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IIpeauciaoBue

Kypc «Yucsiennbie MeTOIBI» TPAJUIMOHHO CUUTAETCS CJIOKHBIM
y CTYJIEHTOB, TaK KaK B HEM TPeOYeTCsl COYeTaTh YMEHUsI U HABBIKU IIPO-
IPAMMHUPOBAHUST CO 3HAHUSMHU 0A30BBIX MaTEeMATHIECKUX KypcoB. Ilo-
9TOMY JaHHOE y4ueOHOe Iocobme MPU3BAHO MOMOYb CTYAEHTAM B OCBO-
eHnn JaHHOU jucruiinabl. OCHOBHBIE MEIU U 3aJa9d Kypca: HAydIuTh
[IPaBUJILHO OIEHUBATH PE3YJIbTATHI BBIYUCJIEHNN, BBIIIOJHEHHBIX HA KOM-
IBIOTEPE CPEJICTBAMHU SI3BIKOB IIPOIPAMMUPOBAHUST; O3HAKOMUTH C METO-
JIaMU MOy YeHUs] aHAJIUTUIECKUX 3aBUCUMOCTEHN Tpu 00paboTKe pe3yiib-
TATOB HKCIIEPUMEHTOB; O3HAKOMUTDH C MPU3HAKAMH ILJIOXO OOYCJIOBJICH-
HBIX U HEKOPPEKTHBIX 33129 U [MOIXOJAMH K WX PEIIeHUI0; chOPMUPO-
BaTh KYJIbTYPY KPUTHYIHOI'O OTHOIIEHUS K HOJIYIYEHHBIM DE3yJIbTaTaM.

IIpemiaraemoe mocobue sIBJIsIeTCS BTOPBIM U3JIAHUEM K JAHHOMY KYp-
Cy, UCIIPABJIEHHBIM U JIOTIOJTHEHHBIM.

TTocobue cHaOKEHO TEOPETUIECKOI YaCTBIO, B KOTOPO# KPATKO U3JI0-
JKeHBbI (POPMYJIBI U AJITOPUTMBI KJIACCHIECKUX MeTomoB. Ilpu odopmie-
HUU CIIPABOYHON YacTW OBUIM MCIOJIB30BAHBI Marepuadssl [3, 5, 6, 14].
st caMOCTOsITEIbHOM PabOThI CTY/IEHTOB IPEJJIOYKEeH JIaDOPATOPHBINM
NPaKTUKYyM C WHIWBUIyaJbHBIMUA 3ajaHusiMu. JlabopaTopHbie padOTHI
Kypca HaIpaBJI€Hbl Ha YIVIyOJieHWe W paCIIupeHue JIEKIIMOHHOIO MaTe-
praja, TpuodpeTeHne BBIYUCIUTEIBHOTO OIBITA IIPHU PEIEHUN ITOCTAB-
JIEHHBIX 33/1a4.

JloroHeHEM LIEPBOTO U3JAHUS SBJISIOTCA METOIUYECKHE DPEKOMEH-
JAIMK 110 BBITOJHEHUIO JIADOPATOPHBIX PaboT B makere Mathematica.

Wsnanue npegHasHadveHo Jjisi CTYAEHTOB OakajiaBpuaTa HalpaBJie-
uuit mo ykpymnaenasiM rpymmam: 01.00.00 «Maremarnka n MexaHuUKay,
02.00.00 «KommbioTeprbie 1 nHMOOPMAITHOHHBIE HAYKH». KpoMe Toro, mo-
cobue MOXKeT OBITh UCIOJIB30BAHO U CTYIEHTAMU NHKEHEPHBIX HAIIPABJIEe-
HUI, & TaK»Ke OyJIeT IOJIE3HO BCEM, KTO MHTEPECYeTCsl BBIUYUCIUTE/IbHON
MaTeMaTUKOM’.



1. Meroapl penieHus CUCTEM JUHENHBIX
ajirebpandyecknx ypaBHEHUIA

Bce npsimble MeTO/IbI OCHOBAHBI HA TOM, UTO UCXOTHAS CUCTEMA TIPU-
BOJINTCS K 9KBUBAJICHTHOMN, HO UMEIOIIIEiH OoJiee TPOCTyIo GopMy cucTeMe,
KOTOPYIO Jierde pemaTh. PaccMoTpuM cucrtemy

a1121 + a2z + -+ + a1, Ty = by,
a21T1 + a22%2 + -+ + G2p Ty = by
Az =b, wm e ' (1)
Ap1T1 + Gp2T2 + - + ATy = by,

e A — KBajipaTHas MaTpuiia nopsaka n, det A # 0, £y — HeuzBeCTHBIE
BEJIMINHBI, ¢;; — 38/JaHHbIE 3JeMEHThl MATPULBI CHCTEMBI yDaBHEHMIA.

B OoTJIn4Ine OT NIPAMBIX METO/J0B, UTE€PpallMOHHbIE METO/bl MOT'YT 1a-
BaTh TOYHOE pEIlleHUE CUCTEMbI JIUIIb KAaK Pe3yabTaT eIXHOODPA3HO-
ro mporiecca ureparmii. MeTopl mopoXKIaT TOCIeI0BATETFHOCTD TPH-
Gmkennpix permennii (%), 1 mexonHas MaTpmna yYacTByeT JHINb B
MATPUIHO-BEKTOPHOM yMHOXKEHUSIX. [Ipn OIeHKe KadecTBa MTEPAIUOH-
HOI'O TIPOIIECCA CAMBIM BAaKHBIM BOIPOCOM SIBJISIETCS CXOJMMOCTD IOJIY-
YEHHOH TOC/IeI0BATEIbHOCTH BEKTOPOB K PEIIEHUIO CUCTEMBI U CKOPOCTh
910l cxopumoctu. He JummHuM 3/1ech OyI€T U CBORCTBO CAMOUCITPABJIsie-
MOCTH TaKUX METOJOB. DTO CBOHCTBO JeJIaeT UX MEHEe UyBCTBUTEIHbHBI-
MU II0 CDABHEHMIO C TOYHBIMU METOJAMM K OTJIEJbHBIM ONIMOKAM, JIOITy-
IIIEHHBIM [IPU BBIYUC/IEHUSIX.

1.1. Metozm I'aycca

Asroputm merosa Taycca cocrout m3 jaByx aramoB. [lepBbrit sTam
HA3BIBAETCS NPAMbBLM TOOOM METOJA U 3aKJIIOUAETCS B IIPUBEIEHIN MaT-
PHUIIBI CUCTEMBI K TPEyTroJbHOMY Buay mo dopmynam: k=1,2,...,.n—1

Aik .
Qi ::aij—@akj, ]:k,k+1,,n,

b, ::bi—%bb i=k+1,k+2,....n
Takum 06pa3oM, BbIIOJHEUB (1 — 1) [1ar, Mbl IOJIYYUM CUCTEMY C BEpXHeil
TPeyroJbHOIl MaTpuUIlei, IpuYeM 3Ta CUCTeMa IKBUBAJICHTHA MCXOIHOIA,
a 9JIEMEHT (jf, Ha KOTOPBI IPOUCXOIUT JejIeHIe, Ha3bIBAETCS 8edYULUM



anemenmom Ha k-m miare. Pelrenve cucteMbl ¢ TpeyroJibHON MaTpuUIeit
BBIIIUCHIBAETCS SIBHO U HA3BIBACTCH 00pammvim rodom memoda laycca:

n
b — > ak;x;
xk:L, k=n,n—1,...,1.
Qkk
OTu HOPMYIIBI UMEIOT CMbICJI, €CJIU TOJBKO BCE BEYIIUE 3JIeMEHThI
OTJINYHBI OT HYJIst: agr 7 0. Ho o™i orpanmuenust 06peMeHUTEIbHBI, 110~
TOMYy TpuMensiercss memod laycca ¢ evibopom 2nashozo aremenma. Ha
MIEPBOM ITIAre CPeJii BCEX JIEMEHTOB MEPBOIO CTOJIONA HAXOINM MAKCH-

MAJIBHBIA TI0 MOJIYJIIO 3JIEMeHT: |ag1| = max |a;1|. Hanee k-0 cTpoky
1<ig<n

MeHsIeM C IIepBO# CTPOKON MecTaMU, IIPA 3TOM HalJICeHHBIII MaKCHAMAaJIb-
HBI{l 9JIEMEHT CTAHET BEYIINM JIEMEHTOM, U OH OTJINYeH OT Hyssd. BbI-
IIOJTHSIEM IIEPBBIH mar MerToja l'aycca, To ecTh 3aHyJisieM BCe JIEMEHTHI
IIEpBOTO CTOJIOIA IO/, BEIYIIUM 3JjieMeHTOM. Jlajiee uimeM MaKkCcUMAaJIb-
HBIIl 110 MOJIYJIIO 3JIEMEHT CPEIU G2, ie 2 < i < n. Chemyromue maru
JeAI0TCS aHAJOTHUIHO, M BCErJla MaKCHMAJIbHBIM MO MOJIYIIO 3JIEMEHT
Oymer owmder or Hysst. Ecim det A # 0, TO BCe BeyIlue 3J€MEHTHI,
TIOJTy I€HHBIe METOJOM ['aycca ¢ BLIODOPOM TJIABHOTO 3JIEMEHTa, OYIyT OT-
JIMIHBI OT HyJid. [losTOMy HE Ha KakoM Iare JejeHus Ha HyJIb He Oy-
get. I HaobopoT, ecan Ha KaKOM-TO Iare HailJeHHBIH MaKCHMAaJIbHBII
II0 MOMYJIIO 3JIEMEHT OKAayKeTCd PABHBIM HYJIO, TO 9TO YKAa3bIBAE€T, ITO
OIIPe/IeJINTEh UCXOHOM MATPUIIHI ObLI paBeH HYJI0. TOYHOCTD Pe3yiib-
TaTOB Oy/eT ONpEeNesaTbCsl TOYHOCTHIO BBITIOJIHEHUS apU(PMEeTHIECKUX
omnepaluii mpu Tpeodpa30BaHUM SJIEMEHTOB MATPHIIHI.

3ameuanune. BMecTo MaKCUMAJIBHOTO IO MOLYJIIO dJIEMEHTa MOXKHO
WCITOJIF30BaTh JIIOOOI HeHy/eBoil demenT. Ho MOCKOIBKY MTPOMCXOIUT
JeJleHne Ha 3TOT JIEMEHT, TO JIydIle BCErO HCIIOIb30BATH MaKCHMAJIb-
HBIH, 9TO JTaCT MUHUMAJbHYIO IIOIPENTHOCTbD.

MozkHOo ucmosib3oBaTh memod Xopdano—Iaycca. TOT METOI OTIIU-
JaeTcst 0T OOBIYHOTO MeTofa ['aycca TeM, 94TO Ha KarXKJOM IIare mpsiMoro
X0J1a, TOCTe HAXOXKJEHUS BEIYIIEro dJIEMEHTa, 3aHYJIAIOTCI JIEMEHTHI
cTOsI011a HE TOJIBKO HUKE BEJYIIETrO JIEMEHTA, HO U BBIIIE, TO €CTh MaT-
puria A IpUBOANTCS K JUATOHAJIBHOMY BHJTY. 1Or/a DEIleHne 3alnChiBa-
ercs Kak ¥; = —, rae 4 = 1,2, ..., n. Ecm eme na Kaxk10M mare mepe
3aHyJIEHUEM ﬂpyzrlnx 3JIEMEHTOB CTOJIONA BEIYILYIO CTPOKY JIEJINTH Ha Be-
JYIIAH 9JIEMEHT, TO B PE3yJIbTaTe MPSIMOI0 X0JIa TOJIYIUTCS €TUHUTHAS



MaTpuia. A 3Ha4UT, O6PATHBINA X0/ HE MOTPEOyeTCs, TAK KaK Ha MeCTe
cToJI011a TPaBO#l YaCTHU MOJIyYINM PEelIeHNe UCXOIHON CUCTEMBI.

1.2. Meroa LU-pasznoxkeHus

Teopema. Ecau sce 2aa6Hble MUHOPHL KEGOPAMHOT Mampuyv, A om-
AUYHDL, OM HYAR, Mo cywecmeyrom mampuyvt L u U, ede L — Huorchas
mpeyzoavhan, U — sepruas mpeyzosvhas mampuya, u A = LU. Ecau
otce JUazOHANDHBLE INEMEHTIDL OOHOT U3 MAMPUY, 3APUKCUPOSEMY, MO
maxoe passoscenue eOUHCMBEHHO.

Ecan 3aduxcupoBansl snemenTsl MaTpuiibl L, To Marpuiisl L u U
UMEIOT BUJ;:

1 0 0 0 Ul U2 U3 Uln
l21 1 0 0 0 U22  U23 U2n

L= l31 32 1 0 , U= 0 0 us3s U3n R
lnl ln2 ln3 1 0 0 0 Unn

T'/ZIe 9JIEMEHTBHI BbIYUCJIAIOTCA 110 (bOpMy.Hal\lZ

Jj—1
i—1 aij — > lLinug;j
. . k=1 . .
wig = aig — Y liug (1 <j), Ly = ———— (i > j).
Usj
k=1

Samerum, 94TO B 3TUX POpMyJsiax He OyJer JejeHus Ha HYJIb.

Tlonb3ysick 9T0it TEOpeMoii, pemtenue cucrembl Axr = b ymporaercs.
Nmeem npegcrasiaenne LUz = b. O6o3uauus Uz = y, noayunm Ly = b.
Pemterne CJTAY cBOaUTCS K TOCTIEIOBATETHHOMY PEIIEHUIO JIBYX CUCTEM
C TPEYTOJIbHBIMU MaTpuiiaMu. [109TOMy WX perteHust BBITUCHIBAIOTCS s1B-
Ho. CriepBa HaxonuUM pelleHune cucreMbl Ly = b:

k—1
Yk :bk—zlkjyj, k=1,2,...,n.
=1

Ecin u3BecTHBI y;, MOXKHO TaK>Ke JIEFKO HaHTH T;, KAK PellleHle CH-
cremel Uz = y:




3ameuanune. LU-meros pemenust CJTAY — s1o Tor xe Meron [ayc-
ca, 3alMCaHHbIi B MAaTpUIHOM mpejcTapjiennn. Marpuna U u BeKTOD ¥y
€CTb He 4TO MHOe, KaK IOJIyUeHHbIe TI0cIe IpsaMoro xoja Merona laycca
TPEyTOJIbHASI MATPHUIA U BEKTOP MPABO JaCTH.

IIpoBepka ycioBusi, YT0 BCE IJIABHBIE MUHOPBI OTJIMYHBI OT HYJIST —
JIOBOJIBHO TPYJ/IOEMKHUI TPOIECC, TOITOMY IIPOBEPKY MOYKHO BBIIIOJTHUTH
110 X0y BbrumcieHuil. Ecjim okazkercst, 9T0 Ha KAKOM-TO mmiare u;; = 0,
TO 9TO OyJIeT 03HAYATH, YTO He BCE IVIABHbIE MUHOPBI MCXOIHONU MaTPUIIBI
ObLTH oTImaHbL OT Hysisa u LU—-Meros 3/1ech He paboraer.

Ecim naiinenst marpuiet L u U, TO JI€erKO BBIYUCIUTD OIPEAEIATED

n
ucxonuoit Marpurpl det A = det L - det U = [] wy;.
i=1

1.3. Meroa kBagpaTHbIX KOpHeH (cxema Xo0JIenKoro)

Metro npuMeHsieTcst B cjIydae, KOrga mMarpuna A cumMerpudHasi,
to ectb A = AT TIpencrasum marpuiy A B Bune A = ST - D - S, rae
D — jpumaroHaJibHas MaTpHUIla, IIPUYEM 9JIEeMEHTHI JauaroHam d; = +1,
S — BepxXHss TPeyroJibHAs MaTpHIa, S’ — TpPaHCIOHUPOBAHHAS K S
marpura. O6muit Bum HopMys [jid HAXOXKIEHUs 3JIEMEHTOB MaTpuit D
unSupui=12...,n

i—1
— e 2
d; = sign | ay; — E Spidp |

p=1

1—1
aij — Zl SpidpSpj
p:

Sij: ,j:Z+1,Z+2,,n

d;sii

Tloce maxoxaenus sjpemeHToB D u S pelenne UCXOTHON CHCTEMBI
cBosuTCs, Kak U B LU—-MeTojie K PeIennio JIByX CUCTEM C TPEYTOJIbHBIMU
marpunamm: ST Dy = bu Sz = y. Pemenus o6enx CHCTeM BBITHCHLIBAIOT-
cs1 10 ABHBIM (POpMy/IaM, TaK Kak MaTpuia S’ D — HUKHsIS TPEYToJb-
Hasl, & MaTPUIA S — BEPXHsisl TPEYTOJIbHAS.

1
Bameuanwue. Pasencrso A = ST DS conepsxur Beero in(n—l—l) ypas-

1
HEHUI 171 OIIpeIeIeHsT in(n + 1) + n HEU3BECTHBIX, TO €CTH HA CAMOM



nesie n HemsBecTHbIX d; (1 = 1,2,...,n), Kak 661 sumare. OHU 3/1€CH BBE-
JIEHBI MCKYCCTBEHHO, MBI UX BbIOMpaeM camu, mojaras d; = +1, 9rodsbl
MOXKHO OBILJIO M3BJIeYh KBaJIpATHBIE KOPDHU BO BCeX (pOPMyJIaX, TJ€ BbI-
YUCIISIOTCS JUArOHAbHBIE 3JIeMeHThl MaTpurbt S. [Ipu Takom BeIOOpE d;
Beeryia paboTaeM TOJIBKO C JeHCTBUTEILHBIMUA IHCTAMHA.

MoKHO paccMOTpeTh M APYTOMl MeTO[ KBaJIDATHBIX KOPHEi, KO-
raa miyt marpuny S takyio, uro A = STS. Ilpu srom bopMymnsl Te
2Ke caMble, TOJIBKO 6e3 MaTpuilbl [), TI09TOMY TOJIKOPEHHBIE BhIPAYKEHUS
OyayT 6e3 MoiyJisi. A 3HAYUT, MOIYT TOJYUYUTHCST KOMILJIEKCHBIE YUCIIA.
O/ 1HAKO eCJTH UCXO/THAST MATPUIA CAMMETPUYHA U IPAaBasi 9aCTh CHCTEMBbI
JIEiCTBATEIIbHA, 8 BBIYUCJIEHUsI TPOBECTH JI0 KOHIIA, TO B PE3YJIBTATE TI0-
JIYIUTCsI JefICTBUTEJILHOE PEIEeHNE JIaXKe eCJIU 0 XOJLy IPUIILIOCh UMETh
JIeJIO C KOMILIEKCHBIMY YHCJIAMHU.

1.4. Mertoa opTOroHaIN3aIUN

JJtst TAaHHOTO METOAa CTPOUTCS TTOCIEI0BATEILHOCTH OPTOTOHAIBHBIX
BEKTOPOB U Ha KAKOM-TO IIare O4epeJHON BEKTOP JIaeT PeIeHue CUCTe-
Mol (1). O6ozHaTIM @in+1 = —b;, 1 =1,2,...,n 1 3anuMIeM HCXOJHYIO
CHCTEeMY B Pa3BEPHYTOM BHJIE:

a11T1 + a12T2 + ... + 1Ty + A1 pr1 = 0,
2121 + a22%2 + ... + A2 Ty + A2 n41 = 0, 2)

An1T1 + ap2Z2 + ... + ApnTn + A pt1 = 0.

Iycrs a; = (@i1, Gig, - - - s Qin, Qi pt1) — -8 CTPOKA PACIINPEHHON MaT-
puupl, y = (21,2, ..., T,, 1) — BekTOp HemsBecTHBIX. Torga cucrema (2)
IIPUMET SKBUBAJIEHTHBIN BU/I, 3aIIMCAHHBINA YepPe3 CKaJIPHbIE IIPOU3BE/Ie-
HUS:

(ai7y):0ai:172a"'7n' (3)

Banmch cucrembl B Buje (3) o3Hauaer, UTo ecam Mbl Haiimem (n + 1)-
MEpPHBIH BEKTOP ¥, MOCJETHUM 3JIEMEHTOM KOTOPOrO siBjseTcs 1, U oH
OyIeT OpTOrOHAJIeH BCEM BEKTOpaM @;, TO TIEPBBIE 7. JIEMEHTOB STOIO
BEKTOpa JaJyT peleHne UcXoauoit cucrembl. Feom det A # 0, To uc-
MOJIB3YIOT Memod opmozonanusayuy I'pamma—IIImudoma.

HobaBuM K N JIMHEHHO HE3aBUCHMBIM BEKTODAM {aji,dg,...,an}
eme omuH (n + 1)-mepHbiii BekTOp @f41 = (0,...,0,1). Torma cucre-
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Ma @i, G2,..., Gp+] JUHEHHO He3aBUCHUMA. DyneM CTPOUTH BEKTODA

U1,V1,U2,0V2,...,Up4+1 IO CJACAYIOIUM IIDaBUJIIAM.
., U1
Bepem mepBblii BEKTOp M HOPMAJIM3YEM €ro: u; = a1, U1 Tl
U1
rae Jui]| = /(u1,u1). Janee ug cTpouM Kak JIMHEHHYIO KOMOWHAIIUIO

BEKTOpa az 1 yxXKe Haﬁ,ﬂ;eHHOFO V1 Ug = G2 — 7Y21V1. KOHCT&HTy Y21 BbI-
O6upaeM Tak, 9TOOBI MMOJyIE€HHBIH BEKTOpP ObLI OPTOTOHAJIEH V1, TO €CTh
(U27'Ul) = 0. Orkyma v21 = (a2aU1) u BGETOP U2 = G2 — 721V1 OIpe-

2
[zl
rOHAJIEH V1. AHAJOIMYHBIM 00PA30M IIPOJIOJIZKAST MPOIECC, UMEEeM IpU
i=23,....,n+ 1

HessteTcss OmHO3HAYHO. ITosozkmMm vg 3amMernmM, 9TO Vg OPTO-

j—1
uj=aj =Y Wivi, v = m e i = (aj,vi), i=1,2,...,5 - L
i=1 J

Hocnenuuii BeKTOp Upt1 = (€1,C2, -+ -, Cp, Cnt1) OPTOrOHAJIEH BCEM BEK-
TOpaM a; IO HOCTpoeHuio. Ecau HOpMUPOBATHL €ro II0CJeIHIOI KOMIIO-
HEHTy, TO IIePBBIE N 3JIEMEHTOB MOJIyUIeHHOTO BEKTOPa JAJyT HCKOMOE

C1 Cp,
pelieHue y = e ,1 .
Cn+1 Cn+1

1.5. Mertoa nmporoHKun

MeToa TpOroHK! UCIOIB3YETCS JIjIs PEIIeHUsT CUCTEM JIMHEHHBIX aJl-
rebpanyeckux ypasaenuii (1) ¢ TpexIuaroHaJbHON MaTPUIEl, KOTOPbIE
B OOITIEM CJIyYuae UMEIOT BH]L

bivi1+ciwi +dixipr =1, 1=1,2,...,n, (4)

rie by =0, d,, = 0, WK B BEKTOPHO—MATPUIHOM IIPEJICTABICHUN

C1 d1 0 0 e 0 O 0 1 T1
by ¢ ds 0 LR 0 0 0 T2 r2
0 b3 C3 d3 e 0 0 0 X3 o T3
0 0 0 0 s bpo1 Cno1 dn-a Tn—1 Tn—1
o o0 o0 0 --- 0 br, Cn Tn Tn

11



Perenne cucreMbl ypasHeHuit Buja (4) METOIOM HPOrOHKH COCTOUT
U3 JBYX 3TANoB. [Ipamaa npozowxa — 3TO HAXOXKIEHHE ITPOIOHOYHBIX

k03 durmenTos §; u A\; upu i = 1,2,...,n no dopmyaam
5 — di N — ri —bidioq
¢i + bidi1 ¢ +bidi—1
Taxk xkak b; = 0, TO mporecc BBIYUCIEHUS §; U A; MOKHO HA4YaTh CO
. 1 1
3HaUeHnit 01 = ——, \; = — U NPOJOJKUTH jajee 1o dopmyaam (5)
C1 C1
TOCJIEIOBATEILHO TIpH ¢ = 2,3, ..., N, NpudeM 1npu ¢ = n B cuity d, = 0
nostyanm 0, = 0. Obpamnas npozonka — 3TO MOJIyIEHHE HEU3BECTHBIX
z;upu i =n,n—1,...,1 mo dopmyie

Torya nosarast B paseHcTse (6) ¢ = n, GygemM uMeThb

Tn — bn)\n—l

Ty = )\n = ’
Cn + bn(sn—l
e A\p_1 U 0,1 — y?Ke€ U3BECTHBIE C MPEIbIYINETo Irara unchaa. Jamee
o dopmyie (6) nocsenoBaTeIbHO HAXOAATCA T; Upu i = n—1,n—2,...,1
COOTBETCTBEHHO.

J1j1s1 yCHemsoro npuMeHeHIsT METOIa IIPOTOHKH HYYKHO, YTOOBI B IIPO-
recce BBIUUCIIEHUH He BO3HUKAJIO CUTYAIWi C JieJIeHUEeM Ha HyJb, & TIpu
GOJIBIINX PA3MEPHOCTSIX CHCTEM HE OBLIO OBICTPOTO POCTA MOIPEITHOCTH
OKPYTJICHUIA.

Omnpenenenne. [Iporonka Ha3bIBAETCS KOppekmuol, €Ciu 3HaMe-
HATEIN NPOrOHOYHBIX KodbdunnerTor (5) He OOPAIIATCS B HYJIb,
u yemotnueod, ecan |0;| < 1 npu Beex ¢ = 1,2,...,n.

IIpuBeeM mpocThble HOCTATOYHBIE YCIOBUS KOPPEKTHOCTH W yCTOM-
YUBOCTU TPOTOHKH, KOTOPBIE BO MHOTHX IPUJIOKEHUAX METOJA BBITIOJ-
HSIFOTCSI ABTOMATHYECKU. DTH YCJIOBUsl TAPAHTUPYIOT CYIECTBOBAHUE
U €JMHCTBEHHOCTH DelleHns cucTeMbl (4), a TakyKe BO3MOMKHOCTb Ha-
XOKJIEHUSI 9TOTO PEIIEHUsT METOOM ITPOIOHKH.

Teopema. I[lycmov xoappuyuenmor b; u d; npu i = 2,3,...,n—1
ypasnerus (4) omauwunoe om nyan, u nyemo |c;| > b + |di], i = 1,2,
...,n. Toeda npozorka no dopmyaam (5), (6) xoppexmna u yemotivusa.

Bameuanne. Yeuosus |¢;| > |b;|+|d;| npui = 1,2,...,n o3nagaor,
YTO MATPUIIA CUCTEMbI UMEET JOMUHUPYIONIYIO IIABHYIO JIMATOHAb.
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1.6. MeTtoa mIpoCTbIX UTEepaINil

Pacemorpum cucremy (1), rme det A # 0. Ilycrs Ty cucremy Kakum-
TO 00pPa30M yIaJI0Ch 3aIMCATh B 9KBUBAJEHTHOM BH/JIE

x = Bx +e¢, (7

rae B — marpuna, ¢ — Bekrop. PopmMa 3anmcu ucxoqHo cucrembr (1)
B Buge (7) yuobHa TeM, 9TO OHA IIO3BOJISET JJI €€ PeIleHHs] CTPOUTDH
UTEPaMOHHBIN IIpOoIecc

") = Bz 4 ¢, (8)
¥ oMy anTh, HaduHas ¢ nekoroporo (9 nocsenosarensrocts (M, (2]
oo, ) KoTOpast pH ONPeJIe/IeHHbIX YCIOBHSX CXOIUTCS K Petlie-
auto (7).

Teopema 1 (JlocrarouHoe yCaOBHE CXOAMMOCTH METOJA MPOCTHIX
urepanuii). Ecau || Bl < 1, mo umepayuonmod npouece (8) dasa a06020
nauanvnozo npubirusicenua 0 crodumes co cxopocmvio 2eomempuie-
cxoli npoepeccuy ¥ eduncmeennomy peweruto cucmemov (7).

Teopema 2 (HeobxomumMoe 1 JOCTATOUHOE yCIOBUE CXOIUMOCTH M€~
TOZIa TPOCTHIX mreparuii). Memod npocmux umepayut (8) cxodumes
0 106020 navavrozo npubruscenus 0 x eduncmeenmomy pewenuro
cucmemv (7) mozda, u moavko mozda, xo2da |Ag| < 1.

Teopema 3. ITycmy || B|| < ¢ < 1. Toeda umepayuonnoti npouece (8)
crodumces % x. npu aobom navasvrom npubsusceruu 0 u umerom
MECTO OUEHKU:

Hx* - &U(k)H < %—q Hx(k) — k=1 H — amocrTepuopu,

k
|2 — 2™ < 1q— |2 — 2| — anpuopn.

Ecnu HOJ‘Iy‘{eHaanpI/IOpHaH OIleHKa /IS KaKOI'o-TO METO/a, TO OHa
II03BOJISIET, BHIIIOJIHUB BCET'O OJIMH IITar MeTO/a, 3apaHee y3HATh, CKOJIBKO
IIAr0B JIOCTATOYHO OYIET CAEeJIaTh, YTOOBI IOy IUTh PElIeHne ¢ HAIIEPe/T
3aJJaHHOU TOYHOCTBIO. K coXKaeHnIo, alpruOpHbIE OIEHKN YIA€TCs MOJTY-
YUTH HE JJIsl BCIKOTO UTEPAIMOHHOTO MeTO/a. ATIOCTEPUOPHOIT OIEHKOM
Y/I00HO TTOTE30BATHCS JJIsI OIEHKH IIOI'PEITHOCTH TOJIHKO ITO HAMIEHHOTO
k-ro mpubyMKeHns U OCTAHOBUTH UTEPAIMOHHBIN IIPOIECC, KAK TOJIHKO

6y,ueT BBIIIOJIHATBHCA YCJIOBUE

wa) _ x(k—l)H <l-a, )
q
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IIpu BBIIOMHEHNY HEpaBeHCTBA (9) MOy nM, 9TO ||x* —z(k) H < g, TO
ecTb HalijieHHOe k-e IpubJInKeHne 1aeT peleHne ¢ TOYHOCTRIO €. B gact-
HOCTH, TIOJIy4YaeM BaKHBIN BBIBOJ: HEPABEHCTBO Hx(k) — (k=1 H < g, KO-
TOPOE YaCTO UCHOJIB3YIOT JIJIsl HPOBEPKU OKOHYAHUS UTEPAIMOHHOTO IIPO-
mecca, OyZeT rapaHTHedl TOro, 4To U ||x* — (k) H < €, TOJIBKO B TOM

ciaydJae, eciu q < 3

3ameuanne. He Beskas skBuBasieHTHAs cucreMa Buaa (7) 1aer ¢xo-
JSAIUiCs. nTepalMOHHbIi nporece s cucreMsl (1). Cucremy Az = b
BCerJia MOYKHO 3allUCATh B 9KBUBAJEHTHOM BHJIE

r=x—S(Az —b)=(E— SA)z+ Sb,
To ectb B =F — SA u c= Sb, rne S — r06ast HEBBIPOXKJIEHHAST MATPH-

11a, KOTOPYIO MOJAOUPAIOT TAKUM 0Opa30M, YTOOBI BBITIOTHSIUCH YCJIOBUS
TEOPEM CXOJIUMOCTH.

1.7. Meron fkobu

Marpuity A mpejgcraBum B Buje cyMmbl Marpuit A = L+ D + R, tie

0 0 0 a;; O 0 0
I = a1 0 0 ; D= 0 a9 0 0 ;
apl ... Gpp-1 O 0 0 ... ... apn
0 a12 Aln—1 Q1n
0 0 A2n—1 Q2n,
R = ...
0 0 0 Gnp—1n
0 0 0 0

Torna Dx = —(L + R)x + b unu, ecom a;; # 0, Vi = 1,2,...,n, 10
r=-D"YL+ R)r+ D~'b. O6osnatas B=—D"1(L+R)uc= D1b,
nostyuaeM u3 cucremsbl (1) skBuBasenTHYIO cuctemy (7). 3amuiem mory-
YeHHBIH UTepaInnoHHbIH 1porecce (8) B pasBepHYTOM BHUJIE
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l'ngrl) = — algxék) + algzvgk) + ...+ alnx%k) — b1 /a117

xgkﬂ) = — agll‘gk) + Clgg%‘gk) + ...+ agnIgC) — b2 /(122,
xEkH) == (ailfgk) + ai2$§k) +ot an—lxz(‘]i)1+ (10)

+aii+1x§i)1 Fotagmat) - bi) /aii,

xglk-’_l) = — (anlﬂjgk) + ...+ ann—lx;k—)l - b") /ann'

UrepanumonHnsiii nporece, onpenensiembrii dopmysoit (10) HasbiBaeTcs
memodom Srobu nyist pemerns 3amaqn (1). 3amerum, uro merox fAko-
OM — 9TO YACTHBINA CIyYail METOJIa MPOCTHIX UTEPAIHIA.

Teopema 1 (mocTaTodnHoe yCJIOBHE CXOAUMOCTH Meroja Ikobm).
B cayvae duazonanvrozo npeobaadanus IMeMenmos mampuis, A ume-
pavyuonnvild npoyece (10) cxodumes x pewenuro zadawu (1) npu arobom

HAYANDHOM npu6/Lu3+ceHuu (E(O) .

Teopema 2 (Heobxogumoe M JIOCTATOYHOE YCIOBHE CXOJUMOCTH).
Memood Sxobu cxodumes x pewernuto 3adavwy (1) moeda, u moavko mo-
eda, koeda |Ag| < 1.

1.8. Meroa 3eiigens

Meroz npocTbix urepanuii onpeessercs hpopmyioii (8), riue Juis 1mo-
JIyJeHUs BceX KOMIIOHEHT (k+1)-10 npubIMKeHUsT UCIOJIb3YIOTCst KOMIIO-
HeHTHI k-T0 npubsmxkenus. Mness meroma 3eiiiesist 3aKII09aeTCsI B TOM,
(k+1)

ITOOBI IIPU BBIYHCIIEHNN -1t KOMIIOHEHTHI X, (k+1)-ro npubikeHust

(k+1) _(k+1) (k+1)
HUCTIIOJIB3YIOTCA y2K€ BBIYUCJIEHHbIE 3JIEMEHTBI T , To yerey TiZq

(k) (k)

& OCTAJIbHBIE DJIEMEHTBI Z;1,..., Tn 0EPyTCA U3 NPEIbLIYIIEero k-ro
IPUOTMKEHNUS.

DopMyIbI METOIA IIPOCTHIX UTEPAIUIl TO3BOJIAIOT 3AIIMCATH CHCTEMY
B BHJIE
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x(1k+1) b1 (k)

+ b -+ b nxn + C1,
xgkﬂ) ba1 4 bao (k) + -+ bgna:n Ky ca,

xl(-kﬂ) = bi1x§k“) + bin’gﬁLl) +-+ bii—lxz('ﬁtl)_k
+bux§k) + -+ bzn‘rglk) + Cis

x;k+1) = bn1x5k+1) + bn2xék+1) +-- 4+ bnnflxgzkj_ll) + bnnmgzk) + cn.

Dopmyiel MeTojia Akobu, npejpcrasienne A = L+ D + R u yciaoBue
det(L + D) # 0 npuBoisT K UTEPAIMOHHOMY IIPOIECCY METOJa Jefiienst
B BUJIE

2 D) = B2® ¢ tne B=—(L+D)"'R, c=(L+D)" . (11)

Teopema 1 (docrarounoe ycaosue cxopumoctn). Memod 3etidens
cxodumes 0aa 110001 CUMMEMPUIHOTE U NOAOAHCUMENDHO ONPEIEACHHOT]
mampuup, A.

Teopema 2 (HeoGxogumoe u JOCTATOYHOE YCJIOBUE CXOJAUMOCTH).
Memod 3etidean (11) cxodumea mozda, u moavko moeda, kozda |Ag| < 1.

1.9. BperunciieHue ompenaeanTelis U 0OpaTHON MATPUIILI

Lasa eviwucaenus onpedesumens MCXOTHOW MATPUIIBI MOXKHO BOC-
[TOJIb30BATHCA CBOMICTBOM: DU IIEPECTAHOBKE CTPOK OIIPEMEJIUTEh MAT-
pUIIBI MEHsIeT 3HAK, & [IPU JIPYTUX JIEMEHTAPHBIX IIPe0bpa30BaHUIX, KO-
TOpbIe TIPUMEHSIJIUCH Ha, dTale IPsMOTo Xo1a MeToa [aycca, omnpemnenu-
Tesib He MeHsiercsi. [losTomy BepHa dopmyia: det A = (—1)° det T, rae
T — BepxHsist TPEYTOJIbHAS MATPUIA [TOCJIE IPSMOTO XOJa, § — JYUCJIO TIe-
pecTaHoBOK CTPOK B ajropurme. Onpenenauresns 1 paBeH IPOU3BEIEHUIO
9JIEMEHTOB [VIABHOM JMaroHasu (BeLyIUX 2JIEMEHTOB).

s onpedenenus snemenmos o6pamHott Mampuys, TOCTATOIHO Pe-
muTh MaTpudHoe ypapaenne: AX = F| rne A — nannast matpuna, F —
enuangHas Marpuna. Torma A~ = X. Eciii BOCIOJIb30BATBCS OLIPEIEIe-
HUEM IIPOU3BEIEHUs] MATPHUIIL, TO JJIsI JIEMEHTOB j-T'O CTOJIONA 00PATHOMI
MaTpUIBI IIOJIy4aeM CHCTEMY ypaBHeHMii ¢ marpuieii A u npasoii 4a-
CTBIO, PABHOM j-My CTOJOIY eIUHUIHOH MaTpUIbl: AT (j) = €;, /e €j —
J-1t croben Mmatpunpl E, a x(j) — j-it cronben obpaTHoit MaTpuIpl A~ L
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Ecnu y Hac ecTh ajnropuTM pelleHusl CUCTEM YPaBHEHUM, TO JJIs OIpe-
JIeJICHUS JIEMEHTOB OOPATHON MATPHUIILI JIOCTATOYHO PEIIUTb N CUCTEM,
[IpUYeM BCE 9TU CUCTEMbI UMEIOT OJIMHAKOBYIO MaTpuIly A u orimyarorcst
JINIIBb NIPaBO# 9acCTBIO.

1.10. Pemrernue CJIAY B KOMIJIEKCHOM IIPOCTPAHCTBE

Ilycts mana cucrema Ax = b, rme A u b UMEIOT KOMILJIEKCHBIE 3JIe-
MeHTHL. Torma pemreHne TaKoil CHCTEMBI MOXKHO CBECTH K PEIICHUIO IPY-
roif cucreMbl B JIefCTBUTENLHOM IpocTpaHcTBe. Ilycrs A = Ay + iAo,

= by +iby, rae ssementsl A; u b; (j = 1,2) — melicTBUTe/IBHBIE YHCIIA.
Pemenne cucreMbl IPeJCTaBUM B BUJE T = 1 + tx2. Torma mosydnmm
cucremy (A; +iAs) (x1 +ix2) = by + ibs. IlpupasHuBas JeicTBuTE B

A —A, >
)

_ T1 _
HYI0 U MHUMYIO 9aCTH U 00O3HAYASA Y = , C = A A
2 1

T2
by
d= b , HCXOHYIO cucreMy 3amumieM Kak Cy = d.
2

Urak, ncxomnas cucrema n-ro nopsaiaka Ar = b Ha MHOXKECTBE KOM-
ILUIEKCHBIX dmcesi cBoguTcs K cucreme Cy = d ¢ marpureit C' mopsika
2n X 2n 1 BEKTOPOM d JIJTHHOM 21 Ha MHOKECTBE JeHCTBUTETbHBIX THUCEIT.
Pemmus cucremy C'y = d, HaiijieM BEKTOP Y, IPUYEM €0 IIEPBBIE 7 KOMIIO-
HEHT JIAI0T JIEHCTBUTE/IbHYIO YaCTh, IIOC/IETHIE 1 KOMIIOHEHT — MHUMYO
9acTh MCKOMOI'O BEKTOPA .

2. CobcTBeHHbBIE 3HAYEHUSI I COOCTBEHHBIE BEKTOPBI

Borunciienne cobCTBEHHBIX 3HaYeHUIT U COOCTBEHHBIX BEKTOPOB MaT-
PUIIBI SIBJISIETCST OJIHON M3 CAMBIX CJIOXKHBIX 3aJlad JIMHEHHON aJireOpBhl.
s periernst mpo0JieMbl COOCTBEHHBIX 3HAYEHUH B CJTyIae MATPHUIL] 00JTb-
X [TOPSIIKOB UCIIOJIB3YIOTCA TOJIBKO HUTEPAIMOHHBIE METOMIbI, B KOTO-
DPBIX COOCTBEHHBIE 3HAYECHWS OINPEJIENSIIOTCS HEMOCPEJICTBEHHO, MUHYS
XapaKTePUCTHIECKUIT MHOTOYJIeH. Pazjimyaior jBe 3ajadu, CBsI3aHHBIE
¢ CODCTBEHHBIMY BEKTOPAMU U 3HAYEHUSIMI: NOAHGA NPOOAEME COOCTBEH-
HBIX 3HAUYEHUIl U COOCTBEHHBIX BEKTOPOB, KOTIa TPeOyeTcsi OIpe/e/IuTh
6ce COOCTBEHHBIE 3HAYEHUS W 6Ce CODCTBEHHBIE BEKTOPBI; HACMUYHAA
npobaema COOCTBEHHBIX 3HAYEHUN 1 COOCTBEHHBIX BEKTOPOB, KOTIa HY K-
HO HafTH OJHO WM HECKOJBKO COOCTBEHHBIX 3HAYEHUI ¥, BO3MOYKHO,
COOTBETCTBYOIINUX COOCTBEHHBIX BEKTOPOB.
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2.1. CrereHHON MeTOs,

IlycTs BemecTBeHHAs KBaIpaTHAS MATPUIIA A TIOPSIIKA 1 X 1 ABJISET-
Ccd MaTPUIEHl IIPOCTON CTPYKTYPhI, TO €CTh UMeeT POBHO N JIUHEHO He3a-
BUCUMBIX COOCTBEHHBIX BEKTOPOB: X1, X2, . . . , Lp. LIyCTh HyMepalus 3TuX
BEKTOPOB OTBEYAET YIOPSI0YEHIIO COOTBETCTBYIOIINX UM COOCTBEHHBIX
quces 110 yObIBAHUIO MOJYJIeH (rje IepBoe U3 HEPABEHCTB — CTPOrOe):
M| > A2l = ... = Al

AaropurM Haxo0XKJeHUsI MaKCUMAJIBHOTO II0O MOZYJIO COO-
CTBEHHOT'O 3HAYEHUs i JanHoi marpunibl A. Bepercs mponsBosib-
et BekTop 40 # 0, cTponTest MOCIIEI0BATEIBHOCTH BEKTOPOB 110 TIPa-
BUJLY y(k) = Ay(k_l)7 k = 1,2,..., u mapa/uleJilbHO PacCMaTPUBAIOTCSI
110CJIeJOBATEIbHOCTA OTHOIIEHHUIT COOTBETCTBYIONINX KOMIIOHEHT BEKTO-

(k)

i
(k—1)?

K2
Ecau npenen cymecTByer, To OH paBeH A1, €CJIM OH HE CYIIECTBYET, TO

PEKOMEH/1yeTCd B34Th APYTOil HAYaJIbHBIA BEKTOP.

poB k-it u (k — 1)-ii ureparquii U HaXOIUTCS TIPEIes Ipu k — 0o.

3ameuanue. Bosee JOrHYHBIM IS PACYETOB SIBJSETCS CPEJHEE
Wy
apudMeTHIecKoe ITUX KOMIOHEHT — Y % = A, k— 0.
n .- ( -1
=Y
ANropuTM HaXOXKJEHUsI MUHUMAJBHOTO COGCTBEHHOrO 3HA-
YeHUsl /I 3HAKOOIpeesieHHoit Marpunpl. [lycrs nana matpuna A u ee

MaKCHMaJIbHOE 110 MOJIYJII0 COOCTBEHHOE 3HadeHue |\1| = max |A;|. Jus
K2

HAXOXK/JIEHUS \,, HY?KHO: 1) HAllTH A\ — MaKkcuMaJibHOe COOCTBEHHOE 3Ha~
YeHMe MCXOHON MATPuIsl A; 2) HAlTH A — MaKCHMAJIBHOE COOCTBEHHOE
suauenne Marpuipl (A — A\ E); 3) momoxuts A, = A; + A. 10 u ecThb
MUHHUMAaJIbHOE coOcTBeHHOe 3Hadenne A. OnucanHbIil MeTOJT BBITOTHO UC-
[I0JIb30BaTh, KOrJa TpebyeTcs HAWTH ¥ MUHUMAJILHOE, U MAKCHMAJIHLHOE
10 MOJTYJTI0 COOCTBEHHBIE 3HAYEHUsT OTHOBpeMeHHo. Ecin Tpebyercs naii-
TH TOJIBKO MUHUMAJIBHOE 10 MOJLYJII0 COOCTBEHHOE 3HAYEHUE, TO MOXKHO
oboliTuch 6e3 HAXOXKIEHUA A1: 1) HAXOAUM ft] — MAKCHUMAJbHOE COO-
CTBeHHOE 3Havenne Marpuibl A~1; 2) monaraem \,, = — MUHEMaJbHOE

M1
COOCTBEHHOE 3HAYEHUE MATPUILL A.

CreneHHoil MeTOo I, MO3BOJISIeT HAXOAUTh U COOCTBEHHBIE BEKTOPA, CO-
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OTBETCTBYIOIIE Ha.fl,ﬂeHHbIM COOCTBEHHBIM 3HAYUEHUSIM:

A\ * An ) F
y(k) = )\’f c1x1 + c2 22 Tot.o.den 22 2, | — cl)\’fxl
/\1 /\1

npu k — 0O, TO €CTh CaM BEKTOD y(k) CTPEMUTCsT K COOCTBEHHOMY BEK-
TOPY X1 C HEKOTOPBIM coMHOXKuTesieM. Ho Tak Kak cOOCTBEHHBII BEKTOD
OIIPeJIeNISIeTCs] ¢ TOYHOCTBIO 10 coMHOXKHTeNsT, To B npemene y*) maer
COBCTBEHHBIN BEKTOP. 3a cobCcTBeHHbINH BekTOp 71 ~ y(F).

HetocTaTKOM CTEIIEHHOIO METOJ@ SIBJISIETCS TO, UTO ecau |Ai| > 1,
TO KOMIIOHEHTBHI BEKTODPA y(k) OBICTPO PACTYT W IOJIyIAECTCS YACTO TIe-
pEIoJIHEHNE TTAMSTH MAIMUHBL. 1TOOBI YCTPAHUTD 3TOT HEIOCTATOK, MC-
II0JIB3YI0T HOPMIPOBKY TOJIy IHBIIAXCsE BeKTOpoB. Jist BexTopa 4(0) naii-

(0) (1)
JeM 200 = W, a 3aTeM BBIYUCIUM y(l) = AZ(O), 2 = ”y(il)nv
y Y
(k+1)
y@ =A0 ]T) — A1, 2% — 2y pu k — o0.
2

J

AJropuTM HAXO0XKJI€HUsI BTOPOTO MO MOIYJIIO COOCTBEHHOTO
3Ha4YeHUs: 1) 6epeM [IPOU3BOJILHBII BEKTOD y(©) 1 mocTponm mocseroBa-
TEJIbHOCTD y(’“) = Ay(k_l), k=1,2,...;2) HAXOIUM CTENeHHBIM METOIOM
A1 — MaKCHMAaJIbHOE COOCTBEHHOE 3HaUeHne A; 3) COCTABMM OTHOIIEHHE

k+1 k

yj( ) )\11/; )

= — X\ upu k — o0.
ORI CEY

Y, 1Y;

2.2. Meron ckansipubix npousBenenuii (SP-merogr)

Ilycts A — cuMMeTpuvHas, OJOKUTETHLHO OIPE/IeTICHHAS MATPUIIA.
Beraucimv BeKTOpBI y(o), y(l) = Ay(o), ceey y(’“‘l) = Ay(k), ... Paccmor-
PHUM OTHOIIEHUA CKAJIAPHBIX IIPOU3BEINCHNUIt:

(y®),y®)

(y(k)7y(k—1)) o C?A?k—lx?
i=1

N 2Nk, 2
> A
i=1

n

— A, k— 0.

HpI/I TaKOM IIOJIXO/Ie, TaK 2Ke€ KaK W B CTEIIeHHOM MeTO/e, MOXKHO IIO-
JIY9UTb 0oJIbIIIHIE qucJjia, IIO3TOMY HCIIOJbB3YIOT HOPMUDPOBKY. Bosbmem
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(0) (1)

0 0 _ Y 1) _ 0 1y _ Y k) _ k-1

y(©, 20 ,W’y() = A0 1) = W’H"y() — Ay(k=1)
(k) (y( y*)

k) - Y YY)
z RIS Torma (y(k)’z(kfl))

(k)
Yy
[y®

)

k)
— A1, k — oo. Iosygaem Takxke,

gro z(F) = — a1 ipu k — 00, TO €CTh CTPEMUTCS K COOCTBEHHOMY

BEKTODY.

2.3. Meron Bpamiennii Ikodu

Meron Bpamennii fIko6u pemaeTr MOJHYIO TPOOJIEMY HAXOXKICHUST
COOCTBEHHBIX 3HAYEHHH M COOCTBEHHBIX BEKTOPOB. PacCMaTpUBAIOTCS
TOJIBKO CHMMETPUYIHBIE BEIIECTBEHHBIE MATPUIBI. BCsAKas CMMMeTpUd-
Hasg MaTPUIA OPTOrOHAJIBHO MOJM00HA IHAroHaAIbHOM. IlosToMy ecim Haii-
JIeTCs TpeodpasoBaHue MOI00Us, KOTOPOe MPUBEJET MATPHILY K JUAro-
HAJLHOMY BHJLy, TO MOXKHO HaiiTH BCe COOCTBEHHBIE 3HAYECHUS M COO-
CTBEHHBIE BEKTOPBI MATpuUIbl. Hama 3amada — peajn3oBaTh, XOTS Obl
npubamxKenno, pasencTso A = diag(Ai, Mg, ..., \,) = X1 AX, xoTopoe
MO3BOJIMIIO ObI HATH BCe COOCTBEHHbIE 3HAUeHWs] MaTpuibl A (smemen-
THI IMATOHAJIBHOM MATPHUILL A) U BCe COOTBETCTBYIOIINE UM COOCTBEHHBIE
BeKTOpbI MaTpuibl A (cTosnbuer Marpuna X ).

Marpuip! npeobpa3oBaHus ILIOCKUX BPAINEHU NMEIOT BU/L

1 . .- : 0

Qij = e (12)
o : .- 1

7 TOJIyYAIOTCH U3 €IUHUYIHON MaTPHUIIBI 3aMEHOU JBYX €IUHUIL U JIBYX
HyJIell HA MEPECEUCHUsIX i-X M j-X CTPOK U CTOJIOIOB YHUCIAMHU C U £S
TaKAMH, 9TO ¢ = COSQ U § = Sinq, TJAe yroJa & OIpEeIe/saeTcsa Kak
2aij
Qi — jj
HSIET y Hee TOJIBKO J[B€ CTPOKU U JIBa CTOJIONA 10 (bOpMyJIaM IIOBOPOTA HA
YTOJI (¢ B TIJIOCKOCTH, OIIPEIE/ITEMON TTapoil MHIEKCOB ¢ U J, TIO9TOMY JIaH-
Has MaTpHIla Ha3bIBaeTCA mampuyet epaujenud. Marpuna (;; oproro-
HaJIbHA P! JIOOBIX 4, j = 1,2, ..., n, u, 3HaunT, MaTpura B = Qz; A-Qy
moj106Ha A, T.e. mMeeT TOT »Ke Habop COOCTBEHHBIX 3HAYEeHMIt, 4TO U A.

tg2a = . YMHOXKeHne 0001 MaTPUIBI Ha MATPUIY ();; M3Me-
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N nes merona Axobu 3akIi0oqaeTcst B TOM, 9TOOBI TIOCTPOUTDH TIOCJIE-
JIOBaTEJIbHOCTD 1OO0HBIX Marpul, By = A, By, ..., Bg,... Takux, 9T0
_ 0T
KazK10e npeobpasosanue nonobus By, = Q;By—1Q)i; obnynser maxcn-
MaJIbHBIN 110 MOJYJIIO BHEINATOHAJIBHBIN d1eMeHT MaTputibl By_1. C mo-
MOIIBIO TTPEoOPA30BAHNI TOT00MS

By = Qj; - Be—1- Qij, (13)

[IpU KOTOPOM Ha k-M Ir1are OOHYJISIETCS MaKCAMAJIbHBIN 110 MOJLYJIIO DJIe-
MEHT MaTpuilbl By_1, MOJydaeM MOCJIEI0BATEIbHOCTh MATPHIL, TOI00-
HbIX ucxomHoit marpure A. Ha kaxkiaom rmmare jjist mmerorierocs By _q
olpeieJisieM MAaKCUMAJIbHBII 110 MOJIYJIIO BHEIUATOHAJIBHDII dj1eMeHT (00-
PEMEHHVLT dAeMENM), TIO HEMY BBIYHCIIAEM THUCIIA C U S, JaJlee, UCI0JIb3Ys
marpuiy (12) maxoaum mo dopmyste (13) HoByto marpuiy By u T. 1. 3a-
METHM, UTO Ha KaXKJIOM Iare TakKuX MpeoOpasoBaHUil IepeCcInThIBAIOT-
sl TOJILKO JiBe CTPOKU (cTosibna) npeapiayieil marpunsl. [Ipu ymuoKe-
HUM HEKOTOpOil MaTpuripl B cupasa Ha Marpully Buja (12) usmeHsorcs
TOJIBKO JIBa CTOJIOIA, & MMEHHO — CTOJIOIBI C HOMEPDAMHU ¢ U j MATpPH-
bl B. Jlpyrumu ciioBaMu, €Ciiu, HAIIPUMED, HAJI0 BeAucanTb X = BQ),
TO Xy = c-by;+5-byj, x5 = —s-bjy+c by, rmel =1,2,...,n, a ocraapHble
9JIEMEHTHI MATPUIbl X Takwe YKe, YTO U y MaTpuipl B.

Teopema. Fcau na kaocdom uiaze 6 Kavecmsee 00peuentozo dnemeH-
ma 6pams MAKCUMAALHBLT NO MOOYAIO BHEAUAZOHANLHDIT INEMEHM, MO
n0cAedo8aMeNLHOCb Mampuy, By, cxodumcs x 0uazonasvHot mampuye.

Cob6CTBEHHBIME BEKTOpaMU MaTpHUIbl A OYAyT CTOJOIBI MATPUIIHI
X = QivjoQirjr - Qip_1jr_1- 3€Cb kK — KOJINYECTBO HTEPAIHI, KO-
TOpBIE MOTPEOOBAJIUCH JJIsl TOJIy4YeHust u3 A JMaroHaJIbHOW MaTpUIlbl A
C 33JIAaHHOU TOYHOCTBIO.

2.4. LU-ajgroputm ajid HECUMMETPUYHBIX 3a7a4

Yame (mo Kpaiineil Mepe, B HECUMMETPUYHOM CJIyHYae) AJIOPUTMbI
MPUOJIMKEHHOTO PENTeHNs TTOJTHBIX TPo0IeM COOCTBEHHBIX 3HAYEHUH OC-
HOBBIBAIOTCS HA IMPUBEJIEHUN JAHHBIX MATPHIL K IMOJOOHBIM UM MAaT-
pUIlaM He JIMaroHaJIbHOI'O, a TPeyroJibHOro Buja. Hambosiee mpocroit
U3 TAKUX AJITOPUTMOB BBIYUCJIEHUSI COOCTBEHHBIX UYHCEJ OIUPAeTCs Ha
LU-pa3znoxkenne marpwil.

IIycrs mannast n X n marpuna A npeacrabiena B Bujge A = LU, e
L u U — cOOTBETCTBEHHO HUXKHsIsl U BEPXHssl TPEYIrOJIbHbIE MaTPHUIIBI
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(cm. 1. 1.2). LU-anropurym onpenensercs pakTuIecKu AByMst hopMyia-
MU:

Ap = LyUy, Apy1 = ULy, (14)

rne Ag := A, k = 0,1,..., upuueM nepBast u3 3tux (GOPMYJ O3HATA-
eT TPOIEyPy TPEyrojibHoM (hakropusaruu Marpuilbl Ay Ha k-OM Ima-
re, a Bropas — IPOCTOe YMHOYXKEHUE BEPXHEH TpeyroIbHON MaTpHUIlLl Ha
HUKHIOIO.

Ilpu psine orpaHuuenuii Ha Marpuily A (IPOCTEHIINM M3 KOTOPHIX
SIBJISIETCsI, B YACTHOCTHU, TpeboBaHUe, YTOObI BCe €e COOCTBEHHBIE UUCJIA
ObLIN PA3JIUYHBI [I0 MOJLYJIIO) UTEPAIMOHHDII 1porece (14) ocymiecTBuM,
u dhopMuUpyeMasi UM II0CIe[0BATEIbHOCTD { Af } CXOQUTCS K TPEyToJIbHOl
MaTpHIle BUJIA

Al ok e % A0 .- 0
0 X - % * Ay oo 0
IR
0 0 - A D

B 3aBHCHMOCTHU OT TOTO, (DUKCHUDPYETCS eIMHWIHAs TuaroHasb mpu LU-
dakropuzanun y marpurbl L u U cOOTBETCTBEHHO, re * 0003HAYEHBI
HEKOTOPBIE YNCTIA.

OpHuM U3 cepbe3HBbIX (AKTOPOB, OrPAHUYIUBAIONIUX Chepy IpuMe-
venusi LU—-a/IrOpuTMOB, SIBJISIETCS WX HEIOCTATOYHO XOPOIIasi IUCIIEH-
Hag YCTOHIMBOCTD (y/IydIllEHHe TOrO IapaMerTpa IyTeM [HepecTaHOBOK
CTPOK U CTOJIOIOB CHJIBHO OTPAXKAETCS Ha IKOHOMUIHOCTH METO/A). DTOT
daKTOp MOXKET UTPATh OCODEHHO CYIECTBEHHYIO POJIb Ha (POHE BO3MOK-
HOCTEeH HEeyCTONYINBOI caMOil HECUMMETPUIHON MPOBIEMbI COOCTBEHHBIX
3HaYeHUIl.

3. Meroapl perlieHus HeJIMHEWHBIX ypPaBHEHU

n cucremM
YpaBHeHUE BUIA
flz) =0 (15)
Ha3BIBAETCS HeAuHelHbiM, ecau dyHKnusa f — Henuwnehnas. Pewumo

Ypasrerue — ITO 3HAYUT HAUTH TAKOE X, IIPU KOTOPOM YPaBHEHHUE IIpe-
BpAIAETCsST B TOXKJIECTBO, WM J0Ka3aTh, UYTO TAKUX T HE CYIIECTBYET.
B obmem ciaydae ypaBuenune moxkeT umeth 0, 1,2, ... KOpHeii.
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Bynem paccmarpuBaTh KakK ypaBHEHHs OTHOCHTEIBHO OJHOU Iiepe-
MEHHOM, TaK W CUCTEMBI U3 N YPABHEHUN C 1 HEU3BECTHBIMMU:

fl (.I],l‘g,...,l‘n)
fg (331,562,...,33”)

0,
0, (16)

fo(x1,29,...,2,) = 0.

Honaras © = (z1,22,...,an) 5 f(x) = (fi(@), fo(x), ..., fala)", cu-
crema (16) npumer sug (15).

Kak u3BecTHO, TOJILKO HEKOTODbIE HEJMHEHHbIE ypPABHEHHsI MOLYT
OBITH pereHbl TOUHO (3a KOHeuHoe umcJio Jeficrsuii). . Taya mokasasr:
€CJIN UCIIOJIb3YIOTCsI OObIUHBbIE apu(dMETHIECKHUE ONEPAIMNA U OTEPAITHSs
U3BJIEUEHUsI KOPHsI, TO HE CYIECTBYeT (DOPMYJI JJIsi HyJIell MPOM3BOIb-
HOI'O MHOI'OYJIEHA CTeleHu 5 U Bbie. [103TOMy pemuTh Npon3BOJIbHbBIE
HeJIMHEHbIe ypaBHeHUs] (JlazKe C OJIHOIl [IePEeMEHHOI) 33 KOHEYHOe YHCIIO
ollepallyii He [IPeJICTaBIIsIeTCsl BOSMOXKHBIM. TakumM 06pa3oM, Bce MeTO/Ib
pellleHusl HeJIMHERHBIX YPABHEHUH 1 CUCTEM, KOTOPBIe OYJIyT PaccMOTpe-
HBI, SIBJISTFOTCS UTEPAIMOHHBIMA. B 9TOM CJTy4dae IPUXOIUTCS PACIIIUPUTE
HOHSATHUE PEIICHUS.

Iycrb 2, ymosiersopsier ypasaenuto (15), To ectsb f(z.) = 0. By-
JIeM TOBODHUTh, 4T0 & — o0bobwennoe pewenue ypasuenus (15), ecan
Ve > 0 BbimosHseTcs XOTst ObI onHO U3 HepaseHcTB |f(§)| < & nam
|€—x.| < e. Tak kak apudMeTHUECKHE OlIEPAIIN HA KOMIILIOTEPE BHIIIOJI-
HSIIOTCS C OIIMOKAMU OKPYTJIEHHsI, TO 9TO OIIPEJIEJICHUE BIIOJIHE JIOIUIHO.
Heso B TOM, 4TO ecsim CTPOro LPUJEPIKUBATHCH IIOHATHS PEIIeHHs], TO
B MAIllUHHOW apudMeTnKe, Iie UMeeTCsl JIUITb KOHEYHOE YHCI0 TOYEK,
MOKET He HANTHCh TAKOrO 4YUCIa C IUIaBaiomleil Toukoil (3amaroit) x,
gro f(x) = 0, XOoTd T ABJISIETCs] PElIeHUEM B KJIACCHYECKOM IIOHUMAHUM.

3.1. Jlokanu3alus KOpHeit

B ciyuae, Korja Ha OTpe3Ke HECKOJBKO KOPHeH (KOpHU He OTjelie-
HbI), MOXKHO <«YIAJUTb» YK€ HAilJICHHBbIH KOPEHb, YTOOBI, HCIOJIb3Ys
TOT »Ke AJTOPUTM eIlle pa3, HalTh Ipyroil Kopeub. Ecam x; — mpo-
croit Kopenb ypasrenus (15) u f(x) ynosnersopsier yciosuto Jlummuma

f(x)

Ha [a,b], To BCoMoraresnbHas byHKIUS ¢1 (L) = ———— HENpepHIBHA,
r — X

npudeM Bee Hyian dyHmu f(x) u g1(x) COBIAIAIOT, 38 UCKIIOUEHU-
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eMm KopHs x1. Ecium 1 — KpaTHBIt KOpeHb, TO OH OyaeT HyJsieMm (dhyHK-
mn g1 (x) KPATHOCTH, HA €JIMHUIYY MeHbIe, OCTAJbHbIE HYJH y 00e-
nx GYHKIUA 1no-1ipexkHeMy OyayT coBraarh. IlosToMy HaliieHHDIH KO-

PeHb MOXKHO YIaJIuTh, ecJu Jajee pemarsh ypasuenue gi(z) = 0. Ec-

Ju To — KopeHb ypasHenus ¢i(x) = 0, To majiee periaeM ypaBHEHUE
91 () f(z)

g2(z) = ( = ( =0,u 1

x—xy (r—x1)(x—29)

3.2. Mero/ 110JIOBUHHOI'O Jd€JICHUS

Haubosiee IpUMUTUBHBIM, U B TO K€ BPEMIA U HAJEKHBIM AJTOPUT-
MOM OIIPE/ICJICHUS BEIIECTBEHHOTO KOPHS SIBJIFETCS METO], IIOJIOBUHHOIO
Jesiernst (UM AUXOTOMUsT, OUCEKIWs, METOJ, B3ATUs B BUJIKY ). IlycTb us-
BECTHO, 4TO HEIPEPbIBHAs Ha oTpe3Ke [a, b] dyukuusa f(z) B Toukax a u b
uMeeT pasmble 3Hakd, T0 ecth f(a) - f(b) < 0. Torga, kak u3BecTHO U3
Kypca MaTeMaTHYeCKOIO aHAJN3a, Ha 3TOM OTPE3KEe MMEETCS XOTHA Obl
OJIH KOPEHb.

WNpes meroma: 0Tpe30K, TJie HAXOAUTCS XOTs Obl OJUH KOPEHb, Jie-
JINTCA Ha JIBA PABHBIX OTPE3Ka W M3 HUX BBIOMPAETCS TOT, Ha KOHIAX
KOTOpOTo (DyHKIMs OIISITh UMEET pasHble 3Haku. Jlasee, ¢ MOy IeHHBIM
OTPE3KOM OIIATH MPOJEJILIBAEM Ty YK€ OIlepanuio. Tak Kak JJIMHa OTPe3-
Ka KaxKJIblil Pa3 YMEHBIIAETCH B JIBA Pa3a, TO II0CJE N IArOB IOJIY UM

OTPE30K JJINHBI KOTODBI COJEPKUT KOPEHD T. [loHsaTHO, YTO Ka-

n b)
KoBa ObI HI OBLIa JJINHA UCXOIHOTO OTpe3Ka, Hjst Ve > 0 depe3 KoHeTHoe
9HCJIO TMIAroB MOJYINM OTPE30K JJIUHBI MEHBINE £, KOTOPBIA COIEPIKUT
kopenb. Ciie1oBaTeIbHO, J1I06ast TOUKa £ 3TOr0 IOCJIEHEr0 OTPE3Ka, Y10~
BJIETBOPsIET HEPABEHCTBY | — x| < €, TO €CTh SBJISETCS KOPHEM ypaB-
HeHUsi ¢ ToyHOCTHIO € > 0. K mpocTroMy KOpHIO MeTOJ MPUBOIUT JIJIst
JIF00O HEMIPEPBIBHOM, B TOM 4ucjae u HeauddepeHupyeMoil pyHKIUN.
K coxamennto, MeTor mMeeT MeIIeHHYI0 CKOPOCTh CXOIMMOCTH, HO TOY-
HOCTb OTBETa BCEra MOKHO MapaHTUPOBATD.

3.3. Merog Herorona—Padcona (Meron kacarejbHbIX)

Iycrs dynkmus f(z) HA oTpeske [a, b], conepkalemM KOpeHsb & ypas-
nenus (15), asaxkant quddepennupyema. BosbMeM Ipou3BOIbHYIO TOY-
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KY Zg € [a,b] 1 BOCIIOIB3yeMCsT UTEPAIIMOHHBIM TIPOIECCOM:

Tptl = T F(@n) 0,1,... (17)
Teopema 1. ITyemwv na ompesxke [a,b] dynryua f(x) umeem xopeno,
npuuem f'(x) u f”(x) na smom ompeske corpansrom onpedeaenivie 3Ha-
xu. Tozda das 106020 Hauaavhozo npubsusicenus Ty € [a,b] makoezo,
wmo f(zo) - f"(zo) > 0, npoyecc Hvtomona—Pagcona (17) crodumca
K eduncmeennomy Kophio ypasrerus (15).
JLJIst OIEHKN MOIPEITHOCTH HUCIIOJIB3YIOT HEPABEHCTBO:

M, rae m = min | f'(z)] .

— 2l <
|€ zn‘ m [a,0]

N3 dbopmymer Herorona—Padcona Bumno, uT0 eciin npousBoiHas BOJIA3N
KOPHSI CTAHOBUTCSI MAJIOH, TO TOMPABKUA MOTYT OBITH OYeHb OOJIBITAMU
7 OY€Hb TPYIHO OyAeT MPUOJIU3UTHCA K KOPHIO ¢ TAKUMHU OOJIBITUMU TITa-
ramu. Yem GoJblre 3HaMeHNe TPON3BOAHON f/ () B OKpecTHOCTH JAHHOTO
KOPHsI, TeM OJIMKe MOXKHO K HEMY IOJOWTH.

3ameuanue 1. Eciiz Kopenb, K KOTOpoMy ¢xouTcsi MeTo HproToHa—
Padcona, nmpocToit, TO 10CI€10BATEIHHOCTD CXOUTCS ropas3 o ObIcTpee,
YeM B METOJIE MMOJIOBUHHOIO JIEJICHUS UJIM B METOJE MTPOCTHIX UTEPAIHii.

3ameuanne 2. B merone Heiorona—Padcona na Kaxk1oM 1mare Tpe-
OyeTcst BBIYHCJIEHUE 3HAYeHUs] TPOu3BoHON. Ho BO MHOrMX HpHKJIAI-
HBIX 3a/[adaX HET BO3MOYKHOCTH AHAJUTHIECKU 33JIaBATH BBIDAYKEHUE
JUIsT TIPOU3BOJHON (yHKIMU. B Takmx ciydasix MOXKeT 0Ka3aTbCsl I10-
JIEBHBIM MOoJupuyuposarnoti memod Hvromona—Pagcona

an:mn—M n=0,1,.... (18)

f(x0)’

O/1HO U3 BaXKHBIX JIOCTOMHCTB MeTojia Hpiorona—Padcona — 310 ToO,
YTO OH JIETKO OGOOIIAETCS HA CUCTEMbl HeJIMHEHHBbIX ypaBHenuil (16).
WrepannoHHbIil Iporiece B 9TOM CIydae MMEeT BUJT

gk = (k) _ (I (ac(k)))71 f <x(k)) , k=0,1,..., (19)

e z(F) = (a:gk), xgk), e ,a:,(f)) — BeKTOp pemtenus, [ (.li(k)) — MaTpHIa
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SOOI YACTHBIX IPOM3BOIHBIX IIEPBOTO Hopsinka B Touke x(F) ¢ sremen-

TaMu o/,
(e, = ()

3.4. Merop cexkymux (xopx)

ITycTh, KaK U B METO/Ie NOJOBMHHOTO JIEJ€HUs, IMEEM OTPE30K [a, b],
rie f(a)- f(b) < 0. dust onpesesierHocTH GyeM nosarars, uaro f(a) < 0,
f(b) > 0u f"(x) > 0 ma Bcem orpeske. Torma urepanuoOHHbBIA MpoIECC
JUTST METOJIA CEKYIIUX UMEET BUJL:

Lyl = Ly — f(zn)
T ) — f(wa)

Jljist JaHHOTO Cllydas 3a/laHnusl HTePAIOHHOrO IIPOIECCa TOYKa, b SBJIs-
€eTCsd HEIOJIBUYKHOU TOYKOIA.

Cayuait f”(2z) < 0 cBOIUTCS K PACCMATPUBAEMOMY, €CJIA YDABHEHHE
zanucars B Bugie — f(z) = 0. Torua urepanuoHHblii nponecce mpuMeT BUJL:

Lyl = Ly — f(an)
T fwn) - fla)

37ech TOUKA @ SIBJISIETCsI HETIOJBUKHBIM KOHIIOM OTpe3Ka [a, ).

Teopema 2. ITycmwv wa ompesxke [a,b] ypasrenue (15) umeem edumn-
cmeennoil kKoperns u f(x) coxpansem snax ma [a,b]. Tozda memod ce-
KYUWUL CTOOUMCA.

(b—xy), tue xg = a. (20)

(xy, —a),rme zo = b. (21)

3.5. KombuHupoBaHHBIIT MeTO/

PaccMoTpuM 18l OIIPEIEIEHHOCTH, KaK U Bbiie, ciaydait f/(x) > 0,
f’(x) > 0, f(a) <0, f(b) > 0. BozbMeM B KadecTBe HATAILHOTO TIPH-
OJIMZKEHUS Lo = ¢ W BBIIOJHUM OIUH INAr METOJA CEKYIIIX

_ f@o)
f(0) = f(xo)

Jlasee Bo3bMEM B KaueCTBE HAYAJLHOTO MPUOJIUKEHUS Tg = b U BBIMOJI-
HUM ofuH mar Meroaa Heiorona—Padcomna

f(Zo)
f'(Zo)

(b — o).

X1 =Ty —

T1 = XTg —

26



Tenepb B Ka4ecTBE HOBOI'O OTPE3Ka BO3bMEM (1, T1], KOTODBIH METUKOM
COJIEPXKUTCS B UCXOJTHOM OTpe3ke a < x1 < & < T < b. Takum obpasom,
CKOMOMHUPOBaB MeToJ, ceKymmux u meTos Hoiorona—Padcona, momyanm
ATEePaIMOHHBIN IIPOIIECC:

To = a, i‘o = b, Tpt1l = Ty — (mnf)(inf)(xn) (jn — $n), (22)
Fosr = 7 f@) o
n f/(ifn)7 )+ ’

Opu KOTOPOM Ha KayKJIOM Imare OyjieM TpHOJIMKATHCI K KOPHIO CJIEBA
U CIIpaBa, TO €CTh Cy’KaTh UCXOJHBII OTPE3OK € JIByX CTOPOH, a M3 Hepa-
BEHCTBA Ty, < & < T, moJiydaeM BO3MOXKHOCTH Ha KayKJOM IIare oIe-
HHTH, HACKOJILKO IPUOIM3UIIACH K TOYHOMY KODHIO ypasHenus. OQ4eBus-
HO, TIPY BBIMTOJTHEHUN YCJIOBUI TeopeM 1 1 2 CXOIMMOCTH UTEPAITAOHHBIIH
nporece (22) CXOmUTCs K KOPHIO yPABHEHNUS. [Ip1 9TOM ecoin Ha KAKOM-TO
mare I, — &, < & TO B KaUeCTBe NPUOJIMIKEHHOTO DEIeHNsl yPABHEHNUST
MOZKHO B34Tb JIIOOYIO TOUKY ¢ € [y, Tp] U MOTPEIIHOCTD |¢ — &| < €.
3ameuanue. Popmysbl (22) BBIBEIEHBI JJIST ONIPEETEHHOTO CITYTast
BHAKONOCTOsIHCTBA npoussosubix f(z) > 0, f(x) > 0. OxHaxo 110 STHM
e (POpMyJTaM MO’KHO CTPOMTDH MTEPAIMOHHBIN MPOIECC U B OCTATBLHBIX
CJIy9asiX 3HAKOIOCTOSHCTBA MTPOU3BOHBIX TIEPBOTO M BTOPOTO TIOPSIIKOB
dbyukuun f(x):
1) ecm f'(z) < 0, f”(x) < 0, To pemaem ypasuenme g(x) = 0, rme

ecm f'(x) < 0, f"(x) > 0, ro pemaem ypasaerue g(x) = 0, rue
ecn f'(x) > 0, f"(x) < 0, To pemaem ypasaenue g(x) = 0, rue

@Dynknus g(x) BO Beex Tpex ciydasx obmamaer csoiictsom g’ (z) > 0,
g"(x) > 0, mo3TOMYy MOKHO BOCHIOJIb30BaThCA (hopmysnamu (22).

3.6. MeToa IpOCTBIX UTepaInii

IlycTs ¢ TOYHOCTBIO £ HEOOXOMUMO HafiTh KopeHb ypasHenus (15),
uprHaIeKaIuii uurepasty usossiuuu [a, b]. @yukuus f(x) u ee nepsas
POM3BO/IHAS HENPEPLIBHBI Ha 3TOM OTpe3Ke. JIjist IpUMeHeHus MeTOa
urepanuii (MeToIa NOCIEI0BATEIBHBIX IPUOJIKEHNIT) MCXOJHOE YPaB-
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Herve f(r) = 0 Z0JKHO OBITH MPUBEIEHO K BUJLY

z = ¢(z). (23)

B katuecTBe HaYAIBLHOTO MPUOIMKEHUS o BLIOUPAEM JIIOOYIO TOUKY WH-
repsasa [a,b]. Janee urepanumoHHBIH NPOIECC MOMCKA KOPHSI CTPOUTCS
IO CXeMe:

Tni1 = @(xn), n=0,1,... (24)

IIporiecc moncka mpekparaercsi, Kak TOJIbKO BBIMOJHSIETCS YCJIOBHE
|Zpt1 — Tpn| < € WM YMCITIO WTEPAIMIT TPEBBICAT 3aJaHHOe Inciao N.

IIpu onpeieleHHBIX YCIOBUAX Ha DYHKIMIO ¢(X) UTEepAIOHHAsT [0~
CJIeI0BATENILHOCTD (24) ¢XOmuTes K KOpHIO ypaBHenus (23).

Teopema 3. IIycmo & — xopenv ypasnernusn (23) u nycmo Pynk-
yus p(x) ydosaemeopsem 6 nekomopoii oxpecmrocmu mouky & Ycaosuro
Junwuya ¢ nocmoannot g < 1. Toeda npu awbom svibope HauaALHO20
NPUOAUNCENUA T U3 IMOT OKPECTNHOCTNU MOAHCHO NOCTPOUTND UMEPAUU-
OHHYIO0 NOCAEIOBAMENDHOCTND Ty, KOMOPAA CLOOUMCA K OUHCTBEHHOMY
KOpH1o &, U UMEIOM MECTMO OUEHKU

n —
|z, — €] < M — anpuopu;
|z, —&] < M — amnocTepuopu.

1—¢q

3.7. Metox crycka

Meros ciycka mpuMEHUM K PENIeHHUIO CUCTEM HEeJTUHEHHDBIX ypaBHe-
Huii. OrpaHTYIuMCsT CHCTEMON IBYX YPABHEHUI C ABYMsI HEM3BECTHBIMU:

f(xv ) =0,
{ g(xas) =0, (25)

rie dyHKImn f U g IBaXKIbl HEIIPEPHIBHO MM MEPEHITUPYEMBI 10 CBOUM
aprymenTaM. Ilycrs

U(z,y) = f(z,y) + ¢*(z,y).

Tak kak U(z,y) HEOTPULIATEIbHA II0 ONPENEJCHUIO, TO I(Ty,Ys):
U(z,y) = V(2 ys) = 0,V(z,y) € R%, T.e. (24, ys) ABASCTCH TOUKOL MU-
aumyMma byaknnn ¥ (z,y). Ecin kakum-To 06pa3oM MblI HafiieM TOUKY
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MUHHMYyMa, B KOTOpOil obpainaercs B Hy1b GyHKiua V(x,y), To nanHas
TOYKa Gy7IeT NCKOMBIM PeIlleHneM CHCTEMBI (25).

s HAXOXKJIEHUsT TOM TOYKU OyIeM HUCIOJb30BATH KJIACCHIECKUIA
UTEPAIMOHHBI METOJ, CILyCKA: CTPOUM MOCJIEA0BATEILHOCTD (X, Yk )
upubIIzKeHuii K (24, Ys) IPH k — 00 10 PEKYPPEKTHLIM (DOPMYJIaM:

(a:k+1) _ (5’3’6> + o (p’“), k=0,1,2,..., (26)
Yk+1 Yk gk

k
e BEKTOD (Z ) ompenesdeT Ha IIJIOCKOCTH HallpaBJIeHNEe ABU2KEHUA OT
k

k-ro npubsuzkenus K caenyomiemy (k+1)-My, a Besimdauna oy, peryiapyer
JUIMHY IIara B 9TOM HAIIPABJICHUHU.

Hanpasienue Boibupaercs TakuM 00pa3oM, YTOObI MUHUMHU3UPYEMast
dyHKIMs yObIBaJia Kak MOXKHO ObicTpee. DyHKIUS HECKOJBKUX I€pe-
MEHHBIX pacTeT Hambojee OBICTPO B HAIPABJIEHUU BEKTOPA TPAIUEHTA.
ITosTomMy B KadecTBe BEKTOPA HAIPABJIEHUS] BO3BMEM AHTUTPAJIUEHT, TO

eerr (pk) = —grad (¥ (o, ) = — (qj;(xbyk)) @

i v (r, yx)

IMoxcraBum BHIGpaHHOE HampasieHue B opmyry (26):

x T U (x
L I e @f( BU)Y R 01,2, (28)
Yk+1 Yk (T Uk)
Jlj1si BBIOOpaA YHCJIOBOIO MapaMerpa (v OINTHMAJIbHBIM IIAaroM B Ha-
IpaBJICHUU aHTUT'DaJUEeHTa 6y,HeT TaKoi miar, IIrpm KOTOpPpOM (byHKLH/IH
U(zg,yr) OyleT NPUHMMATHL HAMMEHbIIee 3HAUYECHHME CPEIM BCEX 3Hade-

HUii B 9TOM (DUKCUPOBAHHOM HanpasjeHuu. IIpu 31oM TouKa (41, Yk+1)
OyZeT TOYKOH yCJIOBHOTO MHUHHMYMA:

W (@1, Yrr) = min @ (zy + apr, g + age)- (29)

Meton o dopmynam (28), (29) HasbBaeTcst Memodom HaucKopetuezo
cnycka.

Ha nmpaxtmke mar «p He Bcerna ynaeTcs BBIYUC/IATH aHAJIUTHIE-
CKH, II09TOMY IIPAMEHAIOT YHCIEHHBIR MeTO/ OTHOMEPHON MUHIMU3AIAN
U HAXOJSIT (v IPHUOJIMKEHHO. 3a1a4a MUHIMU3AINK (DYHKINH OJHOM IIe-
pemenHoit ¥ (o) = ¥(z + apg, Yk + gk ) UpoIIe, YeM pelleHne HeJInHel-
HO# cucTeMbl. DDOEKTUBHBIM MOXKET 0Ka3aThCs TAKOI IIPOCTOlt Ccr1oco0,
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KOIJIa Ha KaXKJIOM IIare BHIOMPAIOT J0CTATOYHO MaJjioe ducjio « > 0 ra-
KM 06pa30M, 4TOObI BBIIOJIHSIIOCH yeioBue W ( Ty i1, Yk+1) < VU (Zk, k).
Ecin oHO BBITIOJTHSIETCST, TO IEPEXOIUM K CJEIYIOIIEMY IIIary, €CJIM He BbI-
HOJIHSIeTCs, OepeM (v B [IBa pa3a MEHbIIe W CHOBA IIPOBEPSeM HEPABEH-
crBo. Takoe ay CyIIecTByeT IO OIIPEEJIEHUIO I'PAIUEHTa, €CJIM BEKTOD
rpaJiieHTa He paBeH HyJf0. Eciu »Ke ITpaJlueHT paBeH HYJIIO, TO Mbl Yy Ke
HaXOAUMCs B CTAIIMOHAPHON TOYKeE.

I'maBHOE mocTOMHCTBO — TyIODANBHAS CXOAMMOCTD: IS JII0O0TO
HA4YaJIbHOTO IPUOJIMYKEHUsT METOJ, I[PHUBEIET K CTAlMOHAPHON TOUYKe
(s, Yx). st HAWIEHHOTO 3HAYEHWs] HY>KHO TOJBKO NPOBEPUTH, HUTO
U(z4,yx) = 0. Eciiu OHO BBINOJIHSETCS, TO 9TO OTBET, €CJIU HET, HyXK-
HO B34Thb JPYroe HadajbHOE [MPUOIMKEHNE.

3.8. Metoxn Bpayna

Cucremy MOXHO 3ammcaTh ofuuM ypasHenueM f(x) = 0 orHoCH-
TEeJIbHO BEKTOPHOH GyHkmun f BEKTOPHOrO aprymMeHta r. B mertome
Hrorona—Padcona paccmarpuBaiach MOIMIAroBast JIMHEAPU3AIIAs ITOM
BekTopHOi dyakmun f(x) — cm. (19). B ornmaun ot merona Hetorona—
Padcona, Bpaynom ObL1 mpejgioxken ciemytonuit Mmeron. Ha kaxkiom
UTEPAIMOHHOM IIare IMPOBOJUM II00YEPEHYIO JINHEAPU3AIUIO KOMIIO-
HeHT BeKTOp—byHKImMK f (), TO ecTh JuHeapu30BbiBaeM B cucreme (16)
cHavasa PYHKIMIO f1, 3aTeM fo U T. ., U IOCAEJ0BATE]HHO PeIaeM I10-
JiydaeMble TAKMM 00pa30M ypaBHEHUsI. PaccMOTPUM JIAHHYIO UJIEIO B JIBY-
MEpHOM CJIy4dae npu pemteHun cucteMmbl (25). IIpn BHIGPAHHBIX HAUATB-
HBIX 3HAUYEHUSIX T(, Yo KAXKJIO0E MOCJeAYoNee MPUOIMAKEHNE 0 METOMLY
Bpayna maxomurcs npu k = 0,1,2,... ¢ momompio hopmysa

T = mp — TR 9k, yu) F1 (5, ur)
fi(zr, k)’ Fa(@r i) gy (Tr, yx) — fo(2k, Yr) 9 (Tks yr)’

@k, yk) — ar fy Tk, yi)
f.'zlc(zka yk)

CYUET 0 KOTOPBIM JOJIZKEH BBIOJHATHCA B TOI 09€PEHOCTH, B KOTOPOii
OHW 3almcanbl. Bbramciaenuss B MeTojie BpayHa €CTEeCTBEHHO 3aKaH9IH-
BaTh, KOIJA BBIIOJHATCH HepaBeHCTBO max {|px_1|,|qk—1]} < € ¢ pe-
3yIbTATOM (T, Yx) = (Tk,Yr). B Xole BbIUMCIIEHMIT ciieyeT KOHTPO-
JIIPOBATH HEMAJIOCTh 3HAMEHATEJICH PAaCcIeTHBIX (DOPMYJL. 3aMETUM, UTO

Pr = y L+l = Tk — Pky Yk+1 = Yk — qk,
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dbyHKIMYN f 1 g B 9TOM MeTOJ/ie HEPABHOIIPABHBI, U [IEPEMEHA UX POJISIMU
MOKeT U3MEHUTDh CUTYAITUIO CO CXOIUMOCTBIO.

4. Ilpubnam>xkenune pyHKIUN U AIIITPOKCUMAINSA

Ha mpaxTuke 9acTo BO3HUKAIOT M U3YYAIOTCsI (DYHKIINHU, OIICHIBAIO-
IIUe CJIOKHBIE PeasbHBbIE TIPONecchl (pusmaeckne, XUMUIECKAe U TID. ).
O6br9HO 5TH DYHKIUK HE YJIOOHBI I MPAKTUIECKUX PACYETOB IO TOMN
[IpUYrHEe, YTO BBIYUCIEHUE UX 3HAYEHUil Tpedyer OOJBIINX 3aTpar Ma-
IITHHOTO BPEMEHU WJIM WX 3allOMUHAHUE TPeOyeT JOCTATOYHO OOJIBIINX
obbemoB namsaTu IBM. MHorna Bo3sHMKaeT HEOOXOIMMOCTD OIIPEIEUTh
GYHKIIIO IO CETOYHBIM 3HAYEHUSAM, HANIEHHBIM [TPUOJINKEHHO C TIOMO-
IO SKCIIepUMeHTa. VICIoJib3ysi MeTOJ(bI TEOpUU TPUOJIMAKEHUsT (DYyHK-
nuii, yaaercs momodpaTh IPOCThie W yIOOHBIE [JIsi pacdeToB (DYHKIINU,
Gim3kue K UCXoAHbIM. Takas nopmena <iuioxoit» dynkuun f(z) «xo-
poreiiy dbyuknueil ¢(z) HaszbBaerca annpokcumayuet byukuun f(x)
dyukuueii p(z). B kauecrBe «xopommx» dbyHKImil 6yeM UCI0Ib30BATH
MHOT'OYJIEHBI: UX JIOCTATOYHO JIEI'KO BBIYUC/ISITh, OHU OJIHO3HAYHO OIIpeJIe-
JISTFOTCsT HAOOPOM CBOMX KO3(D(DUIIMEHTOB U MHOTOUJIEH JINHEITHO 3aBUCUT
oT cBoux Ko3ddurmenToB. KoHKpeTHBIH crocob anmpokcuMmanyu OyaeT
3aBHCETH OT TOrO, K KAKOMY KJIACCY NMPUHAJICXKUT AITPOKCUMUPYEMAast
dyukuusa f(z), u 9ro nmoHmMaercs 10K «BIM30CTBIO» MeXKY (QYHKIHU-

svu f(z) u ().

4.1. HWuTtepnoadgnuoHHBIN MHOrodjeH Jlarpamxka

[Tycrs mekoropas dyukuus f(x) 3anana Tabuuneil CBOMX 3HAUYEHUI
B HEKOTODBIX TOYKAX T;, HA3BIBAEMBIX y3aamu, f(x;) = y;, 1 =0,1,...,n:

I||To| L1l - |Tp
Yl[Yoly1|- - - [Yn|

3ajiaua WHTEPHIOJIANNN 3aKIH0YAeTCsT B TOM, YTOOBI IIOCTPOUTH Ta-
Kyio dyHkmio p(x), 9T06bl BRINOIHIMCH yeaosus ¢(x;) = f(x;) B y3-
JIaX MHTEPIOJIAIAN, & B OCTATbHBIX TOUKax pyHKIws ¢(x) Gbuta 6imusKa
K byukiuu f(z). Eciau B kauecrBe ¢(x) B3gaTh ajrebpandeckuii MHOIO-
4leH, yuosJierBopstiomuii yesaosusaM o(x;) = y;, i = 0,1,...,n, To ero
HA3BIBAIOT UHMEPNOAAUUOHHbM MHo20wAeHOM Jlagparotca 1 0603HAA~
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10T L, (2), npudem 1yist iro6oro HaGopa y370B {x»}?zoz x; # x;upni F# j
u Jyist mo6oro Habopa 3HadeHuit Gy {y; }7 MHOTOU/IEH CTENeHH 7
L, (z) cymecrByer u 0JHO3HAYHO ONpeessaercs yeaoBuamu L, (x;) = y;,
1=0,1,...,n

WMurepnonsannonnsrit MuorowieH Jlarpamxka nveer By

H(l'*'f]) n Z‘)
Z Hﬂ P Z (2 —a)w (21) (30)

i=0 J =0
Jsﬁz

n
rae w(z) = [[(x —x;) = (& —xo)(x — 1) -+ (x — ).
i=0
Torpemmocts r(x) = f(z) — Ly () B y371axX HHTEPHOSIIAN IO OLPe-
Jesiennio pasaa 1(z;) = 0 mpu ¢ = 0,1,...,n. IIycrs = € [a,b] u © # x;
upu i = 0,1,...,n, u nycrb f(x) uMeeT HelpepbIBHbIE IIPOU3BOJHLIE JIO
(n+ 1)-ro nopsiaka Ha orpeske [a, b]. Tora MOrpemHoCTh OIpe/IesseTcs
L 1)
kax 7(z) = f(z) — Ln(z) = m
uepes My, 1 = sup | I (”“)(x)} , IMEEM OIICHKY ITOTPEIIHOCTH MHOIO-
z€la,b]
wienHa Jlarpamxka

w(z), roe € € [a,b]. ObozHaUNB

(@) < G (o). (31)

3ameyvanne. Ecau f(r) = P,(z) — MHOrowieH n-oii cremeHu, To
r(z) = 0, o ectb P,(r) = Lp(x). JIoboit MHOrOUIEeH n-0if cTelneH:n
OJIHO3HAYHO BOCCTAHABIMBAETCS II0 CBOEMY 71 + 1 3HAYEHHIO, B3STOMY
B JIIOOBIX PA3IMYIHBIX TOYKAX.

VHTepnossiuoHHbil MEOTOUIeH JlarpaHKa MOXKHO [OCTPOUTH [IPH
JIFO6OM PACIIONOXKEHNY Y3JI0B HHTEPIIOJIAINH, OJJHAKO OH MMEET OJIMH CY-
IIECTBEHHBI HeJocTaToK. Eciii moHa00UTCs yBeIMInTh CTeleHb IpHU-
baBJieHHEM HOBOIO y3ja, TO KO3dduimeHTsl MHOrowiena Jlarpamxka
HPUJIETCS BBIYUCJIATH 3aHOBO, TaK KAK KAaXK/IBIl €ro WIEH 3aBHCHUT OT
BCEX y3JI0B MHTEPIIOJIUPOBaHUsl. VIHTEPIOIAIMOHHbIH MHOrOUIeH Hbko-
TOHA JIMIIIEH 5TOr0 HeJoCTaTKa. Ero KoadhUIMeHThl BHIPAXKAIOTCS depe3
Pa3HOCTHBIE OTHOIIECHUS PA3IMIHBIX HOPSIKOB.

4.2. HWMurepnonadanuoHHbIi MmHOro4wIeH HbpioToHa

Iycrs dyukuus f(x) 3amana tabiumedt
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x || zo | 1 |...] Tn
f@)|f (@o)lf (z1)]- - [f (zn)]

Suauenus tabiauunoit byuxuu f(zg), f(z1),. .., f(z,) HA3BIBaIOTCH
Pa3/IeICHHBIMA PA3HOCTAMHI HYJIEBOTO MOPSAJKA. PaseneHHas pasHoCTb

f@it1) — flza)

Ti41 — X4

nepBoro nopsizika pasua f(x;, xiy1) = . OrHorenne

f(@iv1, Tiy2) — f(w4, ig1)
Ti42 — X4

f(xi, i1, Tigo) =

Ha3bIBAETCS Pa3/IeJIEHHOM PAa3HOCTBIO BTOPOro Iopsnka. Paznenennas
Pa3HOCTDH k-TO MOPsIIKa paBHA

f(xi @1, Tigo, .., Tight1) =

 f@imigos i) = f (T T, - i)

)

LTitk+1 — T4

rme k = 0,1,...,n; ¢ = 0,1,...,n — k — 1. YcjoBumMcss pacriojiaraTb
TabJINIly pa3eIeHHBIX PA3HOCTEN CJIeIYIONUM 00pa3oM:

zo | f(zo)
f(xo, 1)

z1 | f(z1) f(zo, 1, x2)
f(z1,22) f(@o, 1,22, x3)

w2 | f(z2) f(x1, 22, 23) f(zo,z1,...,24)
f(x2,z3) f(x1, 2, 3, 24)

x3 | f(x3) f(z2,z3,24)
f(xs,z4)

r4 | f(za)

Pasnenennsie pasuocru f(xo, z1), f(zo, 21, 22),. .., f(zo,Z1,...,Tn)

SABJISIIOTCST 9UCJIAME, KOTOPbIE OTHOZHATHO OIPEIETAIOTCS 33 IaHHOM Ta0-
sgurieit. Tnmepnoasayuormnvim mruozousernom Houromorna Ha3biBaeTCs BBI-
pakenmne

Np(x) = f(x0) + (z — x0) f (20, 71) + (z — m0)(x — 21) f (20, 21, 2) +
+...+(@—xo)(x—x1) (& —xp_1)f(zo,T1,...,2pn)

njain

Ni(x) = f(2n) + (2 — 2n) f(@n—1,%n) + (¥ — 2n—1)(® — 2p)-
S@p—gyp_1,2n)+ ...+ (@ —21) - (x — 20) f(@0, 21, . . ., Tn).
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Samerum, uTo MHOro4wiIeHsl Jlarpamka u HpioroHa cOBIamaioT, 310
IPOCTO paz3nvHas (popMa 3aIlluCh U BbIYUC/eHUs. ECIu 1Mo JaHHOi Tab-
JIAIIE TIOCTPOEH MHOTOYJIeH Jlarpam:ka, To npu 100aBJIEHUN HOBOTO y3Ja
TpebyeTcs TOJHBIN TepecueT MHOTOWIEHa Jlarpam:ka, B TO BpeMsi Kak
i MEOrowreHa HproTona mob6aBuTCs BCEro JIMIND OJUH UJIEH, TAK KaK
HOBBIl y3€JI MOYKHO IIPUINKACATH B KOHIIE TaOJUIBI, HE3ABUCUMO OT €ro
BesmunHbl. [lockonbky muorowiens! Jlarpanxka nu HpioToHa oT/IMdaioT-
cst Tosibko bOpMOIt 3ammcH, mpencTaBieHne norpemuaoctd B sujge (31)
cripaBe InBO U st popmysibl HeroToHa.

4.3. VHTepnoasaiuoHHbII MHOTOYJIEH DpPMUTA

IIpu nmocrpoennn muorowrenos Jlarpam:xa nu Heiorona TpeboBasiocs
JINIIb COBIIJIeHNe 3HadYeHuil (pyHKIUU B TOYkax. VIHOra, eciu nmMeer-
cs1 maGOpMAaIst 0 TPOu3BOAHbIX GyHKIMU f(x), Tpebyercs: obecrneInTs
COBITaJICHIE U IPOU3BOIHBIX 0 HEKOTOPOro Mopsiaka. B 6osee obeii mo-
CTAHOBKE 3a/a4a WHTEPIOJAINNA COCTOUT B ciaedyomeM. Vmeem HaOOD
Y3JI0B Tg, L1, L2,..., Tn : T 7 ; UpA ¢ # j. IllycTh B HEKOTOPBIX y3i1ax
3aJlaHa Tab/INIE 3HAYEHUH (DYHKIMKA U €€ IIPOU3BOIHBIX:

f(xi) = v, Vi=0,1,...,n,
f@)=y?, j=12... N;—1,¥i=01,...,n

i

(32)

MHOro4/IeH, KOTOPBIH B y3/1aX COBIAJAET HE TOJIBKO CO 3HAYCHUIMHE
byHKIME, HO U IPOU3BOAHBIME 33/[aHHOTO MOPSIJIKA HA3BIBACTCS UHMED-
NOAAYUOHHBIM MHOZOUAEHOM DPMUNAG. 3aAMETHM, ITO JUIsl KazKJ0T0 y3-
JIa MOXKET OBITH CBOE KOJMYECTBO 3aJIAaHHBIX MPOU3BOMHBIX. OG03HATMM
MHOroO4JIeH dpmuta depes H,, (x):

H,,(z) = apz™ + 1™ 4 a1z + ag,

rie cremeHb MHOTOUIeHa M = Ng + Ny + ... + N, — 1. CymecrBoBanue
¥ eIMHCTBEHHOCTh MHOTOYWIEHa DPMHUTA CJEIyeT U3 PEIIeHUs COOTBET-
crBytomieit CJTAY mist koo dUIMEHTOB a; TPU UCHOJIBL30BAHUY YCIOBUN
unaTepnossinuu (32).

ITpumep. IlocTporM HHTEPIIOJANMOHHBII MHOTOYJIEH DPMHUTA 110
TabJIAIe 3HAYCHUIN:

vi|f (zx)|f (75)
1] 2 0
31 6 | —
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MuorodjieHoM DpmuTa 6yIeT KBaJpaTudHas QyHKIUs

Hy(z) = agz® + ayz + ag

¢ npousBoiHOil H)(x) = 2asx + a;. Vcnionb3yem yciioBust HHTEPIIOJSIIAN
Hy(1) = az + a1 + ap = 2, as =1,
HQ(?)) = 9(12 + 3a1 + ag = 67 a; = —2,
Hé(l) =2as+a; =0, ap = 3.
Torya Ho(x) = 22 — 22 + 3.
O6osnaunm Q(z) = (v — z0)Vo(x — 2)NM - (z — 2,)V. Ecm
f € C™"a,b], To norpentocTs uMeeT BUJL
_ _ )
r(z) = f(z) = Hp(z) = mg(x)~ (33)
O1ieHKa TIOIPENTHOCTH MHOTOUIeHa dpmMuTa |r(x)| < M1 [Q(x)]
P p X (m+1)! )
e Mpy,11 = [sup |f(m+1)(m)| i
a,b
3ameuanue. Eciu y3/1b1 naTEpIIONATIAN T()y T1, L2, - - - , Ty, IPOCTHIE,

TO €CTb T = M, TO UHTEPIOJIANMOHHbLII MHOTOYJIEH DPMUTA COBIAILAET
¢ mHOTOUYIeHOM Jlarpamka L, 1 COBIagaeT OIeHKa morpermHocT. Ecmu
paccMoTperhb JAPYIyIo KPailHOCTh: Tg — €IUHCTBEHHbIN y3eJ KPATHOCTU
m+1, To ecTb B TOUKE X 3aJaHbI IPOU3BOIHBIE JI0 M-T'0 TOPSIIKA BKJIIO-
9UTEIBHO, TO MHOTOUJIEH DPMUTA COBIAIAET ¢ MHOTOUIEHOM Teitopa

m  £(k) Z
Hm(x) = P’H'L(x) - kgo fT(IO)

(x — o).

4.4. UWHuTepnosmpoBaHue cIjiaiiHaMu

Paccvorpenmbie Bhillie anmmaparhbl TPpUOINIKEHNS OKA3BIBAIOTCS HEY-
JIOBJIETBOPUTEILHBIMU B Psijie MPUKJIAIHBIX 3a1a4. Harpumep, ajurebpa-
MYeCKUe MHOIOYJIEHBI 00JIaJai0T PsiJIOM HEJIOCTATKOB KaK alapar IpH-
OrKeHUst JJIsT (DYHKITHI ¢ 0COOEHHOCTSIMU U Jj1sT (DYHKIMIA ¢ HEOOJIBIION
IJIQJIKOCTHIO. DTHU TPYIHOCTH MOYKHO IIPEOJIOJIETh, €CJIU PAa30UTh OCHOB-
HOH OTPEe30K Ha YaCTUYHbIE OTPE3KU M Ha KaXKJIOM U3 TaKUX OTPE3KOB
AIIIPOKCUMUPOBATH (DYHKIUIO CBOUM MHOrowenoMm. OIHaKo B psije 3a-
JIad JOTIOJTHUTEIHLHO TPeOyeTCst, ITOOBI MPUOIHKAIONAst (PYHKIUS Obl-
JIa JIOCTATOYHO TJIaJIKO#. B aTOM ciydae cieiyer 1mo3ab0TUTHCsI, YTOOBI
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B CMEXKHBIX TOYKaX IIPUOJIMKAIOINIIE aIPEraThl CKJIENBAJIUCH JJOCTATOYHO
IJIAJKO. DTO, O CYIIECTBY, ¥ IPUBOJUT HAC K IMOHATHIO CILIAMHA.

B obmiem ciyuae, cnaatinamu Ha3BIBAIOT (QYHKIMWA, CKJICEHHBIE W3
PA3JIMIHBIX KYCKOB 33/IAHHBIX CTaHIAPTHBIX QyHKIMIL. B Boraucinresnn-
HOI MaTeMaTHWKe BaXKHEUITYI0 POJIb CPEIN CILUIANHOB UTPAiOT (DYHKIINAMU,
CKJIEEHHBIE U3 KYCKOB AJIre0PanvIecKiX MHOTOYIEHOB. Mbl OrpaHmaInMcst
JIMIIG TakuMu cruiaiinamu. CTOUT OTMETHUTH ellie, 9TO MOBEeJIeHNe MHO-
TOYJIEHOB B OKPECTHOCTH KAKOM-JINOO TOYKHU OIpPeesseT UX IOBEJIeHUe
B 1iesioM. CrytaffHbl JIMIIEHBI U 3TOI'0 HEJOCTATKA.

ITycrb Ha KOHEUYHOM OTpe3Ke [a, b] C R 3ajaHa ceTka

Ayia=xg<x1<...<xy =0

Onpenenenune. [TosunHoMuarvhbim cnaatinom cmenenu m oepex-
ma k (1 < k < m), mocrpoeHHbIM Ha ceTKe A, Ha3bBaeTCs QYHKIWS,
VZIOBJIETBOPSAIONIAS CJICLYIONIAM YCIOBHSIM:

1) Vo € [, xiq1] © Smkp(z) = P (2);
2) Spux € C™=F)a b], a npomssommas (m — k + 1)-ro mopsika Mozer
HUMETb Pa3PBIBbI B TOUKAX Z;, KOTOPBIC HAZBIBAIOTCA Y3AAMU CRAGTHA.

Ecin BbInOSHEHDB! yeaoBust Sy, k(x;) = f(x;), ¢+ = 0,1,...,n, 1o
CILIAAH HA3BIBACTCH UHMEPTOAAUUOHHBIM.

Onpenenenune. Hnmepnoisyuonivim Kyouteckum cnaatinom, 1mo-
CTPOEHHBIM Ha ceTke A, st pyHKiwn f, HasbBaercst GyHkiws Ss(z) =
= S3(x, Ay, [), YIOBIETBOPSIOIAs yCIOBUIM
1) Ss3(x) = P3(z), x € [z, x541], i =0,1,...,n—1;

2) Sy(z) € C[a,

3) BBIIOIHSIOTCA yCJI0BHs uHTepHossimu Ss(x;) = f(x;), 1 =0,1,...,n;
4) BBINOJIHSIETCST OJTHO M3 KPAEBBIX yCJIOBUIA:

M) 557(a) = §7(0), i =12

(I1) S4(a) = an, S4(8) = bu;
() Sy (@) = 4. Sy(0) = Bus }
(IV) S5 (x1 —0) = S5 (1 +0), S5 (xp—1 —0) =S5 (x—1 +0).

Yeaosue (I) ucnionssyercs, ecan f(x) — (b—a)-nepuoguyeckast byHK-
uus. B ycnosun (II) nonarator a,, = f/(a), b, = f/(b), eciiu npoussonuas
dyukIEM f cymecTByeT, WHate — UCHONB3YIOT PAa3JeJeHHbIE PAZHOCTH
HEpBOro MOPsAIKa

fe) 5@y SO = fen)

@ = flan,a) = S T
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Ananornuno B ycnosuu (III) nmomarator A, = f”(a), B, = f"(b), ec-
g pyHKIUsS f WMeeT IPOU3BOJHBIE BTOPOrO IOPSJIKA, B IMPOTUBHOM
ciydae, I10JIaraloT PaBHBIM Pa3/leJIEHHBIM Pa3HOCTSM BTOPOT'O IIOPSJIKA
A, = f(zo,x1,22), Bp = f(Xp—2,Tpn_1,Ty,). Yeaosue (IV) o3nagaer, uro
MBI «JIMKBUJUPYEM» Y3JIbl L1, Lp_1-

Kybuuecknit MHTEPIIOJISIIIUOHHBIN CILIANH, YI0BJIETBOPSIONIIUN OTHO-
My u3 Kpaesbix yeaosuit (I)-(IV) cymectByer u e JuHCTBEHHBIIA.

Beenem obosmauenus:: f; = f(x;), M; = S:;/(a:i), hi = miy1 — Ty,
i = 0,1,...,n. Torna ana Vr € [xi,xi_l,_l] JIOKQJIbHOE IIPEJICTaBJIEHUE
CILJIafiHa UMeeT BUJL

M; M;
Sa(x) = — g (e - zip1)® + Ghtl (z — ) +
[ [ hz Mzhz
TR (RIS e LY VAR V) W B e L LYY
h; 6 6
Js maxoxaenus M; nmeem cuctemy mpu ¢ = 1,2,...,n — 1
1 1 Jirn—fi fi— fiza
—hi_1M;_1+= (hi—1+ h;) Mi+~h;M; 1 = — , (35
i1 1+3( 1+ hi) +6 =y oy (35)
K KOTOPOIi 0CTaJIOCh 106aBUTh KPaeBble YCJIOBUSI:
B ciaydae kpaeBbix yciosuii (I) Tuma: My = M,, M,y = M,
hn = hO;
B cayuae (II): 2My + My = (fl fo — an>,
ho ho
6 fn B fn—l
M, _ 2M,, = — (b, — ———— |;
n—1t hnfl ( n hnfl ’

B ciayuaae (I11): My = A,,, M,, = By;
h h
B cayuaae (IV): My = < 0) My — =2 M,

h hy
hn—l hn—l
M, = (1 M, , — M, .
( * hn2> ! hn72 2

MaTpuiia 1oy 9eHHOM CUCTEMbBI UMeeT TPEXIMarOHAJIbHBII BU/T, IPU-

1 1 1
YeM B CHJIy HEPABEHCTBA 3 (hi + hi—1) > Ehi,l + Ehi UMEeEeM MaTPUILY

¢ JIOMUHUPYIOINIE TJIABHOM JUATNOHAJBIO. A 3HAYUT, ONPEIEINTEIb MAT-
puisl A He paBeH HyJO, U cucTeMa (35) UMeeT eJMHCTBEHHOE PelleHue.
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Pemast cucremy (35) meromom nporosku (cum. 1.5.), Haxomum koabdunn-
entel M;. Iloncrasisiem ux B dbopmyiy (34) mast HaXOXKAEHUS CILUIAHA,
HoJiydast ero IpeJCTaBIeHne Ha KaXKJI0M OTPE3Ke [, Tiy1].

Ecim h; = h = const, To MmaTpuna A umeeT IpoCTOil BUL,

4 1 0 o --- 0

I 1 4 1 0 0

A=—. 0 1 4 1 0
6

0 0 1 4

4.5. MerToa HauMEHBIINX KBaApaToOB

[Ipu MOCTPOEHNN MHTEPIIONAIMOHHBIX MHOTOWJIEHOB MBI TPEOOBAJIH
COBIIQJIEHNsI MHOTOYWIEHA C 3aJ@HHBIMU 3HaYeHUsIMU (DYHKIMHA (TOUHOe
conajierne). OJHAKO HA NPAKTHKe 3HAUYeHNs] (DYHKIUM 3aJAK0TCs KaK
pe3yJIbTaThl IKCIEepUMEeHTOB. [IpuueM xapakTepHOil 0COGEHHOCTHIO Ta-
KAX 34719 SBJISETCS TO, YTO 9TU JAHHBIE — 3aBEJOMO IPUOJIUKEH-
mpie. [loaTomy HeT cMmbIcaa TpeOOBATH AOCOTIOTHOTO COBIAIeHUS (DYyHK-
muit f(x) u p(x) B 3aganHbIX TOUKax. C IPyroif CTOPOHBI, HCCIIE0BATEH
CTPEMATCHA K HAKOILJICHUIO KAK MOXKHO GOJIBIIEr0 KOJMYECTBA JTAHHBIX,
¢ TeM 9TOOBI, YCPEeIHAst UX KAKUM-Tu00 06pa3oM, MOJIyIuTh Tpebyemble
napaMeTpbl H3y9aeMOro siBjIeHnst Haubosee Touno. Ho npn yBemmaennn
KOJIMIECTBA, JAHHBIX PACTET CTENEHb MHTEPIOIAIMOHHOTO MHOTOYJIEHA,
YTO HE COBCEM JIOTUYIHO C TOUKH 3PEHMsI CAMON 347141 AIlTPOKCAMAITHMN:
BeJIb MBI XOTeJIN NOJIy4nTh pyHKIuIO ronpoire. IloaTomy ects cMbIca 3a-
pamee OrpaHUYUTh CTEIICHb MHOIOYJICHA, HE CBA3BIBAS €€ C KOJUIECTBOM
3a/IaHHBIX 3HAYeHUll 1 He Tpefys abCOJIOTHOrO COBIAJEHHs 3HAYCHUIT
¢ MCXOJHBIMH JAHHBIME. TOTa MOXKHO TE€pPedTH K JPYroil MOCTAHOBKE
3a/14M7 AITPOKCUMAIINH.

Iycrs nana tabiuna 3uadenuiit yakuun f(x):

T\ Xo|T1]|- -+ |Tn
Yl[Yoly1l|- - - [Yn|

B kauecrse anupokcumupyionieit dpyukuuu ¢(x) GygeMm 6parb MHO-
rouned Q,,(x) cremeHn M BHE 3aBUCHMOCTH OT KOJMYECTBa 3aJ[aHHBIX
y3710B. Bauzocts () u f(x) GyaeMm onpenessarh Mo BeJUUAHE — CyMMa,
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KBa/[PATOB OTKJIOHEHUI IPUHUMAET HANMEHbIIee 3HAUCHUE:
n
2 .
S = E (Qm(z;) —y;)” — min. (36)
i=0

Byzaem crpouth Qo (z) = ag + a1z + - - - + apma™, m < n, Taxkoii, uro
CyMMa, pasHOCTell B KBaJpaTe MeXKJy 3HAYEHHSMU MHOTOYJIeHA U Tab-
JUYHBIMEA ObLaa 6bI MUHHMAJBbHON. Ecam m = n, TO MHHEMYM, pab-
HBIi HYJIIO, JOCTUTAeTCsl, OUEeBUIHO, JIJIS HHTePIIOJISIIMOHHOIO MHOTOYJIe-
Ha Jlarpam:ka, II03TOMY pacCMOTPHM cJIydaii, Korjga m < n. O6osHadunm
Jepes

Sk:fo, Vk=0,1,...,2m; tk:Zyixf, Vk=0,1,...,m,
i=0 =0

rie So = n+1. Torma umeem cucreMy Jijist HAX0XK IeHUS KOI(DMDUIUEHTOB
MHOPOYJIEHA a;

Soap + S1a1 + - + Spmam = to,
51(10 + SQCLl + -+ Sm+1am, = t17 (37)
SmaO + Sm+1a1 +- S2mam = tm.

Ecitu y37bl pa3iugHel, TO €CTb T; 7# ; UpU 4 # j 1 m < n, TO oUpe-
Jesuresib cucreMbl (37) OTJMYEH OT HyJIsl U, CJI€J0BATENIBLHO, 9Ta CUCTe-
Ma UMeeT eJMHCTBeHHOe perrerue. Torma MuHOrowieH @, (x) ¢ Takumu
ko3 durmenTamu 6yaeT 00/1a7aTh MUHUMAJIBHBIM KBaIPATHICCKUM OT-
KJIOHEHHEM CPeJi BCeX MHOIOYJIEHOB CTEIIEHU 171.

IIpumep. dama Tabiuia pe3yabTaTOB SKCIEPUMEHTA:

z[01] 2 |3
y[1122.5]3.5(

)

IlocTponMm MHOrOYJIEH IEPBOil CTENEHH, KOTOPBIH HAMIYYIIUM 00pa-
30M AIIPOKCUMUPYET IAHHYI0 TabJIudHyr (GyHKIuo. [eomerpudecku
9TO O3HAYAET, YTO Mbl XOTHUM Ha IIJIOCKOCTU IIPOBECTH TaKYyIO IPAMYIO,
KOTOpas Hambojee OJIM3KO PACIOJIOXKEHA K JAHHBIM U€THIPEM TOYKAM.

3
Q1($)=ao—|—a1$;m:1,n:3, 80:n+1:4a Slz le:67
=0
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3 3 3

So=>a22=14,tg = Sy, = 9, t1 = > yiw; = 17.5. Torga cucre-
i=0 i=0 i=0

4ag + 6a; =9,

6ap + 14a; = 17.5.

ee, naitnem a1 = 0.8, ag = 1.05 u mosryaum orser Q1 (z) = 0.8x + 1.05.

Ma (37) Jyist HAIIero nprMepa IIPUMET BH/T { Pemas

5. UYwmcnennoe auddepeHIimpoBaHue

HeobxommmocTs dhopmyit uncieHHoro auddepeHImpoBaHus 00yCI0B-
JIEHA CJIEJYIOITIM:

1. B npukiagHbIX 3a/1ad4ax dalle BCEro HEM3BECTHO aHAJIUTHIECKOE
BBIpakKeHre JJIsd 33 aHHOM (DYHKIMM, & eCJIU JlaXke U W3BECTHO, BbIpa-
KEHUE JJIs MTPOM3BOIHON MOXKET OBITh TPOMO3IKHUM IS JAJIBHEHIIero
[IPUMEHEHUS.

2. 2Keare ibHO UMETDH OJTHOTHITHBIE, IPOCTHIE BHIYUCIUTEbHBIE TPO-
IIECCHI JIJTsl HAXOXKJIEHUsI IPOU3BOJIHBIX.

3. OpHuM U3 yHUBEPCAJIbHBIX METOJIOB perienus mauddepeniimaib-
HBIX YPaBHEHUI sIBJISIETCsI PA3HOCTHBII METOJ, IJle BMeCTO (DyHKIUU
HEIIPEPBIBHOTO apryMeHTa, 3aJaHHOI'O B IIOCTAHOBKE 3aJ@du, WIILYT Ce-
tounyto ¢yuknuo. [Ipu stom auddepeHImaibabie OIEePATOPHI, BXOS-
e B ITOCTAHOBKY 3a/1a49M, 3aMEHSIIOTCS MPUOINKEHHBIMA PA3HOCTHBI-
MU.

Sasada anciaeHHoro nudepeHIMPOBAHNS COCTOUT B IIPUOIMZKEHHOM
BBIUHCJIEHNY TPOM3BOMHBIX (hyHKIMHU f () 1mo 3amaHHO0N Tabiuie 3Haue-
HUii.

T | XTo|T1| -« |Ti—1|Ti|Ti41|- -+ |Tn

f@) folfal-- | ficilfi| figa| - | fn|

Tpebyercs onpeneuTh TPUOTHKEHHBIE 3HAYEHUST TTPOM3BOIHBIX ITOI
byHKIIE B Kakoii-m6o Touke x, T. e. maiti fF) (2), k = 1,2, ..., nprdem
T He 00sI3aTe/IbHO COBIIAJIAET C OJHUM U3 3HAYEHUN 33/ [aHHBIX TOYEK T;.

5.1. Merona HeompeaeIeHHbIX KO3 DUITNEHTOB

VobubiM ciocoboM moctpoeHus hopmyst duciaeHHoro auddepenim-
DPOBaHUS SIBJISIETCS] METO/T HEOTIPEIETIEHHBIX KO3 DUIMEHTOB. 371eCh B Ka-
gecTBe MpHUbIIKenHoro 3nauenu mpoussomnoii f(F)(x) paccmarpusator
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JIMHETHYI0 KOMOMHAIINIO 3aJaHHBIX 3HAYeHUN (DYHKINHU B y3/1aX CETKU
n
B (@) =) aif(a), (38)
1=0

e KO3 DUIMEHTDI a; MOJA0NPAIOT U3 HEKOTOPBIX TpeboBammii. MoxKHO,
Hanpumep, norpeboBarb, 4robbl dhopmyna (38) ObLIa TOYHA JJIs MHOIO-
YJIEHOB KaK MOYKHO 60Jiee BBICOKOIT cTerneHn. BMecTo MHOTOWIEHOB MOXK-
HO PacCMaTPUBATHL JPYIHe KJacChl (DYHKIMI U HAKJIAIBIBATH COOTBET-
CTBYIOIIHE OIDAHIIEHUSI.

Bosbmem B Kadectse f muorownen f(z) = co + c1r + cox? + ...+

m
+emz™ =Y cjmj u moTpedyeM, ITOOBI JIJIsT TAKOTO MHOTOUIEHA IIPU
j=0
HEKOTOPOM K JIeBble W HpPaBble 9acTU NPUOJIUKEHHOrO paseHcTBa (38)
COBIIAIAJIH.
Paccmorpum ciywait £ = 1, T.e. moyanM mpuOIuKeHHYI0 hOpMy-
JIy JiJisl IepBoit ipousBoHOi. CrucreMa Jjis HAX0XK1eHusT Koahuimen-
TOB @; UMEET BUJI:

n
E a; = 0)
=0

E a; T; — 1,

=0

3 a;x? = 2, (39)
=0

m—1

n
> ax = ma
i=0

Cucrema (39) nmMeer eIMHCTBEHHOE DEIEHNE, €CJIHM M = N U BCE TOY-
KW T; DA3JIMIHbBI. PENIUB 3Ty CUCTEMY U [OJICTaBJIsis HaiijieHubie a; B (38),
noJtyauM (GOPMyYJTy JIst TIPUOINZKEHHOTO BHIMUCJICHEST IEPBOI IPOM3BO/I-
HOI 1 9Ta popMyTa ByJIeT TOIHA JIJIsA BCEX MHOTOWIEHOB CTENCHH 171 = .
Haupumep, eciiu JjaHbl TPU TOYKU T, L1, Ta, T. €. n = 2, 70 hopmyJia (38)
Gyzer BepHA JUIs BCEX MHOTOWIEHOB CTENeHH m = n = 2.

Paccmorpum citydait k = 2. AHAJIOMMYHO NOJIYy9aeTcsl CHCTEMa C TOl
e Marpureit, 9ro u B (39), HO APYTUM CTONGIOM CBOOOIHBIX WIEHOB

n n n n
E a; =0, g a;x; =0, E aixf =2, ..., E a;z]t =m(m — 1)z™ 2,
i=0 i=0 i=0 i=0
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Pemenne Taxoit cucteMbl gacT K03 UITUEHTHI TPUOIMKEHHON Hop-
MyJibl (38) U1t BTOPO#i IPOU3BO/HON B TOUKE . AHAIOTUUHBIM 00pa30M
MOYKHO HANTHU MPOU3BOJHBIE U APYTUX MOPSIIKOB.

YHacrHuble ciaydan

1. Ilpu k = 1 dpopmyna maeT TOUIHOE 3HATEHNE TIEPBOH TPOU3BOIHOMN
B J11060i TOUKe X Ul BCEX MHOIOYJIEHOB IepBoii crermenu (n = 1) 1o
Mr00bIM J1ByM 3HaueHusM f(z;41) u f(x;):

f(@iv1) — f(x:)

fl(z) ~ T e h =241 — 2, © € [T, Tit1]. (40)

Ipubnunxkennas dhopmysa (40) uMeeT MOrPEIIHOCTD IOPsIKA h.
2. Ilpu k =1, m = n = 2 npubmmkenHas GOpMyIa

f(@iv1) = f(xio1)
2h

JlaeT TOYHOEe 3Ha4YeHue IPOU3BOJIHON JjId BCeX MHOI'OYJIEHOB JI0 BTOPOX
crerienn BKJounTeabHo. [Ipubnmkennas dopmyna (41) umeer morperr-
HoCTh TIopsiyika b2, T.e. oma my4mme, gem (40).

*¥Yup. IIposepsre, uto dhopmyna (41) ToUHA JJIsi MHOTOUJIEHOB JI0
BTOPOIi CTeleHN BKJIFOUUTEJIBLHO.

3amMeTrM, 9TO MbI HAILIN IPUOJINKEHHY0 (DOPMYJTY st TEPBOIT IIPO-

fzi) =

,rmeh =z — 2 = 2 — 341, (41)

M3BOMHON B IEHTPAJIBHOI TOYKE T = X; IO TPEM 3HAYeHUAM (QPyHKIIUU
B TOYKAX Tj_1, T; U Tjt], CAMMETPHIHO PACIOJIOXKEHHBIX OTHOCUTEI b~
Ho ;. OJHAKO TOYHO Tak Ke MOYKHO HaiTu HOpMyJIy U Jijist Jro0oi
apyroit Touku x. [Ipu sTrom KoaddunumeraTs hopMyIIbl OYVIYT TEIEPDh 3a~
BuceTb OT = (T.K. IpaBas YacTh CUCTEMbI 3aBUCUT OT ), U OHA Oyjer
He croJib KpacuBa Kak (41). Ho ona tak ke Gyjer TOYHA JJId BCEX MHO-
TOYJICHOB BTOPOIl CTEIeHN.

3. Ilpu k£ = 2, m = n = 2 upubnamxennas GpopMyaa I BTOPOIt
IIPOM3BO/IHOM IO TPEM 3HAYEHUSIM (DYHKIUH B TOUKAX T;—1, Tij U Tjt1,
h=2xi41 —T; = x; — T;—1, IMEET BUJ

F(2) ~ f(@iz1) — 2];52961‘) + f($i+1)’ vzl (42)

Dopmyita (42) 1yIst ATITPOKCAMAITN BTOPOIT TPOU3BOHOMN NMEET MOTPerTI-
HOCTH HOpsiaKa h? U TOYHA IJIs BCEX MHOTOWJICHOB 0 BTOPOH CTeleHn
BKJIFOUATEBHO JIJIsT JTI00TO T € [T;_1,%;11]. B meHTpasbHOl ToUKe 3Ta
dopMya TOUHA 1 /ST BCeX MHOTOUJIEHOB TPEThell CTelleHN.
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*x¥Yup. IIposepbre TOuHOCTL hOpMyIIBI (42).

3amMmeuanue. YBeanunBas KOJIUIECTBO UCIIOJIb3yEMbIX TOYEK, MOXK-
HO yBEJIMYUATH CTEIEHb MHOTOYJIEHA JIJIsi KOTOpPOro (opmysia O6ymer Tou-
na. Hampumep, ecsii B3ATh [sITh PABHOMEPHO PACIIOJIOKEHHBIX C ITAroM i
TOYEK T;_2, Ti—1, Liy Tijt1, Lit2, TO JJIsI TPUOIUIKEHHOTO BBIMACICHUS
[I€PBOIl MIPOU3BOMHON B TOYKE T = X; MOXKHO IOJIYIUTh (DOPMYJLY

f(wio2) = 8f(wi1) +8f(wiv1) — f(wir2)
12h

f(@i) = , (43)
KOTOpAasi TOUHA Jijisl BCEX MHOTOUJIEHOB YETBEPTOl CTEIEeH .

*¥Yrp. okaxure popmyny (43), upoBepbTe ee TOYHOCTD U HaiiauTe
OIIEHKY €€ TIOIPEITHOCTH.

Ecam BeIGpaTh BMECTO OGLIMHBIX MHOTOYJICHOB JIPYTOil KJjace yHK-
Uil 1 HAKJIAJABIBATH COOTBETCTBYIONINE OIPAHUIEHUST, TO IOy IAM JIPY-
rue npudInyKeHHble (POPMYJIBI.

5.2. VIHTepIOJAIMOHHBIA METO,

Wnest meroma mpocra: 1o 3ajaHHOM Tabsuie 3HaYeHWH (QyHKIUN
Ha OTpe3Ke [a,b] CTPOAT UHTEPIOJSIIUOHHBIH MHOrOwWIieH Jlarpam:ka
L, (z) = f(x) u momaraior f*)(z) ~ L%k)(x). Paccmorpum HepaBHOMED-
HYIO CeTKY @ = Tg < 1 < g < ... < T, = bu obozuaaum h; = x; —T;_1
(i=1,...,n), fi=f(z;) =0,1,...,n).

Vcnons3yst MEOrOUIeH Jlarpanzka IIepBoOil CTEIIEHW 1O JBYM 3HATe-
HuAM (QYHKIUU B TOYKAX T; U T;—1, noayanm f'(z) = %, 9TO
coBraaeT ¢ nupubamzkennoii dpopmysioii (40). '

Vcnonab3yst THTePIOJIAIMOHHLI MHOrOUYIeH Jlarpanzka BTOpoii cTe-
[EHU 1[I0 TPEM Y3JIaM X;_1, i, Tjt1, TOJYIUM IPUOTMIKEHHOE 3HAUEHUE

[IepBOil MPOU3BOAHON Ha HEPABHOMEPHOI CETKe

2r — Ty — Ti+1
hi(hi + hiy1)

+ fir

20 — Tit1 — Ti—1

— fi +
hihiy1

2x — Ti—1 — X4

(hi + hig1)hig1’

fl(x) = fioa
T E [Ti1,Tiq1).

Ha paBromepHoOii cerke, Hanpumep, st Touku € = x; (h; = hiy1 = h),
HOJIyYaeM IEHTPAJIBHYI0 PasHOCTHYIO (opmyy (41).
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Bropas npousBoanast OyeT uMeTh TPUOTUKEHHYIO POPMYTY

1V (fimi—fi Ji— fi-

" 141 [ i i—1

T) N = — T E |Til1,T; 44

T e e S SR AT
= _ hipith .

rie h;j = ———. Ha paBHOMepHOIi ceTKe JaHHOEe BhIPaKeHHUe JJId

2
upubJIMZKEHHOTO BBIYUCJICHUS BTOPOH IPOU3BOIHON coBnamgaer ¢ (42).

Ha nmepasuomepunoii cerke (h; # h;y1) upubanzxkennas dbopmyma (44)
HMEET TOJIHKO TIEPBBII MOPAI0K AIIPOKCUMAIINY, Ha, PABHOMEPHOII ceTKe
TOJILKO B TOYKE T = ; OyJeT BTOPOil TOPSIOK AIIPOKCUMAIINH.

5.3. Ywucaennoe nuddepeHmpoBanne Mpu IIOMOIIHA
WHTEPIOJIAINOHHBIX CIIJIAiTHOB

AHaJIOTMYHO HHTEPIOJISAIUOHHOMY METOLY IPOU3BOIHBIC (DYHKIAN
f(z) 3ameHsIeM TPOM3BOHBIMI MHTEPIIOJIAITMOHHOTO CIIANHA.

Iycrs Ha [a,b] 3amana cetka A:a = zg < 21 < ... < x, = b.
PaccmorpuM Ha npuMepe KyOUUecKoro cruiaifia S3 (), moCTpOeHHOTo 1o
suagenuam f; = f(x;), ¢« = 0,1,...,n. S3(z) HA KAKIOM IIPOMEKYTKE
x € |24, xiy1] upencraBum B Bugie (34).

T —

Ly
O6o3nauuB t = , IMeeM cJjeaymomnue hOPMYJIbl IUCIEHHOTO

nuddepeHnTnpoBaHus Hﬁn 1=0,1,....,n—1

it1—fi R
f'(z) = f“hif - [(2— 6t + 3t°)M; + (1 — 3t*) M;44] ,
(2
M — M,
() ~ Mi(1—t) + Myit,  f"(z)~ %

5.4. Meton Pyure—-PombGepra

IIycrs permaercs 3aaa4a onpegeaenust Y U eCTh aJrOPUTM HAXOXKIe-
HUsI TPUOJIMIKEHHOTO 3HAYEHUs B 3aBUCUMOCTH OT Tapamerpa h Takoi,
qaro ||Y — Yi|| = O (||h]|™), 1 e. ocraTounstii wien npubinkenHoh dbop-
MYJIBI Y},

Y=Y, =R-h™+0 (™). (45)

BoimmostHuM Teeps BBIYUCICHNS TI0 TOH Ke TPUOIMKEHHOI hopMyie,
HO C JPYruM maroM (napamerpoM ceTku) rh:

Y =Yy, =R-(rh)™ + 0O (K"), (46)
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rje r — KoHCTaHTa. Berarem mowrenHo u3 (45) dopmyny (46) n npeo6-

pasyem, Beipasus R - h™:

Yo =Y
rm—1

R-h™ = + 0 (K1), (47)
Dopmyny (47) masbiBaior nepeoti dopmyaoti Pynee. Tlepsoe ciaraemoe
CIIpaBa €CThb TJIABHBII YJIEH MOTPENTHOCTH, KOTOPBI TO3BOJISIET OIEHUTH
HOIPENTHOCTD y2Ke HafiienHoro 3uadenus Yy,. [logcrasum ero B (45) u BbI-

pasuMm Y:
Yo — Yo +1
Y:m+ﬁ+0(hm ) (48)
Tonyunau emopyro dopmyay Pynee niist Haxoxaerust Y ¢ 60jiee BbICO-
KO TOYHOCTBIO.

1
B wactrHOM ciyaae r = 3 dopmyTa TPUHIMAET BT

Y% B Yh o) hm+1 4
T 5mog TOE™). (49)

Ecan Mbr xoTrM moyunTh 3HadeHme Y ¢ 3aJaHHOU TOYHOCTBIO €,

TO BBLIYMCJISIEM 3HAYEHUs C InaraMu h u 5 1 IIpOBEPdAEM BBIIIOJTHCHUE
HEepaBEHCTBa:

5 5 Y%—Yh
< = =
0] <e, rne T

Eciun HepaBeHCTBO BBIMOJHSAETCS, TO CYET MOXKHO IMPEKPAIIaTh, B3sB
B Ka4yecTBe MPUOJIMKEHHOTO 3HAYEHWs, HANJEHHOE ¢ 3aJaHHON TOYHO-
crbio Y &~ Y + 0. Eciu 2ke HepaBeHCTBO He BBIIOJIHAETCSI, T. €. § > €, TO
CHOBA yMeHszHaeM mar B JiBa pa3a, BBIYUC/IsieM HOBOE 3HAUYEHNE U CPaB-
HUBAEM J[BA ITOCJIEIHUX TPUOJIUKEHUS U T. II.

Orcrofa BUJIHO, 9TO I TIOJIyYeHUs BBICOKOH TOYHOCTH He 00si3a-
TEJIbHO MPOBOJUTDH BBIYUCIEHUs IO (POPMYyJIaM BBICOKOTO TOpsiaka. Jlo-
CTATOYHO TPOBECTU BBIYUCJIEHUS TI0 TIPOCTHIM (DOPMYJIaM HU3KON TOYHO-
CTH Ha PA3HBIX CETKAX U YTOIHUTH Pe3yabTaT MeToioM Pynre—Pombepra.

3ameuanue. [Ipu peanuzarum MeToma, KpOMe OIMMMOOK CBA3aHHDBIX
¢ BeJIMINHON h, HA Pe3yJIbTAT OKA3bIBAET BJIUSHUE W OKPYTJICHIE.

Paccvorpum hopMysty BTOpOro mopsika TOYHOCTH I TIPUOJIMKEH-
HOT'O BBIYMCJIEHUsI IPOM3BOJIHON B TOYKE &; C UCIIOJIB30BAHUEM COCEIHUX
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y3JIOB ;1 U Ti41

f(@iv1) — f(xi-1)
2h

f2+1 fifl
2h

fi(wi) = +O(h?) mm f} = +O0(h?).

A rtemnepb 3ammieM Ty e GHOPMYITY, UCIOIL3YS V3Bl T;—2 U Tit2

f(@ite) — f(zi-2) fire = fica
4h 4h

fai) = +O(h?) mm f3), = +O0(h?).

Nmeem p = 2, kosdburmenT yBegndenns mara r = 2, mo3Tomy mo Gop-
myse Pymre—Pombepra momyanm

f(@iv1) — f(zio1)

fl(ffi) = oh +
L[ f(@iv1) — f@ic1)  f(@ite) — f(zi2) :
+ 3 o7 - m + O(hd) nim
f(@i—2) = 8f(wi—1) + 8f(xit1) — f(wit2)

/( 3
f(x;) = + O(h”).
12h
Ora dopMmysa yrKe IMEET TPETHil MOPATOK TOYHOCTH M OHA TOYHA JIJIS
BCEX MHOI'OYJIEHOB JIO YeTBEPTOil CTENEHH BKJIIOYUTEIBHO.
IIpuBneuerne GOMBITIOTO YNUCIA Y3I0B MPUBOIUT K TPOMO3IKUM (HOp-
MysaM. Y100Hee IpUMeHSTh MeToJ| Pynre-PombGepra, mpoBo/ist BBIYUC-

JIEHU 110 IIPOCTBIM d)Opl\ly.HaM HU3KOIT TOYHOCTHU Ha Pa3HbIX CETKaX.

5.5. HeKoppeKTHOCTh 3a/1a4U YMCJIEHHOTO
anddepeHTnpPoOBaAHUST

HekoppekTHOCTD 00yCIOB/IEH, CJIETYOTITIM:

1. CoBnasienne 3sHaUEHNH ABYX (DYHKIMI Ja2KE B CKOJIb YTOIHO GOJIb-
IIIOM KOJTMYECTBE TOUEK HE TADAHTUPYET COBIAJIEHNE UX TPOU3BO/IHBIX HU
B OJIHOII TOYKe.

ITpumep. Paccmorpum dyuknuo y = sin Crz, riae C — HEKOTOpOe
nenoe uncao. Iyers ; = ¢, ¢ = 0,1,...,n — y3asl, y(z;) = 0. To-
rJla MHTEPIOJSAIMOHHBIN MHOrOwIeH Jlarpauxka L, (x) = 0, L), (z) = 0.
Ho y ucxonuoit dyukuun y'(x) = Cr cos Crx, u npu neisix C' B y3iax
cerru |y'(z;)] = |Cw|, koTOpoe MOXKeT GBITH CKOJIb YIOAHO GOJIBIIUM.
Takum o6pazom, 6M30CTH PYHKITUI HE TApAHTUPYET OJU30CTH UX MIPO-
M3BOJIHBIX.
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2. C apyroii cTOpoHBI, 3a/aHHbIe 3HAUeHUs f(2;) cAMM OIIpeIeIeHbI
npubsmkenHo. [Ipu ucnosibzoBarnn 9BM MBI mMeeM J1€10 ¢ MaITMHHON
apudMeTnKoil, riae Hem30eKHbI OMMOKYU OKpyT/IeHus. [lorpermHocTs, BO3-
HUKAIOIIAs IPU BBIUYUCJIEHUN PA3HOCTHBIX OTHOIIEHUN, HAMHOTO ITPEBOC-
XOIWUT IIOTPEIIHOCTD B 3aJaHuu 3Hadenuil pynkuun f(x) u maxe MoxkeT
HEOrPAHIMYEHHO BO3PACTATh IIPU CTPEMJIEHUN IlIara CeTKH h K HYJIIO.

IIpumep. Pacemorpum dyskmuo f(z) = e®. Beraucanm npubin-
JKEeHHbIe 3HAYEHUs [EePBOIl MPOU3BOIHON 3To (DYHKIMM B TOUKe T = 1,
TOYHOE 3HAYEeHWe KOTOpoil paBHO e = 2.7182818285.... Hcnosblyem
dbopmyny f'(x;) =~ # npn pasmmaHbX marax h; = 1077, Bee

BbIYHCIeHUs ¢ 9 JECATUIHBIMU 3HaKaMU IIOMEIIEHBI B Ta6m/my.

h fA4+hn) | f(1+h)—f(1) w [OIPENTHOCTD
0.1 |3.004166024 | 0.285884196 2.858841960 | 0.140560132
0.01 |2.745601015| 0.027319187 2.731918700 0.013636872

0.001 | 2.721001470 | 0.002719642 2.719642000 | 0.001360172
10~% [2.718553670 | 0.000271842 2.718420000 0.000138172
1075 [2.718309011 [ 0.000027183 2.718300000 | 0.000018172
1075 2.718284547 | 0.000002719 2.719000000 0.000718172
1077 [2.718282100 | 0.000000272 2.720000000 | 0.001718172
1078 [2.718281856 | 0.000000028 2.800000000 | 0.081718172
1079 [2.718281831 | 0.000000003 3.000000000 | 0.281718172
10~10]2.718281829 | 0.000000001 10.000000000 | 7.281718172

W3 TabJIHIIB! BUAMM, ITO €CIH B3ATh h < 107°, To mOorpemHocTs yaxKe
HAaYNHAET PACTH.

DTO He 03HAYAET, YTO HEJIb3s MOJIb30BATHCs (DOPMyJIAME YUCTIEHHO-
ro muddepennupoanus. Hamo TOIBKO CIeInTh, ITOOBI MOTPEITHOCTD
OKPYIJIEHUSI MMeJIa TOT K€ IMOPSJIOK, YTO M IOIPEIIHOCTD AIIPOKCAMa~
nuu. Paborasi ¢ rpyObIME OKDYIVIEHUSIMUA WJIH C JAHHBIMEA C OOJIBITUMEI
[TOTPEIITHOCTSIMHA, HEJIOTUIHO U OECIIOJIE3HO MBITATHCS Oy IUTh XOPOIIIee
IpUOJIMKEHNE 32 CIeT MAJIBIX A.
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6. JlabopaTopHbie paboOThI

6.1. Pemuenue CJIAY. CobcTBeHHbIE 3HAYEHUS U BEKTOPHI

Pemmre cucreMy JMHEHHBIX aare0panmvecKuX yPaBHEHUI, NCIIOIb3Y
1) meroz Taycca min ero momuduKanmio;
2) meron ZKopnana-Taycea;
3) meroxn LU-pasioxenus;
4) MeToJ| KBQJPATHBIX KOPHEI;
5) MeTo, OPTOrOHAIM3AINN;
6) MeToJ IPOrOHKM;
7) MeToJ IPOCTHIX UTepamii;
8) meron SAxobu;
9) meroz eiiesns;
10) 10 BO3MOXKHOCTU CDABHHUTE DE3YJbTAThl M OLEHUTE HOIPENIHOCTD,
NN HafiIuTe HeBA3KY /IS KasKIOr0 METOLA;
11) BBIYMCIATE OMPEIEUTENH MATPUIIBL JABYMsl CIIOCODAMHU;
12) naiijure 06paTHYIO MATPHUILY, OIEHATE HOTPEITHOCTD;
13) pemmre CJTIAY B KOMIUIEKCHOM [IPOCTPAHCTBE;
14) naiizure MakCUMAJIbHOE ¥ MUHUMAJILHOE [0 MOZYJIO COOCTBEHHBIE
3HAYEHNA W COOTBETCTBYIOIINE UM COOCTBEHHBIE BEKTOPHI;
15) HaiizuTe Bee COGCTBEHHBIE 3HAYEHUSI 1 COOTBETCTBYIOIINE COOCTBEH-
HbIE BEKTODBI.

Bapuautbl 3aganmnii

Janbl MmaTpula cucreMbl A 1 BeKTOp 1paBoil yacTu b:

j-m 0.5-j 0 0.2-1 0
0.5-3 J 0.3-3 0 0.1-1
A= 0 0.3-5 10 -0.3-5 05-1 |,

0.2k 0 —0.3-5 j —0.1-5

0 0l1-k 05-k —01-7 j-m

—j +0.05 - 52
—0.8-54+0.1-52-0.02-1-5
b=| —-10+0.03-52-01-1-5 |,

—0.2-k+0.3-5+0.02- ;2
0.01-k-j—05-k—02- 52

rme j =1.54+0.1- NN, NN — nomep Bapuanra.
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Saganus 1-3, 5, 7, 8, 11, 12 BemosnuTe pu k = j, | =k — 0.1,
sananus 4, 9 — npu k =1 = NN, 3amanue 6 — npu k = [ = 0. B 3aa-
Huax 1-12 caemyer nosarats m = 1.

g 3ananus 13 marpuna CJIAY A u Bektop b nmeror Bu:

1—j-i 0  —j-i 1+j—3j5-i
A=|—j—2-i —j-i 2+4j-i|, b=3j+4+25i],
i 2 j 2+ (—1)-i

Ije ¢ — MHUMag eauHuna, j = 1.5+ 0.1 - NN, NN — HOMep BapHaHTa.

B zajganusax 14, 15 jy1st peajansaiini METOJIOB HAXOXK/IeHUsT COOCTBEH-
HBIX 3HAYEHUN CHUMMETPUYHBIX ITOJIOXKUTEHHO OIPEICCHHBIX MAaTPHI]
UCTO/IB3YiiTe MaTpuily u3 3ajanud 4, rae m = 10, B IPOTUBHOM CJIy-
qae — MaTpuIly u3 3ajanus 1.

METOIUYECKUE YKA3AHUA

Peanusyiite meros pentenns 3aa4du Ha 9BM, ncnosb3ys cucreMbl KOM-
ublorepnoii maremaruku (Maple, Wolfram Mathematica, Mathcad u np.)
WM sI3BIKK POIPAMMEPOBaHUs (110 BHIOOPY CTYIEHTA).

BriBeinre Ha 9KpaH TOJYYEHHBIH PE3yJIbTAT, BBIYUCIUTE HEBA3KY
WJIU BBLIIOJHUTE IPOBEPKY, UCIOJIb3Ysl BCTPOCHHDbIE (DYHKIINU; JJIsS UTe-
PAIMOHHBIX METOJIOB JIOIOIHUTEIHLHO BBIBEIUTE [T0CI€0BATEIbHBIE TIPH-
OJIMKEHUsI, YUCJI0 UTEPAIN, 33 JAHHYI0 TOYHOCTD.

g ycrienmHoit caadu 3a1aHus IPerogaBaTesib MOXKET T0TPeO0BATh
OT CTYJIEHTA!

1) cdopmyaupoBaTh IOCTAHOBKY 3a/1a4H;

2) onpesenTh BXOJHBIE, BEIXOIHbIE JaHHBIE, UX THUI;

3) JaTh OCHOBHBIE OIIPEJIEJICHUsT, OTHOCAIINEC K U3YIaeMOMY Pa3JIelLy;
4) ompeeyaUTh THIl 33J@49d, K KOTOPOW IPUMEHHM DPacCMaTPUBAEMBbIil
MeTOJ;

5) chopMynupoBaTh U IPOBEPHUTH YCIOBUSI CXOJAUMOCTH HCIIOJIB3yEMOTO
METO/Ia, CJI€JIATh COOTBETCTBYIOIINE BBIBOJBL;

6) U3JI0KUTH CYTh HUCIIOJIb3YEMOrO METOJIA;

7) LOSICHUTH AJrOPUTM CBOEIl IPOrpaMMBbI;

8) maTh ommMcaHMe BCTPOEHHBIX (DYHKIMI U MOAKIIOIAeMbIX OUOINOTEK,
HCIOJIB3YEMBIX B IIPOTPAMME.
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6.2. Pemenue HesIMHEIHBIX YPAaBHEHUHN U CUCTEM

Pemmre HenuueliHoe ypaBHEHUE, UCIIOIB3YA CACAYIONINE METOJIbL:
1) MeToJ1 TIOJIOBMHHOTO JEJIEHNST;
2) meron Herorona—Padcona (KacaTenbHBIX );
3) MeTo, CeKyIux;
4) KOMOWHWPOBAHHBIH METOT;
5) METOJ| IPOCTHIX UTEPATIHIL.

BapUaHT ypaBHeHue OTPE30K
1 &+t —2=0 [—4;—1.9]
2 e —x4+2=0 [1.5; 5]
3 2sinx+2+04=0 [—1.5;0]
4 20 —4cosx —0.6=0 [[—0.5;1.5]
5 et —r—2=0 [—3;0]
6 —mx+£:o [1.5: 4]
7 2?2 —2sinx +0.7=0 [0.8; 3]

8 cost+ 12 —5=0 2; 3]
9 e T 1627 —5=0 0:2]
10 r—2lnx—2=0 [3; 6]
11 —Inz+0222—1=0 [2; 4]
12 —1nx+l2+120 [2.5; 5]
10
13 5tgx—;—3*0 [—3;—1.7]
T
14 =0 1.8;3]
15 arctg(z) + 27 — 2 = [1;3]
16 |- ixﬁ +2co8(2x) — 1 = 0|[—1.5; —1]
17 |—arccos(x — 1) + 2% —4 = 10| [0.5; 1.9]
18 arcsin(z — 1) +x—2=0 | [1.1;1.9]
19 | —arctg(e —1)—z+2=01 [1.1;3]
20 |—arccos(x — 2) — 2z + 6 = 0[[2.05; 2.8]
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BAPUAHT ypaBHeHue OTPE30K
21  [Barcsina + 2% — 0.1 = 0[[—0.4;0.5]

22 —lgz+x—-2=0 [1;3]
23 —3lgz+12>—-2=0 [1;5]
21 % — 22 —07=0 | [0;1.5)
2% 37— Tsinz =0 | [L1.5;2.4]

Pemmre cucremy memuHEHHBIX ypaBHEHUIT

sin(ax +b) +cy+d =0,
cos(ey+ f)+gr+h=0,

UCIIOJIB3Y st

6) meroz Huiorona;

7) Meroz cuycka,

8) cpaBHHTE TOYHOCTH IOy IE€HHBIX PEIEHNI /sl YDABHEHUI 1 CHCTEM,
OII€EHUTE IIOI'PENTHOCTD JJId KazKI0I'0 MeTOo/la UJIN Haf/’I‘]lI/ITe HEBA3KY.

Kosdpdunuenrs a, b, ¢, d, e, f, g, h 1j1s1 cucTeMbl yKa3aHbl B TAOJIHIIE,
1 — HOMEep COOTBETCTBYIOIIErO BAPUAHTA.

| a b c d e f g h

1| 1| #n/2—-11]3|-15|1 s 2 | —4
2 |1 2 —1]-02]| 2 0 1 1

3] 2 /2 1| 3|1 | x/2—11]11]05
411 -2 1 [ =07] 1 /2 2 | —-0.6
511 | n/2—1 {1 ]-05] 1 s 1] -3
6 | 1 0 2 | =2 |1 -1 1 ]1-0.7
711 0.5 -1 -1 | 1 -2 1 0

8| 1 2 —1|—-15] 1 -2 1 ]1-05
9 1 |w/2405]—-1] =2 | -1 /2 -2 -1
01 x/2-11]1]-07]-1 /2 2 | =2
-1 n/2+2 | 1 0 |—-1|7n/2—-05]—-1] —1
12| 1 0 —2|-16]| 1 0.5 1 [-038
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13[1] 05 [—-1][-12]1 —2 1] 0
4|1 n/2=1 | 1 |—05] 1 7r 1| =3
15| 1 0 2 | —2 | 1 —1 1 —07
161 7/2 1 | —15] 1 [7/2-05] 2 | —1
171 3n/2+1] 2| 0 |-1] =#/2 104
18] 1 0 104 1] 741 | 2] 0
191 n/2—2 | 1 |—05|—-1] 7/2—2 |—-1|—-15
20(1|7/2+05| 1 | -1 |-1| =x/2 |—-2] -2
201 #/2—1 | 0| —2 |—1]| n/2—1 |—-1] 1
21| 7/2—1 | 1 |—08] 1 p 1| 2
231 -1 1| —08] 1 7r 1| 2
241 -1 2 105 | 1 2 1| -2
251 7r —1[—15] 1 ) 1 —05

METOJUYECKHE YKABAHU A

BriBequTe Ha 9KpaH IMOJYYUE€HHBIH PE3YIbTAT, BBIUUCIUTE HEBIA3KY
WJIA BBIOJIHUTE IIPOBEPKY, UCIIOJIB3Ysl BCTPOEHHBbIE (DYHKIIAU; JIJIsT UTe-
PAIMOHHOTO MEeTOa JOMOJTHUTETHHO BBIBEINUTE MTOCIE/I0BATEILHBIE TTPHU-
ONMKEHNsI, 9UCJI0 WTEPaIyil, 3aJaHHyI0 TOYHOCTH. TOYHOCTH BBIBOIA
3HadYeHUil (PYHKINH TOKHA COOTBETCTBOBATD 38 IAHHON TOTHOCTU BBI-
qucstennii (ecau € = 0.001, TO BBIBOAMMOE 3HAYEHUE CJIEYeT OKPYIJINTE
JI0 TPexX 3HAKOB IOCJIe 3aIsITO).

st yemermuo#t caasu 3aJaHus MPEnogaBaTe b MOXKET IMOTpebOBaTh
OT CTYJIEHTA:

1) cdhopmyaMpoBaTh OCTAHOBKY 38J1a4H;

2) ompeziesnTh BXOJHBIE, BBIXO/IHbBIE JIAHHBIE, UX THII;

3) JaTh OCHOBHBIE OINPEJIE/ICHUS, OTHOCAIINECT K U3YIAeMOMY Pa3JIelIy;
4) chopMyIMpOBaTh U IPOBEPUTH YCJIOBUSI CXOIUMOCTH UCIOJIB3YEMOro
METO/a, CAeJIaTh COOTBETCTBYIONTNE BBIBOIDI;

5) M3JI0KUTh CYTh UCIIOJIB3YEMOIO METOJIA;

6) MOSICHUTD AJINOPUTM CBOEH ITPOIPAMMBI;

7) marh onmcanue BCTPOECHHBIX (DYHKIMH U MOJKJIIOUAEMbIX OGHOJIHOTEK,
HUCIIOJIb3YEMBIX B IIPOTPaMMe.
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6.3. Teopust mpubIM>KEeHUsT U anIpPOKCUMAIUsA PYHKITANH

1. ITocTpoiiTe MHTEPIOJIATINOHHBII MHOTOUWIEH Jlarpamxka 1y Oy HK-
WU, 33JaHHON TabJINIHO:

p =3 [2-1o2] ) [e-1j0fiT2] 3]
y|—180|—19| 2 |3(8/65( y|11|7|7|17|67]
g3~ 2] e[-2pnr2]3)
y|—47|13| 7 [1]13|133/ y|67(9]4|—1|17[
5)90—3—2()12 6)50—2—1 0112 3 |
y|64|14|4/8|34f y|12| 6 |—4/2(8/—10]
7)50—2—1012.8):10—1 0 |1123/4
y|—7|—1[9|11{17| y|—243|—32|—1|0(1]32f
—4 |—2|—1[0[1]| 2 —1/0/1| 2
g)x 0 ; lo)x 0 3;
y|—510| 2 | 3 |2[5/66 y|17|7|5/11|49
x|—2|—1|0[1] 2 |3 x|—2|—1| 01|2
11) y| 6 [—2|0|9|—4|10] 12) y|6821|10[5|0f
x|—2|—1|0]1|2 x| —3|—2|—1|0|1| 2
13) y|17] 0 |58 14) y|—26[11| 0 |1|2(39]
x|—2|—1|0] 1 |2 x|—2|—1/0] 1 | 3
15) y|88(19|4|—5[16[ 16) y|86|17|2|—T7|161]
x|—2|—1|0]1| 2| 3 x|—1|0[1|2| 3
17) y| 6 [18]6]0/20|246] 18) y| 22 (8(4(8|24(
z|—3|—2| 0 |2] 3 x|—2|—1| 0 |1|2
19) y| 7 [11]|—3[9|—5 20) y|6821(10[5|0[

2. ITocTpoiiTe MHTEPIOJAIINOHHBINT MHOTOUIEH Jlarpam:ka /i 3a/1aH-
Holt dyukmu f(z) ¢ 3amanabiMu y3aamu. OIeHUTe OTPEITHOCTb HHTEP-
TIOJISIITAH.

BapuanT|pyHkims f(x) Y3JIBL ;
1 sinx 0, 7/6, 7/4, 7/2
2 sin” x /6, /4, ™/3, 7/2
3 cos? 0, /6, w/4, 7/3
4 ctgx /6, /4, /3, T/2
5 tgx 0,7/6, 7/4, 7/3
6 COS 0, /6, m/4, 7/3
7 2sinz /6, w/4, ™/3, 7/2
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BapuanT|byskius f(z) Y3JIBI ;

8 5 ~1,0,1,2

9 52 9. 1,01
10 i 2, 1,0, 1
11 i 1,0, 1, 2
12 e 0.25, 0.5, 1, 2
13 77 3,2 -1,0
14 2 1,0, 1,2
15 3 1,1, 2,3
16 37 =9, 1,0, 1
17 sin 2z 0, 7/12, /8, 7/6
13 377 9. 1,01
19 972 2.1.3, 4
20 9327 =9, -1,0,1,2

3, 4. IlocrpoiiTe WHTEPNOIATIMOHHBIN MHOrOwIeH HbioToma s
dyHKIMI 13 3amannit 1, 2 COOTBETCTBEHHO.

5. IlocTpoiiTe MHTEPIOJAINOHHBI MHOIOYIEH DPMUTA.
x|—1/0| 1|2 x|-2 -1 0] 1
1)y 918|5 0_2)y8 =7 |-8-5]|
"1—24] 0 [—12[504/ Y 17 (0] 17
1230]|—4|—58 y'l  |—176| 8 |—32
x|—=1/0] 1 |2 z|—2[-1(0]|1
y| 0 |—5]—413| y| 81 0 |42
y/
x
Y

~|

26/ 0 | —2 2441—13[ 0 31/

Y
y/

Y

vy 4 |—24 vy 46 | 6
Y

y/

Y

-110 1 |2 T
—12|-10] —10|18| y |—48| 34 |16] 30 |
43 | 0 | =25 y

"|—298| 14 |—154 y" 86 [32|—22
z|—=1| 0 1 2
y| 191 | 200 |—209|—16 |
1210 |—200|—610[4080
y"|—330|—420|—330

~

Ll (s
|
_
=~
w
J
—
=~
=~
w

lc\
\
)
S
o
=)




x| —-11] 0 1 2 x|—110] 1 | 2
9) y |—106|—100|—104| 204 | 10) y| 2 |1]—4|449)|
y'| 31| 0 [—13[1720] y'|—13]0[—17]2696]
y' —4 | =22 y''|138(0]—30
x|—2|-1/0]1 z|—2/—-1|10] 1
y|=72] 1 =2/ 9| y|=5 7 |7| 1|
11) Y —30 3 |54 12) y —13| 0 |25
y” 138| 0 282 y" 90 |-6
x|—1/0]|1|2 z|—10]1| 2
y| 4 |8]6[514 y|—21)0|481|
13) y' 15|03  14) y'| 17 |0 1 [2240]
y"|—78|—6|66 y"|—96| 48
x|[—1|0/1| 2 012
Y| 212|257 y 2] 3 |130]
15) y'|—8|0] 8 [1024] 16) y'|0] 7 |448)
y" 56 y"'|0[42
x|—2—1{0] 1 x| —-110|1 |2
y|3]| 0 |-5—6 y| —5 |-6| =3 [10|
17) Yy’ —13| 0 |—15) 18) Yy 1710 1 ’
y" 100| 4 |-92 y"|—176| 8 |32
x|—-1]0] 1|2 z|—1] 0|12
y|11|10| 7 | 2| y|—5]-10] -9 |-2
19) y'|—24| 0 |—12[504] 20) y'|—26] 0 |—2 i
y"|230|—4|—58 y” 4 |-24

6, 7. IlocTpoiiTe MHTEPIONATTNOHHBIN KyOUIecKnii CITaitH 11t (yHK-
nuit u3 3aganuii 1, 2 COOTBETCTBEHHO.

8. Ucnosb3yd MeTO/I HAMMEHBIITNX KBAJIPATOB, HOCTPONTE MPIMYIO
JINHENHOI perpeccuu, annpOKCUMUPYIOINIYI0 (DYHKIMIO, 33JaHHYIO Tad-

JINYHO:

1y B2 IR ) [e]-2= 101 3]
yl—4—=3[=3[=1ftjo] “ [y[12] 6 [4]2[8[10]

gl 8121170 7T172]
y|—1.86(—1.91|—1.28/—1.31|—1.84]—1.65/

oy [EE2E 0T 2 3 fal-3[-2[- 1012
gl 1 —1R=13) [y 245 2[4
a|—3—1] 1 3[4 _. [e[-3[~1] 0 [1]3

6) s s )5 R ot e s
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22— 11R2B| . [[—2—1[01[23
8z s e ¥ =i
o[0T 1 23 415756
y[2.1312.253[2.250[2.107(2.113(2.1242.318
[0 [T T2[3 4[5 6]
y|—3.31—3.53—3.25|—3.19|—3.11|—3.24/—3.38
ol 0T 1234715756 ]
y[6.312/6.531(6.654/6.918[7.117|7.146[7.289
[ 0T 1[2]3]4]5]56]
y[3.312[3.536[3.258(3.191[3.113(3.149[3.185
Z—10[1]2]3 o[—3[—2[—1] 1] 2
W) rararaeoril ) (55635251540
=21 1 [2[3[4]5]
y[3.121[3.314]3.276[3.198[3.155(3. 142[3.211
11213 T4]5]6] 7%
y|T.13|1.32[1.22(0.99| 1. 11|1.42[1.53|1.44]
[ IO 1 [2[3[4]5]%6]
y[2.122[2.331[2.249[2.901[2.456(2.675[2.721[2.698
oyl 1[0 T 1[2[3[4]5]56]
y|4.198[4.312[4.241[3.976|4.1234.076/4.342[3.999]
o0) B0 ]2 ]34T 5
y[4.2[3.73.2[3.2[3.8[4.0[4.54.7]4.6

METO/UYECKHUE YKABAHUA

BoeiBeinre Ha 9KpaH MOJyYEHHBIN PE3YJIbTAT, BBIIOJHUTE TIPOBEPKY, UC-
0JIb3ys BCTpoeHHble (hyHKImu. Eciu mocTaHOBKA 3a/1a91 COJIEPIKUT sIB-
HO 3aJIaHHYI0 (DYHKIUIO, ITOCTPOHTe TpadUK HWHTEPIOJUPYEMONR U WH-
TeproupyoIieil GyHKIUNA B OTHON KOOPAMHATHO ILJIOCKOCTH, CleiaiiTe
BBIBOJIBI.

Jis ycrernmHol caadu 3a1aHus IPeroIaBaTe/b MOXKET TOTPeOOBATD
OT CTYJIEHTA:
1) cdhopMyaMpoBaTh OCTAHOBKY 3aJ1a4H;
2) ompeziesnTh BXOJHBIE, BBIXOJIHbBIE JIAHHBIE, UX THII;
3) JaTh OCHOBHBIE OIPEJIEJICHUsT, OTHOCAIINECA K U3YIAeMOMY Pa3JIelLy;
4) U3I0XKUTH CYTh UCIOJIB3YEMOI0 METOJIA;
5) LOSICHUTH AJrOPUTM CBOEil IPOrpaMMbI;
6) 1aTh olMCAHMe BCTPOEHHBIX (DYHKIMI 1 IIOJKIII0IaeMbIX GUOIMOTEK,
HCIIOJIB3YEMBIX B IIPOrPaMMe.
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6.4. YucaenHoe mauddepeHMpoBaHue

Hana dyHKIMST

NN Y —— X 7TNN
flz)=—"Ve COS<k+NN)+ ,

2 2

rae NN — nomep Baero Bapuanta, k = NN (mod 2).

1. CozpaiiTe TabauIly ¢ MPUOIM>KEHHLIMA 3HAMEHUSAMHI TPOU3BOIHOMN
dyukuun f'(x), ucnosp3ys GOpPMYJIbI IIEPBOTO IOPSIKA TOIHOCTH.

2. CozpaiiTe TabauIly ¢ NpUOJIMKEHHBIMA 3HAYEHUSIMA TEPBO MTPO-
uzBogHol dyukuuu f'(x), ucnonb3ysa GopMyJbl BTOPOro MOPSIKA TOY-
HOCTH.

3. Coszmaiire TabyuIly TPUOINKEHHBIX 3HAYEHUI IIPOU3BOIHBIX (DY HK-
mn f”(x), BerauciaseMprx o GopMysIaM BTOPOTO MOPSIIKA TOTHOCTH.

4. Vcnonb3yst METEPIOIAIMOHHDBI METOJ, BEIYACUTE IIPOU3BOHDIE
[IEPBOTO U BTOPOTO TOPSIJIKOB.

5. Berauciure mpousBoHBIE TIEPBOTO U BTOPOTO IIOPSIIKOB IIPHU IO~
MOIIH CILJIAHOB.

6. CpaBHuTe HOJyUYeHHbIE Pe3yabTarThl. OIEHUTE MOTPENTHOCTh BbI-
YUCJICHU.

METOJUYECKHE YKABAHU A

Iycrs P := [—5; 5]. [IponssoabHBIM 06pa3oM BeIGEpUTE OTPE3OK [a, b] Ha
muOo)kecTBe P anmunoit 1. [lpu Beimosinennn 3aganuit 1-3, 5 paBHOMEPHO
pasbeiite orpe3ok [a,b] Ha N uacreil, B 3aganuu 4 TpebyeTcsi UCIOIb-
30BaHUEe HEPABHOMEPHOU CETKU, MOy IEHHON ITyTeM TeHEePAITN KaXKI0T0
CJIEIYTOIIEr0 3HAYEHUs y3Jia CeTKH CIydalHbiM oOpazom. Hucsao pasdu-
ennit N 3amaiite mpon3BosIbHO, HO He MeHee 10.

Berauncsinre Tpebyemble 3HaUEHUs MPOM3BOJIHBIX M CPDABHUTE IIOJIY-
YeHHbIE PE3yJIbTaThbl CO 3HAYCHUAMHU IIPOU3BOIHON B TOYKAX, HAICHHONI
IIPY HEMOCPEICTBEHHOM JuddepeHimpoBanuu. Pe3yibTar mpeacTaBbTe
rpadudecku, U600 B BHUIE TaOIUIIHI.

JlJis1 yCIienmHoi caadun 3a/aHusl IperoiaBaresib MOXKET TOTPeb0BATH
OT CTyIEHTA:

1) chopMyIMpPOBATH TIOCTAHOBKY 3a/1a4H;

2) ompeeuTh BXOIHBIE, BBIXOIHbIE JaHHbIE, UX THUL;

3) 1aTh OCHOBHBIE ONIPEJIETIEHNsI, OTHOCSIIMECS K U3yUaeMOMY Da3/Iesy;
4) M3JI0KATH CYTh UCIOJIB3YEMOIO METOJIA;
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5) MOSICHATH AJIFOPUTM CBOEH ITPOIPAMMBI;
6) 1aTh omMcaHne BCTPOEHHBIX (DYHKIMI U MOAKIIOIaeMbIX OUOINOTEK,
HCHOJIb3YEMbIX B IIPOTrDAMME.
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PekomMmeHniarium 1mo BBITIOJTHEHUIO
JabopaTopHbBIX padboT

Wolfram — BecbMa 001Ul MyJIbTAIAPAIUIMAIBHBIA A3bIK IIPOrPaM-
MupoBaHusi, pazpaboranubii Kommanueit Wolfram Research, koropsrit
CJIy2KIT OCHOBHBIM CBSI3YIOIINM sI3bIKOM it cucteMbl Mathematica. On
ObLJI CIIPOEKTUPOBAH KaK MAKCUMAaJIbHO YHUBEPCAIBHBIN SI3bIK, C aKIEH-
TOM Ha CHMBOJIbHBIE BBIUNCJIEHNs], (DYHKIMOHAJIBHOE U JIOTUIECKOE IIPO-
IrpaMMUDOBaHUE.

A3pIK gBIISIETCS TOCTATOYHO OOJBIMTUM M KACAETCS MHOTUX, IaCTO
CIIEIUAJIN3UPOBAHHBIX, cdep 3HaHuit. Hanpumep, o obisagaer BCTpO-
eHHBIMI (DYHKIUSIMU JIJTsI CO3/IAHUsI U TIPUBEJIEHUS B JIEHCTBIE MAITITHBI
Triopunra, cozmanusi rpaduKd U ayano, aHAJIN3a TPEXMEPHBIX MOJie-
Jieit u pernenus guddepeHnua bHbIX ypaBHeHuit. B yacrHOCTH, MMeeTCst
6O0JIbIIIOE KOJTMYIECTBO (DYHKIINN, B KOTOPBIX YK€ Peajn30BaHbl HEKOTO-
phle AJITOPUTMBI, PACCMATPUBAEMBIE B JTaHHOM mocobun. Bozuukaer ecte-
CTBEHHBIE BOIIPOC: 3a9eM CAMOCTOSITEJILHO PEAIN30BbIBATH T€ WJIA UHBIE
AJITOPUTMBI, €CJIM OHH y2Ke eCTh B si3bike! Ho 9To6bI parmoHaJ bHO UC-
[T0JIb30BATh BCTPOEHHBbIE (DYHKIUU, UX HY?KHO IIOHUMAaTb. BO-1I€PBBIX,
dbyHKIIE 1 6UbJINOTEKN MOTYT MMeTh H0O0UHbIE 3P DEKTHl UM TOBe-
JleHue, KOTOPbIe CJIOZKHO IIPEyCMOTPeTh (IpeIBUuaeTh) 6e3 NOHUMAHMs
asiropuTMoB. [TostyuuB Gar B TaKOM cJrydae, MOXKHO JIOJITO U YIIOPHO TbI-
TATHCS €ro MOUMATH M UCIIPABUTD, KOTJIA ITOIO MOYKHO OBLIO N30€XKATh.
Bo-BTOpBIX, pas/inuHble HHCTPYMEHTHI 1 OUOJIMOTEKH YacTO HY»KHO «Ha-
CTpamBaTh» — yKa3bIBATH KAKWE AJITOPUTMBI, CTPYKTYPbI JAHHBIX U TEX-
HOJIOTUHU WCIOJIb30BaTh BHYTPHU. Be3 3/leMeHTAPHBIX 3HAHWIL MPUIETCST
Jb0 MOJIb30BATHCS 3HAUCHUAMHU 110 yMOJJaHuio (1opoi HeadderTus-
HBIMU UMEHHO JIJIsl Baleii 3a/a4n), Jubo BbIOMpaTh Hayraj. B-rperbux,
€CTb MHOYKECTBO 33J1a1, KOTOPbIE HEJIb3sI PEIUTh IPOCTHIM BbI3oBoM APT
OubIMOTEKYN WM (PPEHMBOPKA.

OcHOBHBIE OCOOEHHOCTH CHHTAKCUCA!

1) Bce BCTpOeHHBIE (DYHKIMA THIIYTCSI € 3arJIABHOW OYKBBI U COCTO-
st u3 omguoro (Plot, Solve) win nHeckombkux (FindRoot, RowReduce,
LinearSolve) aurimiicKux €JIOB, Wid OGIIENPUHSIITOIO MEXK [y HAPOIHOIO
cokpareans (GCD — maubosbmmii obumii gesmresib, greatest common
divisor);

2) apryMeHTBI YKa3bIBAIOTCS B KBA[PATHBIX CKOOKAX M PA3JIEIIAIOTCS 3a-
nsreiMu (Solve[5x+6==-5,x]);
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3) Heobsr3aTeIbHBIE apryMeHThl (omiun) nMeroT Byt HassarnueOmuun —
Buavenue (Solve[bx+6=="7,x,Modulus->8|);

4) 11 9acTO UCIOJIL3yeMbIX (PYyHKIUI MCIOJIB3YIOTCA KpaTKue 0603Ha-
qenus: D — omeparop auddepentmpoBanusi, N — mpuBegeHne K BeIe-
CTBEHHOMY THILY, U T. II.

Caenyer pasmmuars = (oneparop Set), := (omeparop SetDelayed),
== (oneparop Equal) u === (omeparop SameQ).

OCHOBHBIM YHUBEPCAJIBHBIM THUIIOM JAHHBIX ABJSETCS CIUCOK (OTre-
parop List), Koropslii Bu3yaJbHO OpezcTaBieH (DUIYPHBIME CKOOKa-
mu ({a,b,c} Toxke camoe, uro u List[a,b,c]). BekTopam coorBercrByfoT
OJIHOMEPHBIE CITUCKH, MATPHUIAM — JIBYMEpHbIE (CIHMCKHU CIUCKOB), 3a-
IUCh ¥ XpaHeHue MaTPHILL IPOU3BOANTCS ocTpouno. Hampumep, MaTpu-

1 2 3
ne |4 5 6| coorsercrayer cimcok {{1,2,3},{4,5,6},{7,8,9}}. Muorue
7T 8 9

apryMeHThbI KOMaH T UMeIOT BUJI clincKoB. Harpumep, Jiuis yKa3aHust 1na-
Ma30Ha, Ha KOTOPOM OYJ/IeT CTPOUTCs rpadUK, UCIOJIb3yeTCsl CIIMCOK, CO-
CTOSITINIA M3 TPEX JIEMEHTOB: UMsI TIePEMEHHOI, JIeBasi TPAHUIIA, TTPaBast
rpanuna (Plot|Cos[s|,{s,-7,6-E}]). Eciin B kauecTBe aprymeHTa HEKOTO-
pbeim dyrkmsM (nMmeronuMm atpubyT Listable) nepenars cnucok, To Ha
BBIXOJIE MOJIYYIUTCs CIMCOK M3 3HAYCHUN (DYyHKIUNA HA KaXKJIOM JIEMEH-
re crnucka (Sin[{0,7/2,7}] Beprer cnucoxk {0,1,0}). D10 n3dasasier or
HEOOXOMMMOCTY THUCATh IUKJIBI, JIejast KOJ[ KOMIIAKTHee W MpOo3padHee.
Takyto ke GyHKIMOHAIBHOCTD JJIsl IOJIb30BATEIbCKUX (DYHKIMI (KOTO-
pBIM He ObLT HaszHadeH arpubyT Listable) MOKHO HOLy4nTB, HCIOIL3YS
dyukuumio Beiciero nopsiaka — Map, unm B kpaTkoit opme /@: 3anuch
f/Qlist Bepuer 3navenus dbyuxiyu { Ha sjemMenTax crucka list.
YHuBepcaabHBIM T€HEPATOPOM CIIUCKOB M0 33 [aHHOMY BBIPAYKEHUIO
apasgercsa dyuknusa Table. Ee cunrakcuc BBITISIUT cieayonuM obpa-
som: Table[expr, iter|, rue expr — BbIpazKeHHe, MOJJIEKAIIEE BBIYUCIIE-
HUIO, iter — wmreparop, uMeromui dhopmy crmcka {rnepeMeHHasi, HIXK-
Heisl TDAHWI@A, BEPXHss I'DAHUINA, INAl _u3MeHeHUs ). Eciu He yKasbl-
BaeTCsl Iar, ToO OH cumTaercs paBHbiM 1. Ecim He ykazaHa u HUKHSIS
rpaHuIa, TO U3MEeHeHne urepatopa Haduaaercs ¢ 1. Hampumep,
Table[Prime[k],{k,10}], nau uro To ke camoe, 4To u
Table[Prime[k],{k,1,10,1}] — crucok u3 mepBbIX JECATH IPOCTHIX YHCEIL.
NrepaTropoB MoxkeT OBITH HECKOJIHKO. TOT/1a OHU pa3IeIsaIOTCS 3aTlsI-
TBIMHU, CAMBIl BHYTPEHHUII UTEPATODP COOTBETCTBYET CAMOMY BHEITHEMY
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YPOBHIO TIOJIy9alONIErocsi MHOTOMEPHOTO CITHCKA!
Table[i*},{i,2,9},{j,2,9}] — rabauna ymMHO)KeHUSI.
Table[Binomial[n,m|,{n,0,7},{m,0,n}] — tpeyronpuux Iackass.
O6paTuTe BHUMAHUE, 9TO I'PAHUIIBI 3HAYEHUN BTOPOIO UTEPATOPa 3a-

BUCST OT MIEPBOTO, TIO3TOMY HA BBIXOJIE TIOJIYIAETCs] CTPYKTYPa, UMEHYye-

Mmag ragged array (ZOCJIOBHO «HEPOBHBILT» ), T. €. MACCUB, KOTOPBIIl MOXKeT

COJIEPKATH PA3HOE KOJUIECTBO JIEMEHTOB Ha OJ[HOM M TOM K€ YPOBHE.
Nmeercs erre ojiHa BO3MOYKHOCTD «3aCTABUTH» UTEPATOP IIPUHUMATH

3HaYCHUs IIPOU3BOJIBHOI'O CIIMCKa, KOTOpad HCIIOJL3YyeTCd, HallpUMeEp,

IIPU [TOCTPOEHUU MHTEPIIOJIAIUOHHOIO0 MHOIOYJIEHa DPMUTA;

dataset={{-2,3},{-1,0,-13,100},{0,-5,0,-4},{1,-6,-15,-92} };

Table[h[i][set[[1]]]==set[[i+2]]], {set,dataset },{i,0,Length[set]-2,1}|
31eck iepebop BejeTes 1o cruckKy dataset, KayK bl 9JIeMEHT KOTOPO-

IO eCTh CIIUCOK U3 apryMeHTa, 3HadeHus! (DyHKIINN Ha 3TOM apryMeHTe,

3HAUYEHUs] IIepBOU NPOU3BOJHON, W T. ., IPU 3TOM JJIsI PA3HBIX Yy3JIOB

KOJIMYECTBO 3HAYEHUH MOXKeT ObITh pasHoe. [[jisi JoCTyma K 31eMeHTy

CIHCKA IO €r0 HOMEPY UCIOJIb3yeTcss GyHKIms Part, KoTopasi B KpaTKoi

dbopme puHEIMaET BH/T JBOWHBIX KBaJPATHBIX CKOOOK. Ist[[i]] — i-it sure-

MeHT crmcka 1st, 1st[i,j|| — j-it smement i-ro smementa, Hanpumep, must

MATPHIL ITO O3HAYAET JIEMEHT i-fI CTPOKHU U j-TO CTOJIOIA.
AnanornuHbiM 06pa3oM paboTal0T UTEPATOPHI U B OIIEPATOPAX MPO-

IEJYPHOrO CTUJIs, HAOpUMep, B IUKJIax Do. DTa KOHCTPYKIUS I103-
BOJISIET TPOU3BOIUTDL OJHOTUIHBIE JIEHCTBUSI, CBSI3AHHBIE C M3MEHEHU-
eMm cuyerdnkoB mHzuekcoB. Cunrakcuc cuaemyromuit: Dolbody, iter|, rue
body — onna mim HeCKOJBKO omepanuii (B 9TOM Ciydae OHHU DasJielis-
IOTCS TOYKOH C 3aIsATOl, UTO sABJsieTCs KpaTKoil ¢opmoii omeparopa
CompoundExpression), iter — urepaTop B OJHON U3 BBIIIEOMUCAHHBIX
dopm. Hampumep, B cTeeHHOM MeTOJE 3a OIHY UTEPAIUIO TIPOU3BOJIST-
csl Tpu JieiicTBus: 1) yMHOXKAETC BEKTOP HA MATPUILY; 2) BBIYUCIIAETCS
ouepejiHoe pHUOJINKEHNEe COOCTBEHHOIO 3HAYEHUs; 3) IIOJIyYEHHBIH Ha
mare 1 BeKTOp HOpMUDYeTCs st cieyiomeir nreparuu. CoorBeTcTBy-
oMM PparMeHT KOJIa BLITJISLIUT CJICAYIONIM 00pa3oM:

Do[yl=mA.y0;

Al=mA.yl.yl/yl.yl;

yO=y1/Max[Abs[y1]];

{k,1,kmax,1}|
31ech OTUYETIIMBO MIPOSABJISIETCE 0COOEHHOCTh s3bika Wolfram, mosso-

JIIOIAs n36eraTh JONOJHUTEILHBIX IIUKJIOB, TaK KaK B TPETHEH CTPOYKe
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onepanusi / (JieJeHusl) TIPUMEHSIETCS K CIIUCKY y1 IEJUKOM JUIS TIOJTy-
YeHHsI HOBOTO crucKa y(, Bce 371eMeHThI KOTOPOTO €CTh JIEMEHTHI CITUC-
Ka y1, IoJIeJIeHHbIE Ha OJTHO U TO YK€ YUCJIO — MAKCUMAJILHBIN TI0 MOJTYJIIO
3JIEeMEHT ciucka yl.

OpuH u3 caMbIX yHUBEpCAJbHBIX MUKI0B While mpumensiercst B ciry-
Jae, KOTJa KOJIMYECTBO WTEpPAIuil 3apaHee HEU3BECTHO, HO U3BECTHBI
YCJIOBUS, IPY BLIMTOJIHEHUH KOTOPBIX MOXKHO CUUTATH PE3YIBTAT JIOCTHUT-
HyTbiM. Cunrakcnc While nmeer sum: While[cond, body], rme body —
OJTHA WJIM HECKOJIBKO OIEpallyii, Pa3J/IeJIeHHbIX TOYKOM ¢ 3amsaToii (Teso
nukJa), cond — ycJI0BUs, IIPU UCTUHHOCTU KOTOPBIX BBIIIOJHSAETCS TEJIO
nukia. Kak Toabko yemoBus cond CTaHOBSATCS JIOXKHBIME, [TUKJI IIPEKPa-
maer cBoio pabory. Tunudnas cxema pabOTHI ¢ HEOIIPEIETCHHBIM KOJIH-
YECTBOM UTEPAIUil BHINVISIUT CJIELYIOMIMM 00pa30M: 33/ 1aI0TCs IIEPEMEH-
nasg found co maganpubiM 3Hadenunem False m orpanmvenune Ha KoJHde-
cTBO ureparmii kmax (ckaxkem, 100 um 1000), jj1s TOro 9ro0bI H36€2KATH
GECKOHEYHOTO BBIIIOJIHEHHUSI B CJIy9Yae OMUOOYHON PeAITM3AINY N OYeHb
Me TeHHOM cxomumocT MeTona. Cuerunk nreparuii k ycranaBimBaercst
paBubiM 0. B rTese mukiia ocyiecTBisiercs yBesinueHne Ha 1 caeTdu-
Ka WTepalyii ¥ BBIYUCIEHUE YCJIOBHUI OCTAHOBKH. 3aTeM (bOPMUPYETCs
yeaosue Not[found]&&k<kmax, koTopoe rapaHTHpyeT KOHEIHYIO pabo-
Ty IUKJIA JI0 TeX 0P, ITOKa JINOO YCJIOBUE OCTAHOBKU HE OYIET BBIMOJITHE-
HO, JTuOO MMOKa MBI HE MPEBBICUM MAKCHMAJBHOTO KOJIMIECTBA UTEPAITUI.
ITomobHass KOHCTPYKIIAST IPUMEHSIETCS MOYTU BO BCEX IMPEICTABIECHHBIX
peasinzaluax (HAIPUMeEp, B CTEIIEHHOM METOJIE, B METO/Ie [IOUCKa KOPHEi
ypPABHEHUI IUXOTOMHUEH, B METOJIaX CeKYIIUX U TPAJMEHTHOrO CIIYCKa).

OrenpHOrO 06CYXKIEHUST 3aC/IyKUBAET YCIOBHBIN omeparop If, xo-
TOPBIA MOXKET IIPUHUMATHL OT ABYX JO YETbIPpEX apryMEHTOB, IIePBBIM U3
KOTOPBIX BCET/a SABJISIETCS JIOTUIECKOe BhIpaxKeHwe. BTopoil aprymMeHT
npeJcTaBiser coboit Habop MEeHCTBUil, KOTOPBIA BBIMOJTHSIETCS PU UC-
TUHHOCTU JIOTMYECKOI'0 BBIPDAXKEHUH, YKA3aHHOI'O B IIEPBOM apryMeHTe.
Tperunit aprymeHT — JeificTBUsA, KOTOPbIE OYAYT BBIMOTHEHBI IIPU JIOXK-
HOCTH yCJIOBUs, YKA3aHHOT'O B IIepBOM aprymenTe. Pesiko ncrosb3yeMbrit
YeTBepTHI apryMeHT IIpUMEHsIeTCA NJIs YKa3aHUus JeficTBU B ciydasx,
KOIJIa YCJIOBUs B TIEPBOM apryMeHTe He MOrYT ObITh MpeoOpa30BaHbl HU
K True, au k False. Takas curyarusi MOYXKeT BO3HUKHYTH IPU UCIIOJIb-
30BaHNM HEMHUIMAJU3NPOBAHHBIX INEPEMEHHBIX WIN B CJIydadx, KOrga
B YCJIOBHUSX BMECTO OXKUJIAEMBIX CKAJISPHBIX THIIOB (IHCIIa, CTPOKH, CIIIC-
KI OIIPEJIeJIEHHON CTPYKTYPBI) HOSIBJISIFOTCSI JPYTHe 3HAUYeHusl (HAnpu-
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Mep, KaK pe3ysIbTaT OMIMOKY, BO3HUKIIEH [1epe 1 BHIIIOTHEHIEM YCJIOBHOTO
onepatopa If ). Hanpumep, eciin 3HaveHNe IepeMeHHOR X He OIIPEJIENIEHO,
To KOHCTpYKIus y=If[x>0,x++,x--,42] BepHer 42, TaK KaK HEBO3MOXKHO
OTIPEJIC/INT, SIBJISIETCS JIN BBIPDAYKEHUE X IMOJIOKUTEILHBIM, B TO BPEMs
kak x=17;y=If[x>0,x++,x--,42|;x oKu1aeM0 yBeJuIuT 3HaUeHre X ¢ 17
mo 18 (mepemennasi y Gymer paBHa 17, Tak Kak B Hee 3aIUIIETCS 3HATE-
HUE X JIO YBeJIMYEeHNs Ha, eJIMHNILY B IIOJIHOM COOTBETCTBHE C CEMAHTUKOMN
olepaTopa UHKPEMEHTa +-+ ).

SajiaHue MoJIb30BATEIbCKIX (DYHKIUN OMupaeTcss Ha paboTy ¢ mab-
nouamu (_, min Blank|[] B mosnmoit dopme) m oneparopamu Set (=)
u SetDelayed (:=). Ykazanue mabsona nocie umedu GpopMaJbHOIO Ia-
pameTpa O3HAYaeT BO3MOXKHOCTD IIPU JajbHelIeil pabore ¢ dyHKIHEH
MIOJICTABJISITH BMECTO apryMeHTa IPOU3BOJIBHOE JIOIYCTUMOE BBIDAYKEHIE
cucrembl Mathematica. Cpasuure:
flx|=x?;
glx_|=x*

{tlx].fly]. 5]}

{a[x].glyl.gl5]}
{X2» fly], f[5]}
{x* y*, 25}

B ciyuae onpenenenus dbyukiuu f 6e3 mabiona Ha BBIXOIE OJIY-
qaercs crimcok {x2, fly], f[5]}, rie Tombko mpu mosHOM CcoBMAEHUE pe-
AJIBHOTO U (POPMATBLHOTO MaPaAMETPOB IIPOM3OIILIN BHIYUCIIEHUST, ACCOTIH-
upoBaHHBIE ¢ orpejesennem ¢yukiun f. B ciydae xe ¢ dyunkiueit g
BO3BeJICHUE B KBAJIPAT OBLIO MPOM3BEJIEHO JIJIsi BCeX apryMeHTOB — {x2,
y2, 25}.

Paznmmaus Mex iy = 1 := 3aKJIF0YAIOTCs B [TOPSIJIKE BBIIIOJHEHUSI IIPa-
BBIX dacTeil onpenesenuit yuknumii. Omeparop Set cHadaja BBIYUCISI-
eT 3HaUYeHWe IIPABOil YacTH, a 3aTeM IIPU IIOCJEYIONIUX BBI30BAX HC-
[OJIb3yeT MOJIyYeHHOe pU onpeeaernn (hyuknuu 3uaderne. Omepatop
SetDelayed cuagasa 3amoMuHaeT orpejiesieHne MpaBoil YacTu 6e3 Heno-
CPEJICTBEHHOT'O BBIUHMCJICHUS W KAXK/IbII pa3 IPH MOCJIEIyOINX BHI30BaX
[TOJICTABJISIET TIEPeaHHbIe 3HAYEHUsI apryMeHTOB Jjisl pacdera. lIporre
BCEr'O MOHATH PA3JINYIUE Ha CJIEYIONEM [IPUMEDE:
flx_]=RandomInteger|1,100]
g[x_]:=RandomlInteger|1,100]

{f1] 1] flx]
el gl glx]}

65



99
{99,99,99}
{39,1,6}

B niepBom ciydae cradasia ObII0 BBIYUCIEHO 3HAYEHUE — IICEBIIOCITY-
JaifHOe IIejioe 4ucyio u3 juanaszona or 1 jgo 100, koropoe crajgo 3Ha-
yenneM (YHKIUA JJIs JII000ro aprymenTa 6Jarojaps UCIOJIb30BAHUIO
mabsiona X . [Tosromy BbI3oB dyukiuu f Ha J11060M aprymenTe Bo3Bpa-
m@aeT oHo u To ke uucio (99 B mamxnom npumepe). Bo Bropom ciyuae
BBIYUCJIEHUE TICEBIOCTYIaifHOTrO TEJIOT0 YHUC/Ia TPOU3BOIUIIOCEH IPU KarK-
JIOM BBbI30Be (DYHKIINHU g, TOITOMY Jla’Ke Ha OJHOM M TOM K€ apryMeHTe
HOJIyYUIIUCh pa3indHble 3HadeHns (39 u 1), Beap mporecc reHepanuu
3aIlyCKAJICs 3aHOBO JIJI KaXKJI0I'0 YIOMUHAHUS BbI30Ba (DYHKIUH €.

Takoe pasiumuune B moBemeHun oreparopoB Set u SetDelayed mpu
orpejiesieHnu (BYHKIUI TO3BOJISIET B OJIHY CTPOKY PEAJIM30BaTh MOJXO/,
UMEHYEeMBIH Memoudayued, T. €. 3aIOMIHAHAE BHIYUCJICHHBIX 3HAYCHUI.
OOt BUI TaKUX OMPEIETCHMIA:
flx_|:=f[x]=expr;

Kak s1o paboraer? Ilpu Belunc/ieHUN HA HOBOM 3HAYEHUH apryMEHTa
(7151 KOTOpOTO paHee 3HAUeHNE (DYHKIMA He BhIUUCIsI0ch) Mathematica
UCIHOJIb3YET OIIPEeJIeJIeHNe, CTOsIIIee CpaBa OT 1=, T. €. 3aluch {[x]=expr
[EJIMKOM, TIPU 9TOM BBLIYHCJIEHHOE 3HAYEHUE COTJIACHO CeMAHTUKe Set 3a-
HOMHUHAETCS s BeIpazkeHus f[x] (Tak Kak X 37ech yxke 6e3 mabioHa,
9TO CTAHOBUTCS JIOTIOJTHUTEIHLHBIM OIpe iesieHrneM (hbYHKIIMN Ha KOHKPET-
HOM aprymenTe). [Ipu MOBTOpHOM BbI30Be (DYHKIMU HA TOM 2K CAMOM
apryMeHTe HUKAKUX JONOJHUTEIHHBIX BBIYUCICHUN HE TPOU3BOIUTCS,
a bepercsl 3HaYEHUE, MOJIYUYEHHOE B MIPEIBIIYIINX BbIUYUCTCHUIX.

Hampumep, 1i1s mocTpoeHnst HHTEPIOIAIIMOHHOTO MHOTOwIeHa Hbro-
TOHA 33/[A€TCs PEKYPCUBHOE OIPeIeJIeHe KOHEYHBIX PA3HOCTEI, a 3aTeM
CTaBUTCS Ha CYET BBIYUCJIEHUE CAMO cTapIieil KOHEYHONH Pa3HOCTH:
flx_ List,0,iInteger|:=f[x[[i]]]
flx_List,k Integer,i Integer|:=
£kl — (1,1 e l) /el <)
Newton[t_|=Sumlf[x,i,n-i]*Product|(t-x][[j]])
JAjmn-i+1,-1}],{i,0,n-1}]//Expand

Tak kak apryment n-i B BoizoBe dyukuuu f[x,i,n-i| npu usmenennn
ureparopa i ot 0 10 n-1 ymenbinaercs or n (HauGOJIBIIEr0 BO3MOXKHOIO
3HAYEHUs) /10 1, TO IpPHU HOJCYETE IEPBOrO CJIAraeMOro CyMMBI CHAYa-
Jla pa3BopadnBaercs pekypcuBHoe onpegenerne. OHO IPUBOJAUT K BbI-
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YUCJIEHUIO U 3aIIOMUHAHUIO BCEX TPOMEKYTOUHBIX KOHEUHBIX PA3HOCTEIH,
KOTODBIE 3aTeM HCIIOJb3YIOTCsl (y:Ke 6e3 MOBTOPHBIX BBIUUCIEHU) IpH
GOPMUPOBAHUY OCTAJBHBIX CJIATAEMbIX.

IIpu BbIMOIHEHNUY JTAOOPATOPHBIX PAOOT PEKOMEHIYETCS TPHUIAEPIKU-
BaThCS CJIEIYIONINX ArOB:

1) mOyUMTh 3a/1aHNe COTJIACHO HOMEPY BAPHAHTA;

2) COCTABUTH MATEMATHYECKYIO MOJIEJb PEIIeHUs 3aa49u, IIPEeIBAPH-
TEJIbHO O3HAKOMUBIIIUACH C TEOPETHUIECKAM MAaTEPUAJIOM IO JTAHHON Te-
MaTHKE;

3) paspaboTaTh AJIrOPUTM PeIeHns 331a49K B BUJIe OJIOK-CXeMBbI, XOTsI
OBl YMO3PUTEJIBHOI; OIPEIE/IUTh, UTO SIBJISETCSI BXOJHBIMU 3HAYEHUSIMU,
U 9TO OXKMJIAETCs HA BBIXO/IE;

4) HanmcaTh TEKCT IPOrPAMMBI B BEIODAHHOIT Cpe/ie IIPOrpaMMUpOBa-

HUS;

5) BBIIOJIHUTD U OTJIAJUTH IPOIPAMMY;

6) upou3BeCTH CPABHEHUE IIOJIyYEHHBIX PE3YJIBTATOB C Pe3yJIbTaTOM
UMEIONINXCS B CPejie IPOrPAMMHUPOBAHUS BCTPOEHHBIX (DYHKIIUN, pea-
JIN3YIONINUX TOT 2Ke CaMBbIi AJITOPUTM (IIpI/I nx HaﬂI/IqI/II/I), nJjn OIICHUTDb
[TOTPENTHOCTD HANJIEHHHOTO PEIeHUST;

7) cienaTh BBIBOI O JOCTUXKEHUM HAMEUYEHHDIX HEJIEii.

g Beimosnenus nyukra 6 B8 Mathematica moryT okasarbcest moses-
HBIMU cJjleayioniue OyHKITIH:

— Solve, SolveAlways, LinearSolve npu perieHun cucreMm JIUHEHHBIX
YPaBHEHUI;

— CholeskyDecomposition, JordanDecomposition, LUDecomposition,
QRDecomposition mpu mpeobpazsoBaHUSIX MATPUIL;

— FindRoot npu uncirenHOM TIOMCKe KOPHEe HeJIMHEWHBIX YPABHEHUI;

— Interpolation, InterpolatingPolynomial nmpu mocrpoenmn mHaTepIo-
JISAIIUOHHBIX MHOTOYJIEHOB;

— a TakK»Xe XOpOIIO CTPYKTYPHUPOBaHHAsI JIOKYMEHTAIUs I10 SI3BIKY
Wolfram sj1s1 morcka HeoOXOIUMBIX (DYHKIIHIA, TIe CXOXKUE 110 TEMATUKE
dbyHKIUM cOOpAaHBI B OIHOM pazjejie M MMEIOT IE€PEKPECTHBIE CCHLIKU
Ipyr Ha Apyra B pasgeie See Also (cM. takxke).

Hiuke mipejicraBiieHbl IPUMEPHI Pean3aliiy HEKOTOPBIX YHCJIEHHBIX
MeTOJIOB B ItakeTe Mathematica.
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1.

In[1]:=

Metoa I'aycca ¢ BBIOOPOM TJIaBHOT'O 3JI€MEHTA

Clear["Global™*"]
mA=matrixA=RandomReal [{-10,10},{5,5}];
{nrows,mcolumns}=Dimensions [matrixA];
vb=vectorb=RandomReal [{-10,10},5];
€=10"-10;

Row[{MatrixForm[mA] ,MatrixForm[vb]}]
Do[

maxvalue=Abs@mA [ [rowi,rowil];

maxrow=rowi;

Do[currentvalue=Abs@mA[[rowk,rowil];

If [currentvalue>maxvalue,
maxvalue=currentvalue ;maxrow=rowk] ;

,{rowk,rowi+1,nrows, 1}

1;

If [maxvalue<e,

Print ["Benymumii smemerT cimmkoM Man'];

Break[]];

mA [ [{rowi,maxrow}]]=mA[[{maxrow,rowi}]];
vb[[{rowi,maxrow}]]=vb[[{maxrow,rowi}]];

Do[vb[[k]]=vb[[k]]-
vb[[rowill*mA[[k,rowil]l/mA[[rowi,rowil];
mA[[k]]=mA[[k]]-
mA[[rowil]*mA[[k,rowil]/mA[[rowi,rowil];
,{k,rowi+1,nrows,1}];
,{rowi,1,nrows-1,1}];

If[Abs[mA[ [nrows,nrows]]]<e,

Print ["Benymuii smemenT ciumxkoM Man']];
Row[{MatrixForm[mA] ,MatrixForm[vb]}]

vx=ConstantArray[0,nrows] ;
vx[[nrows]]=vb[[nrows]]/mA[ [nrows,nrows]];

Do [vx[[k]]1=(vb[[k]]-
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Sum[mA[[k,j]1lvx[[j]]
,{j,k+1,nrows,1}]) /mA[[k,k]]

,{k,nrows-1,1,-1}];

mA.vx-vb

matrixA.vx-vectorb

vectorx=LinearSolve[matrixA,vectorb]
matrixA.vectorx-vectorb
mA.vectorx-vb
vectorx-vx
(* mcxozHbIe MATPHIIA CUCTEMBI U BEKTOD IIPaBOil dacTu *)

3.93229 -7.91258 4.55594 7.88554 -0.675419 5.72731
4.10853 8.02245 3.08492 1.25662 -1.44944 -1.36627
-0.0215039 5.16696 -6.813 5.647 -7.73996 6.99154
0.128485 0.971498 -4.56485 1.84062 -4.84594 -0.0960034
-9.54541 -6.93898 8.81325 -6.11977 8.4228 -1.53292

(* marpuna u BekTODp 10CIE HpeobpazoBanuit Laycca *)

-9.54541 -6.93898 8.81325 -6.11977 8.4228 -1.53292
Q. -10.7711 8.18661 5.36446 2.7944 5.09581
Q. Q. 10.7058 1.13057 3.48236 0.356353
Q. Q. Q. 8.54753 -5.47309 9.54319
Q. Q. Q. Q. -1.61421 -2.4723

* BEeKTODBI HEBSI3KNU JIJIsl MCXOJHON U IPeoOpa30BaHHON cucTeM *)

0.,8.88178x107'°, 0., 1.77636x 10 *°, 0. }

(
{-8.88178x107'°, -1.33227x10 ", 0., 0., 0.}

(* BEKTOPD HEU3BECTHBIX, HOJIy‘IeHHbeI BCTPOEHHHBIM pellaTejieM, U CO-
OTBETCTBYIOIME HEBAZKU *)

{-0.791204, 0.447048, -06.686378, 2.09718, 1.53159}
[-8.88178x107'%, -2.22045x 10 *°, 0., -8.88178x107'°, 0.}

0., -8.88178x 10 '°, -8.88178x107'°, -1.77636x 10 **, @. |

(* cpaBHenue 1ByX HalJEHHHBIX perieHuil *)
{3.33067x10°%°, -1.66533x107'°, 8., -4.44089x10 *°, 0.}
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2. CreneHHON MeTOs,

n[2:=  Clear["Global *"]
mA={{3.819,0.572,-0.354,-0.606,0.856}
,{-0.440,4.320,0.509,-1.909,0.280}
,{-4.017,0.746,4.650,-1.154,-2.037}
,{-0.209,-0.440,0.207,5.110,-1.163}
,10.280,-0.014,-0.137,-0.070,4.571}};
yO=RandomReal [{-1,1},5];
kmax=100;
Do[y1l=mA.yO0;
Al=mA.yl.y1/yl.y1;
yO=y1/Max [Abs[y1]1];
,{k,1,kmax,1}
]
Al
mA.y1-A1 y1

A2=(mA.mA.y0-A1 mA.y0)/(mA.y0-A1 yO)
Mean [\2]

y2=mA.y0-A1 yO

mA.y2-)2 y2

mB=mA-\1 IdentityMatrix[5];
yO=RandomReal [{-1,13},5];
Do [

y1=mB.yO0;
pl=mB.y1l.y1/y1l.y1;
yO=y1/Max [Abs[y1]];
,{k,1,kmax,1}

]

nl

mB.yl-pul yi1

An=A1+p1

mA.yl-An y1

mInvA=Inverse [mA];
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yO=RandomReal[{-1,1},5];
Dol

y1=mInvA.yO;
pl=mInvA.yl.y1/y1l.y1;
yO=y1/Max [Abs[y1]1];
,{k,1,kmax,1}]
An=1/pu1

mA.yl-An yi

yi

MatrixForm[mA]
N[Eigenvalues [mA]]

(* MakcHMAJIbHOE 110 MOZYJIIO COOCTBEHHOE 3HadeHue *)

Out[6]= 6.106191570961087"

(* BTOpOE 110 MOJIYJII0 COBCTBEHHOE 3HAYeHNe )

Out[9]= 5.37787402037977"

(* mamMmeHbIIee IO MOLYIIO COBCTBEHHOE 3HAYCHUE *)

Out[17]= 2.7444423474839965°

Outj22]=  2.7444423474839965"

(* ucxonnasa marpuna *)

Out[25]//MatrixForm=
3.819 0.572 -0.354 -0.606 0.856
-0.44 4.32 0.509 -1.909 0.28
-4.017 0.746 4.65 -1.154 -2.037
-0.209 -0.44 0.207 b5.11 -1.163
0.28 -0.014 -0.137 -0.07 4.571

(* cobcrBeHHbIE 3HAYEHUS, [I0JIy YeHHbIE BCTPOCHHBIMU QYHKIuAMU *)

out[26]= {6.10619,5.34389,4.19854,4.07693,2.74444}
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3. Huxorommus

In[162]:= Clear["Global™*"]
left=a=-2.0;
right=b=3.0;
€=10"-5;

f[x_]=E~(-x) Sin[x+8]+Cos[x/3-7]
found=False;

nmax=40;
n=0;
While [Not [found] &&n<nmax,
n=n+1;
c=(at+b)/2;
If[
Sign[f[al]l*Sign[f[c]]<0
,b=c
,IFL
Sign[f[c]]*Sign[f[b]]1<0
,a=c
,found=True
]
1;
If[((b-a)<e) | | (Abs[f[c]]<e)
,found=True

1;]
{a,b,c,f[c],n}

Plot [f[x],{x,left,right}
,Epilog—
{Red,PointSize[Large] ,Point [{c,f [c]}]}]

(* uccnenyemas GyHkIms *)

COSP— g] +e*Sin[8 + x]

(* a, b, ¢, HeBA3Ka, KOJIMIECTBO UTepanuii *)

{-1.76207, -1.76206, -1.76207, -7.45318x10°°, 19}
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(* Busyasmzanus HaliJIEHHOTO perneHust *)

4. Meton cekyrmx

In[190]:=  Clear["Global™ *"]
a=0.15;
b=1.5;
f[x_]=x"6-Exp[-x~2]Sin[3x]
nmax=100;
e=10"-2;
n=0;
found=False;
x0=a;
While[Not [found] &&n<nmax,
n=n+1;
x1=x0-f [x0] (b-x0) /(£ [b] -f [x0]) ;
If[Abs[f[x1]]<e,found=True,x0=x1]
]
{x1,f[x1],n}
Plot [{f[x]},{x,a,b},PlotRange—{-1,1}
,Epilog—
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{Red,PointSize[Large] ,Point [{x1,f[x1]1}]1}]

(* uccnenyemas GyHKIms *)
X2 e
x® - e* Sin[3 x]
(* maiijilenHOe pellleHne, HEBA3KA, KOJIMIECTBO urepanuii *)

(0.822242, -0.00874601, 25}

(* Busyasmzanums HalfJIEHHOTO pereHnst *)

10r
0]
1E “1A
-0.5 *
—105
5. Metox cirycka
In[191]:=  ClearAll["Global™ *"]

f[{x_,y_}1=Cos[x+y]-E~(x-y);
gl{x_,y_}1=Sin[y-x]-E~(-x-y);

U {x_,y_H=f [{x,y}] 2+g[{x,y}]1"2;
gr{x_,y_}]1=Grad [V [{x,y}],{x,y}];
nmax=100;

€=10"-3;

x0={-1.0,2.0%};

found=False;

n=0;

While[Not [found] &&n<nmax,
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n=n+1;

a=1.0;

x1=x0-a gr[x0];

While [U [x1]> [x0],

a=a/2;

x1=x0-a gr[x0];];

If [V [x1]1<el |Norm[gr[x1]]<e
,found=True,x0=x1] ;]
{n,x1,¥[x1],f[x1],f[x0],g[x1],g[x0]}
ContourPlot [{f [{x,y}]==0,g[{x,y}]==0}
,{x,-10,10},{y,-10,10}
,Epilog—{Red,PointSize[Large] ,Point [x1]}
,PlotLegends—"Expressions"
,FramelLabel—
(Stylel[#,12,Italicl&/@{"x","y"})
,RotatelLabel—False

]

Show [

Plot3D[{f [{x,y}],gl{x,y}]1}
,{x,-2.5,2.5},{y,-2.5,2.5}
,PlotRange—{-2.5,2.5%}
,PlotLegends—{f [{x,y}],gl{x,y}]}
,AxesLabel—
(Stylel[#,12,Italicl&/@{"x","y","z"}1],
Graphics3D[{

{Red, Sphere[Flatten[{x1,0}],0.1]}
,{Darker@Green,Opacity[0.7],
InfinitePlane[{0,0,0},{{1,0,0},{0,1,0}}1}
H1

(* kosmuecTBO UTepanuil, HaliIeHHOE peleHue,
nesaskn g Gynxmmit ¥(x,y), f(z,y), g(x,y) *)

Out[217]= {6,{-0.70232,2.21872},7.77769,
0.000490463,-0.00270272,-0.000732949,
0.00180705}
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(* Bu3yaJsM3aIys pelleHnsi Ha IIOCKOCTH *)

| — cos(x+y)-€eV =0
| = -V -sin(x-y)=0

W

-10f;

Ll cos(x+y)-e&*Y
L -V =sin(x-y)
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6. HWMuTepnonanuoHHbIi MHOro4dieH HbpioToHa

In[237]:=  f[t_]=Sin[t]
x={0,w/6,7/4,7/2}
y=£f/0x
n=Length[x]
flx_List,0,i_Integer]:=f[x[[i]]]
f[x_List,k_Integer,i_Integer]:=
flx,k,il=(f[x,k-1,i+1]-f[x,k-1,i1)/
(x[[i+k]11-x[[111)
Newton[t_]=Sum[f[x,i,n-i]*
Product [(t-x[[j]1])
,{j,n,n-i+1,-1}]
,11,0,n-1}]//Expand
Expand[InterpolatingPolynomial[
Transpose [{x,y}],t]]==Newton[t]

(* uaTepnonupyemas byHkuus *)
Out[237]= Sin[t]

(* y3pl uarepnosuun *)

T T T

Out[238]= 0,—,—,—
ut[238] { 6’2 2}

(* 3navenus QyHKIUU B y3/1aX UHTEPHOJAIAN *)
1

—_—, 1

V2

(* KOM9IeCTBO y3/I0B HHTEPHONAINHT *)

1
u = 0 s~
Out[239] { 5 }

Out[240]= 4

(* waTepnONATMOHHEBIN MHOrOWIeH HbtoToHa *)

20t 8 V2t 91 t? 64\ﬁt2+132t3 96 /2 t3

2 2 3 3

Outl243]= 2 T T T s i

(* cpaBHeHHEe CO BCTPOEHHBIM perareieM *)

Out[244]= True
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7. VIHTeprnonsaIMoHHbIA MHOTOWIEH DPMUTA

In[245]:=

dataset={{-2,3},{-1,0,-13,100},
{0,-5,0,4},{1,-6,-15,-92}};
degrees=Length/@dataset-1;

totalDegree=Total@degrees-1;

h[0] [t_]=Total@Table[a[i]l*t~i,
{i,0,totalDegree,1}]

Do[h[i] [t_]=D[h[i-11[t],t],{i,1,Max[degrees]-1}]

system=Flatten@Table[

h[i] [set[[1]]]==set[[i+2]]
,{set,dataset}
,{1,0,Length[set]-2,1}

]
A=Array[a,totalDegree+1,0];
sol=Solve[system,A]

H[t_]1=h[0] [t]/.First@sol
H[t]==Expand@
InterpolatingPolynomial [dataset,t]

{b,mA}=CoefficientArrays[system,A]
coeffs=LinearSolve[mA, -b]

H2[t_]=coeffs.t~Range[0,totalDegreel
H2[t]==H[t]

(* MHTEPIONAIMOHHBI MHOrOWIEH dpMuTa *)

Out245]=  -2+3 t+10 t3-5 t*-25 t%+17 t5+20 t"-5 t%-4 t°

(* cpaBHEHHE CO BCTPOEHHBIM pernaTeeM *)

Out[246]= True
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8. IIpubaukeHHbIE 3HAYEHUS MEPBOI TPOU3BO/THOM
o dopmysiaMm BTOPOTO MOPSiAKA TOYHOCTH

In[259:=  Clear["Global™*"]
flx_1:=V/e*Cos[0.9 x+m /6]+Surd[x"~4,3]
{xmin,xmax}={-1,1};
h=0.2;
xvalues=Range [xmin,xmax,h] ;
yvalues=f/@xvalues;
derivatives=1/(2h)*
ListConvolve[{1,0,-1},yvalues];
TableForm[{xvalues[[2;;-2]],derivatives}
,TableHeadings—{{"x","f’ (x) "}, None}
,TableAlignments—{Center, Bottom}]
derf[x_]:=D[f[t],t]/.t->x
Plot [derf [x],{x,xmin,xmax},
Epilog—
{Red,PointSize[Large],
Point [Transpose [
{xvalues[[2;;-2]],derivatives}]]1}]

Out[266]//TableForm=
X -0.8 -0.6 -0.4 -0.2 0.
£2(x) -0.85 -0.84 -0.82 -0.73 -0.16
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