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1. Introduction

The problem of eigenvalue spectrum assignment relates to the classical problems of
mathematical control theory. Consider a linear control system

2™+ a2+ +a,z = b (1)

Here x € K is a state, u € K is a control, a; € K, i« = 1,n, by € K are constants,
K =R or K =C. System (1) is called arbitrary eigenvalue spectrum assignable (AESA)
by linear static state feedback (LSSF) if for any v; € K, i = 1,n, there exists a linear
state feedback control

w=kiz" ™V 4. 4k (2)
such that the closed-loop system (1), (2) has the form
™ 4y 4 gz =0. (3)

It is clear that if b; # 0, then the feedback control (2), where k; = b, ' (a; — i), i = 1,7,
reduces system (1) to the form (3), i.e., the problem is resolvable. In particular, one
can ensure required asymptotics to solutions of (3) (e.g., stability or instability etc.). If
b1 = 0, then system (1) is not controllable, and the problem is not resolvable.

Consider a linear control system in the vector form

z=Fz+ Gv. (4)

Here z € K" is a state, v € K? is a control, F' € M, (K), G € M, 4(K), M, 4(K) is a space
of r x g-matrices with elements of K, M, (K) := M, ,(K) (we will denote M, 4 := M, 4(K),
M, = M,(K)). System (4) is called AESA by LSSF if for any §; € K, i = 1,r, there
exists a linear state feedback control

v=1Lz (5)

with L € M, ,(K) such that the characteristic polynomial x(F + GL; A) of the matrix of
the closed-loop system

2= (F+GL)z
satisfies the condition
X(F+GL;A) =N + 52 46,

It was proved (in [21] for K = C and in [35] for K = R) that system (4) is AESA by
LSSF (5) iff system (4) is completely controllable, i.e.,
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rank [G, FG,...,F""'G] = r. (6)

Consider the corresponding problem for the differential equation (1) when the state

vector and the control vector are multidimensional. Let s € N be given. Consider a linear
control system

™ + A2V 4+ 4+ A,z = Bu. (7)

Here z € K* is a state vector, u € K* is a control vector, 4; € My(K), i = 1,n,
B; € M, (K) are constant matrices.

Definition 1. We say that system (7) is arbitrary matriz eigenvalue spectrum assignable
(AMESA) by LSSF if for any T'; € M(K), i = 1,n, there exists a linear static state
feedback control
w= K™Y . + K,z (8)
where K; € M(K), such that the closed-loop system has the form
2™ 4+ T Y 4 4T =0. (9)
The following proposition is evident.

Proposition 1. System (7) is AMESA by LSSF iff det By # 0.

In fact, if det By # 0, then the feedback control (8), where

Ki:Bl_l(Ai—Fi), z'zl,n,

reduces system (7) to system (9). Vice versa, if det By = 0, then it is clear that not for
any I'; € M,,(K), i = 1, n, there exists a feedback control (8) that reduces system (7) to
system (9).

By using the standard replacement z; = z, 20 = 2/, ..., 2z, = (", one can
rewrite the control system (7), (8) in the form (4), (5) where z = col[zy,..., z,] € K"*,
v=u€K?,

0 1 0 0 0
0 0 1 0 0
F = . : : T . : s G = : s
0 0 0 ... I 0 (10)
-A, —-A,1 —-A,_o ... —A B

L=[K,, Ky,_1,...,K1], r=mns, q=Ss.



118 V. Zaitsev, I. Kim / Linear Algebra and its Applications 613 (2021) 115-150

Here 0 € My, I € M; is the identity matrix. We say that system (4) with matrices (10)
is the big system corresponding to system (7). System (7) is called AESA by LSSF if the
corresponding big system (4), (10) is AESA by LSSF. If det By # 0, then it is easy to
see that rank [G, FG,..., F" 1G] = ns. It follows that condition (6) is satisfied. Thus,
the following proposition holds.

Proposition 2. If det By # 0 then system (7) is AESA by LSSF (8).

Remark 1. In contrast to Proposition 1, the condition det By # 0 in Proposition 2 is
only sufficient but not necessary. The following example shows this. Let n = 2, s = 2,

e Er B [ E R i

One can check that, for system (4), (10), (11), condition (6) holds, i.e., system (4), (10),
(11) (and, hence, system (7)) is AESA by LSSF but det B; = 0. This example shows,
in particular, that, for system (7), the properties of AMESA and AESA by LSSF are
different.

Consider a control system defined by a linear differential equation of n-th order where
the input is a linear combination of m variables and their derivatives of order < n — p
and the output is a k-dimensional vector of linear combinations of the state z and its
derivatives of order <p—1 (1 <p <n):

™ 4 a2 Y 4 fanr =

= bplugn_p) + bp+171ugn_p_1) + ...+ bur + ... (12)

+ byt 4 byt TP L DU,
y1 = cnT + o’ + ...+ cplx(pfl), .

(13)
Yp = c1x® + copt’ + ..+ cppa®Y.

Here z € K is a state variable, u, € K are control variables, y3 € K are output variables,

aiy bia, cvg €K, i =1,n, l =p,n, v=1,p, a=1,m, B =1,k Let us construct the
vectors u = col(uy, ..., um) € K™, y = col(y,...,y) € KE.

Suppose that the control in system (12), (13) has the form of linear static output
feedback (LSOF):

u = Qy. (14)

Here Q = {qos} € Mpmi(K), gop € K, a = T,m, 8 = 1,k. System (12), (13) is called
AESA by LSOF if for any ~; € K, i = 1,n, there exists a linear static output feedback
control (14) such that the closed-loop system (12), (13), (14) has the form (3). System
(12), (13) with (14) is a generalization of system (1) with (2): in the case if m =1, p = n,
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k=mn,and {c;j}7 ;- = I € My, system (12), (13), (14) is coinciding with (1), (2). The
conditions imposed on the orders of derivatives in (12) and (13) are natural because one
needs the orders of the derivatives on the right-hand side of the closed-loop system to
be less than n (see also [44]).

In the vector form, the problem of eigenvalue spectrum assignment by LSOF is as
follows. For time-invariant plant described by

2 =Fz+ Gu, E=Hz,

with 2 € K", v € K9, ¢ € K%, F € M,(K), G € M, ,(K), H € My.,.(K), one needs to
construct a linear static output feedback control

v =L

with L € M, q4(K) ensuring for the characteristic polynomial x(F + GLH;\) of the
matrix of the closed-loop system

i=(F+GLH)z (15)
the equality
X(F+GLH;A) = X + 6\ 4.+ 6, (16)

with an arbitrary pregiven §; € K, i = 1,7.

The static output feedback problem of eigenvalue assignment is one of the most im-
portant open questions in control theory [24,3], see also reviews [29,25,28]. This problem
has been studied for over 40 years by many authors. The most essential results at differ-
ent times have been obtained by Davison and Wang [7] (K = R), Kimura [16] (K = R),
Hermann and Martin [14] (K = C), Willems and Hesselink [34] (K = R), Brockett and
Byrnes [4] (K = C), Wang [31,32] (K = R), Rosenthal, Schumacher, and Willems [23]
(K = R). Some new results on eigenvalue assignment by static output feedback were
obtained in works [40-43,33,2,17,20,22,19,11,30,1,5].

Although there is a huge amount of papers on static output feedback, however, as
noted in [25], “so far, there has been no exact solution to this prominent problem which
can guarantee the design of static output feedback or determine that such a feedback
does not exist”.

For the scalar system (12), (13), (14), this problem has been solved in [39]. Let us
construct the matrices B = {bjo}, | = T,n, a = I,m, and C = {c,3}, v =1, n, B = 1,k,
where by := 0 for [ < p and ¢,3 := 0 for v > p. Let J := {¥;;} € M,(R) where 9;; =1
for j =441 and ¥;; =0 for j # ¢ + 1. Let T' denote the transposition of a matrix. The
following theorem holds [39].
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Theorem 1. System (12), (13) is AESA by LSOF (14) iff the matrices
c'p, c*yB, ..., CcTJ"'B
are linearly independent.

Consider the corresponding problem for system (12), (13), (14) when the state, input
and output variables are multidimensional. Suppose that numbers s,n,m,k € N, and
p € {1,n} are given. Consider the following system:

™ 4 A 44 A=
= Bplugn_p) + Bp+1’1’u,§n_p_l) + ...+ Bnlul + ... (17)
+ Bpmt!" ™) 4+ By ol P 4 B,
U1 :011$+021$/+...+Cp1$(p_1), R

(18)
yr = Crpx + Cgkx/ + ...+ Cpkx(p_l).

Here x € K® is a state variable, u, € K® are control variables, yg € K* are output
variables, A;, B, Cup € Ms(K), i =1,n, Il =p,n, v=1,p, a = 1,m, B = 1,k. Let us
construct the vectors u = col(uy, ..., uy,) € K™, y = col(yi,...,yr) € K*.

Suppose that the control in system (17), (18) has the form of linear static output
feedback:

u = Qy. (19)

Here Q = {Qap} € Moms ks(K), Qus € My(K), « = T,m, 3 = 1,k. By (18), we have

P
Yg = Z O,,/gi(uil), b6=1k.
v=1

Hence,

k P
Uy = ZQag(ZCygx(”_l))7 a=1,m.
B=1 =1

The closed-loop system (17), (18), (19) take the form

k

Qf(n) + zn: Aix(nii) - i Xn: Bla
i=1 a=1l=p B

Definition 2. We say that system (17), (18) is AMESA by LSOF (19) if for any I'; €
M (K), i = 1,n, there exists a gain matrix Q € M5 s(K) such that the closed-loop
system (20) has the form (9).

P
Qaﬂ(ZCVBx(n—lJru—l)) =0. (20)
1 v=1
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By using the replacement z; = z, 20 = @', ..., z, = ("1 the closed-loop system
(20) can be rewritten in the form of the big system (15) where r = ns, ¢ = ms, d = ks.

Definition 3. System (17), (18) is called AESA by LSOF (19) if for any §; € K, ¢ = 1, ns,
there exists a gain matrix ) € M, ks(K) such that the characteristic polynomial of the
matrix of the closed-loop big system (15) has the form (16).

For system (4), by reducing to the upper block Hessenberg form, AESA problem by
state feedback was provided in [26]. For system (7), AESA problem by state feedback
was studied in [27]. The eigenstructure assignment problem for system (7) was studied
in [8]. For second order systems (7), AESA problems by LSSF were studied in [10,15,6],
robust eigenvalue problems were studied in [13]. AESA problem by LSOF for system
(17), (18), (19) withn =2, s =2, m =1, k = 1, p = 1 was considered in [20]. AESA
problem for system (17), (18) by LSOF (19) for any n € N withp=n,m=1,k=n
was studied in [37,38,36]. For system (17) with m = p = 1, the problem of a state-space
realization in the descriptor system canonical form was studied in [9]. For system (17),
(18), AESA problem by state feedback was studied in [44], and necessary and sufficient
conditions for AESA have been obtained there in the terms of the so-called Sylvester
mapping.

In this paper, we study the problem of matrix eigenvalue spectrum assignment for sys-
tem (17), (18) by LSOF (19). In general case, the problem of arbitrary matrix eigenvalue
spectrum assignment for system (17), (18) by static output feedback (19), to the best of
our knowledge, has not been considered. The main aim of the work is to obtain necessary
and sufficient conditions of AMESA and sufficient conditions of AESA for system (17),
(18) by LSOF (19) similarly to Propositions 1 and 2, and to extend Theorem 1 for the
case s > 1.

2. Notations, definitions, and preliminary statements

Here and throughout, we suppose that the numbers s,n,m,k € N, and p € {I,n}
are fixed. Let us give necessary denotations and definitions. For any matrix H € M,
we suppose, by definition, H® = I € M,,. Denote by ® the right Kronecker product of
matrices G = {g;;} € My, p, i =1,w, j =1,p, and H € M, ; [18, Ch. 12] defined by the
formula

ginH giH ... gi1,H
g21H goH ... go,H

G®H = . . . wo,pT -
91 guoH ... g, H

Denote J = J ® I € M,, where I € My and J := {¥;;} € My, ¥;j =1for j =i+1
and ¥;; = 0 for j # i+ 1. We will use the mappings vecc, vecr that unroll a matrix
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H = {h;j} € M,, ,(K), i = 1,w, j = 1, p, column-by-column and row-by-row respectively
into the column vector and the row vector respectively:
vecc H = col(hit, ... huts ooy hip, ooy hap) € Myp 1 (K),
vecr H = [hlla ey hlpa ey hwh ey hwp] € Mpr(K).

Lemmal. [f X e M, ,, Y eM,,, Zc M,,, then
vece (XY Z) = (Z7 @ X) veccY.

The proof is given in [18, Sect. 12.1, Proposition 4] for square matrices X, Z. The
proof remains the same for arbitrary rectangular matrices X, Z.

Definition 4. For the fixed s € N, let us introduce the operation of the block trace
SPg: My, — Mj by the following rule: if H = {H;;} € My, H;j € My, i,j = 1,q, then

q
SP,H = 5. Hy.

=1

Lemma 2. Suppose that X and Y are block matrices with s X s-blocks, there exist XY
and Y X, and the blocks of the matriz Y are scalar matrices, i.e.,

X = {XZj} € qu,?"& le € MS7 1= 17Qa j = laT;
Y = {Y;z} € Mrs,q37 ijz = yjila Yji € K, Ic Ms7 J

Then SP4(XY) = SP,(Y X).

Proof.
q T q T q r
SP4(XY) = ZZXUYJZ = ZZXijyjiI: ZZXijyjia (21)
i=1j=1 i=1j=1 i=1j=1
T q s q s q
ZZY]‘iXij = ZzyjiIXij = ZzyjiXij~ (22)
Jj=1l1i=1 Jj=11i=1 j=11i=1

From (21) and (22) it follows the required. Q.E.D.

Lemma 3. Let D = {D,,} € Mys, Dy, € My, w,p=1,n. Then

n—i+1

SP,(DJ* 1) =SP,(J"'D) = Z Dyyic1m, i=T1,n. (23)

Proof. The equality SP;(DJ""1) = SP,(J*"1D) follows from Lemma 2 because, for any
i = 1,n, the blocks of the matrix J*~! are scalar. Let us prove the second equality in
(23).
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For i = 1, we have J~1 = I € M,;. Therefore, (23) follows from the definition of
SPs.

Next, we have J = {GW}ZM:1 € My, where G, =1 € Myifw=p+1,p=1,n—-1,
and G, = 0 € M, otherwise. Let us calculate the degrees of the matrix J. For any
j=1,n—1, we have:

. . : IEMsulfw:p+]7 :17n_j7
J! = G/(JJUB 274,,,:1 € My, GEJJJ = { g

(24)
0 € M, otherwise.
Therefore,

n n n—j
SP(JD) =) Y GlDup =1 Dysjp-
p=1w=1 p=1
Replacing j by i — 1 and p by 7 in the last equality, we obtain (23). Q.E.D.
Definition 5. Suppose that X and Y are block matrices with s x s-blocks such that the
number of the (block) columns of X is equal to the number of the (block) rows of Y

X ={Xij} € Mys,s,

Xi; € M,
Y = {iju} S Mrs,tsa

i=1.4

Y, € M,

J=1Lr,

For the matrices X and Y, let us introduce the operation of the block multiplication by
the following rule:

Z=X*Y :={Zy}, Zi:=) Xij®Y, i L.
j=1

I
—
R
N
I
—
-

We have Z;, € M2 for all i = 1,q, v = 1,¢t, therefore, Z := X Y € My 4,2

For convenience, so as not to write brackets, we assume

PxRS:=Px(R-S), PRxS:=(P-R)*S

where matrices P, R, .S have the corresponding dimensions.

Lemma 4. Let

X = {Xip} € qu’nm
Y = {}/pl/} € Mns,T57 Ypu € M,

Then, for any j =0,n — 1,

XipEMs; 1

|
\.}—‘
R
B
|
—
S

~-
S
X
Il
—
3
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XJT'xY =X +xJY.

(25)
Proof. For j = 0, we have J/ = I € M,,s and, therefore, (25) is true
Let j € {1,n — 1}. Denote
ij = V(j) = {‘/;(p])} € MIIs,nsa V;(pj) eM
JY = W(]) = {ng,j/)} € My rs,
Then, by (

W) e M,

24), we have

) n ) Xip—i €EMg, 7+41<p<n
7)) _ _ bP—I s
=3t - {
n=1

(26)
0eM, 1<p<j.
. n Y, ',ueMsa 1§p§n_]a
W@ =3 @@y, =4 " , (27)
o1 0eMy;, n—j34+1<p<n.
Thus, by Definition 5

taking into account (26) and (27), we have

(XTI *Y)i = (VD «Y),, ZV“ ®Y, Z Xip—j ® You, (28)
p=j+1
) n ] n—j
(X% TY )iy = (X« WD)y, =" Xiy @ W) = Xip @ Y5,
n=1

- (29)
n=1

By replacing p by n 4 j in (28), we obtain that (
(25) is true. Q.E.D.

) and (29) are coincident. Therefore

Definition 6. For the fixed s € N, let us introduce the operation of the block transposition
T by the following rule: if H = {H;;} € Mys s, Hij € My, i=1,q, j = 1,7, then

=G= {Gji} S Mrs,qsa Gji = Hij7 .7 = 1aT7 1= m

Lemma 5. The following properties hold
1. (HT)T = H.

If X and Y are block matrices with s x s-blocks, there exists XY, and the blocks of
the matriz Y are scalar matrices, i.e

X ={Xij} € Mys s,

XijeMs7 Z:17q7 ]ZI,T;
Y = {}/ja} S Mrs,tSa Yja = yjolv Yjo € K7 Ie MS7 J = 17T
then

XY)T =v7Xx7.
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These properties can be checked directly.

Definition 7. Let X be a block matrix with s x s-blocks:

X = {X”} S qu,rsa Xij € Ms, = m, j=1r.

Let us construct the mappings VECCR,, VECRR : Mys s — Ms grs that unroll the
matrix X = {X;;} € Mys,s by block columns and by block rows respectively into the
block row with s x s-blocks:

VECCR, X = [X11,..., Xq1, ... X1r, ..
VECRR, X = [X11,. .., X1+, Xg1s- -

)

X
X

. qr]7
: (IT] )
and the mappings VECRC,, VECCCy : Mys s — Mgrs,s that unroll the matrix X =
{Xij} € Mys s by block rows and by block columns respectively into the block column
with s x s-blocks:

[ X117 [ X117
Xl'r' qu
VECRC,; X = , VECCC; X = :
qu Xlr
_er _er

The following equalities are clear:

VECCR, X = VECRR, (X7), (31)
(VECRC, X)T = VECCR, (X7T). (32)
Lemma 6. If
X:{Xij}qus,rsa Xij GMSa i:17Q7 jil,T',
Y:{le} eMrs,q57 in EMs, j=1r 1i=1,4q,
then
SP,(XY) = VECRR ;X - VECCC,Y = (33)
= VECCR,X - VECRC,Y. (34)

The proof follows directly from Definitions 4 and 7.
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Lemma 7. Let

F:{Ea} GMTLS,TI‘LS? Fio GMS» l:]-anv a:17m;
Q = {Qaﬁ} € Mms,ksv Qaﬁ € MS, a = Lmv B = 17k;
H={Hpg} € Myss, HpeMs, l=1n, p=1k.

Suppose that R = SP,(FQHT). Then
vecc R = VECRR,:2 (H” % F) - vecc (VECCR, Q). (35)

Proof. Denote

|
—

FQ :W:{Vvlﬁ} eMns,kS7 WZB GMS7 l

Then Wig = > F1oQaps- Therefore,
a=1

R=SP,(WH") = Z Z WigHg = Z Z Z FlaQapHip. (36)

1=1 p=1 =1 f=1a=1

By applying Lemma 1 to matrices FjoQqpHg for every [ =1,n, B =1k, a =1,m, we
obtain from (36) that

n k m
vece R = Z Z Z ( ng ® Fla) - veee Qugs- (37)
=1 p=1a=1

Denote Z:=H" « F. Since H” ¢ € Mysns, F' € Mysms, hence, Z € M2 2. We have
={Zsua}, Zsa € Ms2, B = 1,k, @ = 1, m, and the matrix Zg,, by Definition 5, has
the form

n

Zgo =Y (Hig)" ® Fia. (38)
=1
By definition,
VECRR,2Z = [Zn, RN A T/ SIS ka] S MSQ,ICTI’LS2' (39)

Next,

VECC(VECCRSQ) = vecc [th B le, B Qlka ey ka] =

(40)
2
= col (vecc Q11, . ..,vecc Qum1, - .., vect Qik, - .., vecc Qmi) € KFms™,
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By multiplying (39) by (40) and taking into account (38), we obtain that the right-hand
side of (35) has the form

VECRR,2(H” % F) - vecc (VECCR, Q) =
=Z11-veccQu1+ ...+ Zim - vecc Q1 + ...+ Zg1 - vecc Qi + - . . + Zim - vece Qi =

k. m k. m n
= Z Z ZBO( . VeCCQa,B = Z Z Z ((HZB)T X Fla) . VeCCQag.
=11=1

B=1a=1 B=1la
(41)

From (37) and (41) it follows (35). Q.E.D.
3. Necessary and sufficient conditions for AMESA by LSOF

On the basis of system (17), (18), let us construct the block matrices B € My ms,
C € My ks (where 0 € M,):

F 0 0 T [C1 ... Cii]
1o 0 o on

B=1p, B | =10 0 (42)
B, Bom | 0 0 |

Theorem 2. System (17), (18) is AMESA by LSOF (19) if and only if for any T'; €
M(K), i = 1,n, there exists a matriz Q € My, rs(K) such that the following equalities
hold:

I =A; —SP,(J7'BQCT), i=T1n. (43)

Proof. Let matrices I'; € My (K), ¢ = 1,n, be given. One needs to construct a matrix
Q ={Qup} € Myms ks, Qup € Ms, a =1,m, = 1, k, such that the closed-loop system
(20) has the form (9).

System (20) can be written in the form

2™ 4 Az 4 4 A — A= 0, (44)
where
m k n P
A= 3> BiaQasCupr 770, (45)
a=1p=1l=p v=1

Let us replace the summation index v by ¢ =1 —v + 1 in (45). Since v ranges from 1 to
p, hence, ¢ ranges from [ — p + 1 to [. So,
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m k n l
A=) E E E BiaQapCrii—ipz" .

a=14 =l-p+1

Ifie{l,l —p}, then I +1—14>p+1, hence, Ciy1-; 3 = 0. Thus,

BioQapCiri1—ipr™ ™.

HM~

"Lrey

HMS

If I € {1,p — 1}, then By, = 0, hence,

A= BiaQapCria_ipr™.

NE
™=
M=
M-

Q
Il
-
™
Il
-
Il
-
-
Il
-

n 1 n n
Let us change the summation order: we replace . > by > >; then we obtain
I=1i=1  i=1li=i

BlaQa,@ClJrl Zﬂm( l) (46)

M:
INgE

»

|P”13

.
Il
-

l

7

Let us construct D = BQC”. Then D = {D,,,} € Mys, Dy, € M;, w, p =1,n, and, by

construction,

m k
=Y > BuaQapChps. (47)
a=1p=1
By using Lemma 3, equality (47), and replacing the summation variable I = n+1i — 1,
we obtain
] n—i+1 n—i+1 m k
SPS(jlilD) = Z Dn+i—1,n = Z Z ZBn+i—1,aQaﬁCnﬂ
n=1 n=1 a=1p=1 48
n m k ( )
=3 > )  BiaQupCii1-ip
=i a=1 =1
It follows from (46) and (48) that
A=Y "SP (7 D). (49)
i=1

Substituting (49) in (44), we obtain that the closed-loop system has the form
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z(™ +Z( — SP(F1BQCT)) 2" = 0. (50)

System (50) is coinciding with (9) iff equalities (43) hold. Q.E.D.

Remark 2. By Lemma 3, equalities (43) are equivalent to

Iy = A; — SP(BQCT 771, i=T1n.

Equalities (43) represent a system of linear equations with respect to the coefficients
of the matrix ). Let us find conditions for solvability of this system.
Consider the matrices

ctxB, ¢T«gB, ..., CTxg"'B.

We have CT' € My s, B € My ms, hence, CT x J"1B € Myg2 s for all i = 1, n. Let
us construct the matrices VECRR 42 (CT * J* "1 B) € M2 jms2, @ = 1,n, and the matrix

VECRR,:(CT « B)
VECRR,:(CT x 7 B)

S Mnsz,kmSZ- (51)
VECRR,:(CT % 7"~ B)

Theorem 3. System (17), (18) is AMESA by LSOF (19) if and only if
rank © = ns>. (52)

Proof. Let us apply the mapping vecc to equalities (43) and apply Lemma 7 to the
matrices F = J" 1B, H = C. Then (43) takes the form

vece (A; — ;) = VECRR 2 (CT x 77! B) - vece (VECCR,Q), i = 1, n. (53)
Denote

v := vecc (VECCR;Q) € KFms®
w := col (Vecc (A; = T4),...,vecc (A, — Fn)) c K. (54)

Then systems (53) can be rewritten in the form
Ov = w. (55)

The condition (52) is equivalent to solvability of system (55) with respect to v for any

Iy € Ms(K), i = 1,n, and hence, to arbitrary matrix eigenvalue spectrum assignability
for system (17), (18) by feedback (19). In particular, system (55) has the solution
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v=07Te6e") w. (56)
The required matrix @) can be found from the equality
Q = VECCR; *(vecc1v). (57)
Theorem 3 is proved. Q.E.D.

Remark 3. By Lemma 4, the matrices CTx 7'~ B in (51) can be replaced by CT J*~1xB,
1= 1,n.

Remark 4. Theorem 3 is an analogue of Proposition 1 for AMESA problem by LSOF.
Remark 5. Note that the condition mk > n is necessary for (52).
4. Sufficient conditions for AESA by LSOF

Consider system (9). Denote I' = [I'y,...,T',] € M, 5. Construct the matrix charac-
teristic polynomial for system (9):

TN =IN" +T A"+ 4T,

Here A € K, T(T'; \) € M,(K). From system (9), construct the big system with the block
companion matrix:

=0z, zeK"™,
0 I 0 0
0 0 I 0 (58)
@ =) = s
0 0 0 R |
-, -T,.1 -Tp,.o ... -I4

=

Denote by x(®;A) the characteristic polynomial of the matrix of system (58), i.e.,
X(®; A) = det(AI — ®). The following theorem holds [12, Theorem 1.1].

Theorem 4. det T(T'; A) = x(P; ).
Let us prove the following theorem.

Theorem 5. For any numbers 6; € K, i = 1,ns, there exist matrices I'; € My(K),
j=1,n, such that

X(R(T);A) = A £ G AL £ G N 72 4 4 s (59)
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Proof. Suppose that §; € K, ¢ = 1,ns, are given. Let us construct the matrices I'; €
M,(K), 5 =1,n, as follows: for j = 1,n — 1, we set

0 0o ... 0
Ontj 0 ... 0
r; = . . NE
6(871)7’L+j O .. O
for j = n, we set
On -1 0 0
don 0 -1 0
L= z z
5(5_1)n 0 0 -1
sn 0 0
Then
i A"+ OGN L 5N T2 46, -1 0 ... 07
(5n+1)\"_1 + (5n+2)\n_2 + ...+ b2 AT -1 L. 0
T(I;A) = : S S
5(572)n+1)\n71 + 5(572)n+2)\n72 + ...+ 5(571)71 0 o ... -1
5(571)n+1)\n—1 + (5(571)n+2/\n_2 4+ ...+ dsn 0 0 ... A"

Calculating the determinant of Y(T'; A), by using the expansion by the first column, we
obtain

det T(I50) = (A" + GA" 1+ 0A" 72 4L+ §,) A0 4

F (Ot AT BN T2 G2 AT b (S iy AT e G
(60)
From (60) and Theorem 4, it follows (59). Q.E.D.

Theorem 6. If system (17), (18) is AMESA by LSOF (19) then system (17), (18) is
AESA by LSOF (19).

Theorem 6 follows from Theorem 5.
Theorem 7. If rank © = ns? then system (17), (18) is AESA by LSOF (19).
Theorem 7 follows from Theorem 3 and Theorem 6.

Remark 6. Theorem 3 is an analogue of Proposition 2 for AESA problem by LSOF.
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Remark 7. Condition rank ® = ns? in Theorem 7 is only sufficient but not necessary
(as in Proposition 2). Let us show it. Suppose that s = 2, n =3, m =k = p = 2,
A;j=0€ My,i=1,2,3,Bg1 = B3p = C11 =1 € My, Byg = B3; = Ci2 = Cy1 =0 € My,

Coy = [é 8] Constructing the matrix (51), we obtain

€ M2 16,

OO O~NOO
S ONOOO
ONO O OO
NO OO OO
OO O OO M~
SO O OO O
OO O ~NOO
OO OO OO

where 0 € My, I € My. Hence, rank© = 10 < 12 = ns?, i.e., condition (52) does not
hold. Let us prove that this system is AESA by LSOF. Suppose that arbitrary ; € K,
i = 1,6, are given. Let us construct the gain matrix

Q1 Q12 —02 0 -6 0
Q:[Qm Q22]€M4’ Qu:{_a5 0}7 Q12={_54 0],

Q21 = [:gz (1)} ;o Qo= B 8] .
The closed-loop system (20) has the form
2 +Tx” + Tz’ + T3z =0,
where the matrices I'; (according to the proof of Theorem 2) have the form
Iy = —SP,(BQCT), Ty=—-SP,(JBQCT), T's=—SP,(J?°BQRCT). (61)

Calculating (61), we obtain that

Hence,

A+ 6102+ 82A + 63 —1
T(I‘;)\):{ +01A” + 02A + 03 ]

64)\2 + 05\ + ¢ A3

Calculating det T(I'; \) and using Theorem 4, we obtain that x(®(I');\) = A° +
S0 86X what is required.
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5. Special cases
5.1. Blocks of C' are scalar matrices

Suppose that the blocks of the matrix C' are scalar matrices, i.e.,
C= {Cuﬁ} € Mns,ksa

Cl/ﬂ :CVﬂI7 Cup €K7 Ie MS7 V= 17na B: 17k7
=0, v=p+1n, B=1k.

Then
cT=c".
By applying Lemma 2 to X = J*"'BQ, Y = C7, we obtain
SP.(J7'BQCT) =SSP (CT 7' BQ).
By (33),

SP,(C7T 7*~1BQ) = VECRR,(C7T 7"~ B) - VECCC,Q.

133

(62)

(63)

(64)

(65)

Taking into account (63), (64), (65), one can rewrite system (43) with respect to coeffi-

cients of @ in the following form:

Here

VECRR,(CTB)

VECRR,(CT JB)

Q= S Mns,kmsa

VECRR,(CTJ"1B)
Wi=col (A1 —T1,...,Ap —T) € My, o(K),

V= VECCCS Q S Mkms,s~

System (66) is solvable with respect to V for any I'; € M (K), i = 1,n, iff
rank 2 = ns.

In particular, system (66) has the solution

vV =07 Qa")~tw.

(69)
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The required matrix @ can be found from the equality
Q = VECCC;'V. (71)
Thus, the following theorem holds.

Theorem 8. Suppose that the blocks of the matrix C' are scalar matrices. Then system
(17), (18) is AMESA by LSOF (19) if and only if (69) holds.

Corollary 1. Suppose that the blocks of the matriz C' are scalar matrices. Then system
(17), (18) is AESA by LSOF (19) if (69) holds.

Corollary 1 follows from Theorem 8 and Theorem 6.
Remark 8. Note that the condition mk > n is necessary for (69).

Remark 9. Condition (69) in Corollary 1 is only sufficient but not necessary. Let us
show it. Suppose that s = 2, n =3, m =k =p =2 A, =0¢€ My, i = 1,2,3,

0 0
B3y = Ci1 = C2 =1 € My, Bayg = B31 = C1a = C21 = 0 € Mz, By = [O 1}
Constructing the matrix (67), we obtain

EMG&

)

OO OO OO
OO OO O
O OO OO
—OoOOoOOOoOo
OO OO OO
[eNeNoNol Nl
SO OoO OO
OO OO O

Hence, rank ©® = 5 < 6 = ns, i.e., condition (69) does not hold. Let us prove that this
system is AESA by LSOF. Suppose that arbitrary §; € K, ¢ = 1,6, are given. Let us
construct the gain matrix

On Q 0 0 0 0
Q= [Q; Q;;] € My, Qu1= {O 0], Q12 = [54 51] ,
0 1 0 0
QZI = [56 53] ’ Q22 = [55 52] .

The closed-loop system (20) has the form
2 +Ta” + Tz’ + T3z =0,
where the matrices I'; (according to the proof of Theorem 2) have the form

I'y = —SP,(BQCT), T'y=-SP(JBQCT), Ts=-SP,(7*BQCT). (72)
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Calculating (72), we obtain that

0 O 0 O 0 -1
“:[54 51}7 F2:[65 52]» FF{% 53]‘

Hence,

T(I; ) = [ X - ] .

A2+ 0650+ 06 A3+ 512 + 02\ + 03

Calculating det T(I'; \) and using Theorem 4, we obtain that x(®(T);\) = A\° +
S0 86X~ what is required.

Remark 10. Suppose that m = 1, p = n, k = n, and C = [ € M,,. Hence, B =
col(0,...,0,B) € Mys.s (0 € M), and system (17), (18), (19) is coinciding with (7), (9)
where B; = B. Constructing (67), we obtain that

0 0 ... 0 B
0 0 ... B 0
Q= : : :
0 B ... 0 0
B 0 0 0

Condition (69) is equivalent to rank B = s, i.e., det B # 0. Thus, Theorem 8 coincides
with Proposition 1, and Corollary 1 coincides with Proposition 2. So, Theorem 8 and

Corollary 1 are generalization of Propositions 1 and 2 to systems with static output
feedback.

5.2. Blocks of B are scalar matrices

Suppose that the blocks of the matrix B are scalar matrices, i.e.,

B = {Bla} S Mns,msv
Bio =biod, b €K, ITeM,, [I=1n a=1

)

m, (73)

b =0, Il=1p—1, a=1m.
Then, for any i = 1, n, the blocks of the matrices J*~!'B are scalar also. Hence,
(T'B)T = (7' B)T. (74)
By applying Lemma 2 to X = QC7, Y = J°~' B, we obtain

SP,(J*BQCT) = SP,(QC”T 7' B). (75)
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By (34),
SP,(QCT 7*~1B) = VECCR,Q - VECRC,(C”T 771 B). (76)

Taking into account (75), (76), one can rewrite system (43) with respect to coefficients
of @ in the following form:

b
1l
[
=~

o~

-

Here

E:= [VECRC,(CT B),...,VECRC,(CT J" ' B)| € Mynjs,ns, (78)
Y = [Al _Fla-“aAn _Fn] S Ms,nsa (79)
X := VECCR, Q € M, nis-

System (77) is solvable with respect to X for any I'; € M (K), i = 1, n, iff rank = = ns.
In particular, system (77) has the solution

X =Y ((E"=z)"=". (80)
The required matrix ) can be found from the equality
Q = VECCR; ' X. (81)
Let us rewrite system (77) in the form
= xT=Yy"

Consider the matrix

[VECRC,(CT B)]"
T

[VECRC,(CT g"1B)]"
For any i = 1, n, by (32), we have
[VECRC,(CT 7" 'B)]" = VECCR, ((CT 7" 'B)7). (83)

By (31),

VECCR, (€T 7' B)") = VECRR, (((c"7"'B)")"). (84)
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By (74),
(CT 7B = (7B T(CcT)T = (7-1B)T (CT)T. (85)
By (30),
(7i1B)T(cT)T = (CT T 'B)T. (86)
It follows from (85), (86), and assertion 1 of Lemma 5 that
((Csz‘qB)T)T _ ((CTji’lB)T)T —cTg7i1B. (87)
It follows from (83), (84), and (87) that the matrix (82) has the form

VECRR,(CTB)

=r _ | VECRR.(CTUB) |,

VECRR,(CTJ""1B)

[1

that is the matrix =7 is coinciding with (67). Thus, the following theorem holds.

Theorem 9. Suppose that the blocks of the matriz B are scalar matrices. Then system
(17), (18) is AMESA by LSOF (19) if and only if (69) holds.

Corollary 2. Suppose that the blocks of the matriz B are scalar matrices. Then system
(17), (18) is AESA by LSOF if (69) holds.

Corollary 2 follows from Theorem 9 and Theorem 6.
Remark 11. Condition (69) in Corollary 2 is only sufficient but not necessary. Let us

show it. Consider the example in Remark 7. In this example, the blocks of the matrix B
are scalar matrices. Constructing the matrix (67), we obtain

€ Mg s.

)

S oo~ OO
OO OO O
O OO OO
OO OO
OO OoDOoO O
DO DO O
S oo, OO
[N e NeNe e o)

Hence, rank Q = 5 < 6 = ns, i.e., condition (69) does not hold. However, as it is shown
in Remark 7, this system is AESA by LSOF.
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5.83. Blocks of B and C are scalar matrices

Suppose that the blocks of the matrices B and C are scalar matrices, i.e., the matrices
(42) have the form (62), (73). Denote

By ={bia} € Mym, Co={cig} € Mpy, i=1n, a=1m, p=1k
Then
B=By®I, C=Cy®I, Ie€ M;. (88)
Due to the properties of the Kronecker product, for all i = 1,7, we have

VECRR,(CTJ""'B) = VECRR,((Cg @ I)(J" ' @ I)(By® 1)) =
VHBRJK?f*Eﬁ@U:(mmeﬁ”B@)@L

Thus, the matrix (67) has the form

(vecr (CgBo)> @I
(vecr (CgJBo)) @I

0= —PaI,
(Vecr (C’OTJ"*1B0)> ®I
where
vecr (CZ' By)
p_ | veer(C{JBo) € M, ,

vecr (CEJ"1By)

Since rank (X ® Y) = rank X - rank Y, we obtain that rank Q = ns iff rank P = n. This
condition is equivalent to linear independence of matrices

ctBy, cliBy, ..., clJ"'By. (89)
Thus, from Theorem 8, it follows the theorem.

Theorem 10. Suppose that the blocks of the matrices B and C' are scalar matrices, i.e.,
B and C have the form (88). Then system (17), (18) is AMESA by LSOF (19) if and
only if the matrices (89) are linearly independent.

Corollary 3. Suppose that the blocks of the matrices B and C' are scalar matrices, i.e., B
and C have the form (88). Then system (17), (18) is AESA by LSOF (19) if the matrices
(89) are linearly independent.
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Corollary 3 follows from Theorem 10 and Theorem 6.

Remark 12. The converse assertion to Corollary 3 is not true, in general case. We give
the proof of this below in Example 1.

Example 1. Here we prove that the converse assertion to Corollary 3 is not true, in
general case. Suppose that K =C, s =2, n=4, m=1,k=4,p=4, A, =0 € My,
i=1,4,

0 1000
o o1 0 0
Bo= 1o =10 0 0 0
1 000 1

We have C{'JBy =0 € M, 1, hence, matrices (89) are linearly dependent. Let us show
that this system is AESA by LSOF. Suppose that arbitrary 6; € C, i = 1,8, are given.
Let Q = {Qap} € M5 ks have the form

Q=[Qu Q12 Qi3 Qui| € Mg, Qig= ['Dﬁ nﬁ} , B=1/4

& wp
The closed-loop system (20) has the form
x//// + le/// + FQZ'/, + ng/ + F4.T — 07

where the matrices T'; (according to the proof of Theorem 2) have the form (43). Calcu-
lating (43), we obtain

I =-Qu, To=0€My, I's=-Qi2, I's=-Qu.

Therefore, we have

| A= paA3 = X — g =3 — A —m
T(F’)\) - 754/\3 762)\751 )\4 70&4)\3 7&)2)\7&)1

One needs to construct p;,n;, &, ws, © = 1,2, 4, such that
8 .
det T(I3 ) = A*+ ) ;A" (90)
i=1
Set & :=1, & =0, & := 0, p; := 0. Calculating det Y(T'; \), we obtain
det Y(T;A) = A% — (pg + W) A" + paws b — (po + wa) N +
+ (paws + paws — wi) A + (pawr — Na)A® + pawad? + (pawr — 1m2) A — 1.
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Equality (90) holds iff the following equalities are fulfilled:

—(pa + wyq) = 01, pawi — Mg = 05,
pawq = 02, paw2 = d6,
(91)

—(p2 +w2) =03,  pawr —m2 = 7,
paws + pawe — w1 = Oy, —m = Jg.
The problem of AESA is resolvable if the system of nonlinear equations (91) is resolvable

for arbitrary d1,...,ds. It is clear that system (91) is resolvable. In fact, from the first
and second equations of (91), we find ps and w4, namely,

pi,wp = <—51 + \/M> /2. (92)

From the third and sixth equations of (91), we find ps and ws, namely,

pa, ws = (—53 +.,/62 - 456> /2. (93)

Substituting (92) and (93) into the fourth equation of (91), we find

w1 = Pawy + Pawo — 04. (94)

Substituting (92), (93), and (94) into the fifth and seventh equation of (91), we find

N1 = pawi — 05, ne = pawi — 07.
Finally, n; = —dg. So, the system is AESA.

Remark 13. Similar examples can be constructed for any n > 4. This can be proved
by induction. If s > 3 then the construction of the corresponding examples becomes
very complicated. For n < 3 (for any s), such examples cannot be constructed, both
for K = C and K = R. This can be proven by sequentially parsing cases. Thus, for
n < 3, the converse assertion to Corollary 3 is true. We omit the rigorous proofs of
this.

Remark 14. The presented example is not valid for the case K = R because, due to (92)
and (93), the coefficients of the matrices Qo3 are complex, in general case, even if §; € R.
Is it possible to construct similar examples for the case K = R and n > 47 The answer
to this question is open.
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Remark 15. Suppose that s = 1. Then B = By, C = (), and the properties AMESA
and AESA are coincident. In this case, the converse to Corollary 3 is true (by The-
orem 10), and Theorem 10 is coinciding with Theorem 1. So, Theorem 10 and more
general Theorems 9, 8, and 3 are generalizations of Theorem 1 for the case s > 1.

6. On properties of systems with AMESA

The property of AMESA (by LSSF or LSOF) is sufficient for AESA (Theorem 5) but
is not necessary (see Remarks 1 and 7). The AMESA property is quite conservative and
is far from the AESA property. Indeed, the AMESA property allows us to assign ns?
coefficients of the matrices T'j, j = 1,n, and the AESA property allows us to assign ns
coefficients of the characteristic polynomial (59). These properties are coinciding only if
s =1 in general.

The condition mk > n is necessary for AMESA by LSOF (Remark 5). This is clear
because if mk < n, then the number mks? of coefficients of the gain matrix @ in (19) is
less than the number ns? of coefficients of matrices I';, j = 1,n, that we have to assign,
and, in this case, the arbitrary assignability is impossible. This can be compared with
the result of Wang [31] for the problem of AESA by LSOF for system (15) but there is
no direct relationship between the results presented here and Wang’s results.

The AMESA property is much stronger than the AESA property. In particular, it
allows us to assign not only eigenvalues for the closed-loop system but also eigenvectors
with a high degree of freedom. The problem of the simultaneous assignment of the
eigenvalue spectrum together with the eigenvectors is one of the important problems of
the theory of eigenvalue placement. As an example, we present the following property
that systems with AMESA have.

Theorem 11. For any different A\¢ € R, £ = 1,ns, and for any linear independent vectors
hi,...,hs € R® there exist matrices T'; € Ms(R), j = 1,n, such that the general solution
of system (9) has the form

x = C1hy exp(Ait) + Cahgexp(Aat) + ... + Cshg exp(Ast)
+ CS+1h1 exp()\s+1t) + ...+ Coshg eXp(/\Qst) —+ ... (95)
+ O(n_1)5+1h1 eXp(A(n_l)s_Ht) + ...+ Cnshs exp()\nst).

Proof. Let different \¢ € R, £ = 1,ns, and linear independent vectors hy,...,hs € R®
be given. Construct S := [hy,...,hs] € Ms(R). Then det .S # 0. Set

Ny =diag{A1,..., As}, Noi=diag{As41,.. ., Aas)ts -y
N,, := diag {/\(n_1)5+1; sy Ans

Then the matrices N;, j = 1,n, are commuting. Construct
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Li:=S8N;S™, ..., L,:=SN,S " (97)
Then L;, j = 1,n, are commuting as well. Let
(M — Ly)M — La) -+ (A — L) = IN" + TyA"™ 4+ T, (98)

ie,I'hy:=—(Li+...+Ly),..., Iy :=(=1)"Ly-...- Ly,. Then the matrices I'; € M (R),
7 =1,n, are required.

In fact, let us show that the vector-function x; ;(t) = h; exp(A(j—1)s44t) is a solution of
system (9) for every j = 1,n and ¢ = 1, s. It follows from (97) that L;S = SN;, j = 1,n.
Then, it follows from (96) that

L]'hi = )\(j,l)SJrihi Vj = 1,n Vi = 1,8. (99)

It follows from (98) that

_ d d d
2™ 4+ Tz 4 4 Tx = (% — L1> (E — L2> (E - Ln) . (100)

Moreover, the operators in the right-hand side of (100) are commuting. Let the operator
d

(% — Lj> in the right-hand side of (100) be repositioned to the most right position.

We have

d d
(E - Lj) zji(t) = (% - Lj) hi exp(A(j—1)s+it)

= (AGg-1)stihi = Ljhs) exp(A(j—1)s4it) =0

due to (99). Thus, by (100), z;;(t) is a solution of (9) for every j =1,n and i = 1, s.
Since all A¢, & = 1,ns, are different, the vector-functions x,;(t), j = I,n, i =

17 S?
are linearly independent. Therefore, formula (95) gives a general solution of system (9).
Q.E.D.

Remark 16. The condition of Theorem 11 that all A¢ are different can be weakened to
the condition that all the vector-functions z; ;(¢) are linearly independent.

Remark 17. One can derive other properties for a closed-loop system from the AMESA
property. The AMESA property is poorly studied. The study of this property can be the
subject of further research.

7. Examples

Example 2. Let K = R, n =3, m = k = p = s = 2, and the matrices of system (17),
(18) have the form
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-1 0 1 0 -1 0
Al[o 1:|; A2|:1 1]7 AS[O 1]7
1 0 0 1 0 1 -1 0
3212{0 _1}73222[1 _1],3312{1 0],3322{0 1}7

-1 0 1 -1 1 0 1
Cll:|:0 1:|7012:|:0 1:|7021:|:0 _1:|7022:|:_1 (1):|

Let us construct matrices (42):

00 0 0 10 1 -1
00 0 0 o 1 0 1
1 0 0 1 1 0 1 0
B=1o -1 1 -1 =0 -1 -1 1
0 1 -1 0 0O 0 0 0
1 0 0 1 0O 0 0 0
Construct
‘T 0 0 0 0 1 0 07
0 -1 0 0 1 -1 0 0
00 -1 0 0 0 0 -1
r . 00 0o 1 0 0 -1 1
CxB=1\1 g 1 0 0 1 0 -1/
0 -1 0 1 1 -1 -1 1
o0 1 0 0 0 0 1
0 0 0 -1 0 0 1 -1,
1 1 0 0 -1 -1 0 07
1 1 0 0 -1 2 0 0
o 0 1 -1 0 0 1 1
. 1o 0o -1 -1 0 0 1 -2
C'xIB=11 | g -1 -1 1 1 o]
1 -1 -1 0 1 0 0 -1
10 1 1 0 -1 -1 1
L0 1 -1 -1 1 1 0]
0 100 1 0 0 0
1 0 00 0 -1 0 0
0 0 01 0 0 —10
r oen |0 0 10 0 0 0 1
CxTB=149g | 00 -1 0 0 0
1 0 00 0 1 0 0
0 -1 01 1 0 -10
1 0 10 0 -1 0 1,

Construct (51):
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(101)

(102)

(103)
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1 0 0 0 O 1 0 O 1 0 -1 0 1 0 -1
0 -1 0 0 1 -1 0 0 0 -1 0 1 1 -1 -1 1
0 0 -1 0O 0 0 0 -1 0 O 1 0 0 O 1
0 0 0 1 0 0 -1 1 0 0 0 -1 0 O 1 -1
-1 1 0O 0 -1 -1 0 O 1 1 0 -1 -1 1 1 0
o0 1 1 0 0 -1 2 0 O 1 -1 -1 0 1 0 0 -1
0 O 1 -1 0 O 1 -1 0 1 1 0 -1 -1 1
0 0 -1 -1 0 O -2 0 1 1 -1 -1 1 1 0
0 -1 0 O 1 0 0 0 1 0 0 -1 0 0 0
-1 0 0 0 -1 0 0 1 0O 0 0 O 1 0 O
0 0 O 1 0 0 -1 0 -1 0 1 1 0 -1 0
0 O 1 0o o0 0 O 1 -1 0 1 0 0 -1 0 1

We have rank © = 12, hence, by Theorem 3 system (17), (18) is AMESA by LSOF (19).
Let us construct this feedback control. Suppose, for example, that

rlz[g ﬂ rzz[é _01}, rgz{é g] (104)

Constructing w by formula (54), we obtain
w = col (—4,0,0,0,0,1,0,2, —2,0,0, —4).
Calculating v by formula (56), we obtain
v=col(-3,1,-3,-1,-1,-1,1,-1,0,0,1,1,0, —4,—1, —5).

From (57), we obtain

3 -3 0 1
1 -1 0 1
Q=149 1 0o -1 (105)

-1 -1 -4 -5

Feedback control (19) with (105) reduces the system (17), (18) with (101), (102), (103)
to the system

2" +Tia” + T’ +T32 =0
with (104).

Example 3. Let K = R, n = 3, m = k = p = s = 2, and the matrices of system (17),
(18) have the form
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-1 0 1 0 -1 0
Al[o 1:|; A2|:1 1]7 AS[O 1]7

1 0 0 1 0 1 -1 0
BQl|:0 1:|7B22|:1 1:|;B31|:1 O:|aB32|:0 1:|a

OO, OO

Blocks of C' are scalar matrices. Construct

10 0 -1 1 -1 1 1
re 0 1 -1 1 oo -1 211 2
C'B=1|_9 ¢ o —2| ©IB=|1 992 1|
0 2 -2 2 92 -1 1 -3
01 -1 0
roan |10 0 1
CITB=1p 1 1 0
10 0 1

Construct (67):

-1 0 0 -1 -2 0 0 -2
0 1 -1 1 0 2 -2 2
1 -1 1 1 1 -2 2 1

-1 -1 1 -2 -2 -1 1 =3
0 1 -1 0 0 1 -1 0
1 0 0 1 1 0 0 1

Q:

145

(106)

(107)

(108)

We have rank 2 = 6, hence, by Theorem 8, system (17), (18) is AMESA by LSOF (19).

Let us construct this feedback control. Suppose, for example, that

-1 1 10 —1 2
A ERRIER e TR

Constructing W by formula (68), we obtain

(109)
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Calculating V' by formula (70), we obtain

L g
0 -1
0 1
1 -2
V=11 1
0 0
0 0
-1 2]
From (71), we get
1 -3 1 1
0 -1 0 0
@=10 1 0 o0 (110)
1 2 1 2

Feedback control (19) with (110) reduces the system (17), (18) with (106), (107), (108)
to the system

2" +Tia” + T’ +T32 =0
with (109).

Example 4. Let K = R, n =3, m = k = p = s = 2, and the matrices of system (17),
(18) have the form

-1 0 1 0 -1 0
Al:[2 1}’ A2:{1 1]7 A3:{0 —1]’ (111)
1 0 -1 0 1 0 1 0
BZl - |:0 1:| 5 B22 - [ 0 1:| 5 B31 - |:0 1:| 5 B32 - |:0 1:| 5 (112)
1 -1 -1 0 0 O -1 0
C'112[1 0],0122[0 0},0212{1 _1}70222[0 0]- (113)

Let us construct matrices (42):

00 0 0 1 -1 -1 0
00 0 0 1 0 0 0
10 -1 0 o0 -1 0
B=1g 1 0o -1l =1 -1 0 o
10 1 0 00 0 0
01 0 1 0 0 0 0

Blocks of B are scalar matrices. Construct
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0 0 0 0 1 -1 -1 1
S I S R T oo 12 -1 0 -1
C'B=11 0 1 o ©IB=19 o 0o o]l
0 0 0 O 0 0 0 0
1 -1 1 -1
roen |10 1 0
CIB=1_1 9 -1 o
0 0 0 0
Construct (78):
Mo 0 1 -1 1 —17
1 -1 2 -1 1 0
0 0o -1 1 1 -1
~ =11 0 11 0
- !/-1 0 -2 0 -1 0
0 0 0 0 0 0
1 0 0 0O -1 0
0 0 0 0 0 O]

We have rank 2 = rank 27 = 6, hence, by Theorem 9, system (17), (18) is AMESA
by LSOF (19). Let us construct this feedback control. Suppose, for example, that

o K O e

Constructing Y by formula (79) we obtain
0 00 0 0 -2
Y:[z 00 -2 0 —2}

Calculating X by formula (80), we obtain

2 10 -1 000 0
X:[11111030]
From (81), we get
2 1 0 0
1 1 10
Q=19 -1 0 0 (115)
1 1 30

Feedback control (19) with (115) reduces the system (17), (18) with (111), (112), (113)
to the system

2" +Tia” +Tex’ +T32=0

with (114).
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8. Conclusion

In this paper we have studied the problem of arbitrary matrix eigenvalue spectrum
assignment by linear static output feedback for a control system defined by a linear
time-invariant differential equation of the n-th order with the s-dimensional state, input
and output. We have obtained necessary and sufficient conditions for AMESA by LSOF.
These conditions are expressed in terms of system coefficients and do not depend on
coefficients A; of the free system. Particular cases have been studied when the system
has block scalar matrix coefficients. The results extend the known results on AESA by
LSOF obtained for s = 1 and on AMESA by LSSF. It is proved that AMESA by LSOF
implies AESA by LSOF. As corollaries, sufficient conditions for AESA by LSOF have
been obtained. It has been shown that these sufficient conditions are not necessary, in
general case, if s > 1. [llustrative examples are presented.

A further development of these results may be their extension to block systems of
more general form and more detailed study of the AMESA property.
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