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Lemma 5. The approximation (4) is valid for all 𝜀1 ∈ [0, 𝜀*1] such that
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Lemma 6. The approximation (5) is valid for all 𝜇 ∈ [0, 𝜇*] such that
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ON SPECTRUM ASSIGNMENT IN LINEAR SYSTEMS
WITH COMMENSURATE LUMPED AND DISTRIBUTED DELAYS

VIA STATIC OUTPUT FEEDBACK

Zaitsev V.A., Kim I.G.

Udmurt State University, Izhevsk, Russia
verba@udm.ru; kimingeral@gmail.com

Let K = C or K = R; K𝑛 = {𝑥 = col (𝑥1, . . . , 𝑥𝑛) : 𝑥𝑖 ∈ K} is the linear space
of column vectors over K; 𝑀𝑚,𝑛(K) is the space of 𝑚 × 𝑛-matrices over K; * is the
Hermitian conjugation. Consider a linear time-invariant control system defined by a linear
system of differential equations with multiple commensurate lumped and distributed delays
in the state variable

�̇�(𝑡) =
𝑠∑︁

𝜈=0

𝐴𝜈𝑥(𝑡− 𝜈ℎ) +
𝑠∑︁

𝜈=1

−(𝜈−1)ℎ∫︁
−𝜈ℎ

𝑆𝜈(𝜏)𝑥(𝑡+ 𝜏) 𝑑𝜏 +𝐵𝑢(𝑡), 𝑡 > 0, (1)

𝑦(𝑡) = 𝐶*𝑥(𝑡), (2)
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with an initial condition 𝑥(𝜏) = 𝜑(𝜏), 𝜏 ∈ [−𝑠ℎ, 0]; here ℎ > 0 is a constant delay,
𝜑 : [−𝑠ℎ, 0] → K𝑛 is a continuous function, 𝐴𝜈 ∈𝑀𝑛,𝑛(K) (𝜈 = 0, 𝑠), 𝐵 ∈𝑀𝑛,𝑚(K), and
𝐶 ∈ 𝑀𝑛,𝑘(K) are constant matrices, 𝑆𝜈 : [−𝜈ℎ,−(𝜈 − 1)ℎ] → 𝑀𝑛,𝑛(K) (𝜈 = 1, 𝑠) are
integrable functions, 𝑥 ∈ K𝑛 is the state vector, 𝑢 ∈ K𝑚 is the control vector, 𝑦 ∈ K𝑘 is
the output vector.

Suppose that the controller in system (1), (2) has the form of linear static output
feedback with multiple commensurate lumped and distributed delays with the same step
ℎ > 0:

𝑢(𝑡) =
𝜃∑︁

𝜌=0

𝑄𝜌𝑦(𝑡− 𝜌ℎ) +
𝜃∑︁

𝜌=1

−(𝜌−1)ℎ∫︁
−𝜌ℎ

𝑅𝜌(𝜏)𝑦(𝑡+ 𝜏) 𝑑𝜏, 𝑡 > 0, (3)

𝑦(𝜏) = 0, 𝜏 < −𝜃ℎ. Here 𝑄𝜌 ∈ 𝑀𝑚,𝑘(K) (𝜌 = 0, 𝜃) are constant matrices, 𝑅𝜌 :
[−𝜌ℎ,−(𝜌− 1)ℎ]
→𝑀𝑚,𝑘(K) (𝜌 = 1, 𝜃) are integrable functions.

System (1), (2), (3) without distributed delays (𝑆𝜈(𝜏) ≡ 0, 𝜏 ∈ [−𝜈ℎ,−(𝜈 − 1)ℎ],
𝜈 = 1, 𝑠; 𝑅𝜌(𝜏) ≡ 0, 𝜏 ∈ [−𝜌ℎ,−(𝜌− 1)ℎ], 𝜌 = 1, 𝜃) was considered in the paper [1]. For
that closed-loop system, the characteristic function 𝜙(𝜆) has the form

𝜙(𝜆) = 𝜆𝑛 +
𝑛∑︁

𝑖=1

ℓ∑︁
𝜇=0

𝛾𝑖𝜇𝜆
𝑛−𝑖𝑒−𝜆𝜇ℎ, (4)

where ℓ > 0 depends on 𝑠 and 𝜃, and 𝛾𝑖𝜇 (𝑖 = 1, 𝑛, 𝜇 = 0, ℓ) depend on the matrices
𝐴𝜈 (𝜈 = 0, 𝑠), 𝐵, 𝐶, and 𝑄𝜌 (𝜌 = 0, 𝜃). The following definition was given in [1]: system
(1), (2) (without distributed delays) is called arbitrary spectrum assignable by the static
output feedback controller (3) (without distributed delays) if for any ℓ > 0 and any 𝛾𝑖𝜇 ∈ K
(𝑖 = 1, 𝑛, 𝜇 = 0, ℓ) there exist 𝜃 > 0 and constant matrices 𝑄𝜌 ∈ 𝑀𝑚,𝑘(K) (𝜌 = 0, 𝜃)
such that the characteristic function of the closed-loop system has the form (4).

The function (4) is a characteristic function of the scalar 𝑛-order differential equation
with commensurate lumped delays

𝑧(𝑛)(𝑡) +
𝑛∑︁

𝑖=1

ℓ∑︁
𝜇=0

𝛾𝑖𝜇𝑧
(𝑛−𝑖)(𝑡− 𝜇ℎ) = 0.

Consider a similar scalar differential equation containing distributed delays also:

𝑧(𝑛)(𝑡) +
𝑛∑︁

𝑖=1

ℓ∑︁
𝜇=0

𝛾𝑖𝜇𝑧
(𝑛−𝑖)(𝑡− 𝜇ℎ) +

𝑛∑︁
𝑖=1

ℓ∑︁
𝜉=1

−(𝜉−1)ℎ∫︁
−𝜉ℎ

𝛿𝑖𝜉(𝜏)𝑧(𝑛−𝑖)(𝑡+ 𝜏) 𝑑𝜏 = 0. (5)

The characteristic function of equation (5) has the form

𝜙(𝜆) = 𝜆𝑛 +
𝑛∑︁

𝑖=1

𝜆𝑛−𝑖

(︂ ℓ∑︁
𝜇=0

𝛾𝑖𝜇𝑒
−𝜆𝜇ℎ +

ℓ∑︁
𝜉=1

−(𝜉−1)ℎ∫︁
−𝜉ℎ

𝛿𝑖𝜉(𝜏)𝑒𝜆𝜏 𝑑𝜏

)︂
. (6)

We say that an arbitrary spectrum of the scalar type can be assigned to system (1), (2)
by the static output feedback controller (3) if for any ℓ > 0, for any 𝛾𝑖𝜇 ∈ K (𝑖 = 1, 𝑛,
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𝜇 = 0, ℓ), and for any integrable functions 𝛿𝑖𝜉 : [−𝜉ℎ,−(𝜉 − 1)ℎ] → K (𝑖 = 1, 𝑛, 𝜉 = 1, ℓ)
there exist 𝜃 > 0, constant matrices 𝑄𝜌 ∈ 𝑀𝑚,𝑘(K) (𝜌 = 0, 𝜃), and integrable functions
𝑅𝜌 : [−𝜌ℎ,−(𝜌 − 1)ℎ] → 𝑀𝑚,𝑘(K) (𝜌 = 1, 𝜃) such that the characteristic function 𝜙(𝜆)
of the closed-loop system (1), (2), (3) has the form (6).

Suppose that the coefficients of system (1), (2) have the following special form: the
matrix 𝐴0 has the lower Hessenberg form with non-zero superdiagonal entries; for some
𝑝 ∈ {1, . . . , 𝑛}, the first 𝑝− 1 rows of 𝐵 and the last 𝑛− 𝑝 rows of 𝐶 are equal to zero,
the first 𝑝− 1 rows and the last 𝑛− 𝑝 columns of the matrices 𝐴𝜈 and 𝑆𝜈(𝜏), 𝜈 = 1, 𝑠,
are equal to zero, i.e.,

𝐴0 = {𝑎𝑖𝑗}𝑛𝑖,𝑗=1, 𝑎𝑖,𝑖+1 ̸= 0, 𝑖 = 1, 𝑛− 1; 𝑎𝑖𝑗 = 0, 𝑗 > 𝑖+ 1; (7)

𝐵 =

(︂
𝑂1

𝐿

)︂
, 𝐶 =

(︂
𝑁
𝑂2

)︂
; (8)

𝐴𝜈 =

(︂
0 0̂︀𝐴𝑗 0

)︂
, 𝑆𝜈(𝜏) =

(︂
0 0̂︀𝑆𝜈(𝜏) 0

)︂
, 𝜈 = 1, 𝑠. (9)

Here 𝑂1 = 0 ∈ 𝑀𝑝−1,𝑚(K), 𝐿 ∈ 𝑀𝑛−𝑝+1,𝑚(K), 𝑁 ∈ 𝑀𝑝,𝑘(K), 𝑂2 = 0 ∈ 𝑀𝑛−𝑝,𝑘(K),̂︀𝐴𝜈 ∈𝑀𝑛−𝑝+1,𝑝(K), ̂︀𝑆𝜈 ∈𝑀𝑛−𝑝+1,𝑝(K), 𝜈 = 1, 𝑠.
Theorem. Suppose that the coefficients of system (1), (2) have the special form (7),

(8), (9). Then the following statements are equivalent.
1. The matrices 𝐶*𝐵, 𝐶*𝐴0𝐵, . . . , 𝐶*𝐴𝑛−1

0 𝐵 are linearly independent.
2. An arbitrary spectrum of the scalar type can be assigned to system (1), (2) by the

static output feedback controller (3).
Theorem extends results of the paper [2].
Acknowledgements. This research was funded by the Ministry of Science and Higher

Education of the Russian Federation in the framework of state assignment № 075-00232-
20-01 (project FEWS-2020-0010) and by RFBR (project 20-01-00293).
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