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�àññìàòðèâàþòñÿ ñóïåðêîìïàêòíîå ïðîñòðàíñòâî ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì òîïîëîãè÷åñêîãî ïðîñòðàí-

ñòâà (ñóïåððàñøèðåíèå) è åãî ïîäïðîñòðàíñòâî, ñîñòîÿùåå èç óëüòðà�èëüòðîâ ñåìåéñòâà çàìêíóòûõ ìíîæåñòâ.

Ïîëó÷åíû ñîîòíîøåíèÿ, ñâÿçûâàþùèå óïîìÿíóòûå ïðîñòðàíñòâà, è íåêîòîðûå ñëåäñòâèÿ, îòíîñÿùèåñÿ ê ðàñ-

øèðåíèþ Âîëìýíà â ñëó÷àå, êîãäà èñõîäíîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî óäîâëåòâîðÿåò àêñèîìå T1. Â ýòîì

ñëó÷àå óêàçàíû íåêîòîðûå ïðåäñòàâëåíèÿ ìíîæåñòâ â ïðîñòðàíñòâå îáîáùåííûõ ýëåìåíòîâ (îïðåäåëÿåìûõ â âè-

äå çàìêíóòûõ óëüòðà�èëüòðîâ), èìåþùèå îòíîøåíèå ê àáñòðàêòíîé çàäà÷å î äîñòèæèìîñòè ïðè îãðàíè÷åíèÿõ

àñèìïòîòè÷åñêîãî õàðàêòåðà. Èññëåäóåòñÿ òàêæå áîëåå îáùèé ñëó÷àé óïîìÿíóòûõ ñîîòíîøåíèé, îòâå÷àþùèé

ñèòóàöèè, êîãäà èñõîäíîå ïðîñòðàíñòâî ïðîèçâîëüíî (ðàññìàòðèâàåòñÿ êîíñòðóêöèÿ, èñïîëüçóþùàÿ çàìêíóòûå

óëüòðà�èëüòðû èñõîäíîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà). Íàðÿäó ñ îñíàùåíèåì òîïîëîãèåé âîëìýíîâñêîãî

òèïà èñïîëüçóåòñÿ òîïîëîãèÿ, ïîäîáíàÿ ïðèìåíÿåìîé ïðè ïîñòðîåíèè êîìïàêòîâ Ñòîóíà. Â ðåçóëüòàòå ðåàëè-

çóþòñÿ áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì è ñâÿçàííîå ñ íèì áèòîïîëîãè÷åñêîå

ïðîñòðàíñòâî çàìêíóòûõ óëüòðà�èëüòðîâ â âèäå ñîîòâåòñòâóþùåãî ïîäïðîñòðàíñòâà.

Êëþ÷åâûå ñëîâà: áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî, çàìêíóòûé óëüòðà�èëüòð, ñóïåðêîìïàêòíîñòü, ñóïåððàñøè-

ðåíèå.

DOI: 10.20537/2226-3594-2017-49-03

Ââåäåíèå

Ñóïåðêîìïàêòíûå òîïîëîãè÷åñêèå ïðîñòðàíñòâà (ÒÏ) è ñâÿçàííàÿ ñ íèìè êîíñòðóêöèÿ ñó-

ïåððàñøèðåíèÿ áûëè ââåäåíû â [1, 2℄. Âàæíóþ ðîëü â ýòèõ ïîñòðîåíèÿõ èãðàëè òîïîëîãèè

âîëìýíîâñêîãî òèïà. Îñîáîå âíèìàíèå óäåëÿëîñü èññëåäîâàíèþ �óíêòîðà ñóïåððàñøèðåíèÿ

(ñì. [3, ãë. 3, § 4℄). Ïðè ýòîì òî÷êàìè ïðîñòðàíñòâà ñóïåððàñøèðåíèÿ ÿâëÿþòñÿ ìàêñèìàëüíûå

ñöåïëåííûå ñèñòåìû (ÌÑÑ) çàìêíóòûõ ìíîæåñòâ. Îòìå÷åíî [3, 4.18℄, ÷òî ñóïåððàñøèðåíèå ÒÏ

ïðàêòè÷åñêè íèêîãäà íå ÿâëÿåòñÿ ðàñøèðåíèåì èñõîäíîãî ÒÏ.

Ñ äðóãîé ñòîðîíû, êîíñòðóêöèè, ñâÿçàííûå ñ ïðèìåíåíèåì ðàñøèðåíèé (êîìïàêòè�èêà-

öèé), îêàçàëèñü (ñì. [4�7℄ è äð.) ïîëåçíûìè ïðè èññëåäîâàíèè ïðèêëàäíûõ ïî ñâîåé ñóòè çà-

äà÷, ñâÿçàííûõ ñ äîñòèæèìîñòüþ ïðè îãðàíè÷åíèÿõ àñèìïòîòè÷åñêîãî õàðàêòåðà. Â ýòèõ êîí-

ñòðóêöèÿõ, îäíàêî, îáúåêòîì ðàñøèðåíèÿ ÿâëÿåòñÿ íå ÒÏ, à ñàìà çàäà÷à î äîñòèæèìîñòè.

Â ÷àñòíîñòè (ñì. [7, 8℄), îêàçàëîñü âîçìîæíûì ïðèìåíèòü (â èíòåðåñàõ ïîñòðîåíèÿ ïðîñòðàí-

ñòâà îáîáùåííûõ ýëåìåíòîâ [7℄) ðàñøèðåíèå Âîëìýíà. Â ýòîé ñâÿçè ïðåäñòàâëÿåòñÿ ëîãè÷íûì

ðàññìîòðåòü äàííûé âàðèàíò ðàñøèðåíèÿ è íåñêîëüêî áîëåå îáùóþ ñõåìó, îïåðèðóþùóþ ñ çà-

ìêíóòûìè óëüòðà�èëüòðàìè (ó/�) ïðîèçâîëüíîãî ÒÏ, â òåðìèíàõ ïðåäñòàâëåíèé íà îñíîâå

ïîäõîäÿùåãî îáúåìëþùåãî ïðîñòðàíñòâà. Â êà÷åñòâå ïîñëåäíåãî, êàê ïîêàçàíî â ñòàòüå, îêà-

çûâàåòñÿ âîçìîæíûì èñïîëüçîâàòü ñóïåððàñøèðåíèå èñõîäíîãî ÒÏ (èìååòñÿ â âèäó ïðåäñòàâ-

ëåíèå âîëìýíîâñêîãî ïðîñòðàíñòâà â âèäå ïîäïðîñòðàíñòâà ñóïåððàñøèðåíèÿ).

Èòàê, ïî ñóòè ðå÷ü èäåò î ïðåäñòàâëåíèè ðàñøèðåíèÿ Âîëìýíà è íåêîòîðûõ ý��åêòàõ, âîç-

íèêàþùèõ â ñâÿçè ñ äàííûì ïðåäñòàâëåíèåì. Â ýòîé ñâÿçè îòìåòèì, ÷òî â [8℄ èñïîëüçîâàëàñü

åùå îäíà òîïîëîãèÿ íà ìíîæåñòâå çàìêíóòûõ ó/� (è â áîëåå îáùèõ ñëó÷àÿõ), êîòîðóþ ìîæíî

íàçâàòü ñòîóíîâñêîé ïî ñïîñîáó ïîñòðîåíèÿ (îáû÷íî äàííàÿ òîïîëîãèÿ ïðèìåíÿåòñÿ â ñëó÷àå

èñïîëüçîâàíèÿ ó/� àëãåáðû ìíîæåñòâ). Â íàñòîÿùåé ðàáîòå äëÿ óïîìÿíóòîé òîïîëîãèè òàêæå

êîíñòðóèðóåòñÿ îáúåìëþùåå ÒÏ. Óñòàíàâëèâàåòñÿ åãî ñðàâíèìîñòü ñ èñõîäíûì ïðîñòðàíñòâîì

ñóïåððàñøèðåíèÿ è, òàêèì îáðàçîì, ðåàëèçóåòñÿ åñòåñòâåííîå îñíàùåíèå ïàðîé òîïîëîãèé. Òà-

êèì îáðàçîì, âîçíèêàåò ñòðóêòóðà, ñâÿçàííàÿ ñ îñíàùåíèåì ìíîæåñòâà ÌÑÑ ïàðîé ñðàâíèìûõ

òîïîëîãèé, òî åñòü ðåàëèçóåòñÿ áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî. Â ñâîþ î÷åðåäü, çàìêíóòûå

ó/� ìîãóò ðàññìàòðèâàòüñÿ êàê ÷àñòíûé ñëó÷àé ÌÑÑ, à ñîâîêóïíîñòü âñåõ òàêèõ ó/� òàêæå

äîïóñêàåò îñíàùåíèå ïàðîé ñðàâíèìûõ òîïîëîãèé (âîëìýíîâñêîé è ñòîóíîâñêîé), ïîðîæäàÿ

áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî. Â ðàáîòå óñòàíàâëèâàåòñÿ, ÷òî ïîñëåäíåå èíäóöèðîâàíî èç ñó-

ïåððàñøèðåíèÿ (â åãî áèòîïîëîãè÷åñêîì âàðèàíòå).
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Â çàêëþ÷èòåëüíîé ÷àñòè ñòàòüè ïðèâåäåíû äâà äîáàâëåíèÿ, îðèåíòèðîâàííûå íà ïðèìåíå-

íèå â êîíñòðóêöèÿõ ðàñøèðåíèé àáñòðàêòíûõ çàäà÷ î äîñòèæèìîñòè ñ îãðàíè÷åíèÿìè àñèìïòî-

òè÷åñêîãî õàðàêòåðà (ÎÀÕ); ñì. [4�8℄. Â ÷àñòíîñòè, óñòàíàâëèâàåòñÿ îäíî ñâîéñòâî, êàñàþùååñÿ

ýêâèâàëåíòíîñòè äâóõ ñåìåéñòâ, îïðåäåëÿþùèõ êàæäîå ñîîòâåòñòâóþùèé âàðèàíò ÎÀÕ. Â îñ-

íîâå äàííîé êîíñòðóêöèè íàõîäèòñÿ ïîäõîä, ñâÿçàííûé ñ ïðèìåíåíèåì ðàñøèðåíèÿ Âîëìýíà

ïðè ïîñòðîåíèè ïðîñòðàíñòâà îáîáùåííûõ ýëåìåíòîâ.

Â êîíñòðóêöèÿõ ñ ïðèìåíåíèåì ó/� ìû íå îãðàíè÷èâàåìñÿ ïîñòðîåíèÿìè òîëüêî çàìêíó-

òûõ ó/�: èñïîëüçóþòñÿ îïðåäåëåíèÿ, åñòåñòâåííûå äëÿ øèðîêî ïîíèìàåìûõ èçìåðèìûõ ïðî-

ñòðàíñòâ (îñíàùåíèÿ π-ñèñòåìàìè, ðåøåòêàìè è, â ÷àñòíîñòè, àëãåáðàìè ï/ì òîãî èëè èíîãî

ìíîæåñòâà). Ýòî åñòåñòâåííî äëÿ ðàñøèðåíèé çàäà÷ î äîñòèæèìîñòè ñ ÎÀÕ, êîòîðûå â íàñòî-

ÿùåé ðàáîòå íå ðàññìàòðèâàþòñÿ (îäíàêî ñîîòâåòñòâóþùèå ññûëêè ïî õîäó èçëîæåíèÿ ïîçâî-

ëÿþò îñóùåñòâèòü íóæíóþ ¾ïðèâÿçêó¿).

� 1. Îáîçíà÷åíèÿ è îïðåäåëåíèÿ îáùåãî õàðàêòåðà

Íèæå èñïîëüçóåòñÿ ñòàíäàðòíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ ñèìâîëèêà (êâàíòîðû, ïðîïîçè-

öèîíàëüíûå ñâÿçêè è äð.); def çàìåíÿåò �ðàçó ¾ïî îïðåäåëåíèþ¿,

△
= � ðàâåíñòâî ïî îïðåäåëå-

íèþ, ∅ � ïóñòîå ìíîæåñòâî. Ïðèíèìàåì àêñèîìó âûáîðà. Ñåìåéñòâîì íàçûâàåì ìíîæåñòâî,

âñå ýëåìåíòû êîòîðîãî ñàìè ÿâëÿþòñÿ ìíîæåñòâàìè. Åñëè x è y � îáúåêòû, òî ÷åðåç {x; y}
îáîçíà÷àåì (åäèíñòâåííîå) ìíîæåñòâî, ñîäåðæàùåå x, y è íå ñîäåðæàùåå íèêàêèõ äðóãèõ ýëå-

ìåíòîâ. Òîãäà äëÿ âñÿêîãî îáúåêòà z â âèäå {z}
△
= {z; z} èìååì ñèíãëåòîí, ñîäåðæàùèé z.

Ìíîæåñòâà � îáúåêòû, à ïîòîìó äëÿ ïðîèçâîëüíûõ îáúåêòîâ a è b â âèäå (a, b)
△
= {{a}; {a; b}}

ìû èìååì [9, . 87℄ óïîðÿäî÷åííóþ ïàðó (ÓÏ) ñ ïåðâûì ýëåìåíòîì a è âòîðûì ýëåìåíòîì b. Åñ-
ëè æå h � êàêàÿ-ëèáî ÓÏ, òî ÷åðåç pr1(h) è pr2(h) îáîçíà÷àåì ñîîòâåòñòâåííî ïåðâûé è âòîðîé

ýëåìåíòû h, îäíîçíà÷íî îïðåäåëÿåìûå óñëîâèåì h = (pr1(h),pr2(h)).
×åðåç P(X) îáîçíà÷àåì ñåìåéñòâî âñåõ ïîäìíîæåñòâ (ï/ì) ìíîæåñòâà X è, êðîìå òîãî,

ïîëàãàåì, ÷òî P ′(X)
△
= P(X)\{∅}; ÷åðåç Fin(X) îáîçíà÷àåì ñåìåéñòâî âñåõ êîíå÷íûõ ìíîæåñòâ

èç P ′(X), òî åñòü ñåìåéñòâî âñåõ íåïóñòûõ êîíå÷íûõ ï/ì X.
Äëÿ êàæäîãî ìíîæåñòâà Y â âèäå P ′(P(Y )) èìååì ñåìåéñòâî âñåõ íåïóñòûõ ñåìåéñòâ ï/ì Y ,

à â âèäå P ′(P ′(Y )) � ñåìåéñòâî âñåõ íåïóñòûõ ñåìåéñòâ íåïóñòûõ ï/ì Y . Åñëè A � íåïóñòîå

ñåìåéñòâî, à B � ìíîæåñòâî, òî

A|B
△
= {A ∩B : A ∈ A} ∈ P ′(P(B))

åñòü ñëåä ñåìåéñòâà A íà ìíîæåñòâî B. Åñëè M � ìíîæåñòâî è M ∈ P ′(P(M)), òî

CM [M]
△
= { M \H : H ∈ M} ∈ P ′(P(M))

åñòü ñåìåéñòâî ï/ì M, äâîéñòâåííîå ïî îòíîøåíèþ ê M.
Íèæå èñïîëüçóþòñÿ íåêîòîðûå ñïåöèàëüíûå ñåìåéñòâà, êîòîðûå íå îïðåäåëÿþòñÿ îäíî-

çíà÷íî íàáîðîì êëþ÷åâûõ ñâîéñòâ; âìåñòî ýòîãî ìû ïîëó÷àåì ñåìåéñòâà, ¾ñîñòàâëåííûå¿ èç

ñåìåéñòâ è îïðåäåëÿåìûå óæå îäíîçíà÷íî óïîìÿíóòûìè ñâîéñòâàìè. Òàê, â ÷àñòíîñòè, ìû ââî-

äèì ñåìåéñòâà π-ñèñòåì ï/ì çàäàííîãî ìíîæåñòâà, ñåìåéñòâî òîïîëîãèé íà ýòîì ìíîæåñòâå,

ñåìåéñòâî àëãåáð åãî ï/ì; ñîîòâåòñòâóþùèå àëãåáðû ìíîæåñòâ è òîïîëîãèè ðàññìàòðèâàþòñÿ

êàê âàðèàíòû π-ñèñòåì. Â ýòîé ñâÿçè ðàññìîòðèì íåïóñòîå ìíîæåñòâî I, à òàêæå ñåìåéñòâî

π[I]
△
= {L ∈ P ′(P(I))| (∅ ∈ L)&(I ∈ L)&( A ∩B ∈ L ∀A ∈ L ∀B ∈ L)} (1.1)

âñåõ π-ñèñòåì ï/ì I ñ ¾íóëåì¿ è ¾åäèíèöåé¿, à òàêæå

(alg)[I]
△
= {A ∈ π[I]|I \A ∈ A ∀A ∈ A}, (1.2)

(top)[I]
△
= {τ ∈ π[I]|

⋃

G∈G

G ∈ τ ∀G ∈ P ′(τ)}.
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Èòàê, ââåäåíû ñåìåéñòâà âñåõ àëãåáð ï/ì I è âñåõ òîïîëîãèé íà I. Ââåäåì, êðîìå òîãî, ñåìåéñòâî

(LAT)0[I]
△
= {I ∈ P ′(P(I))|(∅ ∈ I)&(I ∈ I)&(∀A ∈ I ∀B ∈ I (A ∪B ∈ I)&(A ∩B ∈ I))} =

= {I ∈ π[I]|A ∪B ∈ I ∀A ∈ I ∀B ∈ I} (1.3)

âñåõ ðåøåòîê ï/ì I ñ ¾íóëåì¿ è ¾åäèíèöåé¿. Êàæäîå èç ñåìåéñòâ (1.2)�(1.3) ÿâëÿåòñÿ ïîäñå-

ìåéñòâîì (1.1). Â âèäå

π̃0[I]
△
= {I ∈ π[I]|∀L ∈ I ∀x ∈ I \ L ∃J ∈ I : (x ∈ J)&(J ∩ L = ∅)}

èìååì ñåìåéñòâî âñåõ îòäåëèìûõ π-ñèñòåì ï/ì I. Íàêîíåö, åñëè I ∈ π[I], òî â âèäå

(Cen)[I]
△
= {Z ∈ P ′(I)|

⋂

Z∈K

Z 6= ∅ ∀K ∈ Fin(Z)}

ïîëó÷àåì ñåìåéñòâî âñåõ íåïóñòûõ öåíòðèðîâàííûõ ïîäñåìåéñòâ π-ñèñòåìû I.
Ýëåìåíòû òîïîëîãèè; áàçû è ïðåäáàçû. Óñëîâèìñÿ î ñëåäóþùèõ îáîçíà÷åíèÿõ: åñëè

S � íåïóñòîå ñåìåéñòâî, òî ïîëàãàåì, ÷òî

{∪}(S)
△
= {

⋃

S∈χ

S : χ ∈ P(S)},

{∩}(S)
△
= {

⋂

S∈χ

S : χ ∈ P ′(S)},

{∪}♯(S)
△
= {

⋃

S∈χ

S : χ ∈ Fin(S)},

{∩}♯(S)
△
= {

⋂

S∈χ

S : χ ∈ Fin(S)},

ïîëó÷àÿ ÷åòûðå ñåìåéñòâà ï/ì îáúåäèíåíèÿ âñåõ ìíîæåñòâ èç S (â ïîñëåäóþùèõ ïîñòðîåíèÿõ

íå îïðåäåëÿåòñÿ è íå èñïîëüçóåòñÿ ïåðåñå÷åíèå ìíîæåñòâ ïóñòîãî ñåìåéñòâà).

Äëÿ áîëüøåé êðàòêîñòè â îáîçíà÷åíèÿõ �èêñèðóåì äî êîíöà íàñòîÿùåãî ïóíêòà íåïóñòîå

ìíîæåñòâî X. Òîãäà ñåìåéñòâî îòêðûòûõ áàç òîïîëîãèé íà X èìååò âèä

(BAS)[X]
△
= {B ∈ P ′(P(X))|(X =

⋃
B∈B

B)&(∀B1 ∈ B ∀B2 ∈ B ∀x ∈ B1 ∩B2

∃B3 ∈ B : (x ∈ B3)&(B3 ⊂ B1 ∩B2))};
(1.4)

ÿñíî, ÷òî {∪}(B) ∈ (top)[X] ∀B ∈ (BAS)[X]. Ââåäåíà òîïîëîãèÿ, ïîðîæäåííàÿ ñîîòâåòñòâóþ-

ùåé áàçîé. Åñëè æå τ ∈ (top)[X], òî

(τ − BAS)0[X]
△
= {B ∈ (BAS)[X]|τ = {∪}(B)}

åñòü ñåìåéñòâî âñåõ (îòêðûòûõ) áàç ÒÏ (X, τ). Â ñâÿçè ñ ïîíÿòèåì îòêðûòîé ïðåäáàçû çàìåòèì,

÷òî â âèäå

(p − Bas)[X]
△
= {X ∈ P ′(P(X))|{∩}♯(X) ∈ (BAS)[X]} = {X ∈ P ′(P(X))|X =

⋃

X∈X

X}

èìååì ñåìåéñòâî âñåõ îòêðûòûõ ïðåäáàç òîïîëîãèé íà X. ßñíî, ÷òî

{∪}({∩}♯(X)) ∈ (top)[X] ∀X ∈ (p − Bas)[X].

Òåì ñàìûì ââåäåíà òîïîëîãèÿ, ïîðîæäåííàÿ îòêðûòîé ïðåäáàçîé. Ïîëàãàåì òàêæå, ÷òî

(p− BAS)0[X; τ ]
△
= {X ∈ (p − Bas)[X]|{∩}♯(X) ∈ (τ − BAS)0[X]},
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ïîëó÷àÿ ñåìåéñòâî âñåâîçìîæíûõ îòêðûòûõ ïðåäáàç êîíêðåòíîãî ÒÏ (X, τ). Ââåäåì òåïåðü

â ðàññìîòðåíèå çàìêíóòûå òîïîëîãèè Ï.Ñ. Àëåêñàíäðîâà (ñì. [10, . 98℄): ñåìåéñòâî âñåõ òàêèõ

òîïîëîãèé èìååò âèä

(clos)[X]
△
= {F ∈ P ′(P(X))|(∅ ∈ F)&(X ∈ F)&(A ∪B ∈ F ∀A ∈ F ∀B ∈ F)&

&(
⋂

F∈F ′

F ∈ F ∀F ′ ∈ P ′(F))}.

ßñíî, ÷òî CX [τ ] ∈ (clos)[X] ∀ τ ∈ (top)[X]; êðîìå òîãî, CX [F ] ∈ (top)[X] ∀F ∈ (clos)[X].
Íàðÿäó ñ îòêðûòûìè (ñì. (1.4)) ðàññìàòðèâàåì çàìêíóòûå áàçû: â âèäå

(cl − BAS)[X]
△
= {B ∈ P ′(P(X))|(X ∈ B)&(

⋂
B∈B

B = ∅)&(∀B1 ∈ B ∀B2 ∈ B ∀x ∈ X \ (B1 ∪B2)

∃B3 ∈ B : (B1 ∪B2 ⊂ B3)&(x /∈ B3))}

èìååì ñåìåéñòâî âñåõ çàìêíóòûõ áàç (�èêñèðîâàííîãî ìíîæåñòâà X). Ïðè ýòîì, êîíå÷íî,

{∩}(B) ∈ (clos)[X] ∀B ∈ (cl− BAS)[X].

�àññìàòðèâàåì, êðîìå òîãî, çàìêíóòûå áàçû ÒÏ ñ ¾åäèíèöåé¿ X; â ýòîé ñâÿçè ïîëàãàåì ïðè

τ ∈ (top)[X], ÷òî

(cl − BAS)0[X; τ ]
△
= {B ∈ (cl− BAS)[X]|CX [τ ] = {∩}(B)}.

Ââåäåì â ðàññìîòðåíèå ñåìåéñòâî çàìêíóòûõ ïðåäáàç íà ìíîæåñòâå X, ïîëàãàÿ

(p− BAS)cl[X]
△
= {X ∈ P ′(P(X))|{∪}♯(X ) ∈ (cl− BAS)[X]}.

Íàêîíåö, ââåäåì ìíîæåñòâî âñåõ çàìêíóòûõ ïðåäáàç �èêñèðîâàííîãî ÒÏ ñ ¾åäèíèöåé¿ X: åñëè

τ ∈ (top)[X], òî

(p − BAS)0cl[X; τ ]
△
= {X ∈ (p− BAS)cl[X]|{∪}♯(X ) ∈ (cl− BAS)0[X; τ ]}.

Ââåäåì òàêæå â ðàññìîòðåíèå ñåìåéñòâî ïîêðûòèé X ìíîæåñòâàìè çàäàííîãî ñåìåéñòâà: åñëè

X ∈ P ′(P(X)), òî

(COV)[X|X]
△
= {X ∈ P ′(X)|X =

⋃

X∈X

X}.

Åñëè τ ∈ (top)[X] è x ∈ X, òî N0
τ (x)

△
= {G ∈ τ |x ∈ G}, à

Nτ (x)
△
= {H ∈ P(X)|∃G ∈ N0

τ (x) : G ⊂ H}

åñòü �èëüòð îêðåñòíîñòåé x â ÒÏ (X, τ), ïîíèìàåìûõ â ñìûñëå [11, ãë. I℄; N0
τ (x) ⊂ Nτ (x).

Åñëè τ ∈ (top)[X] è A ∈ P(X), òî ÷åðåç cl(A, τ) îáîçíà÷àåì çàìûêàíèå ìíîæåñòâà A â ÒÏ

(X, τ). Íàêîíåö, ïðè τ ∈ (top)[X] óñëîâèìñÿ ÷åðåç (τ − comp)[X] îáîçíà÷àòü ñåìåéñòâî âñåõ

êîìïàêòíûõ â ÒÏ (X, τ) ï/ì ìíîæåñòâà X.

� 2. Ôèëüòðû è ñöåïëåííûå ñèñòåìû

Ôèëüòðû. Â ïîñëåäóþùåì èçëîæåíèè �èêñèðóåì íåïóñòîå ìíîæåñòâî E è ðàññìàòðèâàåì

ðàçëè÷íûå âàðèàíòû π-ñèñòåì èç ìíîæåñòâà π[E]. Åñëè L ∈ π[E], òî â âèäå

F
∗(L)

△
= {F ∈ P ′(L \ {∅})|(A ∩B ∈ F ∀A ∈ F ∀B ∈ F) &

& (∀F ∈ F ∀L ∈ L (F ⊂ L) =⇒ (L ∈ F))}
(2.1)
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èìååì ìíîæåñòâî âñåõ �èëüòðîâ (øèðîêî ïîíèìàåìîãî) èçìåðèìîãî ïðîñòðàíñòâà (ÈÏ) (E,L);
îîòâåòñòâåííî, ìíîæåñòâî âñåõ ó/� π-ñèñòåìû L (òî åñòü ìàêñèìàëüíûõ �èëüòðîâ äàííîé

π-ñèñòåìû) èìååò âèä

F
∗
0(L)

△
= {U ∈ F

∗(L)|∀ F ∈ F
∗(L) (U ⊂ F) =⇒ (U = F)} =

= {U ∈ F
∗(L)|∀L ∈ L (L ∩ U 6= ∅ ∀U ∈ U) =⇒ (L ∈ U)} =

= {U ∈ (Cen)[L]|∀ V ∈ (Cen)[L] (U ⊂ V) =⇒ (U = V)},

(2.2)

F
∗
0(L) 6= ∅. Çàìåòèì â ýòîé ñâÿçè, ÷òî

(L − triv)[x]
△
= {L ∈ L|x ∈ L} ∈ F

∗(L) ∀x ∈ E.

Òàêèì îáðàçîì, ââåäåíû òðèâèàëüíûå (�èêñèðîâàííûå) �èëüòðû. Ïðè ýòîì [12, (5.9)℄

(L ∈ π̃0[E]) ⇐⇒ ((L − triv)[x] ∈ F
∗
0(L) ∀x ∈ E) (2.3)

(â (2.3) óêàçàíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ìàêñèìàëüíîñòè òðèâèàëüíûõ �èëüòðîâ

π-ñèñòåìû). Ïîëàãàåì, ÷òî

ΦL(L)
△
= {U ∈ F

∗
0(L)|L ∈ U} ∀L ∈ L. (2.4)

Òîãäà (UF)[E;L]
△
= {ΦL(L) : L ∈ L} ∈ (BAS)[F∗

0(L)], à òîïîëîãèÿ

T
∗
L[E]

△
= {∪}((UF)[E;L]) = {G ∈ P(F∗

0(L))|∀ U ∈ G ∃U ∈ U : ΦL(U) ⊂ G} ∈ (top)[F∗
0(L)] (2.5)

ïðåâðàùàåò F
∗
0(L) â íóëüìåðíîå T2-ïðîñòðàíñòâî. Ñ äðóãîé ñòîðîíû, ïðè L ∈ (LAT)0[E] èìååì

(UF)[E;L] ∈ (cl− BAS)[F∗
0(L)]

(çàìêíóòàÿ áàçà), à ïîðîæäåííàÿ äàííîé çàìêíóòîé áàçîé òîïîëîãèÿ

T
0
L[E]

△
= CF∗

0
(L)[{∩}((UF)[E;L])] ∈ (top)[F∗

0(L)]

ïðåâðàùàåò (ñì. [7, ðàçäåë 6℄) F
∗
0(L) â êîìïàêòíîå T1-ïðîñòðàíñòâî, äëÿ êîòîðîãî

T
0
L[E] ⊂ T

∗
L[E];

â èòîãå ïîëó÷àåì, ÷òî òðèïëåò

(F∗
0(L),T

0
L[E],T∗

L[E])

ÿâëÿåòñÿ (ïðè L ∈ (LAT)0[E]) áèòîïîëîãè÷åñêèì ïðîñòðàíñòâîì (ñì. [13℄). Îòìåòèì, ÷òî â êà-

÷åñòâå L ìîæíî èñïîëüçîâàòü çàìêíóòóþ òîïîëîãèþ CE[τ ], ãäå τ ∈ (top)[E]. Åñëè ê òîìó æå

(E, τ) ÿâëÿåòñÿ T1-ïðîñòðàíñòâîì, òî êîìïàêòíîå T1-ïðîñòðàíñòâî

(F∗
0(CE[τ ]),T

0
CE [τ ][E])

ñîîòâåòñòâóåò ðàñøèðåíèþ Âîëìýíà (èñõîäíîãî ÒÏ (E, τ)). Â ñëó÷àå êîãäà L ∈ (alg)[E], ÒÏ

(F∗
0(L),T

∗
L[E])

ÿâëÿåòñÿ íóëüìåðíûì êîìïàêòîì (ïðîñòðàíñòâîì Ñòîóíà).

Ñöåïëåííûå ñèñòåìû. Íàïîìíèì, ÷òî (ñì. [1�3℄) ñåìåéñòâî E ∈ P ′(P(E)) (ï/ì ìíîæå-

ñòâà E) íàçûâàåòñÿ ñöåïëåííîé ñèñòåìîé (â [1�3℄ â îñíîâíîì ðàññìàòðèâàþòñÿ ñöåïëåííûå

ñèñòåìû çàìêíóòûõ ìíîæåñòâ), åñëè A ∩B 6= ∅ ∀A ∈ E ∀B ∈ E . Òîãäà ïîëàãàåì, ÷òî

(link)[E]
△
= {E ∈ P ′(P(E))|A ∩B 6= ∅ ∀A ∈ E ∀B ∈ E}, (2.6)
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ïîëó÷àÿ ñåìåéñòâî âñåõ ñöåïëåííûõ ñèñòåì ï/ì ìíîæåñòâà E.
Ôèêñèðóåì äî êîíöà ñòàòüè òîïîëîãèþ τ ∈ (top)[E] è ïîëàãàåì, ÷òî

(cl− link)[E; τ ]
△
= {E ∈ (link)[E]|E ⊂ CE[τ ]},

ïîëó÷àÿ ñåìåéñòâî âñåõ ñöåïëåííûõ ñèñòåì çàìêíóòûõ (â ÒÏ (E, τ)) ìíîæåñòâ. Íàêîíåö,

(cl− link)0[E; τ ]
△
= {E ∈ (cl− link)[E; τ ]|∀ S ∈ (cl− link)[E; τ ] (E ⊂ S) =⇒ (E = S)} (2.7)

åñòü ñåìåéñòâî âñåõ ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì (ÌÑÑ) çàìêíóòûõ (â ÒÏ (E, τ)) ìíî-
æåñòâ. Ñåìåéñòâî (2.7) áóäåò ïðåäìåòîì íàøåãî äàëüíåéøåãî ðàññìîòðåíèÿ íàðÿäó ñ (2.2) ïðè

L = CE[τ ].
Ñóïåðêîìïàêòíîñòü. Ââåäåì ðÿä èçâåñòíûõ ïîíÿòèé, ñâÿçàííûõ ñ ñóïåðêîìïàêòíû-

ìè ÒÏ, �èêñèðóÿ, êàê óæå îòìå÷àëîñü, τ ∈ (top)[E]. Â ÷àñòíîñòè, ïîëàãàåì, ÷òî

((p,bin)− cl)[E; τ ]
△
= {X ∈ (p− BAS)0cl[E; τ ]|

⋂

S∈S

S 6= ∅ ∀S ∈ (link)[E] ∩ P(X )}; (2.8)

çàìêíóòûå ïðåäáàçû ÒÏ (E, τ) èç ìíîæåñòâà (2.8) íàçûâàåì áèíàðíûìè. Ëåãêî âèäåòü, ÷òî

(ñì. (2.6), (2.8)) ∀ E ∈ ((p,bin)− cl)[E; τ ] ∀ C ∈ (COV)[E|CE [E ]] ∃C1 ∈ C ∃C2 ∈ C:

E = C1 ∪ C2 (2.9)

(â (2.9) ïðîÿñíÿåòñÿ âûðàæåíèå ¾áèíàðíàÿ ïðåäáàçà¿). �àçóìååòñÿ, ïî äâîéñòâåííîñòè èìååì,

íàðÿäó ñ (2.9), ÷òî ∀ E ∈ (p− BAS)0cl[E; τ ]

(∀ C ∈ (COV)[E|CE [E ]] ∃C1 ∈ C ∃C2 ∈ C : E = C1 ∪ C2) =⇒ (E ∈ ((p,bin)− cl)[E; τ ]). (2.10)

Â îïðåäåëåíèè ñóïåðêîìïàêòíîãî ÒÏ ñëåäóåì [1�3℄: ÒÏ (E, τ) íàçûâàåì ñóïåðêîìïàêòíûì,

åñëè ((p,bin) − cl)[E; τ ] 6= ∅ (ñóïåðêîìïàêòíîñòü îòîæäåñòâëÿåòñÿ ñ �àêòîì ñóùåñòâîâàíèÿ

çàìêíóòîé áèíàðíîé ïðåäáàçû).

� 3. Ñóïåðêîìïàêòíûå ïðîñòðàíñòâà

Â íàñòîÿùåì ïàðàãðà�å �èêñèðóåì íåïóñòîå ìíîæåñòâî M, ïîëó÷àÿ â âèäå

((SC)− top)[M ]
△
= {t ∈ (top)[M ]|((p,bin)− cl)[E; t] 6= ∅} (3.1)

ñåìåéñòâî âñåõ òîïîëîãèé, ïðåâðàùàþùèõ M â ñóïåðêîìïàêòíîå ÒÏ, èëè (êîðî÷å) ñåìåéñòâî

ñóïåðêîìïàêòíûõ òîïîëîãèé íà M. Ñëåäóÿ òðàäèöèè, ñóïåðêîìïàêòíîå T2-ïðîñòðàíñòâî íàçû-

âàåì ñóïåðêîìïàêòîì. Ñ ó÷åòîì (2.9), (2.10) óñòàíàâëèâàåòñÿ, ÷òî

((SC)− top)[M ] = {t ∈ (top)[M ]|∃S ∈ (p − BAS)0[M ; t] ∀G ∈ (COV)[M |S]

∃G1 ∈ G ∃G2 ∈ G : M = G1 ∪G2}.
(3.2)

Â (3.1), (3.2) èìååì î÷åâèäíóþ äâîéñòâåííîñòü, ñâÿçàííóþ ñ (2.8)�(2.10). C ó÷åòîì ëåììû Àëåê-

ñàíäåðà [14, 3.12.2℄ èìååì ïðè t ∈ ((SC)− top)[M ], ÷òî (M, t) åñòü êîìïàêòíîå ÒÏ.
Â çàêëþ÷åíèå ïàðàãðà�à îòìåòèì íåêîòîðûå ïðîñòûå ñâîéñòâà, ñâÿçàííûå ñ ïåðåõîäîì

ê ïîäïðîñòðàíñòâó ÒÏ. Òàê, â ÷àñòíîñòè, ∀ t ∈ (top)[M ] ∀B ∈ (t− BAS)0[M ] ∀H ∈ P ′(M)

B|H ∈ (t|H − BAS)0[H]. (3.3)

Ñ äðóãîé ñòîðîíû, êàê ëåãêî âèäåòü, ∀ E ∈ (p− Bas)[M ] ∀H ∈ P ′(M)

E|H ∈ (p − Bas)[H]. (3.4)

Êîìáèíèðóÿ (3.3) è (3.4), ïîëó÷àåì (ñì. � 1), ÷òî ∀ t ∈ (top)[M ] ∀ E ∈ (p − BAS)0[M ; t]
∀H ∈ P ′(M)

E|H ∈ (p− BAS)0[H; t|H ] (3.5)

(â (3.5) èìååì èçâåñòíîå ñâîéñòâî ¾ñóæàåìîñòè¿ îòêðûòûõ ïðåäáàç).
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� 4. Î ïîäïðîñòðàíñòâàõ ñóïåðêîìïàêòíûõ ïðîñòðàíñòâ

Íàñòîÿùèé ïàðàãðà� ñîäåðæèò çàìå÷àíèå, îòíîñÿùååñÿ ê (3.2)�(3.5). Â ýòîé ñâÿçè îòìåòèì

âåñüìà î÷åâèäíîå

Ç à ì å ÷ à í è å 1. Åñëè (X, t) åñòü ÒÏ, X 6= ∅ è Y ∈ P ′(X), òî èñòèííà ñëåäóþùàÿ èìïëèêàöèÿ:

(∃S ∈ (p− BAS)0[X ; t] ∀G ∈ P ′(S)

(Y ⊂
⋃

G∈G

G) =⇒ (∃G1 ∈ G ∃G2 ∈ G : Y ⊂ G1 ∪G2)) =⇒ (t|Y ∈ ((SC)− top)[Y ]). (4.1)

Äîêàçàòåëüñòâî èìïëèêàöèè (4.1) ïî ñóòè äåëà ñâîäèòñÿ ê íåïîñðåäñòâåííîé êîìáèíàöèè

(3.2) è (3.5) (îòìåòèì, ÷òî îáùèå âîïðîñû, ñâÿçàííûå ñ ïîäïðîñòðàíñòâàìè ñóïåððàñøèðå-

íèé, ðàññìàòðèâàëèñü â [2℄; ìû îãðàíè÷èâàåìñÿ çäåñü çàìå÷àíèåì ïðîñòåéøåãî õàðàêòåðà).

Òåì íå ìåíåå ðàññìîòðèì êðàòêóþ ñõåìó, ïîëàãàÿ èñòèííîé ïîñûëêó äîêàçûâàåìîé èìïëèêà-

öèè (4.1). Çà�èêñèðóåì îòêðûòóþ ïðåäáàçó S ∈ (p − BAS)0[X; t] ñî ñëåäóþùèì ñâîéñòâîì:

∀G ∈ P ′(S)

(Y ⊂
⋃

G∈G

G) =⇒ (∃G1 ∈ G ∃G2 ∈ G : Y ⊂ G1 ∪G2). (4.2)

Òîãäà â ñèëó (3.5) èìååì î÷åâèäíîå ñâîéñòâî

S|Y ∈ (p− BAS)0[Y ; t|Y ].

Âûáåðåì ïðîèçâîëüíî U ∈ (COV)[Y |S|Y ]. Òîãäà U ∈ P ′(S|Y ), è ïðè ýòîì

Y =
⋃

Z∈U

Z. (4.3)

Ëåãêî âèäåòü, ÷òî V
△
= {L ∈ S|Y ∩ L ∈ U} ∈ P ′(S), è ïðè ýòîì

Y ⊂
⋃

L∈V

L (4.4)

(ó÷èòûâàåì (4.3), òî åñòü òîò �àêò ÷òî U � ïîêðûòèå Y ). Èñïîëüçóÿ (4.2) è (4.4), ïîëó÷àåì

äëÿ íåêîòîðûõ ìíîæåñòâ L1 ∈ V è L2 ∈ V ñâîéñòâî Y ⊂ L1 ∪ L2. Òîãäà U1
△
= Y ∩ L1 ∈ U

è U2
△
= Y ∩ L2 ∈ U ðåàëèçóþò ðàâåíñòâî Y = U1 ∪ U2. Ñëåäîâàòåëüíî,

∃G1 ∈ U ∃G2 ∈ U : Y = G1 ∪G2. (4.5)

Ïîñêîëüêó S|Y åñòü îòêðûòàÿ ïðåäáàçà ÒÏ (Y, t|Y ), ïîëó÷àåì èç (3.2) è (4.5) òðåáóåìîå ñâîéñòâî

t|Y ∈ ((SC)− top)[Y ].

Èòàê, èìïëèêàöèÿ (4.1) óñòàíîâëåíà.

� 5. Ñóïåððàñøèðåíèå òîïîëîãè÷åñêîãî ïðîñòðàíñòâà

Íàïîìíèì, ÷òî â ïîñëåäóþùèõ ïîñòðîåíèÿõ (E, τ), E 6= ∅, � �èêñèðîâàííîå ÒÏ. Èòàê,

E � íåïóñòîå ìíîæåñòâî è τ ∈ (top)[E] (äîïîëíèòåëüíûå óñëîâèÿ áóäóò îãîâàðèâàòüñÿ ïî ìåðå
íàäîáíîñòè). Çàìåòèì, ÷òî íåêîòîðûå èç ðàññìàòðèâàåìûõ íèæå ïîñòðîåíèé ñîîòâåòñòâóþò [3,

ãë. VII,§ 4℄. Ïî õîäó èçëîæåíèÿ îòìå÷àþòñÿ ñîîòíîøåíèÿ, ñâÿçûâàþùèå ÌÑÑ è çàìêíóòûå

ó/� (èìåþòñÿ â âèäó ó/� π-ñèñòåìû CE[τ ]). Â ýòîé ñâÿçè íàïîìíèì, ÷òî ∅ /∈ E ∀ E ∈ (link)[E].
Ëåãêî âèäåòü, ÷òî

F
∗(CE [τ ]) ⊂ (cl− link)[E; τ ].

Êðîìå òîãî, èìååì ñëåäóþùåå ëåãêîïðîâåðÿåìîå ðàâåíñòâî:

(cl− link)0[E; τ ] = {E ∈ (cl− link)[E; τ ]|∀A ∈ CE[τ ] (A ∩ Σ 6= ∅ ∀Σ ∈ E) =⇒ (A ∈ E)}. (5.1)
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Èç (2.2) è (5.1) ëåãêî ñëåäóåò âëîæåíèå

F
∗
0(CE [τ ]) ⊂ (cl− link)0[E; τ ]. (5.2)

Â ñâîþ î÷åðåäü, (5.2) îçíà÷àåò (ñì. � 2), ÷òî (cl− link)0[E; τ ] 6= ∅. Ïðè ýòîì (ñì. [3, 4.7℄)

∀ E1 ∈ (cl− link)[E; τ ] ∃E2 ∈ (cl− link)0[E; τ ] : E1 ⊂ E2. (5.3)

Îòìåòèì ðÿä ñîâñåì ïðîñòûõ ñâîéñòâ. Òàê, â ÷àñòíîñòè, èìååì {F} ∈ (cl − link)[E; τ ] ïðè
F ∈ CE[τ ] \ {∅}. Â êà÷åñòâå F ìîæåò áûòü âûáðàíî ìíîæåñòâî E. Âîîáùå æå

E ∪ {E} ∈ (cl− link)[E; τ ] ∀ E ∈ (cl− link)[E; τ ].

Ïðè ýòîì, êîíå÷íî, èìååì (ñì. (2.7)), ÷òî E ∈ E ∀ E ∈ (cl− link)0[E; τ ]. Ñëåäóÿ [3, ãë. VII, § 4℄,
ââåäåì ∀F ∈ CE[τ ]

(cl− link)0[E; τ |F ]
△
= {E ∈ (cl− link)0[E; τ ]|F ∈ E}. (5.4)

ßñíî, ÷òî (cl−link)0[E; τ |∅] = ∅ è (cl−link)0[E; τ |E] = (cl−link)0[E; τ ]. Êðîìå òîãî, ∀A ∈ CE[τ ]
∀B ∈ CE[τ ]

(A ⊂ B) =⇒ ((cl − link)0[E; τ |A] ⊂ (cl− link)0[E; τ |B]). (5.5)

Ïîëåçíî îòìåòèòü î÷åâèäíóþ ñâÿçü çàìêíóòûõ ó/� è ÌÑÑ, äîïîëíÿþùóþ (5.2):

F
∗
0(CE [τ ]) = {U ∈ (cl− link)0[E; τ ]|A ∩B ∈ U ∀A ∈ U ∀B ∈ U}. (5.6)

Èòàê, çàìêíóòûå ó/� ñóòü ÌÑÑ, çàìêíóòûå îòíîñèòåëüíî êîíå÷íûõ ïåðåñå÷åíèé, è òîëüêî

îíè. Â ñâÿçè ñ (5.6) îòìåòèì îäíî ñâîéñòâî, êàñàþùååñÿ òðèâèàëüíûõ �èëüòðîâ (ñì. � 2): åñëè

(E, τ) åñòü T1-ïðîñòðàíñòâî, òî

(CE[τ ]− triv)[x] ∈ (cl− link)0[E; τ ] ∀x ∈ E (5.7)

((5.7) ïîëó÷àåòñÿ �àêòè÷åñêè êîìáèíàöèåé (2.3) è (5.2) ñ ó÷åòîì ïðîñòåéøèõ ñëåäñòâèé T1-

îòäåëèìîñòè).

Ç à ì å ÷ à í è å 2. Ïîä÷åðêíåì, ÷òî ïðåäïîëîæåíèå î T1-îòäåëèìîñòè ÒÏ (E, τ) ñóùåñòâåííî äëÿ
ñïðàâåäëèâîñòè (5.7). �àññìîòðèì ñîîòâåòñòâóþùèé ïðèìåð, êîòîðûé, êðîìå òîãî, ïîêàçûâàåò, ÷òî óæå

â T0-ïðîñòðàíñòâå òðèâèàëüíûé çàìêíóòûé �èëüòð ìîæåò íå áûòü ìàêñèìàëüíûì.

Ïóñòü â äàííîì çàìå÷àíèè ìíîæåñòâî E ñîâïàäàåò ñ íàòóðàëüíûì ðÿäîì N
△
= {1; 2; . . .}. Èòàê, â

íàøåì ïðèìåðå E = N (E åñòü íàòóðàëüíûé ðÿä ñ îáû÷íîé óïîðÿäî÷åííîñòüþ 6) è
−−→n,∞

△
= {k ∈ N |n 6

k} ∀n ∈ N. Òîãäà ïîëàãàåì (â äàííîì ïðèìåðå), ÷òî

τ
△
= {−−→n,∞ : n ∈ N} ∪ {∅} (5.8)

(çàìåòèì, ÷òî E =
−−→
1,∞). ßñíî, ÷òî â äàííîì ñëó÷àå τ ∈ (top)[E], à (E, τ) åñòü T0-ïðîñòðàíñòâî. Ïóñòü

1, n
△
= {k ∈ N|k 6 n} ∀n ∈ N. Òîãäà â ñèëó (5.8)

CE [τ ] = {1, n : n ∈ N} ∪ {∅;E}.

Âûáåðåì ïðîèçâîëüíî m ∈ N ñî ñâîéñòâîì 2 6 m. �àññìîòðèì òðèâèàëüíûé çàìêíóòûé �èëüòð

M
△
= (CE [τ ]− triv)[m] = {L ∈ CE [τ ]|m ∈ L} ∈ F

∗(CE [τ ]).

Ïîñêîëüêó m− 1 ∈ N, èìååì î÷åâèäíîå ñâîéñòâî

1,m− 1 ∈ CE [τ ] \M, (5.9)

ïðè÷åì 1,m− 1 6= ∅. Çàìåòèì, ÷òî

U
△
= {1, k : k ∈ N} ∪ {E} = CE [τ ] \ {∅} ∈ F

∗
0
(CE [τ ]) (5.10)
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(â ñàìîì äåëå, U ∈ F∗(CE [τ ]), ïðè÷åì U íå òîëüêî îáëàäàåò ìàêñèìàëüíîñòüþ, íî è ÿâëÿåòñÿ íàèáîëü-

øèì â óïîðÿäî÷åííîñòè ïî âêëþ÷åíèþ ýëåìåíòîì F∗(CE [τ ]), ïîñêîëüêó

F ⊂ CE [τ ] \ {∅} ∀F ∈ F
∗(CE [τ ])

ñîãëàñíî (2.1)); â ÷àñòíîñòè (ñì. (5.2)),

U ∈ (cl− link)0[E; τ ]. (5.11)

Ïðè ýòîì M ⊂ CE [τ ] \ {∅} â ñèëó (2.1), à ïîòîìó M ⊂ U . Íî (ñì. (5.9), (5.10)) 1,m− 1 ∈ U \M. Òîãäà

(M ⊂ U)&(M 6= U), (5.12)

à ïîòîìó (ñì. (2.2), (5.10)) èìååì

M /∈ F
∗
0
(CE [τ ]). (5.13)

Â ñâÿçè ñ (5.9), (5.11) ïîëåçíî îòìåòèòü, ÷òî

U = (CE [τ ]− triv)[1].

Ñ ó÷åòîì (5.10), (5.13) ïîëó÷àåì, ÷òî â äàííîì ïðèìåðå îäíà ¾÷àñòü¿ çàìêíóòûõ òðèâèàëüíûõ �èëüòðîâ

îáëàäàåò ñâîéñòâîì ìàêñèìàëüíîñòè, à äðóãàÿ íåò. Èç (2.7), (5.2), (5.11) è (5.12) èìååì, êîíå÷íî, ÷òî

M /∈ (cl− link)0[E; τ ]. �

Ï ð å ä ë î æ å í è å 5.1. Ïóñòü (E, τ) åñòü T1-ïðîñòðàíñòâî. Òîãäà ∀A ∈ CE[τ ] ∀B ∈ CE[τ ]

(A ⊂ B) ⇐⇒ ((cl− link)0[E; τ |A] ⊂ (cl− link)0[E; τ |B]). (5.14)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì A ∈ CE[τ ] è B ∈ CE[τ ]. Ïóñòü

(cl− link)0[E; τ |A] ⊂ (cl − link)0[E; τ |B]. (5.15)

Ïîêàæåì, ÷òî (â ýòîì ñëó÷àå) A ⊂ B. Äîïóñòèì ïðîòèâíîå: A \ B 6= ∅. Ïóñòü q ∈ A \ B.

Ñ ó÷åòîì (5.7) U
△
= (CE[τ ]− triv)[q] ∈ (cl− link)0[E; τ ], ïðè÷åì A ∈ U (ñì. � 2). Òîãäà

U ∈ (cl− link)0[E; τ |A]

â ñèëó (5.4). C ó÷åòîì (5.15) ïîëó÷àåì, êàê ñëåäñòâèå, âêëþ÷åíèå

U ∈ (cl− link)0[E; τ |B],

à ïîòîìó (ñì. (5.4)) B ∈ U , ÷òî îçíà÷àåò ñïðàâåäëèâîñòü ñâîéñòâà q ∈ B (ïî îïðåäåëåíèþ U).
Ïîëó÷åíî ïðîòèâîðå÷èå. Èòàê, A ⊂ B. Òåì ñàìûì óñòàíîâëåíà èìïëèêàöèÿ

((cl− link)0[E; τ |A] ⊂ (cl− link)0[E; τ |B]) =⇒ (A ⊂ B).

Ñ ó÷åòîì (5.5) ïîëó÷àåì òðåáóåìîå ñâîéñòâî (5.14). �

Ñ ë å ä ñ ò â è å 5.1. Åñëè (E, τ) åñòü T1-ïðîñòðàíñòâî, òî ∀A ∈ CE[τ ] ∀B ∈ CE[τ ]

(A = B) ⇐⇒ ((cl− link)0[E; τ |A] = (cl− link)0[E; τ |B]).

Äîêàçàòåëüñòâî î÷åâèäíî. Ïîëàãàåì òåïåðü, ÷òî

C∗
0 [E; τ ]

△
= {(cl − link)0[E; τ |F ] : F ∈ CE [τ ]}, (5.16)

ïîëó÷àÿ íåïóñòîå ñåìåéñòâî ï/ì (cl− link)0[E; τ ]. Åñëè G ∈ τ, òî ïîëàãàåì

(cl− link)0op[E; τ |G]
△
= {E ∈ (cl− link)0[E; τ ]|∃Σ ∈ E : Σ ⊂ G}; (5.17)
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ðàçóìååòñÿ, â (5.17) ìîæíî â êà÷åñòâå G èñïîëüçîâàòü äîïîëíåíèÿ (äî E) çàìêíóòûõ ìíîæåñòâ.
Åñëè F ∈ CE[τ ], òî

(cl− link)0op[E; τ |E \ F ] = (cl− link)0[E; τ ] \ (cl− link)0[E; τ |F ]. (5.18)

ßñíî òàêæå, ÷òî (cl− link)0op[E; τ |E] = (cl− link)0[E; τ ]. Çàìåòèì, ÷òî (ñì. (5.17), (5.18))

C0
op[E; τ ]

△
= {(cl− link)0op[E; τ |G] : G ∈ τ} ∈ (p − Bas)[(cl − link)0[E; τ ]]. (5.19)

Ñ ó÷åòîì (5.19) ïîëó÷àåì òåïåðü, ÷òî

T
0
τ [E]

△
= {∪}({∩}♯(C

0
op[E; τ ])) ∈ (top)[(cl − link)0[E; τ ]] : C0

op[E; τ ] ⊂ T
0
τ [E]. (5.20)

Â âèäå ((cl− link)0[E; τ ],T0
τ [E]) èìååì [1�3℄ ñóïåððàñøèðåíèå èñõîäíîãî ÒÏ (E, τ), ïðè÷åì (ñì.

(5.16), (5.18), (5.19))

C∗
0 [E; τ ] = C(cl−link)0[E;τ ][C

0
op[E; τ ]] ∈ (p− BAS)0cl[(cl− link)0[E; τ ];T0

τ [E]]. (5.21)

Èòàê, (5.16) � çàìêíóòàÿ, à (5.19) � îòêðûòàÿ ïðåäáàçû ñóïåððàñøèðåíèÿ; ïîñëåäíåå � ñóïåð-

êîìïàêòíîå ÒÏ:

T
0
τ [E] ∈ ((SC)− top)[(cl− link)0[E; τ ]]; (5.22)

ñì. [3, 4.13℄. Ïðè ýòîì (ñì. (2.8), (5.21)) èìååò ìåñòî ñëåäóþùåå ñâîéñòâî:

C∗
0 [E; τ ] ∈ ((p,bin)− cl)[(cl − link)0[E; τ ];T0

τ [E]]; (5.23)

êðîìå òîãî, ïîëó÷àåì ñ ó÷åòîì (5.21)�(5.23), ÷òî ∀χ ∈ (COV)[(cl− link)0[E; τ ]|C0
op[E; τ ]] ∃X1 ∈ χ

∃X2 ∈ χ:
(cl− link)0[E; τ ] = X1 ∪ X2.

Ïîñëåäíåå îçíà÷àåò (ñì. (5.19)), ÷òî ∀G ∈ P ′(τ)

((cl − link)0[E; τ ] =
⋃

G∈G

(cl − link)0op[E; τ |G]) =⇒ (∃G1 ∈ G ∃G2 ∈ G :

(cl − link)0[E; τ ] = (cl− link)0op[E; τ |G1] ∪ (cl − link)0op[E; τ |G2]).

� 6. Ñóïåððàñøèðåíèå è çàìêíóòûå óëüòðà�èëüòðû

Ñîõðàíÿåì ïðåäïîëîæåíèÿ � 5. �àññìîòðèì áîëåå ïîäðîáíî ñâÿçü ñóïåððàñøèðåíèÿ ÒÏ

(E, τ) è ïðîñòðàíñòâà çàìêíóòûõ óëüòðà�èëüòðîâ (ÏÇÓ) ñ òîïîëîãèåé âîëìýíîâñêîãî òèïà.

Ñíà÷àëà îòìåòèì íåñêîëüêî ëåãêîïðîâåðÿåìûõ îáùèõ ñâîéñòâ. Òàê, ∀G1 ∈ τ ∀G2 ∈ τ

(G1 ∩G2 = ∅) =⇒ ((cl− link)0op[E; τ |G1] ∩ (cl− link)0op[E; τ |G2] = ∅).

Íàïîìíèì òàêæå èçâåñòíîå [3, 4.16℄ ñâîéñòâî: åñëè (E, τ) åñòü T4-ïðîñòðàíñòâî (ñì. [3, 2.7℄), òî

((cl − link)0[E; τ ],T0
τ [E]) ÿâëÿåòñÿ T2-ïðîñòðàíñòâîì, à ñòàëî áûòü, è ñóïåðêîìïàêòîì, òî åñòü

ñóïåðêîìïàêòíûì T2-ïðîñòðàíñòâîì.

Ëåãêî âèäåòü, ÷òî {F} ∈ (cl− link)[E, τ ] ∀F ∈ CE[τ ] \ {∅}. Êàê ñëåäñòâèå (ñì. (5.3)),

CE[τ ] \ {∅} =
⋃

E∈(cl−link)0[E;τ ]

E

(â ýòîé ñâÿçè îòìåòèì ñëåäóþùóþ î÷åâèäíóþ àíàëîãèþ:

L \ {∅} =
⋃

U∈F∗

0
(L)

U ∀L ∈ π[E];

äàííîå ñâîéñòâî ëåãêî ñëåäóåò èç ïîñòðîåíèé [7℄). Èòàê, ïîëó÷àåì, êàê ñëåäñòâèå, öåïî÷êó

ðàâåíñòâ

CE[τ ] \ {∅} =
⋃

E∈(cl−link)0[E;τ ]

E =
⋃

U∈F∗

0
(CE [τ ])

U .
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Íàïîìíèì, ÷òî CE [τ ] ∈ (LAT)0[E]. Ýòî ïîçâîëÿåò èñïîëüçîâàòü áèòîïîëîãè÷åñêîå ïðîñòðàí-

ñòâî (F∗
0(L),T

0
L[E],T∗

L[E]) ïðè L = CE[τ ]. Ïîëàãàåì, ÷òî

F
0
C[τ |G]

△
= {U ∈ F

∗
0(CE [τ ])|∃U ∈ U : U ⊂ G} ∀G ∈ τ. (6.1)

Ïîñðåäñòâîì (6.1) ðåàëèçóåòñÿ êîíñòðóêöèÿ, ïîäîáíàÿ ðàñøèðåíèþ Âîëìýíà â ñëó÷àå ïðèìå-

íåíèÿ T1-ïðîñòðàíñòâà; ìû ðàññìàòðèâàåì åå â îáùåì ñëó÷àå ÒÏ (E, τ). Ëåãêî âèäåòü, ÷òî

F
0
C[τ |E \ F ] = F

∗
0(CE[τ ]) \ ΦCE [τ ](F ) ∀F ∈ CE[τ ]. (6.2)

Ââåäåì â ðàññìîòðåíèå ñëåäóþùåå íåïóñòîå ñåìåéñòâî:

FC[τ ]
△
= {F0

C[τ |G] : G ∈ τ} ∈ P ′(P(F∗
0(CE[τ ]))). (6.3)

Èç (6.2), (6.3) âûòåêàåò (ñì. îáîçíà÷åíèÿ � 2) î÷åâèäíîå ïðåäñòàâëåíèå

FC[τ ] = CF∗

0
(CE [τ ])[(UF)[E;CE [τ ]]] ∈ (T0

CE [τ ][E]− BAS)0[F
∗
0(CE [τ ])]. (6.4)

Ìû ïîëó÷èëè (ñì.(6.4)) îòêðûòóþ áàçó ÏÇÓ. Ïðè ýòîì, êàê ëåãêî âèäåòü (ñì. (5.17), (6.1)),

F
0
C[τ |G] = (cl − link)0op[E; τ |G] ∩ F

∗
0(CE [τ ]) ∀G ∈ τ.

Â âèäå íåïîñðåäñòâåííîãî ñëåäñòâèÿ ïîëó÷àåì ðàâåíñòâî (ñì. (5.19), (6.4))

FC[τ ] = C0
op[E; τ ]|F∗

0
(CE [τ ]) (6.5)

(çàìåòèì, ÷òî ñîãëàñíî (5.19) è (5.20) C0
op[E; τ ] åñòü ïðåäáàçà îáúåìëþùåãî ïðîñòðàíñòâà,

à FC[τ ] � áàçà ÒÏ ñ ¾åäèíèöåé¿ F
∗
0(CE[τ ])). Â ñâîþ î÷åðåäü, èç (6.5) âûòåêàåò ñëåäóþùåå

Ï ð å ä ë î æ å í è å 6.1. Òîïîëîãèÿ T
0
CE [τ ][E] èíäóöèðîâàíà íà F

∗
0(CE[τ ]) òîïîëîãèåé T

0
τ [E]:

T
0
CE [τ ][E] = T

0
τ [E]|F∗

0
(CE [τ ]).

Èòàê, â âèäå (F∗
0(CE [τ ]),T

0
CE [τ ][E]) èìååì ïîäïðîñòðàíñòâî ÒÏ ((cl−link)0[E; τ ],T0

τ [E]). Òåì

ñàìûì ðåàëèçóåòñÿ åñòåñòâåííàÿ ñâÿçü ñóïåððàñøèðåíèÿ ÒÏ (E, τ) è ñîîòâåòñòâóþùåãî ÏÇÓ.

Ñ ó÷åòîì ïîëîæåíèé �� 2 è 3 ïîëó÷àåì, ÷òî

F
∗
0(CE [τ ]) ∈ (T0

τ [E]− comp)[(cl − link)0[E; τ ]]. (6.6)

Èç (6.6) èìååì ïî ñâîéñòâàì T2-ïðîñòðàíñòâ, ÷òî ñïðàâåäëèâî ñëåäóþùåå ñâîéñòâî: åñëè (E, τ)
åñòü T4-ïðîñòðàíñòâî, òî

(F∗
0(CE[τ ]),T

0
CE [τ ][E])

åñòü T2-ïðîñòðàíñòâî è, áîëåå òîãî, êîìïàêò; ïðè ýòîì, êîíå÷íî,

F
∗
0(CE [τ ]) ∈ C(cl−link)0[E;τ ][T

0
τ [E]] (6.7)

(â âèäå ÏÇÓ èìååì çàìêíóòîå ïîäïðîñòðàíñòâî ñóïåððàñøèðåíèÿ).

Ï ð å ä ë î æ å í è å 6.2. Åñëè E ∈ (cl− link)0[E; τ ], òî

{E} =
⋂

Σ∈E

(cl− link)0[E; τ |Σ]. (6.8)

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ïðîèçâîëüíî W èç ìíîæåñòâà-ïåðåñå÷åíèÿ â ïðàâîé

÷àñòè (6.8). Òîãäà W ∈ (cl − link)0[E; τ ] è, ñîãëàñíî (5.4), E ⊂ W. Ñ ó÷åòîì ìàêñèìàëüíîñòè E
ïîëó÷àåì ðàâåíñòâî E = W, à òîãäà W ∈ {E}. Óñòàíîâëåíî, ÷òî

⋂

Σ∈E

(cl− link)0[E; τ |Σ] ⊂ {E}.

Ïðîòèâîïîëîæíîå âëîæåíèå î÷åâèäíî. �
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Ï ð å ä ë î æ å í è å 6.3. Åñëè F ∈ CE[τ ], òî

(cl− link)0[E; τ |F ] ∈ C(cl−link)0[E;τ ][T
0
τ [E]].

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì F ∈ CE[τ ]. Òîãäà E \ F ∈ τ , è â ñèëó (5.18)

(cl− link)0op[E; τ |E \ F ] = (cl− link)0[E; τ ] \ (cl− link)0[E; τ |F ],

ãäå (cl− link)0op[E; τ |E \F ] ∈ C0
op[E; τ ] è, â ÷àñòíîñòè, (cl− link)0op[E; τ |E \F ] ∈ T

0
τ [E] (ñì. (5.20)).

Äàëüíåéøåå ðàññóæäåíèå î÷åâèäíî. �

Ï ð å ä ë î æ å í è å 6.4. ((cl− link)0[E; τ ],T0
τ [E]) åñòü T1-ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî ñâîäèòñÿ ê íåïîñðåäñòâåííîé êîìáèíàöèè ïðåäëîæåíèé 6.2, 6.3. Èç (5.22)

è ïðåäëîæåíèÿ 6.4 ïîëó÷àåì, ÷òî (â îáùåì ñëó÷àå ÒÏ (E, τ)) ñïðàâåäëèâî ñëåäóþùåå ïîëîæå-
íèå: ((cl− link)0[E; τ ],T0

τ [E]) åñòü ñóïåðêîìïàêòíîå T1-ïðîñòðàíñòâî.

Â ñâÿçè ñ ïðåäëîæåíèåì 6.4 îòìåòèì íåêîòîðûå ïðîñòûå ïðåäñòàâëåíèÿ îêðåñòíîñòåé, ðåà-

ëèçóþùèõ T1-îòäåëèìîñòü. Ïðåæäå âñåãî óêàæåì ñëåäóþùåå ñâîéñòâî: åñëè E ∈(cl− link)0[E; τ ],
Σ ∈ E è F ∈ CE[τ ] ∩ P(E \Σ), òî

(cl− link)0op[E; τ |E \ F ] ∈ N0
T0
τ [E](E).

Ñ ó÷åòîì ìàêñèìàëüíîñòè ñåìåéñòâ èç (cl − link)0[E; τ ] ëåãêî ïðîâåðÿåòñÿ, ÷òî äëÿ ëþáûõ ñå-

ìåéñòâ E1 è E2 (E1 ∈ (cl − link)0[E; τ ], E2 ∈ (cl − link)0[E; τ ])

(E1 6= E2) ⇐⇒ ((E1 \ E2 6= ∅)&(E2 \ E1 6= ∅)).

Äàííîå ñâîéñòâî, ðåàëèçóåìîå äëÿ ó/�, èñïîëüçîâàëîñü â [7℄ â ñâÿçè ñ ïðîöåäóðàìè ðàñ-

øèðåíèÿ àáñòðàêòíûõ çàäà÷ î äîñòèæèìîñòè. Êðîìå òîãî, îòìåòèì â ñâÿçè ñ (5.1), ÷òî

∀ E1 ∈ (cl− link)0[E; τ ] ∀ E2 ∈ (cl− link)0[E; τ ]

(E1 6= E2) ⇐⇒ (∃F1 ∈ E1 ∃F2 ∈ E2 : F1 ∩ F2 = ∅).

Äëÿ ïîñëåäóþùèõ ïîñòðîåíèé ïîëåçíî ïðèâîäèìîå íèæå îáùåå îïðåäåëåíèå: åñëè E1 è E2 ñóòü
íåïóñòûå ñåìåéñòâà ìíîæåñòâ, òî

(Dis)[E1; E2]
△
= {z ∈ E1 × E2|pr1(z) ∩ pr2(z) = ∅}; (6.9)

â ÷àñòíîñòè, (6.9) ìîæíî ðàññìàòðèâàòü â ñëó÷àå, êîãäà E1 è E2 � ýëåìåíòû (cl − link)0[E; τ ],
òî åñòü ÿâëÿþòñÿ ÌÑÑ. Ëåãêî âèäåòü, ÷òî ïðè E1 ∈ (cl − link)0[E; τ ], E2 ∈ (cl − link)0[E; τ ]
è z ∈ (Dis)[E1; E2]

(cl− link)0op[E; τ |E \ pr2(z)] ∈ N0
T0
τ [E](E1) : E2 /∈ (cl− link)0op[E; τ |E \ pr2(z)].

Â ýòîé ñâÿçè îòìåòèì, ÷òî â ñèëó (6.9)

(Dis)[E1; E2] 6= ∅ ∀ E1 ∈ (cl− link)0[E; τ ] ∀ E2 ∈ (cl − link)0[E; τ ] \ {E1}. (6.10)

� 7. Ñóïåððàñøèðåíèå êàê íóëüìåðíîå T2-ïðîñòðàíñòâî

Âåðíåìñÿ ê ðàññìîòðåíèþ ñåìåéñòâà (5.16), êîòîðîå, ñîãëàñíî (5.21), ÿâëÿåòñÿ çàìêíóòîé

ïðåäáàçîé ñóïåððàñøèðåíèÿ. Ëåãêî âèäåòü, îäíàêî, ÷òî

C∗
0 [E; τ ] ∈ (p− Bas)[(cl − link)0[E; τ ]] (7.1)

(äåéñòâèòåëüíî, (cl− link)0[E; τ ] ñîâïàäàåò ñ îáúåäèíåíèåì âñåõ ìíîæåñòâ ñåìåéñòâà (5.16)). Èç

(5.21) è (7.1) èìååì, êàê ñëåäñòâèå,

C∗
0 [E; τ ] ∈ (p − Bas)[(cl − link)0[E; τ ]] ∩ (p − Bas)cl[(cl− link)0[E; τ ]]. (7.2)
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Ñîãëàñíî (7.2) ñåìåéñòâî (5.16) ÿâëÿåòñÿ îäíîâðåìåííî è îòêðûòîé, è çàìêíóòîé ïðåäáàçîé.

Ïðåäñòàâëåíèÿ, ñâÿçàííûå ñî ñâîéñòâàìè çàìêíóòîé ïðåäáàçû, áûëè ïðåäìåòîì ðàññìîòðåíèÿ

â äâóõ ïðåäûäóùèõ ïàðàãðà�àõ. Ñåé÷àñ îáðàòèìñÿ ê (7.1), ïîëó÷àÿ, ÷òî

T
∗
τ [E]

△
= {∪}({∩}♯(C

∗
0 [E; τ ])) ∈ (top)[(cl− link)0[E; τ ]]. (7.3)

�àññìîòðèì íåêîòîðûå ñâîéñòâà òîïîëîãèè (7.3), äëÿ êîòîðîé, êîíå÷íî,

C∗
0 [E; τ ] ⊂ T

∗
τ [E]. (7.4)

Ñ ó÷åòîì (6.9) ïîëó÷àåì, â ÷àñòíîñòè, ñëåäóþùåå ñâîéñòâî:

(cl− link)0[E; τ |pr1(z)] ∩ (cl− link)0[E; τ |pr2(z)] = ∅

∀ E1 ∈ (cl− link)0[E; τ ] ∀ E2 ∈ (cl− link)0[E; τ ] ∀ z ∈ (Dis)[E1; E2].
(7.5)

Èç (5.16), (6.10), (7.4) è (7.5) âûòåêàåò âàæíîå ïîëîæåíèå, à èìåííî: ñïðàâåäëèâî

Ï ð å ä ë î æ å í è å 7.1. ((cl − link)0[E; τ ],T∗
τ [E]) åñòü T2-ïðîñòàíñòâî.

Ïîêàæåì, ÷òî óïîìÿíóòîå ÒÏ ñ ¾åäèíèöåé¿ (cl− link)0[E; τ ] íóëüìåðíî. Äëÿ ýòîãî ñíà÷àëà
óñòàíîâèì ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.

Ï ð å ä ë î æ å í è å 7.2. Åñëè A ∈ CE[τ ], òî ñïðàâåäëèâî ðàâåíñòâî

(cl− link)0[E; τ |A] = {E ∈ (cl − link)0[E; τ ]|A ∩ Σ 6= ∅ ∀Σ ∈ E}. (7.6)

Ä î ê à ç à ò å ë ü ñ ò â î. ×åðåç Ω îáîçíà÷èì ìíîæåñòâî â ïðàâîé ÷àñòè (7.6) (ìíîæåñòâî

A ∈ CE[τ ] �èêñèðóåì). Åñëè S ∈ (cl − link)0[E; τ |A], òî ñîãëàñíî (5.4) S ∈ (cl − link)0[E; τ ],
è ïðè ýòîì A ∈ S. Ïîñêîëüêó, â ÷àñòíîñòè, S ∈ (link)[E] (ñì. � 2), òî A ∩ Σ 6= ∅ ∀Σ ∈ S.
Ñëåäîâàòåëüíî, S ∈ Ω. Âëîæåíèå

(cl − link)0[E; τ |A] ⊂ Ω (7.7)

óñòàíîâëåíî. Ïóñòü V ∈ Ω. Òîãäà V ∈ (cl− link)0[E; τ ], è ïðè ýòîì A∩Σ 6= ∅ ∀Σ ∈ V. Ïîñêîëüêó
A çàìêíóòî, èç (5.1) âûòåêàåò, ÷òî A ∈ V. Ñ ó÷åòîì (5.4) ïîëó÷àåì, ÷òî V ∈ (cl− link)0[E; τ |A],
÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ, ïðîòèâîïîëîæíîãî (7.7). �

Ï ð å ä ë î æ å í è å 7.3. Åñëè A ∈ CE[τ ], òî (cl− link)0[E; τ |A] ∈ C(cl−link)0[E;τ ][T
∗
τ [E]].

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì çàìêíóòîå ìíîæåñòâî A. Âûáåðåì ïðîèçâîëüíóþ ÌÑÑ

V ∈ (cl− link)0[E; τ ] \ (cl− link)0[E; τ |A]. (7.8)

Â ñèëó ïðåäëîæåíèÿ 7.2 äëÿ íåêîòîðîãî ìíîæåñòâà V ∈ V èìååì A ∩ V = ∅. �àññìîòðèì
ìíîæåñòâî

(cl− link)0[E; τ |V ] ∈ C∗
0 [E; τ ] (7.9)

(ñì. (5.16)). Ëåãêî âèäåòü, ÷òî

(cl− link)0[E; τ |V ] ⊂ (cl− link)0[E; τ ] \ (cl− link)0[E; τ |A].

Ñ ó÷åòîì (7.9) ïîëó÷àåì, â ÷àñòíîñòè, ÷òî ∃B ∈ {∩}♯(C
∗
0 [E; τ ]):

(V ∈ B)&(B ⊂ (cl− link)0[E; τ ] \ (cl− link)0[E; τ |A]).

Ïîñêîëüêó âûáîð V (7.8) áûë ïðîèçâîëüíûì, óñòàíîâëåíî (ñì. (7.3)), ÷òî

(cl− link)0[E; τ ] \ (cl− link)0[E; τ |A] ∈ T
∗
τ [E],

îòêóäà è âûòåêàåò òðåáóåìîå ïðåäëîæåíèå. �
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Èç (5.16) è ïðåäëîæåíèÿ 7.3 âûòåêàåò, ÷òî

C∗
0 [E; τ ] ⊂ C(cl−link)0[E;τ ][T

∗
τ [E]]. (7.10)

Èç (7.10) ïîëó÷àåì ïî ñâîéñòâàì çàìêíóòûõ ìíîæåñòâ, ÷òî

{∩}♯(C
∗
0 [E; τ ]) ⊂ C(cl−link)0[E;τ ][T

∗
τ [E]].

Ïîëó÷èëè ñâîéñòâî çàìêíóòîñòè ìíîæåñòâ èç îòêðûòîé áàçû, ïîñêîëüêó (ñì. (7.3))

{∩}♯(C
∗
0 [E; τ ]) ∈ (T∗

τ [E]− BAS)0[(cl− link)0[E; τ ]].

Èòàê, ìû ïîëó÷èëè ñ ó÷åòîì ïðåäëîæåíèÿ 7.1, ÷òî (ñì. [14, 6.2℄) ((cl − link)0[E; τ ],T∗
τ [E]) åñòü

íóëüìåðíîå T2-ïðîñòðàíñòâî.

Ï ð å ä ë î æ å í è å 7.4. Ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî:

(UF)[E;CE [τ ]] = C∗
0 [E; τ ]|F∗

0
(CE [τ ]).

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (2.4), (5.2) è (5.4) âûòåêàåò, ÷òî

ΦCE [τ ](A) = (cl− link)0[E; τ |A] ∩ F
∗
0(CE [τ ]) ∀A ∈ CE[τ ].

Ïîýòîìó ñ ó÷åòîì (5.16) è îïðåäåëåíèé � 2 ïîëó÷àåì, ÷òî

G ∩ F
∗
0(CE[τ ]) ∈ (UF)[E;CE [τ ]] ∀G ∈ C∗

0 [E; τ ].

Êðîìå òîãî (ñì. � 2), èìååì ñ î÷åâèäíîñòüþ, ÷òî

∀B ∈ (UF)[E;CE [τ ]] ∃G ∈ C∗
0 [E; τ ] : B = G ∩ F

∗
0(CE [τ ]).

Â èòîãå ïîëó÷àåì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

(UF)[E;CE [τ ]] = {G ∩ F
∗
0(CE[τ ]) : G ∈ C∗

0 [E; τ ]} = C∗
0 [E; τ ]|F∗

0
(CE [τ ]).

Ïðåäëîæåíèå äîêàçàíî. �

Èç (2.5), (7.3) è ïðåäëîæåíèÿ 7.4 âûòåêàåò ñëåäóþùåå ðàâåíñòâî òîïîëîãèé:

T
∗
CE [τ ][E] = T

∗
τ [E]|F∗

0
(CE [τ ]). (7.11)

Èòàê, óñòàíîâëåíî, ÷òî (F∗
0(CE [τ ]),T

∗
CE [τ ][E]) åñòü ïîäïðîñòðàíñòâî ÒÏ ((cl−link)0[E; τ ],T∗

τ [E]).

Ï ð å ä ë î æ å í è å 7.5. Òîïîëîãèè T
0
τ [E] è T

∗
τ [E] ñðàâíèìû, è ïðè ýòîì

T
0
τ [E] ⊂ T

∗
τ [E].

Ä î ê à ç à ò å ë ü ñ ò â î. Ó÷òåì (5.16) è (5.21). Äåéñòâèòåëüíî, ñîãëàñíî (5.21) èìååì ïî

îïðåäåëåíèþ çàìêíóòîé ïðåäáàçû ïðîèçâîëüíîãî ÒÏ (ñì. � 1), ÷òî

{∪}♯(C
∗
0 [E; τ ]) ∈ (cl− BAS)0[(cl− link)0[E; τ ];T0

τ [E]], (7.12)

è ïðè ýòîì, êîíå÷íî, C∗
0 [E; τ ] ⊂ {∪}♯(C

∗
0 [E; τ ]) (ñì. îïðåäåëåíèÿ � 1). Â ñèëó (7.12)

C(cl−link)0[E;τ ][T
0
τ [E]] = {∩}({∪}♯(C

∗
0 [E; τ ])). (7.13)

Êàê ñëåäñòâèå, ïîëó÷àåì ñ î÷åâèäíîñòüþ, ÷òî

{∩}(C∗
0 [E; τ ]) ⊂ C(cl−link)0[E;τ ][T

0
τ [E]].
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Âûáåðåì è çà�èêñèðóåì ïðîèçâîëüíîå ìíîæåñòâî

F ∈ C(cl−link)0[E;τ ][T
0
τ [E]]. (7.14)

Â ñèëó (7.13) ïîëó÷àåì, ÷òî äëÿ íåêîòîðîãî χ ∈ P ′({∪}♯(C
∗
0 [E; τ ]))

F =
⋂

X∈χ

X. (7.15)

Ïðè ýòîì χ 6= ∅ è χ ⊂ {∪}♯(C
∗
0 [E; τ ]). Çàìåòèì, ÷òî â ñèëó (7.10)

{∪}♯(C
∗
0 [E; τ ]) ⊂ C(cl−link)0[E;τ ][T

∗
τ [E]]

(èñïîëüçóåì ïðîñòåéøèå ñâîéñòâà ñåìåéñòâà çàìêíóòûõ ìíîæåñòâ, òî åñòü ñâîéñòâà çàìêíóòîé

òîïîëîãèè). Êàê ñëåäñòâèå, ïîëó÷àåì, ÷òî

χ ⊂ C(cl−link)0[E;τ ][T
∗
τ [E]].

Ïîýòîìó χ ∈ P ′(C(cl−link)0[E;τ ][T
∗
τ [E]]), à ïîòîìó (ñì. (7.15))

F ∈ C(cl−link)0[E;τ ][T
∗
τ [E]]

(ïðîèçâîëüíàÿ çàìêíóòàÿ òîïîëîãèÿ ñîäåðæèò ïåðåñå÷åíèÿ ñâîèõ íåïóñòûõ ïîäñåìåéñòâ). Ïî-

ñêîëüêó âûáîð F (ñì. (7.14)) áûë ïðîèçâîëüíûì, óñòàíîâëåíî, ÷òî

C(cl−link)0[E;τ ][T
0
τ [E]] ⊂ C(cl−link)0[E;τ ][T

∗
τ [E]],

îòêóäà (ïî äâîéñòâåííîñòè) è âûòåêàåò òðåáóåìîå óòâåðæäåíèå. �

Èç ïðåäëîæåíèÿ 7.5 âûòåêàåò, ÷òî òðèïëåò

((cl − link)0[E; τ ],T0
τ [E],T∗

τ [E]) (7.16)

åñòü áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî. Èç (7.11) è ïðåäëîæåíèÿ 6.1 ñëåäóåò

Ò å î ð å ì à 7.1. Áèòîïîëîãè÷åñêîå ÏÇÓ (F∗
0(CE [τ ]),T

0
CE [τ ][E],T∗

CE [τ ][E]) èíäóöèðîâàíî èç

ñóïåððàñøèðåíèÿ áèòîïîëîãè÷åñêèì ïðîñòðàíñòâîì (7.16):

(T0
CE [τ ][E] = T

0
τ [E]|F∗

0
(CE [τ ]))&(T∗

CE [τ ][E] = T
∗
τ [E]|F∗

0
(CE [τ ])).

Ïóñòü òåïåðü äî êîíöà íàñòîÿùåãî ïàðàãðà�à (E, τ) åñòü T1-ïðîñòðàíñòâî. Òîãäà (ñì. (5.6),

(5.7)) èìååì î÷åâèäíîå ñâîéñòâî ìàêñèìàëüíîñòè òðèâèàëüíûõ ó/�

(CE[τ ]− triv)[x] ∈ F
∗
0(CE [τ ]) ∀x ∈ E.

Ïîýòîìó îïðåäåëåíû ìíîæåñòâà-çàìûêàíèÿ

cl({(CE [τ ]− triv)[x] : x ∈ E},T0
CE [τ ][E]) ∈ P(F∗

0(CE [τ ])),

cl({(CE [τ ]− triv)[x] : x ∈ E},T∗
CE [τ ][E]) ∈ P(F∗

0(CE [τ ])).

Ïðè ýòîì (ñì. � 2) T
0
CE [τ ][E] ⊂ T

∗
CE [τ ][E], à ïîòîìó

cl({(CE [τ ]− triv)[x] : x ∈ E},T∗
CE [τ ][E]) ⊂ cl({(CE [τ ]− triv)[x] : x ∈ E},T0

CE [τ ][E]). (7.17)

Íàïîìíèì, ÷òî (ñì. [15, (1.21)℄ ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî:

cl({(CE [τ ]− triv)[x] : x ∈ E},T∗
CE [τ ][E]) = F

∗
0(CE[τ ]) (7.18)
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(ó÷èòûâàåì, ÷òî â ðàññìàòðèâàåìîì ñåé÷àñ ñëó÷àå T1-ïðîñòðàíñòâà (E, τ) íåïðåìåííî

CE[τ ] ∈ π̃0[E]). Èç (7.17) è (7.18) ïîëó÷àåì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

cl({(CE [τ ]− triv)[x] : x ∈ E},T0
CE [τ ][E]) = cl({(CE [τ ]− triv)[x] : x ∈ E},T∗

CE [τ ][E]) = F
∗
0(CE[τ ]).

Çàìåòèì, ÷òî â ýòèõ ïîñòðîåíèÿõ ÒÏ (F∗
0(CE[τ ]),T

0
CE [τ ][E]) îòâå÷àåò ðàñøèðåíèþ Âîëìýíà.

Âîçâðàùàÿñü ê [3, 4.18℄, íàïîìíèì, ÷òî ñóïåððàñøèðåíèå îòëè÷àåòñÿ îò F
∗
0(CE [τ ]) óæå â ïðî-

ñòåéøèõ ñëó÷àÿõ. Äëÿ òîãî ÷òîáû ïðîèëëþñòðèðîâàòü ýòî, âîñïîëüçóåìñÿ ìîäè�èêàöèåé ïðè-

ìåðà [3, 4.18℄.

Èòàê, ïîëàãàåì ñåé÷àñ, ÷òî E = {k ∈ N|k 6 3}, ïîëó÷àÿ òðåõýëåìåíòíîå ìíîæåñòâî, ñî-

äåðæàùåå ÷èñëà 1, 2 è 3. Ïîëàãàåì â äàííîì ïðèìåðå, ÷òî τ = P(E) (äèñêðåòíàÿ òîïîëîãèÿ),

è ïðè ýòîì

E = {F ∈ P ′(E)|∃z ∈ E × E : (F = {pr1(z); pr2(z)})&(pr1(z) 6= pr2(z))} ∪ {E}; (7.19)

èòàê, â íàøåì ñëó÷àå E � ñåìåéñòâî, ñîäåðæàùåå ñëåäóþùèå ÷åòûðå ìíîæåñòâà:

{1; 2}, {1; 3}, {2; 3}, E

(ó÷èòûâàåì, ÷òî {pr1(z); pr2(z)} = {pr2(z); pr1(z)} ∀ z ∈ E × E). Ëåãêî âèäåòü, ÷òî (ñì. (7.19))

E ∈ (cl− link)[E; τ ]. Áîëåå òîãî, E ÿâëÿåòñÿ ÌÑÑ, òî åñòü

E ∈ (cl− link)0[E; τ ]

(íè îäèí èç ñèíãëåòîíîâ íåëüçÿ ¾äîáàâèòü¿ ê E , íå ðàçðóøàÿ ñöåïëåííîñòü). Ñ äðóãîé ñòîðîíû,

E /∈ F
∗(CE [τ ]) (òàê, íàïðèìåð, {1; 2} ∩ {1; 3} = {1} /∈ E). Òåì áîëåå

E /∈ F
∗
0(CE[τ ]).

Ïîñêîëüêó â íàøåì ñëó÷àå (E, τ) åñòü T4-ïðîñòðàíñòâî, ñïðàâåäëèâî (6.7), è ïðè ýòîì

G0
△
= (cl− link)0[E; τ ] \ F∗

0(CE[τ ]) ∈ T
0
τ [E] \ {∅};

òî÷íåå, G0 ∈ N0
T0
τ [E](E). Íàïîìíèì åùå ðàç, ÷òî äàííûé ïðèìåð ÿâëÿåòñÿ ïðîñòîé ìîäè�èêà-

öèåé [3, 4.18℄.

� 8. Äîáàâëåíèå 1: íåêîòîðûå ñâîéñòâà ïëîòíîñòè

Ìû ïîëàãàåì â íàñòîÿùåì ïàðàãðà�å, ÷òî (E, τ), E 6= ∅, åñòü T1-ïðîñòðàíñòâî, ïîëó÷àÿ,

â ÷àñòíîñòè, ñâîéñòâî CE[τ ] ∈ π̃0[E]. �àññìîòðèì íåêîòîðûå ñâîéñòâà ÏÇÓ, ñâÿçàííûå ñ ïîãðó-

æåíèåì â óïîìÿíóòîå ÏÇÓ èñõîäíîãî ÒÏ. Áóäåì ïðè ýòîì îðèåíòèðîâàòüñÿ íà îñíàùåíèå ÏÇÓ,

îòâå÷àþùåå ðàñøèðåíèþ Âîëìýíà.

Ââåäåì íåêîòîðûå äîïîëíèòåëüíûå îáîçíà÷åíèÿ. Åñëè X è Y � íåïóñòûå ìíîæåñòâà, òî,

ñëåäóÿ [9, . 77℄, ÷åðåç Y X
îáîçíà÷àåì ìíîæåñòâî âñåõ îòîáðàæåíèé èç ìíîæåñòâà X â ìíîæå-

ñòâî Y ; åñëè ïðè ýòîì f ∈ Y X
è Z ∈ P(X), òî f1(Z)

△
= {f(x) : x ∈ Z} ∈ P(Y ) åñòü îáðàç Z ïðè

îòîáðàæåíèè f (åñëè Z 6= ∅, òî è f1(Z) 6= ∅).

Ïðè óñëîâèè, ÷òî (êàê óæå îòìå÷àëîñü) E � íåïóñòîå ìíîæåñòâî è L ∈ π̃0[E] â âèäå

(L − triv)[·]
△
= ((L − triv)[x])x∈E

èìååì ýëåìåíò F
∗
0(L)

E
, òî åñòü îòîáðàæåíèå èç ìíîæåñòâà E â ìíîæåñòâî F

∗
0(L); åñëè ïðè ýòîì

A ∈ P(E) (A � ï/ì E), òî â ñîîòâåòñòâèè ñ îáùèì îïðåäåëåíèåì

(L − triv)[·]1(A) = {(L − triv)[x] : x ∈ A} ∈ P(F∗
0(L))

(èìååì îáðàç ìíîæåñòâà A â ÏÇÓ). Íàñ èíòåðåñóåò ñëó÷àé L = CE [τ ]. Èòàê, ïðè A ∈ P(E)
ïîëó÷àåì ìíîæåñòâî-îáðàç

(CE[τ ]− triv)[·]1(A) = {(CE [τ ]− triv)[x] : x ∈ A} ∈ P(F∗
0(CE [τ ])); (8.1)
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ïðè A 6= ∅ ìíîæåñòâî (8.1) íåïóñòî. Â ñîîòâåòñòâèè ñ (2.5) èìååì ñëåäóþùåå ïðåäñòàâëåíèå

ìíîæåñòâà-çàìûêàíèÿ: ïðè A ∈ P(E)

cl((CE [τ ]− triv)[·]1(A),T∗
CE [τ ][E]) =

= {U ∈ F
∗
0(CE [τ ])|A ∩ U 6= ∅ ∀U ∈ U} ⊂ ΦCE [τ ](cl(A, τ)); (8.2)

ñì. [15, § 1℄ (ó÷èòûâàåì, ÷òî A ⊂ cl(A, τ)). Çàìåòèì, ÷òî ìíîæåñòâî â ïðàâîé ÷àñòè (8.2)

çàìêíóòî è â ñìûñëå òîïîëîãèè T
0
CE [τ ][E], ïîñêîëüêó ÿâëÿåòñÿ ýëåìåíòîì çàìêíóòîé ïðåäáàçû.

�àññìîòðèì òåïåðü ñèòóàöèþ, êîãäà è ïåðâîå â (8.2) ìíîæåñòâî çàìåíåíî íà çàìûêàíèå â ñìûñëå

ïîñëåäíåé òîïîëîãèè. Èòàê, íàñ èíòåðåñóþò ìíîæåñòâà

cl((CE [τ ]− triv)[·]1(A),T0
CE [τ ][E]), A ∈ P(E).

Ñ öåëüþ èõ ïðåäñòàâëåíèÿ îòìåòèì íåñêîëüêî âñïîìîãàòåëüíûõ ïîëîæåíèé.

Ï ð å ä ë î æ å í è å 8.1. Åñëè A ∈ P(E) è F ∈ CE[τ ], òî

((CE [τ ]− triv)[·]1(A) ⊂ ΦCE [τ ](F )) =⇒ (A ⊂ F ). (8.3)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì A è F â ñîîòâåòñòâèè ñ óñëîâèÿìè ïðåäëîæåíèÿ. Ïóñòü

èñòèííà ïîñûëêà äîêàçûâàåìîé èìïëèêàöèè (8.3). Ïîêàæåì, ÷òî A ⊂ F. Äîïóñòèì ïðîòèâíîå:

A \ F 6= ∅. Ïóñòü x∗ ∈ A \ F. Òîãäà

U
△
= (CE[τ ]− triv)[x∗] ∈ (CE [τ ]− triv)[·]1(A),

à ïîòîìó U ∈ ΦCE [τ ](F ); ýòî îçíà÷àåò ñïðàâåäëèâîñòü âêëþ÷åíèÿ F ∈ U (ñì. � 2), à òîãäà

x∗ ∈ F . Ïîëó÷èëè ïðîòèâîðå÷èå, äîêàçûâàþùåå âëîæåíèå A ⊂ F . �

Íàïîìíèì, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå, ñîãëàñíî [16, (4.7)℄, ∀F1 ∈ CE[τ ] ∀F2 ∈ CE[τ ]

(F1 ⊂ F2) ⇐⇒ (ΦCE [τ ](F1) ⊂ ΦCE [τ ](F2)). (8.4)

Ï ð å ä ë î æ å í è å 8.2. Åñëè A ∈ P(E), òî ñïðàâåäëèâî ðàâåíñòâî

cl((CE [τ ]− triv)[·]1(A),T0
CE [τ ][E]) = ΦCE [τ ](cl(A, τ)). (8.5)

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç A ìíîæåñòâî-çàìûêàíèå â ëåâîé ÷àñòè (8.5).

ßñíî, ÷òî

A ∈ CF∗

0
(CE [τ ])[T

0
CE [τ ][E]], (8.6)

è ïðè ýòîì èìååò ìåñòî ñëåäóþùåå ñâîéñòâî:

(CE[τ ]− triv)[·]1(A) ⊂ A.

Çàìåòèì, ÷òî (UF)[E;CE [τ ]] ∈ (cl− BAS)[F∗
0(CE[τ ])], è ïðè ýòîì

{∩}((UF)[E;CE [τ ]]) = CF∗

0
(CE [τ ])[T

0
CE [τ ][E]] (8.7)

(ñì. � 2). Èç (8.6) è (8.7) ñëåäóåò, ÷òî

A ∈ {∩}((UF)[E;CE [τ ]]).

Òîãäà (ñì. � 1) äëÿ íåêîòîðîãî ñåìåéñòâà α ∈ P ′((UF)[E;CE [τ ]]) ñïðàâåäëèâî ðàâåíñòâî

A =
⋂

S∈α

S. (8.8)

Âûáåðåì ïðîèçâîëüíî Λ ∈ α. Òîãäà, â ÷àñòíîñòè, Λ ∈ (UF)[E;CE [τ ]], à ïîòîìó äëÿ íåêîòîðîãî

ìíîæåñòâà Ψ ∈ CE[τ ] ñïðàâåäëèâî ðàâåíñòâî

Λ = ΦCE [τ ](Ψ). (8.9)
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Èç (8.8) ñ ó÷åòîì (8.9) ñëåäóåò, ÷òî

A ⊂ ΦCE [τ ](Ψ). (8.10)

Â ñâîþ î÷åðåäü, èç (8.10) âûòåêàåò, ÷òî èìååò ìåñòî âëîæåíèå

(CE[τ ]− triv)[·]1(A) ⊂ ΦCE [τ ](Ψ).

Êàê ñëåäñòâèå, èç ïðåäëîæåíèÿ 8.1 âûòåêàåò, ÷òî A ⊂ Ψ, îòêóäà, â ñèëó çàìêíóòîñòè ìíîæå-

ñòâà Ψ ñëåäóåò, ÷òî

cl(A, τ) ⊂ Ψ. (8.11)

Èç (8.4) è (8.11) ïîëó÷àåì î÷åâèäíîå ñëåäñòâèå

ΦCE [τ ](cl(A, τ)) ⊂ ΦCE [τ ](Ψ) = Λ.

Ïîñêîëüêó âûáîð Λ áûë ïðîèçâîëüíûì, èìååì, ÷òî (ñì. (8.8))

ΦCE [τ ](cl(A, τ)) ⊂ A. (8.12)

Îòìåòèì, ÷òî (ñì. îïðåäåëåíèÿ � 2)

(UF)[E;CE [τ ]] ⊂ {∩}((UF)[E;CE [τ ]]) = CF∗

0
(CE [τ ])[T

0
CE [τ ][E]]. (8.13)

Ñ äðóãîé ñòîðîíû, cl(A, τ) ∈ CE[τ ], è ïðè ýòîì

ΦCE [τ ](cl(A, τ)) ∈ (UF)[E;CE [τ ]]

(ñì. � 2). Ñ ó÷åòîì (8.13) ïîëó÷àåì âêëþ÷åíèå

ΦCE [τ ](cl(A, τ)) ∈ CF∗

0
(CE [τ ])[T

0
CE [τ ][E]], (8.14)

òî åñòü ìíîæåñòâî â ëåâîé ÷àñòè (8.14) çàìêíóòî â ÒÏ (F∗
0(CE[τ ]),T

0
CE [τ ][E]). Äàëåå, ïóñòü

U ∈ (CE [τ ]− triv)[·]1(A).

Òîãäà (ñì. � 2) èìååì äëÿ íåêîòîðîãî x∗ ∈ A

U = (CE[τ ]− triv)[x∗] = {F ∈ CE[τ ]|x∗ ∈ F} ∈ F
∗
0(CE[τ ]). (8.15)

ßñíî, ÷òî x∗ ∈ cl(A, τ), à ïîòîìó (ñì. (8.15)) èìååì

cl(A, τ) ∈ U.

Â ñèëó (2.4) è (8.15) ïîëó÷àåì, ÷òî U ∈ ΦCE [τ ](cl(A, τ)). Ïîñêîëüêó âûáîð U áûë ïðîèçâîëüíûì,

óñòàíîâëåíî, ÷òî

(CE[τ ]− triv)[·]1(A) ⊂ ΦCE [τ ](cl(A, τ)),

à òîãäà ñ ó÷åòîì (8.14) èìååì, ïî îïðåäåëåíèþ ìíîæåñòâà A, ñëåäóþùåå âëîæåíèå:

A ⊂ ΦCE [τ ](cl(A, τ)).

Ñ ó÷åòîì (8.12) ïîëó÷àåì òåïåðü òðåáóåìîå ðàâåíñòâî:

A = ΦCE [τ ](cl(A, τ)).

Ïðåäëîæåíèå äîêàçàíî. �

Ñ ë å ä ñ ò â è å 8.1. Åñëè A ∈ P(E), òî ñïðàâåäëèâî ðàâåíñòâî

cl((CE[τ ]− triv)[·]1(A),T0
CE [τ ][E]) = cl((CE [τ ]− triv)[·]1(cl(A, τ)),T0

CE [τ ][E]).
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Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì A ∈ P(E) è ïîëó÷àåì cl(A, τ) ∈ CE[τ ]. Òîãäà [8, (4.10)℄

cl((CE [τ ]− triv)[·]1(cl(A, τ)),T0
CE [τ ][E]) =

= cl((CE[τ ]− triv)[·]1(cl(A, τ)),T∗
CE [τ ][E]) = ΦCE [τ ](cl(A, τ)).

(8.16)

Â (8.16) ó÷òåíî òî îáñòîÿòåëüñòâî, ÷òî â ðàññìàòðèâàåìîì ñåé÷àñ ñëó÷àå T1-ïðîñòðàíñòâà (E, τ)
èìååò ìåñòî

CE[τ ] ∈ (LAT)0[E] : {x} ∈ CE[τ ] ∀x ∈ E

(èòàê, èìååì ñâîéñòâî çàìêíóòîñòè âñåõ ñèíãëåòîíîâ òî÷åê èç E). Èç (8.16) è ïðåäëîæåíèÿ 8.2

âûòåêàåò òðåáóåìîå ðàâåíñòâî çàìûêàíèé â òîïîëîãèè T
0
CE [τ ][E]. �

Èç ñëåäñòâèÿ 8.1 âûòåêàåò ñ î÷åâèäíîñòüþ, ÷òî

cl({(CE [τ ]− triv)[x] : x ∈ A},T0
CE [τ ][E]) =

= cl({(CE [τ ]− triv)[x] : x ∈ cl(A, τ)},T0
CE [τ ][E]) = ΦCE [τ ](cl(A, τ)) ∀A ∈ P(E). (8.17)

Â êîíñòðóêöèÿõ ðàñøèðåíèé àáñòðàêòíûõ çàäà÷ î äîñòèæèìîñòè, ðàññìàòðèâàåìûõ â [4�

8, 13, 15�17℄, âàæíóþ ðîëü èãðàþò ìíîæåñòâà ïðèòÿæåíèÿ (ÌÏ) â ïðîñòðàíñòâå îáîáùåííûõ

ýëåìåíòîâ (ÎÝ), ÷òî ñâÿçàíî ñ ïîñòðîåíèåì êîìïàêòè�èêàòîðîâ (ñì., â ÷àñòíîñòè, [17, ðàçäåë 4℄.

Ïîñëåäíèå, êàê ïîêàçàíî â [7, 8℄, ìîæíî, â ÷àñòíîñòè, êîíñòðóèðîâàòü íà îñíîâå ðàñøèðåíèÿ

Âîëìýíà. Â ñâÿçè ñ (8.17), ïðåäëîæåíèåì 8.2 è ñëåäñòâèåì 8.1 ðàññìîòðèì êðàòêî óïîìÿíóòóþ

âîçìîæíîñòü, ïîëàãàÿ äëÿ êðàòêîñòè, ÷òî

(Adm)[E ]
△
=

⋂

Σ∈E

cl((CE [τ ]− triv)[·]1(Σ),T0
CE [τ ][E]) ∀ E ∈ P ′(P(E)).

Ñ öåëüþ áîëåå êðàòêèõ îáîçíà÷åíèé çà�èêñèðóåì (íåïóñòîå) ñåìåéñòâî E ∈ P ′(P(E)). Â èíòå-

ðåñàõ ñîãëàñîâàíèÿ ñ êîíñòðóêöèÿìè [13, 15�17℄ ïîëàãàåì, ÷òî

∀Σ1 ∈ E ∀Σ2 ∈ E ∃Σ3 ∈ E : Σ3 ⊂ Σ1 ∩ Σ2 (8.18)

(èòàê, ìû ðàññìàòðèâàåì íàïðàâëåííîå ñåìåéñòâî, ÷òî äîñòàòî÷íî (ñì. [8, . 321; 12℄) äëÿ âñåõ

íàøèõ ïîñëåäóþùèõ öåëåé). Ïðè äàííîì óñëîâèè íóæíûé âàðèàíò ÌÏ åñòü ìíîæåñòâî

(Adm)[E] =
⋂

Σ∈E

cl((CE[τ ]− triv)[·]1(Σ),T0
CE [τ ][E]) ∈ P(F∗

0(CE[τ ])), (8.19)

òî÷êè êîòîðîãî (à ýòî çàìêíóòûå ó/�) èãðàþò ðîëü äîïóñòèìûõ ÎÝ, îòâå÷àþùèõ ïîñòàíîâ-

êå, â êîòîðîé ñåìåéñòâî E èñïîëüçóåòñÿ â êà÷åñòâå îãðàíè÷åíèé àñèìïòîòè÷åñêîãî õàðàêòåðà

(ÎÀÕ). Îáùèå âîïðîñû, ñâÿçàííûå ñ ðåøåíèåì çàäà÷ î äîñòèæèìîñòè (â ÒÏ) ïðè òåõ èëè èíûõ

ÎÀÕ, ðàññìàòðèâàëèñü â [4�8,15�17℄. Â íàñòîÿùåì ïàðàãðà�å êîñíåìñÿ òîëüêî îäíîãî ÷àñòíîãî

âîïðîñà, èìåþùåãî îòíîøåíèå ê ïðåäñòàâëåíèþ ÌÏ, ïîäîáíûõ (8.19) è ÿâëÿþùèõñÿ ïî ñìûñëó

âñïîìîãàòåëüíûìè êîíñòðóêöèÿìè (èìååòñÿ â âèäó ïðèìåíåíèå â äóõå [8, òåîðåìà 7.1℄). À èìåí-

íî, ðàññìîòðèì âîïðîñ î çàìåíå E òåì èëè èíûì íàïðàâëåííûì (ñì. (8.18)) ñåìåéñòâîì ï/ì E.
Â ñâÿçè ñ ýòèì íàðÿäó ñ E ðàññìîòðèì ñåìåéñòâî

Ecl
△
= {cl(Σ, τ) : Σ ∈ E} ∈ P ′(P(E)) (8.20)

âñåâîçìîæíûõ çàìûêàíèé ìíîæåñòâ èç E. Èç (8.18) ïî àêñèîìàì îïåðàòîðà çàìûêàíèÿ èìååì,

êîíå÷íî, ÷òî

∀Σ(1) ∈ Ecl ∀Σ
(2) ∈ Ecl ∃Σ

(3) ∈ Ecl : Σ(3) ⊂ Σ(1) ∩ Σ(2),

òî åñòü ñåìåéñòâî (8.20) ÿâëÿåòñÿ íàïðàâëåííûì. Íàðÿäó ñ (8.19) ðàññìîòðèì ÌÏ (ñì. [8, (5.2)℄)

ñëåäóþùåãî âèäà:

(Adm)[Ecl]
△
=

⋂

Σ∈Ecl

cl((CE[τ ]− triv)[·]1(Σ),T0
CE [τ ][E]) ∈ P(F∗

0(CE[τ ])). (8.21)
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Ñ ó÷åòîì ñëåäñòâèÿ 8.1 èìååì, îäíàêî, ÷òî

cl((CE [τ ]− triv)[·]1(Σ),T0
CE [τ ][E]) = cl((CE [τ ]− triv)[·]1(cl(Σ, τ)),T0

CE [τ ][E]) ∀Σ ∈ E.

Èñïîëüçóÿ (8.19)�(8.21), ïîëó÷àåì öåïî÷êó ðàâåíñòâ

(Adm)[E] = (Adm)[Ecl] =
⋂

Σ∈E

ΦCE [τ ](cl(Σ, τ)) =

= {U ∈ F
∗
0(CE[τ ])|cl(Σ, τ) ∈ U ∀Σ ∈ E} = {U ∈ F

∗
0(CE[τ ])|Ecl ⊂ U}.

(8.22)

Èç (8.22) ñëåäóåò ñîâïàäåíèå äâóõ ÌÏ â ïðîñòðàíñòâå ÎÝ, îäíî èç êîòîðûõ îòâå÷àåò ÎÀÕ

â âèäå E, à âòîðîå � ÎÀÕ â âèäå ñåìåéñòâà Ecl.

Â çàêëþ÷åíèå îòìåòèì íåêîòîðûå ñîîòíîøåíèÿ, ñâÿçûâàþùèå îïåðàòîðû çàìûêàíèÿ â òî-

ïîëîãèÿõ T
0
CE [τ ][E] è T

∗
CE [τ ][E]. Áóäåì ðàññìàòðèâàòü ïðè ýòîì ïðîöåäóðó ïîãðóæåíèÿ ìíîæå-

ñòâà E â ÏÇÓ.

Ï ð å ä ë î æ å í è å 8.3. Åñëè A ∈ P(E) è x∗ ∈ cl(A, τ) \A, òî

(CE [τ ]−triv)[x∗] ∈ cl((CE [τ ]−triv)[·]1(A),T0
CE [τ ][E])\cl((CE [τ ]−triv)[·]1(A),T∗

CE [τ ][E]). (8.23)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü U
△
= (CE [τ ] − triv)[x∗]. Òîãäà U ∈ F

∗
0(CE[τ ]), è ïðè ýòîì

ñïðàâåäëèâî ðàâåíñòâî

U = {F ∈ CE[τ ]|x∗ ∈ F}.

Íàïîìíèì, ÷òî ïî ñâîéñòâàì T1-ïðîñòðàíñòâ {x∗} ∈ CE[τ ], à ïîòîìó {x∗} ∈ U. Ïî âûáîðó x∗
èìååì, êîíå÷íî, ñâîéñòâî {x∗} ∩A = ∅. Ñ ó÷åòîì (8.2) ïîëó÷àåì, ÷òî

U /∈ cl((CE [τ ]− triv)[·]1(A),T∗
CE [τ ][E]). (8.24)

Ñ äðóãîé ñòîðîíû, ïî âûáîðó x∗ ïîëó÷àåì âêëþ÷åíèå cl(A, τ) ∈ U, à òîãäà

U ∈ ΦCE [τ ](cl(A, τ)).

Ñ ó÷åòîì ïðåäëîæåíèÿ 8.2 ïîëó÷àåì òåïåðü, ÷òî

U ∈ cl((CE [τ ]− triv)[·]1(A),T0
CE [τ ][E]),

îòêóäà â ñèëó (8.24) âûòåêàåò òðåáóåìîå ñâîéñòâî (8.23). �

Íàïîìíèì, ÷òî, ïîñêîëüêó òîïîëîãèè T
0
CE [τ ][E] è T

∗
CE [τ ][E] ñðàâíèìû, èìååì

cl((CE [τ ]− triv)[·]1(A),T∗
CE [τ ][E]) ⊂ cl((CE [τ ]− triv)[·]1(A),T0

CE [τ ][E]) ∀A ∈ P(E).

Òå î ð å ì à 8.1. Ñïðàâåäëèâî ðàâåíñòâî

CE[τ ] = {A ∈ P(E)|cl((CE [τ ]− triv)[·]1(A),T∗
CE [τ ][E]) = cl((CE [τ ]− triv)[·]1(A),T0

CE [τ ][E])}.
(8.25)

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç H ñåìåéñòâî â ïðàâîé ÷àñòè (8.25). Òðåáóåòñÿ

óñòàíîâèòü ñëåäóþùåå ðàâåíñòâî:

CE[τ ] = H. (8.26)

Íàïîìíèì, ÷òî CE[τ ] ∈ (LAT)0[E], è ïðè ýòîì {x} ∈ CE[τ ] ∀x ∈ E. Òîãäà â ñèëó [8, (3.4),

(4.10)℄ èìååì ñâîéñòâî

cl((CE[τ ]− triv)[·]1(F ),T∗
CE [τ ][E]) = cl((CE [τ ]− triv)[·]1(F ),T0

CE [τ ][E]) = ΦCE [τ ](F ) ∀F ∈ CE[τ ].

Êàê ñëåäñòâèå, ïîëó÷àåì î÷åâèäíîå âëîæåíèå

CE[τ ] ⊂ H. (8.27)
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Âûáåðåì ïðîèçâîëüíîå ìíîæåñòâî H ∈ H. Òîãäà H ∈ P(E), è ïðè ýòîì ñïðàâåäëèâî ðàâåíñòâî

cl((CE[τ ]− triv)[·]1(H),T∗
CE [τ ][E]) = cl((CE [τ ]− triv)[·]1(H),T0

CE [τ ][E]). (8.28)

Ïîêàæåì, ÷òî H ∈ CE[τ ]. Â ñàìîì äåëå, äîïóñòèì ïðîòèâíîå:

H /∈ CE[τ ]. (8.29)

Òîãäà H 6= cl(H, τ), òàê êàê cl(H, τ) ∈ CE[τ ]. Ïîñêîëüêó H ⊂ cl(H, τ), èìååì â ðàññìàòðèâàåìîì

ñëó÷àå ñëåäóþùåå ñâîéñòâî íåïóñòîòû:

cl(H, τ) \H 6= ∅.

Ñ ó÷åòîì ýòîãî âûáåðåì x∗ ∈ cl(H, τ) \H. Òîãäà èç ïðåäëîæåíèÿ 8.3 ïîëó÷àåì, ñëåäîâàòåëüíî,

âîïðåêè (8.28), ÷òî

(CE[τ ]−triv)[x∗] ∈ cl((CE [τ ]−triv)[·]1(H),T0
CE [τ ][E])\cl((CE [τ ]−triv)[·]1(H),T∗

CE [τ ][E]). (8.30)

Ïîëó÷åííîå ïðè óñëîâèè (8.29) ïðîòèâîðå÷èå (ñì. (8.28), (8.30)) îçíà÷àåò, ÷òî ñàìî (8.29) íåâîç-

ìîæíî, è, ñòàëî áûòü, H ∈ CE[τ ], ÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

H ⊂ CE[τ ].

Ñ ó÷åòîì (8.27) ïîëó÷àåì òðåáóåìîå ðàâåíñòâî (8.26). �

� 9. Äîáàâëåíèå, 2

Â ïðåäûäóùåì ïàðàãðà�å äëÿ öåëåé ïðåäñòàâëåíèÿ çàìûêàíèé îáðàçîâ ïðîèçâîëüíûõ ï/ì

íåïóñòîãî ìíîæåñòâà E ñóùåñòâåííî èñïîëüçîâàëîñü îñíàùåíèå äàííîãî ìíîæåñòâà òîïîëîãè-

åé. Ñåé÷àñ ìû ðàññìîòðèì (íåñêîëüêî ¾óñå÷åííûé¿) âàðèàíò ïîäîáíîãî ïðåäñòàâëåíèÿ äëÿ

ñëó÷àÿ, êîãäà íà óïîìÿíóòîì ìíîæåñòâå çàäàíà ïðîèçâîëüíàÿ ðåøåòêà åãî ï/ì ñ ¾íóëåì¿

è ¾åäèíèöåé¿; ïðåäïîëàãàåì, êðîìå òîãî, âûïîëíåííûì ñâîéñòâî îòäåëèìîñòè äàííîé ðåøåòêè.

Èòàê, âñþäó â íàñòîÿùåì ïàðàãðà�å �èêñèðóåòñÿ ðåøåòêà

L ∈ (LAT)0[E] ∩ π̃0[E], (9.1)

ãäå E � íåïóñòîå ìíîæåñòâî. Êàê óæå îòìå÷àëîñü â � 2, ó íàñ îïðåäåëåíî áèòîïîëîãè÷åñêîå

ïðîñòðàíñòâî

(F∗
0(L),T

0
L[E],T∗

L[E]), (9.2)

F
∗
0(L) 6= ∅. Íàïîìíèì ñëåäóþùåå ñâîéñòâî ïëîòíîñòè ï/ì ìíîæåñòâà E ïðè ïîãðóæåíèè â F

∗
0(L)

(ñì. [15, (1.20)℄):

ΦL(L) = cl((L − triv)[·]1(L),T∗
L[E]) ∀L ∈ L. (9.3)

Íà ñàìîì æå äåëå ïîäîáíûå ñâîéñòâà ïëîòíîñòè ðåàëèçóþòñÿ â áèòîïîëîãè÷åñêîì ïðîñòðàí-

ñòâå (9.2) (ñì. [8, (4.10)℄). Íàïîìíèì çäåñü ñîîòâåòñòâóþùåå ðàññóæäåíèå íà ýòîò ñ÷åò.

Èòàê, â ñèëó ñðàâíèìîñòè òîïîëîãèé T
0
L[E] è T

∗
L[E] ïîëó÷àåì, ÷òî

cl((L − triv)[·]1(A),T∗
L[E]) ⊂ cl((L − triv)[·]1(A),T0

L[E]) ∀A ∈ P(E).

Â ÷àñòíîñòè, ïîëó÷àåì ñëåäóþùóþ ñèñòåìó âëîæåíèé:

ΦL(L) ⊂ cl((L − triv)[·]1(L),T0
L[E]) ∀L ∈ L; (9.4)

ñì. [15, (1.20)℄. Íàïîìíèì, ÷òî (â ðàññìàòðèâàåìîì ñëó÷àå îòäåëèìîé ðåøåòêè L ñ ¾íóëåì¿

è ¾åäèíèöåé¿) ñåìåéñòâî (UF)[E;L] åñòü çàìêíóòàÿ áàçà. Ïðè ýòîì (ñì. � 2)

CF∗

0
(L)[T

0
L[E]] = {∩}((UF)[E;L]). (9.5)
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Èç (9.5), â ÷àñòíîñòè, ñëåäóåò ñâîéñòâî

ΦL(L) ∈ CF∗

0
(L)[T

0
L[E]] ∀L ∈ L (9.6)

(â ñàìîì äåëå, (UF)[E;L] ⊂ {∩}((UF)[E;L]); îñòàëîñü ó÷åñòü (9.5)). Êðîìå òîãî,

(L − triv)[·]1(L) ⊂ ΦL(L) ∀L ∈ L. (9.7)

Èç (9.6) è (9.7) ïîëó÷àåì ñëåäóþùóþ î÷åâèäíóþ ñèñòåìó îöåíîê:

cl((L − triv)[·]1(L),T0
L[E]) ⊂ ΦL(L) ∀L ∈ L. (9.8)

Èç (9.4) è (9.8) âûòåêàåò ñâîéñòâî ïëîòíîñòè

ΦL(L) = cl((L − triv)[·]1(L),T0
L[E]) ∀L ∈ L. (9.9)

Ñ ó÷åòîì (9.3) è (9.9) ïîëó÷àåì ñëåäóþùåå ïîëîæåíèå î ïëîòíîñòè â ñìûñëå áèòîïîëîãè÷åñêîãî

ïðîñòðàíñòâà (9.2).

Ï ð å ä ë î æ å í è å 9.1. Åñëè L ∈ L, òî ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

ΦL(L) = cl((L − triv)[·]1(L),T0
L[E]) = cl((L − triv)[·]1(L),T∗

L[E]).

Äàííîå ïîëîæåíèå àíàëîãè÷íî [8, (4.10)℄, ãäå, îäíàêî, îòíîñèòåëüíî L ïðåäïîëàãàëîñü äî-

ïîëíèòåëüíî ñâîéñòâî

{x} ∈ L ∀x ∈ E;

ïðåäëîæåíèå æå 9.1 óñòàíîâëåíî ïðè áîëåå îáùåì óñëîâèè (9.1). Â ýòîé ñâÿçè ðàññìîòðèì

ñëåäóþùèé

Ï ð è ì å ð 9.1. Ïóñòü E = [0, 1[ (ïîëóèíòåðâàë, îòêðûòûé ñïðàâà) è ðàññìàòðèâàåòñÿ

¾ñòðåëêà¿

L
△
= {[pr1(z),pr2(z)[: z ∈ [0, 1] × [0, 1]}

(ëåãêî âèäåòü, ÷òî â âèäå L ðåàëèçóåòñÿ ñåìåéñòâî âñåõ ïîëóèíòåðâàëîâ [a, b[, 0 6 a 6 b 6 1,
âêëþ÷àÿ ïóñòîé, ïîëó÷àåìûé, íàïðèìåð, â âèäå [0, 0[); òîãäà L � ïîëóàëãåáðà ï/ì E, E ⊂ R,

ãäå R � âåùåñòâåííàÿ ïðÿìàÿ. Ïîëàãàåì òåïåðü, ÷òî L åñòü àëãåáðà ï/ì E, ïîðîæäåííàÿ
ïîëóàëãåáðîé L: L ∈ (alg)[E], è ïðè ýòîì L åñòü ñåìåéñòâî âñåõ ìíîæåñòâ L ∈ P(E), äëÿ
êàæäîãî èç êîòîðûõ ïðè íåêîòîðîì âûáîðå n ∈ N è (Li)i∈1,n ∈ Ln

èìåþò ìåñòî ñâîéñòâà

(L =
n⋃

i=1

Li)&(Lp ∩ Lq = ∅ ∀ p ∈ 1, n ∀ q ∈ 1, n \ {p}). (9.10)

Òîãäà, â ÷àñòíîñòè, L ∈ (LAT)0[E]. Ïðè ýòîì {x} /∈ L ∀x ∈ E. Â ñèëó ïðåäñòàâëåíèÿ (9.10)

èìååì

{x} /∈ L ∀x ∈ E. (9.11)

Èòàê, ñåìåéñòâî L íå ñîäåðæèò ñèíãëåòîíîâ. Âìåñòå ñ òåì ïî îïðåäåëåíèþ L èìååì, ÷òî

∀L ∈ L ∀x ∈ E \ L ∃ε ∈]0,∞[: [x, x+ ε[∩L = ∅. (9.12)

Èç (9.10), (9.12) âûòåêàåò, êàê ñëåäñòâèå, ÷òî

∀L ∈ L ∀x ∈ E \ L ∃ε ∈]0,∞[: [x, x+ ε[∩L = ∅.

Â ñâîþ î÷åðåäü, ïîñëåäíåå ñâîéñòâî îçíà÷àåò (ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé), ÷òî L ∈ π̃0[E]
(ñì. � 1). Ïîëó÷èëè ñâîéñòâî

L ∈ (LAT)0[E] ∩ π̃0[E],

ïðè÷åì ñïðàâåäëèâî (9.11). Èòàê, L åñòü îòäåëèìàÿ ðåøåòêà ñ ¾íóëåì¿ è ¾åäèíèöåé¿, íå ñî-

äåðæàùàÿ ñèíãëåòîíîâ. �
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Îòìåòèì, ÷òî íà îñíîâå ïðåäëîæåíèÿ 9.1 ëåãêî ïîëó÷àåòñÿ ïðåäñòàâëåíèå äëÿ (âñïîìîãà-

òåëüíîãî ïî ñìûñëó çàäà÷è î äîñòèæèìîñòè ñ ÎÀÕ) ÌÏ, ñîîòâåòñòâóþùåå [8, (4.11)℄.

Â òîëüêî ÷òî ðàññìîòðåííîì ïðèìåðå â êà÷åñòâå ðåøåòêè èñïîëüçîâàëàñü íà ñàìîì äåëå

àëãåáðà ìíîæåñòâ, íå ñîäåðæàùàÿ ñèíãëåòîíîâ. Çàìåòèì â ýòîé ñâÿçè, ÷òî (ñì. [7, ïðåäëîæå-

íèå 9.2℄)

T
0
A[E] = T

∗
A[E] ∀A ∈ (alg)[E].

Çäåñü æå îòìåòèì è àíàëîãè÷íîå ñâîéñòâî, êàñàþùååñÿ îòêðûòûõ ó/� (òî åñòü ó/�, ñîñòàâëåí-

íûõ èç îòêðûòûõ ìíîæåñòâ) è óïîìÿíóòîå â [8, (8.12)℄:

T
0
τ [E] = T

∗
τ [E].

Â ñâÿçè ñ îáùèìè âîïðîñàìè ñòðóêòóðû ïðîñòðàíñòâ, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ ó/�,

îòìåòèì èññëåäîâàíèÿ À.À. �ðûçëîâà è åãî ó÷åíèêîâ (ñì. [18, 19℄).
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Superompat spae of maximal linked systems of topologial spae (superextension) and its subspae onsisting of

ultra�lters of the family of losed sets are onsidered. Some relations onneting above-mentioned spaes and some

orollaries relating to Wallman extension in the ase of T1-spae are obtained. For this ase, some representations of

sets in the spae of generalized elements (de�ned as losed ultra�lters) for an abstrat attainability problem under

onstraints of asymptoti harater are onsidered. A more general variant of the above-mentioned relations for

arbitrary initial topologial spae is also investigated (onstrution that uses losed ultra�lters of initial topologial

spae is onsidered). Along with equipment with topology of Wallman type, topology similar to one applied for Stone

ompatum is used. As a result, bitopologial spae of maximal linked systems and orresponding bitopologial spae

of losed ultra�lters as its subspae are realized.

REFERENCES

1. de Groot J. Superextensions and superompatness, Pro. I. Intern. Symp. on extension theory of

topologial strutures and its appliations, Berlin: VEB Deutsher Verlag Wis., 1969, pp. 89�90.

2. van Mill J. Superompatness and Wallman spaes, Amsterdam: Mathematish Centrum, 1977, 238 p.

3. Fedorhuk V.V., Filippov V.V. Obshhaya topologiya. Osnovnye konstruktsii (General topology. Base

onstrutions), Mosow: Fizmatlit, 2006, 336 p.

4. Chentsov A.G. Certain onstrutions of asymptoti analysis related to the Stone�

�

Ceh ompati�ation,

Journal of Mathematial Sienes, 2007, vol. 140, issue 6, pp. 873�904. DOI: 10.1007/s10958-007-0022-8

5. Chentsov A.G. Tier mappings and ultra�lter-based transformations, Trudy Inst. Mat. Mekh. Ural. Otd.

Ross. Akad. Nauk, 2012, vol. 18, no. 4, pp. 298�314 (in Russian).

6. Chentsov A.G. On one example of representing the ultra�lter spae for an algebra of sets, Trudy Inst.

Mat. Mekh. Ural. Otd. Ross. Akad. Nauk, 2011, vol. 17, no. 4, pp. 293�311 (in Russian).

7. Chentsov A.G. Filters and ultra�lters in the onstrutions of attration sets, Vestn. Udmurt. Univ. Mat.

Mekh. Komp'yut. Nauki, 2011, issue 1, pp. 113�142. DOI: 10.20537/vm110112

8. Chentsov A.G., Pytkeev E.G. Some topologial strutures of extensions of abstrat reahability problems,

Proeedings of the Steklov Institute of Mathematis, 2016, vol. 292, suppl. 1, pp. 36�54.

DOI: 10.1134/S0081543816020048

9. Kuratovskii K., Mostovskii A. Teoriya mnozhestv (Set theory), Mosow: Mir, 1970, 416 p.

10. Aleksandrov P.S. Vvedenie v teoriyu mnozhestv i obshhuyu topologiyu (Introdution to set theory and

general topology), Mosow: Editorial URSS, 2004, 368 p.

11. Bourbaki N. Topologie g�en�erale, Paris: Hermann, 1961, 263 p.

12. Chentsov A.G. Attration sets in abstrat attainability problems: equivalent representations and basi

properties, Russian Mathematis, 2013, vol. 57, issue 11, pp. 28�44. DOI: 10.3103/S1066369X13110030

13. Dvalishvili B.P. Bitopologial spaes: theory, relations with generalized algebrai strutures, and applia-

tions, Amsterdam: Elsevier Siene, 2005, 422 p.

14. Engelking R. General topology, Warszawa: PWN, 1985, 752 p.

15. Chentsov A.G. To question about realization of attration elements in abstrat attainability problems,

Vestn. Udmurt. Univ. Mat. Mekh. Komp'yut. Nauki, 2015, vol. 25, issue 2, pp. 212�229 (in Russian).

DOI: 10.20537/vm150206

78



16. Chentsov A.G. To the validity of onstraints in the lass of generalized elements, Vestn. Udmurt. Univ.

Mat. Mekh. Komp'yut. Nauki, 2014, issue 3, pp. 90�109 (in Russian). DOI: 10.20537/vm140309

17. Chentsov A.G. Compati�ers in extension onstrutions for reahability problems with onstraints of

asymptoti nature, Trudy Inst. Mat. Mekh. Ural. Otd. Ross. Akad. Nauk, 2016, vol. 22, no. 1, pp. 294�

309 (in Russian).

18. Gryzlov A.A., Bastrykov E.S. Some entered systems of sets and points de�ned by them, Trudy Inst.

Mat. Mekh. Ural. Otd. Ross. Akad. Nauk, 2011, vol. 17, no. 4, pp. 76�82 (in Russian).

19. Gryzlov A.A., Golovastov R.A. On the density and Suslin number of subsets of one Stone spae, Vestn.

Udmurt. Univ. Mat. Mekh. Komp'yut. Nauki, 2014, issue 4, pp. 18�24 (in Russian).

DOI: 10.20537/vm140402

Reeived 30.10.2016

Chentsov Aleksandr Georgievih, Dotor of Physis and Mathematis, Professor, Corresponding Member,

Russian Aademy of Sienes, Chief Researher, N.N. Krasovskii Institute of Mathematis and Mehanis,

Ural Branh of the Russian Aademy of Sienes, ul. S. Kovalevskoi, 16, Yekaterinburg, 620990, Russia;

Professor, Institute of Radioeletronis and Information Tehnologies, Ural Federal University, ul. Mira, 32,

Yekaterinburg, 620002, Russia.

E-mail: hentsov�imm.uran.ru

79


