèÿ u0 : Ω → R ÿâëÿåòñÿ íåïðåðûâíî äè��åðåíöèðóåìîé.

Ïóñòü W = [0, T ]×Ω. Îáîçíà÷èì ñèìâîëîì C(W ) êëàññ �óíêöèé, íåïðåðûâíûõ íà ìíîæå-

ñòâå W . Íàïîìíèì òàêæå ñëåäóþùèå ïîíÿòèÿ íåãëàäêîãî àíàëèçà [4, 7℄.

Ïóñòü u(·) ∈ C(W ) è (t, x) ∈ W . Ñóáäè��åðåíöèàëîì �óíêöèè u(·) â òî÷êå (t, x) ∈ W
íàçûâàåòñÿ ìíîæåñòâî

D−u(t, x) =


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lim inf
(τ,y)→(t,x)

(τ,y)∈W
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Ñóïåðäè��åðåíöèàëîì �óíêöèè u(·) â òî÷êå (t, x) ∈ W íàçûâàåòñÿ ìíîæåñòâî

D+u(t, x) =


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lim sup
(τ,y)→(t,x)

(τ,y)∈W

u(τ, y)− u(t, x)− a(τ − t)− s(y − x)
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Ñèìâîëîì Dif(u) îáîçíà÷èì ìíîæåñòâî òî÷åê èçW , â êîòîðûõ �óíêöèÿ u(·) ∈ C(W ) äè��å-
ðåíöèðóåìà. Äëÿ çàäàííîãî ìíîæåñòâà M ⊂ R

n
ñèìâîëîì coM áóäåì îáîçíà÷àòü åãî âûïóêëóþ

îáîëî÷êó [8℄. Îïðåäåëèì ìíîæåñòâî

∂u(t, x) = co
{

(a, s) ∈ R× R
n

∣

∣

∣

∣

a = lim
i→∞

∂u(ti,xi)
∂t

, s = lim
i→∞

∂u(ti,xi)
∂x

;

(ti, xi) → (t, x) ïðè i → ∞, (ti, xi) ∈ Dif(u)
}

, (t, x) ∈ W .

Î ï ð å ä å ë å í è å 1.1. Íåïðåðûâíàÿ �óíêöèÿ u(·) : W → R íàçûâàåòñÿ îáîáùåííûì ðå-

øåíèåì çàäà÷è (1.1)�(1.2), åñëè îíà óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (1.2) è âûïîëíåíû

ñëåäóþùèå ñîîòíîøåíèÿ:

a+H(x, s) 6 0 ∀(a, s) ∈ D+u(t, x), ∀(t, x) ∈ (0, T ) × intΩ, (1.3)

a+H(x, s) > 0 ∀(a, s) ∈ D−u(t, x), ∀(t, x) ∈ (0, T ) × intΩ, (1.4)

a+H(x, s) > 0 ∀ (a, s) ∈ D−u(t, x) ∩ ∂u(t, x), ∀ (t, x) ∈ (0, T )× ∂Ω. (1.5)

Äàëåå ðàññìîòðèì ïðèìåíåíèå îïðåäåëåíèÿ 1.1 íåïðåðûâíîãî îáîáùåííîãî ðåøåíèÿ íà ïðè-

ìåðå óðàâíåíèÿ �àìèëüòîíà�ßêîáè, âîçíèêàþùåãî [6℄ â ìîäåëè ìîëåêóëÿðíîé ýâîëþöèè.
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� 2. Óðàâíåíèå �àìèëüòîíà�ßêîáè â ìîäåëè Êðîó�Êèìóðû ìîëåêóëÿðíîé

ýâîëþöèè

Â ðàáîòå [6℄ áûë ïðåäëîæåí íîâûé ïîäõîä ê èññëåäîâàíèþ çàäà÷ ìîëåêóëÿðíîé ãåíåòèêè,

â ñîîòâåòñòâèè ñ êîòîðûì äèíàìèêó ìîäåëè Êðîó�Êèìóðû ìîëåêóëÿðíîé ýâîëþöèè ìîæíî

ïðîàíàëèçèðîâàòü ñ ïîìîùüþ óðàâíåíèÿ �àìèëüòîíà�ßêîáè (1.1), ðàññìàòðèâàåìîãî â ïîëîñå

t > 0, −1 6 x 6 1, â êîòîðîé ãàìèëüòîíèàí èìååò âèä

H(x, p) = −f(x) + 1−
1 + x

2
e2p −

1− x

2
e−2p, −1 6 x 6 1, p ∈ R. (2.1)

Ôóíêöèÿ f(·) â (2.1), íàçûâàåìàÿ �èòíåñîì, ïðåäïîëàãàåòñÿ çàäàííîé è íåïðåðûâíî äè��åðåí-
öèðóåìîé. Êðîìå òîãî, çàäàíà íåïðåðûâíî äè��åðåíöèðóåìàÿ íà÷àëüíàÿ �óíêöèÿ u0(·) òàêàÿ,
÷òî

u(0, x) = u0(x), x ∈ [−1; 1] = Ω. (2.2)

Â [6℄ çàäà÷à (1.1), (2.1), (2.2) èññëåäîâàëàñü äëÿ âõîäíûõ äàííûõ âèäà u0(x) = −a(x− x0)
2
,

a > 0, f(x) = x2 íà îñíîâå �èçè÷åñêèõ èíòåðïðåòàöèé è ìåòîäà õàðàêòåðèñòèê. Íèæå ýòà

ìîäåëü èçó÷àåòñÿ äëÿ äîñòàòî÷íî øèðîêîãî êëàññà âõîäíûõ äàííûõ f(·), u0(·).
Ìåòîä õàðàêòåðèñòèê (ñì., íàïðèìåð, [9℄) � êëàññè÷åñêèé ìåòîä ðåøåíèÿ çàäà÷è Êîøè

äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà (Ó×Ï1). Ýòîò ìåòîä ñâîäèò èíòå-

ãðèðîâàíèå Ó×Ï1 ê ðåøåíèþ õàðàêòåðèñòè÷åñêîé ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ

óðàâíåíèé.

Õàðàêòåðèñòè÷åñêàÿ ñèñòåìà äëÿ çàäà÷è (1.1), (2.1), (2.2) èìååò âèä

ẋ = Hp(x, p) = −(1 + x)e2p + (1− x)e−2p,

ṗ = −Hx(x, p) = f ′(x) + (e2p − e−2p)/2, (2.3)

ż = pHp(x, p)−H(x, p) = pẋ+ q

è ðàññìàòðèâàåòñÿ ñ íà÷àëüíûìè óñëîâèÿìè

x(0, y) = y, p(0, y) = u′0(y), z(0, y) = u0(y), y ∈ [−1; 1]. (2.4)

Çäåñü Hx(x, p) = ∂H(x, p)/∂x, Hp(x, p) = ∂H(x, p)/∂p, f ′(x) = ∂f(x)/∂x.
�åøåíèÿ ñèñòåìû (2.3)�(2.4) íàçûâàþòñÿ õàðàêòåðèñòèêàìè. Êîìïîíåíòû x(·, y), p(·, y) è z(·, y)
ðåøåíèÿ íàçûâàþòñÿ ñîîòâåòñòâåííî �àçîâûìè, èìïóëüñíûìè è öåíîâûìè õàðàêòåðèñòèêàìè.

Ñîãëàñíî ìåòîäó õàðàêòåðèñòèê u(t, x) = z(t, y), ãäå y òàêîâî, ÷òî x(t, y) = x. Ìåòîä õà-

ðàêòåðèñòèê ìîæåò áûòü ïðèìåíåí äëÿ ðåøåíèÿ çàäà÷è (1.1), (2.1), (2.2) â òàêîé îêðåñòíî-

ñòè íà÷àëüíîãî ìíîãîîáðàçèÿ (2.4), â êîòîðîé �àçîâûå õàðàêòåðèñòèêè íå ïåðåñåêàþòñÿ. Êàê

ïðàâèëî, õàðàêòåðèñòèêè (2.3), (2.4) âåäóò ñåáÿ íåðåãóëÿðíî: îíè íåïðîäîëæèìû íà âñþ îñü

âðåìåíè è ïåðåñåêàþò äðóã äðóãà. Áîëåå òîãî, â ïîëîñå t > 0, −1 6 x 6 1, â êîòîðîé òðåáóåòñÿ

îïðåäåëèòü ðåøåíèå çàäà÷è (1.1), (2.1), (2.2), ñóùåñòâóþò òî÷êè, ÷åðåç êîòîðûå íå ïðîõîäèò íè

îäíà õàðàêòåðèñòèêà. Ïðèìåð òàêîãî ïîâåäåíèÿ õàðàêòåðèñòèê ïðåäñòàâëåí íà ðèñóíêå 1.

Èç âûøåñêàçàííîãî ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (1.1), (2.1), (2.2) íóæíî ïîíèìàòü â îáîá-

ùåííîì ñìûñëå.

� 2.1. Ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ

Ïóñòü T > 0 � òàêîé ìîìåíò âðåìåíè, ÷òî ðåøåíèÿ (2.3), (2.4) ïðîäîëæèìû äî ýòîãî ìî-

ìåíòà, è õàðàêòåðèñòèêè x(·, y), p(·, y), z(·, y) íåïðåðûâíû íà [0, T ] äëÿ âñåõ y ∈ [−1; 1]. Òî÷íûå
îöåíêè äëÿ èíòåðâàëîâ ïðîäîëæèìîñòè ðåøåíèé (2.3), (2.4) ïîëó÷åíû â [10, 11℄.

�àññìîòðèì çàäà÷ó (1.1), (2.1), (2.2) â îãðàíè÷åííîé çàìêíóòîé îáëàñòè

ΠT = [0;T ]× [−1; 1].

Ââåäåì òàêæå ñëåäóþùèå îáîçíà÷åíèÿ:

ΠT = (0;T ) × (−1; 1), ΓT = {(t, x)| t ∈ (0, T ), x = ±1}.
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�èñ. 1. Ôàçîâûå õàðàêòåðèñòèêè äëÿ ñëó÷àÿ f(x) = −0.25x2, u0(x) = 0.25(x−0.5)2−0.1 cos 2πx

Ïîëîæèâ Ω = [−1, 1], W = ΠT , â çàäà÷å (1.1),(2.1),(2.2) ìîæíî èñïîëüçîâàòü îïðåäåëåíèå 1.1

îáîáùåííîãî ðåøåíèÿ. Äåéñòâèòåëüíî, íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ýòîé çàäà÷è âûïîëíåíû

óñëîâèÿ A1�A3, ïðè êîòîðûõ ñ�îðìóëèðîâàíî îïðåäåëåíèå 1.1.

Â [12℄ ñ ïîìîùüþ ìåòîäîâ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ [13℄ è ìåòîäà îáîáùåííûõ õà-

ðàêòåðèñòèê [14, 15℄ áûëî äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 2.1. Ïóñòü âõîäíûå äàííûå u0(·) : [−1, 1] → R è f(·) : [−1, 1] → R � íåïðåðûâíî

äè��åðåíöèðóåìûå �óíêöèè. Ïóñòü �óíêöèÿ ϕ(t, x) : R2 → R òàêæå ÿâëÿåòñÿ íåïðåðûâíî

äè��åðåíöèðóåìîé è óäîâëåòâîðÿåò ñîîòíîøåíèÿì

ϕ(0, x) = u0(x) ∀ x ∈ [−1, 1];

∂ϕ(t,±1)

∂t
+H

(

± 1,
∂ϕ(t,±1)

∂x

)

= 0 ∀ t > 0. (2.5)

Òîãäà ñóùåñòâóåò ðåøåíèå u(t, x) çàäà÷è (1.1), (2.1), (2.2) â ñìûñëå îïðåäåëåíèÿ 1.1. Äëÿ âñåõ

(t, x) ∈ ΠT ðåøåíèå èìååò âèä

u(t, x) = max
x(t,y♯)=x

[

ϕ(t♯, y♯) +

∫ t

t♯
p(τ, y♯)Hp(x(τ, y

♯), p(τ, y♯))−H(x(τ, y♯), p(τ, y♯))dτ

]

, (2.6)

ãäå t♯ ∈ [0, T ]. Åñëè t♯ = 0, òî y♯ = y ∈ [−1, 1]; åñëè t♯ > 0, òî y♯ = ±1. Ôóíêöèè
(x(·, y♯), p(·, y♯)) : [t♯, t] → R

2
� ðåøåíèÿ ñèñòåìû, ñîñòîÿùåé èç ïåðâûõ äâóõ óðàâíåíèé õà-

ðàêòåðèñòè÷åñêîé ñèñòåìû (2.3), ñ íà÷àëüíûìè óñëîâèÿìè

x(t♯, y♯) = y♯, p(t♯, y♯) =
∂ϕ(t♯, y♯)

∂y
= p0(t

♯, y♯).

Îòìåòèì, ÷òî â ñèëó âîçìîæíîñòè øèðîêîãî âûáîðà �óíêöèè ϕ(·) â òåîðåìå 2.1 îáîáùåííîå
ðåøåíèå çàäà÷è (1.1), (2.1), (2.2) íååäèíñòâåííî.

� 3. Îáîáùåííîå ðåøåíèå çàäàííîé ñòðóêòóðû

Ïóñòü x−(t) = x(t,−1), x+(t) = x(t,+1), t ∈ [0, T ] � �àçîâûå õàðàêòåðèñòèêè (2.3), ñòàðòó-

þùèå â ìîìåíò t = 0 èç òî÷åê x = −1 è x = 1 ñîîòâåòñòâåííî. Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî

âûïîëíåíî ñëåäóþùåå óñëîâèå.

B. Äëÿ �àçîâûõ õàðàêòåðèñòèê x(·, y) (2.3) ñ íà÷àëüíûìè óñëîâèÿìè (2.4) ïðè t = 0 ñïðà-

âåäëèâû íåðàâåíñòâà −1 6 x−(t) 6 x(t, y) 6 x+(t) 6 1 ∀ y ∈ [−1, 1], ∀ t ∈ [0, T ].
Îïðåäåëèì ïîäîáëàñòè

G0 =
{

(t, x)|t ∈ [0, T ], x−(t) 6 x 6 x+(t)
}

.

G+ = {(t, x)| t ∈ [0, T ], x+(t) 6 x 6 1}, (3.1)

G− = {(t, x)| t ∈ [0, T ], −1 6 x 6 x−(t)}.
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Åñëè âûïîëíåíî óñëîâèå B, ñïðàâåäëèâî ðàçáèåíèå

ΠT = G+ ∪G0 ∪G−.

Íàøåé öåëüþ ÿâëÿåòñÿ ïîñòðîåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (1.1), (2.1), (2.2), êîòîðîå

â îáëàñòè G0 èìååò âèä

u(t, x) = max
x(t,y)=x

[u0(y) +

∫ t

0
p(τ)Hp(x(τ), p(τ)) −H(x(τ), p(τ))dτ ], (3.2)

ãäå x(t) = x(t, y), p(t) = p(t, y), t > 0, � ñîîòâåòñòâåííî �àçîâûå è èìïóëüñíûå õàðàêòåðèñòèêè,

óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì

x(0, y) = y, p(0, y) = u′0(y), y ∈ [−1, 1].

� 3.1. Äîñòàòî÷íûå óñëîâèÿ

Äëÿ ïîñòðîåíèÿ îáîáùåííîãî ðåøåíèÿ çàäà÷è (1.1), (2.1), (2.2), óäîâëåòâîðÿþùåãî òðåáîâà-

íèþ (3.2), ââåäåì äîïîëíèòåëüíûå óñëîâèÿ íà âõîäíûå äàííûå.

Ñ1. Ïðîèçâîäíàÿ u′0(·) : [−1, 1] → R íåïðåðûâíà è óäîâëåòâîðÿåò íåðàâåíñòâàì

u′0(1) < 0, u′0(−1) > 0.

Ñ2. Ïðîèçâîäíàÿ f ′(·) : [−1, 1] → R íåïðåðûâíà, ìîíîòîíííî íå óáûâàåò è óäîâëåòâîðÿåò

íåðàâåíñòâàì

2f ′(1) + e2u
′

0
(1) < e−2u′

0
(1), −2f ′(−1) + e−2u′

0
(−1) < e2u

′

0
(−1).

� 3.2. Âñïîìîãàòåëüíûå çàäà÷è âàðèàöèîííîãî èñ÷èñëåíèÿ

�àññìîòðèì äâå çàäà÷è âàðèàöèîííîãî èñ÷èñëåíèÿ íà ìíîæåñòâå âñåõ íåïðåðûâíî äè��å-

ðåíöèðóåìûõ �óíêöèé x(·) : ΠT → R. �åøåíèÿ ýòèõ çàäà÷ áóäóò èñïîëüçîâàíû â ïðåäëàãàåìîé

íèæå êîíñòðóêöèè îáîáùåííîãî ðåøåíèÿ çàäà÷è (1.1), (2.1), (2.2):

I(x(·)) =

∫ t

0
H∗(x(τ), ẋ(τ))dτ 7→ max, (3.3)

x1(0) = 1, x1(t) = x, (t, x) ∈ G+, (3.4)

x2(0) = −1, x2(t) = x, (t, x) ∈ G−, (3.5)

ãäå

H∗(x(τ), ẋ(τ)) = inf
p∈R

[pẋ(τ)−H(x(τ), p)], τ ∈ [0, t]. (3.6)

� 4. Êîíñòðóêöèÿ îáîáùåííîãî ðåøåíèÿ

� 4.1. Ñòðóêòóðà ðåøåíèÿ

Îïðåäåëèì �óíêöèþ u(t, x), (t, x) ∈ ΠT ñëåäóþùèì îáðàçîì. Â îáëàñòè G0 ïîëàãàåì

u(t, x) = max
x(t,y)=x

[

∫ t

0
p(τ)Hp(x(τ), p(τ)) −H(x(τ), p(τ))dτ + u0(y)], (4.1)

ãäå x(t) = x(t, y), p(t) = p(t, y), t > 0, � ñîîòâåòñòâåííî �àçîâàÿ è èìïóëüñíàÿ õàðàêòåðèñòèêè,

óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì

x(0, y) = y, p(0, y) = ∂u0(y)/∂x, y ∈ [−1, 1].

Ïóñòü (t, x) ∈ G+ è x < 1. Ïîëàãàåì

u(t, x) = u0(1) +

∫ t

0

[

p(τ)Hp(x(τ), p(τ)) −H(x(τ), p(τ))
]

dτ, (4.2)
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ãäå x(·) = x+(·, p0(t, x)), p(·) = p+(·, p0(t, x)) � åäèíñòâåííîå ðåøåíèå âàðèàöèîííîé çàäà-

÷è (3.3), (3.4), (3.6).

Äëÿ x = 1, 0 6 t 6 T, îïðåäåëèì

u(t, 1) = u0(1) + (f(1)− 1)t. (4.3)

Ïóñòü (t, x) ∈ G− è x > −1. Ïîëàãàåì

u(t, x) = u0(−1) +

∫ t

0

[

p(τ)Hp(x(τ), p(τ)) −H(x(τ), p(τ))
]

dτ, (4.4)

ãäå x(·) = x−(·, p0(t, x)), p(·) = p−(·, p0(t, x)) � åäèíñòâåííîå ðåøåíèå âàðèàöèîííîé çàäà-

÷è (3.3), (3.5), (3.6).

Äëÿ x = −1, 0 6 t 6 T, îïðåäåëèì

u(t,−1) = u0(−1) + (f(−1)− 1)t. (4.5)

Èòàê, ñîîòíîøåíèÿ (4.1)�(4.5) îïðåäåëÿþò �óíêöèþ u(·) äëÿ âñåõ òî÷åê îáëàñòè ΠT .

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå, äîêàçàííîå â [16℄.

Ò å î ð å ì à 4.1. Ôóíêöèÿ u(·), îïðåäåëÿåìàÿ ñîîòíîøåíèÿìè (4.1)�(4.5), óäîâëåòâîðÿåò

óñëîâèþ (3.2) è ÿâëÿåòñÿ íåïðåðûâíûì îáîáùåííûì ðåøåíèåì çàäà÷è (1.1), (2.1), (2.2) â ñìûñ-

ëå îïðåäåëåíèÿ (1.1).

� 4.2. Ñòðóêòóðà ñóáäè��åðåíöèàëîâ íà ãðàíèöå

�àññìîòðèì ñòðóêòóðó ìíîæåñòâ D−u(t, x) è ∂u(t, x) äëÿ �óíêöèè u(·), îïðåäåëÿåìîé ñî-

îòíîøåíèÿìè (4.1)�(4.4), êîãäà òî÷êè (t, x) ∈ ΓT .

Â ñëó÷àå 0 < t < T , x = 1 èìååì

D−u(t, x) = D−u(t, 1) = {(f(1) − 1, s)| s ∈ R, s > 0},

∂u(t, x) = ∂u(t, 1) = {(−H(1,−∞),−∞)} = {(f(1) − 1,−∞)}.

Â ñëó÷àå 0 < t < T , x = −1 èìååì

D−u(t, x) = D−u(t,−1) = {(f(−1)− 1, s)| s ∈ R, s 6 0},

∂u(t, x) = ∂u(t,−1) = {(−H(−1,∞),∞)} = {(f(−1)− 1,∞)}.

Èòàê, äëÿ îáîáùåííîãî ðåøåíèÿ (4.1)�(4.4)

D−u(t, x) ∩ ∂u(t, x) = ∅, (t, x) ∈ ΓT .

Íà ðèñóíêå 2 ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ îáîáùåííîãî ðåøåíèÿ äëÿ âõîäíûõ

äàííûõ u0(x) = −0.02x2 + 0.001 cos 2πx, f(·) = −0.5x2. Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ òàêèõ

âõîäíûõ äàííûõ âûïîëíåíû óñëîâèÿ B1, B2.

� 5. Ñðàâíåíèå ñ âÿçêîñòíûì ðåøåíèåì

Ìîæíî çàìåòèòü, ÷òî âî âíóòðåííèõ òî÷êàõ îáëàñòè ΠT îïðåäåëåíèå 1.1 ñîâïàäàåò ñ îïðå-

äåëåíèåì âÿçêîñòíîãî ðåøåíèÿ. �àçëè÷èå ìåæäó ýòèìè îïðåäåëåíèÿìè ïðîÿâëÿåòñÿ â ãðàíè÷-

íûõ òî÷êàõ, à èìåííî íà ìíîæåñòâå ΓT . Â óñëîâèè (1.5) íåðàâåíñòâî äîëæíî âûïîëíÿòüñÿ äëÿ

òåõ òî÷åê (a, s) ñóáäè��åðåíöèàëà D−u(t, x), êîòîðûå òàêæå ïðèíàäëåæàò ìíîæåñòâó ∂u(t, x).
Â îòëè÷èå îò îïðåäåëåíèÿ 1.1 ïîíÿòèå âÿçêîñòíîãî ðåøåíèÿ [4℄ äëÿ óðàâíåíèÿ (1.1) íà ìíîæå-

ñòâå ΠT ïðåäïîëàãàåò âûïîëíåíèå íåðàâåíñòâà (1.5) â ãðàíè÷íûõ òî÷êàõ (t, x) ∈ ΓT äëÿ âñåõ

(a, s) ∈ D−u(t, x).
Íåñëîæíî óáåäèòüñÿ, ÷òî ãàìèëüòîíèàí (2.1) íå óäîâëåòâîðÿåò óñëîâèþ êîýðöèòèâíî-

ñòè (0.2), íàïðèìåð, ïðè x = 1 è x = −1. Ñëåäîâàòåëüíî, èçâåñòíûå [4℄ òåîðåìû ñóùåñòâî-

âàíèÿ âÿçêîñòíîãî ðåøåíèÿ íå ìîãóò áûòü ïðèìåíåíû ê çàäà÷å (1.1), (2.1), (2.2).
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�èñ. 2. �ðà�èê îáîáùåííîãî ðåøåíèÿ è åãî ïðîåêöèÿ íà (t, x)-ïëîñêîñòü äëÿ âõîäíûõ äàííûõ
u0(x) = −0.02x2 + 0.001 cos 2πx, f(x) = −0.5x2

Áîëåå òîãî, ïîíÿòèå îáîáùåííîãî âÿçêîñòíîãî ðåøåíèÿ íåïðèìåíèìî ê íà÷àëüíîé êðàåâîé

çàäà÷å (1.1), (2.1), (2.2) íà êîìïàêòå ΠT , åñëè â êàêîé-òî òî÷êå (t∗, x∗) ∈ ΓT ðåøåíèå óäîâëåòâî-

ðÿåò óñëîâèþ D−u(t∗, x∗) 6= ∅. Â ýòîì ñëó÷àå íåðàâåíñòâî (1.5) íå âûïîëíÿåòñÿ. Äåéñòâèòåëüíî,

ïóñòü 0 6 t∗ 6 T è, äëÿ îïðåäåëåííîñòè, x∗ = 1. Ïóñòü (a, s) ∈ D−u(t∗, x∗). Òîãäà èç ïðèâåäåí-
íîãî âûøå îïðåäåëåíèÿ ñóáäè��åðåíöèàëà ñëåäóåò

(a, s+ k) ∈ D−u(t∗, x∗) ∀k > 0.

Åñëè áû (1.5) âûïîëíÿëîñü äëÿ âñåõ (a, s) ∈ D−u(t∗, x∗), ýòî îçíà÷àëî áû, ÷òî ñïðàâåäëèâî

íåðàâåíñòâî

a+H(1, s + k) = a− f(x) + 1− e2(s+k)
> 0 ∀k > 0,

êîòîðîå, î÷åâèäíî, íàðóøàåòñÿ. Ïîýòîìó ìû äîáàâèëè ïåðåñå÷åíèå ñóáäè��åðåíöèàëà ñ ìíî-

æåñòâîì ∂u(t, x) (ñì. óñëîâèå (1.5)) â îïðåäåëåíèå 1.1 íåïðåðûâíîãî îáîáùåííîãî ðåøåíèÿ çà-

äà÷è (1.1), (1.2) íà êîìïàêòíîì ìíîæåñòâå W .
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We consider a boundary value problem with state constraints for a nonlinear non-coercive Hamilton–Jacobi equation.

We introduce a new definition of continuous generalized solution of the problem and apply this definition to non-

linear non-coercive equation arising in molecular biology. The construction for generalized solution with additional

requirements to structure is provided for this equation. Connections with viscosity generalized solutions are discussed.

Results of computer simulations are exposed.
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