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We present a literature review of Berge equilibrium (BE) in normal form stati
 games. The review shows that resear
h

on BE has gained momentum in the last few years as this equilibrium is now grounded in game theory, philosophy

and so
ial intera
tion. It 
aptures mutual support, 
ooperation and 
oordination, and models altruism and the moral

Golden Rule in normal form games. Mathemati
al investigation of Berge equilibrium is advan
ed but not 
omplete;

more resear
h is needed in the areas related to its existen
e and 
omputation. Appli
ation of BE in real-world

so
io-e
onomi
 intera
tions where players are mutually supportive is an almost unexplored area of resear
h.
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Dedi
ated to the memory of Konstantin Semenovi
h Vaisman

1

Introdu
tion

C. Berge [7℄

2

published a short book on game theory that 
ontained a wealth of 
on
epts that

did not re
eive enough attention from game theory s
holars for de
ades. M. Shubik's [43℄ negative

review of Berge's book (�. . . no attention is paid to the appli
ation to the e
onomy . . . the book is

of little interest for e
onomists�) �dis
ouraged� e
onomists from exploring its 
on
epts for a long

time. Berge's book was translated into Russian in 1961. In the 1980s V. I. Zhukovskiy broke away

from this state of a�airs; he started to investigate one of the 
on
epts of equilibrium in normal form

games introdu
ed by Berge in his book: the 
on
ept of equilibrium of a 
oalition P with respe
t

to another 
oalition K, or P/K-equilibrium. Su
h an equilibrium is rea
hed when the 
oalition K
does its best to maximize the payo�s of players in 
oalition P. Using this 
on
ept, Zhukovskiy [52℄

introdu
ed the Berge equilibrium (BE) that is a {i}/I − {i}-equilibrium for all players i ∈ I, where
I = {1, 2, . . . , n} is the set of players, in stati
 normal form games. That is, a Berge equilibrium

is rea
hed when for ea
h player i ∈ I, all the other players in the 
oalition I − {i} do their best

to maximize his/her payo�. For a de
ade BE did not re
eive attention in the West as most of

related publi
ations appeared in the Russian language and within Russia and were mainly authored

by Zhukovskiy, his students and 
olleagues only. Here it is important to pay tribute to Konstantin

Semenovi
h Vaisman, a student of V. I. Zhukovskiy, who 
ondu
ted a pioneering �rst in-depth study

of BE and its properties and improved its de�nition, in his PhD thesis [45℄. Unfortunately, he died

at the early age of 36 after a struggle with 
an
er. The main 
ontributions of Vaisman are as follows.

He (i) 
onstru
ted a 
ounterexample showing that BE may not satisfy the well-known individual

rationality 
ondition, thereby, improving it, (ii) pointed out that BE is immune against deviation of


oalitions of the form, (iii) initiated the investigation of BE in games involving un
ertainty in the

payo� fun
tions, (iv) was the �rst to investigate the Nash bargaining solution involving un
ertainty in

payo� fun
tions in 
ooperative games [46℄, and (v) introdu
ed in non-
ooperative games the 
on
ept

1

Konstantin Semenovi
h Vaisman was a young Russian mathemati
ian who died on Mar
h 10, 1998, after a struggle

with 
an
er. He was born on August 29, 1962 in Mos
ow Region; his father was an ele
tri
al engineer graduating

from the famous Mos
ow Energy Institute; his mother dedi
ated her life to raising her two 
hildren. He went through

Orekhovo-Zuevo Pedagogi
al Institute (1984) and Mos
ow State University (1993). In 1995, he re
eived his Ph.D.

from Saint-Petersburg State University. The theme of his thesis was Berge Equilibrium. In the last years of his short

life he worked as an Asso
iate Professor at Orekhovo-Zuevo Pedagogi
al Institute. He has published 26 works in the

�eld of game theory. Most of them are related to Berge Equilibrium.

2

The book was published in 1957 when Claude Berge, a Fren
h mathemati
ian, was visiting professor at the

Institute of Advan
ed Study at Prin
eton (Courtois et al. [2015℄). Berge is an outstanding mathemati
ian; his resear
h

and highly signi�
ant 
ontributions 
over a large spe
trum of areas in
luding operations resear
h, optimization, graph

theory and game theory.
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of hybrid equilibrium where some players sele
t their strategies from Nash equilibrium, while others

sele
t their strategies based on the 
on
ept of threats and 
ounter-threats equilibrium [54℄. Later

this 
on
ept was developed in [74℄. We will 
ome ba
k BE-related Vaisman's 
ontributions (i)�(iv)

mentioned above.

In the last de
ade, BE re
eived a great deal of attention as this equilibrium presents a possi-

ble alternative besides Nash equilibrium in the new 
hallenging and interdependent world that is

the result of globalization and the information and 
ommuni
ation te
hnology revolution. Indeed,

initially, Zhukovskiy introdu
ed this equilibrium as an alternative to Nash equilibrium when Nash

equilibrium does not exist in a game. Further investigations have revealed that BE is a ri
h 
on
ept

as it has many interpretations and re�e
ts many so
io-e
onomi
 behaviors in human intera
tion.

Indeed, it 
an express the moral Golden Rule, the prin
iple of mutual support or �positive� re
ipro-


ation, 
oordination, 
ooperation in non-
ooperative settings and altruism. Later, we will see these

interpretations in more detail.

All the above-mentioned so
io-e
onomi
 behaviors in human intera
tion are not 
aptured by the


on
ept of Nash equilibrium in normal form games. Numerous works have been published on these

behaviors in human intera
tion; however, no formal 
on
eptual framework has been put forward for

their formal analysis in normal form games. There is growing eviden
e that BE is an appropriate


on
ept to �ll this huge gap. Therefore, BE has a great appli
ation potential in so
io-e
onomi


intera
tions.

At this stage of evolution of resear
h on BE, it is time to make a small pause and analyze what

has been done and what needs to be done next regarding this equilibrium. The obje
tive of this work

is to 
ondu
t a literature review of the published works on BE to evaluate the theoreti
al and applied

a
hievements made so far and to show some dire
tions of further resear
h. We do not pretend that

the review is exhaustive as many publi
ations appear in Russia (lo
al journals, 
onferen
es, et
.)

but not at an international level. However, the main results of Russian 
olleagues are reviewed here

as most of them are published by Zhukovskiy's team or 
o-authored by him. Moreover, this review

fo
uses on stati
 normal form games, whereas the most important works on BE in di�erential games

are only mentioned with few 
omments.

The work is organized as follows. In Se
tion 1, to help the reader and make the work self-


ontained, we provide the de�nition of BE and dis
uss it. Se
tion 2 is devoted to the explanation

of di�erent interpretations of BE. Se
tion 3 reviews publi
ations on the 
hallenging problems of

existen
e, determination and 
omputation of this equilibrium. Se
tion 4 reviews publi
ations on

appli
ations of BE. Se
tion 5 
on
ludes and shows some resear
h dire
tions.

� 1. De�nition of Berge Equilibrium

Consider the following normal form game

G = 〈I, {Xi}i∈I , {fi(x)}i∈I〉,

where I = {1, . . . , n} is the set of players, Xi is the set of strategies of player i ∈ I, fi(·) : X → R

(R is the real line) is the payo� fun
tion of player i ∈ I; X =
∏

i∈I Xi is the set of strategy pro�les,

x = (x1, . . . , xn) ∈ X is a strategy pro�le and xi ∈ Xi ⊂ R
pi

is the strategy sele
ted by player

i ∈ I; for any non-empty subset K of I and strategy pro�le x = (x1, . . . , xn), we use the notation

x = (xK , xI\K), where xK ∈ XK =
∏

i∈K Xi and xI\K =
∏

i∈I\K Xi. Parti
ularly, when K = {i},
that is, a singleton, the 
ounter 
oalition I \K = I \ i is denoted by I \ i; the strategy pro�le x is

denoted by (xi, xI\i). The payo� fun
tions fi(·), i ∈ I, are su
h that the more the better.

D e f i n i t i o n 1.1. A strategy pro�le x̃ = (x̃1, . . . , x̃n) ∈ X is said to be a Berge Equilibrium

(BE) of the game G if for all i ∈ I, yI\i ∈ XI\i

fi(x̃i, yI\i) 6 fi(x̃). (1.1)

Condition (1.1) means that in BE ea
h player's payo� fun
tion is maximized by the 
oalition

of all the other players I \ i (in some publi
ations BE is referred to as simple Berge equilibrium or

Berge�Zhukovskiy equilibrium).
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Condition (1.1) 
an be equivalently formulated as follows:

max
yI\i∈XI\i

fi(x̃i, yI\i) = fi(x̃), i ∈ I.

To help the reader understand BE, let us 
ompare it to the well-known 
on
ept of Nash equilibrium

that is the most used equilibrium in normal form games [33, 34℄.

D e f i n i t i o n 1.2. A strategy pro�le x̃ = (x̃1, . . . , x̃n) ∈ X is said to be a Nash Equilibrium

(NE) of the game G if for all i ∈ I, yi ∈ Xi

fi(yi, x̃I\i) 6 fi(x̃). (1.2)

Condition (1.2) means that in NE it is not bene�
ial to any player to unilaterally deviate from

NE. Indeed, if player i deviates from x̃i to another strategy yi ∈ Xi, while the other players remain

in their equilibrium strategy, his payo� will remain the same or de
rease. That is why NE is said to

be a self-enfor
ing equilibrium. On
e the players are in NE, no player has an in
entive to unilaterally

deviate from it. Let us give two examples for illustration.

E x a m p l e 1.1. Consider the following Prisoner's Dilemma game:

RP CP

A =
RP
CP

(
(20, 20) (5, 25)
(25, 5) (10, 10)

)
. (1.3)

This is a Prisoner's Dilemma game where two �rms selling the same produ
t are 
ompeting for

market share, they 
an sti
k to a regular pri
e or 
ut the pri
e. The two players are the row player

and the 
olumn player, ea
h of them has two strategies, regular pri
e (RP ) and 
ut down pri
e

(CP ). The strategies of the row player are displayed on the left side of the payo� matrix A, while
the strategies of the 
olumn player are displayed at the top of the matrix A. The �rst number in ea
h
entry of the matrix A represents the payo� of the row player, while the se
ond number represents

the payo� of the 
olumn player. For instan
e, if the players sele
t the strategy pro�le (RP,CP ),
i.e. the 
orresponding entry in the matrix A is (5, 25), then the row player re
eives 5 units and the


olumn player re
eives 25 units.

It is easy to see that the strategy pro�le (RP,RP ) is a BE with the payo�s (20, 20). Indeed, if
the row player unilaterally deviates from RP to CP , the 
olumn player's payo� drops from 20 to 5,

while if the 
olumn player unilaterally deviates from RP to CP , the row player's payo� drops from

20 to 5. Thus, at (RP,RP ) both players maximize ea
h other's payo�. The situation (CP,CP ) is
an NE of the game (1.3). Indeed, if either of the players unilaterally deviates from CP , his own
payo� drops from 10 to 5. Thus, on
e the two players are in (CP,CP ), none of them will have an

in
entive to unilaterally deviate from CP . Finally, note that if the players (the two �rms) stay in

the pri
e 
utting strategy pro�le NE (CP,CP ), one of the players will have to leave the market: the

one whose unit 
ost equals the 
urrent pri
e �rst. Therefore, BE seems more suitable for both �rms

if they want to survive.

E x a m p l e 1.2. Imagine that in a market there are three sellers: a man (husband), his wife and

their son. At their disposal they have resour
es Xh,Xw and Xs, respe
tively, and for gaining some

pro�t they allo
ate part of their resour
es xi ∈ Xi (i = h,w, s) to ea
h family member. Whi
h of

these values will ensure that every one of them gets the greatest (possible) pro�t (revenues�
ost)

Pi(x
e
h, x

e
w, x

e
s) (i = h,w, s)? To date, the NE 
on
ept �reigns� in su
h de
ision problems or game

situations. A

ording to De�nition 1.2, a strategy pro�le xe = (xeh, x
e
w, x

e
s) is a Nash equilibrium if

the following three equalities are satis�ed:

max
xh

Ph(xh, x
e
w, x

e
s) = Ph(x

e
h, x

e
w, x

e
s),

max
xw

Pw(x
e
h, xw, x

e
s) = Pw(x

e
h, x

e
w, x

e
s),

max
xs

Ps(x
e
h, x

e
w, xs) = Ps(x

e
h, x

e
w, x

e
s).
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Here, 
learly �sel�sh nature� appears be
ause everyone tends to in
rease (maximize) his/her pro�t

only, ignoring the interests of other family members. The 
on
ept of BE put forward in Berge's

book is the opposite of Nash equilibrium. A

ording to De�nition 1.1, BE at xB = (xBh , x
B
w , x

B
s ) is


hara
terized by the following three equalities:

max
xw,xs

Ph(x
B
h , xw, xs) = Ph(x

B
h , x

B
w , x

B
s ),

max
xh,xs

Pw(xh, x
B
w , xs) = Pw(x

B
h , x

B
w , x

B
s ),

max
xh,xw

Ph(xh, xw, x
B
s ) = Ps(x

B
h , x

B
w , x

B
s ).

These very equalities realize the Golden Rule that states �do to others as you would like them to do

to you�. Here, ea
h family member wants more pro�t, therefore, he/she has to a
t in su
h a way as

to maximize the pro�t of the other members so that the other members a
t in the same way and

maximize his pro�t. Thus, the husband, by sele
ting xh = xBh , does his best to maximize the pro�t

of the wife and son, Pw and Ps, respe
tively, as it appears in the last two equalities

max
xh,xs

Pw(xh, x
B
w , xs) = Pw(x

B
h , x

B
w , x

B
s ) and max

xh,xw

Ps(xh, xw, x
B
s ) = Ps(x

B
h , x

B
w , x

B
s ).

The wife and the son, by sele
ting xw = xBw and xs = xBs , respe
tively, re
ipro
ate by maximizing

the husband's pro�t, Ph, as it appears in the �rst equality

max
xw,xs

Ph(x
B
h , xw, xs) = Ph(x

B
h , x

B
w , x

B
s ).

The wife a
ts in exa
tly the same way. By sele
ting xw = xBw , she maximizes the pro�t of the

husband and the son, Ph and Ps, respe
tively, as eviden
ed by the �rst and last equalities

max
xw,xs

Ph(x
B
h , xw, xs) = Ph(x

B
h , x

B
w , x

B
s ) and max

xh,xw

Ps(xh, xw, x
B
s ) = Ps(x

B
h , x

B
w , x

B
s ).

Re
ipro
ating, both the husband and the son maximize the wife's pro�t by sele
ting xh = xBh and

xs = xBs , respe
tively, as it 
learly appears in the se
ond equality

max
xh,xs

Pw(xh, x
B
w , xs) = Pw(x

B
h , x

B
w , x

B
s ).

A similar reasoning shows that the son maximizes the pro�t of both the husband and the wife, while

the husband and the wife maximize the son's pro�t when all of them sele
t as their strategy BE

xB = (xBh , x
B
w , x

B
s ). Thus, in BE ea
h of the members maximizes the pro�t of the other two members

and enjoys the same behavior from the other two members, whi
h means that BE fully realizes or


hara
terizes the Golden Rule. We later 
ome ba
k to the Golden Rule.

Comparisons between BE and NE appear in almost all publi
ations related to BE (see, for

example, [10, 12, 22, 54℄).

Later, K. S. Vaisman [44℄ dis
overed that BE may not satisfy the individual rationality 
ondition,

that is, in BE some players may get a payo� that is less than what they 
an guarantee (maximin

value or se
urity level) for themselves, whatever the other players in I \ i do. The se
urity level for

a player i in I is de�ned as follows:

αi = max
xi∈Xi

min
xI\i∈XI\i

fi(xi, xI\i).

The following example by K. S. Vaisman's [45℄ illustrates the individual rationality problem in BE.

E x a m p l e 1.3. Assume that in the game G there are two players, I = {1, 2}, the strategy sets

are X1 = (−∞,+∞) and X2 = [−1, 1], and the payo� fun
tions are

f1(x1, x2) = −2x21 + 2x1x2 + x22, f2(x1, x2) = −(x1 − 1)2 + 5.
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Let us verify that xb = (1, 1) is a BE of this game. We have

f1(x
B
1 , x2) = f1(1, x2) = −4 + 2x2 + x22, x2 ∈ X2 = [−1, 1].

As

∂2f1(x
B
1 , x2)

∂x22
= 2 > 0, this fun
tion is stri
tly 
onvex, therefore, it rea
hes its maximum at the

boundary point x2 = xB2 = 1. We also have

f2(x1, x
B
2 ) = f2(x1, 1) = −(x1 − 1)2 + 5, x1 ∈ X1 = (−∞,+∞).

As −(x1 − 1)2 6 0, this fun
tion rea
hes its maximum at x1 = xB1 = 1. Consequently, f1(x1, x
B
2 )

rea
hes its maximum at x1 = xB1 = 1. Thus, we have the relations

max
x2

f1(x
B
1 , x2) = f1(x

B
1 , x

B
2 ), max

x1

f2(x1, x
B
2 ) = f2(x

B
1 , x

B
2 ),

whi
h means xB = (1, 1) is a BE. Let us now 
he
k whether xB = (1, 1) satis�es the individual

rationality 
ondition. We have

f1(x
B
1 , x

B
2 ) = −1, α1 = max

x1∈X1

min
x2∈X2

f1(x1, x2) = 0.

This implies that f1(x
B
1 , x

B
2 ) < α1. Therefore, the individual rationality 
ondition is not satis�ed for

the BE xB = (1, 1).

Consequently, K. S. Vaisman [44℄ proposed the following new de�nition of BE to eliminate this

drawba
k.

D e f i n i t i o n 1.3. A strategy pro�le x̃ = (x̃1, . . . , x̃n) ∈ X is said to be a Berge�Vaisman

Equilibrium (BVE) of the game G if for all i ∈ I

fi(x̃i, yI\i) 6 fi(x̃), yI\i ∈ XI\i, αi 6 fi(x̃).

It is important to note that in some games all or some of the maximin values αi, i ∈ I, may not

exist (espe
ially in linear-quadrati
 games). In this 
ase, the 
orresponding individual rationality


onditions in BVE 
an be dropped. Moreover, let

βi = max
xI\i∈XI\i

min
xi∈Xi

fi(xi, xI\i), i ∈ I.

The following result is a su�
ient pra
ti
al 
ondition for the individual rationality of BVE.

P r o p o s i t i o n 1.1 (see [27℄). Suppose the following inequalities are satis�ed

αi 6 βi, i ∈ I.

Then the individual rationality 
ondition of BVE is satis�ed.

Note that this result appeared later in [10℄.

� 2. Di�erent Interpretations of BE

BE is a ri
h 
on
ept of solution for normal form games. It 
an be interpreted in many ways.

From the published literature, at least three interpretations have been put forward: the moral Golden

Rule, 
apturing 
ooperation and mutual support in non-
ooperative settings and altruism. Ea
h of

them 
an be used to handle games related to di�erent 
ontexts of so
io-e
onomi
 intera
tion. These

interpretations show also that the s
ope of appli
ation of BE 
ould be large and 
over so
io-e
onomi


intera
tions where NE may not be appropriate. In the following three se
tions we explain the three

interpretations.
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� 2.1. The Moral Golden Rule Interpretation

Guseinov et al. [22℄ provide a philosophi
al and moral basis and justi�
ation of BE. In fa
t, BE


an be seen as a straightforward expression of one of the most an
ient rules of so
ial intera
tion, the

moral Golden Rule. This rule states that �do unto others as you would have them do unto you� or

�you should treat people the way you would like other people to treat you� or �and just as you want

men to do to you, you also do to them likewise� (Gospel of Luke 6:31). Written eviden
e of the

existen
e of this rule 
ould be tra
ed ba
k to the period 705�681 B.C.; it is also mentioned and given

as a guidan
e for 
ondu
t and intera
tion in all major religions su
h as Christianity, Islam, Judaism,

Buddhism and Confu
ianism (see [22℄). In 
ontemporary language, this rule 
an be said to express

the prin
iple of Positive Re
ipro
ation in human behavior. The moral Golden Rule interpretation

of BE was introdu
ed re
ently in [62℄ and developed extensively by Zhukovskiy and his 
olleagues

and students. Its mathemati
al foundations 
an be found in [57℄ and [62, 68℄.

Let us explain how BE is a mathemati
al expression of the moral Golden Rule through De�ni-

tion 1.1. We start by illustrating the rule through Example 1.1. As mentioned above, the strategy

pro�le (RP,RP ) is a BE. It is easy to see that in this strategy pro�le both players follow the moral

Golden Rule. Indeed, the row player does what he would like the 
olumn player to do to him,

maximize his payo�. Indeed, by playing RP , the row player allows the 
olumn player to get the

maximum payo� of 20 units. Similarly, by playing RP , the 
olumn player does what he would like

the row player to do to him, maximize his payo�. Indeed, by sele
ting the strategy RP , the 
olumn

player allows the row player to get the maximum payo� of 20 units. Clearly, if one of the players

does not follow the moral Golden Rule, by deviating to the strategy CP , the other player gets the
worst payo� of the game, 5 units.

Now we turn to the general 
ase. Consider BE in De�nition 1.1. Without loss of generality,

sele
t any two players i, j ∈ I. We show that in BE both i and j follow the moral Golden Rule with

respe
t to ea
h other, and thereafter all players follow the moral Golden Rule with respe
t to ea
h

other. Consider player i. From (1.1), it is 
lear that all the other players in I \ i do their best to

player i by sele
ting the bundle of strategies x̃I\i, as in BE x̃, he/she gets the maximum payo� fi(x̃).
Any deviation of the players in I \ i from their BE bundle of strategies x̃I\i would make player i's
payo� worse or at most stay at the same level as fi(x̃). In other words, the remaining players in

I \ i behave as player i would like them to behave towards him. This means that 50% of the moral

Golden Rule is satis�ed in the game G. For the rule to be 
ompletely satis�ed, the player i should
also behave a

ording to the moral Golden Rule towards all the other remaining players in I \ i, i.e.
do to them what they would like him to do to them (maximize their payo�s). Take player j, who is

also in the set of the remaining players I \ i. Now, 
onsidering (1.1) with respe
t to player j, we get

fj(x̃j , yI\j) 6 fj(x̃) for all yI\j ∈ XI\j .

Here also it is 
lear that the remaining players in I \j are doing what the player j would like them to

do for him, i.e. maximizing his payo� by adopting their BE bundle of strategies x̃I\j . Any deviation

of players in I \ j from x̃I\j would worsen player j's payo� or at best keep it at the same level

as fj(x̃). Therefore, all the players in I \ j are following the moral Golden Rule in their behavior

towards player j. As player i is also in the set I \ j, he is also following the moral Golden Rule

towards player j. Therefore, player i is implementing the moral Golden rule towards all the other

players in I \ i. Thus, all players observe the moral Golden Rule with respe
t to ea
h other.

From e
onomi
, so
ial and global points of view, adopting the moral Golden Rule behavior

would solve many long-lasting 
on�i
ts and problems at lo
al and global levels. And solutions

rea
hed through the moral Golden Rule would be more stable than those rea
hed through NE, as

in BE all parties a
t in su
h a way as to maximize the satisfa
tion of the other parties. The moral

Golden Rule in
ludes the well-known win-win situation.

Van Dam [49℄ has dis
ussed the 
ompatibility of the Golden Rule and rationality. He 
on
luded

that the former and the latter are 
onsistent in two player games, while this may not o

ur in games

with more than two players. He formalized the Golden Rule in a symmetri
 normal form game,

whi
h is a spe
ial 
ase of De�nition 1.1. The drawba
ks of the Golden Rule pointed out by Van
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Dam are expressed in terms of BE in Example 1.3 (in
onsisten
y with rationality) and Se
tion 3

(existen
e).

� 2.2. Capturing Cooperation and Mutual Support in Non-Cooperation Setting

E�orts to provide a rational justi�
ation for BE in game theory are made in [10, 12, 32, 38℄. BE

provides a 
ompelling model of 
ooperation in so
ial dilemmas, in
luding the Prisoner's Dilemma

and n-Player Prisoner's Dilemma games [10℄. Unlike zero-sum games, normal form games require


ooperation or 
oordination to rea
h a

eptable solutions. For instan
e, when a game has several

NEs, it is not always 
lear for all the players whi
h NE will be played; some pre-play 
onsultations

must be 
ondu
ted, otherwise, players may sele
t strategies from di�erent NEs or even from non-NE

strategy pro�les, and the game ends up in a strategy pro�le that is not an NE at all. Similarly, when

a game has no NE and it is a one-shot game, it is not 
lear whi
h strategy pro�le the players will

sele
t, and some form of 
ooperation must take pla
e to avoid worse s
enarios. Thus, normal form

games are generally not 100% non-
ooperative. In fa
t, when players see that it is in their interest to


ooperate, they do. This means that players may rationally resort to 
ooperation in non-
ooperative

settings. BE is an equilibrium 
on
ept that 
aptures a form of 
ooperation within the framework

of normal form games. The �rst hint at this fa
t appeared in [36℄. It was further investigated and

justi�ed in the above-mentioned series of works.

The main prin
iple put forward is mutual support among players. Courtois et al. [12℄ 
ontend

that in zero-sum games players play NE, that is, they do not 
ooperate; however, in non-zero-sum

games players do not always play Nash equilibrium, and 
ooperation may take pla
e depending on

the 
ontext they are in and the so
iety in whi
h they live. They also adopt di�erent behavior rules

depending on whi
h type of game they are playing. For instan
e, meta-analysis of experimental

results shows that on average, about 50% of subje
ts 
ooperate in the Prisoner's Dilemma game

[9, 29, 40℄. Similar anomalies related to Nash's predi
tions have been do
umented in studies of

the Chi
ken game. The behavioral hypothesis put forward is that the 
hoi
e in many intera
tive

situations requires that ea
h player make the welfare of the others a key feature of his or her

reasoning. The 
ooperation among players takes the form of re
ipro
ation or mutual support. The

above-mentioned hypothesis is also supported by the Nobel Prize winner Sen [42℄ as quoted by Musy

et al. [32℄: �individuals who maximize their personal interests may adopt a mutual support behavior

sin
e they 
onsider the goals of others in re
ognizing the nature of the mutual interdependen
e of the

results a
hieved by ea
h of them. Sen [41℄ adds that, by 
onsidering these intera
tions and adopting

a di�erent behavior, everyone eventually �nds themselves in a better situation regarding their own

obje
tive; this modi�
ation of the behavior 
an then be justi�ed.�

Let us illustrate the mutual support prin
iple using the Prisoner's Dilemma game of Example 1.1.

In this game, the strategy pro�le (RP,RP ) is a BE, while the strategy pro�le (CP,CP ) is an NE.

The out
ome of the game depends on what type of behavior the players adopt. If the players adopt

individualisti
 behavior, they end up in (CP,CP ), with payo�s (10, 10). However, if they adopt

mutual support behavior, they will end up in (RP,RP ), with payo�s (20, 20), whi
h are double of

the payo�s yielded by the strategy pro�le (CP,CP ). Thus, in (RP,RP ) the players support ea
h
other for a better reward. This behavior is in line with Sen's statement above. The players rea
h a


ooperative out
ome in no-
ooperative settings through mutual support.

� 2.3. Interpretation Based on Altruism

The interpretation of BE based on altruism appeared in [10℄. The authors state that players

are invariably motivated to maximize their expe
ted utilities in any situations in whi
h they �nd

themselves, but that these expe
ted utilities are not ne
essarily individualisti
 � they may be altru-

isti
, 
ooperative, 
ompetitive, or equality-seeking, depending on the psy
hologi
al 
hara
teristi
s

of the de
ision maker and the 
ir
umstan
es of the so
ial intera
tion. Then they show that Berge

equilibria arise in 
ir
umstan
es in whi
h utility maximizing players are motivated by the altruisti


so
ial value orientation. Indeed, in BE ea
h player sele
ts a strategy that is individually rational and

maximizes the payo� of the others, ignoring the maximization of his own payo�, whi
h is a form of

altruism. Thus, BE 
an be sele
ted by players in a game when all of them are motivated by altruism.

However, if only part of players is altruisti
 and the other part is individualisti
, altruisti
 players
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may lose. This is in line with the very nature of altruism as being altruisti
 is a

epting or being

ready to give without 
ompensation, espe
ially in the short term. Colman et al. [10℄ argued that

BE may also arise be
ause of 
oordination in situations of 
ommon interest games. The altruisti


interpretation of BE is also developed in the framework of Bertrand Duopoly model in [6℄.

Let us illustrate the altruisti
 interpretation of BE by the Prisoner's Dilemma game (1.3). If

both row and 
olumn players are motivated by altruism in their strategy sele
tion pro
esses, both

would sele
t the BE strategy RP . Indeed, if the row player sele
ts the non BE strategy CP , the
game would end up in one of the two out
omes: (CP,RP ) with payo�s (25, 5) if the 
olumn player

sele
ts the strategy RP or (CP,CP ) with payo�s (10, 10) if the 
olumn player sele
ts CP as well. In

the �rst out
ome, the 
olumn player gets 5 units, the worst out
ome in the game, and in the se
ond

out
ome he/she gets only 10 units. In both 
ases the 
olumn player does not get the maximum

payo� he 
an get in BE, 20 units. Consequently, being motivated by altruism, the row player must

play the BE strategy RP . A similar reasoning shows that being motivated by altruism, the 
olumn

player must play the BE strategy RP . Thus, when both players are motivated by altruism in the

strategy sele
tion pro
ess, they naturally and rationally 
onverge to BE.

As mentioned above, if part of the players is not motivated by altruism, BE may not be sele
ted.

For instan
e, in the Prisoner's Dilemma game (1.3), if the row player, by altruism, adopts the BE

strategy RP , while the other player, being individualisti
, adopts the strategy CP , the payo�s are
(5, 25), that is the row player (altruist) re
eives the worst payo� in the game, 5 units, while the


olumn player (the individualist) re
eives the highest payo� of the game, 25 units.

� 2.4. Properties of BE

Besides the previous three di�erent interpretations, BE has many properties that make it in-

teresting and suitable in appli
ations. The �rst is that it may exist in games where NE does not

exist, hen
e, players 
an use it as a solution in su
h games. The se
ond is that in many 
ases it

yields a payo� that is better than in NE for all players (see Se
tion 5 and the Prisoner's Dilemma

game (1.3)). The third is that under reasonable 
onditions, if the set of BEs is non-empty, there

exists a BE that is Pareto optimal. The properties of BEs are dis
ussed in [27, 44, 45, 48℄. However,

�nding and/or 
omputing BE is more di�
ult than �nding and/or 
omputing NE as we will see in

Se
tions 3 and 4.

� 3. Existen
e and Determination of BE

In this se
tion, we review some studies on the problem of existen
e and determination of BE.

Establishing su�
ient 
onditions for the existen
e of BE has re
eived a great deal of attention in

the literature, while works on 
onstru
ting and developing numeri
al methods and pro
edures for its

determination and 
omputation are s
ar
e. After the landmark thesis of Vaisman [45℄, Larbani and

his student Fariza Krim 
arried out another landmark study of BE in [26℄ and [25℄. They 
ondu
ted

an in-depth and 
omprehensive study of BE, in
luding its properties, existen
e results using �xed

point theorems, and methods of e�e
tive 
omputation of BE in stati
 non-linear and linear quadrati


n-person games, as well as non-linear and linear-quadrati
 di�erential games. Only a small part of

these results is published in [26℄; the remaining part will be published soon in journals. We mention

some of them below.

� 3.1. The Problem of BE Existen
e

The problem of existen
e of BE is a 
hallenging one as 
ommon su�
ient 
onditions for the

existen
e of NE, su
h as 
onvexity and 
ompa
tness of strategy sets, 
ontinuity of payo� fun
tions

and 
on
avity of these fun
tions with respe
t to strategies of players are not su�
ient for the existen
e

of BE. To illustrate the di�
ulty of BE existen
e problem, many related publi
ations that appeared

in international standard journals involve signi�
ant mistakes, as we will dis
uss below. BE existen
e

has been investigated in most types of normal form games. We will present the existing results for

ea
h type of game. Basi
ally, resear
hers use the same tools as those used for establishing the

existen
e of NE, but with some signi�
ant 
hanges or adjustments.

1. BE in Two Person Games. The �rst work on BE in two-person games appeared in

[10, 19, 27℄. The existen
e of BE in bimatrix games has been studied in simple 
ases involving two
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strategies for ea
h player, generally, for illustration and justi�
ation of the rationale behind BE.

Without being exhaustive, we mention [10, 12, 32℄. In the general 
ase of two-person games, it

has been proven that BE is just a NE of the game obtained from the initial game by permutation

(or ex
hange) of the payo� fun
tions of players [19℄. Therefore, BE existen
e 
onditions 
an be

established via NE's. However, in n-person games, it is not the 
ase as we dis
uss below.

2. BE in n-Person Games. As mentioned above, establishing general su�
ient existen
e


onditions for BE is a di�
ult task. The �rst results on the existen
e of BE were established for

di�erential games in [17,18℄ (sto
hasti
 
ase) and [39℄. Later Dinovsky [15℄ established some existen
e

results for BE in stati
 games. As stated above, Vaisman [45℄ dis
overed that BE may not satisfy

the individual rationality 
ondition; therefore, he suggested adding this 
ondition to De�nition 1.1,

whi
h led to a new BE de�nition, De�nition 1.3. Vaisman [44,45℄ established the existen
e of BVE in

two-person stati
 games and three-person di�erential games with linear-quadrati
 payo� fun
tions.

Vaisman's results on BE appear also in [51℄. His do
toral thesis [45℄ is the �rst landmark in the study

of BE. It is an in-depth study of BVE of three player stati
 and di�erential linear-quadrati
 games.

Existen
e 
onditions are formulated in terms of properties of the matri
es and ve
tors involved in

the payo�s.

In [57℄, the problem of determination of BE is transformed into the problem of �nding a saddle

point as follows. Consider the following fun
tions:

ϕi(x, y) = fi(xi, yI\i)− fi(x) for all (x, y) ∈ X ×X, i ∈ I,

ϕ(x, y) = max
i∈I

ϕi(x, y). (3.1)

Next, the following two-person zero-sum game is asso
iated with the initial game G:

G2 = 〈I = {1, 2}, {X,Y = X}, ϕ(x, y)〉.

A strategy pro�le (x0, y0) ∈ X × X is said to be a saddle point of the fun
tion ϕ(x, y) (or Nash

equilibrium of the game G2), if it satis�es the following relationship:

ϕ(x0, y) 6 ϕ(x0, y0) 6 ϕ(x, y0) for all (x, y) ∈ X ×X.

P r o p o s i t i o n 3.1 (see [57℄). If (x0, y0) ∈ X × X is a saddle point of the fun
tion ϕ(x, y),
then x0 is a BE of the initial game G.

P r o o f. Indeed, if (x0, y0) ∈ X ×X is a saddle point of the fun
tion ϕ(x, y), then

ϕ(x0, y) 6 ϕ(x0, y0) 6 ϕ(y0, y0) = 0 for all y ∈ X.

Hen
e,

ϕ(x0, y) 6 0 for all y ∈ X,

whi
h means

ϕi(x
0, y) 6 ϕ(x0, y0) 6 ϕ(y0, y0) = 0 for all y ∈ X and i ∈ I.

This implies

fi(x
0
i , yI\i) 6 fi(x

0) for all yI\i ∈ XI\i, i ∈ I.

That is, x0 is a BE of the game G. �

Thus, the problem of determining BE of the game G is transformed into the problem of deter-

mining a saddle point of the fun
tion ϕ(x, y). In [57℄, it has been established that the set of BEs of

the game G may be internally unstable in the sense that a given BE may be dominated by another

BE. Let XB
be the set of all BEs of G. Let xB1

and xB2
be in XB . We say that xB1

dominates xB2

if

fi(x
B2) < fi(x

B1), i = 1, . . . , n.

The following example illustrates the internal instability of XB
[57℄.
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E x a m p l e 3.1. Consider the game G where I = {1, 2}, X1 = X2 = [−1, 1] and

f1(x1, x2) = −x22 + 2x1x2, f2(x1, x2) = −x21 + 2x1x2.

One 
an easily verify that XB = {xBβ = (β, β), β ∈ [−1, 1]}. Thus, the set of all BEs is in�nite.

Let us now 
onsider two parti
ular BEs, namely, (0, 0) and (1, 1) obtained for β = 0 and β = 1,
respe
tively. Then the payo�s are f1(0, 0) = 0, f2(0, 0) = 0 for the BE (0, 0) and f1(1, 1) = 1,
f2(1, 1) = 1 for the BE (1, 1). Clearly, fi(0, 0) < fi(1, 1), i = 1, 2, that is, the BE (1, 1) dominates

the BE (0, 0). Thus, when there are multiple BEs, it is advised to sele
t a non-dominated BE from

the set of all BEs. Su
h BE 
an be determined using an extension of the saddle point approa
h

presented above and the notion of Pareto optimality as follows from [57℄.

P r o p o s i t i o n 3.2. The set XB
of all BEs of the game G is 
ompa
t if:

(1) the payo� fun
tions fi(x), i = 1, . . . , n, are 
ontinuous over X;
(2) the strategy sets Xi, i = 1, . . . , n, are 
ompa
t.

Let us now re
all the de�nition of Pareto optimality. A BE xB of the game G is said to be Pareto

optimal (non-dominated) with respe
t to XB
if for all x ∈ XB

the system of inequalities

fi(x
B) 6 fi(x), i = 1, . . . , n,

with at least one stri
t inequality is impossible. It is well-known that if the maximum max
x∈XB

∑
i∈I

fi(x)

is rea
hed at some BE xB, then xB is Pareto optimal with respe
t to XB . Using this result and

Proposition 3.2, a su�
ient 
ondition for the existen
e of a Pareto optimal BE (with respe
t to XB
)


an be established. First, along with the fun
tions (3.1), 
onsider the following fun
tions:

ϕn+1(x, y) =
∑

i∈I

fi(x)−
∑

i∈I

fi(y) for all (x, y) ∈ X ×X,

φ(x, y) = max
i=1,...,n+1

ϕi(x, y) for all (x, y) ∈ X ×X.

P r o p o s i t i o n 3.3. If (x0, y0) ∈ X ×X is a saddle point of the fun
tion, then x0 is a Pareto

optimal BE of the game G.

The drawba
k of the saddle point approa
h is that the fun
tions ϕ(x, y) and φ(x, y) are generally
not di�erentiable, whi
h makes it di�
ult to use the well-known numeri
al methods of saddle point

determination that use derivatives.

For games with linear-quadrati
 payo� fun
tions, expli
it forms of BE were obtained in Vaisman

[45℄ and Belskikh et al. [6℄. As an illustration, we 
onsider the game G where I = {1, 2},Xi = R
ni

and

f1(x1, x2) = x′1A1x1 + 2x′1B1x2 + x′2C1x2 + 2a′1x1 + 2c′1x2,

f2(x1, x2) = x′1A2x1 + 2x′1B2x2 + x′2C2x2 + 2a′2x1 + 2c′2x2,

where the apostrophe means the transposition operation, Ai is an n1 × n1 square matrix, Ci is an

n2 ×n2 square matrix, Bi is an n1 ×n2 matrix, ai is an n1-ve
tor and ci is an n2-ve
tor for i = 1, 2.
The notation A > 0 (A < 0) means that the quadrati
 form x′Ax is positive (negative) de�nite. Let

us introdu
e the following determinant related 
onditions:

det[C1 −B′
1A

−1
2 B2] 6= 0, (3.2)

det[A2 −B′
2C

−1
1 B′

1] 6= 0, (3.3)

det[C2 −B′
2A

−1
1 B1] 6= 0, (3.4)

det[A1 −B1C
−1
2 B′

2] 6= 0. (3.5)

Then we have the following table for the existen
e of BE and NE [6℄.
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Table 1. Expli
it Form of BE in Two-Person Linear-Quadrati
 Games

Only one of the Equilibria exists BE NE

A1 > 0 A2 > 0 C1 < 0 (3.2) Yes No ∀C2, Bi, ai, ci
A2 < 0 C1 < 0 C2 > 0 (3.3) Yes No ∀A1, Bi, ai, ci

A1 < 0 A2 > 0 C2 < 0 (3.4) No Yes ∀C1, Bi, ai, ci
A1 < 0 C1 > 0 C2 < 0 (3.5) No Yes ∀A2, Bi, ai, ci

Neither BE nor NE Exist

A1 > 0 A2 > 0 No No ∀Bi, Ci, ai, ci
A1 > 0 C1 > 0 No No ∀A2, C2, Bi, ai, ci

A2 > 0 C2 > 0 No No ∀A1, C1, Bi, ai, ci
C1 > 0 C2 > 0 No No ∀A1, A2, Bi, ai, ci

Both BE and NE Exist

A1 < 0 A2 < 0 C1 < 0 C2 < 0 (3.2) and (3.4) Yes Yes ∀Bi, ai, ci
A1 < 0 A2 < 0 C1 < 0 C2 < 0 (3.3) and (3.5) Yes Yes ∀Bi, ai, ci

Moreover, when BE xB = (xB1 , x
B
2 ) exists, its expli
it form 
an be of two types.

a) If (3.2) is true, then

xB1 = −A−1
2 B2[C1 −B′

1A
−1
2 B2]

−1(B′
1A

−1
2 a2 − c1)−A−1

2 a2,

xB2 = [C1 −B′
1A

−1
2 B2]

−1(B′
1A

−1
2 a2 − c1).

b) If (3.3) is true, then

xB1 = [A2 −B2C
−1
1 B′

1]
−1(B2C

−1
1 c1 − a2),

xB2 = −C−1
1 B′

1[A2 −B2C
−1
1 B′

1]
−1(B2C

−1
1 c2 − a1)− C−1

1 c1.

When NE xe = (xe1, x
e
2) exists, its expli
it form 
an be of two types.


) If (3.4) is true, then

xe1 = −A−1
1 B1[C2 −B′

2A
−1
1 B1]

−1(B′
2A

−1
1 a1 − c2)−A−1

1 a1,

xe2 = [C2 −B′
2A

−1
1 B1]

−1(B′
2A

−1
1 a1 − c2).

d) If (3.5) is true, then

xe1 = [A1 −B1C
−1
2 B′

2]
−1(B1C

−1
2 c2 − a1),

xe2 = −C−1
2 B′

2[A1 −B1C
−1
2 B′

2]
−1(B1C

−1
2 c2 − a1)− C−1

2 c2.

In [25℄ the following more general n-person games with linear-quadrati
 payo� fun
tions are

studied:

GLQ = 〈I, {Xi}i∈I , {fi(x) = x′Aix+ bix}i∈I〉,

where x = (x1, . . . , xn), xi ∈ Xi ⊂ R
ni , the matri
es Ai and the ve
tors bi, i = 1, . . . , n, are of


orresponding dimensions. Expli
it forms of BE are given using a matrix partitioning approa
h.

Both the 
onstrained and un
onstrained strategy sets 
ases are investigated.

General su�
ient 
onditions for BE existen
e in n-person stati
 games were established in [26℄

using the Fan minimax inequality and the Kakutani [23℄ �xed point theorem. Let us brie�y present

the two approa
hes. Consider the following real-valued fun
tion:

H(x, ŷ) =
∑

i∈I

[
fi(xi, ŷI\i)− fi(x)

]
, (3.6)

where x ∈ X and ŷ ∈
∏
i∈I

XI\i. We have the following su�
ient 
ondition for the existen
e of BE.
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L e m m a 3.1. If a strategy pro�le x ∈ X satis�es the inequality

H(x, ŷ) 6 0 for all ŷ ∈ X̂,

then it is a BE of the game G.

P r o o f. Assume x ∈ X satis�es the inequality of Lemma 3.1. Consider a player i ∈ I. Then for

ea
h j ∈ I su
h that j 6= i let ŷI\i = xI\i, and leave ŷI\i free in XI\i in the inequality of Lemma 3.1

and (3.6), then we get

H(x, ŷ) = fi(xi, ŷI\i)− fi(x) +
∑

j∈I\i

[
fj(xj , xI\i)− fj(x)

]
6 0 for all ŷI\i ∈ XI\i.

In the last inequality, all the terms equal zero ex
ept for the i-th term, then

fi(xi, ŷI\i)− fi(x) 6 0 for all ŷI\i ∈ XI\i.

Sin
e i is arbitrarily sele
ted, x is a BE a

ording to (1.1). �

Then we have the following existen
e theorem.

T h e o r e m 3.1. Assume the following 
onditions are satis�ed:

(1) the strategy sets Xi, i ∈ I, are nonempty, 
ompa
t and 
onvex;

(2) the fun
tion yI\i → fi(xi, yI\i) is 
on
ave for all xi ∈ Xi and i ∈ I;

(3) for all x ∈ X there exists z ∈ X su
h that

fi(xi, tI\i) 6 fi(xi, zI\i) for all tI\i ∈ XI\i, i ∈ I.

Then the game G has a BE.

The proof of Theorem 3.1 is based on Lemma 3.1 and the Fan minimax inequality.

The approa
h based on the fun
tion (3.6) is more pra
ti
al that the approa
h using the fun
tions

in (3.1) as �nding a saddle point is generally more di�
ult than solving an inequality.

Moreover, the fun
tions in (3.1) involve the �max� operator, whi
h makes it di�
ult to use

numeri
al methods to �nd BE, as fun
tions involving this operator are generally not di�erentiable.

In Se
tion 3.2, we present a method for 
omputing BE based on the fun
tion (3.6), Lemma 3.1 and

Theorem 3.1.

Another approa
h to establishing the existen
e of BE is to use �xed point theorems. This

approa
h was �rst developed in [27℄ as follows. First the following 
orresponden
e is 
onstru
ted.

Let x ∈ X de�ne the 
orresponden
es

Fi(x) =

{
z ∈ X

∣∣ fi(xi, zI\i) = max
yI\i∈XI\i

fi(xi, yI\i)

}
for all x ∈ X, i ∈ I,

F (x) =
⋂

i∈I

Fi(x) for all x ∈ X.

L e m m a 3.2. If a strategy pro�le x ∈ X is a �xed point of the 
orresponden
e x → F (x), that
is, x ∈ F (x), then x is a BE of the game G.

The existen
e of BE is established under the 
onditions of Theorem 3.1.

Another approa
h for BE existen
e was developed in Krim [25℄ based on Brouwer's �xed point

theorem. This approa
h is more pra
ti
al than the 
orresponden
e �xed point approa
h as there are

e�e
tive numeri
al methods for �nding �xed points of ordinary fun
tions.

In a series of papers Abalo and Kostreva [1�5℄ published BE existen
e results for games with an

in�nite number of players, abstra
t strategy spa
es and weak 
ompa
tness and 
ontinuity 
onditions

using the following 
ondition.
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The set

Argmax(xi) =

{
zI\i ∈ XI\i

∣∣ fi(xi, zI\i) = max
yI\i∈XI\i

fi(xi, yI\i)

}
(3.7)

is a singleton for ea
h i ∈ I and xi ∈ Xi.

In [28℄ and [36℄, it has been established that 
ondition (3.7) is not su�
ient to prove the existen
e

of BE; therefore, all the existen
e theorems stated in the Abalo and Kostreva series of papers

mentioned above are invalid, and a 
orre
tion of these theorems is proposed. It is important to

know that a 
ondition similar to (3.7) works well for the existen
e of NE, but (3.7) does not work

for BE. The same 
on
lusion 
an be drawn on existen
e theorems of Radjef [39℄ as the 
ondition

(3.7) was �rst used in this work.

To 
ompare the di�
ulty of establishing the existen
e of BE with that of NE, a relationship

has been found between BE and NE. This relationship was �rst dis
overed in [27℄; later it appeared

in [10℄ as Lemma 3.2, Theorem 3.1 and Corollary 1. Let us explain brie�y this relationship. Consider

the game G. First, de�ne the spe
ial set of permutations of the set of players I = {1, . . . , n},

Σ = {σ(·)
∣∣ σ(·) is a permutation of the set I su
h that σ(i) 6= i, for all i ∈ I}

It is the set of all permutations σ(·) of the set of players I su
h that for ea
h player i, σ(i) 6= i for
all i ∈ I. Σ is 
alled the set of deranged permutations of I = {1, . . . , n}. Now 
onsider the set of

games

Gσ(·) = 〈I, {Xi}i∈I , {fσ(·)(x)}i∈I〉 for all σ(·) ∈ Σ. (3.8)

For ea
h σ(·) ∈ Σ, the game Gσ(·) is obtained from the game G by permutation of the payo�

fun
tions of players a

ording to σ(·). As σ(i) 6= i, ea
h player is assigned a new payo� fun
tion

di�erent from his initial payo� fun
tion, but he/she keeps his strategy set.

Then the following relation between a BE of the game G and NE of the games Gσ(·), σ(·) ∈ Σ
in (3.8) has been established. Ea
h BE of the game G is at the same time a NE of all the games in

(3.8), the number of whi
h is equal to the 
ardinality of Σ, Card{Σ} = n!
n∑

s=0

(−1)s

s! . For instan
e, for

a game G with n = 4 players, Card{Σ} = 9, there are 9 games of type (3.8) and for game G with

n = 5 players, Card{Σ} = 44, there are 44 games of type (3.8). Formally, we have the following

impli
ation between BE and NE

x ∈ X is a BE of G ⇒ x is a NE of all Gσ(·), σ ∈ Σ.

In other words, denoting by BE(G) the sets of BEs of the initial game G and by NE(Gσ(·)) the set

of NEs of the game Gσ(·), σ(·) ∈ Σ, the previous impli
ation 
an be written as

BE(G) ⊂
∏

σ(·)∈Σ

NE(Gσ(·)).

This impli
ation gives an idea about the relative di�
ulty of �nding BE. It also implies that if one

of the games has no NE, the initial game G has no BE. Later, Pottier and Nessah [38℄ investigated

further this relationship between BE and NE.

Another interesting relationship between BE and NE has been established in [27℄ as follows.

Consider the n two-person games

G(i) = 〈I = {i, I \ i}, {Xi,XI\i}, {fi(x),
∑

s∈I\i

fs(x)}〉 (i = 1, . . . , n).

That is, ea
h G(i) is a game between player i with his/her initial set of strategies Xi and payo�

fun
tion fi(x) against the 
oalition of the rest of players I \ i with the strategy set XI\i and the
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payo� fun
tion

∑
s∈I\i fs(x) 
onsisting of the sum of the payo� fun
tions of all players in I \ i. Then

it is proved that

x ∈ X is a BE ⇒ x is NE for all games G(i), i ∈ I.

In other words, denoting by NE(G(i)) the set of NEs of the game G(i), i ∈ I, the previous equivalen
e

an be written as

BE(G) =
⋂

i∈I

NE(G(i)).

Later, this relationship and the result appeared in [10℄ as Theorem 3.

Using the g-maximum inequality in [35℄, whi
h is a generalization of the Fan minimax inequal-

ity, some su�
ient 
onditions of BVE existen
e like Theorem 1 are established in [37℄. Re
ently,

Deghdak [13℄ have established su�
ient existen
e results of BE when payo� fun
tions of players are

pseudo-
ontinuous using the 
orresponden
e x → F (x) of Lemma 2, without referring to [26℄ or [25℄.

Moreover, it is 
laimed that Deghdak [13℄ generalizes the existen
e results in [37℄ and [36℄, while

they generalize the results in [26℄ only, as in the previous works the Abalo and Kostreva approa
h

developed in the above-mentioned series of papers is dis
ussed and existen
e results are based on


ondition (3.6) not on the 
orresponden
e x → F (x) of Lemma 2. In [32℄, the following result is

presented as a theorem. Consider a player i ∈ I and his strategy xi ∈ Xi, one 
an de�ne the best

support 
orresponden
e of players in for player I \ i by

BSi(xi) =

{
yI\i ∈ XI\i

∣∣ fi(xi, yI\i) = max
zI\i∈YI\i

fi(xi, zI\i)

}
,

whi
h is like the 
orresponden
e x → F (x) of Lemma 2. The graph GR(BS(·)) of this 
orresponden
e
is a subset of the strategy pro�le set Xi ×XI\ = X of the game G. We get the relation

x ∈ GR(BSi(·)) ⇔ xI\ ∈ BSi(xi).

The set XB
of all BEs of the game G is 
hara
terized by the equality

XB =
⋂

i∈I

GR(BSi(·)). (3.9)

In fa
t, this result is just an equivalent formulation of De�nition 1.1 in terms of 
orresponden
es.

Indeed, Condition (1.1) of De�nition 1.1 
an be reformulated as follows:

x ∈ X is a BE ⇔ xI\i ∈ BSi(xi) for all i ∈ I.

Therefore, it seems that stating that this result is a theorem is an overstatement; a proposition

or a lemma may be more appropriate, as it is similar to Lemma 3.2. Similarly, in the problem of

NE existen
e, the best response 
orresponden
e is used as a preliminary result in the proof of the

existen
e of Nash equilibrium by Kakutani [23℄ 
orresponden
e �xed point theorem [34℄. In 
ontrast,

a result related to the di�
ult problem of �nding su�
ient 
onditions for the non-emptiness of the

interse
tion in (3.9) in terms of properties of the strategy sets Xi and payo� fun
tions fi(x), i ∈ I,
for the existen
e and 
omputation of BE 
ould be stated as a theorem.

The existen
e of mixed strategy BE in an in�nite game has been established in [57℄. A game in

mixed strategies is asso
iated to the initial game G in pure strategies as follows. Assume that the

strategy sets Xi, i ∈ I, are 
ompa
t and the payo� fun
tions fi(·), i ∈ I, are 
ontinuous, in the game

G. To ea
h player i ∈ I a set of mixed strategies νi is asso
iated. A mixed strategy νi of the player
i is a 
ountable-additive, non-negative and normed on [0, 1] fun
tion with domain the set of Borel

σ-algebra of subsets of the 
ompa
t strategy set Xi. In other words, νi is a probability measure on

his/her pure strategy set Xi The strategy pro�le set {ν(·)} 
onsists of probability measures on the
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set X =
∏

i∈I Xi, of the form ν(·) = (ν1(·), . . . , νn(·)), where νi(·) ∈ {νi}, i ∈ I. Thanks to Fubini

theorem, for any 
ontinuous real-valued fun
tion g(x), with domain X, we have

g[ν] =

∫

X

g(x)ν(dx) =

∫

X1

. . .

∫

Xn

g(x)νn(dxn) . . . ν1(dx1) for all ν ∈ {ν(·)},

where the order of the integrals 
an be 
hanged. Parti
ularly, the expe
ted value of player i ∈ I is

given by

fi[ν] =

∫

X

fi(x)ν(dx) =

∫

X1

. . .

∫

Xn

fi(x)νn(dxn) . . . ν1(dx1) for all ν ∈ {ν(·)}.

To the initial pure strategy game G, the following mixed strategy game is asso
iated

G̃ = 〈I, {ν}, {fi[ν]}i∈I〉.

A mixed strategy pro�le ν∗(·) ∈ {ν} is said to be a BE of the game G̃ if

max
νI\i(·)

fi[ν
∗
i , νI\i] = fi[ν

∗] for all i ∈ I,

where {νI\i} = {(ν1, . . . , νi−1, νi+1, . . . , νn)}. Now 
onsider the fun
tions de�ned in (3.1), the follow-

ing zero-sum two-person game is introdu
ed

G̃2 = 〈I = {1, 2}, {ν}, {u}, ϕ[ν, u]〉,

where ϕ[ν, u] =

∫

X×X

ϕ(x, y) ν(dx)u(dy). A strategy pro�le (ν0, u0) ∈ {ν} × {u} is said to be a

saddle point of the fun
tion ϕ[ν, u] (or NE of the game G̃2) if it satis�es the relationship

ϕ[ν0, u] 6 ϕ[ν0, u0] 6 ϕ[ν, u0] for all (ν, u) ∈ {ν} × {u}.

P r o p o s i t i o n 3.4. If (ν0, u0) ∈ {ν} × {u} is a saddle point of the fun
tion ϕ[ν, u] (or NE of

the game G̃2), then ν0 is a mixed strategy BE of the game G̃.

Thus, the existen
e of BE is a 
onsequen
e of the Gli
ksberg [20℄ mixed strategies NE existen
e

theorem of a zero-sum two-person game.

Let X̃B
be the set of mixed strategy BE of the game G̃. Following the 
ase of pure strategy

BE (Propositions 3.1 and 3.2), a theorem of existen
e of a Pareto optimal (with respe
t to X̃B
and

{fi[ν]}i∈I}) mixed strategy BE is proved in [57℄.

The investigation of the problem of existen
e of BE in games involving un
ertainty in payo�

fun
tions has been initiated in [47℄. Almost all non-trivial de
ision problems in all human a
tiv-

ities involve un
ertainty. The quality of our de
isions depends substantially on how we deal with

unknowns. In games, generally, un
ertainty appears in the following di�erent forms:

(1) un
ertainty 
an appear as a
tions of persons or entities having their goals, but are not players

in the game, e.g., a government;

(2) un
ertainty 
an re�e
t fuzzy knowledge of the players have of their own obje
tives or strate-

gies;

(3) un
ertainty 
an appear when pro
esses or quantities are not su�
iently studied or identi�ed;

(4) un
ertainty may arise in the pro
ess of 
olle
ting, pro
essing and transmitting information.

Therefore, a great deal of resear
h e�orts is devoted to the 
onstru
tion of de
ision models that

in
orporate un
ertainty.

BE in games involving unknown parameters in the payo� fun
tions (in the form fi(x, y), i =
1, . . . , n, where y ∈ Y is the unknown parameter) has been investigated for the �rst time in [45, 47,

48, 55, 62�65, 69, 71℄.

At the substantive level, the presen
e of un
ertainty requires basi
ally using BE and at the same

time 
onsidering any possible realization of the un
ertainty to formalize 
on
epts of solution of the
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following extension of the initial deterministi
 game G to normal form games under un
ertainty of

the form

GU = 〈I, {Xi}i∈I , Y, {fi(x, y)}i∈I 〉,

where y = (y1, . . . , yp) ∈ Y is an unknown ve
tor-parameter with range in Y ⊂ R
p
and the remaining

parts are de�ned as in the initial game G. The parameter y a�e
ts all the players' payo�s and only

its range is known to them; no information is available about its behavior. The game GU was

introdu
ed in [47℄ and further studied for NE in [59, 60℄.

Two ways for dealing with normal form games involving un
ertainty of type GU are introdu
ed:

the �rst one is based on the 
on
ept of saddle point analysis (balan
ed BE) [59℄, while the se
ond

one is based on maximin prin
iple analysis (guaranteed BE) [60℄. Here the basi
 idea is simple.

The following two problems are derived from the game GU : the game

Γ1 = 〈I, {Xi}i∈I , {fi(x, y
S)}i∈I〉,

where yS is �xed and the multi-
riteria problem

Γ2 = 〈Y, {fi(x
B , y)}i∈I〉,

where xB is �xed. Next, �nd a BE xB in the game Γ1 and a Slater minimum (Pareto weak) yS

with respe
t to the parameter value y of the problem Γ2. A balan
ed BE of the game is de�ned

as the pair (xB , {fi(x
B , yS)}i∈I), where the players sele
t their strategy from the BE xB and their

guaranteed payo�s is f(xB, yS) = (f1(x
B , yS), . . . , fn(x

B , yS)), and the system of inequalities

fi(x
B , y) < fi(x

B , yS), i = 1, . . . , n,

is impossible for all y ∈ Y. Formally, we have the following de�nition.

D e f i n i t i o n 3.1. A pair (xB, f
S
) ∈ X × R

n
(is said to be a Slater guaranteed balan
ed BE of

the game GU if there is an un
ertainty value yS ∈ Y su
h that:

(1) xB is a BE of the deterministi
 game

〈I, {Xi}i∈I , {fi(x, y
S)}i∈I〉,

that is,

for all i ∈ I max
xI\i∈XI\i

fi(x
B
i , xI\i, y

S) = fi(x
B , yS);

(2) the un
ertainty value yS is a Slater minimal (Pareto weak optimal) solution of the minimiza-

tion multiple 
riteria problem

〈Y, {fi(x
B , y)}i∈I〉,

that is, there is no un
ertainty value y ∈ Y su
h that the system of inequalities

fi(x
B , y) < fi(x

B , yS) ∀ i ∈ I

is satis�ed;

(3) denote by {xB, yS} the set of pairs of BE and 
orresponding un
ertainty value that satisfy


onditions 1 and 2. Then there is no pair (x, y) ∈ {xB , yS} su
h that the system of inequalities

f
S

i = fi(x
B, yS) < fi(x, y) ∀ i ∈ I

is true.

Then xB is 
alled the Slater guaranteeing strategy pro�le and the value f
S
is 
alled the guaranteed

payo� ve
tor.
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We have the following Slater guaranteed balan
ed BE existen
e theorem in two-person games

when payo� fun
tions are separated with respe
t to x and y in the game GU , that is,

GUS = 〈I = 1, 2, {Xi}i∈I , {gi(x) + hi(y)}i∈I〉.

We have the following BE existen
e theorem.

T h e o r e m 3.2. Assume the following 
onditions are satis�ed in the game GUS:

(1) Xi and Y are 
ompa
t, and Xi is 
onvex for all i ∈ I;
(2) real-valued fun
tions gi, hi are 
ontinuous on X and Y , respe
tively, for all i ∈ I;
(3) the fun
tion gi(x) is stri
tly 
on
ave with respe
t to xj (i, j = 1, 2, j 6= i), the other variable

being 
onstant (i ∈ {1, 2}).
Then there exists a Slater guaranteed balan
ed BE in the game GUS .

By analogy with the maximin, in the value max
x∈X

min
y∈Y

f(x, y), the operator min is used in

min
y∈Y

fi(x, y) = fi[x] and the max operator is devoted to the 
onstru
tion of BE in the following

deterministi
 game:

Γ3 = 〈I, {Xi}i∈I , {fi[x]}i∈I〉.

Here one needs to re
all some important result of operations resear
h.

1. If fi(x, y) is 
ontinuous over X × Y, then fi[x] is 
ontinuous over X.

2. If, in addition to the 
ontinuity of fi(x, y) and the 
ompa
tness of X, the set Y is 
onvex and

fi(x, y) is stri
tly 
onvex with respe
t to y for ea
h x ∈ X, then the ve
tor fun
tion x → y(i)(x)
de�ned by

min
y∈Y

fi(x, y) = fi(x, y
(i)(x)) = fi[x] for all x ∈ X,

is well-de�ned and 
ontinuous with respe
t to x.
Consider an extension of the game GU to games in mixed strategies and with un
ertainty of the

following form:

G̃U = 〈I, {ν}, {µ}, {fi[ν, µ]}i∈I〉,

where {ν}, {µ}, {fi[ν, µ]}i∈I are de�ned as in the game G and {µ} represents the set of probability

distributions on the set Y. De�nition 3.1 has been extended to the 
ase of mixed strategies for the

game Gij . We have the following existen
e theorem of Slater guaranteed mixed strategy BE of the

game G̃ij [58℄.

T h e o r e m 3.3. Assume that the sets Xi and Y are 
ompa
t and the fun
tion fi(x, y) is 
on-

tinuous on X × Y , for all i ∈ I. Then the game G̃U has a Slater guaranteed mixed strategy BE.

Let us present an analog of maximin. For this purpose, 
onsider the game

GS = 〈I, {Xi}i∈I , Y
X , {fi(x, y)}i∈I〉,

where I, {Xi}i∈I , {fi(x, y)}i∈I are de�ned as in the game G̃U and Y X
is the set of m-ve
tor fun
tions

x → y(i)(x) with domain X and range Y, whi
h are 
alled un
ertainties (informational strategies) in

the game GS , and fi(x, y) = fi(x, y(x)) is the payo� fun
tion of player i ∈ I. One shot of the game

GS takes pla
e as follows. The players simultaneously sele
t their strategies xi ∈ Xi, i ∈ I. Thus,
a strategy pro�le x = (x1, . . . , xn) ∈ X = X1 × . . . ×Xn is obtained. Informational dis
rimination

of the players and additional informational un
ertainty are proposed, as in a hierar
hi
al game.

The �rst move from the players: they sele
t their strategies xi ∈ Xi, i ∈ I, and inform the de
ision

maker (DM), the player responsible for sele
ting or 
onstru
ting the un
ertainty fun
tion. In the

se
ond move, the DM sele
ts or 
onstru
ts the n un
ertainties in the form of m-ve
tor fun
tions,

y(i)(x), i ∈ I, and informs all the n players. And it is assumed that un
ertainty is 
onstru
ted in
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PSfrag repla
ements

x = (x1, x2, . . . , xn) =⇒
(
y(1)(x), y(2)(x), . . . , y(n)(x)

)
= ỹ(x)

1st player

2nd player

nth player

f1[x̃
B ] f2[x̃

B ] fn[x̃
B ]

y(1)(x)

y(2)(x)

.

.

.

y(n)(x)

x̃B

1

x̃B

2

x̃B
n

ỹ(x)

Figure 1. The way the game GS takes pla
e

su
h a way as to redu
e maximally the payo� of ea
h player individually. Using this information,

the players sele
t a BE xB ∈ X.
Following this way of playing the game GS , the players sele
t su
h a �good� BE xB from the

set of all BEs xB using the Slater (Pareto weak) maximization. By the way, as we have seen in

Example 3.1, the set of all BEs XB
is not internally stable: one may �nd two BE x(1), x(2) su
h that

one dominates the other, for instan
e,

fi(x
(1), y(x(1)) > fi(x

(2), y(x(2)) for all i ∈ I.

To eliminate this drawba
k, the Slater maximization is used to sele
t non-dominated BE xB . Su
h
a hierar
hi
al de
ision making pro
edure is explained in the Figure 1.

The stri
tly guaranteed Berge equilibrium is 
onstru
ted in three steps.

Step 1. To ea
h player i ∈ I asso
iate a unique 
ontinuous ve
tor-fun
tion x → y(i)(x) over X
su
h that

min
y∈Y

fi(x, y) = fi(x, y
(i)(x)) = fi[x], x ∈ X.

Step 2. To the game GU asso
iate the following deterministi
 (without un
ertainty) normal

form game Γ3, 
alled Guarantee Game. Next, �nd BE xB ∈ X of the game Γ3; re
all that BE is


hara
terized by the following relation:

max
xI\i∈XI\i

fi[x
B
i , xI\i] = fi[x

B ], i ∈ I.

Step 3. From the set of all BEs xB of the game Γ3 sele
t the maximal (in the ve
tor sense) BE

xB , that is, �nd the Slater maximum (Pareto weak) strategy pro�le xB in the n-
riteria optimization

problem

〈XB , {fi[x]}i∈I〉.

In the 
ase of Slater maximum, it is su�
ient to determine xB as follows:

max
x∈XB

∑

i∈I

αifi[x] =
∑

i∈I

αifi[x
B ],

where αi, i ∈ I, are su
h that αi > 0, i ∈ I, and
∑

i∈I αi > 0. We have the following theorem.
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T h e o r e m 3.4. Assume that the following 
onditions are satis�ed in the game Gij :

(1) the strategy sets {Xi}i∈I are 
ompa
t and the unknown parameter set Y is 
ompa
t and


onvex;

(2) payo� fun
tions {fi(x, y)}i∈I are 
ontinuous over X × Y and stri
tly 
onvex with respe
t to

the parameter y over Y, for ea
h x ∈ X.

Then the game G̃ij has a strong guaranteed mixed strategy BE.

Similar results 
an be found in [55℄, where the existen
e of BE is established for su
h games in

mixed strategies.

At an abstra
t level, BE has been analyzed using players' preferen
es and latti
e methods.

Mash
henko [31℄ has investigated BE in games where players' payo� fun
tions are not available. He

used preferen
es of players to 
hara
terize BE. Keskin and Saglam [24℄ analyzed the existen
e of

BE by latti
e theoreti
al methods using the 
orresponden
e x → F (x) of Lemma 2 and introdu
ed

Berge modular games, then proved that BE set is a 
omplete latti
e.

As this literature review fo
uses on BE in stati
 games, we only mention the most important

results on BE analysis in di�erential games without detailed 
omments. BE analysis in positional

di�erential games is one area that is extensively explored by Zhukovskiy and his team in Russia.

Gaidov [17,18℄ provided some results on the existen
e of BE in sto
hasti
 di�erential two-person and

n-person games. Boribekova and Jarkynbayev [8℄ investigated BE in di�erential-di�eren
e games

involving un
ertainty. A BE existen
e result based on 
ondition (3.7) above appeared in [39℄. The

�rst work on BVE in di�erential games appeared in [44, 66℄ investigated BVE in linear-quadrati


di�erential games. Then an in-depth study of BVE in linear-quadrati
 di�erential three person

games followed by Vaisman in his do
toral thesis [45℄. Vaisman published his works in [44,72℄. After

Vaisman's early death at the age of 36, Zhukovskiy published the book [53℄ dedi
ated to Vaisman.

The approa
h used by Zhukovskiy's team is based on the appli
ation of Lyapunov's fun
tion in

di�erential games. BE is investigated as the Golden Rule in n-person di�erential positional games

in [70℄. As an ex
eption, a full 
hapter in the thesis [25℄, is devoted to the existen
e of BE n-
person non-linear and linear-quadrati
 open loop di�erential games; this work has been 
ondu
ted

in Algeria.

For the last two years, V. I. Zhukovskiy and his students have been a
tively investigating BE

in feedba
k di�erential games (FDG) in the framework of N.N. Krasovky's FDG mathemati
al

formalization. The spe
i�
ity of BE with respe
t to FDG required 
onsidering the following three

fa
tors. First, in their well-known 
ounterexamples, A. I. Subbotin and A.F. Kononenko had to

somehow 
hange and modernize the above-mentioned formalization (see the fundamental results

in [66℄). Se
ond, a
tive use of the idea of �guide system� proposed by Krasovsky. Third, using

the Y.B. Germayer guaranteeing 
onvolution max
i∈I

ϕi(·) introdu
ed in (3.1). The results of [68℄

are based on these three fa
tors. The existen
e and uniqueness of a BE is established for FDG

with separated dynami
s. Further results on su
h games are obtained in [56,67,68℄. Finally, using a

dynami
 programming approa
h, BE in multi-step di�erential feedba
k games related to Cournot and

Bertrand oligopoly mathemati
al models has been investigated in the series of works [21,50,58,73℄.

� 3.2. Determination and Computation of BE

Establishing su�
ient 
onditions for the existen
e of a 
on
ept of equilibrium is an important

step towards its implementation in real-life situations, but this is not enough. If the determination

and/or 
omputation of this equilibrium 
on
ept is not possible with existing methods and 
omputer

pro
essing power, su
h a 
on
ept 
annot be useful for solving real-world problems. In this se
tion,

we give an a

ount of the publi
ations related to BE determination and 
omputation. Our review

reveals that there are interesting results, however, this resear
h area is not well explored. Most of

the results are obtained in linear-quadrati
 stati
 or di�erential games and in �nite games.

As an ex
eption, Larbani and his student Krim [25℄ developed numeri
al methods of BE deter-

mination and 
omputation based on [26℄. Many e�e
tive methods for 
omputing BE in n-person
nonlinear and linear-quadrati
 in�nite stati
 n-person games are presented. A method of determi-

nation of BE based on the minimax Fan inequality is presented in [26℄ based on the fun
tion (3.6),
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Lemma 3.1 and Theorem 3.1 as follows. Compute the value

δ = max
ŷ∈Ŷ

min
x∈X

H(x, ŷ).

Let x be a solution related to the variable x to this problem. Then if δ = 0, x is a BE of the

game G. If the 
onditions of Theorem 3.1 are satis�ed, then δ = 0. We have the general result. If

the strategy sets are 
ompa
t and the payo� fun
tions are 
ontinuous in the game G, the following
equivalen
e takes pla
e

G has a BE ⇔ δ = 0.

Here the well-known numeri
al methods of solving the maximin problem 
an be used to 
ompute

the value δ. This result is used in [28,36,37℄. A generalization of this method using the g-maximum

inequality [35℄ is presented in [37℄.

For games with linear-quadrati
 payo�s an expli
it form of BE is 
omputed (see also the Table 1

above and the following page) and in linear-quadrati
 di�erential games involving un
ertainty in

payo�s [69℄. Expli
it forms of BE are obtained for Cournot oligopoly and Bertrand duopoly models

(see appli
ation Se
tion 4 below) in [50, 57, 61℄.

ε-BE is introdu
ed in [30℄. This 
on
ept is 
hara
terized by using a generative relation and a

pro
edure for its 
omputation based on evolutionary multiobje
tive optimization algorithms with

illustrative examples. Corley and Kwain [11℄ present an algorithm based on the notion of disap-

pointment matrix for 
omputing all BVE in �nite games with an illustration. Another algorithm

for �nding BE in �nite games is presented in [32℄, but without illustration. In [16℄, the 
on
ept of

meta-strategy is des
ribed that allows players to have di�erent rationality types. This 
on
ept is the

basis of an evolutionary approa
h for BE dete
tion that is illustrated by numeri
al examples. The

stru
ture of BE is given in [48℄.

Computation of BE in di�erential games is being investigated by Zhukovskiy and his team.

Expli
it forms of BE in linear-quadrati
 games are obtained in [45, 51, 53, 54℄.

Here also, it is important to emphasize that 
omputing BE is more di�
ult than 
omputing NE,

and well-known methods of 
omputing NE 
annot be used dire
tly to 
ompute BE. Some signi�
ant


hanges and/or adjustments must be made to adapt them to BE determination.

� 4. Appli
ations of BE

As BE is an equilibrium that re�e
ts the moral Golden Rule, mutual support, 
ooperation and

altruism in normal form games, it has a great appli
ation potential in so
io-e
onomi
 intera
tions.

So far few publi
ations on the appli
ation of BE have appeared. Only two BE appli
ations are

known. Both are in e
onomi
s, namely, on Cournot oligopoly and Bertrand duopoly models. The

former model appeared in [50, 57, 58, 61℄, while the latter model appeared in [73℄ and [21℄. Expli
it

forms of BE are 
omputed and a 
omparison is made with NE. Note that in [58℄ and [73℄, Cournot

and Bertrand models are investigated in the framework of multi-step di�erential games. Let us give

some results as an illustration.

1. Cournot oligopoly model. (See [50, 61℄). Consider a market that is dominated by few

big �rms produ
ing the same produ
t. It is assumed that these �rms 
ompete for the market share

and the pri
e is determined by the law of demand and supply. Pre
isely, assume there are n �rms

and I = {1, . . . , n} is the set of these �rms. Let qi be the supplied quantity by the �rm i ∈ I. In
oligopoly, the quantity qi is subje
ted to the following 
onstraints:

α 6 qi 6 β,

where the inequality qi 6 β means that the produ
tion 
apa
ity of the �rms is limited, while

α 6 qi means that ea
h �rm must supply the market with a guaranteed minimum quantity α to

be admitted to the market (whi
h is the 
ase for example in ele
tri
ity market). The quantity α
is generally imposed by the government; a �rm that 
annot supply this quantity is not allowed in
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the market. Next, we assume that the produ
tion 
ost of the quantity qi is a linear fun
tion of this

quantity for the �rm i ∈ I, that is,

cqi + d,

where c and d are 
onstants and the same for all the �rms. The pri
e p is determined by the supply

and demand law depending on the supplied total quantity q = q1 + . . .+ qn. It is assumed that the

pri
e p is a linear fun
tion of the total supply q as follows:

p(q) = a− bq,

where a is the initial pri
e, a positive 
onstant and b is the elasti
ity of the pri
e, a positive 
onstant

as well. Thus, the revenue of �rm i ∈ I from selling the quantity qi is

p(q)qi = (a− bq)qi =


a− b

∑

j∈I

qj


 qi

and its pro�t (revenue�
ost) is p(q)qi − (cdi + d) or

πi(q1, . . . , qn) =


a− b

∑

j∈I

qj


 qi − (cdi + d).

Thus, we obtain the following normal form game for the Cournot oligopoly game

GCOL = 〈I = {1, . . . , n}, {Qi = [α, β]}i∈I , {πi(q1, . . . , qn)}i∈I〉.

We have the following expli
it form of BE [58, 61℄.

P r o p o s i t i o n 4.1. If a > c, then the game GCOL has a BE equilibrium qB = (qB1 , . . . , q
B
n )

where qBi = α, and πi(q
B) = (a− c)α − bnα2 − d for all i ∈ I.

A detailed 
omparison with NE shows that the payo�s (pro�ts) of the �rms 
an be better in BE

than in NE depending on the values of the 
onstants n, a, b, c, α and β. For instan
e, when a > c
and

a− c

n(n+ 1)b
< α <

a− c

(n+ 1)b
< β,

the payo�s of all the �rms at BE are larger than their payo�s at NE.

Further, expli
it forms of BE are obtained in Cournot duopoly model (Firm 1 and Firm 2) involv-

ing un
ertainty in the payo�s fun
tion ( [61℄ and [22℄) via approa
hes used to deal with un
ertainty

in games of the form GU . The un
ertainty appears as a third �rm that imports the same produ
t

and sells it in the same market. The problem is that Firms 1 and 2 do not know the quantity y,
the entering Firm 3 will put into market, they just know its range y ∈ (0,∞). Based on the form of

payo� fun
tions of the Cournot model above, the pro�ts of both fun
tions are a�e
ted by the import

Firm 3 (its supply quantity, the unknown parameter y) as follows:

Pi(q1, q2, y) = [a− b(q1 + q2 + y)] qi − (cqi + d), i = 1, 2.

The parameter y appears in the total supplied quantity q1 + q2 + y = q. At the same time both

Firms 1 and 2 want to minimize the e�e
t of the import Firm 3. This is 
onsidered in the payo�

fun
tions of both �rms as follows:

πi(q1, q2, y) = Pi(q1, q2, y)− y2, i = 1, 2.

Ea
h of these payo� fun
tions involve two 
riteria, Pi is to be maximized and the e�e
t of the

un
ertainty y is to be minimized. The following game is obtained:

GCOLIM = 〈I = {1, 2}, {Xi = (0,∞)}i∈I , Y = (0,∞), {πi(q1, q2, y)}i∈I〉.
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This game is a game under un
ertainty of type GU presented in Se
tion 3. Using similar methods

to those used to solve GU , expli
it BE is 
onstru
ted.

2. Bertrand Duopoly Model. (See [6, 21, 73℄). In a di�erent and more natural approa
h,

instead of the quantity supplied-based �rm's strategy in the Cournot model, Bertrand proposed

a model of 
ompetition in a market involving two �rms produ
ing the same produ
t, duopoly, in

whi
h the �rm's strategy is pri
e-based. The game takes pla
e as follows. Ea
h �rm i ∈ I = {1, 2}
announ
es its pri
e pi > 0, a situation p = (p1, p2) is obtained. This pri
e situation 
reates a demand

for the produ
t of ea
h �rm. We assume that the demand is linear for both �rms:

Q1(p) = q − l1p1 + l2p2, Q2(p) = q − l1p2 + l2p1,

where q is the initial demand, and l1 and l2 are elasti
ity 
oe�
ients with respe
t to pri
es. Denoting

by a positive number c the unit 
ost of the produ
t, the pro�ts of the �rms are

f1(p) = [q − l1p1 + l2p2](p1 − c), f2(p) = [q − l1p2 + l2p1](p2 − c).

As ea
h i ∈ I �rm rationally sele
ts a unit pri
e pi > c, the pri
es will vary in an interval of the

form (c, β], with β being the maximum pri
e that is the result of market equilibrium (when demand

equals supply). Thus, we obtain the following two-person normal form game for Bertrand duopoly:

GBDU = 〈I = {1, 2}, {Pi = (c, β]}i∈I , {fi(p)}i∈I〉.

We have the following expli
it form of BE [6, 21, 61℄.

P r o p o s i t i o n 4.2. If l2 > l1 the game GBDU has a BE pB = (pB1 , p
B
2 ) of the form

pB1 = β and pB2 = β

and the two �rms' pro�ts are

fi(p) = (l2 − l1)(β − c)2 + [q + c(l2 − l1)](β − c), i = 1, 2.

Here also, a detailed 
omparison with NE shows that in some 
ases BE provides bigger pro�ts

than NE for both �rms depending on the values l1, l2, c, q, β. For instan
e, when the relation

0 < l1 < l2 < 2L1 and β >
q + cl1
2l1 − l2

is satis�ed, the payo�s of both �rms at BE are larger than their payo�s at NE.

Further, similarly to Cournot duopoly, a Bertrand duopoly model involving un
ertainty related

to import like GCOLIM above has been also investigated and expli
it forms of BE are 
onstru
ted

by Gorbatov and Zhukovskiy [21℄.

� 5. Con
lusion and Further Resear
h

In this literature review, we have reviewed most of the published works on BE in stati
 normal

form games. We 
an say that resear
h on BE is gaining momentum as more s
holars are attra
ted to

this equilibrium. Moreover, new interesting properties and appli
ation potential of BE are dis
overed,

espe
ially, in the last �ve years (45% of the publi
ations dire
tly related to BE). Indeed, we have

seen that BE is a ri
h 
on
ept of equilibrium, as it has many interpretations:

(i) it expresses the moral Golden Rule;

(ii) it 
aptures mutual support and 
ooperation among players and

(iii) models altruisti
 behavior in games.

Thus, it is more suitable than NE in game situations or 
ontexts where players behave a

ording

to one of the types (i)�(iii). These behaviors are an integral part of so
io-e
onomi
 human intera
tion

besides the 
ompetitive or NE behavior. The literature review reveals that BE is a

epted and

established as a well-grounded 
on
ept from game theory, so
ial and philosophi
al points of view.
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From a mathemati
al perspe
tive, BE analysis is well advan
ed, but not 
omplete. More resear
h

is needed in the following areas:

(a) �nding simpler or more pra
ti
al su�
ient existen
e 
onditions of BE and/or BVE in n-person
non-linear games,

(b) investigating BE in �nite games with mixed strategies (open area);

(
) investigating n-person games involving un
ertainty of di�erent types;

(d) developing more e�e
tive and e�
ient methods of determination and 
omputation of BE in

all types of games and

(e) investigating BE in extensive form games (open area).

In what follows we provide some resear
h problems related to BE existen
e and 
omputation.

Problem 1. For the existen
e of BE, we have the following 
hallenge: Consider the multi-valued

mapping (best support 
orresponden
e) of Lemma 3.2,

x → F (x) =
⋂

i∈I

fi(x), for all x ∈ X.

Unlike the best response 
orresponden
e of NE, there is no guarantee that for BE F (x) is nonempty

for all x ∈ X, when the strategy sets are 
ompa
t and the payo� fun
tions are 
ontinuous. Con-

dition 3 of Theorem 3.1 is equivalent to the nonemptiness of F (x). Moreover, it is an extremal


ondition that may not be easy to verify. Under what additional 
onditions is the nonemptiness

of F (x) guaranteed or 
an be dropped in BE existen
e investigation? Note that in almost all the

publi
ations on BE existen
e, it is just assumed that F (x) is non-empty for all x ∈ X, e.g., [13,24℄.
Problem 2. Let X and Z be two subsets of R

m. Consider n real-valued fun
tions fi(x, z) :
X × Z → R, i ∈ I = {1, . . . , n} and the Y.B. Germayer 
onvolution

ϕ(x, z) = max
i∈I

fi(x, z), (x, z) ∈ X × Z.

The problem is to develop e�e
tive methods to �nd a saddle point of ϕ(x, z), that is, �nd (x0, z0) ∈
X × Z that satis�es the following inequalities:

ϕ(x0, z) 6 ϕ(x0, y0) 6 ϕ(x, y0) for all (x, z) ∈ X × Z.

Su
h methods have never been developed so far. They 
an be used in the 
omputation of

NE (see [58℄) and BE (see [57℄). The 
omplexity of the operator maxi=1...n spoils the properties

of 
onvexity and di�erentiability of the 
onvolution ϕ(x, z), whi
h make it di�
ult to use most

of existing optimization methods. We think that it is worth trying ti introdu
e new approa
hes,

mathemati
al tools of 
on
epts to �nd saddle points of ϕ(x, z) as it is done to �nd its extrema in

Saint Petersburg University under the supervision of D.V. Dem'yanov (see [14℄).

Problem 3. Find pra
ti
al su�
ient 
onditions for the existen
e of BE that is at the same time

Pareto optimal (BEP). Further, develop numeri
al methods for 
omputation of BEP.

Problem 4. Find pra
ti
al su�
ient 
onditions for the existen
e of BE that is at the same time

NE (BNE). Further, develop numeri
al methods for 
omputation of BNE. BNE is very interesting

as in this equilibrium self-interest and altruism are aligned, whi
h makes it an individually and


olle
tively a

eptable solution to 
on�i
ts.

BE justi�
ation through experimental resear
h is also an unexplored area. Determining experimen-

tally in whi
h situations players play BE is a major topi
 in this area.

BE appli
ation in real-world is the area where more e�orts and resear
h are needed as there are

just few related publi
ations; it is a new and wide open area. The three interpretations (i)�(iii)

mentioned above show that BE has potentially a very large appli
ation spe
trum. So
ial problem

resolution, politi
s, geopoliti
s and global problems (e.g. Global Warming) are instan
es where BE


an be applied su

essfully. Finally, we hope that this literature review will trigger interest of many

s
holars and resear
hers in investigating unexplored theoreti
al, pra
ti
al and appli
ation aspe
ts

of BE.
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Öèòàòà: Èçâåñòèÿ Èíñòèòóòà ìàòåìàòèêè è èí�îðìàòèêè Óäìóðòñêîãî ãîñóäàðñòâåííîãî óíè-

âåðñèòåòà. 2017. Ò. 49. Ñ. 80�110.

Êëþ÷åâûå ñëîâà: ðàâíîâåñèå ïî Áåðæó, âçàèìíàÿ ïîääåðæêà, êîîïåðàöèÿ, Çîëîòîå Ïðàâèëî, àëüòðóèçì, îïðå-

äåëåíèå ðàâíîâåñèÿ ïî Áåðæó, ñóùåñòâîâàíèå ðàâíîâåñèÿ ïî Áåðæó, âû÷èñëåíèå ðàâíîâåñèÿ ïî Áåðæó.

ÓÄÊ: 517.958, 530.145.6

DOI: 10.20537/2226-3594-2017-49-04

Ïðåäñòàâëåí îáçîð ëèòåðàòóðû, ïîñâÿùåííîé ðàâíîâåñèþ ïî Áåðæó â èãðàõ â íîðìàëüíîé �îðìå. Îáçîð ïî-

êàçûâàåò, ÷òî èññëåäîâàíèÿ ðàâíîâåñèÿ ïî Áåðæó çà ïîñëåäíèå íåñêîëüêî ëåò íàáèðàþò îáîðîòû, ïîñêîëüêó

â íàñòîÿùåå âðåìÿ ýòî ðàâíîâåñèå îñíîâàíî íà òåîðèè èãð, �èëîñî�èè è ñîöèàëüíîì âçàèìîäåéñòâèè. Îíî

îõâàòûâàåò âçàèìíóþ ïîääåðæêó, ñîòðóäíè÷åñòâî, êîîðäèíàöèþ è ìîäåëèðóåò àëüòðóèçì è ìîðàëüíîå Çîëîòîå

ïðàâèëî â èãðàõ â íîðìàëüíîé �îðìå. Ìàòåìàòè÷åñêîå èññëåäîâàíèå ðàâíîâåñèÿ ïî Áåðæó ïðîäâèãàåòñÿ, íî

íå ÿâëÿåòñÿ ïîëíûì; òðåáóþòñÿ äîïîëíèòåëüíûå èññëåäîâàíèÿ â îáëàñòÿõ, ñâÿçàííûõ ñ åãî ñóùåñòâîâàíèåì è

âû÷èñëåíèåì. Ïðèìåíåíèå ðàâíîâåñèÿ ïî Áåðæó â ðåàëüíûõ ñîöèàëüíî-ýêîíîìè÷åñêèõ âçàèìîäåéñòâèÿõ, ãäå

èãðîêè âçàèìíî äîïîëíÿþò äðóã äðóãà, ÿâëÿåòñÿ ïî÷òè íåèçó÷åííîé îáëàñòüþ èññëåäîâàíèé.
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