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We consider dense subsets of Z¢ = H Za, where Z = Z,, is a separable not single
ae2w

point T1-space.
We construct in Z¢, |Z| > w, (Theorem 4.1) a countable dense set @ C Z such that
every countable subset of () contains a countable subset, which can be project on
“many” subsets of Z.
From this theorem follow some facts.
Theorem 4.2 states that in the product Z°¢ of a not single point separable T} -space Z
there is a countable dense set which contains no non-trivial convergent in Z¢
sequences.
The existence of such set in the product I¢, where I = [0, 1] was proved [13] by
W. H. Priestley.
In [9] we proved that such set exists in a product of 2 separable not single point
T>-spaces.
Theorem 4.4 states that if Z is a separable not countably compact T3-space, then
there is a countable dense subset Q C Z°¢, satisfying the following condition: if
E C Q is a countable set and E converges to a set ' C Z¢, then |E \ F| < w.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

One of the most interesting problem in products of topological spaces is the problem of existence of dense

subsets. It is not so hard to prove that in a countable product of separable spaces there is a countable dense

subset. But in a case of continuum product the problem becomes much more difficult. The most well-known

result is Hewitt—Marczewski-Pondiczery theorem (see [2,3]): the Tychonoff product H Xa of 2¢ many

separable spaces is separable.

ag2vw

We consider the problem of the existence in the Tychonoff product of 2 many separable spaces a dense

countable subset with additional properties.
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In [13] W.H.Priestley proved that in I?* there is a countable dense set, which contains no non-trivial
convergent sequences in I2”, where I is closed unit interval.

In [14] P.Simon proved that such countable dense set exists in D?" where D is a two-point discrete space.
He proved that in D?” there is a countable dense set such that the closure of every countable subset of it
has a cardinality 22°.

In [8] we also considered this problem. We proved that in a product of countable discrete spaces Z2
there is a dense set @ such that every sequence of Q has a subsequence, which is discrete and closed in Z2".
Therefore no sequence from @ is convergent.

In [9] we proved that such countable dense sets, which contain no convergent sequences are not only in
products of discrete spaces: we proved that such set exists in a product of 2¥ separable not single point
Ts-spaces.

Now we consider a product Z°¢ of separable T;-space Z.

We prove Theorem 4.1, which states the following.

Let Z be a separable space, |Z] > w, and 7 C Exp Z be a family of countable subsets of Z, |n| < 2¢.

Then there is a countable dense subset Q C Z¢ = H Z X, satisfying the following condition:
X€expw
(*) every countable set E C @ contains a countable subset E/ C F such that for every G € 7 there is

X € expw such that 7x(E') = G and 7x|,, : E' — G is a finite-to-one mapping.

Using Theorem 4.1, we prove some theorems.

Theorem 4.2 states that in the Tychonoff product Z¢, where Z is a not single point separable T7-space,
there is a countable dense set (Q which contains no non-trivial convergent in Z° sequences.

From this it follows, in particular, that in the Tychonoff product Z,, where Z,, is an infinite space with
minimal T7-topology, there is a countable dense set which contains no non-trivial convergent sequences.

Consider some other consequences from Theorem 4.1. Consider a countable product Z* = [] Z;, where
Z = Z; (i € w) is an uncountable space. =

Then for every countable dense subset @) C Z“ there is a point z € Z such that for a set Z, = Z \ {z}
the following holds: Z¥ D Q.

In the case of Z¢ we have the Theorem 4.3, which states:

let Z be a separable Ti-space, w < |Z| < ¢, then in Z° there is a countable dense subset @), which satisfies
the following condition:

for all z € Z the following holds: |Z{ N Q| < w where Z, = Z \ {z}.

For a space I€ in every its dense subset, in particular in @, which contains no convergent sequences, there
is a sequence E C @, which converges to a set F' such that E N F = ). For R® we have the following.

Theorem 4.4 states:

let Z be a separable not countably compact Tj-space, then there is a countable dense subset Q C Z°¢,
which satisfies the following condition: if £ C @ is a countable set and F converges to a set F' C Z¢, then
|E\ F| < w.

The proofs we will construct and use independent matrices.

In [11] K.Kunen defined a notion of an independent linked family on w, which generalizes notion of the
independent family of sets [10,5]. J. van Mill in [12] defined the notion of independent matrix of clopen
subsets of w*. This notion naturally corresponds to the notion of independent matrix of w, which is a
subfamily of the independent linked family on w.

R. Engelking and M. Karlowicz [4] used a notion of this type for their proof of Hewitt—Marczewski—
Pondiczery theorem.

Some independent matrices were constructed in [6-9].



166 A.A. Gryzlov / Topology and its Applications 248 (2018) 164-175

2. Preliminaries

Definitions and notions used in the paper can be found in [1-3].

d(X) denotes the density of a space X, by [A] we denote the closure of a set A, exp A denotes the set of
all subsets of A and by Exp A we denote the set of all non-empty subsets of a set A. By exp,, A we denote
the set of all countable subsets of A, ¢ = 2%.

We say that a set A is countable if |A| = w.

By Y X we denote the set of all mappings from X to Y. By 7, we denote an a-projection of H Xa on
acA

X,

We say that a set A converges to a set B if |A \ U| < w for every neighborhood U of B.

We say that the character of a set A in a space X is countable (x(A, X) = w) if there is a countable base
for A in X.

A sequence {z,,}22; is called trivial if there is ng € w such that x,, = z,, for all n > ng.

A subset A C X is called sequentially closed if A contains limits of all its convergent in X sequences.

By Z,, we denote a T}-space with minimal topology, its topology consists of complements of finite subsets
of Z,,.

The proofs we will use the notion of the independent matrix of subsets of a countable set.

Definition 2.1 (/12]). For a countable set an indexed family {A;;: i € I,j € J} of its subsets is called the J
by I independent matrix if

— whenever jo, j1 € J are distinct and ¢ € I, then |A;;, N A;;, | < w;
— if 41,...,1, € I are distinct and j1,...,J, € J, then

({ A k=1,....n}| = w.
The following construction of the 2¢ by 2“ independent matrix of subsets of a countable set can be found

in [11], [12].
Consider a countable set

H ={<ku>:kcwuc (expk)™PF}.
For X|Y € expw let
Axy ={<ku>e H:u(X Nk)=Y Nk}.
The family M = {Axy: X,Y € expw} is the 2¥ by 2 independent matrix.
We will use the following notation (see [6]).

Consider the set (Exp k)*P* for k € w. Elements of this set we will denote by u, v, ect.
For k € w denote

Hy = {u € (Expk)®P*: {n} € u(expk) for all n <k},
H =| J{Hy: k € w}.

For X € expw and Y € Expw denote

Ak(X,Y)Z{UEHk: u(Xﬂk):Yﬂk}
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and
AX,Y) = J{Ae(X,Y): k € w}.
Define the matrix
M ={A(X,Y): X € expw,Y € Expw}.
M, is an independent matrix and satisfies the following conditions:

(i) if Y7, Y5 € Expw are distinct and X € expw, then |A(X,Y7) N A(X,Y2)| < w;
(ii) if X3,...,X, € expw are distinct and Yi,...,Y,, € Expw, then there is kg € w such that
(MAX;,Y:):i=1,...,n}) N Hi # 0 for all k > ko;
(iii) U{A(X,Y):Y € Expw} = H for every X € expw.

We will consider properties of the matrix 9t; and some other matrices and will use them for a construction
of dense sets of products.

3. Construction of the matrix 9)t5
Consider the matrix M; = {A(X,Y) : X € expw,Y € Expw} and its properties.
Lemma 3.1 (/6]). Let uw € Hy, C H for some ky € w and a set F C H be such that

— |[FNHg| <1 forallk € w;
— |[FNHy| =0 for k < ko.

Then for every set X € expw there is a set Y € Expw such that u € A(X,Y) and A(X,Y)NF = 0.

Lemma 3.2 (/6]). Let u,v € H, u # v. For every B C expw, |B| < 2¥, there is X € expw\B andY € Expw
such that u € A(X,Y) andv ¢ A(X,Y).

Lemma 3.3 (/8/). Let X € expw and F C H be such that |F N Hi| < 1 for all k € w. Then there is a
family T"(X, F) C Expw such that

(1) |T"(X, F)| = w;
(2) AKX, Y)NF|<w foralY e T'(X,F);
3) H{AX,Y): Y eT'(X,F)}=H.

Let F be the family of countable subsets of H such that for every F' € F the following holds:
1) |FNnH;| <1forallié€ w;
2) {Y € Expw: A(X,Y)NF =0} > w for every X € expw.

Let us prove for the set I the following.
Lemma 3.4. For every countable set E C H there are 2¥ many F € F such that F CFE.

Proof. Let E' C E be a countable set such that |E' N H,| =1 for all £ € D for a countable set D C w.
Let A be a family of countable subsets of D, |A| = 2¥, such that every set B = {k; : i € w} € X satisfies
the following:
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— ko > 2;

7ki+1 Z k1+4 for all i € w.

For every B € X define F(B) = E' N (U{H, : ki € B} = |J{E' N Hy, : k; € B}. Since |A\| = 2%, we have
{F(B):BeA}|=2v.

Let B € A\. We will prove that F(B) € 7.

Indeed, F(B) satisfies condition 1). Let us prove that F(B) satisfies condition 2).

Let X € expw. We will construct 2 many sets Y € Expw such that A(X,Y) N F(B) = 0.

Let vk, be such that {vy,} = E' N Hy, for k; € B.

Construct a family {Y%,: ¢ € w} of subsets of Expw such that for every k; € B the following holds:

= Yy, C ki

- U’%(X N kz) 7& Yk?i;

= Y, € Vi

— Ykl Nk;y = Yki’ if ¢/ < 1.

Let Yy, C ko be such that Yy, # vk, (X Nkg) (it is possible because kg > 2).

Assume {Y},, : 7 < i} has been chosen. Let Y} = J{Vx, : 7' <i}.

Consider {k‘ cw: ki1 <k< k‘l} = (ki—17ki)-

Let (ki—1,ki)* be a set of k € (k;_1,k;) such that vy, (X Nk;) # Y} U{k}. Since |(k;i_1,k;)| > 3, we have
|(kie1, ki)*| = 2.

Let k* € (ki—1,k;)*. We define a set Yy, =Y, U{k"}.

Let Y = U{Yy, : k; € A}

Note that the set Y is countable.

We have A(X,Y)N F(B) = 0.

Since |(ki—1,k:)*] > 2 for all k; € B, there are 2* sets Y € Expw such that A(X,Y) N F(B) = 0. So
F(B) e 7.

Since |A| = 2%, we have [{F(B): B € \}| = 2%.

Note, that from Lemma 3.4 we have \§"| =2 0O

Lemma 3.5. Let F € F and X € expw. Then there is a family T(X, F) C Expw such that:

- [T(X, F)| = w;

AKX, Y): Y € T(X,F)} = H;

- JAX,)Y)NF|<w foralY e T(X,F);
- Y eT(X,F): AX,)Y)NF} =0 > w.

Proof. Let F € F and X € expw. By Lemma 3.3 there is a family T'(X, F) C Expw such that

— |T"(X, F)| = w;
~JAX,Y)NF| <wforall Y € T'(X, F);
- U{AX)Y): Y eT'(X,F)} =H.

Since F € 7, there is 7" C Expw, |T”| = w, such that A(X,Y)NF =0 for Y € T”. Denote T(X, F) =
TUT". O

Now we will define a matrix 91s.

I Let P be the set of all ordered pairs (u,v) of elements u,v € H.
By Lemma 3.2 there is a countable family

L= {X(u,v)5 (u,v) S P}
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of sets X, ) € expw such that for every X, ,) € £ there is Y, ,) € Expw such that u € A(X(WJ)7 Y(u’v)),
v ¢ A(X(u,v)a Yv(u,v)) and X(u,v) 7é X(u’,v’) if (U, U) 7é (ulavl)~
Denote

R=expw\ L.

Let ) be a family of countable subsets of H such that |n| < c.
Consider the family F of subsets of H.

II Let ©: R — F be a mapping such that |©~Y(F)| = |n]| for every F € 7.
Consider F € F. Let X € ©71(F). Let

T(X,F) C Expw

be a countable set from Lemma 3.5 for F and X.

HI Let Xy, € £ and Y{,.) € Expw be such that u € A(X(y,v), Yiu,w)) and v & A(Xy,v); Yiuw))-
Let

T(u,v) - Expw
be a countable family such that Y, ,) € T(y,) and (J{A( X0, Y): Y € Ty} = H.
1V Define

T — T(u,v) for X = X(u)v) S L;
YT\ T(X,F) for FEF and X € 0 1(F).

By the similar way as in [8] we define a matrix

My = {AX,Y): X €cexpw,Y € Tx},
which satisfies the following.

Lemma 3.6. The matriz Mo satisfies the following conditions:

(1) fgr every (u,v) € P there is X = X, ) € L and Y € Tiy, . such that u € E(X(uﬂ,),Y(u’v)) and v ¢
A(X (u,0) Yu,0))s

(2) if FET and X € O~ Y(F) then |A(X,Y)NF| <w for allY € T(X,F);

(3) if FETF and X € O~Y(F) then |{Y € T(X,F): AX,Y)NF = 0}| = w;

(4) AX,Y)NA(X,Y')=0 for all X € expw and Y,Y' € Tx, Y #Y';

(5) U{A(X,Y): Y € Tx} = H for all X € expw;

(6) if X1,...,X, € expw are distinct and YV; € Tx, (i = 1,...,n) then there is kg € w such
that (WA(X;,Y:):i=1,....,n}) N Hy £ 0 for all k > ky.

The matrix 9y generates a space

Y= H TX.

X€expw
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For £ € ¥ let £x be a X-coordinate of &.
The following Lemma 3.7 is similar to Lemma 3.5 [8].

Lemma 3.7. The set ¥ satisfies the following conditions:

(1) Z'ffl,gg € X, & # &, then there is X € expw such that A(X, 1) N K(X, &) =10;
(2) |NMAX,¢éx): X €eexpw}| <1 forall§ €%
(3) for every uw € H there is the only

ex
such that N{A(X,£%): X € expw} = {u};
(4) if ur,us € H, uy # ug, then £ # 42,
Denote
w:H—X%

a mapping from H into ¥ defined by the rule: pu(u) = £* for every u € H.
Lemma 3.8. The set u(H) is dense in the space ¥.

Proof. For the set H the set u(H) is dense in X.

Indeed, let O(X, ..., X,,Y1,...,Y,) be a standard basic open set of the base of 3, where Y; € Tx, (i =
1,...,n).

By (6) of Lemma 3.6 we have

(WAXLY):i=1,....n )N H#0

For u € N{A(X;,Y;):i = 1,...,n} we have £, = Yi(i = 1,...,n) and therefore {* €
OX, ..., X0, Y1, Y), 50 O(X, ... X, Vi, Yo) N u(H) £ 0. O

4. The main theorems

Consider a separable space Z and

let 2= [] zX zZx=2
X €Eexp w

Theorem 4.1. Let Z be a separable space, |Z| > w, and n C Exp Z be a family of countable subsets of Z,
I < 2¢.
Then there is a countable dense subset QQ C Z¢ = H Z X, satisfying the following condition:

X€exp w
(*) every countable set E C @Q contains a countable subset E' C E such that for every G € n there is

X € expw such that nx(E') = G and x|, : E' — G is a finile-to-one mapping.

Proof. Consider two cases.

(I) At first we will consider the case |Z| > w.
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(A) We will construct a mapping ¥: ¥ — H Z X as follows.
Xe€expw
The construction of ¥ consists of parts (Al)-(A4).

(A1) Consider Z¢ = H ZX and the set R C expw.

X€expw
Let 1 be the family from the formulation of the theorem, and ©: R — F be a mapping such
that |©@~Y(F)| = || for every F' € F (see II of the construction of the matrix 9y).
For every X € ©~!(F) fix countable subsets G(X), D(X) of the space Zx = Z such that:

- G(X) en;

- G(X) £ GX) if X £ X

{G(X): X € ©1(F)} =1 for every F € J;
- G(X) € D(X);

— D(X) is dense in Zx = Z;

- DO\ GX)| = w.

We can do this since |Z| > w.

(A2) For every X € expw we will define a mapping vx: Tx — Zx.
Let X € R. We will define a mapping

”L/)XST)(—)ZX

as follows. Since X € R, we have X € ©~1(F) for some F € F. Consider Tyx = T(X, F) for this X and F
(see IV of the construction of Miz).

Let T ={Y € Tx: A(X,Y)NF # 0} and T% = Tx \ Tk.

By (2), (3) and (5) of Lemma 3.6 sets T% and T% are countable.

We will define ¥ x : Tx — Zx as some one-to-one mapping T'x into Zx such that:

(A3) Let X € £, i.e. X = X(,,,) for some ordered pair (u,v). In this case we have Tx = Ty, (see IV
of the construction of My). Let D(X) = D(X(y,,)) be some countable dense subset of Zx , ,
We will define

)

’lbxth—>DX

as some one-to-one mapping ¥ x from Ty = TX(u ., onto Dx = DX(u e

(A4) We define the mapping

Uy — H 7ZX
X €E€exp w

as follows.

For £ € ¥ let ¥(§) =z € H ZX be such that mx(z) = mx(¥(€)) = ¥x(Ex) (recall that {x is
X€expw
a X-coordinate of £ € ¥ and {x € Tx).

The mapping ¥ is one-to-one mapping from ¥ onto [[] D(X)C H ZX.

X€Eexp w X Eexp w
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The mapping u is a one-to-one mapping from H into X. Then

po¥:H— J] D(X)

X€expw

is a one-to-one mapping from H into [] D(X) C Z°.
Xe€eexpw
For every u € H we denote z* = ¥(u(u)) = U(&*). By the definition of ¥ we have mx (2%) = mx (¥(£¥)) =

Ux (€X)-
(B) Define

Q= ¥(u(H)) and Q) = Y (u(Hy)).

The set @ is dense in Z°¢.
Consider spaces ¥ = H TX and [ D(X). The mapping ¥:¥ — J[ D(X) is continuous.

X€expw Xeexpw X €Eexp w

By Lemma 3.7 the set p(H) is a dense subset of ¥. Then @ = U(u(H)) is dense in ~ [[ D(X). Since

Xe€expw
D(X) is dense subset of Zx for all X € expw, @ is dense in Z°.

(C) Consider F € J and let X € ©~(F). We will prove the following:

- mx (Y (p(F)) = G(X);
~ Tx|w(u(F)) is a finite-to-one mapping from ¥ (u(F)) onto G(X).

We have ¥(u(F)) = Y({¢“: u € F}), nx(U(u(F))) = vx{&%: v € F}), and {%:u € F} C Tx =
T(X, F).

Prove that {€%: u € F} =T} for F € .

Indeed, since €% > u for every u € F', we have {{%:u € F} CT% and F' C U{A(X, &%) ue F}.

From (4) of Lemma 3.6 we have {{%: u e F} =T%.

Therefore mx (¥ (u(F))) = vx({{%: v e F}) = x(Ty).

By the definition of the mapping ¥x we have ¥ x (T%) = G(X), so

Let us prove that

mx|w(ury) s Y(u(F)) = G(X)

is a finite-to-one mapping from ¥(u(F)) onto G(X).

Let Y € Tx. Consider ¥x(Y).

If for some 2% € Wx(u(F)) we have Yvx(Y) = ¢¥x(£%) = mx(z%), then, since ¥x: Tx — Zx is a
one-to-one mapping, we have £§% =Y. Therefore u € Y.

Since |[FNY| < w for every Y € Tx, we [{u € F: mx(z*) = ¥x(Y)}| < w. Therefore

7TX|\I/(M(F))5 U(u(F)) = G(X)

is a finite-to-one mapping.

(D) Let us prove the property (*) of @, declared in the theorem. Use (C).
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Let F C @ be a countable subset. Let E C H be such that
V(u(E)) = E.

There is F € J such that F C E (see Lemma 3.4).
Let G € n. Consider X € ©71(F) such that G(X) = G. Then for ¥(u(F)) C E we have

and x|y (u(r)): Y(u(F)) — G(X) is a finite-to-one mapping (see (C)).
Define

E' = U(u(F).

I1. Consider the case |Z| = w.
Let A be a countable set.
Denote Y = H Za, where Z, = Z for all a € A.

acA
Y is an uncountable separable space.

Consider H YX, where Yx =Y and Yx = [[ Zox, Za,x = Zo = Z for all X € expw.

X€expw agA

We have Z¢ = H Y X. Fix a point yp € Y and a € A.
X €Eexpw
Let n C Exp Z be a family of countable subsets of Z, |n| < 2¢.

For every element G C Z of family n we define a set G’ € Y
G ={yeY:nms(y) € G and 1,(y) = ma(yo) for a # a}.

Let " ={G": G € n}.

Consider Z¢ = H YX = H (HZO“X )-

X €E€exp w X€expw a€A
In Z°¢ = H Y X there is a countable set Q C Z¢, satisfying (*).
X€expw
Let ECQC Z° = H Y X be a countable set.
X €Eexpw

By (*) there is a countable subset E’ C E such that for every G’ € 1’ there is X € expw such that
7x(E') =G and wx(E'): E' — G’ is a finite-to-one mapping.
Let G € n and consider corresponding G’ € /. Then there is X € expw such that

(E)=¢

where 7% H YX = Yyisa X-projection from H YXonYgy= ][ Z, yandng|p: E' = G
Xeexpw X €Eexp w acA
is a finite-to-one mapping.
Consider 7, ];[A Z, %25 %

Then 7, (e (E) = 7, (G') = G-

The mapping 7 & o 7 is a projection of Z° = H YX = H ( H Zox )on Z 5.
X €Eexp w Xeexpw a€cA
And Ta X O T |Er is a finite-to-one mapping. O
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Consider some facts, which follow from Theorem 4.1.

Theorem 4.2. Let Z be a not single point separable T1-space. Then there is a countable dense subset Q C Z¢
which contains no convergent in Z° nontrivial sequences.

Proof. Let Z be a separable not single point T;-space.

Consider Z“.

There are two countable subsets of Z* with disjoint closures.

Indeed, Z is not single point Tj-space, and let x,y € Z, z # y. Consider 7~!(z) and 7~ *(y) where
7. Z¥ — Z is a projection on Z. Then 7—1(x) and 7—1(y) are closed infinite sets, 7= (x) N7~ 1(y) = 0.

Let ®, C 7~ !(x) and ®, C 7~ *(y) be countable subsets of Z*, then [®,] N [®,] # 0.

Consider a subset G = ®, U ®,, of the space Z* and let = {G} be a family consisting of the only one
element G.

Consider H Y X, where Yy = Z% for all X € expw.

X€expw
H Y X is naturally homeomorphic to Z*.
X€expw

By Theorem 4.1 in H Y X there is a countable dense set Q C H Y X, satisfying (*) of the
X€exp w X €expw
Theorem 4.1 for 7.

Suppose, there is a non-trivial convergent sequence £ = {z,,: n € w} C Q.
Then there is a countable subset E’ of {z,: n € w} and X such that for 7wx : H YX — Yx
Xe€expw
we have 7x (') = ¢, U®, = G and 7x|,,: B’ = &, U®, is an “on” and finite-to-one mapping. Since
[@,] N [®,] = 0, we get that & contains two subsequences with disjoint closures. This contradicts the fact
that £ is a convergent sequence. 0O

From this it follows, in particular, that in the Tychonoff product Z;,, where Z,, is an infinite space with
minimal T7-topology, there is a countable dense set which contains no non-trivial convergent sequences.
Consider a countable product Z¥ = [ Z;, where Z = Z; (i € w) is an uncountable space.
1EW
Then for every countable dense subset Q C Z% there is a point z € Z such that for a set Z, = Z \ {z}
the following holds: Z¥ 2 Q.

In the case of Z¢ we have the following.

Theorem 4.3. Let Z be a separable space, w < |Z| < ¢. Then in Z¢ there is a countable dense subset @,
which satisfies the following condition:
for all z € Z the following holds: |Z; N Q| < w where Z, = Z \ {z}.

Proof. For a space Z let n be the family of all countable subsets of Z. Let @@ be a countable dense set of
Z*¢, which satisfies (*) of Theorem 4.1 for 7.

Suppose that for some z € Z we have that a set £ = Z{ N (Q is countable. Let z € G for some G € . By
(*) of Theorem 4.1, there is B/ C E and X € expw such that 7x(E’) = G. Then 7x(E’) > z. But since
E' C Z{ N Q we have that mx (E’) C Z, and therefore z ¢ mx (E’). Contradiction. O

For a space I¢ in every dense subset, in particular in (), which has no convergent sequences, there is a
sequence E C @, which converges to a set I such that £ N F = (. For R we have the following.

Theorem 4.4. Let Z be a separable not countably compact Ty-space. Then there is a countable dense subset
Q C Z° satisfying the following condition: if E C @ is a countable set and E converges to a set F C Z°,
then |E\ F| < w.
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Proof. Let G C Z be a countable discrete closed set and the family n = {G} consists of the only set G.

Then for n there is a countable dense set of @ C Z° satisfying (*) of the Theorem 4.1.

Let us prove the that for every countable subset E C () there is a countable discrete and closed subset
E'CE.

Let £ C Q.

By (*) of Theorem 4.1 for E there is a countable E’ such that for some X € expw we have mx(F') = G
and mx on E’ is a finite-to-one mapping of E’.

Let us prove that E’ is discrete and closed.

Let us prove that E’ discrete.

Let z € E’. Consider mx(z). Since G is discrete, there is an open set U C Z such that UNG = 7x(z).
Then E' N7y (U) = 75" (mx(2)).

Since mx on E’ is a finite-to-one mapping of E', a set E' N7y (U) = 3" (7x(2)) is finite.

Therefore there is an open in Z°¢ neighborhood Oz of z such that Oz N E' = {z}.

Let us prove that E’ is closed. Let z € Z°\ F'.

Let mx(z) € G. By the same arguments as before, we can prove that there is a neighborhood Oz such
that Oz N E" = .

If 7x(z) ¢ G then, since G is closed, there is a neighborhood U of mx(z) such that U N G(X) = 0. Then
7~ 1(U) is a neighborhood of z and 7= *(U) N £’ = {).

Now let E be a countable subset of @ and F' C Z¢ be such that E converges to F. Suppose |E\ F| = w.
Then there is a countable E/ C E'\ F' which is discrete and closed in Z°¢.

Then U = Z¢\ E’ is a neighborhood of F' and |E \ U| = w. Contradiction. O
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