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Abstract: We show that the theorem similar to the Kharitonov theorem on
the asymptotic stability of a family of linear differential equations is not true
in general if coefficients of the equation are time-varying.

Keywords: Kharitonov theorem, asymptotic stability, robust stability.

Consider a control system defined by an ordinary differential equation
of 𝑛-th order

𝑥(𝑛) + 𝑝1(𝑡)𝑥
(𝑛−1) + . . .+ 𝑝𝑛(𝑡)𝑥 = 𝑢, (1)

where 𝑥 ∈ R is the state variable, 𝑢 ∈ R is the control input, 𝑡 ∈ R.
We suppose that the functions 𝑝𝑖(𝑡) are measurable but exact values of
these functions at time moments 𝑡 are unknown, we know only that the
functions are bounded on R and lower and upper bounds (𝛼𝑖 and 𝛽𝑖) are
known:

𝛼𝑖 ≤ 𝑝𝑖(𝑡) ≤ 𝛽𝑖, 𝑡 ∈ R, 𝑖 = 1, 𝑛.

Denote x = (𝑥, �̇�, . . . , 𝑥(𝑛−1)). Consider a problem of stabilization for
system (1) by linear time-invariant state feedback. Suppose that the
feedback control law has the form

𝑢(x) = 𝑣1𝑥
(𝑛−1) + . . .+ 𝑣𝑛𝑥,

where 𝑣𝑖 (𝑖 = 1, 𝑛) are constant. The closed-loop system has the form

𝑥(𝑛) + 𝑞1(𝑡)𝑥
(𝑛−1) + . . .+ 𝑞𝑛(𝑡)𝑥 = 0, (2)
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where 𝑞𝑖(𝑡) = 𝑝𝑖(𝑡)− 𝑣𝑖 and hence

𝑎𝑖 ≤ 𝑞𝑖(𝑡) ≤ 𝑏𝑖, 𝑡 ∈ R, 𝑖 = 1, 𝑛; (3)

here 𝑎𝑖 = 𝛼𝑖 − 𝑣𝑖, 𝑏𝑖 = 𝛽𝑖 − 𝑣𝑖. This problem has been solved in [1]
for systems with static state feedback and for systems with static out-
put feedback. The proof is based on the Levin theorem [2] on absolute
nonoscillatory stability for system (2) with time-varying coefficients sat-
isfying conditions (3).

Consider system (2) with time-invariant (𝑞𝑖(𝑡) ≡ 𝑞𝑖) unknown coeffi-
cients 𝑞𝑖 (𝑖 = 1, 𝑛) satisfying conditions (3):

𝑥(𝑛) + 𝑞1𝑥
(𝑛−1) + . . .+ 𝑞𝑛𝑥 = 0, (4)

𝑎𝑖 ≤ 𝑞𝑖 ≤ 𝑏𝑖, 𝑖 = 1, 𝑛. (5)

The well-known Kharitonov theorem [3] gives necessary and sufficient
conditions for the asymptotic stability of the family of linear differential
equations (4), (5). In particular, the following proposition is true.

Proposition 1. Suppose that the polynomials

𝑓(𝜆) = 𝜆𝑛 + 𝑟1𝜆
𝑛−1 + . . .+ 𝑟𝑛, (6)

where 𝑟𝑖 is equal to 𝑎𝑖 or 𝑏𝑖 (𝑖 = 1, 𝑛), are stable (i.e., Re𝜆𝑗 < −𝜃 < 0
for all roots 𝜆𝑗, 𝑗 = 1, 𝑛, of (6)). Then every equation (4) with the
coefficients 𝑞𝑖 satisfying conditions (5) is asymptotically stable.

Recently, the following question was raised at the seminar of the
Department of Dynamical Systems at the Krasovskii Institute of Mathe-
matics and Mechanics of UrB RAS. Is the statement similar to Proposi-
tion 1 true if 𝑞𝑖 (𝑖 = 1, 𝑛) depend on 𝑡? This question was the motivation
for this article.

We give a negative answer to this question: if we assume that the
coefficients 𝑞𝑖 (𝑖 = 1, 𝑛) depend on 𝑡, then Proposition 1 does not hold.
Namely, the following statement takes place.

Proposition 2. There exist 𝑛(= 2), numbers 𝑎𝑖, 𝑏𝑖 (𝑖 = 1, 𝑛), and
functions 𝑞𝑖(𝑡), 𝑡 ∈ R (𝑖 = 1, 𝑛), such that the following properties hold.

1. Inequalities (3) hold.
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2. The polynomials

𝑓𝑎𝑎(𝜆) = 𝜆2 + 𝑎1𝜆+ 𝑎2, 𝑓𝑎𝑏(𝜆) = 𝜆2 + 𝑎1𝜆+ 𝑏2,

𝑓𝑏𝑎(𝜆) = 𝜆2 + 𝑏1𝜆+ 𝑎2, 𝑓𝑏𝑏(𝜆) = 𝜆2 + 𝑏1𝜆+ 𝑏2
(7)

are stable.

3. The equation

𝑥′′ + 𝑞1(𝑡)𝑥
′ + 𝑞2(𝑡)𝑥 = 0 (8)

is unstable.

For the proof, we present the required values. We set 𝑛 := 2,
𝑎1 := 𝑏1 := 0.2, 𝑎2 := 1/4, 𝑏2 := 4. It is clear that the polynomials (7)
are stable. Define

𝑞1(𝑡) ≡ 0.2, 𝑡 ∈ R, (9)

𝑔(𝑡) :=

{︃
4, 𝑡 ∈ [0, 𝜋/4),

1/4, 𝑡 ∈ [𝜋/4, 5𝜋/4),

𝑞2(𝑡) := 𝑔(𝑡− (5𝜋/4)𝑘), 𝑡 ∈ [(5𝜋/4)𝑘, (5𝜋/4)(𝑘 + 1)), 𝑘 ∈ Z. (10)

Then inequalities (3) hold. Let us show that equation (8) with (9), (10)
is unstable. The replacement 𝑧1 = 𝑥, 𝑧2 = 𝑥′ reduces equation (8) to the
system of differential equations of the first order of dimension 2. This
system is periodic with the period 5𝜋/4. By constructing (numerically)
the monodromy matrix 𝑍(5𝜋/4) for that system, we obtain

𝑍(5𝜋/4) =

[︃−2.750397683 0.01343299174

0.2150441467 −0.1668219899

]︃
.

Its eigenvalues are 𝜆1 = −2.7515152957, 𝜆2 = −0.1657043771. We have
|𝜆1| > 1, hence that system (and hence, equation (8)) is unstable. This
is also confirmed by Figure 1: the projection of the solution of equation
(8), (9), (10) with the initial condition 𝑥(0) = 1, 𝑥′(0) = 0 on the plane
𝑥 = 𝑥, 𝑦 = 𝑥′ is shown in Figure 1.

Remark 1. It is possible to construct an example of continuous pe-
riodic functions 𝑞1(𝑡), 𝑞2(𝑡) in Proposition 2.
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Remark 2. Proposition 2 confirms the nontriviality of the results
of [1].
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