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Введение 

 

Вторая часть методического пособия является изложением курса 

лекций, которые составитель читал в течение ряда лет студентам 

математического факультета Удмуртского госуниверситета. В курсе 

излагаются основные разделы теории уравнений математической физики. 

 В первой части излагаются главным образом основные факты, 

относящиеся к уравнению Лапласа. 

 Вторая же часть посвящена в основном уравнению теплопроводности и 

волновому уравнению. 

  Заметим, что отбор теоретического материала для нашего 

учебно-методического пособия является, естественно, неполным. 

 Надеемся, что пособие может оказаться полезным для студентов 

университета, изучающих уравнения математической физики. 
 



� ä¥¤à  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© �¤��

�¥ªæ¨ï1ò19.

§ 1 �¯¥à æ¨ï ãáà¥¤­¥­¨ï ¨ ¥¥ á¢®©áâ¢ .

�¯à¥¤¥«¨¬ ï¤à® ãáà¥¤­¥­¨ï ωh(x) á«¥¤ãîé¨¬ ®¡à §®¬. Ǳãáâì ω |
¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) ω ∈ C∞
0 (E), E = {x : |x| < 1},

2) ω(x) � 0 ¯à¨ «î¡®¬ x ∈ Rn,
3)

∫
E
ω(x) dx = 1,

4) ω(x) = f(|x|) (â.¥. ω | äã­ªæ¨ï ®â |x|).
�¢¥¤¥¬ á«¥¤ãîé¥¥ ®¡®§­ ç¥­¨¥:

ωh(x) =
1

hn
ω
(x
h

)
.

�®£¤ , «¥£ª® ¢¨¤¥âì, ï¤à® ãáà¥¤­¥­¨ï ωh(x) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©-
áâ¢ ¬¨:

1) ωh(x) ∈ C∞(Rn),
2) ωh(x) � 0 ¯à¨ «î¡®¬ x ∈ Rn,
3)

∫
Rn ωh(x) dx = 1,

4) ωh(x) = g(|x|) (â.¥. ωh | äã­ªæ¨ï ®â |x|),
5) ωh(x) = 0 ¯à¨ «î¡®¬ x : |x| > h. Ǳãáâì f ∈  L2(Rn) . �¢¥àâª 

fh(x) =

∫
Rn

ωh(x− y)f(y) dy

£¤¥ ωh { ï¤à® ãáà¥¤­¥­¨ï, ­ §ë¢ ¥âáï áà¥¤­¥© äã­ªæ¨¥© ¤«ï äã­ªæ¨¨ f .
�¢®©áâ¢® 1. Ǳãáâì f ∈  L2(Rn) . �®£¤  fh(x) ∈ C∞(Rn) ¯à¨ç¥¬

Dαfh(x) =

∫
Rn

{Dαxωh(x− y)}f(y) dy

�¢®©áâ¢® 2. Ǳãáâì f ∈  L2(R
n) ¨ ¯ãáâì áãé¥áâ¢ã¥â Dαf | ¯à®¨§-

¢®¤­ ï ¢ á¬ëá«¥ �®¡®«¥¢ . �®£¤  ®¯¥à æ¨¨ ãáà¥¤­¥­¨ï ¨ ¤¨ää¥à¥­æ¨à®-
¢ ­¨ï ¯¥à¥áâ ­®¢®ç­ë:

Dα(fh) = (Dαf)h,

�®ª § â¥«ìáâ¢®. Ǳà¥¦¤¥ ¢á¥£® ®â¬¥â¨¬ á¯à ¢¥¤«¨¢®áâì à ¢¥­áâ¢ 

Dαxωh(x− y) = (−1)|α|Dαy ωh(x− y)

1 �§¤ ­¨¥ âà¥âì¥, ¨á¯à ¢«¥­­®¥. 1999 £.
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� á«ãç ¥ |α| = 1 íâ® à ¢¥­áâ¢® «¥£ª® ¯à®¢¥àï¥âáï:

(ωh(x− y))′x = (ωh)′(x− y) ∗ (x− y)′x = (ωh)′(x− y) =

= (−1)(ωh)′(x− y) ∗ (x− y)′y = −(ωh(x− y))′y.

�§ á¢®©áâ¢  1 ¢ëâ¥ª ¥â, çâ®

Dαxfh(x) =

∫
Rn

{Dαxωh(x− y)}f(y) dy = (−1)|α|
∫

Rn

{Dαy ωh(x− y)}f(y) dy =

(â¥¯¥àì ¨§ ®¯à¥¤¥«¥­¨ï ¯à®¨§¢®¤­®© ¢ á¬. �®¡®«¥¢  ¢ëâ¥ª ¥â, çâ®)

= (−1)2|α|
∫

Rn

ωh(x− y)Dαy f(y) dy = (Dαf)h,

â.ª. ωh(x) ∈ C∞(Rn) . �
�¢®©áâ¢®3. Ǳãáâì f ∈  L2(Rn) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®£¤ 

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖fh‖ L2(Rn)
� ‖f‖ L2(Rn)

(­®à¬  ãáà¥¤­¥­­®© äã­ªæ¨¨ ¢  L2 ­¥ ¯à¥¢®áå®¤¨â ­®à¬ë ¨áå®¤­®© äã­ª-
æ¨¨).

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ �®è¨-�ã­ïª®¢áª®£® ¨ ¯®-
«®¦¨â¥«ì­®áâìî ï¤à  ãáà¥¤­¥­¨ï ωh , ¯®«ãç¨¬

‖fh‖2 L2(Rn)
=

∫
Rn

(

∫
Rn

ωh(x− y)f(y) dy)2 dx =

=

∫
Rn

{
∫

Rn

√
ωh(x− y)(

√
ωh(x− y)f(y)) dy}2 dx �

�
∫

Rn

{
∫

Rn

(
√
ωh(x− y))2 dy}{

∫
Rn

(
√
ωh(x− y)f(y))2 dy} dx �

�
∫

Rn

{1}{
∫

Rn

ωh(x− y)f2(y) dy} dx =

=

∫
Rn

f2(y){
∫

Rn

ωh(x− y) dx} dy = ‖f‖2 L2(Rn)
. �

�¢®©áâ¢® 4. Ǳãáâì f à ¢­®¬¥à­® ­¥¯à¥àë¢­ ï ¢ Rn äã­ªæ¨ï. �®-
£¤ 

fh ⇒ f ¯à¨ h → 0.

4



�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï f à ¢­®¬¥à­® ­¥¯à¥àë¢­ . �â® ®§­ ç ¥â, çâ®

∀ε > 0 ∃δ > 0 : |x1 − x2| < δ ⇒ |f(x1) − f(x2)| < ε

�â¬¥â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ë �®é¨ ¨ à ¢¥­áâ¢ 

ωh(x− y) = 0 ¯à¨ |x− y| � h

á¯à ¢¥¤«¨¢  æ¥¯®çª  à ¢¥­áâ¢

fh(x) =

∫
Rn

ωh(x− y)f(y) dy =

∫
|x−y|<h

ωh(x− y)f(y) dy =

= f(ξ)

∫
|x−y|<h

ωh(x− y) dy = f(ξ), £¤¥ |x− ξ| < h. �

�¢®©áâ¢® 5. Ǳãáâì f ∈  L2(Rn) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®£¤ 

fh → f ¯à¨ h → 0 ¢  L2(R
n).

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® ¯à®áâà ­áâ¢® C∞
0 (Rn) ¯«®â­® ¢  L2(Rn) :

∀ε > 0 ∀f ∈  L2(R
n) ∃f̃ ∈ C∞

0 (Rn) : ‖f − f̃‖ L2(Rn)
< ε.

�«¥¤®¢ â¥«ì­®

‖f − fh‖ L2(Rn)
= ‖f − f̃ + f̃ − f̃h + f̃h − fh‖ L2(Rn)

�

� ‖f − f̃‖ L2(Rn)
+ ‖f̃ − f̃h‖ L2(Rn)

+ ‖f̃h − fh‖ L2(Rn)
< 3ε. �

�¢®©áâ¢® 6. Ǳãáâì f, g ∈  L2(Rn) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨. �®£¤ ∫
Rn

f(x)gh(x) dx =

∫
Rn

fh(x)g(x) dx.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï â¥®à¥¬®© �ã¡¨­¨, ¯®«ãç¨¬ çâ®∫
Rn

f(x){
∫

Rn

ωh(x− y)g(y) dy} dx =

=

∫
Rn

∫
Rn

f(x)g(y)ωh(x− y) dy dx =

=

∫
Rn

g(y){
∫

Rn

f(x)ωh(x− y) dx} dy. �

� ¤ ç  1. �á«¨ f ∈ H1(a, b) ¨ ®.¯. f ′ = 0 , â® f ≡ const ¯.¢.
� ¤ ç  2. �á«¨ f ∈ H1(a, b) , â® f íª¢¨¢ «¥­â­  ­  [a, b] ­¥¯à¥àë¢-

­®© äã­ªæ¨¨.
� ¤ ç  3. �á«¨ f ∈ H1(−∞,+∞) , â®

lim
|x|→∞

f(x) = 0.

.

ª®­¥æ «¥ªæ¨¨ ò19
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�¥ªæ¨ï ò20.

§ 2 �¥®à¥¬  ¢«®¦¥­¨ï �.�.�®¡®«¥¢ .

�¯à¥¤¥«¥­¨¥ 1.�ã¤¥¬ £®¢®à¨âì, çâ® f ∈ S , ¥á«¨

1) f ∈ C∞(Rn) ,

2) ∀m ∈ Z,∀α∃cα,m : |Dαf |(1 + |x|)m � cα,m
Ǳà¨¬¥à 1. �á«¨ f ∈ C∞

0 (Rn) , â® f ∈ S .

Ǳãáâì û(ξ) ®¡à § �ãàì¥ äã­ªæ¨¨ u(x) :

û(ξ) =

∫
Rn

e−i(x,ξ)u(x) dx, (x, ξ) = x1ξ1 + ... + xnξn (1)

Ǳãáâì u(x) ¯à®®¡à § äã­ªæ¨¨ û(ξ) :

u(x) = (2π)−n
∫

Rn

ei(x,ξ)û(ξ) dξ,

�¢®©áâ¢® 1. Ǳãáâì u ∈ S . �®£¤ 

D̂αu = (iξ)αû(ξ), (iξ)α = (iξ1)α1 · ... · (iξn)αn .

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© (1) ¨ ä®à¬ã«®© ¨­â¥£à¨à®¢ -
­¨ï ¯® ç áâï¬, ¯®«ãç¨¬

D̂αu =

∫
Rn

e−i(x,ξ)Dαxu(x) dx = lim
ρ→∞

∫
|x|<ρ

e−i(x,ξ)Dαxu(x) dx =

= lim
ρ→∞((−1)|α|

∫
|x|<ρ

Dαx e
−i(x,ξ)u(x) dx) = (iξ)αû(ξ). �

�¢®©áâ¢® 2. �á«¨ u ∈ S , â® û ∈ S .

�¯à ¢¥¤«¨¢®áâì á¢®©áâ¢  2 ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢  1 â.ª. ¯à®¨§¢®¤­ ï
Dαx ¯¥à¥å®¤¨â ¢ ¤®¬­®¦¥­¨¥ ­  (iξ)α ¨ ­ ®¡®à®â (−ix)α → Dαξ .

� ¤ ç  1. � ©â¨ ê−
x2

2 .

�¢®©áâ¢® 3. Ǳãáâì u ∈ S . �®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® Ǳ àá¥¢ «ï:

(2π)n
∫

Rn

|u|2 dx =

∫
Rn

|û|2 dξ.
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Ǳà®áâà ­áâ¢® Hm .
�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® f ∈ Hm , ¥á«¨
1) ∀α : |α| � m ∃Dαf ¢ á¬ëá«¥ �®¡®«¥¢  .
2) ∃{gn} ⊂ S : gn → f ¯® ­®à¬¥ ‖ · ‖Hm

, £¤¥

‖f‖2Hm
=

∫
Rn

∑
|α|�m

|Dαf |2 dx.

�¯à¥¤¥«¨¬ ­®à¬ã ‖ · ‖m à ¢¥­áâ¢®¬

‖f‖2m =

∫
Rn

(1 + |ξ|2)m|f̂ |2 dξ.

�â¢¥à¦¤¥­¨¥ 1. �  ¯à®áâà ­áâ¢¥ Hm ­®à¬ë ‖f‖m ¨ ‖f‖Hm
íª¢¨-

¢ «¥­â­ë.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬ Ǳ àá¥¢ «ï ¨ á¢®©áâ¢®¬ 1,
¯®«ãç¨¬, çâ®

(2π)n
∫

Rn

|Dαf |2 dx =

∫
Rn

|D̂αf |2 dξ =

∫
Rn

|(iξ)α|2|f̂ |2 dξ (2)

�¥¯¥àì á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï 1 ¢ëâ¥ª ¥â ¨§ (2) ¨ ¨§ ®æ¥­®ª

c1(1 + |ξ|2)m �
∑

|α|�m
|(iξ)α|2 � c2(1 + |ξ|2)m. �

�¥®à¥¬ . Ǳãáâì m, k ∈ Z+ : m > n
2

. �®£¤ , ¥á«¨ u ∈ Hm+k , â®

¯®á«¥, ¡ëâì ¬®¦¥â, ¨á¯à ¢«¥­¨ï ­  ¬­®¦¥áâ¢¥ ¬¥àë ­ã«ì u ∈ Ck (â.¥.

Ck ∈ Hm+k ). �à®¬¥ â®£® áãé¥áâ¢ã¥â ª®­áâ ­â  M â ª ï, çâ® ∀u ∈ HM+k

‖u‖Ck � M‖u‖Hm+k

�®à¬  ¢ ¯à®áâà ­áâ¢¥ Ck ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

‖u‖Ck = max
|α|�k

sup
x∈Rn

|Dαu(x)|.

�®ª ¦¥¬ á­ ç «  ®æ¥­ªã. Ǳãáâì α | ä¨ªá¨à®¢ ­­ë© ¬ã«ìâ¨¨­¤¥ªá,
¯à¨ç¥¬ |α| � k . �®£¤ 

Dαu(x) = (2π)−n
∫

Rn

ei(x,ξ)(iξ)αû(ξ) dξ,

7



�«¥¤®¢ â¥«ì­®, ¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨-�ã­ïª®¢áª®£®, ¯®«ãç ¥¬

max
|α|�k

sup
x∈Rn

|Dαu(x)| � (2π)−n
∫

Rn

|(iξ)α||û(ξ)| dξ �

� c2

∫
Rn

(1 + |ξ|2)
k
2 |û(ξ)| dξ = c2

∫
Rn

(1 + |ξ|2)
k+m
2 |û(ξ)|(1 + |ξ|2)−

m
2 dξ �

� c2

∫
Rn

(1 + |ξ|2)k+m|û(ξ)|2 dξ
∫

Rn

(1 + |ξ|2)−m dξ = M‖u‖m.

Ǳ®á«¥¤­¨© ¨­â¥£à « áå®¤¨âáï ¯à¨ m > n
2

.
�®ª ¦¥¬ â¥¯¥àì ¢ª«îç¥­¨¥. Ǳãáâì f ∈ Hm+k . �®£¤  áãé¥áâ¢ã¥â

â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì {ul} ⊂ S , çâ®

‖ul − f‖Hm+k
¯à¨ l → ∞.

�­ ç¨â íâ  ¯®á«¥¤®¢ â¥«ì­®áâì {ul} äã­¤ ¬¥­â «ì­  ¢ Hm+k , â.¥.

∀ε > 0 ∃N : ∀m, p > N ‖um − up‖Hl
< ε.

�«¥¤®¢ â¥«ì­® ¨
‖um − up‖Ck < εM.

â.¥. ¯®á«¥¤®¢ â¥«ì­®áâì {ul} äã­¤ ¬¥­â «ì­  ¢ Ck . �®£¤  ¢ á¨«ã ¯®«-
­®âë Ck ­ ©¤¥âáï v ∈ Ck :

vl → v ¯à¨ l → ∞ ¢ Ck.

� ¤àã£®© áâ®à®­ë
vl → f ¯à¨ l → ∞ ¢ Hm.

�­ ç¨â
vl → f ¯à¨ l → ∞ ¯.¢.

�«¥¤®¢ â¥«ì­® f = v ¯.¢. �

ª®­¥æ «¥ªæ¨¨ ò20

�¥ªæ¨ï ò21.

§ 3 �¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª .

�¡é¨© ¢¨¤ á¨áâ¥¬ë ãà ¢­¥­¨© 1-£® ¯®àï¤ª  á«¥¤ãîé¨©:

ut +

n∑
j=1

Ajuxj
+ Bu = f(t, x), (1)

8



£¤¥ Aj , B | ¬ âà¨æë; x = (x1, ..., xn) ∈ Rn; u, f | ¢¥ªâ®à-äã­ªæ¨¨:

u =

 u1(t, x)
...

uN (t, x)

 , f =

 f1(t, x)
...

fN (t, x)

 .

�¯à¥¤¥«¥­¨¥. �¨áâ¥¬  (1) ­ §ë¢ ¥âáï £¨¯¥à¡®«¨ç¥áª®©, ¥á«¨ ãà ¢­¥­¨¥

det ‖ξ0E +

n∑
j=1

ξjA
j‖ = 0

(á«¥¢  ¯®«¨­®¬ ¯® ξ0 áâ¥¯¥­¨ N ) ¯à¨ «î¡®¬ ξ′ = (ξ1, ..., ξn) ¨¬¥¥â N
¤¥©áâ¢¨â¥«ì­ëå ª®à­¥© ξ0 = ψ(ξ′, x) . (�á«¨ íâ® ª®à­¨ ¢á¥ à §«¨ç­ë, â®
á¨áâ¥¬  ­ §ë¢ ¥âáï áâà®£® £¨¯¥à¡®«¨ç¥áª®©).

Ǳà¨¬¥à. � áá¬®âà¨¬ á¨áâ¥¬ã{
∂u1
∂t = ∂u2

∂x ,
∂u2
∂t = ∂u1

∂x .

�®£¤ 

A1 =

(
0 −1
−1 0

)
�®áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥:

det ‖ξ0E + ξ1A
1‖ =

∣∣∣∣ ξ0 −ξ1
−ξ1 ξ0

∣∣∣∣ = ξ20 − ξ21 = 0.

�âªã¤  ¢ëâ¥ª ¥â, çâ® ξ0 = ±ξ1 ¤¥©áâ¢¨â¥«ì­® ª®à­¨. � ª¨¬ ®¡à §®¬,
á¨áâ¥¬  áâà®£® £¨¯¥à¡®«¨ç¥áª ï â.ª. ª®à­¨ à §«¨ç­ë ¨ ¤¥©áâ¢¨â¥«ì­ë.

Ǳà¨¬¥à ­¥ª®àà¥ªâ­®© ¯®áâ ­®¢ª¨ § ¤ ç¨ �®è¨.

� áá¬®âà¨¬ § ¤ çã �®è¨

ut +

n∑
j=1

Ajuxj
= 0, t > 0, x ∈ Rn (2)

u|t=0 = ϕ(x) (3)

Ǳà¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (2) ­¥ £¨¯¥à¡®«¨ç¥áª ï, â.¥. áãé¥áâ¢ã¥â ¢¥ªâ®à
ξ = (ξ0, ..., ξn) : ξ′ = (ξ1, ..., ξn) �= 0 ξ0 = β+iγ , £¤¥ γ �= 0 ¨ ¢ë¯®«­ï¥âáï
á«¥¤ãîé¥¥ à ¢¥­áâ¢®:

det ‖ξ0E +

n∑
j=1

ξjA
j‖ = 0. (4)
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�§ (4) á«¥¤ã¥â, çâ® (â.ª. ¬ âà¨æ  ¢ëà®¦¤¥­­ ï) ­ ©¤¥âáï â ª®© ­¥­ã«¥¢®©
¢¥ªâ®à M , çâ® ¡ã¤¥â á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

(ξ0E +

n∑
j=1

ξjA
j)M = 0. (5)

�ã¤¥¬ ¨áª âì à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

u = M eimξ0teim(ξ1x1+...+ξnxn)m−1, (6)

�ëç¨á«¨¬ ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ u :

∂u

∂t
= imξ0u,

∂u

∂xj
= imξju.

Ǳ®¤áâ ¢¨¬ ¨å ¢ ãà ¢­¥­¨¥ (2), ¯®«ãç¨¬ á«¥¤ãîé¥¥ à ¢¥­áâ¢®:

im(ξ0E +

n∑
j=1

ξjA
j)M = 0.

Ǳ®á«¥¤­¥¥ à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã ¢ë¡®à  ¢¥ªâ®à  M . �­ ç¨â u
ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2).

�®¦­® áç¨â âì, çâ® mγ < 0 (¨­ ç¥ § ¬¥­¨¬ ξ0 ­  ª®¬¯«¥ªá­® á®-
¯àï¦¥­­®¥ à¥è¥­¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï). �®£¤  ¨§ (6) ¢ëâ¥-
ª ¥â, çâ®

max
x

|u(0, x)| =
|M |
m

→ 0 ¯à¨ m → ∞,

max
x

|u(t, x)| =
|M |e−mγt

m
→ ∞ ¯à¨ m → ∞.

�ë¢®¤. � ¤ ç  �®è¨ ¤«ï ­¥£¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë (2) ¬®¦¥â ¡ëâì
­¥ª®àà¥ªâ­®©.

§ 4 �¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©

¯¥à¢®£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.

� áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© 1-£® ¯®àï¤ª 

ut +

n∑
j=1

Ajuxj
+ Bu = f(t, x), f ≡ 0 (1)
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£¤¥ Aj , B | ¯®áâ®ï­­ë¥ ¬ âà¨æë. Ǳà¨ç¥¬ Aj | á¨¬¬¥âà¨ç¥áª¨¥ ¬ -
âà¨æë: Aj = (Aj)T . �«¥¤®¢ â¥«ì­®, ¢á¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë

ξ1A
1 + ... + ξnA

n

¤¥©áâ¢¨â¥«ì­ë¥, â.¥. á¨áâ¥¬  (1) £¨¯¥à¡®«¨ç¥áª ï.
Ǳãáâì äã­ªæ¨ï u ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ­ ç «ì­®¬ã ãá«®¢¨î:

u(0, x) = ϕ(x), ϕ ∈ Hm. (2)

�é¥¬ à¥è¥­¨¥ u â ª®¥, çâ® ¯à¨ «î¡®¬ t á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

u(t, ·) ∈ Hs.

�¯à¥¤¥«¨¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ à ¢¥­áâ¢®¬

û(t, ξ) = Fx→ξu(t, x) =

∫
Rn

e−i(x,ξ)u(t, x) dx.

�®£¤ 
∂û(t, ξ)

∂t
= Fx→ξ

∂u(t, x)

∂t
,

iξj û(t, ξ) = Fx→ξuxj
(t, x).

Ǳà¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (1) ¨ ¯®«ãç¨¬
á«¥¤ãîé¥¥ ãà ¢­¥­¨¥:

ût +

n∑
j=1

Ajiξj û + Bû = 0 (3)

�¬­®¦¨¬ ®¡¥ ç áâ¨ íâ®£® à ¢¥­áâ¢  áª «ïà­® ¢ Rn ­  û , ¯®«ãç¨¬

(ût, û) + (

n∑
j=1

Ajiξj û, û) + (Bû, û) = 0. (4)

�á«¨ ª ãà ¢­¥­¨î (3) ¢®§ì¬¥¬ ª®¬¯«¥ªá­® á®¯àï¦¥­­®¥ ãà ¢­¥­¨¥ ¨
§ â¥¬ ¤®¬­®¦¨¬ ¥£® ­  û , â® ¯®«ãç¨¬ á«¥¤ãîé¥¥ à ¢¥­áâ¢®:

(ût, û) − (

n∑
j=1

Ajiξj û, û) + (Bû, û) = 0 (5)
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�ª« ¤ë¢ ï á®®â¢¥âáâ¢¥­­® «¥¢ë¥ ¨ ¯à ¢ë¥ ç áâ¨ (4) ¨ (5), ¯®«ãç¨¬ çâ®

(ût, û) + (ût, û) + (Bû, û) + (Bû, û) = 0.

�¡®§­ ç¨¬ ç¥à¥§ v á«¥¤ãîéãî äã­ªæ¨î:

v = (û, û).

�¥£ª® ¢¨¤¥âì, çâ® á¯à ¢¥¤«¨¢  ®æ¥­ª  (â.ª. ¬ âà¨æ  B ¯®áâ®ï­­ )

vt � M v (6)

£¤¥ M | ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â . �§ (6) ¢ëâ¥ª ¥â, çâ®

(vt −M v)e−Mt � 0.

�«¥¤®¢ â¥«ì­®
(ve−Mt)t � 0

�­ ç¨â
v(t) � v(0)eMt ¯à¨ «î¡®¬ t > 0.

� ª¨¬ ®¡à §®¬ ¨¬¥¥¬ ®æ¥­ªã ∀t > 0

|û(t, ξ)|2 � |ϕ̂(ξ)|2eMt. (7)

�ë ¤®ª § «¨ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.
�â¢¥à¦¤¥­¨¥. Ǳãáâì u(t, x) | à¥è¥­¨¥ § ¤ ç¨ (1) | (2). �®£¤ 

áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â  M , çâ® ¯à¨ «î¡®¬ ¯®«®¦¨â¥«ì­®¬
t > 0 á¯à ¢¥¤«¨¢  ®æ¥­ª 

|û(t, ξ)|2 � |ϕ̂(ξ)|2eMt.
�¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨. Ǳãáâì ϕ ∈ Hm, f ∈ C(R+,Hm) . �®£¤ 

à¥è¥­¨¥ § ¤ ç¨ (1) | (2) (£¤¥ äã­ªæ¨ï f ¬®¦¥â ¡ëâì ¨ ®â«¨ç­  ®â ­ã«ï)

¥¤¨­áâ¢¥­­® ¢ ª« áá¥ C1(R+,Hm) , £¤¥ m � 0 .

�®ª § â¥«ìáâ¢®. (®â ¯à®â¨¢­®£®). Ǳà¥¤¯®«®¦¨¬, çâ® u1, u2 | ¤¢  à¥è¥-
­¨ï § ¤ ç¨ (1) | (2). Ǳãáâì w = u1 − u2 . �®£¤  w ã¤®¢«¥â¢®àï¥â ®¤­®-
à®¤­®¬ã ãà ¢­¥­¨î (1) ¨ ®¤­®à®¤­®¬ã ­ ç «ì­®¬ã ãá«®¢¨î: w|t=0 = 0 .
�§ ¢ëè¥¯à¨¢¥¤¥­­®£® ãâ¢¥à¦¤¥­¨ï á«¥¤ã¥â, çâ® w ≡ 0 . �

ª®­¥æ «¥ªæ¨¨ ò21
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�¥ªæ¨ï ò22.

§ 5 �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï

£¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨© ¯¥à¢®£®

¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.

� áá¬®âà¨¬ § ¤ çã �®è¨

ut +

n∑
j=1

Ajuxj
+ Bu = f, f = 0, (1)

£¤¥ Aj (j = 1, ..., n), B | ¯®áâ®ï­­ë¥ ¬ âà¨æë.

u|t=0 = ϕ(x) (2)

�¯à¥¤¥«¥­¨¥ 1. �ã­ªæ¨î u ­ §®¢¥¬ ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ § ¤ ç¨
�®è¨ (1),(2), ¥á«¨

1) u ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯à¨ t > 0 ¨ x ∈ Rn ,
2) u ­¥¯à¥àë¢­  ¯à¨ t � 0 ¨ x ∈ Rn ,
3) u ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1) ¨ ­ ç «ì­®¬ã ãá«®¢¨î (2).

�¥®à¥¬ . Ǳãáâì ϕ ∈ Hm,m > n
2

+ 1 . �®£¤  áãé¥áâ¢ã¥â ª« áá¨ç¥áª®¥

à¥è¥­¨¥ u(t, x) § ¤ ç¨ �®è¨ (1),(2)

�®ª § â¥«ìáâ¢®. Ǳ¥à¥©¤¥¬ ª ®¡à §ã �ãàì¥ û(t, ξ) à¥è¥­¨ï u(t, x) :

ût +

n∑
j=1

iξjA
j û + Bû = 0, (3)

û|t=0 = ϕ̂(ξ) (4)

�â® á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯ à ¬¥âà®¬
¨ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �§¢¥áâ­®,çâ® à¥è¥­¨ï â ª®© § ¤ ç¨
�®è¨ (3),(4) áãé¥áâ¢ãîâ ­  ¢á¥© ¯®«ã®á¨ t > 0 ¯à¨ «î¡®¬ ¯ à ¬¥âà¥ ξ ,
â.¥. û(t, ξ) áãé¥áâ¢ã¥â ¯à¨ t ∈ [0,∞) .

Ǳ¥à¥©¤¥¬ ®¡à â­® ª äã­ªæ¨¨ u(t, x) :

u(t, x) = (2π)−n
∫

Rn

ei(x,ξ)û(t, ξ) dξ

�®£¤ 

uxj
(t, x) = (2π)−n

∫
Rn

ei(x,ξ)iξj û(t, ξ) dξ (5)
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�ã­ªæ¨ï û(t, ξ) ­¥¯à¥àë¢­  ¯® t ,   äã­ªæ¨ï ei(x,ξ) ­¥¯à¥àë¢­  ¯® x ¯à¨
t > 0 . �«¥¤®¢ â¥«ì­®, ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ¢ à ¢¥­áâ¢¥ (5) ­¥¯à¥-
àë¢­  ¯® t ¨ ¯® x ¯à¨ t > 0 . �¥¯¥àì ¤«ï ¤®ª § â¥«ìáâ¢  ­¥¯à¥àë¢­®áâ¨
äã­ªæ¨¨ uxj

¤®áâ â®ç­® ¤®ª § âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¨­â¥£à «  ¢
à ¢¥­áâ¢¥ (5). Ǳ®ª ¦¥¬ à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¨­â¥£à « :∫

Rn

|ei(x,ξ)iξj û(t, ξ)| dξ �
∫

Rn

|ξj ||û(t, ξ)| dξ �
∫

Rn

|ξj ||ϕ̂(ξ)|eKt/2 dξ �

(¬ë ¨á¯®«ì§®¢ «¨ ®æ¥­ªã |û(t, ξ)| � |ϕ̂(ξ)|eKt/2, t > 0 ¨§ ¯®á«¥¤­¥© «¥ª-
æ¨¨)

� eKt/2
∫

Rn

(1 + |ξ|2)−
m−1
2 (1 + |ξ|2)

m
2 |ϕ̂(ξ)| dξ �

(�¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì ­¥à ¢¥­áâ¢®¬ �®è¨-�ã­ïª®¢áª®£®)

� eKt/2(

∫
Rn

(1 + |ξ|2)−m+1 dξ)
1
2 (

∫
Rn

(1 + |ξ|2)m|ϕ̂(ξ)|2 dξ) 12 = ceKt/2||ϕ||Hm
.

� ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¬ë ¢®á¯®«ì§®¢ «¨áì â¥¬, çâ® ¨­â¥£à «∫
Rn

(1 + |ξ|2)−m+1 dξ

áå®¤¨âáï ¯à¨ 2(m− 1) > n .
� ª¨¬ ®¡à §®¬, ¥á«¨ m > n

2
+ 1 , â® äã­ªæ¨ï uxj

­¥¯à¥àë¢­ .
�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¯à¨ m > n

2
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®:∫

Rn

|ei(x,ξ)û(t, ξ)| dξ � c1||ϕ||Hm
.

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï u(t, x) ­¥¯à¥àë¢­ , ¯à¨ m > n
2

.
�®¦­® ¯®ª § âì, çâ® ¨­â¥£à «∫

Rn

ei(x,ξ)ût(t, ξ) dξ

à ¢­®¬¥à­® áå®¤¨âáï ¢ á¨«ã ãà ¢­¥­¨ï (2) ¨ â®£®, çâ® ¨­â¥£à «∫
Rn

ei(x,ξ)(
n∑
j=1

iξjA
j û(t, ξ) + Bû(t, ξ)) dξ

â®¦¥ áå®¤¨âáï à ¢­®¬¥à­® (â.ª. Aj , B | ¯®áâ®ï­­ë¥ ¬ âà¨æë). �«¥-
¤®¢ â¥«ì­®, äã­ªæ¨ï ut â®¦¥ ­¥¯à¥àë¢­ . �

� ¤ ç . Ǳãáâì u | à¥è¥­¨¥ § ¤ ç¨ �®è¨ á f = 0 , ϕ ∈ S . �®ª § âì,
çâ® u ∈ C∞ .
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�­â¥£à « �î ¬¥«ï.

�¡®§­ ç¨¬ ç¥à¥§ L á«¥¤ãîé¨© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à:

Lu = ut +

n∑
j=1

Ajuxj
+ Bu

� áá¬®âà¨¬ § ¤ çã �®è¨ á ­¥­ã«¥¢®© ¯à ¢®© ç áâìî:{
Lu = f(t, x),

u|t=0 = 0.
(6)

Ǳãáâì v(t, x, τ) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ á ­ã«¥¢®© ¯à ¢®© ç áâìî:{
Lv = 0,

v|t=τ = f(τ, x).
(7)

�â¢¥à¦¤¥­¨¥. Ǳãáâì u, v | á®®â¢¥âáâ¢¥­­® à¥è¥­¨ï § ¤ ç (6),(7).

�®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

u(t, x) =

∫ t

0

v(t, x, τ) dτ

�®ª § â¥«ìáâ¢®. � ¢¥­áâ¢® ut=0 = 0 ®ç¥¢¨¤­®. Ǳ®ª ¦¥¬, çâ® u ã¤®¢«¥-
â¢®àï¥â ãà ¢­¥­¨î:

Lu = ut +

n∑
j=1

Ajuxj
+ Bu = f(t, x) +

∫ t

0

L v(t, x, τ) dτ = f(t, x).

�
Ǳ®¢¥àå­®áâì ¯à®áâà ­áâ¢¥­­®£® â¨¯ .

� áá¬®âà¨¬ ­¥ª®â®àãî ®¡« áâì G ⊂ Rn+1 , ®£à ­¨ç¥­­ãî ¯®¢¥àå­®-
áâìî S ¯à¨ t > 0 ¨ ¯®¢¥àå­®áâìî Ω ¯à¨ t = 0 .

�¨á.1.Ǳ®¢¥àå­®áâì "¯à®áâà ­áâ¢¥­­®£® â¨¯ ".
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� áá¬®âà¨¬ § ¤ çã �®è¨:{
Lu = f(t, x), (t, x) ∈ G,

u|t=0 = ϕ(x), x ∈ Ω.
(8)

�®§­¨ª ¥â ¢®¯à®á: ¯à¨ ª ª¨å G § ¤ ç  �®è¨ ª®àà¥ªâ­ ?
�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ ­ §ë¢ âì S ¯®¢¥àå­®áâìî ¯à®áâà ­áâ¢¥­­®-

£® â¨¯ , ¥á«¨ ¬ âà¨æ 

ν0E +

n∑
j=1

νjA
j (9)

£¤¥ ν ¥¤¨­¨ç­ ï ¢­¥è­ïï ­®à¬ «ì ª G , ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ :

< My, y >� 0 ¯à¨ «î¡®¬ y ∈ RN .

�¯à¨®à­ ï ®æ¥­ª .

Ǳà¥¤¯®«®¦¨¬, çâ® à¥è¥­¨¥ u § ¤ ç¨ (8) áãé¥áâ¢ã¥â ¨ ¢ë¢¥¤¥¬ ®¤-
­® "¯®«¥§­®¥ ­¥à ¢¥­áâ¢®". �®¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (8) ­  2u ¨
¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨ Gτ , £¤¥

Gτ = {(t, x) ∈ G : 0 < t < τ},

¯®«ãç¨¬, çâ®∫ ∫
Gτ

(ut, 2u) dxdt +

n∑
j=1

∫ ∫
Gτ

(Ajuxj
, 2u) dxdt+

+

∫ ∫
Gτ

(Bu, 2u) dxdt =

∫ ∫
Gτ

(f, 2u) dxdt. (10)

Ǳ¥à¢ë¥ ¤¢  ¨­â¥£à «  ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥∫ ∫
Gτ

(u, u)t dxdt,

∫ ∫
Gτ

(Aju, u)xj
dxdt

�­â¥£à¨àãï íâ¨ ¤¢  ¨­â¥£à «  ¯® ç áâï¬, ¨§ (10) ¢ë¢®¤¨¬ ­¥à ¢¥­áâ¢®∫
Ωτ

(u, u) dx −
∫
Ω0

(ϕ,ϕ) dx +

∫
Sτ

(ν0Eu +

n∑
j=1

νjA
ju, u) ds+

+

∫ ∫
Gτ

2(Bu, u) dxdt �
∫ ∫

Gτ

(f, f) dxdt +

∫ ∫
Gτ

(u, u) dxdt.
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�¢¥¤¥¬ ®£à ­¨ç¥­¨¥ ­  ¬ âà¨æã B :

2(Bu, u) � (u, u).

�®£¤  ∫ ∫
Gτ

2(Bu, u) dxdt �
∫ ∫

Gτ

(u, u) dxdt.

� á¨«ã â®£®, çâ® S | ¯®¢¥àå­®áâì ¯à®áâà ­áâ¢¥­­®£® â¨¯ , ¨­â¥£à « ¯®
¯®¢¥àå­®áâ¨ Sτ ¯®«®¦¨â¥«¥­. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ®∫

Ωτ

(u, u) dx �
∫
Ω0

(ϕ,ϕ) dx +

∫ ∫
Gτ

(f, f) dxdt (11)

�â® ­¥à ¢¥­áâ¢® ­ §®¢¥¬  ¯à¨®à­®© ®æ¥­ª®©.
� ª¨¬ ®¡à §®¬, ¬ë ¤®ª § «¨

�â¢¥à¦¤¥­¨¥. Ǳãáâì S | ¯®¢¥àå­®áâì ¯à®áâà ­áâ¢¥­­®£® â¨¯ , Aj |

á¨¬¬¥âà¨ç­ë¥ ¯®áâ®ï­­ë¥ ¬ âà¨æë (j = 1, ..., n) ; B | ¯®áâ®ï­­ ï ¬ -

âà¨æ : 2(Bu, u) � (u, u) . �®£¤  á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (11), £¤¥ u |

ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (1),(2).

� ¬¥ç ­¨¥. �á«¨ ®£à ­¨ç¥­¨¥ 2(Bu, u) � (u, u) ­¥ ¢ë¯®«­ï¥âáï, â®
¬®¦­® ¯à¨¬¥­¨âì § ¬¥­ã

u → ueKt

Ǳà¨¬¥à.
ut + ux = f

Ǳãáâì u = vekt . �®£¤  v | à¥è¥­¨¥ § ¤ ç¨ �®è¨

vt + vx + kv = fe−kt, v|t=0 = ϕ(x).

�§ ®æ¥­ª¨ (11) ¢ëâ¥ª ¥â, çâ®

e−2kτ

∫
Ωτ

(u, u) dx �
∫
Ω0

(ϕ,ϕ) dx +

∫ ∫
Gτ

e−2kt(f, f) dxdt

� §®¢¥¬ íâ® ­¥à ¢¥­áâ¢®  ¯à¨®à­®© ®æ¥­ª®©-2.
�«¥¤áâ¢¨¥. �á«¨ ®¡« áâì G ®£à ­¨ç¥­  ¯®¢¥àå­®áâìî ¯à®áâà ­-

áâ¢¥­­®£® â¨¯ , â® § ¤ ç  �®è¨
 ) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥;
¡) íâ® à¥è¥­¨¥ ãáâ®©ç¨¢®.
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�¢¥¤¥­¨¥ ¢®«­®¢®£® ãà ¢­¥­¨ï ª £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬¥ ãà ¢-

­¥­¨© 1-£® ¯®àï¤ª .

� ¤ çã �®è¨ ¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï
utt − �u = g(t, x), t > 0, x ∈ Rn

u|t=0 = ϕ(x), x ∈ Rn,

ut|t=0 = ψ(x), x ∈ Rn

¬®¦­® á¢¥áâ¨ ª £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬¥ ãà ¢­¥­¨© 1-£® ¯®àï¤ª  á ¯®¬®-
éìî á«¥¤ãîé¥© § ¬¥­ë:

v =


u
ut
ux1
...
uxn

 , v|t=0 =


ϕ
ψ
ϕx1
...
ϕxn

 ,

Ǳà¨ íâ®¬ (¤«ï ¯à®áâ®âë ¢ á«ãç ¥ n = 1 ) ¬ âà¨æ  A1 ¨¬¥¥â á«¥¤ãîé¨©
¢¨¤ :

A1 =

 1 0 0
0 0 −1
0 −1 0

 , B =

 0 −1 −1
0 0 0
0 0 0

 , f =

 0
g
0

 .

ª®­¥æ «¥ªæ¨¨ ò22

�¥ªæ¨ï ò23.

§ 6 �®«­®¢®¥ ãà ¢­¥­¨¥.

1 �ë¢®¤ ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë.

�¨á.1.�âàã­ .
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Ǳãáâì u(t, x) | ®âª«®­¥­¨¥ â. x ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¢ ¬®¬¥­â
¢à¥¬¥­¨ t . Ǳà¥¤¯®«®¦¨¬, çâ®

1) áâàã­  ã¯àã£ ï (á¯à ¢¥¤«¨¢ § ª®­ �ãª );
2) áâàã­  £¨¡ª ï (­¥ ®ª §ë¢ ¥â á®¯à®â¨¢«¥­¨ï ¯à¨ á£¨¡¥);
3) â®«é¨­®© áâàã­ë ¯à¥­¥¡à¥£ ¥¬;
4) ¢¥á®¬ ¯à¥­¥¡à¥£ ¥¬;
5) ®âª«®­¥­¨¥ ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¬ «® ¨ ã£«ë ¬ «ë;
6) ª®«¥¡ ­¨¥ áâàã­ë ¯«®áª®¥ ¨ ¯®¯¥à¥ç­®¥;
� ®á­®¢ã ¢ë¢®¤  ãà ¢­¥­¨ï ¯®«®¦¨¬ ¯à¨­æ¨¯ � « ¬¡¥à : áã¬¬ 

¢á¥å á¨« ¤¥©áâ¢ãîé¨å ­  áâàã­ã à ¢­  ­ã«î.
Ǳãáâì ρ(x) | ¯«®â­®áâì áâàã­ë ¢ â. x . F (t, x) | ¯«®â­®áâì ¢­¥è-

­¥© á¨«ë, −k(x)ut | á¨«  á®¯à®â¨¢«¥­¨ï áà¥¤ë. �®£¤ 

ds =
√

1 + u2x dx = (1 +
1

2
u2x + ...) dx ≈ dx

Ǳãáâì s(x1, x2) | ¤«¨­  ¤ã£¨ ¬¥¦¤ã â®çª ¬¨ x1 ¨ x2 . �®£¤ 

s(x1, x2) =

∫ x2

x1

ds ≈
∫ x2

x1

dx = x2 − x1

| ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨ t . Ǳãáâì T (t, x) | á¨«  ­ âï¦¥­¨ï áâàã­ë. Ǳ®
§ ª®­ã �ãª  á¨«  T (t, x) ¯à®¯®àæ¨®­ «ì­  ¤«¨­¥ |x2 − x1| , §­ ç¨â ®­ 
â®¦¥ ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨ t .

�¯à®¥ªâ¨àã¥¬ á¨«ë, ¤¥©áâ¢ãîé¨¥ ­  ®âà¥§ª¥ [x1, x2] ­  ®áì Ox :

−T (x1) cosα(x1) + T (x2) cosα(x2) = 0 (1)

Ǳ® ä®à¬ã«¥ �¥©«®à  cosα ≈ 1 − α2

2
¯à¨ ¬ «®¬ α . �­ ç¨â T (x1) ≈

T (x2) = T . �¯à®¥ªâ¨àã¥¬ ¢á¥ á¨«ë ­  ®áì Oy :

− T (x1) sinα(x1) + T (x2) sinα(x2)+

+

∫ x2

x1

F (t, x) dx−
∫ x2

x1

k(x)ut dx =

∫ x2

x1

ρ(x)utt dx. (2)

Ǳà¨ íâ®¬
sinα(x) ≈ tgα(x) = ux (3)

�­ ç¨â ¨§ (3) ¢ëâ¥ª ¥â, çâ®

−T (x1) sinα(x1)+T (x2) sinα(x2) ≈ −T (ux(x1)−ux(x2)) = T

∫ x2

x1

uxx dx (4)
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� ª¨¬ ®¡à §®¬ ¨§ (2) ¨ (4) ¯®«ãç ¥¬ ãà ¢­¥­¨¥∫ x2

x1

uxx dx +

∫ x2

x1

F (t, x) dx−
∫ x2

x1

k(x)ut dx =

∫ x2

x1

ρ(x)utt dx (5)

Ǳà¥¤¯®«®¦¨¬, çâ® ¢á¥ ¯®¤ë­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ­¥¯à¥àë¢­ë ¨ ¯à®-
¤¨ää¥¥­æ¨àã¥¬ à ¢¥­áâ¢® (5) ¯® x2 , ¯®«ãç¨¬

Tuxx + F (t, x) − k(x)ut = ρutt

Ǳãáâì b = k
ρ , f = F

ρ , a2 = T
ρ , â®£¤ 

utt + but = a2uxx + f(t, x) (6)

| ãà ¢­¥­¨¥ ª®«¥¡ ­¨ï áâàã­ë. (�¬. �¨ª®«¥­ª® "� � �").

2 � ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë. � ¤ ç  �®è¨
¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

utt − a2�u = f(t, x), t > 0, x ∈ Rn

u|t=0 = ϕ(x), x ∈ Rn,

ut|t=0 = ψ(x), x ∈ Rn

(7)

�¤¥áì f(t, x), ϕ(x), ψ(x) | § ¤ ­­ë¥ äã­ªæ¨¨, u(t, x) | ­¥¨§¢¥áâ­ ï
äã­ªæ¨ï.

�¯à¥¤¥«¥­¨¥ 1. �« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ § ¤ ç¨ �®è¨ ­ §ë¢ ¥âáï
äã­ªæ¨ï u ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï ¢ [0,∞)×Rn , ¤¢ ¦¤ë ­¥¯à¥-
àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï ¢ (0,∞) × Rn ¨ ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î
¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬.

�¥®à¥¬  (áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï). Ǳãáâì á¯à ¢¥¤«¨¢ë ¢ª«îç¥­¨ï

f(·, ·) ∈ C((o,∞)×R1), ϕ(·) ∈ C2(R1), ψ(·) ∈ C1(R1) . �®£¤  áãé¥áâ¢ã¥â

u | ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ (7) ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï

áâàã­ë (n=1).

�®ª § â¥«ìáâ¢®. �«ï n = 1 à¥è¥­¨¥ u ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ï¢­®¬ ¢¨¤¥:

u(t, x) =
ϕ(x− at) + ϕ(x + at)

2
+

+
1

2a

∫ x+at

x−at
ψ(y) dy +

1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)
f(τ, y) dydτ

�â® ä®à¬ã«  � « ¬¡¥à . �¥£ª® ¯à®¢¥à¨âì, çâ® u ¡ã¤¥â ª« áá¨ç¥áª¨¬
à¥è¥­¨¥¬ § ¤ ç¨ �®è¨. �
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3 �ë¢®¤ ä®à¬ã«ë � « ¬¡¥à .

� áá¬®âà¨¬ ãà ¢­¥­¨¥ ª®«¥¡ ­¨ï áâàã­ë á ­ã«¥¢®© ¯à ¢®© ç áâìî:

utt = a2uxx + f(t, x), f ≡ 0 (8)

Ǳà¨¢¥¤¥¬ íâ® ãà ¢­¥­¨¥ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨-
ç¥áª®¥ ãà ¢­¥­¨¥:

dx2 − a2dt2 = 0

�­® à á¯ ¤ ¥âáï ­  ¤¢  ãà ¢­¥­¨ï:

dx = adt, ¨ dx = −adt

�­â¥£à¨àãï, ¯®«ãç ¥¬

x− at = c1, ¨ x + at = c2

� ¬¥­ïï c1, c2 ­  ξ, η , ¯®«ãç¨¬ á«¥¤ãîéãî § ¬¥­ã ¯¥à¥¬¥­­ëå{
ξ = x− at,

η = x + at.

�®£¤ 

utt = uξξ(−a)2 + 2uξηa(−a) + uηηa
2, uxx = uξξ + 2uξη + uηη.

Ǳ®¤áâ ¢«ï¥¬ ¢ ãà ¢­¥­¨¥ (8), ¯®«ãç ¥¬

uξη = 0 (9)

�¡®§­ ç¨¬ v = uξ , â®£¤  ¨§ (9) ¢ëâ¥ª ¥â,çâ® vη = 0 . �­ ç¨â v = g(ξ) ,
£¤¥ g | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �«¥¤®¢ â¥«ì­® uξ = g(ξ) . Ǳ®íâ®¬ã

u =

∫
g(ξ) dξ + h(η), η | ¯ à ¬¥âà

�¡®§­ ç¨¬ ¨­â¥£à « ç¥à¥§ f(ξ) , ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9):

u = f(ξ) + h(η).

�®§¢à é ïáì ª ¯¥à¥¬¥­­ë¬ x, t , ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (8):

u = f(x− at) + h(x + at), (10)
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£¤¥ f ¨ h | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨. Ǳ®âà¥¡ã¥¬ çâ®¡ë íâ® à¥è¥­¨¥
ã¤®¢«¥â¢®àï«® ¨ ­ ç «ì­ë¬ ãá«®¢¨ï¬:

u|t=0 = ϕ(x) = f(x) + h(x), ut|t=0 = ψ(x) = f ′(x)(−a) + h′(x)a. (11)

�§ á¨áâ¥¬ë (11) ¢ëà §¨¬ f ¨ h ç¥à¥§ ϕ ¨ ψ . �«ï íâ®£® ¯à®¨­â¥£à¨àã¥¬
¯®á«¥¤­¥¥ ãà ¢­¥­¨¥:∫ x

0

ψ(y) dy = −af(x) + ah(x) + c (12)

�¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ (11) ­  a ¨ á«®¦¨¬ á (12):

aϕ(x) +

∫ x

0

ψ dx = 2ah(x) + c, (12a)

�¬­®¦¨¬ á­®¢  ¯¥à¢®¥ ãà ¢­¥­¨¥ (11) ­  a ¨ ¢ëçâ¥¬ (12):

aϕ(x) −
∫ x

0

ψ dx = 2af(x) − c, (13)

�§ (10),(12a),(13) ¢ë¢®¤¨¬

u(t, x) =
ϕ(x− at)

2
− 1

2a

∫ x−at

0

ψ(y) dy +
ϕ(x + at)

2
+

1

2a

∫ x+at

0

ψ(y) dy =

=
ϕ(x− at) + ϕ(x + at)

2
+

1

2a

∫ x+at

x−at
ψ(y) dy (14)

Ǳ®«ãç¨«¨ ä®à¬ã«ã � « ¬¡¥à  ¯à¨ f = 0 .

�¥®à¥¬  (¥¤¨­áâ¢¥­­®áâ¨). �« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï

ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¥áâì ¤¢  à¥è¥­¨ï u1 ¨ u2 ,â®
¨å à §­®áâì v = u1 − u2 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ª®«¥¡ ­¨ï áâàã­ë ¨
­ã«¥¢ë¬ ­ ç «ì­ë¬ ãá«®¢¨ï¬:

vtt = a2vxx, v|t=0, vt|t=0 = 0.

�® ¯à¨ ¢ë¢®¤¥ ä®à¬ã«ë � « ¬¡¥à  ¡ë«® ¯®ª § ­®, çâ® ¥á«¨ äã­ªæ¨ï
v ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ª®«¥¡ ­¨ï áâàã­ë (8) á f = 0 ¨ ­ ç «ì­ë¬
ãá«®¢¨ï¬ v|t=0 = ϕ(x), vt|t=0 = ψ(x) , â® ®­  ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ (14).
�«¥¤®¢ â¥«ì­® ®­  â®¦¤¥áâ¢¥­­ë© ­ã«ì: v ≡ 0 . �.¥. u1 = u2 �
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4 �­â¥£à « �î ¬¥«ï.

� áá¬®âà¨¬ § ¤ çã �®è¨ á ­¥­ã«¥¢®© ¯à ¢®© ç áâìî:
utt − a2uxx = f(t, x), t > 0, x ∈ R1

u|t=0 = 0, x ∈ R1,

ut|t=0 = 0, x ∈ R1

(15)

Ǳãáâì v(t, x, τ) | à¥è¥­¨¥ § ¤ ç¨
vtt − a2vxx = 0, t > 0, x ∈ R1

v|t=τ = 0, x ∈ R1,

vt|t=τ = f(τ, x), x ∈ R1

(16)

�â¢¥à¦¤¥­¨¥ �á«¨ v(t, x, τ) | à¥è¥­¨¥ § ¤ ç¨ (16), â®

u(t, x) =

∫ t

0

v(t, x, τ) dτ (¨­â¥£à « �î ¬¥«ï) (17)

¡ã¤¥â à¥è¥­¨¥¬ § ¤ ç¨ (15).

�®ª § â¥«ìáâ¢®. ­¥ ¯à¥¤áâ ¢«ï¥â âàã¤ :

ut = v(t, x, t) +

∫ t

0

vt(t, x, τ) dτ ⇒ ut|t=0 = 0.

�¨ää¥à¥­æ¨àãï ¯à¥¤¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯® t , ¯®«ãç¨¬

utt = vt(t, x, t) +

∫ t

0

vtt(t, x, τ) dτ. uxx =

∫ t

0

vxx(t, x, τ) dτ.

�âªã¤  ¢ á¨«ã à ¢¥­áâ¢  vt(t, x, t) = f(t, x) ¯®«ãç¨¬

utt = a2uxx + f(t, x)

�§ à ¢¥­áâ¢  (16) ¯® ä®à¬ã«¥ � « ¬¡¥à  (14) ¯®«ãç ¥¬

v(t, x, τ) =
1

2a

∫ x+a(t−τ)

x−a(t−τ)
f(τ, y) dy (18)

�®£¤  ¨§ à ¢¥­áâ¢ (17) ¨ (18) á«¥¤ã¥â, çâ®

u(t, x) =
1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)
f(τ, y) dydτ

|à¥è¥­¨¥ § ¤ ç¨ (15). �
ª®­¥æ «¥ªæ¨¨ ò23
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�¥ªæ¨ï ò24.

5 �®àà¥ªâ­®áâì § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë.

�¯à¥¤¥«¥­¨¥ � ¤ ç  � � � ª®àà¥ªâ­ , ¥á«¨
1) à¥è¥­¨¥ áãé¥áâ¢ã¥â;
2) à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®;
3) à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â ­ ç «ì­ëå ¨ £à ­¨ç­ëå ãá«®¢¨©

  â ª¦¥ ®â ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (ãáâ®©ç¨¢®).
Ǳà®¢¥à¨¬ ãáâ®©ç¨¢®áâì à¥è¥­¨ï § ¤ ç¨ �®è¨:
�â¢¥à¦¤¥­¨¥ �«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â δ > 0 : ‖ ϕ ‖C(R)< δ ,

‖ ψ ‖C(R)< δ , ‖ f ‖C([0,T ]×R1)< δ , â® ‖ u ‖C([0,T ]×R)< ε .

�¥©áâ¢¨â¥«ì­®.

‖ u ‖C([0,T ]×R1)= sup
0<t<T,x∈R1

|u(t, x)| = sup
0<t<T,x∈R1

|ϕ(x− at) + ϕ(x + at)

2
|+

+ sup
0<t<T,x∈R1

| 1

2a

∫ x+at

x−at
ψ(y) dy|+ sup

0<t<T,x∈R1

| 1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)
f(t, y) dydτ | �

�‖ ϕ ‖C(R1) +
1

2a
2aT ‖ ψ ‖C(R1) +

1

2a
2aT 2 ‖ f ‖C([0,T ]R1)<

< δ(1 + T + T 2) < ε.

�
6. � §®¢ ï ¯«®áª®áâì.

Ǳ«®áª®áâì ­  ª®â®à®© ¨§®¡à ¦¥­ë ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ t, x ­ -
§ë¢ ¥âáï ä §®¢®©.

�¨á.1. � §®¢ ï ¯«®áª®áâì.

�«ï § ¤ ­¨ï à¥è¥­¨ï u § ¤ ç¨ �®è¨
utt − a2uxx = f(t, x), t > 0, x ∈ R1

u|t=0 = ϕ(x), x ∈ R1,

ut|t=0 = ψ(x), x ∈ R1

(1)
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¢ â®çª¥ M0 = (t0, x0) ­ ¬ ­¥®¡å®¤¨¬® §­ âì äã­ªæ¨î ϕ ¢ â®çª å P0
¨ Q0 , äã­ªæ¨î ψ ­  ®âà¥§ª¥ [P0, Q0] , ¨ äã­ªæ¨î f ¢ âà¥ã£®«ì­¨ª¥
�P0MQ0 (íâ® ¢¨¤­® ¨§ ä®à¬ã«ë � « ¬¡¥à ).

�¯à¥¤¥«¥­¨¥ �P0M0Q0 , ®£à ­¨ç¥­­ë© å à ªâ¥à¨áâ¨ª ¬¨ x + at =
c1, x− at = c2 , ¯à®å®¤ïé¨¬¨ ç¥à¥§ â M0 , ­ §ë¢ ¥âáï ®¡« áâìî § ¢¨á¨-

¬®áâ¨ à¥è¥­¨ï u § ¤ ç¨ (1) ¢ â. M0 .
� ¤ ç¨ �®àà¥ªâ­  «¨ § ¤ ç  �®è¨ ¢ ®¡« áâ¨ G :

utt − a2uxx = 0, (t, x) ∈ G

u|t=0 = ϕ, x ∈ Ω,

ut|t=0 = 0, x ∈ Ω,

(2)

£¤¥ G | ®¤­  ¨§ á«¥¤ãîé¨å ®¡« áâ¥©:

�¨á.2. �¡« áâì G1 = {(t, x) : t < 1 − |x|, t > 0} .

�¨á.3. �¡« áâì G2 = {(t, x) : t < 1 − 2|x|, t > 0} .

�¨á.4. �¡« áâì G3 = {(t, x) : t < 1 − x2, t > 0} .

�¨á.5. �¡« áâì G4 = {(t, x) : t <
√

1 − x2, t > 0} .
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�¨á.6. �¡« áâì G5 = {(t, x) : t < 1 − |x|/2, t > 0} .

�¨á.7. �¡« áâì G6 = {(t, x) : t < 1−x2
2

, t > 0} .

� ¤ ç  2 �®àà¥ªâ­  «¨ § ¤ ç  �®è¨ ¢ ®¡« áâ¨ G :
u1t − 1

2
u2x = 0, (t, x) ∈ G

u2t − 1
2
u1x = 0, (t, x) ∈ G

u1|t=0 = ϕ, x ∈ Ω,

u2|t=0 = 0, x ∈ Ω,

(2)

£¤¥ G | ®¤­  ¨§ ¯à¨¢¥¤¥­­ëå ¢ëè¥ ®¡« áâ¥©.
� ¤ ç  3 � ©â¨ u(t, x) :

ut + ux = 0, u|t=0 = ϕ(x).

� ¤ ç  4 �®àà¥ªâ­  «¨ ¤ ­­ ï § ¤ ç  �®è¨

ut + ux = 0, u|γ = ϕ(x). γ = {(t, x) : t = sinx} ?

7. � ¤ ç  ¤«ï ¯®«ã¡¥áª®­¥ç­®© áâàã­ë.

�âàã­  ­ §ë¢ ¥âáï ¯®«ã¡¥áª®­¥ç­®©, ¥á«¨ ®¤¨­ ª®­¥æ ¨§¢¥áâ¥­,  
¤àã£®© ­¥â. � áá¬®âà¨¬ § ¤ çã:

utt − a2uxx = 0, t > 0, x > 0,

u|t=0 = ϕ, x > 0,

ut|t=0 = ψ, x > 0,

u|x=0 = 0, t > 0. ãá«®¢¨¥ ¦¥áâª®£® § ªà¥¯«¥­¨ï ª®­æ  áâàã­ë

(3)

Ǳà®¤®«¦¨¬ äã­ªæ¨¨ ϕ ¨ ψ ­  ¢áî ®áì ­¥ç¥â­ë¬ ®¡à §®¬:

ϕ(x) = −ϕ(−x), ψ(x) = −ψ(−x).
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� ¤ ç  á¢¥« áì ª § ¤ ç¥ �®è¨ ­  ¢á¥© ®á¨, ¥¥ à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï ä®à-
¬ã«®© � « ¬¡¥à :

u(t, x) ==
ϕ(x− at) + ϕ(x + at)

2
+

1

2a

∫ x+at

x−at
ψ(y) dy (4)

�¥£ª® ¢¨¤¥âì £à ­¨ç­®¥ ãá«®¢¨¥ ¢ë¯®«­ï¥âáï:

u(t, 0) ==
ϕ(−at) + ϕ(+at)

2
+

1

2a

∫ +at

−at
ψ(y) dy = 0

Ǳà¨¬¥à Ǳãáâì ψ = 0   äã­ªæ¨ï ϕ ¨¬¥¥â ¢¨¤

�¨á.8. �ã­ªæ¨ï y = ϕ(x) .

�®¦­® ¨§®¡à §¨âì à¥è¥­¨¥ u(t, x) ¯à¨ t = 1/2a, t = 1/a, t = 2/a, t = 3/a .

8. � ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï ¬¥¬¡à ­ë. � áá¬®âà¨¬
§ ¤ çã: 

utt − a2�u = f(t, x), t > 0, x ∈ R2,

u|t=0 = ϕ, x ∈ R2,

ut|t=0 = ψ, x ∈ R2,

(5)

Ǳà¨ ¤®áâ â®ç­® £« ¤ª¨å § ¤ ­­ëå äã­ªæ¨ïå ϕ, ψ, f ª« áá¨ç¥áª®¥ à¥-
è¥­¨¥ u ¬®¦­® ¢ë¯¨á âì ¢ ï¢­®¬ ¢¨¤¥

u(t, x) =
1

2πa

∫ t

0

∫
|x−ξ|<a(t−τ)

f(ξ, τ) dξdτ√
a2(t− τ)2 − |x− ξ|2+

+
1

2πa

∫
|x−ξ|<at)

ψ(ξ) dξ√
a2t2 − |x− ξ|2 +

1

2πa

∂

∂t

∫
|x−ξ|<at)

ϕ(ξ) dξ√
a2t2 − |x− ξ|2

£¤¥ x, ξ ∈ R2 , |x−ξ| =
√

(x1 − ξ1)2 + (x2 − ξ2)2 . �â  ä®à¬ã«  ­ §ë¢ ¥âáï
ä®à¬ã«®© Ǳã áá®­ .
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9. � ¤ ç  �®è¨ ¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï. � áá¬®âà¨¬ § ¤ çã:
utt − a2�u = f(t, x), t > 0, x ∈ R3,

u|t=0 = ϕ, x ∈ R3,

ut|t=0 = ψ, x ∈ R3,

(6)

Ǳà¨ ¤®áâ â®ç­® £« ¤ª¨å § ¤ ­­ëå äã­ªæ¨ïå ϕ, ψ, f ª« áá¨ç¥áª®¥ à¥-
è¥­¨¥ u ¬®¦­® ¢ë¯¨á âì ¢ ï¢­®¬ ¢¨¤¥

u(t, x) =
1

4πa2

∫ t

0

∫
|x−ξ|<at

1

|x− ξ|f(τ − x− ξ

a
, ξ) dsdτ+

+
1

4πa2t

∫
|x−ξ|=at)

ψ(ξ) dξ +
1

4πa2
∂

∂t
(
1

t

∫
|x−ξ|=at)

ϕ(ξ) dξ)

�â® ä®à¬ã«  �¨àå£®ä .

§ 7 �¬¥è ­­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë

� áá¬®âà¨¬ ãà ¢­¥­¨¥:

ρ(x)utt =
∂

∂x
(p(x)

∂u

∂x
) − q(x)u + f(t, x), t > 0, 0 < x < l, (1)

£¤¥ p > 0, ρ > 0, q � 0; {ρ, q} ∈ C[0, l], p ∈ C1[0, l]. �à®¬¥ â®£®
§ ¤ ¤¨¬ ­ ç «ì­ë¥ ãá«®¢¨ï{

u|t=0 = ϕ, x ∈ [0, l],

ut|t=0 = ψ, x ∈ [0, l],
(2)

¨ £à ­¨ç­ë¥ ãá«®¢¨ï {
αu + β ∂u∂x |x=0 = µ1(t),

γu + δ ∂u∂x |x=l = µ2(t)
(3)

Ǳà¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï:{
αϕ(0) + β ∂ϕ(0)∂x = µ1(0),

γϕ(l) + δ ∂ϕ(l)∂x = µ2(0)
(4)

�à¥¡ã¥âáï ­ ©â¨ u ∈ C2((0, T )×(0, l))
⋂
C1([0, T )×[0, l]) , ã¤®¢«¥â¢®àïîé¥¥

(1){(4).
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�¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë. à áá¬ âà¨-

¢ ¥âáï ­  ¯à¨¬¥à¥.

Ǳà¨¬¥à

utt − 3ut = uxx + 2ux − 3x− 2t, t > 0, 0 < x < π (5)

u|x=0 = 0, u|x=π = πt, u|t=0 = e−x sinx, ut|t=0 = x. (6)

1) �¡­ã«¨¬ £à ­¨ç­ë¥ ãá«®¢¨ï á ¯®¬®éìî á«¥¤ãîé¥© § ¬¥­ë ­¥¨§¢¥áâ­®©
äã­ªæ¨¨:

u(t, x) = v(t, x) + A(t)x2 + B(t)x + C(t) (7){
v(0, x) = 0,

v(π, x) = 0
⇒

{
0 = 0 + C,

πt = 0 + A(πt)2 + Bπt + C

Ǳ®¤å®¤ïé¥© âà®©ª®© ¡ã¤¥â, ­ ¯à¨¬¥à, A = 0, B = t, C = 0 . �®£¤ 

u = v + xt (8)

�à ¢­¥­¨¥ ¨ ­ ç «ì­®¥ ãá«®¢¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥:{
vtt − 3vt − 3x = vxx + 2vx + 2t− 3x− 2t,

v|t=0 = e−x sinx

�¨ää¥à¥­æ¨àãï (8) ¯® t ¯®«ãç¨¬

ut = vt + x ⇒ x = ut|t=0 = vt|t=0 + x, ⇒ vt|t=0 = 0.

� ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç¨«¨ § ¤ çã  ­ «®£¨ç­ãî ¯¥à¢®­ ç «ì­®©:{
vtt − 3vt = vxx + 2vx,

v|t=0 = e−x sinx, vt|t=0 = 0, v(0, x) = 0, v(π, x) = 0
(9)

2) �¥è¨¬ § ¤ çã �âãà¬ -�¨ã¢¨««ï:
X ′′ + 2X ′ = λX,

X(0) = 0,

X(π) = 0.

£¤¥ X = X(x) | äã­ªæ¨ï ®â x . �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥-
­¨¥:

k2 + 2k − λ = 0, ⇒ k = −1 ±√
1 + λ
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� áá¬®âà¨¬ âà¨ á«ãç ï  ) 1 + λ > 0 . �®£¤ 

X = c1e
k1x + c2e

k2x

�§ £à ­¨ç­ëå ãá«®¢¨© ¢ëâ¥ª ¥â, çâ®{
c1 + c2 = 0,

c1e
k1π + c2e

k2π = 0,
⇒ c1 = c2 = 0.

¡) 1 + λ = 0 . �®£¤ 
X = (c1x + c2)e

−x

�§ £à ­¨ç­ëå ãá«®¢¨© á«¥¤ã¥â, çâ®

c2 = 0; c1πe
−π = 0, ⇒ c1 = 0.

¢) 1 + λ < 0 . �®£¤ 

k12 = −1 ± iβ, β =
√−1 − λ,

�§ £à ­¨ç­ëå ãá«®¢¨© ¢ëâ¥ª ¥â, çâ®

c2 = 0; c1e
−π sinβπ = 0, ⇒ πβ = kπ, ⇒ β = k, k ∈ Z.

�â ª, à¥è¥­¨¥ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï ¨¬¥¥â ¢¨¤:

Xk(x) = Ce−x sin kx, λ = −1 − k2, k ∈ Z. (10)

3) �é¥¬ à¥è¥­¨¥ § ¤ ç¨ (9) ¢ ¢¨¤¥ àï¤ :

v(t, x) =

∞∑
k=1

Tk(t)Xk(x) =

∞∑
k=1

Tk(t)e
−x sin kx

£¤¥ Tk | ­¥®¯à¥¤¥«¥­­ ï ¯®ª  ¥é¥ äã­ªæ¨ï. �¨ää¥à¥­æ¨àãï ¯®ç«¥­­®
ä®à¬ «ì­® íâ®â àï¤, ¨§ (9) ¯®«ãç¨¬ ãà ¢­¥­¨¥

∞∑
k=1

T ′′
kXk − 3

∞∑
k=1

T ′
kXk =

∞∑
k=1

Tk(X
′′
k + 2X ′

k) =

( ¢ á¨«ã à ¢¥­áâ¢  (10)) =

∞∑
k=1

Tk(λkXk). (11)
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Ǳà¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå äã­ªæ¨ïå Xk ¯®«ãç ¥¬

T ′′
k − 3T ′

k = λkTk, k = 1, 2, ... (12)

�§ ­ ç «ì­®£® ãá«®¢¨ï ¢ë¢®¤¨¬

v|t=0 = e−x sinx =

∞∑
k=1

Tk(0)e−x sin kx, ⇒ T1(0) = 1, Tk(0) = 0 ¯à¨ k �= 1.

(13)
�­ «®£¨ç­®

vt|t=0 =

∞∑
k=1

T ′
k(0)e−x sin kx = 0, ⇒ T ′

k(0) = 0 ¯à¨ k ∈ Z. (14)

�«¥¤®¢ â¥«ì­® Tk = 0 ¯à¨ k �= 0 . � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤«ï
(13) ¯à¨ k = 1 ¨¬¥¥â ¢¨¤

m2 − 3m− λ1 = 0 λ1 = −2 ⇒ m =
3

2
±

√
1

4
⇒ m1 = 1, m2 = 2

�­ ç¨â

T1 = (c1e
t + c2e

2t).

�§ ­ ç «ì­ëå ãá«®¢¨© (13),(14) ­ ©¤¥¬ ª®­áâ ­âë c1, c2 :

1 = c1 + c2, 0 = 2c1 + c2, ⇒ c1 = −1, c2 = 2.

�âªã¤  ­ å®¤¨¬ T1 = (−e2t + et) . �«¥¤®¢ â¥«ì­® v = (−e2t + et)e−x sinx.
�â¢¥â:

u = xt + (−e2t + et)e−x sinx.

§ 8 � ¤ ç  �âãà¬ -�¨ã¢¨««ï

� áá¬®âà¨¬ ãà ¢­¥­¨¥:

LX(x) ≡ (p(x)X ′(x))′ − q(x)X(x) = λρ(x)X(x), 0 < x < l, (1)

£¤¥ p > 0, ρ > 0, q � 0; {ρ, q} ∈ C[0, l], p ∈ C1[0, l].
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�¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë. à áá¬ âà¨-

¢ ¥âáï ­  ¯à¨¬¥à¥.

Ǳà¨¬¥à

utt − 3ut = uxx + 2ux − 3x− 2t, t > 0, 0 < x < π (5)

u|x=0 = 0, u|x=π = πt, u|t=0 = e−x sinx, ut|t=0 = x. (6)

1) �¡­ã«¨¬ £à ­¨ç­ë¥ ãá«®¢¨ï á ¯®¬®éìî á«¥¤ãîé¥© § ¬¥­ë ­¥¨§¢¥áâ­®©
äã­ªæ¨¨:

u(t, x) = v(t, x) + A(t)x2 + B(t)x + C(t) (7){
v(0, x) = 0,

v(π, x) = 0
⇒

{
0 = 0 + C,

πt = 0 + A(πt)2 + Bπt + C

Ǳ®¤å®¤ïé¥© âà®©ª®© ¡ã¤¥â, ­ ¯à¨¬¥à, A = 0, B = t, C = 0 . �®£¤ 

u = v + xt (8)

�à ¢­¥­¨¥ ¨ ­ ç «ì­®¥ ãá«®¢¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥:{
vtt − 3vt − 3x = vxx + 2vx + 2t− 3x− 2t,

v|t=0 = e−x sinx

�¨ää¥à¥­æ¨àãï (8) ¯® t ¯®«ãç¨¬

ut = vt + x ⇒ x = ut|t=0 = vt|t=0 + x, ⇒ vt|t=0 = 0.

� ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç¨«¨ § ¤ çã  ­ «®£¨ç­ãî ¯¥à¢®­ ç «ì­®©:{
vtt − 3vt = vxx + 2vx,

v|t=0 = e−x sinx, vt|t=0 = 0, v(0, x) = 0, v(π, x) = 0
(9)

2) �¥è¨¬ § ¤ çã �âãà¬ -�¨ã¢¨««ï:
X ′′ + 2X ′ = λX,

X(0) = 0,

X(π) = 0.

£¤¥ X = X(x) | äã­ªæ¨ï ®â x . �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥-
­¨¥:

k2 + 2k − λ = 0, ⇒ k = −1 ±√
1 + λ
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� áá¬®âà¨¬ âà¨ á«ãç ï  ) 1 + λ > 0 . �®£¤ 

X = c1e
k1x + c2e

k2x

�§ £à ­¨ç­ëå ãá«®¢¨© ¢ëâ¥ª ¥â, çâ®{
c1 + c2 = 0,

c1e
k1π + c2e

k2π = 0,
⇒ c1 = c2 = 0.

¡) 1 + λ = 0 . �®£¤ 
X = (c1x + c2)e

−x

�§ £à ­¨ç­ëå ãá«®¢¨© á«¥¤ã¥â, çâ®

c2 = 0; c1πe
−π = 0, ⇒ c1 = 0.

¢) 1 + λ < 0 . �®£¤ 

k12 = −1 ± iβ, β =
√−1 − λ,

�§ £à ­¨ç­ëå ãá«®¢¨© ¢ëâ¥ª ¥â, çâ®

c2 = 0; c1e
−π sinβπ = 0, ⇒ πβ = kπ, ⇒ β = k, k ∈ Z.

�â ª, à¥è¥­¨¥ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï ¨¬¥¥â ¢¨¤:

Xk(x) = Ce−x sin kx, λ = −1 − k2, k ∈ Z. (10)

3) �é¥¬ à¥è¥­¨¥ § ¤ ç¨ (9) ¢ ¢¨¤¥ àï¤ :

v(t, x) =

∞∑
k=1

Tk(t)Xk(x) =

∞∑
k=1

Tk(t)e
−x sin kx

£¤¥ Tk | ­¥®¯à¥¤¥«¥­­ ï ¯®ª  ¥é¥ äã­ªæ¨ï. �¨ää¥à¥­æ¨àãï ¯®ç«¥­­®
ä®à¬ «ì­® íâ®â àï¤, ¨§ (9) ¯®«ãç¨¬ ãà ¢­¥­¨¥

∞∑
k=1

T ′′
kXk − 3

∞∑
k=1

T ′
kXk =

∞∑
k=1

Tk(X
′′
k + 2X ′

k) =

( ¢ á¨«ã à ¢¥­áâ¢  (10)) =

∞∑
k=1

Tk(λkXk). (11)
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Ǳà¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå äã­ªæ¨ïå Xk ¯®«ãç ¥¬

T ′′
k − 3T ′

k = λkTk, k = 1, 2, ... (12)

�§ ­ ç «ì­®£® ãá«®¢¨ï ¢ë¢®¤¨¬

v|t=0 = e−x sinx =

∞∑
k=1

Tk(0)e−x sin kx, ⇒ T1(0) = 1, Tk(0) = 0 ¯à¨ k �= 1.

(13)
�­ «®£¨ç­®

vt|t=0 =

∞∑
k=1

T ′
k(0)e−x sin kx = 0, ⇒ T ′

k(0) = 0 ¯à¨ k ∈ Z. (14)

�«¥¤®¢ â¥«ì­® Tk = 0 ¯à¨ k �= 0 . � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤«ï
(13) ¯à¨ k = 1 ¨¬¥¥â ¢¨¤

m2 − 3m− λ1 = 0 λ1 = −2 ⇒ m =
3

2
±

√
1

4
⇒ m1 = 1, m2 = 2

�­ ç¨â
T1 = (c1e

t + c2e
2t).

�§ ­ ç «ì­ëå ãá«®¢¨© (13),(14) ­ ©¤¥¬ ª®­áâ ­âë c1, c2 :

1 = c1 + c2, 0 = 2c1 + c2, ⇒ c1 = −1, c2 = 2.

�âªã¤  ­ å®¤¨¬ T1 = (−e2t + et) . �«¥¤®¢ â¥«ì­® v = (−e2t + et)e−x sinx.
�â¢¥â:

u = xt + (−e2t + et)e−x sinx.

§ 8 � ¤ ç  �âãà¬ -�¨ã¢¨««ï

� áá¬®âà¨¬ ãà ¢­¥­¨¥:

LX(x) ≡ (p(x)X ′(x))′ − q(x)X(x) = λρ(x)X(x), 0 < x < l, (1)

£¤¥ p > 0, ρ > 0, q � 0; {ρ, q} ∈ C[0, l], p ∈ C1[0, l].
�à®¬¥ â®£®, § ¤ ¤¨¬ £à ­¨ç­ë¥ ãá«®¢¨ï{

αX ′(0) + βX(0) = 0, α2 + β2 �= 0,

γX ′(l) + δX(l) = 0, γ2 + δ2 �= 0
(2)

�à¥¡ã¥âáï ­ ©â¨ ­¥âà¨¢¨ «ì­ãî äã­ªæ¨î X ∈ C2(0, l)
⋂
C1[0, l] ,

ã¤®¢«¥â¢®àïîéãî (1){(2).
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�â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {λk} á®¡áâ¢¥­­ëå §­ -

ç¥­¨© § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï: λ1 < λ2 < ... < λk < ... , ¯à¨ç¥¬

λk → ∞ ª®£¤  k → ∞ . Ǳà¨ç¥¬ ¢á¥ λk ï¢«ïîâáï ¯à®áâë¬¨ á®¡áâ¢¥­-

­ë¬¨ ç¨á« ¬¨, â.¥. ¤«ï ®¤­®£® λk áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï á®¡áâ¢¥­­ ï

äã­ªæ¨ï Xk(x) .

�®ª § â¥«ìáâ¢®. ¯¥à¢®© ç áâ¨ ¬ë ®¯ãáª ¥¬ (á¬. ?). �áâ ­®¢¨¬áï ­ 
¢â®à®© ç áâ¨. Ǳãáâì X1

k ¨ X2
k | ¤¢¥ «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ á®¡áâ¢¥­­ë¥

äã­ªæ¨¨ § ¤ ç¨ �âãà¬ -�¨ã¢¨««ï, á®®â¢¥âáâ¢ãîé¨¥ ®¤­®¬ã λk :

LX1
k = λkρX

1
k , LX2

k = λkρX
2
k .

�®£¤  ¤«ï «î¡ëå ª®­áâ ­â c1, c2 ¢¥à­® à ¢¥­áâ¢® LX = λkρX , £¤¥ X =
c1X

1
k + c2X

2
k . Ǳà¨ç¥¬ X1

k , X2
k ã¤®¢«¥â¢®àïîâ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2)

⇒ X ã¤®¢«¥â¢®àï¥â (2). �®£¤  ­ ©¤ãâáï ª®­áâ ­âë c1, c2 â ª¨¥, çâ®
X(0) = β ¨ X ′(0) = α . Ǳ®¤áâ ¢«ïï íâ® ¢ (2), ¯®«ãç ¥¬, çâ® α2 + β2 = 0 .
�â® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (2). �
�¢®©áâ¢® 2. �®¡áâ¢¥­­ë¥ äã­ªæ¨¨ Xk ®àâ®£®­ «ì­ë á ¢¥á®¬ ρ :∫ l

0

ρ(x)Xk(x)Xm(x) dx = 0, ¯à¨ k �= m.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã{
(p(x)X ′

k(x))′ − q(x)Xk(x) = λkρ(x)Xk(x),

(p(x)X ′
m(x))′ − q(x)Xm(x) = λmρ(x)Xm(x)

�¬­®¦ ¥¬ ¯¥à¢®¥ ¨§ ­¨å ­  Xm , ¨ ¢ëç¨â ¥¬ ¢â®à®¥, ã¬­®¦¥­­®¥ ­  Xk ,
¨ ¨­â¥£à¨àã¥¬ ¯® x ®â 0 ¤® l :∫ l

0

(p(x)X ′
k)′Xm − (p(x)X ′

m)′Xk dx = (λk − λm)

∫ l

0

ρXkXm dx.

Ǳà®¨­â¥£à¨àã¥¬ ¯® ç áâï¬ «¥¢ãî ç áâì, ¯®«ãç¨¬, çâ®

−
∫ l

0

p(x)X ′
kX

′
m − p(x)X ′

mX
′
k dx + p(X ′

kXm −X ′
mXk)|l0 = 0,

â.ª. ¨§ ªà ¥¢®£® ãá«®¢¨ï (2) ¨¬¥¥¬{
αX ′

k(0) + βXk(0) = 0,

αX ′
m(0) + βXm(0) = 0

⇒ det

(
X ′
k(0) Xk(0)

X ′
m(0) Xm(0)

)
= 0,
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 ­ «®£¨ç­®

det

(
X ′
k(l) Xk(l)

X ′
m(l) Xm(l)

)
= 0.

�«¥¤®¢ â¥«ì­®

(λk − λm)

∫ l

0

ρXkXm dx = 0.

�

�¢®©áâ¢® 3. �á«¨ p(x)X ′
k(x)Xk(x)|l0 � 0 , â® á®¡áâ¢¥­­ë¥ ç¨á«  λk ­¥-

¯®«®¦¨â¥«ì­ë: λk � 0 .

�®ª § â¥«ìáâ¢®. �à ¢­¥­¨¥

(p(x)X ′
k(x))′ − q(x)Xk(x) = λkρ(x)Xk(x)

ã¬­®¦¨¬ ­  Xk ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® x ®â 0 ¤® l :∫ l

0

(p(x)X ′
k)′Xk dx−

∫ l

0

qX2
k dx = λk

∫ l

0

ρX2
k dx

�­â¥£à¨àã¥¬ ¯¥à¢ë© ¨­â¥£à « ¯® ç áâï¬, ¯®«ãç ¥¬:

−
∫ l

0

p(x)X ′
kX

′
k dx + p(x)X ′

kXk|l0 � 0

�

�¢®©áâ¢® 4. �î¡ãî äã­ªæ¨î � ª« áá  C2(0, l)
⋂
C1[0, l] ¬®¦­® à §«®-

¦¨âì ¢ àï¤:

�(x) =

∞∑
k=1

�kXk(x),

£¤¥

�k =
1

‖ Xk ‖2
∫ l

0

ρ(x)�(x)Xk(x) dx, ‖ Xk ‖2=

∫ l

0

ρ(x)X2
k dx

(�¥§ ¤®ª § â¥«ìáâ¢ ).

ª®­¥æ «¥ªæ¨¨ ò24

36



�¥ªæ¨ï ò25.

§ 9 �®àà¥ªâ­®áâì á¬¥è ­­®© § ¤ ç¨

¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë

� áá¬®âà¨¬ ãà ¢­¥­¨¥:

ρ(x)utt =
∂

∂x
(p(x)

∂u

∂x
) − q(x)u + f(t, x), t > 0, 0 < x < l, (1)

£¤¥ p > 0, ρ > 0, q � 0; {ρ, q} ∈ C[0, l], p ∈ C1[0, l]. �à®¬¥ â®£®
§ ¤ ¤¨¬ ­ ç «ì­ë¥ ãá«®¢¨ï{

u|t=0 = ϕ, x ∈ [0, l],

ut|t=0 = ψ, x ∈ [0, l],
(2)

¨ £à ­¨ç­ë¥ ãá«®¢¨ï {
αu + β ∂u∂x |x=0 = µ1(t),

γu + δ ∂u∂x |x=l = µ2(t)
(3)

Ǳà¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï:{
αϕ(0) + β ∂ϕ(0)∂x = µ1(0),

γϕ(l) + δ ∂ϕ(l)∂x = µ1(l)
(4)

�à¥¡ã¥âáï ­ ©â¨ ª« áá¨ç¥áª®¥ à¥è¥­¨¥ á¬¥è ­­®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï
ª®«¥¡ ­¨ï áâàã­ë: u ∈ C2((0, T ) × (0, l))

⋂
C1([0, T )× [0, l]) , ã¤®¢«¥â¢®àï-

îé¥¥ (1){(4).
�¡®§­ ç¨¬ ç¥à¥§ E(t) á«¥¤ãîé¨© ¨­â¥£à « í­¥à£¨¨:

E(t) =
1

2

∫ l

0

(ρ(x)u2t + p(x)u2x + q(x)u2) dx (5)

�¥®à¥¬ . �« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (1)-(4) c αβ = 0 ¨ γδ = 0 ¥¤¨­-

áâ¢¥­­®

�®ª § â¥«ìáâ¢®. Ǳãáâì áãé¥áâ¢ãîâ ¤¢  à¥è¥­¨ï u1, u2 ¨ ®¡®§­ ç¨¬ ç¥-
à¥§ v à §­®áâì u1 − u2 . �®£¤  v ¡ã¤¥â à¥è¥­¨¥¬ á«¥¤ãîé¥© § ¤ ç¨:

ρvtt = (pvx)x − qv,

{
αu + β ∂u∂x |x=0 = µ1(t),

γu + δ ∂u∂x |x=l = µ2(t)
(6)
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�®£¤  ¢ë¯¨è¥¬ ¨­â¥£à « í­¥à£¨¨

E(t) =
1

2

∫ l

0

(ρ(x)v2t + p(x)v2x + q(x)v2) dx. (7)

� ©¤¥¬ ¯à®¨§¢®¤­ãî ¯® t ®â íâ®£® ¨­â¥£à « 

d

dt
E(t) =

∫ l

0

(ρ(x)vtvtt + p(x)vxvxt + q(x)vvt) dx =

=

∫ l

0

vt(ρ(x)vtt − (p(x)vx)x + q(x)v) dx ≡ 0.

�¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì à ¢¥­áâ¢®¬∫ l

0

p(x)vxvxt dx = p(x)vxvt|lo −
∫ l

0

vt(p(x)vx)x dx.

�­ ç¨â
E(t) ≡ const.

�à®¬¥ â®£®

E(0) =
1

2

∫ l

0

(ρ(x)v2t |t=0 + p(x)v2x|t=0 + q(x)v2|t=0) dx = 0.

â.ª. v|t=0 = 0 ⇒ vx|t=0 = 0 . �«¥¤®¢ â¥«ì­® E(t) ≡ 0 . �­ ç¨â

vt ≡ 0, vx ≡ 0 ⇒ v = const

�¥¯¥àì ¨§ ãá«®¢¨ï v|t=0 = 0 ¢ëâ¥ª ¥â, çâ® v ≡ 0 . �
�¥¯à¥àë¢­ ï § ¢¨á¨¬®áâì à¥è¥­¨ï ®â ­ ç «ì­ëå ãá«®¢¨©.

�¥®à¥¬ . Ǳãáâì p > 0, ρ > 0, q � 0; {ρ, q} ∈ C[0, l], p ∈ C1[0, l].
Ǳãáâì u | ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (1) | (4), á αβ = 0 ¨ γδ = 0 ,

µ1 = 0, µ2 = 0 . �®£¤  ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï δ > 0 â ª®¥, çâ®

‖ u(0, ·) ‖< δ ⇒ ‖ u(t, ·) ‖< ε ¯à¨ «î¡®¬ t ∈ [0, T ]

�®ª § â¥«ìáâ¢®. Ǳãáâì

‖ u(t, ·) ‖2≡ E(t) ≡ 1

2

∫ l

0

(ρ(x)u2t + p(x)u2x + q(x)u2) dx

(ã¤®¢«¥â¢®àï¥â ¢á¥¬  ªá¨®¬ ¬ ­®à¬ë). �®£¤  ¢ á¨«ã ¢ë¢¥¤¥­­®£® à ­¥¥
á¢®©áâ¢  E(t) ≡ const ¬®¦¥¬ ­ ¯¨á âì

‖ u(t, ·) ‖�‖ u(0, ·) ‖< δ = ε

�

ª®­¥æ «¥ªæ¨¨ ò25
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�¨á.1.Ǳàï¬®ã£®«ì­ ï ¬¥¬¡à ­ .

�¥ªæ¨ï ò26.

§ 10 �¢®¡®¤­ë¥ ª®«¥¡ ­¨ï ¯àï¬®ã£®«ì­®© ¬¥¬¡à ­ë.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ ¢¨¤ 

utt = a2(uxx + uyy), (x, y) ∈ �, (1)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

u|t=0 = ϕ(x), ut|t=0 = ψ(x), (2)

¨ £à ­¨ç­ë¬ ãá«®¢¨¥¬
u|σ = 0. (3)

�é¥¬ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ¢¨¤¥

u(t, x, y) = T (t)v(x, y). (4)

�®£¤ 
T ′′v = a2T (vxx + vyy) (5)

Ǳ®¤¥«¨¢ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ­  Tv , ¯®«ãç¨¬

T ′′

T (t)
=

a2(vxx + vyy)

v(x, y)
= −λ2 (6)

(äã­ªæ¨ï, § ¢¨áïé ï «¨èì ®â t à ¢­  äã­ªæ¨¨, § ¢¨áïé¥© «¨èì ®â x ¨
y ⇒ ®­  ª®­áâ ­â ).{

T ′′ = −λ2T,
vxx + vyy = −λ2

a2 v, v|σ = 0.
(7)

�¥è¨¬ á­ ç «  ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (7): ¨é¥¬ v ¢ ¢¨¤¥

v(x, y) = X(x)Y (y). (8)
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�®£¤ 

X ′′Y + XY ′′ = −λ2

a2
XY (9)

�¥«¨¬ ®¡¥ ç áâ¨ ­  XY , ¯®«ãç ¥¬, çâ®

X ′′

X
= −Y ′′

Y
− λ2

a2
= −µ2 (10)

(äã­ªæ¨ï, § ¢¨áïé ï «¨èì ®â x à ¢­  äã­ªæ¨¨, § ¢¨áïé¥© «¨èì ®â y
⇒ ®­  ª®­áâ ­â ). �®£¤ {

X ′′ = −µ2X, X(0) = X(l) = 0,

Y ′′ = (µ2 − λ2

a2 )Y, Y (0) = Y (m) = 0
(11)

�¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (11) ¨¬¥¥â ¢¨¤

Xk(x) = sin
kπx

l
, µk = (

kπ

l
)2, k = 1, 2, ... (12)

�®£¤  à¥è¥­¨¥ ¢â®à®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (11) ¨¬¥¥â ¢¨¤

Yk(y) = sin
nπy

m
, λ2k,n = a2π2(

k2

l2
+

n2

m2
) (13)

Ǳ®¤áâ ¢«ïï §­ ç¥­¨ï λk,n ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (7): T ′′ = −λ2T ,
¯®«ãç ¥¬

Tk,n = Ak,n sinλk,nt + Bk,n cosλk,nt ⇒

uk,n(t, x, y) = (Ak,n sinλk,nt + Bk,n cosλk,nt) sin
kπx

l
sin

nπy

m

| ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), £¤¥ λk,n = aπ
√

(k
2

l2 + n2

m2 ) .

� ª¨¬ ®¡à §®¬, ¨é¥¬ à¥è¥­¨¥ § ¤ ç¨ (1)|(3) ¢ ¢¨¤¥

u(t, x, y) =

∞∑
k=1

∞∑
n=1

uk,n(t, x, y) (14)

¨ ¯®âà¥¡ã¥¬, çâ®¡ë ¢ë¯®«­ï«¨áì £à ­¨ç­ë¥ ãá«®¢¨ï:

ϕ(x, y) = u(0, x, y) =

∞∑
k=1

∞∑
n=1

Bk,n sin
kπx

l
sin

nπy

m
,

ψ(x, y) = ut(0, x, y) =

∞∑
k=1

∞∑
n=1

Ak,n sin
kπx

l
sin

nπy

m

£¤¥ Bk,n ¨ Ak,n | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨© ϕ ¨ ψ . �ë ­¥ ¡ã¤¥¬
§¤¥áì à áá¬ âà¨¢ âì ¢®¯à®áë áå®¤¨¬®áâ¨ àï¤  (14).
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§ �¢®¡®¤­ë¥ ª®«¥¡ ­¨ï ªàã£«®© ¬¥¬¡à ­ë.

�â®â ¯ à £à ä ¡ë« ã¦¥ ¯à®ç¨â ­ ¢ «¥ªæ¨¨ ò11.

ª®­¥æ «¥ªæ¨¨ ò26

�¥ªæ¨ï ò27.

§ 11 �¡®¡é¥­­ë¥ à¥è¥­¨ï ¯¥à¢®©

ªà ¥¢®© § ¤ ç¨ ¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï.

�¨á.1.�¡« áâì QT .

� áá¬®âà¨¬ § ¤ çã
utt − �u = f(t, x), (t, x) ∈ QT ,

u|t=0 = ϕ(x), x ∈ Ω,

ut|t=0 = ψ(x), x ∈ Ω,

u|S = 0

(1) | (4)

£¤¥ QT = (0, T )×Ω . Ǳ®¢¥àå­®áâì S = (0, T )× ∂Ω ­¥ ï¢«ï¥âáï ¯®¢¥àå­®-
áâìî ¯à®áâà ­áâ¢¥­­®£® â¨¯ . Ǳ®íâ®¬ã ¯®ï¢¨«®áì £à ­¨ç­®¥ ãá«®¢¨¥.

�¡®§­ ç¨¬ ¡ãª¢®© L á«¥¤ãîé¨© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à:

Lu = utt − �u (5)

�¬­®¦ ï ãà ¢­¥­¨¥ (1) ­  � ∈ C∞(QT ) ¨ ¨­â¥£à¨àãï ¯® x, t , ¯®«ãç ¥¬∫
QT

(Lu− f)� dx dt = 0. (6)

�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬∫
QT

(utt − �u− f(t, x))� dx dt = −
∫
QT

(ut�t −
n∑
j=1

uxj
�xJ

− f�) dx dt+

+

∫
∂QT

(ut�n0 −
n∑
j=1

uxj
�nj) ds = 0.
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¯®á«¥¤­¨© ¨­â¥£à « ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥∫
ΩT

ut� dx−
∫
Ω

ut� dx−
∫
S

∂u

∂ν
� ds.

Ǳãáâì

M1 = {ϕ ∈ C∞(QT ) ϕ = 0 ¢ ®ªà¥áâ­®áâ¨ (S ∪ {t = T})}
Ǳãáâì

M2 = {ϕ ∈ C∞(QT ) ϕ = 0 ¢ ®ªà¥áâ­®áâ¨ (S ∪ {t = 0})}
�¯à¥¤¥«¥­¨¥ 1. �¡®§­ ç¨¬

−◦
W 1

2(QT ) = M1 (§ ¬ëª ­¨¥ ¯® ­®à¬¥ H1(QT ) ).

+◦
W 1

2(QT ) = M2 (§ ¬ëª ­¨¥ ¯® ­®à¬¥ H1(QT ) )

�á«¨ � = 0 ­  ¢¥àå­¥¬ ®á­®¢ ­¨¨, â®∫
ΩT

ut� dx = 0.

�á«¨ � = 0 ­  ¡®ª®¢®© ¯®¢¥àå­®áâ¨ S æ¨«¨­¤à  GT , â®∫
S

∂u

∂ν
� ds = 0.

�á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

u|t=0 = ϕ(x) ≡ 0, ut|t=0 = ψ(x) ≡ 0,

â® â®£¤  ∫
Ω0

ut� dx = 0.

�¯à¥¤¥«¥­¨¥ 2. �ã­ªæ¨ï u ∈
+◦
W 1

2(QT ) ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬

§ ¤ ç¨ (1)|(4), á ϕ = ψ = 0, f ∈  L2(QT ) , ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨

� ∈
−◦
W 1

2(QT ) ¢¥à­® à ¢¥­áâ¢®∫
QT

(ut�t −
n∑
j=1

uxj
�xJ

− f�) dx dt = 0. (7)

(§¤¥áì ¢á¥ ¯à®¨§¢®¤­ë¥ ¯®­¨¬ îâáï ¢ á¬ëá«¥ �.�.�®¡®«¥¢ ).
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�¥®à¥¬  (¥¤¨­áâ¢¥­­®áâ¨). �¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1) | (4) ¥á«¨

áãé¥áâ¢ã¥â, â® ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. Ǳà¥¤¯®«®¦¨¬, çâ® ¥áâì ¤¢  à¥è¥­¨ï u1(t), u2(t) . �®£¤ 
äã­ªæ¨ï w = u1 − u2 ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¨­â¥£à «ì­®¬ã à ¢¥­-

áâ¢ã: ¤«ï «î¡®© äã­ªæ¨¨ ~� ∈
−◦
W 1

2(QT ) ,

∫
QT

(wt ~�t−
n∑
j=1

wxj
~�xJ

) dx dt = 0. (8)

Ǳ® ®¯à¥¤¥«¥­¨î ¯à®áâà ­áâ¢ 
+◦
W 1

2(QT ) , ¥á«¨ w ∈
+◦
W 1

2(QT ) , â® áãé¥áâ¢ã¥â
¯®á«¥¤®¢ â¥«ì­®áâì {vN} ⊂ M2 â ª ï, çâ®

vN → w ¯à¨ N → ∞ ¢ H1.

� ª ç¥áâ¢¥ �N ¢®§ì¬¥¬ äã­ªæ¨î ¢¨¤ 

�N (t) =

{ ∫ t1
t
vN dt, t < t1;

0 t � t1
. (9)

JN =

∫
QT

(−(vN )t(�N )t +

n∑
j=1

(vN )xj
(�N )xj

) dx dt (10)

Ǳ®ª ¦¥¬, çâ® JN → 0 . �®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬ (8). �§ ®¡¥¨å ç áâ¥©
à ¢¥­áâ¢  (10) ¢ëçâ¥¬ á®®â¢¥âáâ¢ãîé¨¥ ç áâ¨ à ¢¥­áâ¢  (8), ¯®«ãç¨¬ çâ®

JN =

∫
QT

(−(vN )t(�N )t + wt ~�t +

n∑
j=1

((vN )xj
(�N )xj

) − wxj
~�xj

) dx dt → 0

¯à¨ N → ∞ â.ª. à ¢¥­áâ¢® (8) ¢¥à­® ¤«ï «î¡®© äã­ªæ¨¨ ~� ∈
−◦
W 1

2(QT ) ,
â® ¢®§ì¬¥¬

~� = lim
n→∞ �N .

� ä®à¬ã«¥ (10) ¢¬¥áâ® �N ¯®¤áâ ¢¨¬ ¯à ¢ãî ç áâì à ¢¥­áâ¢  (9), ¯®«ã-
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ç¨¬

JN =

∫
Qt1

(−(vN )t(−vN )t +

n∑
j=1

((vN )xj

∫ t1

t

(vN )xj
dt) dx dt =

=
1

2

∫
Qt1

((−vN )2)t −
n∑
j=1

∂

∂t
(

∫ t1

t

(vN )xj
dt)2 dx dt =

=
1

2

∫
Ωt1

((−vN )2) dx− 1

2

∫
Ω0

n∑
j=1

(

∫ t1

0

(vN )xj
dt)2 dx →

→ 1

2

∫
Ωt1

((w)2) dx− 1

2

∫
Ω0

n∑
j=1

(

∫ t1

0

(w)xj
dt)2 dx.

¯à¨ N → ∞ â.ª. vN → w ¯à¨ N → ∞ ¢ H1 . �­ ç¨â w ≡ 0 . �

ª®­¥æ «¥ªæ¨¨ ò27

�¥ªæ¨ï ò28.

§ 12 �¥â®¤ � «¥àª¨­ 

�¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï. �«ï «î¡®© äã­ªæ¨¨ f ∈  L2(QT )
áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1) | (4).

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¡ §¨á {ϕk} ⊂
◦
H1(Ω) :

ϕk ∈ C∞
0 (Ω), k ∈ N ; ‖ϕk‖ L2(Ω)

= 1; (ϕk, ϕn) = δkn.

1. �âà®¨¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥: ¨é¥¬ uN (t, x) ¢ ¢¨¤¥ «¨­¥©­®© ª®¬-
¡¨­ æ¨¨ äã­ªæ¨© ϕk ¨§ ¡ §¨á :

uN (t, x) =

N∑
k=1

ck(t)ϕk(x). (11)

Ǳ®¤áâ ¢¨¬ íâ® ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¢¬¥áâ® u ¢ (1), á¯à®¥ªâ¨àã¥¬ ¥£®
­  ¯¥à¢ë¥ N í«¥¬¥­â®¢ ¡ §¨á , ¯®«ãç¨¬∫

Ω

(uNtt − �uN − f)ϕj(x) dx = 0, j = 1, ..., N. (12)
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�§ (12) ¢ëâ¥ª ¥â á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á
¯®áâ«ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �­ ç¨â íâ  á¨áâ¥¬ 

d2cj(t)

dt2
−

N∑
k=1

ck(t)

∫
Ω

(�ϕk(x))ϕj(x) dx −
∫
Ω

f(t, x)ϕj(x) dx = 0

á ­ã«¥¢ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨: cj(0) = 0, c′j(0) = 0, j = 1, ..., N
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¯à¨ç¥¬ ­  ¢á¥¬ ®âà¥§ª¥ [0, T ] . (�¤¥áì ¬ë
¯à¥¤¯®« £ ¥¬, çâ® f ∈ C∞(QT ) , íâ®, ª ª ¡ã¤¥â ¯®ª § ­® çãâì ¯®§¦¥, ­¥
®£à ­¨ç¨¢ ¥â ®¡é­®áâ¨ ¤®ª § â¥«ìáâ¢ ).

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® N áãé¥áâ¢ã¥â uN (t, x) | ¯à¨¡«¨¦¥­­®¥
à¥è¥­¨¥ § ¤ ç¨ (1) | (4) á ­ã«¥¢ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨: uN (0, x) =
0, uNt (0, x) = 0 .

2. �¥¯¥àì ¯®ª ¦¥¬, çâ® uNk ¯à¨ ¡®«ìè¨å Nk áå®¤¨âáï ª ­¥ª®â®à®¬ã
¯à¥¤¥«ã | â®ç­®¬ã à¥è¥­¨î § ¤ ç¨ (1) | (4).

�®ª ¦¥¬ ª®¬¯ ªâ­®áâì á¥¬¥©áâ¢  uN (t, x) ¢ á« ¡®© â®¯®«®£¨¨. �®-
¬­®¦¨¬ (12) ­  (cj)tt ¨ ¯à®áã¬¬¨àã¥¬ ¯® j ®â 0 ¤® N , ¯®«ãç¨¬ çâ®∫

Ω

(uNtt − �uN − f)uNt dx = 0. (13)

�à¥¤­¥¥ á« £ ¥¬®¥ ¯à®¨­â¥£à¨àã¥¬ ¯® ç áâï¬, ¯®«ãç¨¬∫
Ω

1

2
(uNt )2t +

n∑
i=1

1

2
(uNxi

)2t − fuNt dx = 0 (14)

�­â¥£à¨àãï ¯® t ®â 0 ¤® τ , ¯®«ãç¨¬ çâ®∫
Ωτ

1

2
(uNt )2 +

n∑
i=1

1

2
(uNxi

)2 dx �

�
∫ τ

0

∫
Ω

fuNt dx dt +

∫
Ω0

1

2
(uNt )2 +

n∑
i=1

1

2
(uNxi

)2 dx. (15)

Ǳ®á«¥¤­¨¥ ¤¢  ¨­â¥£à «  ¢ à ¢¥­áâ¢¥ (15) à ¢­ë 0 â.ª. uN (0, x) = 0,
uNt (0, x) = 0 . � ª¨¬ ®¡à §®¬∫
Ωτ

1

2
(uNt )2+

n∑
i=1

1

2
(uNxi

)2 dx � ε

2

∫ T

0

∫
Ω

(uNt )2 dx dt+
1

2ε

∫ T

0

∫
Ω

f2 dx dt. (16)

45



�¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì ¨§¢¥áâ­ë¬ ­¥à ¢¥­áâ¢®¬

2ab � εa2 +
b2

ε
, (ε > 0)

�­â¥£à¨àãï (16) ¯® τ ®â 0 ¤® T , ¯®«ãç¨¬ çâ®∫
QT

1

2
(uNt )2 +

n∑
i=1

1

2
(uNxi

)2 dx dt � εT

2

∫
QT

(uNt )2 dx dt+
T

2ε

∫
QT

f2 dx dt. (17)

�ë¡¨à ï ε = 1
2T , ¨§ (17) ¢ë¢®¤¨¬∫
QT

1

4
(uNt )2 +

n∑
i=1

1

2
(uNxi

)2 dx dt � T 2

∫
QT

f2 dx dt. (18)

�§ ä®à¬ã«ë �ìîâ®­ -�¥©¡­¨æ  ¢ á¨«ã à ¢¥­áâ¢  uN (0, x) = 0 á«¥¤ã¥â,
çâ®

uN (t, x) =

∫ t

0

uNt (τ, x) dτ.

�ë¢¥¤¥¬ ®æ¥­ªã ¤«ï uN :∫
QT

(uN )2 dx dt �
∫
QT

(

∫ t

0

uNt (τ, x) dτ )2 dx dt �

�
∫
QT

(

∫ t

0

12 dτ )(

∫ t

0

(uNt )2 dτ ) dx dt � T 2

∫
QT

(uNt (τ, x))2 dx dτ.

� ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç¨«¨ ®æ¥­ªã

‖uN‖2W 1
2 (QT ) =

∫
QT

(uN )2 + (uNt )2 +

n∑
i=1

(uxi
)2 dx dt � c‖f‖ L2(QT )

,

£¤¥ ª®­áâ ­â  c § ¢¨á¨â «¨èì ®â T .
�®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® á« ¡®© ª®¬¯ ªâ­®áâ¨ è à  ¢ � ­ å®¢®¬

¯à®áâà ­áâ¢¥ X : "� à ¢ á¥¯ à ¡¥«ì­®¬ � ­ å®¢®¬ ¯à®áâà ­áâ¢¥ á« ¡®
ª®¬¯ ªâ¥­". � ç áâ­®áâ¨, ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ uN ¨§ è à 
áãé¥áâ¢ã¥â u ∈ X , ¨ ¬®¦­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì uNk á« ¡®
áå®¤ïéãîáï ª u :

∀h ∈ X∗, < uNk , h >→< u, h >, nk → ∞.
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� ª¨¬ ®¡à §®¬, áãé¥áâ¢ãîâ u ∈  L2(QT ), y ∈  L2(QT ), gj ∈  L2(QT )
â ª¨¥, çâ® á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

uNk → u á« ¡® ¢  L2(QT ),

uNk
t → y á« ¡® ¢  L2(QT ),

uNk
xj

→ gj á« ¡® ¢  L2(QT ).

Ǳ®ª ¦¥¬, çâ® y = ut, gj = uxj
, j = 1, ..., n. Ǳ® ®¯à¥¤¥«¥­¨î ¯à®¨§¢®¤-

­®© ¢ á¬ëá«¥ �®¡®«¥¢ , ¨ ¢ á¨«ã â®£® çâ® ª« áá¨ç¥áª ï ¯à®¨§¢®¤­ ï uNk
t

ï¢«ï¥âáï ¨ ®.¯., ¨¬¥¥¬ ∀ϕ ∈ C∞
0 (QT ) :∫

QT
uNk
t ϕdx dt = − ∫

QT
uNkϕt dx dt

↓ Nk → ∞ ↓∫
QT

yϕ dx dt = − ∫
QT

uϕt dx dt

� ª¨¬ ®¡à §®¬, y = ut ¢ á¬ëá«¥ �®¡®«¥¢ .
� ¢¥­áâ¢® gj = uxj ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�ç¥¢¨¤­®, çâ® u ∈
+◦
W 1

2(QT ) .
3. "Ǳà¥¤¥«ì­ë© ¯¥à¥å®¤". Ǳ®ª ¦¥¬, çâ® u ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

(1). Ǳãáâì

�M (t, x) =

M∑
k=1

bk(t)ϕk(x), bk(T ) = 0.

�¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (12) ­  bj(t) ¨ ¯à®áã¬¬¨àã¥¬ ¯® j ®â 0
¤® M , ¯®«ãç¨¬ çâ®∫

QT

(uNtt − �uN − f)�M (t, x) dx dt = 0, N > M

�­â¥£à¨àãï ¯® ç áâï¬ ¯® t ¨ ¯® xj , ¯®«ãç¨¬ çâ®∫
QT

(−uNt (�M )t +

n∑
i=1

uNxj
(�M )xj

− f�M dx dt = 0. (19)

(�á«¨ ¢ ¯¥à¢®­ ç «ì­®© § ¤ ç¥ ¡ë«® f ∈  L2(QT ) , â® ­ ©¤¥âáï â ª ï ¯®-
á«¥¤®¢ â¥«ì­®áâì fN , çâ® fN → f ¢  L2 . Ǳ®íâ®¬ã ¢ à ¢¥­áâ¢¥ (17) äã­ª-
æ¨î f ¬®¦­® § ¬¥­¨âì ­  fN ). �áâà¥¬¨¬ Nk → ∞ , ¯®«ãç¨¬, çâ®∫

QT

(−ut(�M )t +

n∑
i=1

uxj
(�M )xj

− f�M dx dt = 0. (20)
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�­®¦¥áâ¢® äã­ªæ¨© ¢¨¤  �M ¢áî¤ã ¯«®â­ë ¢ ¯à®áâà ­áâ¢¥
−◦
W 1

2(QT )
¯®íâ®¬ã à ¢¥­áâ¢® (20) ®áâ ­¥âáï á¯à ¢¥¤«¨¢®, ¥á«¨ ¬ë äã­ªæ¨î �M § -

¬¥­¨¬ ¯à®¨§¢®«ì­®© äã­ªæ¨¥© � ¨§ ¯à®áâà ­áâ¢ 
−◦
W 1

2(QT ) . �

ª®­¥æ «¥ªæ¨¨ ò28

�¥ªæ¨ï ò29.

§ 13 � ¤ ç  �ãàá .

Ǳãáâì � = [0, l] × [0,m] . � áá¬®âà¨¬ ãà ¢­¥­¨¥

uxy + a(x, y)ux + b(x, y)uy + cu = f(x, y) (x, y) ∈ [0, l] × [0,m]. (1)

u(0, y) = ψ(y), y ∈ [0,m] (2)

u(x, 0) = ϕ(x) x ∈ [0, l] (3)

�¨á.1.�¡« áâì ®¯à¥¤¥«¥­¨ï à¥è¥­¨ï u(x, y) .

�¯à¥¤¥«¥­¨¥. �« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ íâ®© § ¤ ç¨ �ãàá  ­ §®¢¥¬
äã­ªæ¨î u : u ∈ C(�) ∩ C2(�) á®£« á®¢ ­­ãî á (1) | (3).

� ¬¥ç ­¨¥. Ǳàï¬ë¥ x = 0, y = 0 | å à ªâ¥à¨áâ¨ª¨ ãà ¢­¥­¨ï (1).
(�á«¨ ¢ë¯¨á âì å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ dx dy = 0 , â® ¥£® à¥è¥­¨ï
¨¬¥îâ ¢¨¤ x = const, y = const ).

�âã § ¤ çã �ãàá  (1) | (3) ¬ë á¢¥¤¥¬ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î
â¨¯  �®«ìâ¥àà .

�â¢¥à¦¤¥­¨¥. �¥è¥­¨¥ u § ¤ ç¨ (1) | (3) áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­-
­®, ¥á«¨ ϕ ∈ C1[0, l], ψ ∈ C1[0,m] ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ á®£« á®¢ ­¨ï:
ϕ(0) = ψ(0) (â.ª. ϕ(0) = u(0, 0) = ψ(0) ).

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ á¯¥æ¨ «ì­ãî § ¬¥­ã ­¥¨§¢¥áâ­®© äã­ªæ¨¨

v(x, y) = ux, w = uy.
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�®£¤  ¨§ (1) ¢ëâ¥ª ¥â, çâ®

wx = f − av − bw − cu (4)

uy = f − av − cu− bw (5)

uy = w (6)

�à ­¨ç­ë¥ ãá«®¢¨ï ¯à¨¬ãâ ¢¨¤

u(x, 0) = ϕ(x), v(x, 0) = ϕ′(x) x ∈ [0, l]; w(0, y) = ψ′(y) y ∈ [0,m] (7)

� ¬¥ç ­¨¥. � ¤ ç¨ (1) | (3) ¨ (4) | (7) íª¢¨¢ «¥­â­ë.
� ¤ çã (4) | (7) á¢¥¤¥¬ ª ¨­â¥£à «ì­®© á«¥¤ãîé¨¬ ®¡à §®¬: (4)

¨­â¥£à¨àã¥¬ ¯® x ®â 0 ¤® x ; (5) ¨­â¥£à¨àã¥¬ ¯® y ®â 0 ¤® y ; (6)
¨­â¥£à¨àã¥¬ ¯® y ®â 0 ¤® y . Ǳ®«ãç ¥¬ çâ®

w(x, y) = ψ′(y) +
∫ x
0
{f(ξ, y) − av(ξ, y) − bw(ξ, y) − cu(ξ, y)} dξ

v(x, y) = ϕ′(x) +
∫ y
0
{f(x, η) − av(x, η) − bw(x, η) − cu(x, η)} dη

u(x, y) = ϕ(x) +
∫ y
0
w(x, η) dη.

(8)

� ¤ ç  (4) | (7) íª¢¨¢ «¥­â­  ¨­â¥£à «ì­®© á¨áâ¥¬¥ (8).
Ǳ®áâà®¨¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ tk = (uk, vk, wk) § ¤ ç¨ (8). �ã«¥-

¢®¥ ¯à¨¡«¨¦¥­¨¥ § ¤ ¤¨¬ à ¢¥­áâ¢®¬
w0(x, y) = ψ′(y) +

∫ x
0
f(ξ, y) dξ

v0(x, y) = ϕ′(x) +
∫ y
0
f(x, η) dη

u0(x, y) = ϕ(x).

(9)

� k + 1 -¥ ¯à¨¡«¨¦¥­¨¥ ®¯à¥¤¥«¨¬ á«¥¤ãîé¥© á¨áâ¥¬®© ãà ¢­¥­¨©:
wk+1(x, y) = w0(x, y) +

∫ x
0
{−avk(ξ, y) − bwk(ξ, y) − cuk(ξ, y)} dξ

vk+1(x, y) = v0(x, y) +
∫ y
0
{−avk(x, η) − bwk(x, η) − cuk(x, η)} dη

uk+1(x, y) = u0(x, y) +
∫ y
0
wk(x, η) dη.

(10)

�®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â â ª ï âà®©ª  t = (u, v, w) â ª ï, çâ®

uk ⇒ u, vk ⇒ v, wk ⇒ w (k → ∞)

�â¬¥â¨¬, çâ®

tk+1 = t0 +

k∑
i=0

(ti+1 − ti) (11)
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�®ª ¦¥¬ áå®¤¨¬®áâì íâ®£® àï¤ . �«ï íâ®£® ®æ¥­¨¬ ª ¦¤ãî à §­®áâì
ti+1 − ti . Ǳ®ª ¦¥¬ ¯® ¨­¤ãªæ¨¨, çâ® áãé¥áâ¢ãîâ ª®­áâ ­âë A ¨ B :

‖ti+1 − ti‖ = max{|ui+1 − ui|, |vi+1 − vi|, |wi+1 − wi|} � BAi
(x + y)i

(i− 1)!
, (12)

i=0,1,2,... �«ï i = −1 ,áç¨â ï çâ® t−1 = 0 , ¨§ ä®à¬ã«ë (9) ¨¬¥¥¬

max{|u0 − u−1|, |v0 − v−1|, |w0 − w−1|} � B (13)

Ǳà¥¤¯®«®¦¨¬, çâ® ¤«ï i = −1, 0, ..., k0 ®æ¥­ª  (12) ¢¥à­  ¨ ¤®ª ¦¥¬ ¥¥
¤«ï i = k0 + 1 . �§ á¨áâ¥¬ë (10) ¢ë¢®¤¨¬

(wk+1 − wk)(x, y) =
∫ x
0
{−a(vk − vk−1) − b(wk − wk−1) − c(uk − uk−1)} dξ

(vk+1 − vk)(x, y) =
∫ y
0
{−a(vk − vk−1) − b(wk − wk−1) − c(uk − uk−1)} dη

(uk+1 − uk)(x, y) =
∫ y
0

(wk − wk−1) dη.
(14)

�âªã¤  á«¥¤ã¥â çâ®

‖tk+1 − tk‖ � B
Ak−1

(k − 2)!
max{|a|, |b|, |c|}

max{
∫ x

0

(ξ + y)k−1 dξ,

∫ y

0

(x + η)k−1 dη} � B
Ak(x + y)k

(k − 2)!
, (15)

£¤¥ A = max(x,y)∈�{|a|, |b|, |c|} . �¥¬ á ¬ë¬ ®æ¥­ª  (12) ¤®ª § ­ . �ï¤

B +

∞∑
k=0

Ak(x + y)k

(k − 2)!

¬ ¦®à¨àã¥â àï¤ (11). Ǳ®íâ®¬ã ¯®á«¥¤­¨© áå®¤¨âáï à ¢­®¬¥à­® ¯à¨ «î-

¡ëå (x, y) ∈ � ¯® ¯à¨§­ ªã �¥©¥àèâà áá . �«¥¤®¢ â¥«ì­® áã¬¬  íâ®£®
àï¤  | ­¥¯à¥àë¢­ ï ¢¥ªâ®à-äã­ªæ¨ï. �
�¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨. �« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �ãàá  ¥¤¨­-

áâ¢¥­­®

�®ª § â¥«ìáâ¢®. � á¨«ã «¨­¥©­®áâ¨ § ¤ ç¨ ¤®áâ â®ç­® ¤®ª § âì ¥¤¨­-
áâ¢¥­­®áâì à¥è¥­¨ï u = 0 ¯à¨ ϕ = 0, ψ = 0, f = 0 . �¨áâ¥¬  (4) |
(6) ¯à¨¬¥â ¢¨¤

w(x, y) =
∫ x
0
{f(ξ, y) − av(ξ, y) − bw(ξ, y) − cu(ξ, y)} dξ

v(x, y) =
∫ y
0
{f(x, η) − av(x, η) − bw(x, η) − cu(x, η)} dη

u(x, y) =
∫ y
0
w(x, η) dη.
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�®¦­® ¯®ª § âì ¯® ¨­¤ãªæ¨¨, çâ®

max{|u|, |v|, |w|}(x, y) � B1

Ak(x + y)k

(k − 1)!

�â¬¥â¨¬, çâ®

B1

Ak(x + y)k

(k − 1)!
→ 0, ¯à¨ k → ∞

�­ ç¨â max{|u|, |v|, |w|}(x, y) = 0 ¯à¨ «î¡ëå (x, y) ∈ � . �

ª®­¥æ «¥ªæ¨¨ ò29

�¥ªæ¨ï ò30

£« ¢  4. Ǳ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï.

§ 14 � ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨. .

� áá¬®âà¨¬ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨

ut = a2 �u + f(t, x), t > 0, x ∈ Rn. (1)

£¤¥ a > 0 , u(t, x) | â¥¬¯¥à âãà  â¥«  ¢ ¬®¬¥­â t ¢ â®çª¥ x . f(t, x) |
¯«®â­®áâì ¢­¥è­¨å ¨áâ®ç­¨ª®¢ â¥¯« . � ç «ì­ ï â¥¬¯¥à âãà  ®¯à¥¤¥«ï-
¥âáï à ¢¥­áâ¢®¬

u|t=0 = ϕ(x). (2)

�ã­¤ ¬¥­â «ì­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ ­ §ë¢ -
îâ á«¥¤ãîéãî äã­ªæ¨î:

�(x, t; ξ, τ) =
1

(2a
√
π(t− τ))n

exp
{
−
∑n
i=1(xi − ξi)

2

4a2(t− τ)

}
(íâã äã­ªæ¨î ­ §ë¢ îâ ¥é¥ ï¤à®¬ Ǳã áá®­ ).

�¢®©áâ¢ :
1) �(x, t; ξ, τ) > 0, ¯à¨ t > τ ;

2) �(x, t; ξ, τ) →
{

0, t → τ, x �= ξ

∞, t → τ, x = ξ
3) �t = a2 ��
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4)
∫

Rn �(x, t; ξ, τ) dξ = 1
5) �(x, t; ξ, τ) | â¥¬¯¥à âãà  ¢ â®çª¥ x ¢ ¬®¬¥­â t ®â ¬£­®¢¥­­®£®

â®ç¥ç­®£® ¨áâ®ç­¨ª  ¢ â®çª¥ ξ ¢ ¬®¬¥­â τ .

�®ª § â¥«ìáâ¢® ¯.3 ¢ á«ãç ¥ n = 1 . Ǳà®¢¥¤¥¬ § ¬¥­ã s = y−x
a
√

2(t−τ) .

�®£¤  ds = dy

a
√

2(t−τ) ¨∫
R1

�(x, t; ξ, τ) dξ =

∫
R1

1√
2π

e−
s2

2 ds =
1√
2π

√
2π = 1. �

�¯à¥¤¥«¥­¨¥ 1.�« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ u(t, x) § ¤ ç¨ (1) | (2), ­ -
§®¢¥¬ äã­ªæ¨î u(t, x) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ãî ¯® (t, x) ∈ [0, T ]×
Rn , ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ãî ¯® x ∈ Rn , ®¡à é îéãî
ãà ¢­¥­¨¥ (1) ¢ â®¦¤¥áâ¢® ¯à¨ ¢á¥å (t, x) ∈ [0, T ]×Rn ¨ ã¤®¢«¥â¢®àïîé¥¥
­ ç «ì­®¬ã ãá«®¢¨î (2).

�â¢¥à¦¤¥­¨¥ 1. Ǳãáâì ϕ ∈ Cb(R
n) | ­¥¯à¥àë¢­ ï ®£à ­¨ç¥­­ ï

äã­ªæ¨ï ¨ ¯ãáâì f ∈ C([0, T ];C1(Rn)) . �®£¤  ª« áá¨ç¥áª®¥ à¥è¥­¨¥ u
§ ¤ ç¨ �®è¨ (1) | (2) áãé¥áâ¢ã¥â.

�®ª § â¥«ìáâ¢®. �®à¬ «ì­® à¥è¥­¨¥ § ¤ ç¨ �®è¨ (1) | (2) ¬®¦­® ¢ë-
¯¨á âì ¢ ¢¨¤¥ ä®à¬ã«ë Ǳã áá®­ :

u(t, x) =
1

(2a
√
πt)n

∫
Rn

ϕ(y) exp
{
−
∑n
i=1(xi − yi)

2

4a2t

}
dy+

+

∫ t

0

1

(2a
√
π(t− τ))n

∫
Rn

f(τ, y) exp
{
−
∑n
i=1(xi − yi)

2

4a2(t− τ)

}
dy dτ. (3)

�¯à ¢¥¤«¨¢®áâì ãà ¢­¥­¨ï (1) ãáâ ­ ¢«¨¢ ¥âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ -
­®¢ª®©. �¤­ ª®, ¬ë ­¥ ¬®¦¥¬ ¯®¤áâ ¢¨âì ­ã«ì ¢¬¥áâ® t ¤«ï ¯à®¢¥àª¨
­ ç «ì­®£® ãá«®¢¨ï (2) â.ª. ã¦¥ ¯¥à¢ë© ¨­â¥£à « ¢ (3) â¥àï¥â á¬ëá«. �¥¬
­¥ ¬¥­¥¥ á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥:

|u(t, x) − ϕ(y)| → 0 ¯à¨ t → 0, y → x. (4)

�«ï ¯à®áâ®âë ¤®ª ¦¥¬ á®®â­®è¥­¨¥ (4) ¢ á«ãç ¥ f = 0 . �¥©áâ¢¨â¥«ì­®,

¨á¯®«ì§ãï á¢®©áâ¢® 4 ¨ § ¬¥­ã s = y−x
a
√
2t

, ¯®«ãç ¥¬ æ¥¯®çªã à ¢¥­áâ¢

|u(t, x) − ϕ(y)| = |
∫

R1

�(x, t; ξ, τ)ϕ(ξ) dξ − ϕ(y)

∫
R1

�(x, t; ξ, τ) dξ| =

= |
∫

R1

�(x, t; ξ, τ)(ϕ(ξ) − ϕ(y)) dξ| =

=
1√
2π

|
∫

R1

e−
s2

2 (ϕ(x + sa
√

2t) − ϕ(y)) ds| = I. (5)

52



� ä¨ªá¨àã¥¬ ε > 0 , â®£¤  ­ ©¤¥âáï N > 0 â ª®¥, çâ®

1√
2π

|
∫ −N

−∞
e−

s2

2 2M ds| < ε

3
¨

1√
2π

|
∫ +∞

N

e−
s2

2 2M ds| < ε

3
.

£¤¥ M = supy∈R1
|ϕ(y)| . �®£¤  ¨§ (5) á«¥¤ã¥â çâ®

I � 2ε

3
+

1√
2π

|
∫ +N

−N
e−

s2

2 (ϕ(x + sa
√

2t) − ϕ(y)) ds|. (6)

�ã­ªæ¨ï ϕ ­¥¯à¥àë¢­ ï ¢ â x . Ǳ®íâ®¬ã

∀ε > 0 ∃δ > 0 : |x− x1| < δ ⇒ |ϕ(x) − ϕ(x1)| < ε

3

. �«¥¤®¢ â¥«ì­®

|ϕ(x + sa
√

2t) − ϕ(y)| < ε

3
¯à¨ |y − x| < δ

2
, 0 < t <

1

2π
(

δ

2aN
)2 = t∗

(7)
�®£¤  ¨§ (6) ¨ (7) ¢ëâ¥ª ¥â çâ®

I <
2ε

3
+

1√
2π

|
∫ +N

−N
e−

s2

2 ds|ε
3
< ε ¯à¨ |y − x| < δ

2
, t < t∗.

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ®æ¥­ªã

|u(t, x) − ϕ(y)| � ε ¯à¨ 0 < t < t∗, |y − x| < δ(ε).

�®¯à®áë £« ¤ª®áâ¨ à¥è¥­¨ï ¬ë à áá¬®âà¨¬ ­¥áª®«ìª® ¯®§¦¥. �
� ¤ ç  1. Ǳãáâì u(t, x) | à¥è¥­¨¥ § ¤ ç¨ �®è¨: ut = uxx, t > 0,

−∞ < x < +∞, u|t=0 = ϕ(x)

ϕ(x) =


0, x < 0

x, x ∈ [0, 1],

1, x � 1

� ©â¨ limt→+∞ u(t, x) .
� ¤ ç  2. Ǳãáâì u(t, x) | à¥è¥­¨¥ § ¤ ç¨ �®è¨: ut = uxx, t > 0,

−∞ < x < +∞, u|t=0 = ϕ(x)

lim
t→−∞ϕ(x) = A, lim

t→+∞ϕ(x) = B,
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£¤¥ ϕ(x) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï. � ©â¨ limt→+∞ u(t, x)
� ¤ ç  3. Ǳãáâì u(t, x) | à¥è¥­¨¥ § ¤ ç¨ �®è¨: ut = uxx, t > 0,

−∞ < x < +∞, u|t=0 = ϕ(x)

ϕ(x) =


A, x < 0

ϕ(x), x ∈ [0, 1],

B, x � 1

| ­¥¯à¥àë¢­ ï äã­ªæ¨ï. � ©â¨ limt→+∞ u(t, x) .
� ¤ ç  4. Ǳãáâì u(t, x) | à¥è¥­¨¥ § ¤ ç¨ �®è¨: ut = uxx, t > 0,

−∞ < x < +∞, u|t=0 = cosnx � ©â¨ limn→+∞ u(t, x, n) .
� ¤ ç  5. Ǳãáâì u(t, x) | à¥è¥­¨¥ § ¤ ç¨ �®è¨: ut = uxx − 2u +

f(t, x), t > 0 , −∞ < x < +∞, u|t=0 = 0. �ãé¥áâ¢ã¥â «¨ äã­ªæ¨ï
G , â ª ï, çâ®

u(t, x) =

∫ t

0

∫
R1

G(t, x; τ, ξ)f(τ, ξ) dξ dτ ?

� ¤ ç  6. � áá¬®âà¨¬ § ¤ çã2:

ut = uxx − 2u + f(t, x), t > 0, −∞ < x < +∞, α > 0,

f(t + 2π, x) = f(t, x) ∀ t(f ∈ C1(R×Rn). �ãé¥áâ¢ã¥â «¨ 2π - ¯¥à¨®¤¨ç¥-
áª®¥ ¯® t à¥è¥­¨¥ u(t, x) ? (� ã¯®¬ï­ãâ®© áâ âì¥ ¬®¦­® ­ ©â¨ à¥è¥­¨¥
íâ®© § ¤ ç¨)

ª®­¥æ «¥ªæ¨¨ ò30

�¥ªæ¨ï ò31

§ 15 �ï¤ë �ãàì¥.

� áá¬®âà¨¬ äã­ªæ¨î f ∈ C[0, 2π] â ªãî, çâ® f(0) = f(2π) . �®§­¨-
ª ¥â ¢®¯à®á:" �®¦­® «¨ ¥¥ ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

f(x) =
a0
2

+

∞∑
n=1

(an cosnx + bn sinnx) ? (1)

2�¥«®ãá®¢ �. �., �®­ª®¢ �. �. �¥ª®â®àë¥ ¬ â¥¬ â¨ç¥áª¨¥ § ¤ ç¨, á¢ï§ ­­ë¥ á

®¤­®© ¬®¤¥«ìî å¨¬¨ç¥áª®£® ª â «¨§  // �§¢¥áâ¨ï �­áâ¨âãâ  ¬ â¥¬ â¨ª¨ ¨ ¨­ä®à¬ -

â¨ª¨ �¤��.�¦¥¢áª. 1997. �ë¯.1(9).C.3-62.
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� ¯®¬­¨¬, çâ® á¨áâ¥¬  ¨§ á¨­ãá®¢ ¨ ª®á¨­ãá®¢ ®¡« ¤ ¥â á¢®©áâ¢®¬ ®àâ®-
£®­ «ì­®áâ¨:∫ 2π

0

cosmx cosnxdx =
1

2

∫ 2π

0

cos(m−n)x+cos(m+n)x dx =

{
0, m �= n

π,m = n �= 0.∫ 2π

0

sinmx sinnxdx =
1

2

∫ 2π

0

cos(m− n)x− cos(m+n)x dx =

{
0, m �= n

π, m = n.∫ 2π

0

cosmx sinnxdx =
1

2

∫ 2π

0

sin(m + n)x− sin(m− n)x dx = 0.

�à®¬¥ â®£® ∀ m ∈ N∫ 2π

0

cosmxdx = 0,

∫ 2π

0

sinmxdx = 0

�®á¯®«ì§®¢ ¢è¨áì íâ¨¬, ¯®«ãç¨¬:

a0 =
1

2π

∫ 2π

0

f(x) dx, an =
1

π

∫ 2π

0

f(x) cosnxdx, bn =
1

π

∫ 2π

0

f(x) sinnxdx

(2)
| ª®íää¨æ¨¥­âë �ãàì¥ (¨­â¥£à «ë ¢ á¬ëá«¥ �¥¡¥£ ). � ª¨¬ ®¡à §®¬
äã­ªæ¨¨ f ∈  L2(0; 2π) á®¯®áâ ¢«ï¥âáï àï¤ �ãàì¥

f ∼
a0
2

+

∞∑
n=1

(an cosnx + bn sinnx)

�¥®à¥¬  �¥¡¥£ . �á«¨ f1 ∈  L2(0; 2π) ¨ f2 ∈  L2(0; 2π) ¨ ¨¬¥îâ ®¤¨­ -

ª®¢ë¥ ª®íää¨æ¨¥­âë �ãàì¥, â® f1(x) = f2(x) ¯®çâ¨ ¢áî¤ã.

�®ª § â¥«ìáâ¢®. (®â ¯à®â¨¢­®£®). Ǳãáâì f = f1 − f2 . � ¯ãáâì f ∈
C[0, 2π]; f �= 0 . �®£¤  áãé¥áâ¢ã¥â ®âà¥§®ª [a, b] ⊂ [0, 2π] : ∀ x ∈
[a, b] f(x) � m > 0 . Ǳà¨ íâ®¬ f ®àâ®£®­ «ì­  ¢á¥¬ âà¨£®­®¬¥âà¨ç¥-
áª¨¬ ¯®«¨­®¬ ¬ â.¥. f ¨¬¥¥â ­ã«¥¢ë¥ ª®íää¨æ¨¥­âë �ãàì¥. �­ ç¨â ∀ ϕ
| âà¨£®­®¬¥âà¨ç¥áª®£® ¯®«¨­®¬  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®∫ 2π

0

f(x)ϕ(x) dx = 0. (3)

Ǳãáâì ϕ(x) = ψn(x) £¤¥

ψ(x) = 1 + cos(x− 1

2
(a + b)) − cos(

1

2
(a− b)) = A + cos(x−B).
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�¨á.1. ψ(x) � 1 ¯à¨ x ∈ [a, b], |ψ(x)| < 1 ¯à¨ x /∈ [a, b].

�â¬¥â¨¬, çâ® ψ(a) = 1, ψ(b) = 1. � §®¡ì¥¬ ¨­â¥£à « (3) ­  ¤¢ 
¨­â¥£à « 

0 =

∫ 2π

0

f(x)ϕ(x) dx =

∫
[a,b]

f(x)ϕ(x) dx +

∫
[0,2π]\[a,b]

f(x)ϕ(x) dx (4)

�â¬¥â¨¬, çâ® |ϕ(x)| � 1 ¯à¨ x ∈ [0, 2π] \ [a, b] â.ª. |ψ(x)| � 1 . �«¥¤®¢ -
â¥«ì­®

|
∫
[0,2π]\[a,b]

f(x)ϕ(x) dx| � max
x

|f(x)|(2π − |b− a|) < ∞

C ¤àã£®© áâ®à®­ë (â.ª. f(x) � m ¨ ψ(x) > (1 + δ), x ∈ [a′, b′])∫
[a,b]

f(x)ϕ(x) dx �
∫
[a′,b′]

m(1 + δ)n dx � |a′ − b′|m(1 + δ)n → ∞

¯à¨ n → ∞. �â® ¯à®â¨¢®à¥ç¨â (4). �«¥¤®¢ â¥«ì­® f ≡ 0 .
2. Ǳãáâì â¥¯¥àì f ∈  L2(0; 2π) . � ¯ãáâì

F (x) =

∫ x

0

f(t) dt ⇒ F ′(x) = f(x) ¯.¢. (¯® â. �¥¡¥£ )

⇒ F (0) = 0, F (2π) =

∫ 2π

0

f(t) dt = π a0 = 0.

�­ ç¨â F | ­¥¯à¥àë¢­ ï ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï. � ©¤¥¬ ¥¥ ª®íää¨-
æ¨¥­âë �ãàì¥

An =
1

π

∫ 2π

0

F (x) cosnxdx =
1

πn

∫ 2π

0

F (x) d sinnx =︸︷︷︸
¯® ç áâï¬

=
1

πn
F (x) sinnx

∣∣∣∣2π
0︸ ︷︷ ︸

0

− 1

πn

∫ 2π

0

f(x) sinnxdx︸ ︷︷ ︸
πbn

. ⇒ An = 0 ∀ n � 1.
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�­ «®£¨ç­®

Bn =
1

π

∫ 2π

0

F (x) sinnxdx = − 1

πn

∫ 2π

0

F (x) d cosnx =︸︷︷︸
¯® ç áâï¬

= − 1

πn
F (x) cosnx

∣∣∣∣2π
0︸ ︷︷ ︸

0

+
1

πn

∫ 2π

0

f(x) cosnxdx︸ ︷︷ ︸
πan

. ⇒ Bn = 0 ∀ n � 1.

�à®¬¥ â®£®

A0 =
1

π

∫ 2π

0

F (x) dx = 2πC, C = const

�®£¤  äã­ªæ¨ï F (x) − C ¨¬¥¥â ¢á¥ ª®íää¨æ¨¥­âë �ãàì¥ | ­ã«¨. �
¤àã£®© áâ®à®­ë

∫ x
0
f(x) dx ∈ C[0, 2π] ¥á«¨ f ∈  L1(0, 2π) �­ ç¨â F (x)−C ∈

C[0, 2π] . �«¥¤®¢ â¥«ì­® F (x) − C ≡ 0 , â.¥.{
F (x) ≡ C

F (0) = 0
⇒ F (x) ≡ 0. �

§ 16 �àâ®£®­ «ì­ë¥ á¨áâ¥¬ë ¢  L2(0, 2π) .

�¨áâ¥¬ 
1, cosx, cos 2x, ...

sinx, sin 2x, ...

¯®«­ ï.
� ¯®¬­¨¬, çâ® á¨áâ¥¬  {ϕn} ­ §ë¢ ¥âáï ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥-

¬®© äã­ªæ¨© ¢  L2(0, 2π) , ¥á«¨
1) (ϕn, ϕm) L2(0,2π)

= 0, ¯à¨ n �= m ,

2) ‖ϕn‖ L2(0,2π)
= 1 .

�¯à¥¤¥«¥­¨¥ �¨áâ¥¬  {ϕn} | ¯®«­ ï, ¥á«¨

(∀ f ∈  L2(0, 2π), f ∼

∞∑
n=1

cnϕn ¨ ∀ n cn = 0) ⇒ f ≡ 0.

�¥à ¢¥­áâ¢® �¥áá¥«ï. Ǳãáâì á¨áâ¥¬  {ϕn} | ¯®«­ ï ®àâ®­®à¬¨à®-
¢ ­­ ï,   f ∈  L2(0, 2π) . � ¯ãáâì

f ∼

∞∑
n=1

cnϕn, cn =

∫ 2π

0

f(x)ϕn(x) dx.
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�¡®§­ ç¨¬ ç¥à¥§ J á«¥¤ãîé¨© ¨­â¥£à «

J =

∫ 2π

0

(f(x) −
m∑
n=1

cnϕn(x))2 dx.

�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

0 � J =

∫ 2π

0

(f(x) −
m∑
n=1

cnϕn(x))(f(x) −
m∑
k=1

ckϕn(x)) dx =

=

∫ 2π

0

f2(x) dx−
m∑
n=1

cn

∫ 2π

0

ϕn(x)f(x) dx︸ ︷︷ ︸
cn

−
m∑
k=1

ck

∫ 2π

0

ϕk(x)f(x) dx︸ ︷︷ ︸
ck

−

−
m∑
n=1

m∑
k=1

cnck

∫ 2π

0

ϕn(x)ϕk(x) dx︸ ︷︷ ︸
c2n

=

∫ 2π

0

f2(x) dx−
m∑
n=1

c2n. (1)

�«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® �¥áá¥«ï:

m∑
n=1

c2n �
∫ 2π

0

f2(x) dx < ∞. (2)

� ¬¥ç ­¨¥. �á«¨ f ∈  L2(0, 2π) , â® àï¤
∑∞
n=1 c

2
n áå®¤¨âáï.

�®ª ¦¥¬ â¥¯¥àì à ¢¥­áâ¢® Ǳ àá¥¢ «ï. Ǳãáâì fm =
∑∞
n=1 cnϕn(x)

| ç áâ¨ç­ë¥ áã¬¬ë àï¤ . �®£¤ 

‖fm − fn‖2L2(0,2π) =

∫ 2π

0

(fm − fn)2 dx =

m∑
i=n

c2i = |rm − rn| (3)

�ë ®¡®§­ ç¨«¨ ç¥à¥§ rm áã¬¬ã
∑m
i=1 c

2
i . �®£¤  ¨§ áå®¤¨¬®áâ¨ àï¤ ∑∞

i=1 c
2
i ¢ëâ¥ª ¥â äã­¤ ¬¥­â «ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ rm :

∀ ε > 0 ∃ N : ∀ n > N, m > N |rm − rn| < ε.

�«¥¤®¢ â¥«ì­® ¯®á«¥¤®¢ â¥«ì­®áâì fm äã­¤ ¬¥­â «ì­  ¢  L2(0, 2π) .
�¢¨¤ã ¯®«­®âë ¯à®áâà ­áâ¢   L2(0, 2π) áãé¥áâ¢ã¥â äã­ªæ¨ï g ª ª®â®à®©
áå®¤¨âáï ­ è  ¯®á«¥¤®¢ â¥«ì­®áâì fm .
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Ǳ®ª ¦¥¬, çâ® äã­ªæ¨¨ g ¨ f ¨¬¥îâ ®¤­¨ ¨ â¥ ¦¥ ª®íää¨æ¨¥­âë
�ãàì¥. (�¥¬ á ¬ë¬ ¬ë ¤®ª ¦¥¬, çâ® g = f ):¯à¨ m > n

cn =

∫ 2π

0

f(x)ϕn(x) dx =

∫ 2π

0

fm(x)ϕn(x) dx →
∫ 2π

0

g(x)ϕn(x) dx = An

� ª¨¬ ®¡à §®¬ ¬ë ¤®ª § «¨, çâ® g = f .

�¥¯¥àì ¢®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬ (1):

J =
∫ 2π

0
(f(x) −∑m

n=1 cnϕn(x))2 dx =
∫ 2π

0
f2(x) dx−∑m

n=1 c
2
n.

↓ ↓
0 =

∫ 2π

0
(f(x) − g(x))2 dx =

∫ 2π

0
f2(x) dx−∑∞

n=1 c
2
n.

�«¥¤®¢ â¥«ì­® á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® Ǳ àá¥¢ «ï:

∫ 2π

0

f2(x) dx =

∞∑
n=1

c2n.

�â¢¥à¦¤¥­¨¥. �á«¨ fm
 L2→ g , â® ∀ ϕ ∈  L2(0, 2π) á¯à ¢¥¤«¨¢® á®®â-

­®è¥­¨¥ (fm, ϕ) L2
→ (g, ϕ) L2

.

�®ª § â¥«ìáâ¢®. |(fm− g) L2
| � ‖fm− g‖ L2

‖ϕ‖ L2
→ 0 ⇒ (fm, ϕ) L2

→
(g, ϕ) L2

�

� ¤ ç . �«ï â®£®, çâ®¡ë äã­ªæ¨ï f ∈  L2(0, 2π) ¯à¨­ ¤«¥¦ « 
H1(0, 2π) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® çâ®¡ë áå®¤¨«áï àï¤ á ®¡é¨¬ ç«¥­®¬
n2(a2n + b2n) , £¤¥

an =
1

π

∫ 2π

0

f(x) cosnxdx, bn =
1

π

∫ 2π

0

f(x) sinnxdx, n � 1

Ǳà¨ íâ®¬

‖f‖2H1 =

∫ 2π

0

f2 + f ′2 dx = π
∞∑
n=1

n2(a2n + b2n) + π(
a0
2

)2

ª®­¥æ «¥ªæ¨¨ ò31
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�¥ªæ¨ï ò32

§ 17 1- ï ªà ¥¢ ï § ¤ ç . Ǳà¨­æ¨¯ ¬ ªá¨¬ã¬ 

� áá¬®âà¨¬ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨

ut = a2 �u + f(t, x), 0 < t < T, x ∈ Ω. (1)

£¤¥ a > 0 , u(t, x) | â¥¬¯¥à âãà  â¥«  ¢ ¬®¬¥­â t ¢ â®çª¥ x . f(t, x) |
¯«®â­®áâì ¢­¥è­¨å ¨áâ®ç­¨ª®¢ â¥¯« . � ç «ì­ ï â¥¬¯¥à âãà  ®¯à¥¤¥«ï-
¥âáï à ¢¥­áâ¢®¬

u|t=0 = ϕ(x), x ∈ Ω. (2)

�à®¬¥ â®£® ¢ë¯®«­ï¥âáï £à ­¨ç­®¥ ãá«®¢¨¥

u|S = ψ(t, x). (3)

£¤¥ S = [0, T ] × ∂Ω .

�¨á.1. �¡« áâì �.

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ ­ §ë¢ âì u ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ § ¤ ç¨
(1) | (3) , ¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ âà¨ ãá«®¢¨ï:

1) u ∈ C(�), � = (0, T ) ×Ω,
2) ut, uxx ∈ C((0, T ) ×Ω),
3) u á®£« á®¢ ­® á (1) | (3).

Ǳà¨­æ¨¯ ¬ ªá¨¬ã¬ . Ǳãáâì u | ª« áá¨ç¥áª®¥ à¥è¥­¨¥ ¯¥à¢®© ªà ¥-
¢®© § ¤ ç¨ (1) | (3) á f = 0 . �®£¤  ∀(t, x) ∈ � á¯à ¢¥¤«¨¢  ®æ¥­ª 

min
(τ,y)∈S∪Ω

u(τ, y) � u(t, x) � max
(τ,y)∈S∪Ω

u(τ, y). (4)

�®ª § â¥«ìáâ¢®. �â ¯à®â¨¢­®£®. Ǳãáâì (t∗, x∗) ∈ � | â®çª  ¬ ªá¨¬ã¬ :

u(t∗, x∗) = max
(t,x)∈�

u(t, x) = M.
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�¡®§­ ç¨¬
m = max

(τ,y)∈S∪Ω
u(τ, y).

Ǳà¥¤¯®« £ ¥¬, çâ® M > m . � ¬ ¯®­ ¤®¡¨âáï ¢á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï

v(t, x) = u(t, x) +
M −m

2nd2

n∑
i=1

(xi − x∗i)2, (5)

£¤¥ d = diamΩ . �­ ç¨â

max
(τ,y)∈S∪Ω

v(τ, y) � m +
M −m

2nd2
d2 = m +

M −m

2n
= m(1 − 1

2n
) +

M

2n
< M.

�® v(t∗, x∗) = M . �®£¤  äã­ªæ¨ï v ¤®áâ¨£ ¥â max ¢­ãâà¨ ®¡« áâ¨

� «¨¡® ¯à¨ t = T (íâ® ¬­®¦¥áâ¢® ®¡®§­ ç¨¬ ç¥à¥§ ~� ). Ǳãáâì â®çª 

(t1, x1) ∈ ~� â ª ï, çâ®

v(t1, x1) = max
(τ,y)∈~�

v(τ, y), ⇒ (vt − a2�v)|(t1,x1) � 0.

�¨á.2. �®çª¨ ¬ ªá¨¬ã¬ : vt(t1, x1) � 0, �v(t1, x1) � 0 .

� ¤àã£®© áâ®à®­ë ¢ á¨«ã à ¢¥­áâ¢  (5) ¢¥à­® ­¥à ¢¥­áâ¢®

(vt − a2�v) = (ut − a2�u) − a2
M −m

2nd2
2n < 0.

Ǳà®â¨¢®à¥ç¨¥. �¤­® ¨§ ¤¢ãå ­¥à ¢¥­áâ¢ (4) ¤®ª § ­®.
� ¬¥­¨¬ u ­  −u ( −u | â®¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï â¥¯«®-

¯à®¢®¤­®áâ¨). �®£¤  max ¨ min ¯®¬¥­ïîâáï ¬¥áâ ¬¨. �­ ç¨â ¢â®à®¥
­¥à ¢¥­áâ¢® ¢ (4) â®¦¥ á¯à ¢¥¤«¨¢®. �

�«¥¤áâ¢¨¥ 1. �« áá¨ç¥áª®¥ à¥è¥­¨¥ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ¥á«¨ áã-
é¥áâ¢ã¥â, â® ¥¤¨­áâ¢¥­­®.
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�®ª § â¥«ìáâ¢®. Ǳãáâì u1 ¨ u2 ¤¢  à¥è¥­¨ï § ¤ ç¨ (1) | (3). Ǳãáâì
v = u1 − u2 . �®£¤  

vt = a2�v,

v|t=0 = 0,

v|S = 0

�§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¢ëâ¥ª ¥â, çâ®

v ≡ 0 ⇒ u1 ≡ u2 �

�«¥¤áâ¢¨¥ 2. �« áá¨ç¥áª®¥ à¥è¥­¨¥ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ãáâ®©-

ç¨¢® ª ¢®§¬ãé¥­¨î ­ ç «ì­®£® ¨ £à ­¨ç­ëå ãá«®¢¨©.

�®ª § â¥«ìáâ¢®. Ǳãáâì u1 ¨ u2 ¤¢  à¥è¥­¨ï § ¤ ç¨ (1) | (3):
u1t = a2�u1 + f,

u1|t=0 = ϕ1,

u1|S = ψ1


u2t = a2�u2 + f,

u2|t=0 = ϕ2,

u2|S = ψ2

Ǳà¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­ë ¤¢  ­¥à ¢¥­áâ¢ :

‖ϕ1 − ϕ2‖C(Ω) � ε ‖ψ1 − ψ2‖S � ε.

�®£¤  ­¥à ¢¥­áâ¢®

‖u1 − u2‖C(�) � ε.

¢ëâ¥ª ¥â ¨§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ : ¥á«¨ v = u1 − u2 â®
vt = a2�v,

v|t=0 = ϕ1 − ϕ2,

v|S = ψ1 − ψ2

�§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  á«¥¤ã¥â, çâ®

−ε � min
(τ,y)∈S∪Ω

v(τ, y) � v(t, x) � max
(τ,y)∈S∪Ω

v(τ, y) � ε

�­ ç¨â

‖v‖C(�) � ε �
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§ 18 �¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå (á ®¡®á­®¢ ­¨¥¬).

� áá¬®âà¨¬ § ¤ çã
ut = a2 uxx, t > 0, 0 < x < π

u|t=0 = ϕ(x),

u|x=0 = u|x=π = 0.

(6)

� áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

u = T (t)X(x).

Ǳ®¤áâ ¢«ïï ¢ ãà ¢­¥­¨¥ ¯®«ãç¨¬

T ′X = a2TX ′′

Ǳ®¤¥«¨¢ ­  a2TX , ¢ë¢®¤¨¬

T ′

a2T
=

X ′′

X
= −λ2. ⇒

{
T ′ = −λ2a2T,
X ′′ = −λ2X, X(0) = X(π) = 0. (�.�.-�.)

�¥è ï § ¤ çã �âãà¬ -�¨ã¢¨««ï, ¯®«ãç¨¬

Xk = sin kx, k = 1, 2, ... λk = k.

�­ ç¨â T ′
k = −a2λ2kTk ⇒ Tk = cke

−a2k2t . �«¥¤®¢ â¥«ì­® à¥è¥­¨¥ u
¬®¦¥¬ ¯®¤áâ ¢¨âì ¢ ¢¨¤¥ ä®à¬ «ì­®£® àï¤ 

u(t, x) =

n∑
k=1

cke
−a2k2t sin kx (7)

Ǳ®ª ¦¥¬, çâ® íâ®â àï¤ ï¢«ï¥âáï ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬, ¥á«¨ ­ ç «ì­®¥
ãá«®¢¨¥ ¤®áâ â®ç­® £« ¤ª®¥.

�¥®à¥¬ . Ǳãáâì ϕ(0) = ϕ(π) ¨ ϕ ∈ C1[0;π] . �®£¤  äã­ªæ¨ï u(t, x) ,

¯à¥¤áâ ¢«¥­­ ï àï¤®¬ (7), ï¢«ï¥âáï ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ § ¤ ç¨ (6).

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® ¥á«¨ ϕ ∈ C1[0;π] , â®

ϕ(x) =

∞∑
k=1

ck sin kx ⇒ ϕ′(x) =

∞∑
k=1

k ck cos kx
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�§ à ¢¥­áâ¢  Ǳ àá¥¢ «ï á«¥¤ã¥â, çâ®∫ π

0

(ϕ′)2 dx =
1

2

∞∑
k=1

(k ck)
2 < +∞.

�­ ç¨â ¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨-�ã­ïª®¢áª®£® ¨¬¥¥¬

∞∑
k=1

|ck| =

∞∑
k=1

|k ck|1
k

� {
∞∑
k=1

(k ck)
2} 1

2 {
∞∑
k=1

1

k2
} 1
2 < +∞.

�«¥¤®¢ â¥«ì­® àï¤ (7) áå®¤¨âáï à ¢­®¬¥à­® ¯® ¯à¨§­ ªã �¥©¥àèâà áá .

Ǳ®íâ®¬ã u ∈ C(�) .
� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ ç¨á«® t1 > 0 . �®£¤  ¯à¨ «î¡®¬ t > t1

¢¥à­ë ®æ¥­ª¨

|uxx(t, x)| �
n∑
k=1

|k2 cke−a2k2t sin kx| �
n∑
k=1

|k2 ck|e−a2k2t �

�
n∑
k=1

|k2 ck|e−a2kt1 �
n∑
k=1

M k qk = M
q

(1 − q)2
< +∞,

£¤¥ M = max |kck|, q = e−a
2t1 < 1 . �«¥¤®¢ â¥«ì­® á¯à ¢¥¤«¨¢® ¢ª«îç¥-

­¨¥ uxx ∈ C(�) .
�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ut ∈ C(�) . �
� ¬¥ç ­¨¥. Ǳ¥à¢ ï ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

­¥ª®àà¥ªâ­  ¯à¨ t ∈ (−∞, 0] (â.ª. cke
−a2t → +∞ ¯à¨ t → −∞ ).

ª®­¥æ «¥ªæ¨¨ ò32

�¥ªæ¨ï ò33

§ 19 2- ï ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï

â¥¯«®¯à®¢®¤­®áâ¨. �­¥à£¥â¨ç¥áª ï ®æ¥­ª 

�¨á.1. �¡« áâì �.
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� áá¬®âà¨¬ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨

ut = a2 �u + f(t, x), 0 < t < T, x ∈ Ω. (1)

£¤¥ a > 0 , u(t, x) | â¥¬¯¥à âãà  â¥«  ¢ ¬®¬¥­â t ¢ â®çª¥ x . f(t, x) |
¯«®â­®áâì ¢­¥è­¨å ¨áâ®ç­¨ª®¢ â¥¯« . � ç «ì­ ï â¥¬¯¥à âãà  ®¯à¥¤¥«ï-
¥âáï à ¢¥­áâ¢®¬

u|t=0 = ϕ(x), x ∈ Ω. (2)

�à®¬¥ â®£® ¢ë¯®«­ï¥âáï £à ­¨ç­®¥ ãá«®¢¨¥

∂u

∂n
|S = ψ(t, x). (3)

£¤¥ S = [0, T ] × ∂Ω , n | ¥¤¨­¨ç­ ï ¢­¥è­ïï ­®à¬ «ì ª ¯®¢¥àå­®áâ¨ S .

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ ­ §ë¢ âì u ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ ¢â®à®©
ªà ¥¢®© § ¤ ç¨ (1) | (3) , ¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ âà¨ ãá«®¢¨ï:

1) u ∈ C1(�), � = (0, T ) ×Ω,
2) uxx ∈ C(�),
3) u á®£« á®¢ ­® á (1) | (3).

�­¥à£¥â¨ç¥áª ï ®æ¥­ª .

�â¢¥à¦¤¥­¨¥ Ǳãáâì f = 0, ψ = 0 , ¨ ¯ãáâì u | à¥è¥­¨¥ ¢â®à®©
ªà ¥¢®© § ¤ ç¨ (1) | (3). �®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª ∫

Ω

u2(t, x) dx �
∫
Ω

ϕ2(x) dx. (4)

�®ª § â¥«ìáâ¢®. �®¬­®¦¨¬ ãà ¢­¥­¨¥ (1) ­  2u ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® x
¯® ®¡« áâ¨ Ω :∫
Ω

ut 2u︸ ︷︷ ︸
(u2)t

dx = a2
∫
Ω

�u 2udx = −2a2
∫
Ω

n∑
i=1

(uxi
)2 dx+2a2

∫
∂Ω

u
∂u

∂n︸︷︷︸
0

ds � 0.

Ǳ®á«¥¤­¥¥ à ¢¥­áâ¢® ¢¥à­® ¢ á¨«ã ä®à¬ã«ë �à¨­ . �«¥¤®¢ â¥«ì­®∫
Ω

(u2)t dx � 0 ⇒ ∀ t > 0

∫
Ω

u2(t, x) dx �
∫
Ω

u2(0, x) dx �

�«¥¤áâ¢¨¥ �« áá¨ç¥áª®¥ à¥è¥­¨¥ 2-© ªà ¥¢®© § ¤ ç¨ ¥¤¨­áâ¢¥­­®.
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�®ª § â¥«ìáâ¢®. Ǳãáâì u1 ¨ u2 ¤¢  à¥è¥­¨ï § ¤ ç¨ (1) | (3). Ǳãáâì
v = u1 − u2 . �®£¤  

vt = a2�v,

v|t=0 = 0,
∂v
∂n

∣∣
S

= 0

�§ í­¥à£¥â¨ç¥áª®© ®æ¥­ª¨ ¢ëâ¥ª ¥â, çâ®∫
Ω

v2(t, x) dx = 0 ⇒ v ≡ 0 ⇒ u1 ≡ u2 �

�«¥¤áâ¢¨¥ 2. �« áá¨ç¥áª®¥ à¥è¥­¨¥ 2-© ªà ¥¢®© § ¤ ç¨ ãáâ®©ç¨¢®

ª ¢®§¬ãé¥­¨î ­ ç «ì­®£® ãá«®¢¨ï.

�®ª § â¥«ìáâ¢®. Ǳãáâì u1 ¨ u2 ¤¢  à¥è¥­¨ï § ¤ ç¨ (1) | (3):
u1t = a2�u1 + f,

u1|t=0 = ϕ1,

∂u1

∂n

∣∣∣
S

= ψ


u2t = a2�u2 + f,

u2|t=0 = ϕ2,

∂u2

∂n

∣∣∣
S

= ψ

Ǳãáâì v = u1 − u2 . �®£¤  
vt = a2�v,

v|t=0 = 0,
∂v
∂n

∣∣
S

= ϕ1 − ϕ2

�§ í­¥à£¥â¨ç¥áª®© ®æ¥­ª¨ (4) ¢ëâ¥ª ¥â, çâ®∫
Ω

v(t, x) dx �
∫
Ω

(ϕ1 − ϕ2)2 dx = ‖ϕ1 − ϕ2‖2 L2(Ω)
⇒

max
t∈[0,π]

‖v2(t, ·)‖2 L2(Ω)
� ‖ϕ1 − ϕ2‖2 L2(Ω)

. (5)

Ǳà¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®:

‖ϕ1 − ϕ2‖ L2(Ω)
� δ = ε.

�®£¤  ¨§ ®æ¥­ª¨ (5) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®

max
t∈[0,π]

‖u1(t, ·) − u2(t, ·)‖ L2(Ω)
� ε. �

ª®­¥æ «¥ªæ¨¨ ò33
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�¥ªæ¨ï ò34

§ 20 Ǳà¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ­¥®£à ­¨ç¥­­®© ®¡« áâ¨

�â¢¥à¦¤¥­¨¥. Ǳãáâì u | ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨{
ut = a2�u + f, f ≡ 0, t > 0, x ∈ Rn,

u|t=0 = ϕ(x).
(1)

¨§ ª« áá  ®£à ­¨ç¥­­ëå äã­ªæ¨©:

∃M > 0 : ∀ t > 0, x ∈ Rn |u(t, x)| � M (2)

�®£¤  ∀ t > 0, x ∈ Rn á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

inf
y∈Rn

ϕ(y) � u(t, x) � sup
y∈Rn

ϕ(y) (3)

�®ª § â¥«ìáâ¢®. � ¬ ¯®­ ¤®¡¨âáï ¢á¯®¬®£ â¥«ì­ ï äã­ªæ¨ï

v(t, x) = 2a2tn +

n∑
i=1

x2i ⇒ vt = a2�v.

�¡®§­ ç¨¬ ç¥à¥§ w± á«¥¤ãîé¨¥ äã­ªæ¨¨

w±(t, x) = ±u(t, x) + M1︸ ︷︷ ︸
�0 ¯à¨ t=0

+ εv(t, x)︸ ︷︷ ︸
�0 ¯à¨ t�0

, ε > 0,

£¤¥ M1 = sup |ϕ| . Ǳãáâì

∃ (t0, x0) : t0 > 0, x0 ∈ Rn : u(t0, x0) > M1. (4)

Ǳãáâì � = (0, T ) ×QR(0) | æ¨«¨­¤à, â ª®© çâ®
1) (t0, x0) ∈ �,
2) w±|t=0 � 0,
3) w±|S � 0 , £¤¥ S | ¡®ª®¢ ï ¯®¢¥àå­®áâì æ¨«¨­¤à .
Ǳã­ªâë 1 ¨ 2 , ®ç¥¢¨¤­®, ¢ë¯®«­ïîâáï. �áâ ­®¢¨¬ á¯à ¢¥¤«¨¢®áâì

¯ã­ªâ  3.
w±(t, x)|S = ±u(t, x) + M1︸ ︷︷ ︸

®£à ­¨ç¥­ 

+ε v(t, x)︸ ︷︷ ︸
�R2

� 0
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¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ R . Ǳ® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ¤«ï � ¯®«ãç ¥¬
çâ®

∀ t ∈ [0, T ], x ∈ � w±(t, x) � 0.

�«¥¤®¢ â¥«ì­®

−M1 − εv(t0, x0) � u(t0, x0) � M1 + εv(t0, x0).

�áâà¥¬¨¬ ε → 0 , ¯®«ãç¨¬ −M1 � u(t0, x0) � M1 . �â® ¯à®â¨¢®à¥ç¨â
á (4). �«ï á«ãç ï M1 = supϕ(y) = − inf ϕ(y) ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®.
�¡é¨© á«ãç © á¢®¤¨âáï ª íâ®¬ã ¯à¨¡ ¢«¥­¨¥¬ ª äã­ªæ¨¨ u ­¥ª®â®à®©
ª®­áâ ­âë c . �

�«¥¤áâ¢¨¥ 1. �« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¥¤¨­áâ¢¥­­® ¢
ª« áá¥ ®£à ­¨ç¥­­ëå äã­ªæ¨©.

�«¥¤áâ¢¨¥ 2. �« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ãáâ®©ç¨¢® ª ¢®§-
¬ãé¥­¨î ­ ç «ì­®£® ãá«®¢¨ï.

� ¤ ç  1. �£à ­¨ç¥­­®¥ à¥è¥­¨¥ u § ¤ ç¨{
ut = uxx,

u|t=0 = sinx

¥¤¨­á¢¥­­® ¢ íâ®¬ ª« áá¥. �®ª § âì.
� ¬¥ç ­¨¥ �á«®¢¨¥ ®£à ­¨ç¥­­®áâ¨ äã­ªæ¨¨ u ¢ "¯à¨­æ¨¯¥ ¬ ªá¨-

¬ã¬ " ¬®¦­® § ¬¥­¨âì ãá«®¢¨¥¬

|u(t, x)| � Me|x|
2−ε

, ε > 0. (5)

� ¤ ç  2. �¥è¥­¨¥ u § ¤ ç¨{
ut = uxx,

u|t=0 = ex

¥¤¨­áâ¢¥­­® ¢ ª« áá¥ (5). �®ª § âì.

§ 21 �­â¥£à « �î ¬¥«ï.

�¥è¥­¨¥ § ¤ ç¨ {
ut = a2�u + f(t, x)

u|t=0 = 0

á¢®¤¨âáï ª à¥è¥­¨î § ¤ ç¨ {
vt = a2�v

v|t=τ = f(τ, x)
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á ¯®¬®éìî ¨­â¥£à «  �î ¬¥«ï

u(t, x) =

∫ t

0

v(t, x, τ) dτ.

�¥©áâ¢¨â¥«ì­® u|t=0 = 0 �à®¬¥ â®£®

ut = v(t, x, τ) +

∫ t

0

vt(t, x, τ) dτ =

f(t, x) +

∫ t

0

a2�v(t, x, τ) dτ = a2�u + f(t, x)

�
ª®­¥æ «¥ªæ¨¨ ò34

�¥ªæ¨ï ò35

§ 22 �®­®â®­­ë¥ ®¯¥à â®àë. �á­®¢­ ï

â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï.

1.�¥®à¥¬ë ® ­¥¯®¤¢¨¦­ëå â®çª å.

�¥®à¥¬  �à ãíà . Ǳãáâì n -¬¥à­ë© (n � 1) è à S0(r) ­¥¯à¥àë¢­®

®â®¡à ¦ ¥âáï ¢ á¥¡ï, â.¥. ª ¦¤®© â®çª¥ x ∈ S0(r) ®â¢¥ç ¥â â®çª  Ax ∈
S0(r) , ¯à¨ç¥¬ ®â®¡à ¦¥­¨¥ A ­¥¯à¥àë¢­®. �®£¤  ¯® ªà ©­¥© ¬¥à¥ ®¤­ 

â®çª  x0 ∈ S0(r) ¯à¨ íâ®¬ ®â®¡à ¦¥­¨¨ ¯¥à¥å®¤¨â ¢ á¥¡ï, â.¥.

Ax0 = x0

�®ª § â¥«ìáâ¢®. á¬. ¢ ª­¨£¥ �.�.Ǳ¥âà®¢áª®£® "�¥ªæ¨¨ ¯® â¥®à¨¨ ®¡ëª-
­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©." | �. : � ãª , 1970. ­ 
á.233. �
�¥®à¥¬  ®¡ ®áâà®¬ ã£«¥. Ǳãáâì T | ­¥¯à¥àë¢­ë© ­  è à¥ S0(r) ®¯¥-

à â®à â ª®©, çâ®

(T (x′), x′) � 0 ¯à¨ «î¡®¬ x′ ∈ ∂S0(r).

�®£¤  áãé¥áâ¢ã¥â x0 ∈ S0(r) â ª®¥, çâ® T (x0) = 0 .

�®ª § â¥«ìáâ¢®. Ǳà¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â.¥. T (x) �= 0 ¯à¨ «î¡®¬ x ∈
S0(r) . � áá¬®âà¨¬ ®¯¥à â®à

A(x) = − T (x)

‖T (x)‖r. (1)
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�«ï íâ®£® ®¯¥à â®à  A ¢ë¯®«­¥­® ãá«®¢¨¥ â¥®à¥¬ë �à ãíà  ® ­¥¯®¤¢¨¦-
­®© â®çª¥. �§ íâ®© â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® áãé¥áâ¢ã¥â â®çª  x0 ∈ S0(r)
â ª ï, çâ® A(x0) = x0 . �®£¤  ‖a(x0)‖ = r ¢ á¨«ã à ¢¥­áâ¢  (1). �«¥¤®¢ -
â¥«ì­® ¨

‖x0‖ = r. (2)

� ¤àã£®© áâ®à®­ë

(T (x0), x0) = −(T (x0),
T (x)

‖T (x)‖r) = −‖T (x0)‖r < 0. (3)

�®®â­®è¥­¨ï (1) ¨ (2) ¯à®â¨¢®à¥ç â ãá«®¢¨î â¥®à¥¬ë. �
�®­®â®­­ë¥ ®¯¥à â®àë.

Ǳà®áâë¬ ¯à¨¬¥à®¬ ¬®­®â®­­®£® ®¯¥à â®à  ¬®¦¥â á«ã¦¨âì ®¯¥à â®à

A(u) = − ∂

∂x
(|∂u
∂x

|p−2 ∂u

∂x
), p � 2, x ∈ Ω. (4)

� ç áâ­®áâ¨, ¯à¨ p = 2 ®­ ¨¬¥¥â ¢¨¤ A(u) = −uxx .
�ë ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨:

A(u) = f, x ∈ Ω.

¤«ï â ª ­ §ë¢ ¥¬ëå ¬®­®â®­­ëå ®¯¥à â®à®¢ A . � ¬ ¯®­ ¤®¡ïâáï ­¥ª®-
â®àë¥ ®¯à¥¤¥«¥­¨ï.

Ǳãáâì B | à¥ä«¥ªá¨¢­®¥, á¥¯ à ¡¥«ì­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®
(â ª¨¬ ï¢«ï¥âáï, ­ ¯à¨¬¥à,  L2 ¨«¨ H1(Ω) ), ¨ ¯ãáâì A | ­¥ª®â®àë©
®¯¥à â®à ­  B â ª®©, çâ® A : B → B∗ .

�¯à¥¤¥«¥­¨¥ 1. �¯¥à â®à A ®£à ­¨ç¥­, ¥á«¨ ®­ «î¡®¥ ®£à ­¨ç¥­­®¥
¬­®¦¥áâ¢® M ¨§ ¯à®áâà ­áâ¢  B ¯¥à¥¢®¤¨â ¢ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®
A(M) ¢ ¯à®áâà ­áâ¢¥ B∗ .

�¯à¥¤¥«¥­¨¥ 2. �¯¥à â®à A ¬®­®â®­¥­, ¥á«¨

< A(x) −A(y), x− y >� 0 ∀x, y ∈ B. (5)

�¯à¥¤¥«¥­¨¥ 3. �¯¥à â®à A λ -­¥¯à¥àë¢¥­ (¯®«ã­¥¯à¥àë¢¥­), ¥á«¨
¯à¨ «î¡ëå x, y, z ∈ B äã­ªæ¨ï

< A(x + λy), z >: R1 → R1 (6)

­¥¯à¥àë¢­  ¯® λ ­  ¢á¥© ¯àï¬®© R1 .
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�¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï

�¥®à¥¬ . Ǳãáâì B | à¥ä«¥ªá¨¢­®¥ á¥¯ à ¡¥«ì­®¥ ¡ ­ å®¢® ¯à®áâà ­-

áâ¢®. Ǳãáâì ®¯¥à â®à A : B → B∗ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

 ) ®¯¥à â®à A ®£à ­¨ç¥­ ¨ λ -­¥¯à¥àë¢¥­;

¡) ®¯¥à â®à A ¬®­®â®­¥­;

¢) ®¯¥à â®à A ª®íàæ¨â¨¢¥­:

< A(x), x >

‖x‖ → +∞ ¯à¨ ‖x‖ → ∞.

�®£¤  ®â®¡à ¦¥­¨¥ A : B → B∗ | í¯¨¬®àä¨§¬ (â.¥. A(B) = B∗ ¨«¨,

¤àã£¨¬¨ á«®¢ ¬¨, ¤«ï «î¡®£® y ∈ B∗ áãé¥áâ¢ã¥â x ∈ B â ª®¥, çâ®

A(x) = y ).

�®ª § â¥«ìáâ¢®. ¡ã¤¥â á®áâ®ïâì ¨§ ¯ïâ¨ íâ ¯®¢. Ǳãáâì w1, . . . , wm, . . .
| " ¡ §¨á" ¢ B (â.¥. ¯à¨ «î¡®¬ m í«¥¬¥­âë w1, . . . , wm, . . . «¨­¥©­®
­¥§ ¢¨á¨¬ë ¨ ª®­¥ç­ë¥ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ í«¥¬¥­â®¢ wj ¯«®â­ë ¢
B ). � ª®© ¡ §¨á áãé¥áâ¢ã¥â â.ª. ¢ á¨«ã á¥¯ à ¡¥«ì­®áâ¨ ¯à®áâà ­áâ¢  B
áãé¥áâ¢ã¥â áç¥â­®¥ ¢áî¤ã ¯«®â­®¥ ¢ B ¬­®¦¥áâ¢® P ? ¬®¦­® áç¨â âì, P
íâ® ¯®á«¥¤®¢ â¥«ì­®áâì vj ). �¥¯¥àì ¬®¦­® ¢ë¡¨à âì ¯®¤¯®á«¥¤®¢ â¥«ì-
­®áâì wj â ªãî, çâ® ¯à¨ «î¡®¬ m w1, . . . , wm «¨­¥©­® ­¥§ ¢¨á¨¬ë.

Ǳãáâì f | ­¥ª®â®àë© ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â ¨§ B∗ . � ©¤¥¬ x
¨§ ¯à®áâà ­áâ¢  B â ª®¥, çâ®

A(x) = f. (5)

1. �­ ç «  ­ ©¤¥¬ äã­ªæ¨î um ¢¨¤ 

um = c1w1 + . . . + cmwm, (6)

ã¤®¢«¥â¢®àïîéãî á¨áâ¥¬¥ ãà ¢­¥­¨©

< A(um), wj >=< f,wj >, j = 1, . . . ,m. (7)

�â¢¥à¦¤¥­¨¥ 1. Ǳà¨ «î¡®¬ f ∈ B∗ á¨áâ¥¬  ãà ¢­¥­¨© (7) ¨¬¥¥â
à¥è¥­¨¥ um .

�®ª § â¥«ìáâ¢®. Ǳãáâì c = (c1, . . . , cm) ∈ Rm . �¢¥¤¥¬ ®¯¥à â®à Gm(·) :
Rm → Rm á«¥¤ãîé¨¬ ®¡à §®¬:

Gm(c) = {Ã1(c), . . . , Ãm(c)}, (6)
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£¤¥

Ãj(c) =< A(c1w1 + . . . + cmwm), wj > − < f,wj >, j = 1, . . . ,m. (9)

�¥£ª® ¢¨¤¥âì, çâ® à §à¥è¨¬®áâì á¨áâ¥¬ë (7) ¡ã¤¥â ¤®ª § ­ , ¥á«¨ ¬ë
¤®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ c0 ∈ Rm â ª®£®, çâ®

Gm(c0) = 0. (10)

�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï c0 ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© ®¡ ®áâà®¬
ã£«¥. Ǳ®ª ¦¥¬, çâ® ãá«®¢¨ï íâ®© â¥®à¥¬ë ¢ë¯®«­ïîâáï, ¥á«¨ ­®à¬  ‖c‖
¤®áâ â®ç­® ¢¥«¨ª . (�¤¥áì ‖c‖ = ‖um‖B £¤¥ c ¨ um á¢ï§ ­ë à ¢¥­áâ¢®¬
(6)). �§ à ¢¥­áâ¢  (8) ¨ (9) ¢ëâ¥ª ¥â, çâ®

(Gm(c), c) =

m∑
j=1

Aj(c)cj =< A(um) − fm, um >� 0. (11)

Ǳ®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã ®æ¥­ª¨

< f, um >� ‖f‖∗‖um‖B

(íâ® ­¥à ¢¥­áâ¢® | ¯àï¬®¥ á«¥¤áâ¢¨¥ ®¯à¥¤¥«¥­¨ï ­®à¬ë ‖ · ‖∗ ¨ â®£®,
çâ®

< A(um), um >

‖um‖B � ‖f‖∗,

¥á«¨ ­®à¬  ‖um‖B ¤®áâ â®ç­® ¢¥«¨ª  (á¢®©áâ¢® ª®íàæ¨â¨¢­®áâ¨ ®¯¥à â®-
à  A ). � ª¨¬ ®¡à §®¬, ¨§ â¥®à¥¬ë ®¡ ®áâà®¬ ã£«¥ ¢ëâ¥ª ¥â á¯à ¢¥¤«¨-
¢®áâì ãâ¢¥à¦¤¥­¨ï 1.

2. �â¢¥à¦¤¥­¨¥ 2. Ǳãáâì um | ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì
í«¥¬¥­â®¢ ¯à®áâà ­áâ¢  B â ª ï, çâ® um ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë
ãà ¢­¥­¨© (6),(7) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ m . �®£¤  áãé¥áâ¢ã¥â â ª ï ª®­-
áâ ­â  M , § ¢¨áïé ï «¨èì ®â f , çâ® ¯à¨ «î¡®¬ m ∈ N á¯à ¢¥¤«¨¢ 
®æ¥­ª 

‖um‖B � M.

�®ª § â¥«ìáâ¢®. �¬­®¦ ï ®¡¥ ç áâ¨ j -£® ãà ¢­¥­¨ï á¨áâ¥¬ë (7) ­  cj
¨ áã¬¬¨àãï ¯® j , ¯®«ãç ¥¬, çâ®

< A(um), um >=< f, um > .
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�âªã¤  ¢ á¨«ã ­¥à ¢¥­áâ¢ 

< f, um >� ‖f‖∗‖um‖B
¢ëâ¥ª ¥â ®æ¥­ª 

< A(um), um >

‖um‖B � ‖f‖∗, (m = 1, 2, . . . ) (13)

�§ íâ®© ®æ¥­ª¨ (13) ¨ á¢®©áâ¢  ª®íàæ¨â¨¢­®áâ¨ ®¯¥à â®à  á«¥¤ã¥â ­¥à -
¢¥­áâ¢® (12). �â¢¥à¦¤¥­¨¥ 2 ¤®ª § ­® �

3. � ¬¥ç ­¨¥ 1. �§ ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à  A (á¢®©áâ¢® ( ))
¢ëâ¥ª ¥â, çâ® áãé¥áâ¢ã¥â â ª ï ª®­áâ ­â  M1 , § ¢¨áïé ï «¨èì ®â f ,
çâ® ¯à¨ «î¡®¬ m

‖A(um)‖∗ � M1 (14)

� ¬¥ç ­¨¥ 2. � á¨«ã â¥®à¥¬ë ® á« ¡®© ª®¬¯ ªâ­®áâ¨ è à  ¢ à¥-
ä«¥ªá¨¢­®¬ á¥¯ à ¡¥«ì­®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ B ¨§ ®£à ­¨ç¥­­®©
¯®á«¥¤®¢ â¥«ì­®áâ¨ {um} ¬®¦­® ¢ë¡à âì á« ¡® áå®¤ïéãîáï ¯®¤¯®á«¥¤®-
¢ â¥«ì­®áâì {um′} . �¡®§­ ç¨¬ ¯à¥¤¥« íâ®© ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¥à¥§
u :

um′
á«.→ u ¯à¨ m′ → ∞ (15)

Ǳ® â®© ¦¥ ¯à¨ç¨­¥ áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {um′′} ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ {um′} â ª ï, çâ®

A(um′′)
á«.→ 	 ¯à¨ m′′ → ∞ (16)

£¤¥ 	 ∈ B∗ .
4. Ǳ®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {A(um′′)} á« ¡® áå®¤¨âáï ª

f :

A(um′′)
á«.→ f ¯à¨ m′′ → ∞.

� á ¬®¬ ¤¥«¥ ¯¥à¥©¤¥¬ ¢ à ¢¥­áâ¢¥ (7) ª ¯à¥¤¥«ã ¯à¨ m′′ → ∞ ¯à¨ ä¨ª-
á¨à®¢ ­­®¬ j (j < m′′) ¯®«ãç¨¬, çâ®

< f,wj >=< A(um′′), wj >→< 	, wj > ¯à¨ m′′ → ∞.

Ǳ®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¢ëâ¥ª ¥â ¨§ á®®â­®è¥­¨ï (16).
� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

f = 	
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â.ª. w1, . . . , wm, . . . | " ¡ §¨á" ¢ B .
5. �á¯®¬¨­ ¥¬, çâ® ®¯¥à â®à A ¬®­®â®­¥­, â.¥. ¯à¨ «î¡®¬ v ∈ B

¨ ¯à¨ «î¡®¬ m á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

< A(um) −A(v), um − v >� 0

¨«¨

< A(um), um > − < A(um), v > − < A(v), um > + < A(v), v >� 0 (17)

�¤¥áì ¬ë ¢®á¯®«ì§ã¥¬áï ¡¨«¨­¥©­®áâìî áª®¡ª¨ ¤¢®©áâ¢¥­­®áâ¨. �â¬¥â¨¬,
çâ® ¢ á¨«ã (15)

< A(um′), um′ >=< f, um′ >→< f, u > ¯à¨ m′ → ∞. (18)

�áâà¥¬«ïï ¢ (17) m′′ → ∞ , ¨ ãç¨âë¢ ï (18), ¯®«ãç ¥¬

< f, u > − < f, u > − < A(v), u > + < A(v), v >� 0

¨«¨
< f − A(v), u− v >� 0. (19)

Ǳ®« £ ¥¬ u− v = λw , (â®£¤  v = u− λw ). Ǳ®¤áâ ¢«ïï ¢ (19), ¯®«ãç ¥¬,
çâ®

λ < f − A(u− λw), w >� 0.

�áâà¥¬«ïï λ → 0+ , ¢ë¢®¤¨¬

< f − A(u), w >� 0.

� ¤àã£®© áâ®à®­ë, ãáâà¥¬«ïï λ → 0− , ¯®«ãç ¥¬, çâ®

< f − A(u), w >� 0.

� ª¨¬ ®¡à §®¬, ¯à¨ «î¡®¬ w ∈ B á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

< f − A(u), w >= 0.

�âªã¤ 
f = A(u).

� ª¨¬ ®¡à §®¬ â¥®à¥¬  ¤®ª § ­ . �
� ¤ ç . �®ª § âì, çâ® ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥  L2(0, 2π) á¯à ¢¥¤-

«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

sinmx
á«.→ 0 ¯à¨ m → ∞

­®
‖ sinmx‖2 = π
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3. �¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨.

�¯¥à â®à A : B → B∗ ­ §ë¢ ¥âáï áâà®£® ¬®­®â®­­ë¬, ¥á«¨

< A(u) − A(v), u− v > > 0 ¯à¨ u �= v.

�â¢¥à¦¤¥­¨¥. Ǳãáâì ®¯¥à â®à A áâà®£® ¬®­®â®­¥­. �®£¤  ¯à¨ «î-
¡®¬ f ∈ B∗ à¥è¥­¨¥ u § ¤ ç¨ (1) ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® ¤«ï ­¥ª®â®à®£® f ∈ B∗ áãé¥áâ¢ã¥â ¤¢ 
à¥è¥­¨ï § ¤ ç¨ (1) u1 ¨ u2 . �®£¤  A(u1) = A(u2) . �«¥¤®¢ â¥«ì­®

< A(u1) − A(u2), u1 − u2 >= 0.

�â® ¯à®â¨¢®à¥ç¨â áâà®£®© ¬®­®â®­­®áâ¨ ®¯¥à â®à  A �

ª®­¥æ «¥ªæ¨¨ ò35

�¥ªæ¨ï ò36

§ 23 �¥â®¤ � «¥àª¨­  ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨.

� áá¬®âà¨¬ ¯¥à¢ãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®-
áâ¨ 

ut − a2�u = f(t, x), t ∈ (0, T ), x ∈ Ω ⊂ Rn,

u|t=0 = ϕ(x),

u|S = 0

(1)

£¤¥ S | ¡®ª®¢ ï ¯®¢¥àå­®áâì æ¨«¨­¤à  Q� = (0, T ) × Ω . Ǳãáâì u |
ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (1). �®£¤  ¤«ï «î¡®© � ∈ C∞, �|S = 0
á¯à ¢¥¤«¨¢® ¨­â¥£à «ì­®¥ à ¢¥­áâ¢®∫

QT

(ut − a2�u− f(t, x))�(t, x) dx dt = 0.

�­â¥£à¨àãï ¯® ç áâï¬ ¯®«ãç¨¬, çâ®∫
QT

ut� − a2
n∑
i=1

uxi
�xi

− f� dx dt =

∫
S

n∑
i=1

uxi
ni� ds.

Ǳãáâì

M2 = {ϕ ∈ C∞(QT ) ϕ = 0 ¢ ®ªà¥áâ­®áâ¨ (S ∪ {t = 0})}
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�¯à¥¤¥«¥­¨¥ 1. �¡®§­ ç¨¬

+◦
W 1

2(QT ) = M2 (§ ¬ëª ­¨¥ ¯® ­®à¬¥ H1(QT ) )

�á«¨ � = 0 ­  ¡®ª®¢®© ¯®¢¥àå­®áâ¨ S , â®∫
S

n∑
i=1

uxi
ni� ds = 0.

�¯à¥¤¥«¥­¨¥ 2. �ã­ªæ¨ï u ∈
+◦
W 1

2(QT ) ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥-

è¥­¨¥¬ § ¤ ç¨ (1), á ϕ = 0, f ∈  L2(QT ) , ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨
� ∈ C∞(QT ), �|S = 0, �|t=T = 0 ¢¥à­® à ¢¥­áâ¢®∫

ΩT

ut� − a2
n∑
i=1

uxi
�xi

− f� dx dt = 0.

(§¤¥áì ¢á¥ ¯à®¨§¢®¤­ë¥ ¯®­¨¬ îâáï ¢ á¬ëá«¥ �.�.�®¡®«¥¢ ).

�¥®à¥¬  áãé¥áâ¢®¢ ­¨ï. Ǳãáâì ϕ = 0, f ∈  L2(QT ) �®£¤  áãé¥áâ¢ã¥â

®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¡ §¨á ¢
◦
H1(Ω) , ®àâ®­®à¬¨à®¢ ­­ë© ¢  L2(Ω) :

{ϕk} ⊂
◦
H1(Ω) (¨«¨ ϕk ∈ C∞

0 (Ω)), (ϕk, ϕn) L2
= 0, ¥á«¨ n �= k,

‖ϕn‖ L2
= 1

Ǳà¨¬¥à â ª®£® ¡ §¨á  ¢
◦
H1(0, π) :

ϕk(x) = sin kx, k = 1, 2, ...

1. �é¥¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥

uN =

N∑
i=1

ci(t)ϕi(x)

�®íää¨æ¨¥­âë ci ­ å®¤¨¬ ¨§ ¯®¤áâ ­®¢ª¨ uN ¢ ãà ¢­¥­¨¥ â¥¯«®¯à®-
¢®¤­®áâ¨ ¨ ¯à®¥ªâ¨àã¥¬ ¥£® ­  ¯¥à¢ë¥ N í«¥¬¥­â®¢ ¡ §¨á , ¯®«ãç ¥¬
á¨áâ¥¬ã ãà ¢­¥­¨©:∫

Ω

(uNt − �uN − f)ϕk(x) dx = 0, k = 1, ..., N, (3)
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uN |t=0 = 0 (4)

�á«®¢¨ï¬¨ (3),(4) ª®íää¨æ¨¥­âë ci ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®: ¯®¤áâ -
¢¨¬ uN ¢ (3), ¯®«ãç¨¬ á¨áâ¥¬ã �.�.�:

ck(t)t −
∑
i=1N

ci(t)bik − fk(t) = 0, ck(0) = 0 k = 1, ..., N ;

£¤¥

bik =

∫
Ω

ϕk �ϕi dx, fk(t) =

∫
Ω

ϕk f(t, x) dx. (5)

�¤¥áì ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® f ∈ C(QT ) . �¨áâ¥¬  «¨­¥©­ëå ¤¨ää.
ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨¬¥¥â à¥è¥­¨¥ ck, k = 1, ..., N
­  ¢á¥© ¯®«ã®á¨ t > 0 . � ª¨¬ ®¡à §®¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ uN ¯®áâà®-
¨«¨.

2. Ǳ®ª ¦¥¬, çâ® ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ uN ¬®¦­® ¢ë¡à âì á« -
¡® áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì. Ǳ®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â è à ¢
+◦
W 1

2(QT ) , á®¤¥à¦ é¨© íâã ¯®á«¥¤®¢ â¥«ì­®áâì. �¬­®¦¨¬ ®¡¥ ç áâ¨ à -
¢¥­áâ¢  (3) ­  ák ¨ ¯à®áã¬¬¨àã¥¬ ¯® k , ¯®«ãç¨¬∫

Ω

(uNt − �uN − f)uN dx = 0.

�­â¥£à¨àã¥¬ ¯® ç áâï¬, ¯®«ãç¨¬∫
Ω

1

2
((uN )2)t +

n∑
i=1

(uNxi
)2 dx =

∫
Ω

fuN dx.

�­â¥£à¨àã¥¬ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯® t ®â 0 ¤® τ :∫
Ωτ

1

2
((uN )2) dx−

∫
Ω0

1

2
((uN )2) dx +

n∑
i=1

∫
Qτ

(uNxi
)2 dx dt =

=

∫
Qτ

fuN dx dt � ε

2

∫
Qτ

(uN )2 dx dt +
1

2ε

∫
Qτ

f2 dx dt (7)

�­â¥£à¨àã¥¬ ®¡¥ ç áâ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¯® τ ®â 0 ¤® T ¯®«ãç¨¬∫
QT

1

2
((uN )2) dx dt � εT

2

∫
QT

((uN )2) dx dt +
T

2ε

∫
QT

f2 dx dt (8)
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�ë¡¥à¥¬ ε â ª®¥, çâ® 2εT . �®£¤  ¨§ ä®à¬ã«ë (8) ¢ëâ¥ª ¥â, çâ®

1

4

∫
QT

((uN )2) dx dt � T 2

∫
QT

f2 dx dt (9)

�§ (7) ¢ á¨«ã â®£®, çâ® uN (0) = 0 á«¥¤ã¥â, çâ® τ = T

n∑
i=1

∫
Qτ

(uNxi
)2 dx dt � εT

2

∫
QT

((uN )2) dx dt +
T

2ε

∫
QT

f2 dx dt (10)

�§ ä®à¬ã«ë (10), ¯®« £ ï ε = 1
T

, ¯®«ãç ¥¬

n∑
i=1

∫
Qτ

(uNxi
)2 dx dt � (2T +

T

2
)

∫
QT

f2 dx dt (11)

�æ¥­¨¬ â¥¯¥àì uNt : ¢á¯®¬­¨¬ à ¢¥­áâ¢® (3):∫
Ω

(uNt − �uN − f)ϕk(x) dx = 0

�¬­®¦ ï ®¡¥ ç áâ¨ à ¢¥­áâ¢  (3) ­  (ck)t ¨ áã¬¬¨àãï ¯® k ®â 0 ¤® N
¯®«ãç¨¬ ∫

Ω

(uNt − �uN − f)uNt dx = 0.

�âªã¤  ¢ëâ¥ª ¥â, çâ®∫
Ω

(uNt )2 dx = −
∫
Ω

n∑
i=1

(uN )xi
(uNt )xi

dx +

∫
Ω

fuNt dx (12)

�­â¥£à¨àã¥¬ ¯® t ®â 0 ¤® τ , ¯®«ãç¨¬∫
Qτ

(uNt )2 dx dt = −
∫
Ω

n∑
i=1

((uN )xi
)2 dx +

∫
Qτ

fuNt dx dt

� á¨«ã ¯®«®¦¨â¥«ì­®áâ¨ áà¥¤­¥£® ¨­â¥£à « , ¨¬¥¥¬∫
Qτ

(uNt )2 dx dt �
∫
Qτ

fuNt dx dt � ε

2

∫
Qτ

(uNt )2 dx dt +
1

2ε

∫
Qτ

f2 dx dt. (13)
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3. Ǳ® â¥®à¥¬¥ ® á« ¡®© ª®¬¯ ªâ­®áâ¨ è à  ¢ á¥¯ à ¡¥«ì­®¬ ¡ ­ å®-
¢®¬ ¯à®áâà ­áâ¢¥ ¨ ¯®«ì§ãïáì ­¥à ¢¥­áâ¢®¬∫

QT

(uNt )2 dx dt �
∫
QT

f2 dx dt.

ª®â®à®¥ ¢ëâ¥ª ¥â ¨§ ¯à¥¤ë¤ãé¥£® ¯à¨ ε = 1 ¨ τ = T , ¯®«ãç ¥¬ ¯®¤¯®-

á«¥¤®¢ â¥«ì­®áâì {uN ′} ¨ â ª®© í«¥¬¥­â u ∈
+◦
W 1

2(QT ) , çâ® á¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ á®®â­®è¥­¨ï: (¯à¨ N ′ → ∞ )

uN
′ → u á« ¡® ¢

+◦
W 1

2(QT ),

uN
′ → u á« ¡® ¢  L2(QT ),

uN
′ → u á« ¡® ¢  L2(QT ),

uN
′ → u á« ¡® ¢  L2(QT ),

4.Ǳà¥¤¥«ì­ë© ¯¥à¥å®¤. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥

�M =

n∑
k=1

bk(t)ϕk(x), bk(T ) = 0.

�§ ä®à¬ã«ë (3), ã¬­®¦ ï k -¥ ãà ¢­¥­¨¥ ­  bk(t) , ¨ áã¬¬¨àãï ¯® k ®â 0
¤® M , ¯®«ãç¨¬ çâ® ¤«ï «î¡®£® t > 0 ¨ ¤«ï «î¡®£® M : M < N∫

Ω

(uNt − �uN − f)�M (x) dx = 0, (14)

�âªã¤  ∫
ΩT

uNt �M − a2
n∑
i=1

uNxi
(�M )xi

− f�M dx dt = 0.

�áâà¥¬«ïï N ′ ª +∞ , ¯®«ãç¨¬ á«¥¤ãîé¥¥ à ¢¥­áâ¢®:∫
ΩT

ut�M − a2
n∑
i=1

uxi
(�M )xi

− f�M dx dt = 0. (15)

�­®¦¥áâ¢® äã­ªæ¨© ¢¨¤  �M ¢áî¤ã ¯«®â­® ¢ C∞(QT ) :

�|S = 0, �|t=T = 0,

¯®íâ®¬ã ä®à¬ã«  (15) ¢¥à­  ¯à¨ «î¡ëå � , ¯®¤áâ ¢«¥­­ëå ¢(15) ¢¬¥áâ®
�M . �

ª®­¥æ «¥ªæ¨¨ ò36
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�¥ªæ¨ï ò37

§ 24 �¥®à¥¬  �®¢ «¥¢áª®© (áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï).

�¯à¥¤¥«¥­¨¥1. �ã­ªæ¨î f(x1, ..., xn) ­ §ë¢ îâ  ­ «¨â¨ç¥áª®© ¢
â®çª¥ x = 0 , ¥á«¨ ®­  à áª« ¤ë¢ ¥âáï ¢ àï¤

f(x) =
∑
α

cαx
α, xα = xα11 · ... · xαn

n , (1)

ª®â®àë© áå®¤¨âáï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x = 0 . �¤¥áì α | ¬ã«ìâ¨¨­¤¥ªá,
α � 0 .

� áá¬®âà¨¬ § ¤ çã �®è¨

Dm0 u =
∑

|α|�m,α0�m−1

aα(x)Dαu + f1(x), (2)

Dk0u|x0=0 = ϕk(x
′), k = 0, ...,m− 1, x′ ∈ Ω (3)

�¥®à¥¬  �®¢ «¥¢áª®©. Ǳãáâì aα ¨ f1 |  ­ «¨â¨ç¥áª¨¥ ¢ ®ªà¥áâ-

­®áâ¨ Q(x̃) äã­ªæ¨¨ â®çª¨ x̃ = (0, x̃1, ..., x̃n) , ¨ ϕk(x
′) |  ­ «¨â¨ç¥áª¨¥

¢ ®ªà¥áâ­®áâ¨ Q0(x̃′) â®çª¨ x̃′ = (0, x̃1, ..., x̃n) . �®£¤  áãé¥áâ¢ã¥â Q1(x̃) ¢

ª®â®à®© áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ u § ¤ ç¨ �®-

è¨ (2) | (3).

�®ª § â¥«ìáâ¢® ¥¤¨­áâ¢¥­­®áâ¨. Ǳãáâì

u(x) =
∑

|α|�∞
cαx

α (4)

| à¥è¥­¨¥ § ¤ ç¨ (2) |(3). �®£¤  cα ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¯® äã­ª-
æ¨¨ u(x) :

cα =
1

α!
Dαu(x)|x=0, £¤¥ α! = α1! · ... · αn! (5)

Ǳ®ª ¦¥¬, çâ® ãá«®¢¨ï (2) | (3) ®¤­®§­ ç­® ®¯à¥¤¥«ïîâ ª®íää¨æ¨¥­âë
cα . Ǳãáâì á­ ç «  α0 = 0, ...,m− 1 :

Dk0u|x0=0 = ϕ(x′), k = 0, ...,m− 1. (6)

Ǳà¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (6) ®¯¥à â®à Dα
′
, £¤¥ α′ | ¬ã«ì-

â¨¨­¤¥ªá: α′ = (α1, . . . , αn) , ¯®«ãç¨¬
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Dα
′
Dk0u|x0=0 = Dα

′
ϕ(x′), k = 0, ...,m− 1. (7)

� ª¨¬ ®¡à §®¬ ¨§ (7) ¨ (5) ¬ë §­ ¥¬ ¢á¥ cα ¯à¨ α0 = 0, ...,m− 1 .

�§ ãà ¢­¥­¨ï (3) ¢ëç¨á«¨¬ Dm0 u ¨ Dα
′
Dm0 u|x0=0 :

Dα
′
Dm0 u = Dα

′
(

∑
|α|�m,α0�m−1

aα(x)Dαu + f1(x)). (8)

�âªã¤ 

Dα
′
Dm0 u|x0=0 = Dα

′
(

∑
|α|�m,α0�m−1

aα(x)Dαu + f1(x))|x0=0. (9)

â.¥. «î¡ãî ¯à®¨§¢®¤­ãî á Dαu ¯à¨ x0 = 0 á α0 � m ¬ë §­ ¥¬.

� «¥¥ ¯® ¨­¤ãªæ¨¨ (¤«ï k � m + 1 ): Ǳà¨¬¥­¨¬ Dk+1−m0 ª ãà ¢­¥-
­¨î (3), ¯®«ãç¨¬

Dα
′
Dk+10 u|x0=0 = Dα

′
Dk+1−m0 (

∑
|α|�m,α0�m−1

aα(x)Dαu + f1(x))|x0=0. (10)

Ǳà ¢ ï ç áâì ã¦¥ ®¯à¥¤¥«¥­ . � ª¨¬ ®¡à §®¬, ¢á¥ ¯à®¨§¢®¤­ë¥,   á«¥¤®-
¢ â¥«ì­® ¨ ¢á¥ ª®íää¨æ¨¥­âë ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®. �¤¨­áâ¢¥­­®áâì
¤®ª § ­  �

Ǳà¥¦¤¥ ç¥¬ ¯à¨áâã¯¨âì ª ¤®ª § â¥«ìáâ¢ã áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï
§ ¤ ç¨ �®è¨ (2) | (3), ¯®ª ¦¥¬, çâ® íâ  § ¤ ç  �®è¨ ¤«ï ¯à®¨§¢®«ì­ëå
«¨­¥©­ëå á¨áâ¥¬ á¢®¤¨âáï ª § ¤ ç¥ �®è¨ ¤«ï á¨áâ¥¬ ¯¥à¢®£® ¯®àï¤ª .

Ǳà®¨««îáâààã¥¬ íâ® ­  ¯à¨¬¥à¥ ®¤­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª :

utt =

n∑
i=1

n∑
j=1

aij(t, x)uxixj
+

n∑
i=1

a0,i(t, x)utxi
+

n∑
i=1

bi(t, x)uxi
+

+ b0(t, x)ut + c(t, x)u + f(t, x) (12)

£¤¥ a, b, c, f |  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢ ¢ ®ªà¥áâ­®áâ¨
­ ç «  ª®®à¤¨­ â.

� ¤ ç  �®è¨ ¤«ï íâ®£® ãà ¢­¥­¨ï á®áâ®¨â ¢ ¯®¨áª¥ à¥è¥­¨ï, ã¤®-
¢«¥â¢®àïîé¥£® á«¥¤ãîé¨¬ ­ ç «ì­ë¬ ãá«®¢¨ï¬:

u(0, x1, ..., xn) = ϕ0(x1, ..., xn),
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ut(0, x1, ..., xn) = ϕ1(x1, ..., xn) (13)

£¤¥ ϕ0 ¨ ϕ1 |  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ¢ Q(0) .
�á«¨ u(t, x) | à¥è¥­¨¥ § ¤ ç¨ (12) | (13), â® äã­ªæ¨¨ u, u0 =

ut, uk = uxk
ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨©:

∂u0
∂t

=

n∑
i=1

n∑
j=1

aij
∂ui
∂xj

+

n∑
i=1

a0,i
∂u0
∂xi

+

n∑
i=1

bi(t, x)ui + b0ut + cu + f(t, x)

∂uk
∂t

=
∂u0
∂xk

, (14)

∂u

∂t
= u0,

¨ ­ ç «ì­ë¬ ãá«®¢¨ï¬

u(0, x) = ϕ0(x), ut(0, x) = ϕ1(x), uk(0, x) =
∂ϕ0
∂xk

. (15)

�¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥.
�â¢¥à¦¤¥­¨¥ �á«¨ äã­ªæ¨¨ u, u0, u1, ..., un ã¤®¢«¥â¢®àïîâ ãà ¢­¥-

­¨ï¬ (14),(15), â® ¢® ¢á¥© íâ®© ®ªà¥áâ­®áâ¨ G äã­ªæ¨ï u ¡ã¤¥â à¥è¥­¨¥¬
§ ¤ ç¨ (12) | (13).

�®ª § â¥«ìáâ¢®. �§ ãà ¢­¥­¨© ∂u
∂t = u0 ¨ ∂uk

∂t = ∂u0
∂xk

¢ëâ¥ª ¥â,

çâ® ∂
∂t (uk − ∂u

∂xk
) = 0 . �­ ç¨â uk − ∂u

∂xk
­¥ § ¢¨á¨â ®â t . �§ ­ ç «ì­®£®

ãá«®¢¨ï ¯à¨ t = 0 uk = ∂u
∂xk

. �­ ç¨â íâ® à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¢® ¢á¥©

®ªà¥áâ­®áâ¨ G . Ǳ®¤áâ ¢«ïï u0 ¨ uk ¢ ãà ¢­¥­¨¥ (12), ¬ë ¯®«ãç ¥¬, çâ®
ãà ¢­¥­¨¥ (12) ã¤®¢«¥â¢®àï¥âáï ¢áî¤ã ¢ ®¡« áâ¨ G . �

�â ª, ¬ë ¯®ª § «¨, çâ® á¨áâ¥¬  (12) íª¢¨¢ «¥­â­  (14), ¥á«¨ ¯à¨

t = 0 uk = ∂u
∂xk

. Ǳà¨ ¯à®¨§¢®«ì­ëå ¦¥ ­ ç «ì­ëå ãá«®¢¨ïå á¨áâ¥¬  (14)

¢ ­¥ª®â®à®¬ á¬ëá«¥ ¡®£ ç¥ à¥è¥­¨ï¬¨, ç¥¬ ãà ¢­¥­¨¥ (12), â.ª. ¯à®¨§-
¢®«ì­ë¥ ­ ç «ì­ë¥ ãá«®¢¨ï ­¥ ®¡ï§ ­ë ¡ëâì á¢ï§ ­­ë¬¨ á®®â­®è¥­¨¥¬
uk = ∂u

∂xk

� ¤ ç . � ¤ çã �®è¨ ¤«ï ãà ¢­¥­¨ï â¨¯  �®¢ «¥¢áª®© «î¡®£® ¯®-
àï¤ª  ¬®¦­® á¢¥áâ¨ ª § ¤ ç¥ �®è¨ ¤«ï ­¥ª®â®à®© á¨áâ¥¬ë ¯¥à¢®£® ¯®-
àï¤ª .

� ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® ¤®ª § âì â¥®à¥¬ã �®¢ «¥¢áª®© ¤«ï «¨-
­¥©­®© á¨áâ¥¬ë ¯¥à¢®£® ¯®àï¤ª  ¢¨¤ 

∂ui
∂t

=

N∑
j=1

n∑
k=1

akij
∂uj
∂xk

+

N∑
j=1

bij(t, x)uj + ci (16)
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á  ­ «¨â¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¯à¨ ¯à®¨§¢®«ì­ëå  ­ «¨â¨ç¥áª¨å ­ -
ç «ì­ëå ãá«®¢¨ïå

ui(0, x1 . . . , xn) = ϕi(x1, . . . , xn) (i = 1, . . . , N) (17)

�«ãç © ¯à®¨§¢®«ì­ëå  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ϕ «¥£ª® á¢®¤¨âáï ª á«ã-
ç î ϕ ≡ 0 . �«ï íâ®£® ¢¬¥áâ® ¯à¥¦­¨å ­¥¨§¢¥áâ­ëå äã­ªæ¨© ui ¬ë
¢¢¥¤¥¬ ­®¢ë¥ ­¥¨§¢¥áâ­ë¥ vi = ui−ϕi . �ã­ªæ¨¨ vi ¡ã¤ãâ ã¤®¢«¥â¢®àïâì
á¨áâ¥¬¥ ãà ¢­¥­¨©:

∂vi
∂t

=

N∑
j=1

n∑
k=1

akij
∂vj
∂xk

+

N∑
j=1

bij(t, x)vj + c̃i, (18)

�«ï á®ªà é¥­¨ï § ¯¨á¨ ¬ë ®¡®§­ ç¨«¨ á¢®¡®¤­ë© ç«¥­ ç¥à¥§ c̃i :

c̃i = (ci +

N∑
j=1

n∑
k=1

akij
∂ϕj
∂xk

+

N∑
j=1

bij(t, x)ϕj);

¯à¨ íâ®¬
vi(0, x) ≡ 0. (19)

�®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï. �ë ¯®ª § «¨, çâ® ­ ç «ì­ë¥ ãá«®¢¨ï
(19) ¨ ¯à ¢ ï ç áâì c̃i á¨áâ¥¬ë ãà ¢­¥­¨© (18) ¢¯®«­¥ ®¯à¥¤¥«ïîâ ª®-
íää¨æ¨¥­âë à §«®¦¥­¨ï äã­ªæ¨© ui ¢ áâ¥¯¥­­ë¥ àï¤ë ¯® t, x1, . . . , xn .
�ë ¤ ¦¥ ¬®¦¥¬ ¯à¥¤áâ ¢¨âì íâ¨ äã­ªæ¨¨ ¢ ¢¨¤¥ ä®à¬ «ì­ëå áâ¥¯¥­-
­ëå àï¤®¢. �¤­ ª®, ¯®ª  ­¥¨§¢¥áâ­® ¡ã¤ãâ «¨ íâ¨ àï¤ë áå®¤¨âáï. �«ï
¤®ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨ ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¬ ¦®à ­â.

�¯à¥¤¥«¥­¨¥. � ¦®à ­â®© ¤«ï äã­ªæ¨¨ ψ  ­ «¨â¨ç¥áª®© ¢ ­¥ª®â®-
à®© ®ªà¥áâ­®áâ¨ ­ã«ï ­ §ë¢ îâ ¢áïªãî äã­ªæ¨î F (t, x)  ­ «¨â¨ç¥áªãî
¢ íâ®© ®ªà¥áâ­®áâ¨, ã ª®â®à®© ¢á¥ ª®íää¨æ¨¥­âë à §«®¦¥­¨ï ¢ áâ¥¯¥­­®©
àï¤ ¯® t, x1, . . . , xn ¯®«®¦¨â¥«ì­ë ¨«¨ à ¢­ë ­ã«î, ¨ ­¥ ¬¥­ìè¥  ¡á®-
«îâ­ëå ¢¥«¨ç¨­ á®®â¢¥âáâ¢ãîé¨å ª®íää¨æ¨¥­â®¢ à §«®¦¥­¨ï ψ .

Ǳãáâì

ψ(x0, x) =
∑
α

cαx
α

Ǳãáâì àï¤ áå®¤¨âáï ¢ ­¥ª®â®à®© â®çª¥ x = a , £¤¥ a = (a0, a1, . . . , an) , £¤¥
|αi| > 0 ∀i . �®£¤  ∃ M : ∀ α |cαaα| � M . �«¥¤®¢ â¥«ì­®

|cα| � M

|a0|α0 · . . . · |an|αn
.
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Ǳ®íâ®¬ã äã­ªæ¨ï

S =
M

(1 − x0
|a0| )(1 − x1

|a1| ) · . . . · (1 − xn

|an| )
=

= M

∞∑
α0

( x0
|a0|

)α0 ∞∑
α1

( x1
|a1|

)α1 · . . . · ∞∑
αn

( xn
|an|

)αn

=

=
∑
α

Mxα

|a0|α0 · . . . · |an|αn
.

ï¢«ï¥âáï ¬ ¦®à ­â®© ¤«ï äã­ªæ¨¨ ψ .
�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® äã­ªæ¨ï

G(x) =
M

1 − β−1x0+x1+...+xn

a

, £¤¥ a = min{|a0|, . . . , |an|}

ï¢«ï¥âáï ¬ ¦®à ­â®© ¤«ï ψ , â.ª.

M

∞∑
k=0

(β−1x0 + x1 + . . . + xn
a

)k
= M

∞∑
k=0

1

ak

∑
|α|=k

k!

α!βα0
xα.

Ǳ®¤¡¥à¥¬ ç¨á«  M ¨ a â ª çâ®¡ë äã­ªæ¨ï G(x) áâ «  ¬ ¦®à ­â®©
¤«ï ¢á¥å ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë (?). � «¥¥ ¢ë¡¥à¥¬ ¬ ¦®à¨àãîéãî
á¨áâ¥¬ã:

β−1 ∂Ui
∂t

=
M

1 − β−1x0+x1+...+xn

a

( N∑
j=1

n∑
k=1

∂Uj
∂xk

+

N∑
j=1

Uj + 1
)
.

�¥ ä¨ªá¨àãï ¯®ª  ­ ç «ì­ëå ¤ ­­ëå, ¡ã¤¥¬ ¨áª âì à¥è¥­¨¥ á¨áâ¥¬ë ¢
¢¨¤¥

U1(x) = U2(x) = . . . = Un(x) = U(x) = U(z),

£¤¥ z = β−1x0 + x1 + . . . + xn . Ǳ®¤áâ ¢¨¢ ¢ á¨áâ¥¬ã ¯®«ãç¨¬, çâ® U(z)
¤®«¦­  ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

β−1∂U

∂z
=

M

1 − z
a

(
Nn

dU

dz
+ NU + 1

)
.

�â® ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

dU

NU + 1
=

A(z)dz
1
β −NnA(z)

= B(z)dz (20)
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β ¢ë¡¨à ¥¬ ­ áâ®«ìª® ¬ «¥­ìª¨¬ çâ®¡ë ¡ë«® ¢ ®ªà¥áâ­®áâ¨ Q(z) 1
β −

NnA(z) > 0 . �®£¤  B(z) ¢ íâ®© Q(z) ¡ã¤¥â  ­ «¨â¨ç¥áª®© äã­ªæ¨¥©.
Ǳ®ª ¦¥¬, çâ® ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (20) ¨¬¥¥â ¢¨¤

U(z) =
1

N
{eN

∫
z
0
B(ξ) dξ − 1}

¨ ¤ ¥â ­ ¬ ¨áª®¬ãî ¬ ¦®à ­âã ¤«ï à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨. � ª ª ª
äã­ªæ¨¨ Ui(x) = U(x0+ . . .+xn) ã¤®¢«¥â¢®àïîâ ¬ ¦®à¨àãîé¥© á¨áâ¥¬¥,
â® ¤«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥­¨ï ¤®áâ â®ç­® ã¡¥¤¨âáï ¢ â®¬, çâ®
¯à¨ t = 0 U(z) à áª« ¤ë¢ ¥âáï ¢ àï¤ ¯® x1, . . . , xn á ¯®«®¦¨â¥«ì­ë¬¨
ª®íää¨æ¨¥­â ¬¨. (â.¥. ï¢«ï¥âáï ¬ ¦®à ­â®© â®¦¤¥áâ¢¥­­®£® ­ã«ï).

�¥©áâ¢¨â¥«ì­® ¢ à §«®¦¥­¨¨ B(z) ¢á¥ ª®íää¨æ¨¥­âë ¯®«®¦¨â¥«ì-
­ë:

B(z) =
βA(z)

1 − βA(z)Nn
= βA(z)

(
1 + βNnA(z) + β2N2n2A2(z) + . . .

)
£¤¥

A(z) = M
∞∑
k=0

(z
a

)k
.

�«¥¤®¢ â¥«ì­® ¨ B(z)n ¨ U(z) ®¡« ¤ îâ íâ¨¬ á¢®©áâ¢®¬. �.¥. íâ®
¤¥©áâ¢¨â¥«ì­® ¬ ¦®à ­â .

�âáî¤  á«¥¤ã¥â áå®¤¨¬®áâì áâ¥¯¥­­ëå àï¤®¢, ¯à¥¤áâ ¢«ïîé¨å à¥-
è¥­¨¥ ¨áå®¤­®© § ¤ ç¨ (17),(18). �

� ¬¥ç ­¨¥ �«ï á¨áâ¥¬, ­¥ ¨¬¥îé¨å â¨¯  �®¢ «¥¢áª®©, ¢®®¡é¥ £®¢®-
àï, â¥®à¥¬  ­¥¢¥à­ . � ¯à¨¬¥à

∂u

∂t
=

∂2u

∂x2
, u(0, x) =

1

1 − x
, |x| < 1.

�¥è¥­¨¥

u(t, x) =

∞∑
n=0

(2n)!

n!

tn

(1 − x)2n+1
.

�¤­ ª® íâ®â àï¤ à áå®¤¨âáï ¢ ª ¦¤®© â®çª¥ t �= 0 .

§ 25 �­ «¨â¨ç­®áâì à¥è¥­¨ï ãà ¢­¥­¨ï � ¯« á .

Ǳãáâì u(x1, ..., xn) | à¥è¥­¨¥ ãà ¢­¥­¨ï � ¯« á . �®ª ¦¥¬, çâ®
íâ® à¥è¥­¨¥  ­ «¨â¨ç­® ¯® ¢á¥¬  à£ã¬¥­â ¬.
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�â¢¥à¦¤¥­¨¥ 1. . Ǳãáâì u | à¥è¥­¨¥ ãà ¢­¥­¨ï � ¯« á :

�u = 0, x ∈ Rn.

�®£¤  u  ­ «¨â¨ç¥áª¨ § ¢¨á¨â ®â x1 .

�®ª § â¥«ìáâ¢®. � ¬¥­¨¬ x1 ­  x1 + iy1, u ­  U :

U(y1, x1, ..., xn) = u(x1 + iy1, x2, ..., xn), U |y1=0 = u(x). (2)

�§ ãá«®¢¨ï �®è¨-�¨¬ ­  â.¥.

Ux1 + iUy1 = 0 (2)

¤¨ää¥à¥­æ¨àãï íâ® à ¢¥­áâ¢® ¯® x1 ¨«¨ ¯® y1 , ¯®«ãç ¥¬, çâ®

Ux1x1 + iUx1y1 = 0, Uy1x1 + iUy1y1 = 0 (2a)

�âªã¤  «¥£ª® ¢ë¢®¤¨¬, çâ®

Ux1x1 + iUy1y1 = 0. (3)

�à®¬¥ â®£®, äã­ªæ¨ï U ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

�x U = 0 (4.)

�§ (3),(4) ¢ëâ¥ª ¥â çâ®
Uy1y1 = Ux2x2 + ... + Uxnxn

,

U |y1=0 = u(x),

Uy1 |y1=0 = −1
iUx1 |y1=0 = −1

i ux1(x). (¨§ (2))

(5)

�«¥¤®¢ â¥«ì­®, ª« áá¨ç¥áª®¥ à¥è¥­¨¥ U § ¤ ç¨ (5) áãé¥áâ¢ã¥â. �

�â¢¥à¦¤¥­¨¥ 2. . �¥è¥­¨¥ § ¤ ç¨ (5) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �®è¨-

�¨¬ ­ : Ux1 + iUy1 = 0.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥

w = Ux1 + iUy1
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¨ ¤®ª ¦¥¬, çâ® w ≡ 0 . �â¨¬ ¬ë ¤®ª ¦¥¬, çâ® ãá«®¢¨ï �®è¨-�¨¬ ­ 
¢ë¯®«­ïîâáï:

wy1y1 = wx2x2 + ... + wxnxn
,

w|y1=0 = (Ux1 + iUy1)|y1=0 = ux1 − i
iux1 = 0,

wy1 |y1=0 = (Ux1 + iUy1)y1 |y1=0 = (Ux1y1 + iUy1y1)|y1=0
(2a)
=

= (−1
i
Ux1x1 + iUy1y1)|y1=0

(5)
= iUx1x1 |y1=0 + i(Ux2x2 + ... + Uxnxn

)|y1=0
(2)
=

= iux1x1 + i(ux2x2 + ... + uxnxn
) = i�u = 0.

â.¥. w | à¥è¥­¨¥ ¢®«­®¢®£® ãà ¢­¥­¨ï ¯à¨ ­ã«¥¢ëå ­ ç «ì­ëå ãá«®¢¨ïå:
w|y1=0 = 0 ¨ wy1 |y1=0 = 0 . �«¥¤®¢ â¥«ì­® w ≡ 0 . �

�ë¢®¤: �¥è¥­¨¥ ãà ¢­¥­¨ï � ¯« á  |  ­ «¨â¨ç¥áª ï äã­ªæ¨ï á¢®-
¨å  à£ã¬¥­â®¢.

� ¤ ç . Ǳãáâì f |  ­ «¨â¨ç¥áª ï äã­ªæ¨ï. �®ª § âì, çâ® à¥è¥­¨¥
u ãà ¢­¥­¨ï �u = f(x) |  ­ «¨â¨ç¥áª ï äã­ªæ¨ï.

ª®­¥æ «¥ªæ¨¨ ò37
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