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BBeaenne

Jlannoe MeToamUIecKoe mocobme Mo Ar0TOBIEHO IPEIoAaBaTe/ IsIM Kade -
PBI MATEMATUIECKOT'O aHAIN3a U OTPAYKAET OIBIT IIPY IIPOBEJICHUH 3aHSI-
TUIl 1 OpraHu3aIui CaMOCTOATEIbHON paboOThl POCCHIICKUX U MHOCTPAH-
ubIX crynentoB Uncruryra sedru u raza um. M.C.I'ynupuesa u Unctu-
TyTa SKOHOMWMKHU ¥ YIIpaBJIEHUS B YJIMYPTCKOM T'OCYJIapCTBEHHOM YHU-
BepcuTere.

[Tocobue mpemnasznaveno /st METOAMIECKOTO ODeCIIeIeHrsT Pa3/ie-
na «/IuddepennupoBannes Kypca «Boicias maremarnkay, «Marema-
TUKay, «MaremMaTndecknit aHA 3.

B mocobun comepxkarcs KpaTKue TEOPETUUICCKUE CBEICHUS, M3JI0-
JKEHBI MTPABUJIA BBIYUCICHUST TPOM3BOIHBIX OCHOBHBIX THUIIOB (DYHKITHI 1
CIIOCOOBI TIPUMEHEHUsI TPOU3BOJIHBIX. V3oxkenne marepuaa u hopmy-
JINPOBKY TIPUMEPOB MPUBEICHBI HA PYCCKOM U AHTJIHHCKOM SI3BIKAX.

BximiouerHble B 110cOOME TECTOBBIE BOIPOCHI U BAPUAHTHI JIJI Ca-
MOCTOSITEJIbHOM PabOTHI MOT'YT OBITH HMCIOJIB30BAHBI HA MPAKTUIECKUX
3aHATUAK, & TAKKE KAK HHIUBUIYAJbHBIC JOMAITHIE 33/ aHUs.

[Tocobue mpegHazHAYECHO 06ECIIEINTH NHOCTPAHHBIX CTY/IEHTOB Ha-
DJISITHBIM BCIIOMOTATEIbHBIM MaTePHAJIOM U WHIMBUIYATbHBIMUI 33, aHH-
dMU [IpU u3ydeHnn Kypca «Boicmiag maremMaTnkas U MOXKET OBITH UC-
[IO/Tb30BAHO PYCCKOA3BLIYHBIMU CTYIEHTAMU HEMATEMATHICCKIX HAIIPAB-
sgernit Yal'V.



1 Vocabulary - CioBappb

’ Pycceknii ‘ English
HIpAMAasT line
ypaBHEHHE equation
OECKOHEIHOCTD infinity
BeJIMYINHA, 3HAUECHNE value
YUCJIUTEN numerator
3HaMeHaTe b denominator
npeJeJ limit

IIpUupalieHue apryMeHTa

increment of argument

npupaitienue pyHKIun

increment of function

rpaduk QYHKIUH B TOIKE

graph of function at the point

BO3pacTaroNas OyHKITHIS

increasing function

yObIBaIOIAs (POYHKITNS

decreasing funcrion

KacaTeJabHast tangent
yII0BOH KO3bunment slope
MIPOU3BOTHA derivative

B34ATH ITPOU3BO/IHYTO

to take a derivative

g depeHnpPoOBaTh BhIPaXKeHNe

to differentiate the expression

Ipon3sBoO/iHadA CyMMbBI

derivative of sum

IIPpOU3BO/IHaA ITPOU3BEICHU A

derivative of product

IIpon3sBo/iHad 9aCTHOT'O

derivative of quotient

TabJINIA IPOU3BOIHBIX

table of derivatives

MIPOU3BOHAST CJIOXKHOM (DYHKITAN

derivative of composite function

Haiitu auddepenimali

to find the differential

IIPOU3BO/Hasd BTOPOI'O IIOPAIKA

derivative of the second order

IIPOU3BO/HadA N-I'0 IIOPAIKA

the n-th derivative

IIPOU3BO/IHasd BBICHICI'O ITOPAIKA

higher order derivative




2 OcHOBHBIE ITOHATUA

2.1 Omnpeaesienne OpoU3BOIHOMN

ITpuparnenme apryMeHTa — 9TO PA3HOCTh 3HAUCHUI apTryMeHTa,
KOTOpasl II0JIydaeTcs IIPU IIepexole OT TOYKUA & K TOUYKe X7.

[Ipupamenue aprymenta Axr = xj — x.

Touky x1 = = + Ax Ha3BIBAIOT IPUPALIEHHON TOYKOI.

ITpupainenne PYyHKIIUU — 5TO PA3HOCTH MEXKIy 3HAUCHUSIMUI
dyHKINUK Y1 U Y, MOJTYIEHHBIMI COOTBETCTBEHHO B IIPUPAIIEHHON TOUKE
21 U B UCXOJHOU TOYKE X.

[Ipuparmenne pyukiun

Ay=my1—y

njim

Ay = f(x1) — f(z) = f(z + Az) — f(z).

Ax

Ecmu cymecTByer mnpenes OTHOIICHHs IIPUPAINCHHUS (OyHKIIHN
Ay = f(z+ Ax) — f(x) xk npupamenuto aprymenta Ax, korma Az — 0,
TO ITOT IIPEJIeJI HAa3bIBACTCs MPOU3BOAHON byHKIuu y = f(z) B TOUKe

dy
x u obosHavaercs y', win g f(x).
x
Omeparust HAXOXKJIEHUST IPOU3BOIHOM J1Jist (DYHKIIMU HA3BIBACTCS
nuddepeniimpoBanueM pyHKITAA.



2.2 Definition of the derivative

If z and x7 are values of the argument, then Az = x1 — z is called
the increment of the argument z.
Let y be a function of z.

Ay=uy1—y
or
Ay = f(x1) — f(z) = f(z + Az) — f(x)
is called the increment of the function y.

A
If ratio = approaches a limit as Ax approaches zero, that limit

x
is called the derivative of y with respect to x.
It is represented by the notation

2.3 IIpumepsl - Examples

Example 1. Find the derivative of the function y = 23 — 3z + 2
using the definition.

Let = receive an increment Azx.

The new value of = is = + Azx.

The new value y is y + Ay.

We get

Ay=(z+Az)3 —3(x+Ax)+2— (2% -3z +2) =
=23+ 32° Az + 3x(Ax)® + (Ax)® =3z —3Ax +2—2° + 32 -2 =
= 32°Az + 3z(Ax)* — 3Ax + (Ax)?

and

Ay ., o 2
Am—Sx + 3zAz — 3+ (Ax)*.

As Ax approaches zero this ratio approaches the limit 3 = 322 — 3.



That is,

Ay
y = lim —% =

: 2 _ 2y _
Adim = Ahmo(3:17 +3zAz — 34 (Ax)”) = 3z

—322_-3
T—

IIpumep 2. Haiitn npousBojauyto DyHKIMU § = /T, UCIOJIBL3Ysi
oTIpeieIeHue.

Ay =vVz+ Az — [z,

OMHOXKAEM U JICJTIM
Ay . Vo + Ax — f A A
lim — = lim Ha BbIparkKeHue, =
Az—0 Aaz Az—0 Az

COIIPSAZKEHHOE K THUCJIUTEJIIO

o (\/a:—f—Ax—f)(\/x—FAx—Ff)

; X+ Ax —x
Az—0 (\/:r—i—Aa:—i—f) = Arso Am(\/:c—&—Am—i—f)

Az—>0 \/x+Ax+\f 2\/5'

Takum obpasoM, 3 = ——.
pasom, y' = o \/5
IIpumep 3.

HaiiTu 110 ompe/ie/ieHIIo IPOU3BOAHYIO (DYHKIUN Y = Sin &
Ay =sin(z + Azx) —sinx =

. T+ Ax —x T+ Ax+x
=2sin|{ ——— ) cos | —— | =
2 2
. Az Az
=2sin| — ) -cos |z + —
2 2

9sin [ 2F LAz
Ay . S111 B COS | X B
lim — = lim =

Az—0 AZB Az—0

5 Az . Az

Az Aaj . 2 cos\ 2

= |sihn— ~—, Az = 0| = lim =
2 Az—0 Az

lim cos|x+ — ) =cosx.
Axz—0 2




CrenoBarenbho, iy’ = cosx.
1

Ezrample 4. Find the derivative of the function y = secz = .
cos T

Ay = sec(z + Azx) —secx =
1 1 cosx — cos(z + Ax)

cos(z + Az) cosz  cos(x + Ax)-cosz

. <a:—|—x—|—AJJ) . <x—x—A$>
—2sin — ) sin | ——5—

cos(x + Ax) - cosw

Cosin(z+ 2% sin (27
B s | X B S B B

B cos(x + Ax) - cosx

| ( Am) ' (A(I;>
2sin|{xz+ — ) -sin | —
- 2 2

B cos(z + Ax) - cosx

. Az . [ Az
2sin|{x+ — | -sin | —
. 2 2
lim =

Therefore

: Y
lim — = =
A0 AT Arso cos(z + Ax) - cosx - Az
. Az
. Ar Az sin [+ —~ :
sin — ~ —, 2 _ sinz
B A2x N 02 ] Az—0 cos(z + Ar) -cosz  cos?z’

sinx tgx
The result of the calculations 3 = 5 = 8%
cos*x  cosx

10



3 IlIpaBuiaa mguddepeHIInpoBaHUS

3.1 Tabaumna Opou3BOIHBIX
Table of derivatives of basic functions

1) (C) =0, C = const — upoussosbHOe uncao (an arbitrary number);
2) (2F) = k- 2F1, k = const, k # 0;
1 1
2 ! = —_— = /2'
) (V) = 5= Va—a'l
' 11
2b) (=) =—=, — =271
) (m) 2z T
2c) (z)' =1, z =2

e*) =e*, e = const ~ 2,73,

rlna
sinz) = cosx;

cosz) = —sinz;
1

) (
) (
) (
6) (log, )" = ! , a=const#1, a>0;
) (
) (
) (

tgx) = (tanz) = p—

10) (ctgz)’ = (cotx) = — !

2

- )
sin“ x

11) (arcsinz) = ——;
V1—2?
1

V1—22

13) (arctgz) = (arctanz)’ =

12) (arccosz) = —

1 .
1+ 22’
1

14 tgx) = tz) = ——;
) (arcctgz)’ = (arccot x) 22

15) (shx) =chz, (chz) =shz, rue

11



T _ —T

e e .

shx = — runepOoIMIecKnil CHHYC,
633 + e—l’ .

chx = — rUIepOOTUIECKUN KOCUHYC.

3.2 IlpaBmia jguddepeHIMPOBaHUSA, CBA3aHHBIE C
apudMeTNIeCKNMuI JeNCTBUSIMU

Rules for finding a derivative for arithmetic operations

u=u(z), v=wv(r) — dyHKIWU, 3aBUAMIIUE OT IEPEMEHHON .

(Cu) = (C-u(x)) =C-u, C=const— npousBosbHOE IUCIIO;
(utv) = (u(z) £o(z)) =u £/
(

uv)’/: () @) = w0
- () -2

3.3 Ilpumepsr - Examples

: 1
IIpumep 1. Haiitu npousBonyio (pyHKIUN Yy = Va2 — — + V.
T

12



IIpumep 2. Boraucanrsb npoussognyio dbyuknun y = 2% - arctg x.

/

y = (2% -arctgx) = (27) - arctgx + 27 - (arctgx) =

=2"In2 - arct 2% . .
n2-arctgr + 1+ a2

cosx
IIpumep 3. IlpomuddepennupoBars GYHKIUAO §Y =

Inz

;) (cosx)’ _ (cosz) -Inz —cosz - (Inx)’
Y Inz (Inz)?

. 1
—sinz-Inz —cosx - —
T

(Inx)?

Ezample 4. Let y = f(z) = tgx.
We shall show that f'(z) =

5 at every point, where cosz # 0,
cos* x

sinx
that is in the domain of definition of the function tgz =

coszT

(tgz) = (sinx)' _ (sinz) - cosz —sinz - (cosx)’

cos (cosx)?
cosx-cosx —sinz - (—sinz)  cos?x +sin?x 1
cos? x cos? x cos?x’

Example 5. Calculate f/(0) if f(x) = e® - arcsin .
f'(z) = (e* - arcsinz) = (e*)" - arcsinz + €” - (arcsinz) =

=¢e” - arcsinx + e* -

1
V1—22’

1
"0) =€ arcsin0 + e - —— =1
o i

13



4 uddepeHiiuaj mepBoro nopsakKa
First-order differential

4.1 dunddepennuan pyHKIIUU B TOUYKE
Differencial of function

Toeopsit, uro y = f(z) muddepenupyema B Touke x, eciu ee
MOJTHOE TPHPAIIEHUE MOXKHO IPEJICTABUTD B BHJIE

Ay=A Az + a(Azx)- Az, tae o(Az)— 0, upu Az — 0.

[CnaBuast inHeiinas dactb npupaiienus (A-Ax) naspiBaercs aud-
depenIasoM GYHKIUT B TOUKE & U 0003HATAETCST CUMBOJIOM d,

dy = A Ax.
s niudbdeperimpyemoit GyHKINK CIIPaBEJTUBO PABEHCTBO
dy=v -dx, tne dx = Ax.

We use the letter d for the operation of taking the differential.
Thus d(u + v) — differential of (u + v).
Let u, v be continuous functions of a single variable x, C—
constant.
1) dC = 0;
2) d(u £ v) = du £ dv;
3) d(Cu) = C - du;
4) d(uv) = d(u-v) =u-dv+v-du = udv + vdu;
5) d ( ) vdu — udv
02
Hpumep

1
Haititu nuddepennman dy niga by y = §ZL'2 + 5z — In6.

1 AT
Y = (2»’62 15z —1116) - <2x2> + (52)' — (In6) =

1 , ;o1
5-(gc?) +5- () =0=73
dy = (x +5)

2x+5-1=x+05,
- dx.

14



4.2 HpI/IGJ'[I/I)KeHHbIe BbIIMCJIeHUA C IIOMOIIBIO

nuddepeHImaIa
Applying the differential to approximate
calculations

N3 onpenenennit quddepennupyemoit pyHKIUN u auddepeHiima-
Jia (PYHKITUU B TOUKE T CJIEIyeT

Ay=A Az + o(Ax) - Az = dy + a(Az) - Az.

Ecin Ax mano, To
Ay ~ dy.

Yro cooTBeTCTBYET
fl@+Az) - f(z) = f(z) - da.

Orkyna
flx+ Az) =~ f(z) + f'(x) - Ax.

Wi g puKcnpoBaHHLIX 3HaYeHUil T = xg, T + Az = 11,
flx1) = f(xo) + f'(2o) - (21 — o).

IIpumep 1. Hajitn npubmmzkenno snadenne v/ 80.

YR = YRT—T=dls1.(1- = :3-{*/1-#
81 81
1

1

8717
/ = 4 /: 1/4/:§_3/4:i
Fl@) = (39 = (3a'/1) = ot =

rg=1 Ar=-——~—0,0123,

3 3
f'(zo) = TIET s 0,75, flxo) =3V1=3,
V80 ~ 3+0,75- (—0,0123) = 2,991.

15



IIpumep 2.

Approximate the function f(z) = 22 — 42 4 3 for x = 1,03.
1 =1,03, zg=1, Ax=1,03—1=0,03,
fllx)= (2> -4z +3) =22 —4, f(rg)=2-1—4=-2,
flzg)=12-4-14+3=0,
£(1,03) =~ 0+2-0,03 = 0,06.

IIpumep 3. BerancanTh mpubanzkeHHo 3HadeHne sin 31°.
[ToJtoxkum

y=f(z) =sinz, z3 =31°, xy=30° Az =1z —x9=1°

™ ™
1°=—, 30°=-—
180° 6
CremoBaTesbHO,
™ ™
=—, Az=-—=0,0175 ~ 3,1415
T ST age T TR

3 1
fl(x) =cosz, f'(xg) = cos% = \2[ ~ 0,8660, f(x0)= sin% =

)

1
sin 31° ~ 3 =+ 0,8660 - 0,0175 = 0, 5156.

Ezrample 4. Find tan 46° to four decimals.

The value closest to 46°, for which tanx and its derivatives are
T
known, is 45°. Therfore we let zg = —

1

™
So tan46° ~1+2- — =1,035.
o tan + 180 ,



5 Meroanl guddepeHImpPoOBaHIS
Methods for calculating the derivative

5.1 Ilpom3sBoaHas CcJI0XKHOI PYHKIIUN
The derivative of a composite function

[Tycrs y sBasiercs dbyukimeit ot z (y = f(z)), a z 3aBucur or
(z = ¢(x)). ITycrb umeer embica dyuxius y = f(¢(x)). Torna sra dynk-
ISl HA3BIBACTCS CJIOXKHOWM (pYyHKIMEH min cynepno3uriueii JIByxX
dbyHKIMIA.

Nnmeer mMecto nipaBuiio: ecyim () qudpdepeHmupyema B TOUKe
z, ay = f(z) mddepenuupyema B COOTBETCTBYIOIIEN TOYKE Z,

TO
/

y:/t = y; TR
IIpumep 1. Haiitu npoussoamyio dbyukmmm y = tg? .
[pencrasum dbynxnmo y = tg* x B Buge y = 24, 2z =tga.

/ 4N/ 3 / /
yz—(Z)—4Z, Zx_(tgx)_m
1 4 tgdx
cos2x  coslz’
[Tpapumo pacmpocTpaHsieTcst Ha auddepeHITnpoBaHne CyTIepIo3n-
nuu JIIo60ro Ynciia GyHKImi.
Ipumep 2. Ilponuddepennuposars y = arcsin In sin z.

Torma yl =423 -

!
y' = (arcsinInsinz)’ = (arcsin (In(sin m))) =
1 1

1
= - 2-(lnsinx)’: — - =

/1 — (Insinz) V1 —(Insinz)? sinz
1

= S ——— - COSZ.
1 — (lnsinx)? sinz

(sinz) =

Ezample 3. Differentiate y = /1 — x2.
V1i—22=(1 me)l/Q
2

Lety:zl/Q, z=1—-2".

17



1 1
Then v/, = 5271/2 = 5(1 — )2 = g
T

V1—22

T

1
Since y, = v, - 21, = 5(1 - x2)1/2 (—2z) = —
r+1
V3 —a22

[Tpumennm mpaBuio guddepeHnnpoBaHst TacTHOTO

;1) VB3—a2— (z+1)- (V3 —a?)
yo (V3= 22)2

1'@— (gj+1) . 1(3_x2)*1/2 . (3—$2)/

ITpumep 4. Haiitu ¢/, ecin y =

2 -
3 —x2
1
V3—2?2—(z+1) ———— - (—22)
_ 2v/3 — 22 _
3 —x2
V3— 24+ (z+1) ——
B ( ) =
3 — a2

34 3+a
S B-a)V3—a2  (3-a2)V3—a?

Example 5. Find the derivative of the following function
y = sin?(x cos 2%).

Let’s apply the rule of differentiation of a complex function and
the rule of the derivative of the product

y' = 2sin(z cos 7%) - (sin(z cos ;1:3))/ =
= 2sin(x cosz3) - cos(x cos 2®) - (x cos2®) =
= 2sin(z cos 2?) - cos(z cosz®) - (1 - cosa® + x - (cos2®)’) =

3

= sin(2z cos 2%) - (cos 3 — x - sinz® - 322).

Ezample 6. Find 3 for y = arcsin 2z — v/1 — 422.

18



Differentiate the function

y = (arcsin2z — /1 — 4962)/ = (arcsin 2x)/ —(V1- 4x2)/ =

1 1
= (20) - —— - (1 —42?) =
V1= (22)? (22) 2v/1 — 422 ( )
1 1 2+ 4x
= 22— (—8z) = —V—.
1—(2x)2 2v1 — 4a? V1 — 422
4 1-— ZLA
Ipumep 7. Boraucaurb npousBonyio GyHKINH y = In T3
x

Wcnonb3ys cBoiicTBa Jiorapudma, yIIpOCTUM BbIParKeHUe

Ly, L=t i(ln(l—x‘l) —ln(1+x4)).

Torma mpousBomHAsT PYHKITUN
y = i((ln(l — $4)), — (In(1+ x4))/) =
1 1 ! 1 /
=4<1_x4‘(1‘$4) ‘1+x4'(1+x4>>2

1 [ —4a3 43 3 1 1
4\1—a2* 1+a2¢ 1—a*  1+a¢

_ —a3 I+ 124 —228

1—2a8 1 =%

5.2 Ilpom3BoaHbIE BBICIIUX ITOPSIKOB
Derivatives of higher orders

ITpousBoaHoOii Broporo nmopsifka (niu BTOPO# HPOU3BOIAHOI) OT
dbyuxipn y = f(x) Ha3BIBAETCS MPOM3BO/HAS OT IIEPBOM [TPOU3BO/HOMN

2

Y
O6o3HaIaeTCs TAKXKE R " (x).
x
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IIpousBoaHOW n-ro TOpPSIAKA Ha3bIBAETCA IIPOM3BOJIHAS

— 1)-oi iy = (y(n—DY
or (n — 1)-oit npoussomgnoit y'"™ = (y ) .

The first derivative 3/ is a function of z. Its derivative with respect
to x, written 3", is called the second derivative of y with respect to
x. That is, v = (v')".

Similarly, " = (v"), etc.

ITpumep 1. Haiitu y” niusa y = arctg .

1
/I ! _ 2\—1
y = (arctg z) =11 =(1+a2°)"",

y' = ((1+a) ) = (1)1 +2%) 7 20 =

—2x
(1+22)%
Example 2. Find all derivatives for y = 23.
Differentiation with respect to x, gives
y/ — (CL’S), —_ 3:L'2,

y" = (322) = 6,

y/// — (61‘)/ — 6,

y'V =y® = (6) =0.

For n > 4 completed y(”) =0.

Example 3. Find the n-th derivative for function y = z".
y/ _ nmn717
y'=n(n—1)x
y" =n(n—1)(n—2)z" 3.

If n is a positive integer, this process can be continued until

n—2
)

ultimately n — n is reached as the index of x.
y™ =nl, nl=n(n-1)(n-2)-... 1 (n-factorial).
ITpumep 4. Haiirn y™ st dynxiun y = sin .
T

y'zcosx:sin(:c—i—i ,

y" = —sinz = sin <m+2-g>,

y" = —cosz = sin (x+3-g>,

. . -
y™ = sin (x—i—n- 5)
JlokazaTesbcTBO METOIOM MATEMATUICCKONH WHJLYKIUH

Baza wayKInm.
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0
ITpu n = 1 BBmoaHEHO %' = sin (m + 5)
[Tar wHyKIAN.

IIpu n = k upemanosaraem, 4To y(k) = sin (:E + k- —).

Torna miass n = k + 1 BBIIOJIHEHO

y(k—H) = (y(k))/: (Sin <$+k‘-g)>/:cos (:L‘-Fk‘g) =
=sin (5 + (erk3)) =i (e (k4 1)- ).

CutetoBaTeIbHO, PABEHCTBO CIPABEJIUBO JJIst JIIOOOTO N.
Ezxample 5. Find the n-th derivative for function y = a”.
Therefore 3y = a”* Ina.

y// — am(ln (L)2

and y™ = a”(Ina)".

5.3 Jlorapmdmuydeckass npon3BO/IHAS
The logarithmic derivative

Pacemorpum dyukmmio Buga (Consider an equation of the form)

y = (f(l‘))g(@-

Ona Ha3BIBAETCS TTOKA3aTEJIbHO-CTEIIEHHOI.

Logarithmic differentiation is a method to find the derivatives of
some complicated functions, using logarithms.

[Tpoussognas s1oit dbyskimn Haxoaurcs mo agropurmy (We find
the derivative using the following algorithm):

1. Jlorapudmupyem obe gactu pasencrsa (Logarithm both sides

of the equality) y = (f(x))g(m):

Iny =1In ((f(x))g(m)>.

2. ITokazaresb BeiHOCHM 3a 3HaK Jorapudma (The exponent of the
logarithm argument is output as a multiplier before the logarithm):

Iny = g(z) - In (f()).
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The basic properties of logarithms are applied.

For example,

loga® =k - log a;

log(a-b) =loga +logb, a >0, b>0;

log% =loga —logb, a>0, b>0.

3. Haxoxum npoussojnyio ot obenx dacreii (Finding the derivative
of both parts of the equality):

/

(1y) = (s@) (@),
Loy = (@) 0 f@) + (@) (In (£(a)))
4. Yvuoxkaem obe gacru Ha y (Multiply both parts by y):

v =y (9@ W f@)+g@) - (n(f@))).

9(z)
5. Bumecro y nojcrasiisiem ( f (x)) :

9() l
y = (£@)" (0@ @) +g(a)- (n (F)) ).
2
ITpumep 1. Haiitu y' nna bynknum y = (cos x)x 1
[Tpumenum ajaropurm JorapudmMuaeckoro auddgepeHIumpoBaHus.

2

Iny =In(cosz)” = (z* +1) - In (cosz);

-y =2z -Incosz + (2 +1) - - (—sinz);

COS ™

< | =

y =y (2z-Incosz — (2” + 1) - tgz);

y = (cosx)$2+1 (22 -Incosz — (22 + 1) - tgx).

ITpumep 2. Tponuddepeniuposars Gyukimo y = sin(x®).
[TpouspojiHast ciaoKHON (DyHKITIN

"= cos(z%) - (™).
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[Iycrs z = 2*. CoryracHO ajropuTmy
Inz=Inz*=2z- -Inx;

=Inz+2x-

HM—‘

2
7=z (lnz+ 1),
2 =" (Inx+1).

Torya y' = cos(z”) - (%) - (Inz + 1).
IIpumep 3. Boraucautb npou3BOIHYIO (DYHKITUIO
_ v —2
YT 2E Jarop
HuddepenrmpoBanue JIpodu yCJIOKHEHO U3-3a BUJIa €€ 3HaAMeHa-
tens. [IpenBapurensio mposiorapudMupyeM 0de JacTH PaBEHCTBA

1 2 3
Iny = iln(w—Q) - 5ln(x+2) - 5111(3:4—5).

[Ipomuddepennupyem paBencTBO

L 1 B 2 B 3 )
Y=2w-2) 5@+2 2@+5)

; Vo —2 _ ( P2 3 )

_\5/(x+2)2.\/(3;+5)3 2c —4  br+10 2x+10

Ezample /4. Find the value of ¢/, if y = 3z
Let’s find the derivative using the algorithm

—_

<

tgx

Iny =In (3xtg“) =In3+1In (xtg“) =In3+tgx-Inx;

p 1 1
Y=y 5~ nz+tgr-— |
cos* x

y' = 3x'8% . (

1
3 ~lnx+tg$->.
cos? x x
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Erample 5.

2
- (2
Find the derivative of the following function y = { w
T —
1
lny:g(2lnx+ln(2m+5)—ln(3:c—1));
1, 1/2 1 1 )
Z.y ===z (22 +5) — 3z — 1)) -
y Y 3<;v+2;c+5 i o )>’
;1 sfa?- 2z +5) g+ 2 3
Y73 37— 1 v 2045 3z-1)°

5.4 IlpomuzBoaHasi HeIBHOII PYHKIUN
The derivative of an implicit function

Oyukiust y = f(r) HasblBaeTCsi HESIBHOM, €C/IM 3aBUCUMOCTD
MeXJy T U Y BbIpaxkeHa ypasHenueM F'(z;y) = 0, He paspelieHHbIM
OTHOCHUTEJIBHO Y.

If the dependent variable y in the function is not explicitly
highlighted on either side of the equation, then the function is called
implicit.

The standard form to represent the implicit function is as follows
F(z; y) = 0.

Yrober HaiiTu 3, Hy>kKHO npoguddepeHIupoBaTh ypasHeHue 110 T,
paccMaTpuBast IPU 3TOM Y KaK (PYHKIIUIO OT T U MOJIyIeHHOE YPaBHEHUE
PaspermTh OTHOCUTETLHO .

To differentiate an implicit function, the following method is used:
both terms of the implicit equation are differentiated by the variable x,
while the other variables are considered as undefined functions of x. The
resulting equation is solved to find the value of y/'.

ITpumep 1. Haiitn nponssomnyio 3y, ecom ¥ + xy = 1.
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Calculate derivative of the implicit function.

ey +1-y+a-y =0;
y (! + 1) = —y;
r_ Yy
eV 4+

Y

Ipumep 2.
[poxuddepennnposars Gynkimo y° = 2™ 10 nepemenHoil .
[TpostorapudmMupyem paBeHCTBO

Iny® = Inz"?;
zlny=Inz-Inz;

zlny = In’z.

IIpoauddepentupyem obe gacTu paBeHCTBA

1 1
1-lny+z-~--y =2nz-~;
Y

x
21
Sy =y
Y
2Inx |
;L x _ny_len:L'—xylny
y_ z - .’132 .
Y

IIpumep 3. llokazaTtpb, aTo QyHKINS, 3aJaHHAT HESIBHBIM yDABHE-
nneM xy — Iny = 1 yJoBieTBopseT paBencTsy y? + (xy — 1) -y =0.

Huddepentmpyem 0odbe 4acTu MepBOTO YPpaBHEHUS, YIUTHIBAasI, ITO
y — dbyukiug or x. Iomyyaem cirejryroniue pasencrsa:

/ 1 /
Ly+x-y Y =0;
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Yy = —7;
r— =
Yy
y/:_ 92 .
xy —1’
2 —?JQ
+ —1 =0.
Y~ + (zy ):Cy_1

Yro u TpeboBaIOCh MOKA3aTh.
Ezample /4. Find derivative ¢/, if 2+ Ty — y2 =1.
We can consider y as function of = determined by the equation.
Then

(@) + (zy) = (v*) = 0;
2¢ +y+ay —2yy =0;
y'(r—2y) = 22 —y.

9y —
Consequently 3/ = ey
T — 2y
5.5 Ilpom3BogHasi mapaMeTpUYIECKN 3aJaHHON (pyHKIINN
The derivative of function represented parametrically

OyHKIMA 3aaHa TapaMeTPUIeCKUIMI YPABHEHUSAMHU, ey (pyHK-
x = x(t),
y=y(t).

The record, when the function y(z) is defined using the third
variable, is called the parametric form.

The relationship between z and y is expressed as x = z(t), and
y = y(t) is a parametric representation of a function with parameter ¢.

Yi

o o /
TOF,ILa IIPOU3BO/IHaA 9TOU CbYHKHI/II/I 110 HEPEMEHHOU T €CTh Y, = — .
t

1S ¢ apryMeHTa & 3aJlaHa CHCTEMON PABEHCTB {

It is a derivative of a function in parametric form.
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Bropas npoussoamast

/ /
Y
(y/ )/ a:./ y// . .',U/ . y/ . :,U//
y/x/w:(y;);:: z)t t/t _ Jtt t t tt

Ty vy (24)?
3
IIpumep 1. HaiiTi npousBogHytO Y., eciam 3
y=3tt+5.
/ —3\/ 9 / 3
zp = (3t77) = @ yp = 1217
;w1288 4,7
T x 9 37
it

Erample 2.

Let us find the second derivative ¢/, , assuming zj # 0 for

y =,
r =Int.

1 1
N e
t. 1 t 1
e .7—6 . —_—
Then ), = —1 (1)3( 7) =e' - (P +1).
T
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6 IIpuioxkeHns IPOM3BOIHON (DYHKIINN

6.1 TeomerpuyeckKoe IIPUJIOXKEHUE TPOU3BOTHOMN
Geometrical Applications of the Derivative

Bosbmem na rpaduke dyuknuu y = f(x) rouku My(zo; f(xo)) n
M(xo+Ax; f(xo+Ax)). [posemem npsimyto MoM |, KOTOPYIO Ha3bIBAIOT
cekyIeii rpadpuka pyHKIAN.

f(zo+ Az)

Zo xo+ Az

Ay = f(xo + Ax) — f(z0)

A
bl tg o — Tanrenc yria Haxsona cekyieit MoM k ocu Ozx.

Ax

Yerpemum Az K 0, TOrjia MOIyIUM B IPEJAETHLHOM MOJIOKEHUN Ce-
KyIIEeil MpsAMyIo, KOTOPYIO Ha3bIBAIOT KACATEJIbHOU K rpaduky GyHK-
mn y = f(z) B Touke (.

f'(xp) = tg ¢ — TamreHc yriia HakJOHa KacaTe/abHOi K ocu O.

YpaBHEHHE KacaTeJbHOM B TOUYKe ¢ abCIUCCOM X(:

y = f(@o) + f'(w0) - (x — x0).

[Ipsimast neprieHIUKYJIIpHAs KacaTe/IbHOM, MPOBeJeHHAs B TOYKE
KaCaHWs, HA3bIBAETCS HOPMAJIb K IpaduKy (DYHKIINN B 38 IaHHON TOUKE.
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VYpaBHEHHE HOPMAJIU B TOYKE ¢ aDCIMICCON T(:

N
f'(wo)

Tangent line and normal
Tangent to a graph of function y = f(z) at point My is the
limiting position MyM at Ax — 0.
Let m; be the slope of a given curve at Pj(z1; y1). It is shown
in analytic geometry that a line through (z1; y1) with slope m; is
represented by the equation

y = f(wo) —

- (z — o).

y_ylzml'(m_xl)'

This equation then represents the tangent at (z1; y1) where the slope
of the curve is mj.

The line PN perpendicular to the tangent at its point of contact
is called the normal the curve at P;.

Since the slope of the tangent is m; the slope of a perpendicular

line is — and so
my

1
y—yl——m—l-(l‘—m)

is the equation of normal at (z1; y1).

y
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Yros Mexy KpuBbIMHU
Angle between two curves

Yy

Al

VIJI0M MeK1y KPUBBIMHU B TOUKE UX II€PECEUCHUsT HA3BIBAIOT yTOJI,
0bpa30BaHHBIN KACATEJBHBIMU K 9TUM KPUBBIM B PACCMOTPEHHOI TOUKe.

By the angle between two curves at a point of intersection we mean
the angle between their tangents at that point.

Let m1 and my be the slopes of two curves at a point of intersection.
It is shown in analytic geometry that the angle « from a line with slope
my to one with slope mo satisfies the equation

my —my
tanoo = ————.

14+my-mag

The equation thus gives the angle « from a curve with slope m; to
one with slope mgy, the angle being considered positive when measured
in the counterclockwise direction.

Ipumep 1.

CocraBuTh ypaBHEHUsI KacaTeIbHbIX K KPUBOIL i = e!=** B Toukax
ee TlepeceveHns ¢ npsamoit y = 1.

Haxojium Touku nepecevdeHmsi:

el =1 — 1-22=0 — =+l
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IIpouseoinast pyHKITIN
r_ o 1—a?\  1-22
Yy =("") =e - (—2x).
CocrapjsieM ypaBHEHHE KacaTeJbHOI B TOYKe ¢ abciuccoil © = 1:

y=f1)+f (1) (@-1)
y=1-2(zx—1) wm y=—2z+3.

VYpaBHeHne KacaTejJbHOI B TOUYKe ¢ abciuccoir © = —1 nmeer Bu

y=1+2(x+1) wm y=2z+3.

—2/ B 0 \2
Ipumep 2. Ha xpusoit y = 2% — 3x + 5 HaiiTi TOUKY, B KOTOPOI

KacaTebHas napasuieabaa npsamoit y = 3x — 1. Crenarbh pucyHOK.
ITycts xg - abcrmeca Touku Kacanus. Toraa

f(xo) = 25— 30 +5,  f'(x0) = 2w — 3;

y = (22 —3z0+5)+ (2x0 — 3) - (z — 20), wm

y = (220 — 3)x + (23 — 3wo + 5 — 223 + 3x), wm
y = (220 — 3)x + (5 — z3).
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Tak Kak II0 yCJIOBHIO KacaresbHas napaJuiesnbia (||) upsmoii y = 3z — 1,
T0 2190 —3 =3 = x9 = 3. YpaBHeHue KacarejbHol y = 3x — 4.

-1
-2

-3

4
IIpumep 3.
Haiitu ypaBmenne nopmasim K rpaduky dyHkimun y = sin3x B
i
TOUKe T = — . Boraucimm 3nadenne QyHKITTHT

18
/() = () =3

U TIPOU3BOJIHYI0 DYHKIINN B 3aIaHHON TOYKH
3- 3vV3
y'(x) = 3 cos 3w, Y (%) = 3-cos (187r> = \2[
1 2 U
YpaBHeHrue HOpMAJIHU Y = 3~ (3: )

3v3 \ 18

Ezxample 4. Find the equation of the tangent and normal the elipse
22 + 2y% = 9 at the point My(1;2).

x
The slope at any point of the curve is ' = o in that

xT

2422y =0 = ety =0 — o =—7.
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1
At point My the slope is 1
The equation of the tangent is

and the equation of the normal is
y—2=4(x—1).

Ezxample 5. Find the angles determined by the line y = x and
parabola y = x2.
Solving the equations simultaneous we find that the line and

parabola intersect at (1; 1) and (0; 0)

$1:1, y1:1
JZQZO, y2:0.

= = zz-1)=0 —

The slope of line is 1.
The slope at any point of the parabola is v’ = 2.
At (1; 1) the slope of the parabola is then 2 and angle from the
2—-1 1
line to the parabola is given by tan a; = 1723 — o = 18°26'.
At (0; 0) the slope of the parabola is then 0 and so the angle from
0—-1
the line to the parabola is given by tan as = T70° -1 = a3 = —45°.

The negative sign signifies that the angle from the line to parabola
is measured in the clockwise derective.

6.2 IIpaBuio Jlonurasis
The L’Hospital-Bernoulli Rule

[Ipeanonoxum, aro f(x) u g(x) muddepernupyembr B OKpeCTHO-
cru a (Bo3MOXKHO uckovast a) u g'(x) # 0 B OKpecTHOCTH a, U T # a.

Torna, ecan
lim f(z) =0 u limg(z)=0

r—a T—a
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WK
lim f(z) =+o0o u lim g(z) = +o0

r—a r—a

0 00
(nMeercst HEOIPEeIETIEHHOCTD (0 nin (—) opu & — a), To
00

!
lim f(@) = lim f/(:v) (mpaBusio Jlonwmrassi),
z—a g(x)  z—a g'(x)

€CJIM TPEeJIesT B IIPABON YacTH PABEHCTBA CYIIECTBYET JIOO paBeH 100.
00

0
Heonpegemnennocru (0-00) 1 (00 —00) cBOAATCA K <0> i (—)
00

Jlnst packpeitus Heoupeaeaennocrei 1°°, 00 ucmomb3yercs omnepa-
st storapudMupoBaHus (OTEHIMPOBAHNS ).

Suppose f(x) and g(z) differentiable and ¢'(z) # 0 near a (expect
possible a). Suppose that

lim f(x) =0 and limg(z)=0

T—a r—a

or that
lim f(z) = £oo and lim g(z) = £o0

T—a r—a

0 oo
(in other words, we have an indeteminate form of type o °r —). Then
00

!/
lim @) = lim f,(x) (The L’Hospital Rule),
a—a g(x) 2—a g/(x)

if the limit on the right side exists (or is co or —c0).
2

2Sin T _1q
IIpumep 1. Berancnaurs lim ———.
z—0 Incosz

. /
2sin2x -1 0 <2$1n2x — 1)
i 7 (0) Ly )

=0 Incosx =0 (Incosz)’

) .
. 2817 T . In 2. 2sinx cos
= J11m pry

Colsm - (—sinz)

=-2In2- liII(l) <2Sin2z - cos? a:) = —-2In2.
z—
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4222 +1
Ipumep 2. Boraucaurn, lim w
z—00 3x3 — 12 +

. 32?4 4 00 . 6bx+4 6
= lim = (=) = lim = lim — = .
r500 922 — 2 + 1 00 z—o00 18 — 2 z—00 18 3
Ezxample 5.
9 .
We will L’Hospital’s Rule to show that lim L0 EsmT =1

=0 224+ 3x

lim =

2z +sinz [0\ .. (2z+sinz)
=0 12+ 3x N 20

0 (22 4 3z)’
lim 2 + lim cos

— lim 2+ cosw _ =0 z—0 _
S 250 2243 lim2z+1lim3
x—0 z—0
2+1
2t 1, as we wanted to show.
0+3

2

Ezxample 4. Consider the limit lim ———.
z—01 —cosx

2 2/
lim —r = <0) = lim (z%)

2—0 1 — cosx 0 2—0 (1 — cosz)’ -
2 0 2x)
= lim ‘x =(-] =lim (a:) =
z—0 sin 0 z—0 (sinx)’
lim 2
2 2
= lim =20 _Z_9
z—0cosz limcosx 1
z—0

Ezample 5. Find the limit of (1 + z)"/* as = approaches zero.

1
Let A=lim (1+z)z = (1%);

z—0
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1 1
InA=Inlim(1+2)r =limln(l+z)zr =
z—0 z—0

1 In(1
= lim (-ln(l +x)> = i D)
z—0 \ T z—0 T

0
When =z is zero this last expression becomes () Therefore

1
1 /
B YE ) S ey
z—0 xT z—0 (J})’ z—0 1
InA =

tg 3
Ezxample 6. Find the value approach by f z

T
as x approaches —.
x

T
When z approaches 5 the numerator
fraction approach oo.

and denominator of the
Therefore,

3
— iy Cos?3x

s 1
:E—>2

. tg3zx
lim

. 3cos?z
= lim

s T COS2 3z

[NIE

cos? z

T
When =z is replaced by 5 the last expresion takes the form —, and

. 3cos?z . —~6Bcosxrsinx
lim —a =
I_% cos= 3x

. cos?x —sin?x 1

m m =
T 6 cos 3z sin 3z T 3(cos? 3x — sin? 3z)
=% =35

g.

6.3 ®Pusnyeckuii (MEXaHUIECKUA) CMBICJI TPOU3BOIHOMN
Mechanical Applications of the Derivative

Ecin touka jBuzkeTcs npsiMosinHeiino 1o sakony S = S(t) (&t —
Bpems, S — myth), To S'(t) npesacrasisier coboii CKOPOCTh M3MEHEHHUST

myTH B MOMeHT Bpement t, a S”(t) — yckopeHue TOYKM B MOMEHT t.
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ds
The velocity at the time ¢ is defined as v = o= S'(t).

This equation show that dS is the distance the particle would move
in a time at if the velocity remained constant. As a rule the velocity will
not be constant and so dS will be different from the distance the particle
does move in the time dt.

When S is increasing, the velocity is positive, when S decreasing,
the velocity is negative.

Acceleration along a straight line. The acceleration of a
particle moving along a straight IQine is defined as the rate of change
dv  d*S
g S"(t).

This equation show that dv is the amount of would increase in the
time dt of the acceleration remained constant.

The acceleration is positive when the velocity is increasing,

of its velocity. That is a =

negative, when it is decreasing.

Ipumep 1. IlycTb npsiMoInHEiiHOE JIBUKEHUE TOYKH JIJIsI [TOJIOXKH-
TeTBHbIX 3HAYEHMIH ¢ TPOUCXOIHUT 10 3aK ony S(t) = 2t3 — 3t2 4+ 72t + 34.
OnpeiesiuTh BpeMs t, IPU KOTOPOM CKOPOCTH JIBUYKEHUS] PABHA HYJIIO.

v(t) = S'(t) = 6t — 6t + T2;

662 —6t+72=0 = t?—t+12=0;

t1 = —3 (mocTopoHHUT KOpeHb), to = 4.

Orser: t = 4.

Example 2. A body starting om rest falls approximately S = 16t>
fell in ¢t seconds. Find its velocity at the end of 10 seconds.

as
The velocity at any time ¢ is v = = 32t ft /sec.

At the time of seconds it is v = 320 ft/sec.
Ezxample 3. At the end t seconds the vertical height of a fall thrown
upward with velocity 100 ft/sec is h = 100t — 2.
Find its velocity and acceleration
_dh dv

_— = —_ = — = — 2
V= (100 — 32t) ft/sec, a=— 321ft/sec”.
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7 Tecrosbie 3amanus (Test tasks)

1. Tlpoussopnas dbyuxnus y = 4x+y/z + 3sin1 B Touke 16 pasna
1) =5 2) 10dz 3) 5dx 4) 10 4) 16.

2. IlpomsBosnas dpyHknnn y = x - Inx paBHa

1 1
1)z+Inx 2) 1+ Inz 3) 14— 4) —.

x x
3. Ilpoussomnas byukiun y = 24 - € umeer Buj

1) 2023 - €5 2) 4o - e 3) 4ad . 2T 4 5t e 4) 202t - e

r+95
4. TIpousBojHasl IaCTHOIO Y = | pasia
T
4 4 4 4
l) —= 2) ———= 3) —— 4) — .
)(a:+1)2 ) (x+1)2 >J;+1 ) z+1

5. Tudbdepennman byuxmun f(z) = In(z? + 1) B Touke z = 1 npu
Ax = 0,1 pasen

Ho 20,1 3)1 41,1

2
6. IIpousBoaHast BTOPOro nopsijika pyHKIUN y = 5513 PeeHe
x
4 —10 100 100
1 2 3 4) ——m.
) (5x + 3)3 ) (bx + 3)2 ) (5x + 3)3 ) (5z +3)3
7. Tpoussonas TpeThero mopsaka dbynxman y = (2o + 3)3 - 2z + 3
105
uMeeT BU Dy = ——x 2) vy =105v/2x + 3
a )y T )y Vv

3)y" =242z +3) V21 +3 4) y" = 48/2x + 3.
8. Touka nBUKETCsS TPAMOJIUHEHHO 10 3aKOHY Y = %xs — 322 -5z +3
(x — Bpemsi, y — paccrosinue). Ee ckopocrb Oblia paBHA 2 B MOMEHT
BpeMeHU T paBHBII

1)—-3 2)0 3)11 43 57  6)10.



9. YryoBoit K03 PUITUEHT B YpaBHEHUU KacaTeIbHOW K KPUBOI
g B TOUKe T = 2 paBeH
1)-2  2)-0,5 3)0 40,2 52 64
10. ITpomssouas dyukiun y = ot — 423 + 622 — 42 paBHa HyIIO B TOUKe
1)=2 2)—-1 3)0 4)1 5)2 6) rouka He CyIIECTBYET.
11. IIpousBonnasg pyurmum y = x - €¥ orpunaTe/nbHa Ha ITPOMEXKYTKE
1) (=o0; =1)  2) (=003 =2)  3) (=25 +o0) 4) (=15 +00)
5) HET IPOMEKYTKOB.
12. Bropasi npoussognas Gyakimn f(z) uMeer Bu
f"(@) = (@ — 10)(z — 7).
Ona sIBJIsIeTCs TTOJIOXKUTEJIBHON HA MPOMEKYTKe (IIPOMEXKYTKaX)
1) (7; 10) 2) (—o0; —10) u (—7; 4+00) 3) (=105 —7)
4) (—o0; 7) u (10; +00).

2(t) = 5t + tg(3t)
13. Eciin byHKInst mmeeT BU/T , TO 3HaYEHNe TPOo-

y(t) = sin(2t) + 13
U3BOJIHOM TIepeMeHHOIt i 110 niepeMeHHoit x 1pu t = (0 paBHo
1 1 1
1) 0,25 2) —0,25 3) = 4) —— 5) —.
) ) )3 M5 5
14. Kakoe u3 HMXKe MEPEUNCIEHHBIX MPEIOKEHNH OMpeessieT TPon3-
BOJIHYT0 (DyHKINY (KOIJIa TpUpalieHne apryMeHTa CTPEMUTCs K HYJTi0) 7

Buibepure ouH oTBeT:

1) OrHomenune npejena GyHKIMA K apryMeHTY;
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2) Ilpesiest orHOIIEHUs TpUpalieHnst GYHKIUE K IIPUPAIIECHUIO ap-
ryMeHTa;

3) OrHorenne npupaiierns GYHKIUNA K IPUPAIIEHUIO apI'yMeHTa;

4) TIpesnen orHomenusi GyHKIMN K IPUPAITIEHUIO apryMeHTa.
15. Pusutieckuil CMBIC ITPOU3BOIHON — ITO:

1) TaHrenc yria HaKJIOHA KacaTeJbHOI;

2) paboTa cub;

3) CKOPOCTb M3MEHEHUs BeJUYUHBI U TIPOIECCa;

4) ycKOpeH#e U3MEHEHUs! BeJTMIUHbBI UJIH IIPOIECCA.

Breibepure ofun oTBeT.

16. Ha pucynke mzobparken rpaduk npoussojgnoil dyuknun y = f(x),

3a/JlaHHoil Ha orpeske [—1; 8.
v

y=1'(x)

-1 0

-
<]

w0+

"R

YKazkure TOUKy (TOYKHN), B KOTOPOii (B KOTOPBIX) KacaTesbHas K
rpaduky bynknun napasuieabna ocu Ox:
3 27 31 4)8

17. YkaxkuTe BEpHYIO (DOPMYITY
!/

() -
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%) (g)’:u/~v—u-v’;
v

!/ Uz /
u\’" u-vtu-v
3) - = 2 5
v !/ v /
1) (u)’ wv—uU-v
v v’ )
18. MarepuanbHas TOYKA JIBUXKETCsl IPAMOJIMHEHHO 110  3aKOHY
x(t) = =t3—t>+2t (rme x — paccTosHme OT TOYKHM OTCYeTa B MeTpax,
t — BpeMsl B CeKyHJIaX, U3MepeHHoe ¢ Hauasa JBiKenns ). Haiiaure ee

CKOPOCTH B (M/C) B MOMEHT BpeMeHH t = 6.
1) 84 2) 1,5 3) 44 4) 0.
19. I'paduk dyuxiun y = f(x) nzobpazxen Ha pucynke. Haiitu 3nauenue

[POU3BOJIHON TOH (DYHKITMH B TOUKE I(.

"R

(A
1) —1 2) 0 3) 0,5 4) 1 5) V3.

2 B €TI0 TOYKE C

20. Kacarenbhast k rpaduky dbyskiun f(z) = 2z — x
abcruccoit kg = 1,5 HaK/IOHEHA K TI0JIOKUTEJIbHOMY HAIIPABJIEHUIO OCH

Oz ton yryiom

1)2  2)arctg2 3)30° 4)450° 5)120° 6) 135°.
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8 BapwmaHTbI AJIsi cCAMOCTOATEILHOI paboThI
Tasks for independent work

Bapwuant 1

Haiitu nmpousBosubie dyHKImii

1. y = V22 — sin 2x;

14+
.y:x-arctgl ;

2
3.y = (2~ 1)173”2;
4. e" +e¥ — e =1.

x = arcsin v'1 — ¢2

I
5 ) Y =7
Yy = arccost
6. Haiitu npeenn  lim 2° - e~ %,
T—+00
x—4
7. IlokazaTh, 910 KacarTejabHbIe K ruepboie y = B TOYKaX

ee mepecevYeHns ¢ OCAMU KOOPJIMHAT ITapaJsiiesIbHbl MEXK 1y COOOM.

8.y = coslnz + In cos z, naiitu y”.

Bapwuaut 2

Haiitu mponsBonabie DyHKITHH

1.y:ln(a:—i—\/:c2—1>;
1—=z

2y=a-{—=

Yy=x 1+

3.y = (Inz)";

4.xy—e"+y=1.

=1+ cos?t ,

5. ~ cost Y =1
sin®t

6 Boem

. Haittu mpegenn lim z° -e
T——+00

7. CocTaBUTL ypaBHEHIE KACATeIbHOII K mapaboie y = x2 — 6z 46,
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KOTOpas IePIeHUKYJISIPHA K IIPAMON, ITPOXOAIIEit yepe3 HadaaI0 KOop-
JUHAT ¥ BEPIIUHY TapabOJIbI.

8. y= 1:62 -(2Inz — 3), naiitu y”.

Bapwuant 3
Haiitu npoussomubie dbyuxmii
1. y = cos® (3%);

2. y=x- V2 — 2

3. y = oS T.
4. sin(y — %) = v.
1
T e ;L
2 1+vVi—¢2 @ Y=t
Yy=—"7"—"
t x
6. Haitru npezgen lim (7 — ) - tg —.
T 2
. 3z +1
7. Haittu TouKy 1epeceuennst KacaTeIbHbIX K I'PAQUKY Yy = oy 1
x —_—
B TOUKax ¢ = —1 u x = 3.
3 1 In e & 1 cosz . "
.y =—-Intg - — - - —5—, maitru y".
Y B g 2 2 snla Y

BapwuanuTt 4

Haiitu npousBogubie dbyuxmmii

4. x —y +sin(zy) = 0.

t+1
T = arctg ——
5. t—1 yh =7

y = arcsin /1 — 2
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In(2? + 1)
6. Haittu npenen lim .
peael i o + 623 4+ Tx
7. CocTraBuTh ypaBHEHUs KACATEILHON 1 HOPMAJIA K KPUBOIi

a2 .
y = €% B Toukax ee mepecedennus ¢ IPAMOM i = 1.

8. y = sinlnz + cos® In z, maiiru y”.

Bapuaut 5

Haiitu npousBogubie dbyuxmii

ly=va2+2z+3;

2. y = In? 'm ;
3. y — :L,SIII ;
4.9% z=In g
x
x = arcsin V1 — 2 ,
Y =7
Yy = arccost

. efF+e =2
6. Haittu mpegen lim —— .
z—0 T

7. K rpaduky dyukiun y = 4z — 22 B Touke ¢ aberuccoii zg = 3
[pOBe/IeHa Kacareiabnas. HailTn TouKy nepecedenns 3TON KacaTeabHO
¢ oceio O,

8. y=Inv1+az2+

z s /!
, Hafitm " .

V3

Bapuaut 6

Haiitu npousBogubie dbyHKImii
Ly=a?-v2—22

2.y = cos* In? x;

3.y = (x4 1)<,

4. In(zy) = arctg y.
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=143t 41 )
5. Yy ="

y =3t +5t3+1

2
x°—3x+2

6. Hai lim —————.

aiiTi npesern lim (22 —3)
7. Haiitu KOOpJAMHATHI TOYKM EPECeUeHUs] IBYX KACATEJbHBIX K

5
rpacduky GYHKIUN iy = Sin 3T B TOYKAX T = 118 ux= %

8.y = (44 2?) - arctg 2%, naiitu 3.

Bapuaunt 7

Haiitu mponsBomabie DyHKITHIH
3r—2
224+ 1
2.y =37 .2/

l.y=

3.y=(z+ l)COSQI;
4.y —x + arcsiny = 0.
x=a-(cost+t-sint)
. Yo =7
y=a-(sint—t-cost)
. 4 1
6. Haittu ipegesn lim | ———— — — .
0 \ arcsinx  x

7. B kakoit Touke KacaTeabHast K rpaduKy OYHKINNT i = 22 —T71+3

mapaJjebHa mpamoit br +y — 3 = 0.

x
8. y = arccos® x + , Haitru .
BapwuanTt 8

Haiitu nmpousBoabie dyHKIIMit

V3z — a2

lLy=Y2"7.
z 2

2.y=2%-e "

3.y:x\/5;
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4. cos(zy) + eV =
el +et
Ty 2 i
5. et et y Yp =
y:

2
6. Haiitu npegen lim x - In? z.
z—0+

7. HaiiTn TOYKHM, B KOTOPBIX KacaTeJIbHble K KPUBOI

Yy = 3zt + 42% — 1222 + 20 napaJutenbasr ocu O,

8.y = x — arcsin/z + V& — 22, maittn 3.

Bapuant 9

Haiitu mponsBoabie DyHKITHH
4 —1

l.y=———;
Y Vaz+z+1
2.y =3""cos (2> + Vx);

1 sinx
3.y = (arcsin ) ;
x

4. z¥ =y
_ 2
xr = arctgt /o
y = In(1+ t?)
3x
6. Haittu npemen lim &
a7y 18
7. Ha kpuBoii y = 2> —32+5 HAlTH TOYKH, B KOTOPIX KACATEIHHDIE
x
MEPIIEHIUKYISIPHBI K TPSMOi iy = ~3

t
8. y = V2arcctg BT, x, naittu y”.

V2

Bapwuanut 10

Haiitu npoussomubie dbyuxmii
4 — 1

1.y = ———;
202 —x
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2.y =5"-cos (2° + Vz);
1

3.y = (x+2)cosz;

4.y + x? + arctgy = 0.

x = arcsin t2

y:ln(2—|—t2)

-

3 2
6. Haittu nipesen ili% ln(ﬁ——i_;;)

7. Hammcarb ypaBHEHHE KacaTeabHOW W ypaBHEHHE HOPMAJIU K

KPHUBOi Yy = 23 + 3 B TouKe To = 1.

1+vVa2+1
.y=+vVa2+1- lnﬁ, naiiru 3.
T
Bapuant 11
Haiitun nipousBosiabie DyHKITHIT
Va2 +4x —1
l.y=—"7-—;
) 2z +3

2.y=-¢€" -logs (\/5— 1);
3. y = (arctg(x + 2))°°%;

3
4. sin(z — 2y) + A

Y

x =sin’t ,
5. ) Yo =1
Yy = cos“t
I i

6. Haiitu npenen lim nsm:c-

z—7 COS 3x

22

7. Kakue yribl obpasyer napabdosa y = x C ee XOpJ0ii, abCIIUCChI

KOHIIOB KOTOPOi paBHbI 2 1 47

8. y=1In(z + Va2 — 1), naiiru y".
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Bapuant 12

Haiitu mponsBomnabie DyHKITHN

V3x2+2x+5
l.y=——55——-——;
222 + 3z
2.y =27 ctg (52 + 2V/7);

1

3.y = (2 +22)Ve,
4. e + L. cos 3.
x

T = cost+sint

5. ' Y ="
Yy =sint —1-cost

In cos 2x

3x?
7. B kxakoit Touke mapaboJibl Yy = 22 —2x+5 HY2KHO ITPOBECTHU Ka-

6. Haittu npemen lim
z—0

caTebHyI0, 9TO0BI OHA, ObLIa MEPIIEHINKYJIsIpHA K OUCCEKTPUCE ITEPBOIO
KOOD/IMHATHOTO yTJIa?!

3z —4
8. y= .:Jrl + In(z + 2), naiitu y”.
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