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Ïðåäèñëîâèå

Íåîñöèëëÿöèè ðåøåíèé îáûêíîâåííîãî ëèíåéíîãî îäíîðîäíîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà (ñì.
íàïð., [1] � [13]). Íåîñöèëëÿöèÿ èãðàåò áîëüøóþ ðîëü â êà÷åñòâåí-
íîé òåîðèè ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (â îñîáåííîñòè
óðàâíåíèÿ âòîðîãî ïîðÿäêà). Îäíàêî íà ðóññêîì ÿçûêå íåò íè îäíîãî
ó÷åáíîãî ïîñîáèÿ èëè äàæå ìîíîãðàôèè, â êîòîðûõ èçëàãàëàñü áû
òåîðèÿ íåîñöèëëÿöèè è åå ïðèìåíåíèå. Èìåþòñÿ òîëüêî æóðíàëüíûå
ñòàòüè (êðîìå ïðîöèòèðîâàííûõ, ñì. òàêæå [17]�[30]). ×òîáû õîòÿ
áû îò÷àñòè ëèêâèäèðîâàòü ýòîò ïðîáåë è ïðèâëå÷ü íàèáîëåå ïðîäâè-
íóòûõ ñòóäåíòîâ ê íàó÷íîé ðàáîòå, ìû èçëàãàåì çäåñü ñîâðåìåííîå
ñîñòîÿíèå ýòîé òåîðèè ïðèìåíèòåëüíî ê óðàâíåíèþ âòîðîãî ïîðÿäêà.

Ñ ïîìîùüþ ïîñòàâëåííûõ â ðàáîòå âîïðîñîâ-çàäàíèé ìîæíî ïðåä-
ëîæèòü öåëûé ðÿä êóðñîâûõ ðàáîò äëÿ ñòóäåíòîâ âòîðîãî è òðåòüåãî
êóðñîâ, êîòîðûå ïåðåðàñòóò çàòåì â âûïóñêíûå êâàëèôèêàöèîííûå
ðàáîòû äëÿ áàêàëàâðîâ è ñïåöèàëèñòîâ, à òàêæå â ìàãèñòåðñêèå äèñ-
ñåðòàöèè äëÿ ìàãèñòðàíòîâ.

Êàê ïðàâèëî, â ïðîöèòèðîâàííîé ëèòåðàòóðå óðàâíåíèå âòîðîãî
ïîðÿäêà çàïèñûâàåòñÿ â ôîðìå x′′+Q(t)x = 0; áîëüøèíñòâî äîñòàòî÷-
íûõ óñëîâèé ñôîðìóëèðîâàíû â òåðìèíàõ ¾ìàëîñòè¿ êîýôôèöèåíòà
Q. Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ ïîëíîå óðàâíåíèå

(Lx)(t) .= x′′ + p(t)x′ + q(t)x = 0, t ∈ I
.= (α, β), (1)

−∞ 6 α < β 6 +∞; ôóíêöèè p, q : I → R � ëîêàëüíî ñóììèðóåìû
íà I.

Ìû ïðèâîäèì çäåñü è íîâûå äîñòàòî÷íûå óñëîâèÿ íåîñöèëëÿöèè
óðàâíåíèÿ (1), íå îáÿçàòåëüíî îñíîâàííûå íà ìàëîñòè êîýôôèöèåí-
òîâ.
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1. Ñâåäåíèÿ èç îáùåé òåîðèè óðàâíåíèÿ (1)

1. Äëÿ óäîáñòâà ÷èòàòåëÿ êðàòêî èçëîæèì íåêîòîðûå âîïðîñû îáùåé
òåîðèè óðàâíåíèÿ

(Lx)(t) = f(t) (f ëîêàëüíî ñóììèðóåìà íà I, t ∈ I). (2)

Ðåøåíèåì óðàâíåíèÿ (2) íàçûâàåòñÿ ôóíêöèÿ x : I → R, èìåþ-
ùàÿ ëîêàëüíî àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ x′ è óäîâëå-
òâîðÿþùóþ óðàâíåíèþ (2) ïî÷òè âñþäó (îòíîñèòåëüíî ìåðû Ëåáå-
ãà). Ïðè ñäåëàííûõ îòíîñèòåëüíî p, q ïðåäïîëîæåíèÿõ ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (2), óäîâëåòâîðÿþùåå óñëîâèÿì
x(a) = ξ0, x′(a) = ξ1, a ∈ I. Îáùåå ðåøåíèå óðàâíåíèÿ (1) èìååò âèä
x(t) = c1u1(t) + c2u2(t), ãäå u1, u2 � ëèíåéíî íåçàâèñèìûå ðåøåíèÿ
óðàâíåíèÿ (1) (ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé, ÔÑÐ), c1, c2 �
ïðîèçâîëüíûå ïîñòîÿííûå. Âðîíñêèàí W (t) .= [u1, u2](t) ÔÑÐ {u1, u2}
íå îáðàùàåòñÿ â íóëü íè â îäíîé òî÷êå èíòåðâàëà I. Ôóíêöèåé Êî-
øè C(t, s) óðàâíåíèÿ (1) íàçûâàåòñÿ ôóíêöèÿ C : I × [α, t] → R,

îáëàäàþùàÿ ñâîéñòâàìè

(LC)(·, s) = 0 ïðè ïî÷òè âñåõ t > s,

C(s, s) = 0,
∂C(s, s)

∂t
= 1 (s ∈ I).

Ôóíêöèÿ Êîøè ñóùåñòâóåò è åäèíñòâåííà. Ñ ïîìîùüþ íåå îáùåå ðå-
øåíèå óðàâíåíèÿ (2) ìîæåò áûòü çàïèñàíî â âèäå

x(t) = c1u1(t) + c2u2(t) +
∫ t

a

C(t, s)f(s) ds (3)

(u1, u2 � ÔÑÐ óðàâíåíèÿ (1), c1, c2 � ïðîèçâîëüíûå ïîñòîÿííûå).

Çàäàíèå 1. Äîêàæèòå ïðåäñòàâëåíèå (3).

Çàäàíèå 2. Ïóñòü u1, u2 � ÔÑÐ óðàâíåíèÿ (1), W � åå âðîíñêè-
àí. Äîêàæèòå, ÷òî

C(t, s) =

∣∣∣∣∣
u1(s) u2(s)
u1(t) u2(t)

∣∣∣∣∣ /W (s).
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Çàäàíèå 3. Íàéäèòå ôóíêöèþ Êîøè óðàâíåíèÿ (1) ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè (p(t) ≡ p, q(t) ≡ q); ðàññìîòðèòå îòäåëüíî
ñëó÷àè âåùåñòâåííûõ êîðíåé è ñëó÷àé êîìïëåêñíûõ êîðíåé õàðàê-
òåðèñòè÷åñêîãî óðàâíåíèÿ; èññëåäóéòå çíàê ôóíêöèè Êîøè â îáîèõ
ñëó÷àÿõ.

Ôóíêöèÿ G : [a, b]2 → R íàçûâàåòñÿ ôóíêöèåé Ãðèíà êðàåâîé çà-
äà÷è

(Lx)(t) = f(t) (t ∈ I), x(a) = 0, x(b) = 0 (a, b ∈ I), (4)

åñëè îíà îáëàäàåò ñâîéñòâàìè:
1) G íåïðåðûâíà íà [a, b]2;
2) ∂G(·,s)

∂t àáñîëþòíî íåïðåðûâíà â òðåóãîëüíèêàõ
a 6 s < t 6 b è a 6 t < s 6 b, ïðè÷åì ∂G(s+,s)

∂t − ∂G(s−,s)
∂t = 1;

3)(LG)(·, s) = 0 ïðè t 6= s;
4) G(a, s) = 0, G(b, s) = 0.

Åñëè êðàåâàÿ çàäà÷à (4) îäíîçíà÷íî ðàçðåøèìà, òî ñóùåñòâóåò è
åäèíñòâåííà åå ôóíêöèÿ Ãðèíà, à åå ðåøåíèå x èìååò ïðåäñòàâëåíèå

x(t) =
∫ b

a

G(t, s)f(s) ds. (5)

Èìååò òàêæå ìåñòî ïðåäñòàâëåíèå

G(t, s) =




−C(b,t)C(s,a)

C(b,a) , åñëè a 6 s < t,

−C(t,a)C(b,s)
C(b,a) , åñëè t 6 s 6 b,

(6)

èç êîòîðîãî ñëåäóåò, ÷òî åñëè C(t, s) > 0, ïðè a 6 s < t 6 b, òî
G(t, s) < 0 ïðè (t, s) ∈ (a, b)2.

Çàäàíèå 4. Äîêàæèòå ïðåäñòàâëåíèå (5).

Çàäàíèå 5. Äîêàæèòå ïðåäñòàâëåíèå (6).

Çàäàíèå 6. Íàéäèòå ÿâíîå ïðåäñòàâëåíèå ôóíêöèè Ãðèíà çàäà-
÷è (4) ïðè p(t) ≡ p, q(t) ≡ q ÷åðåç êîðíè õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

(Lx)(t) = f(t), t ∈ J ⊂ I, l1x = a1, l2x = a2, (7)
6



ãäå li � ëèíåéíûå ôóíêöèîíàëû, îïðåäåëåííûå íà ìíîæåñòâå ôóíê-
öèé x : J → R, èìåþùèõ àáñîëþòíî íåïðåðûâíûå ïðîèçâîäíûå. Ôóíê-
öèþ Ãðèíà G(t, s) êðàåâîé çàäà÷è (7) îïðåäåëèì ñâîéñòâàìè 1)�3), à
âìåñòî ñâîéñòâà 4) ïîòðåáóåì, ÷òîáû âûïîëíÿëèñü ðàâåíñòâà

liG(·, s) = 0, i = 1, 2

Çàäàíèå 7. Âûðàçèòå ôóíêöèþ Ãðèíà çàäà÷è (7) ÷åðåç ÔÑÐ
óðàâíåíèÿ (1). Äîêàæèòå, ÷òî

G(t, s) =

∣∣∣∣∣∣∣

C̃(t, s) u1(t) u2(t)
l1C̃(·, s) l1u1 l1u2

l2C̃(·, s) l2u1 l2u2

∣∣∣∣∣∣∣
∣∣∣∣∣

l1u1 l1u2

l2u1 l2u2

∣∣∣∣∣

, (8)

ãäå

C̃(t, s) =

{
C(t, s) ïðè s < t,

0 ïðè s > t,

� ôóíêöèÿ Ãðèíà çàäà÷è Êîøè, u1, u2 � ÔÑÐ óðàâíåíèÿ (1).

Ðàññìîòðèì ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

(Lx)(t) = f(t), x(b) = x(a), x′(b) = x′(a). (9)

Çàäàíèå 8. Âûðàçèòå ôóíêöèþ Ãðèíà çàäà÷è (9) ÷åðåç ÔÑÐ
óðàâíåíèÿ (1) ( âîñïîëüçóéòåñü ïðåäñòàâëåíèåì (8)). Íàéäèòå ÿâíîå
ïðåäñòàâëåíèå ôóíêöèè Ãðèíà çàäà÷è (9) ïðè p(t) ≡ p, q(t) ≡ q ÷å-
ðåç êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Èññëåäóéòå çíàê ôóíêöèè
Ãðèíà â çàâèñèìîñòè îò êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.

2. Îïðåäåëåíèå íåîñöèëëÿöèè. Òåîðåìû Øòóðìà

2. Â äàëüíåéøåì áîëüøóþ ðîëü áóäóò èãðàòü ñëåäóþùèå òåîðåìû
Øòóðìà: î ðàçäåëåíèè íóëåé (¾ñåïàðàöèîííàÿ¿ òåîðåìà) è òåîðåìà
ñðàâíåíèÿ [14, c. 252], [15, c. 81], äëÿ óäîáñòâà ñôîðìóëèðîâàííûå â
íàøèõ òåðìèíàõ.
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Òåîðåìà 1. Ïóñòü a, b ∈ I, x� ðåøåíèå óðàâíåíèÿ (1) òàêîå,
÷òî x(a) = x(b) = 0, x(t) 6= 0; (t ∈ (a, b)). Òîãäà ëþáîå äðóãîå ðåøåíèå
ýòîãî óðàâíåíèÿ, ëèíåéíî íåçàâèñèìîå ñ x, èìååò ðîâíî îäèí íóëü â
(a, b).

Äîêàçàòåëüñòâî. Ïóñòü y� ëèíåéíî íåçàâèñèìîå ñ x ðåøåíèå
óðàâíåíèÿ (1) òàêîå, ÷òî y(t) 6= 0 â (a, b). Òàê êàê
y(a) 6= 0, y(b) 6= 0 (â ñèëó ëèíåéíîé íåçàâèñèìîñòè x è y), òî y(t) 6= 0

íà [a, b]. Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ h(t) .= −W (t)
y(t)

, ãäå W
.= [x, y]�

âðîíñêèàí ñèñòåìû {x, y}, íåïðåðûâíà è h(t) 6= 0 íà [a, b]. Íå îãðà-
íè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî h(t) > 0 íà [a, b]. Òàê êàê

ïðè ýòîì h =
(

x

y

)′
, òî ñ îäíîé ñòîðîíû

∫ b

a
h(t) dt > 0, à ñ äðóãîé�

∫ b

a
h(t) dt =

x(b)
y(b)

− x(a)
y(a)

= 0. Ýòî ïðîòèâîðå÷èå îçíà÷àåò, ÷òî y(t∗) = 0

â íåêîòîðîé òî÷êå t∗ ∈ (a, b).
Åñëè y(t∗) = 0 â íåêîòîðîé òî÷êå t∗ 6= t∗, òî ïî äîêàçàííîìó ðåøå-

íèå x èìåëî áû ïî êðàéíåé ìåðå îäèí íóëü â (a, b), ÷òî ïðîòèâîðå÷èò
óñëîâèþ.

Ïóñòü a ∈ I, x� ðåøåíèå óðàâíåíèÿ (1) òàêîå, ÷òî x(a) = 0. Òî÷-
êà ρ+(a) > a

(
ρ−(a) < a

)
íàçûâàåòñÿ ïðàâîé (ëåâîé) ñîïðÿæåííîé

òî÷êîé äëÿ a, (right (left) conjugate point for a) åñëè

x(ρ±(a)) = 0, x(t) 6= 0 â (a, ρ+(a))
(
â (ρ−(a), a)

)
.

Åñëè x(t) 6= 0 â (a, β)
(
(α, a)

)
, òî ïî îïðåäåëåíèþ ïîëàãàåì

ρ+(a) = β
(
ρ−(a) = α

)

Ñëåäñòâèå 1. Ôóíêöèè ρ±� ñòðîãî âîçðàñòàþùèå, ïðè÷åì

ρ+

(
ρ−(t)

)
= ρ−

(
ρ+(t)

)
= t (t ∈ I),

ò. å. ôóíêöèè ρ± âçàèìíî îáðàòíû è íåïðåðûâíî îòîáðàæàþò ëþ-
áîé ïðîìåæóòîê èç I â ïðîìåæóòîê èç I.

Äîêàçàòåëüñòâî. Ïóñòü t2 > t1, x(t1) = y(t2) = 0 (x è y� ðåøåíèÿ
óðàâíåíèÿ (1)). Ïðåäïîëîæèì, ÷òî ρ+(t2) 6 ρ+(t1); ðàâåíñòâî çäåñü,
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îçíà÷àþùåå, ÷òî x(ρ+(t2)) = y(ρ+(t1)) = 0 ïðîòèâîðå÷èò îïðåäåëåíèþ
ñîïðÿæåííîé òî÷êè; ñòðîãîå æå íåðàâåíñòâî ïðîòèâîðå÷èò òåîðåìå 1
(òàê êàê ðåøåíèå y èìåëî áû äâà íóëÿ ìåæäó äâóìÿ ïîñëåäîâàòåëü-
íûìè íóëÿìè ðåøåíèÿ x.) Ñëåäîâàòåëüíî, ρ+(t2) > ρ+(t1). Òî÷íî òàê
æå äîêàçûâàåòñÿ ñòðîãîå âîçðàñòàíèå ôóíêöèè ρ−. Âçàèìíàÿ îáðàò-
íîñòü ýòèõ ôóíêöèé âûòåêàåò íåïîñðåäñòâåííî èç îïðåäåëåíèé ñîïðÿ-
æåííûõ òî÷åê; íåïðåðûâíîñòü ñëåäóåò èç ñâîéñòâ ñòðîãî ìîíîòîííûõ
ôóíêöèé.

Çàäàíèå 9. Ïîêàæèòå, ÷òî äëÿ óðàâíåíèÿ ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè (p(t) ≡ p, q(t) ≡ q)

ρ+(t) = t + γ, ρ−(t) = t− γ,

ãäå êîíñòàíòà γ çàâèñèò îò óðàâíåíèÿ. Ïîêàæèòå, ÷òî åñëè êîðíè õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ2+pλ+q = 0 âåùåñòâåííû, òî γ = +∞;
â ñëó÷àå, åñëè êîðíè a ± bi õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íåâåùå-
ñòâåííû (b > 0), òî γ =

π

b
.

Óðàâíåíèå (1) íàçûâàåòñÿ íåîñöèëëÿöèîííûì íà ïðîìåæóòêå
J ⊂ I, åñëè ëþáîå åãî íåòðèâèàëüíîå ðåøåíèå èìååò íà ýòîì ïðî-
ìåæóòêå íå áîëåå îäíîãî íóëÿ. Ãîâîðÿò òàêæå, ÷òî J � ïðîìåæóòîê
íåîñöèëëÿöèè óðàâíåíèÿ (1).

Òàêèì îáðàçîì, ïðîìåæóòîê J áóäåò ïðîìåæóòêîì íåîñöèëëÿöèè
óðàâíåíèÿ (1) â òîì è òîëüêî òîì ñëó÷àå, åñëè
ρ±(a)) /∈ J) äëÿ ëþáîãî a ∈ J. Îòñþäà àíãëèéñêèé òåðìèí disconjugacy
(áóêâàëüíî: îòñóòñòâèå ñîïðÿæåíèÿ), îçíà÷àþùèé íåîñöèëëÿöèþ [4].

Äëÿ êðàòêîñòè áóäåì ïèñàòü: L ∈ T(J), åñëè óðàâíåíèå (1) íåîñ-
öèëëÿöèîííî íà ïðîìåæóòêå J ⊂ I. T(J) îçíà÷àåò, ñëåäîâàòåëüíî,
ìíîæåñòâî ëèíåéíûõ äèôôåðåíöèàëüíûõ âûðàæåíèé L, äëÿ êîòîðûõ
óðàâíåíèå Lx = 0 íåîñöèëëÿöèîííî íà J ⊂ I.

Ïóñòü (a, b) ⊂ I, an → a+, bn → b − (an → −∞, bn → +∞, åñëè
a = α = −∞, b = β = +∞.) Òîãäà, î÷åâèäíî,

T
(
(a, b)

)
=

∞⋂
n=1

T
(
[an, bn]

)
=

∞⋂
n=1

T
(
(an, bn)

)
. (10)
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Èç îïðåäåëåíèé íåîñöèëëÿöèè è ôóíêöèè Êîøè ñëåäóåò, ÷òî åñëè
óðàâíåíèå (1) íåîñöèëëÿöèîííî íà ïðîìåæóòêå
J = [a, b) ⊂ I, òî C(t, s) > 0 â òðåóãîëüíèêå a 6 s < t < b. Íåîñ-
öèëëÿöèÿ óðàâíåíèÿ (1) íà [a, b] îçíà÷àåò îäíîçíà÷íóþ ðàçðåøèìîñòü
çàäà÷è (4), à çíà÷èò, â ñèëó ïðåäñòàâëåíèÿ (6) ôóíêöèÿ Ãðèíà ýòîé
çàäà÷è îáëàäàåò ñâîéñòâîì: G(t, s) < 0 â êâàäðàòå (a, b)2.

Çàäàíèå 10. Äîêàæèòå ñëåäóþùóþ òåîðåìó î äèôôåðåíöèàëü-
íîì íåðàâåíñòâå. Ïóñòü óðàâíåíèå (1) íåîñöèëëÿöèîííî íà îòðåçêå
[a, b] ⊂ I, x � ðåøåíèå êðàåâîé çàäà÷è

(Lx)(t) = f(t) (t ∈ [a, b]), x(a) = xa, x(b) = xb, (11)

ôóíêöèè u è v èìåþò àáñîëþòíî íåïðåðûâíûå íà [a, b] ïðîèçâîäíûå è

(Lu)(t) 6 f(t) 6 (Lv)(t) (t ∈ [a, b]),

u(a) = v(a) = xa, u(b) = v(b) = xb.

Òîãäà
v(t) 6 x(t) 6 u(t) (t ∈ [a, b]).

Òåîðåìà 2. Ïóñòü

Li y
.= y′′ + p(t) y′ + qi(t) y = 0, i = 1, 2 è q1(t) 6 q2(t) (t ∈ I).

Òîãäà, åñëè L2 ∈ T(J), òî è L1 ∈ T(J) (J ⊂ I � ïðîìåæóòîê).

Äîêàçàòåëüñòâî. Ïóñòü L2 ∈ T(J). Ïðåäïîëîæèì, ÷òî L1 /∈ T(J).
Íàéäåòñÿ ðåøåíèå x óðàâíåíèÿ L1x = 0 è òî÷êè a, b ∈ J, a < b, x(a) =
= x(b) = 0, x(t) > 0 (t ∈ (a, b)). Îïðåäåëèì ðåøåíèå y óðàâíåíèÿ
L2y = 0 íà÷àëüíûìè óñëîâèÿìè y(a) = 0, y′(a) = x′(a) (> 0). Òàê êàê
L2 ∈ T(J), òî y(b) > 0. Ïîëîæèì h

.= y − x. Òîãäà

0 = L2y − L1x = L2h− (q1 − q2)x, h(a) = 0, h′(a) = 0;

ïðè ýòîì h(b) > 0. Èòàê, ôóíêöèÿ h åñòü ðåøåíèå çàäà÷è

(L2h)(t) = (q1(t)− q2(t))x(t), h(a) = h′(a) = 0;
10



ñëåäîâàòåëüíî,

h(t) =
∫ t

a

C2(t, s)
(
q1(s)− q2(s)

)
x(s) ds 6 0,

òàê êàê ôóíêöèÿ Êîøè C2(t, s) óðàâíåíèÿ L2y = 0 ïîëîæèòåëüíà ïðè
a 6 s < t 6 b, x(s) > 0,

(
q1(s) − q2(s)

)
6 0 ïðè a < s 6 t 6 b.

Ïîëó÷åííîå íåðàâåíñòâî h(b) 6 0 ïðîòèâîðå÷èò óñòàíîâëåííîìó ðàíåå
íåðàâåíñòâó h(b) > 0. Çíà÷èò, L1 ∈ T(J).

3. Ñ ïîìîùüþ òåîðåìû 1 è ñëåäñòâèÿ 1 äîêàæåì ñëåäóþùåå âàæíîå
óòâåðæäåíèå.

Òåîðåìà 3. Ïóñòü a, b ∈ I; òîãäà

T
(
(a, b)

)
= T

(
(a, b]

)
= T

(
[a, b)

)
.

Äîêàçàòåëüñòâî. Èç ñîîáðàæåíèé ñèììåòðèè äîñòàòî÷íî ïðîâå-
ðèòü, íàïðèìåð, âêëþ÷åíèå T

(
(a, b)

) ⊂ T
(
[a, b)

)
.

Ïóñòü L ∈ T
(
(a, b)

)
. Ïðåäïîëîæèì, ÷òî L /∈ T

(
[a, b)

)
. Òîãäà ñóùå-

ñòâóåò òàêîå ðåøåíèå v óðàâíåíèÿ (1), ÷òî

v(a) = v(c) = 0 (a < c < b) v(t) > 0 â (a, c)

(v èìååò íå ìåíåå äâóõ íóëåé â [a, b), íî íå áîëåå îäíîãî íóëÿ â (a, b)).
Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî c = ρ+(a)

(
(a = ρ−(c)

)
. Âûáåðåì òî÷êó

c1 ∈ (c, b) òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî v(t) < 0 â (c, c1) è ïî-
ëîæèì a1 = ρ−(c1). Ñîãëàñíî ñëåäñòâèþ 1 a < a1 < c. Ïóñòü x� ñîîò-
âåòñòâóþùåå ðåøåíèå óðàâíåíèÿ (1), ò. å. x(c1) = x(a1) = 0, x(t) > 0
â (a1, c1).

Òàê êàê L ∈ T
(
[a1, c1]

)
, òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y

óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì y(a1) = y(c1) = 1; ïðè ýòîì
y(t) > 0 íà [a1, c1] (òàê êàê íåïðåðûâíàÿ ôóíêöèÿ, ïðèíèìàþùàÿ íà
êîíöàõ èíòåðâàëà ðàâíûå çíà÷åíèÿ, ìîæåò èìåòü ëèøü ÷åòíîå ÷èñëî
íóëåé íà ýòîì èíòåðâàëå, à çíà÷èò, â ñèëó íåîñöèëëÿöèè íè îäíîãî).
Îòìåòèì òàêæå ëèíåéíóþ íåçàâèñèìîñòü y è îò v, è îò x. Ïî òåîðåìå 1
y èìååò ïî îäíîìó íóëþ â èíòåðâàëàõ (a, a1) è (c, c1), ò. å. äâà íóëÿ
íà (a, b). Ýòî ïðîòèâîðå÷èå ñ íåîñöèëëÿöèåé óðàâíåíèÿ (1) íà (a, b)
çàâåðøàåò äîêàçàòåëüñòâî.
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3. Êðèòåðèé íåîñöèëëÿöèè. Íåêîòîðûå ñëåäñòâèÿ

4. Èç òåîðåìû 1 ñðàçó ñëåäóåò ïåðâàÿ ÷àñòü ñëåäóþùåãî óòâåðæäåíèÿ.
Òåîðåìà 4. 1. Åñëè ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (1), íå

îáðàùàþùååñÿ â íóëü íà [a, b] ⊂ I
(
(a, b) ⊂ I

)
, òî L ∈ T

(
[a, b]

)
(
L ∈ T

(
(a, b)

))
.

2. Åñëè L ∈ T
(
[a, b]

)
, [a, b] ⊂ I

(
L ∈ T([a, b)), [a, b) ⊂ I

)
,

òî ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (1), íå îáðàùàþùååñÿ â íóëü íà
[a, b]

(
(a, b)

)
.

Äîêàçàòåëüñòâî. 2. Ïóñòü J = [a, b], [a, b] ⊂ I. Îïðåäåëèì ðåøåíèÿ
y1(t) è y2(t) íà÷àëüíûìè óñëîâèÿìè y1(a) = 0, y′1(a) = 1 è y2(b) = 0,

y′2(b) = −1. Òàê êàê L ∈ T([a, b]), òî

y1(t) > 0 (t ∈ (a, b]), y2(t) > 0 (t ∈ [a, b)).

Ðåøåíèå y1(t) + y2(t)� òðåáóåìîå.
Åñëè L ∈ T

(
[a, b)

)
, òî òðåáóåìûì ÿâëÿåòñÿ ðåøåíèå y1.

Ðåøåíèÿ, ñîõðàíÿþùåãî çíàê íà [a, b), ìîæåò íå ñóùåñòâîâàòü. Íà-
ïðèìåð, L

.= d2

dt2 + 1 ∈ T([0, π)), Îäíàêî ëþáîå ðåøåíèå óðàâíåíèÿ
Lx = 0 èìååò â [0, π) â òî÷íîñòè îäèí íóëü.

Èç òåîðåìû 4 ïîëó÷àåì ñëåäóþùèé àëãîðèòì ïðèáëèæåííîãî íà-
õîæäåíèÿ ïðîìåæóòêà íåîñöèëëÿöèè óðàâíåíèÿ (1), íà÷èíàþùåãîñÿ
(êîí÷àþùåãîñÿ) â íåêîòîðîé òî÷êå a ∈ I. Äðóãèìè ñëîâàìè, àëãîðèòì
ïðèáëèæåííîãî âû÷èñëåíèÿ çíà÷åíèÿ ρ+(a) (ρ−(a)).

Íàõîäèì ïðèáëèæåííî ðåøåíèå y óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
íà÷àëüíûì óñëîâèÿì y(a) = 0, y′(a) = 1. Áëèæàéøèé ñïðàâà (ñëåâà)
ê òî÷êå a íóëü y åñòü ρ+(a) (ρ−(a)). Åñëè y íå îáðàùàåòñÿ â íóëü
ñïðàâà (ñëåâà) îò òî÷êè a, òî ïîëàãàåì ρ+(a) = β (ρ−(a) = α).

Çàäàíèå 11. Ðåàëèçóéòå ïðèâåäåííûé àëãîðèòì ïðîãðàììíî.
Íàéäèòå ÷èñëåííûé ìåòîä, âû÷èñëÿþùèé ïðèáëèæåííîå ðåøåíèå ñ
íåäîñòàòêîì (ñ èçáûòêîì).

Èç ñêàçàííîãî âûøå ñëåäóåò, ÷òî

ρ+ : (α, β) → (α, β], ρ− : (α, β) → [α, β). (12)
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Îáîçíà÷èì

σ+(t) .= ρ+(t)− t, σ−(t) .= t− ρ−(t).

Ôóíêöèÿ σ+ ïðèìåíÿåòñÿ ïðè èññëåäîâàíèè îïòèìàëüíîñòè ïî áûñò-
ðîäåéñòâèþ ëèíåéíûõ íåñòàöèîíàðíûõ ñèñòåì ñî ñêàëÿðíûì óïðàâëå-
íèåì ([31]�[35]; ñì. òàêæå áîëåå ðàííþþ ñòàòüþ [22]); ýòè èäåè íàøëè
ñâîå ðàçâèòèå â [36] äëÿ èññëåäîâàíèÿ ñèñòåì ñ âåêòîðíûì óïðàâëå-
íèåì.

Çàäàíèå 12. Äîêàæèòå, ÷òî ïðè îãðàíè÷åíèÿõ íà êîýôôèöè-
åíòû óðàâíåíèÿ (1), ñôîðìóëèðîâàííûõ âî ââåäåíèè, σ+(t) > 0,

σ−(t) > 0.

5. Äîêàæåì äâå òåîðåìû, ïîÿñíÿþùèå ðîëü íåîñöèëëÿöèè â òåîðèè
óðàâíåíèÿ (1). Ýòî òåîðåìà î ôàêòîðèçàöèè (ïðåäñòàâëåíèè âûðàæå-
íèÿ L â âèäå ïðîèçâåäåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ âûðàæåíèé
ïåðâîãî ïîðÿäêà [1],[3]) è îáîáùåííàÿ òåîðåìà Ðîëëÿ ([16, c. 63]).

Òåîðåìà 5. Ïóñòü J = [a, b] ⊂ I èëè J = (a, b) ⊂ I. Äëÿ òî-
ãî, ÷òîáû L ∈ T(J), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè
ôóíêöèè hi, i = 0, 1, 2 òàêèå, ÷òî h′0, h1 � àáñîëþòíî íåïðåðûâíû,
h2 � ñóììèðóåìà íà J,

hi(t) > 0, h0(t)h1(t)h2(t) ≡ 1

íà J, è èìåëî ìåñòî ïðåäñòàâëåíèå

(Lx)(t) = h2(t)
d

dt
h1(t)

d

dt
h0(t)x(t) (13)

(t ∈ J, x àáñîëþòíî íåïðåðûâíà íà J).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü L ∈ T(J). Ïî òåîðåìå 4
ñóùåñòâóåò ðåøåíèå y óðàâíåíèÿ (1) òàêîå, ÷òî y(t) > 0 íà J ; ïóñòü
u � ðåøåíèå ýòîãî óðàâíåíèÿ, ëèíåéíî íåçàâèñèìîå ñ y è òàêîå, ÷òî
w(t) .= [y, u](t) > 0. Ðàññìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå âûðà-
æåíèå âòîðîãî ïîðÿäêà

L̂x
.=

w

y

dt

dt

y2

w

dt

dt

x

y
.
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Òàê êàê, î÷åâèäíî, ôóíêöèè y, u îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó
ðåøåíèé êàê óðàâíåíèÿ (1), òàê è óðàâíåíèÿ L̂x = 0, è ñòàðøèé êî-
ýôôèöèåíò L̂ ðàâåí w

y
y2

w
1
y ≡ 1, òî Lx ≡ L̂x. Âñå óñëîâèÿ âûïîëíÿþòñÿ

ïðè h0 = 1
y , h1 = y2

w , h2 = w
y .

Äîñòàòî÷íîñòü. Ïóñòü èìååò ìåñòî ïðåäñòàâëåíèå (13). Òîãäà
ôóíêöèÿ y(t) .= 1

h0(t)
> 0 (t ∈ J) åñòü, î÷åâèäíî, ðåøåíèå óðàâ-

íåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì òåîðåìû 4, ñîãëàñíî êîòîðîé
L ∈ T(J).

Òåîðåìà 6. Ïóñòü J = [a, b] ⊂ I èëè J = (a, b) ⊂ I, L ∈ T(J);
ïóñòü ôóíêöèÿ u èìååò àáñîëþòíî íåïðåðûâíóþ íà J ïðîèçâîäíóþ,
à ôóíêöèÿ Lu íåïðåðûâíà. Òîãäà, åñëè u èìååò íà J m (m > 2)
ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé, òî Lu èìååò íà J íå ìåíåå m − 2
ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 5 èìååò ìåñòî ïðåäñòàâëåíèå (13).
Ôóíêöèÿ h0u èìååò íà J m ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé; ïî òåî-
ðåìå Ðîëëÿ ôóíêöèÿ d

dth0u, à âìåñòå ñ íåé è ôóíêöèÿ h1
d
dth0u èìååò

íà J íå ìåíåå m−1 ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé; ñîãëàñíî òîé æå
òåîðåìå Ðîëëÿ ôóíêöèÿ Lu èìååò íà J íå ìåíåå m− 2 ãåîìåòðè÷åñêè
ðàçëè÷íûõ íóëåé.

4. Äîñòàòî÷íûå ïðèçíàêè íåîñöèëëÿöèè � 1

6. Ïðèâåäåì äîñòàòî÷íûå óñëîâèÿ (ïðèçíàêè) íåîñöèëëÿöèè, îñíîâàí-
íûå íà òåîðåìàõ 4 è 2.

Ïðèçíàê 1. Ïóñòü

I = (−∞, +∞), p(t) ≡ p = const, q(t) ≡ q = const .

Äëÿ òîãî, ÷òîáû óðàâíåíèå (1) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè áû-
ëî íåîñöèëëÿöèîííûì íà I, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû êîðíè
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ2+pλ+q= 0 áûëè âåùåñòâåííûìè.

Äîêàçàòåëüñòâî. Ïóñòü ν � âåùåñòâåííûé êîðåíü õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ. Òîãäà ôóíêöèÿ x(t) .= eνt � ðåøåíèå óðàâíåíèÿ (1),
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íå îáðàùàþùååñÿ â íóëü íà I. Ñîãëàñíî óòâåðæäåíèþ 1 òåîðåìû 4
óðàâíåíèå (1) íåîñöèëëÿöèîííî íà I.

Îáðàòíî, ïóñòü óðàâíåíèå (1) íåîñöèëëÿöèîííî íà I. Ïðåäïîëî-
æèì, ÷òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò êîðíè γ ± δi, δ 6= 0.

Òîãäà ðåøåíèå x(t) = eγt cos δt óðàâíåíèÿ (1) èìååò â I áåñêîíå÷íîå
ìíîæåñòâî íóëåé, ÷òî ïðîòèâîðå÷èò íåîñöèëëÿöèè óðàâíåíèÿ íà I.

Ðàññìîòðèì óðàâíåíèå

x′′ +
p

t
x′ + q(t)x = 0 (t ∈ I(0,+∞), ãäå p = const . (14)

Ïðèçíàê 2. Åñëè q(t) 6 (p− 1)2

4t2
, òî óðàâíåíèå (14) íåîñöèëëÿ-

öèîííî íà I
.= (0,+∞).

Äîêàçàòåëüñòâî. Óðàâíåíèå Ýéëåðà x′′ + p
t x′ + (p−1)2

4t2 x = 0 â ñèëó
òåîðåìû 4 íåîñöèëëÿöèîííî íà I, òàê êàê èìååò ðåøåíèå x(t) = t

1−p
2 ,

íå îáðàùàþùååñÿ â íóëü íà I (ó÷èòûâàåì òàêæå (10)). Ïî òåîðåìå 2
íà ýòîì ïðîìåæóòêå íåîñöèëëÿöèîííî è óðàâíåíèå (14).

Ñëåäóþùåå äîñòàòî÷íîå óñëîâèå íåîñöèëëÿöèè ïðèíàäëåæèò
À.Ì.Ëÿïóíîâó ([12]).

Ïðèçíàê 3. Ïóñòü p(t) ≡ 0, q(t) > 0 è
∫ b

a
q(t)dt 6 4

b−a . Òîãäà
L ∈ T([a, b]).

Äîêàçàòåëüñòâî. Ïóñòü óðàâíåíèå (1) èìååò íåòðèâèàëüíîå ðåøå-
íèå y(t), èìåþùåå 2 íóëÿ íà [a, b]. Òàê êàê y íå ìîæåò èìåòü êðàòíûõ
íóëåé, òî íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî

y(a) = y(b) = 0. (15)

Ôóíêöèÿ y êàê ðåøåíèå êðàåâîé çàäà÷è (1), (15), óäîâëåòâîðÿåò èí-
òåãðàëüíîìó óðàâíåíèþ

y(t) = −
∫ b

a

G(t, s)q(s)y(s)ds, (16)

ãäå

G(t, s) =




− (b− t)(s− a)

b− a
, åñëè a 6 s < t,

− (t− a)(b− s)
b− a

, åñëè t 6 s 6 b
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� ôóíêöèÿ Ãðèíà óðàâíåíèÿ y′′ = 0 ïðè êðàåâûõ óñëîâèÿõ (15). Îò-
ñþäà âèäíî, ÷òî ïðè t 6= s

|G(t, s)| < (b− s)(s− a)
b− a

. (17)

Ïóñòü maxs∈[a,b] |y(s)| = |y(t∗)|. Òîãäà èç (16) è (17)

|y(t∗)| =
∣∣∣∣∣
∫ b

a

G(t∗, s)q(s)y(s)ds

∣∣∣∣∣ 6
∫ b

a

|G(t∗, s)| |y(s)|q(s)ds <

< |y(t∗)|
∫ b

a

(b− s)(s− a)q(s)
b− a

ds 6 b− a

4

∫ b

a

q(s)ds

òàê êàê (b − s)(s − a) 6 (b− a)2

4
äëÿ s ∈ [a, b]. Îòñþäà

1<
b− a

4

∫ b

a

q(s)ds, ÷òî ïðîòèâîðå÷èò óñëîâèþ.

Ñëåäñòâèå 2. Åñëè p(t) ≡ 0,

∫ b

a

q+(t) dt 6 4
b− a

,

òî L ∈ T([a, b]) (q+(t) = q(t) ïðè q(t) > 0, q+(t) = 0 ïðè
q(t) 6 0).

Äîêàçàòåëüñòâî. Ïî äîêàçàííîìó L+
.= d2

dt2 + q+ ∈ T([a, b]), à
òàê êàê q(t) 6 q+(t), òî è L ∈ T([a, b]).

Çàìå÷àíèå 1. Êîíñòàíòà 4 â óñëîâèè ïðèçíàêà 3 íåóëó÷øàåìà.

Ýòî âèäíî èç ñëåäóþùåãî ïðèìåðà.
Ïóñòü ôóíêöèÿ v äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà îò-

ðåçêå [0, 1] è

v(t) = t (0 6 t 6 1
2
− δ), v(t) = 1− t

(
t >

1
2

+ δ

)
,

v(t) > 0, v′′(t) < 0
(

1
2
− δ < t <

1
2

+δ

)
.
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Ïîëîæèì

q(t) =




−v′′(t)

v(t) , åñëè t ∈ (0, 1),

0, åñëè t = 0, t = 1.

Î÷åâèäíî, ÷òî q íåïðåðûâíà, q(t) > 0 íà [0, 1];

L
.=

d2

dt2
+ q(t) /∈ T([0, 1]),

òàê êàê óðàâíåíèå Ly = 0 èìååò ðåøåíèå y = v(t), èìåþùåå 2 íóëÿ íà
[0, 1]. Îäíàêî,

v′′

v
=

(
v′

v

)′
+

(
v′

v

)2

>
(

v′

v

)′
,

ïîýòîìó èíòåãðàë
∫ 1

0

q(t)dt = −
∫ 1

2+δ

1
2−δ

(
v′

v

)′
dt = −v′

v

∣∣∣∣
1
2+δ

1
2−δ

=
4

1− 2δ

ìîæåò áûòü ñäåëàí ñêîëü óãîäíî áëèçêèì ê 4 ïðè äîñòàòî÷íî ìàëîì
δ.

5. Ïîëóýôôåêòèâíûé êðèòåðèé íåîñöèëëÿöèè

7. Òåîðåìà 4 ïðåäñòàâëÿåò ñîáîé ïðèìåð íåýôôåêòèâíîãî êðèòåðèÿ
íåîñöèëëÿöèè, ñôîðìóëèðîâàííîãî â òåðìèíàõ ðåøåíèé óðàâíåíèÿ
(1), à íå â òåðìèíàõ ñàìîãî óðàâíåíèÿ. Ïðèâåäåì òåïåðü íåîáõîäè-
ìîå è äîñòàòî÷íîå óñëîâèå (êðèòåðèé) íåîñöèëëÿöèè óðàâíåíèÿ (1),
êîòîðûé åñòåñòâåííî íàçâàòü ïîëóýôôåêòèâíûì [10] (îí ýôôåêòèâåí
êàê íåîáõîäèìîå óñëîâèå è íåýôôåêòèâåí êàê äîñòàòî÷íîå); îí, õîòÿ
è íå âûðàæàåòñÿ ÷åðåç êîýôôèöèåíòû óðàâíåíèÿ (1), íî ñ åãî ïîìî-
ùüþ ìîæíî ïîëó÷àòü äîñòàòî÷íûå ïðèçíàêè íåîñöèëëÿöèè, âûðàæà-
þùèåñÿ ÷åðåç ýòè êîýôôèöèåíòû. Êðèòåðèé ýòîò ïðèíàäëåæèò Âàëëå
Ïóññåíó [2].

Òåîðåìà 7. Ïóñòü [a, b] ⊂ I. Äëÿ òîãî, ÷òîáû L ∈ T([a, b]),
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëà ôóíêöèÿ v, èìåþ-
ùàÿ àáñîëþòíî íåïðåðûâíóþ íà [a, b] ïðîèçâîäíóþ è òàêàÿ, ÷òî

v(t) > 0 (a < t 6 b), Lv 6 0 ï.â. íà [a, b]. (18)
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Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü âûòåêàåò èç òåîðåìû 4. Äîêàæåì
äîñòàòî÷íîñòü óñëîâèé òåîðåìû. Åñëè v(a) = 0, òî ïîëîæèì ṽ(t) =
= v(t)+εu(t), ãäå ε > 0, à u(t)� ðåøåíèå óðàâíåíèÿ (1) ñ íà÷àëüíûìè
óñëîâèÿìè u(a) = 1, u′(a) = 0. Ïðè äîñòàòî÷íî ìàëîì ε ṽ(t) > 0 íà
[a, b]. Ïîýòîìó ìîæíî, íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàòü, ÷òî óæå ñ
ñàìîãî íà÷àëà v(t) > 0 íà [a, b]. Ðàññìîòðèì óðàâíåíèå

Mx
.= x′′ + px′ − v′′ + pv′

v
x = 0. (19)

Ïî òåîðåìå 4 M ∈ T([a, b]) (òàê êàê óðàâíåíèå (19) èìååò ïîëîæèòåëü-
íîå íà [a, b] ðåøåíèå v). Ïî óñëîâèþ òåîðåìû

v′′(t) + p(t)v′(t) + q(t)v(t) 6 0,

ò. å.
−v′′(t) + p(t)v′(t)

v(t)
> q(t), ï. â. íà [a, b].

Äîêàçûâàåìîå óòâåðæäåíèå òåïåðü ñëåäóåò èç òåîðåìû 2.

Òî÷íî òàê æå äîêàçûâàåòñÿ è ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 8. Åñëè ñóùåñòâóåò ôóíêöèÿ v, èìåþùàÿ àáñîëþòíî
íåïðåðûâíóþ íà [a, b) ïðîèçâîäíóþ, òàêàÿ , ÷òî

v(t) > 0 (a < t < b), Lv 6 0 ï. â. íà (a, b), (20)

òî L ∈ T([a, b)).

6. Äîñòàòî÷íûå ïðèçíàêè íåîñöèëëÿöèè � 2

8. Âûáèðàÿ êîíêðåòíûå ¾ïðîáíûå¿ ôóíêöèè v, ïîëó÷èì ýôôåêòèâ-
íûå ïðèçíàêè íåîñöèëëÿöèè.

Ïðèçíàê 4. Åñëè q(t) 6 0 íà [a, b] ⊂ I
(
â (a, b) ⊂ I

)
, òî

L ∈ T([a, b])
(
L ∈ T

(
(a, b)

))
.

Äîêàçàòåëüñòâî. Ïîëàãàåì v(t) ≡ 1 è ññûëàåìñÿ íà òåîðåìó 7
(òåîðåìó 8).
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Ïðèçíàê 5. Ïóñòü

p(t) = O(t− a) ïðè t → a+, p(t) = O(b− t) ïðè t → b−

(â ÷àñòíîñòè, ïóñòü p(t) ≡ 0). Òîãäà, åñëè âûïîëíåíî óñëîâèå

π

b− a
ctg

π(t− a)
b− a

p(t) + q(t) 6 π2

(b− a)2
,

òî L ∈ T
(
[a, b)

)
.

Äîêàçàòåëüñòâî. Ïîëàãàåì v(t) ≡ sin π(t−a)
b−a è ññûëàåìñÿ íà òåîðå-

ìû 8 è 3.

Ïðèçíàê 6. Ïóñòü âûïîëíåíî íåðàâåíñòâî

|p(t)| ·
∣∣∣∣
b + a

2
− t

∣∣∣∣ + |q(t)| · (b− t)(t− a)
2

6 1 (21)

èëè íåðàâåíñòâî

b− a

2
essup
t∈(a,b)

|p(t)|+ (b− a)2

8
essup
t∈(a,b)

|q(t)| 6 1. (22)

Òîãäà L ∈ T
(
[a, b)

)
.

Äîêàçàòåëüñòâî. Ïîëàãàåì v(t) ≡ (b− t)(t− a)
2

è ññûëàåìñÿ íà
òåîðåìû 8 è 3.

Çàìåòèì, ÷òî íåðàâåíñòâó (21) óäîâëåòâîðèòü ëåã÷å, ÷åì íåðàâåí-
ñòâó (22); èç âûïîëíåíèÿ (22) ñëåäóåò âûïîëíåíèå (21).

Ïóñòü P (t, λ) .= λ2+p(t)λ+q(t)� ¾õàðàêòåðèñòè÷åñêèé¿ ìíîãî÷ëåí
óðàâíåíèÿ (1).

Ïðèçíàê 7. Åñëè ñóùåñòâóåò âåùåñòâåííîå ÷èñëî ν òàêîå,
÷òî P (t, ν) 6 0 (t ∈ (−∞,+∞)), òî óðàâíåíèå (1) íåîñöèëëÿöèîííî
íà (−∞, +∞).

Äîêàçàòåëüñòâî. Ôóíêöèÿ v(t) .= eνt > 0 è

(Lv)(t) = eνtP (t, ν) 6 0

íà (−∞,+∞). Îñòàåòñÿ ñîñëàòüñÿ íà òåîðåìó 7.
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9. Ïðèâåäåì ðÿä ïðèçíàêîâ, ïîëó÷àþùèõñÿ èç òåîðåìû 7 (òåîðåìû
8) ñ ïîìîùüþ ¾ïðîáíîé¿ ôóíêöèè, çàâèñÿùåé îò êîýôôèöèåíòîâ
óðàâíåíèÿ (1).

1o. Ðàññìîòðèì óðàâíåíèå

L̃x
.= x′′ + Px′ + Qx = 0 (23)

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè P è Q â ïðåäïîëîæåíèè, ÷òî îíî
ÿâëÿåòñÿ íåîñöèëëÿöèîííûì íà íåêîòîðîì ïîëóèíòåðâàëå [a, b). Ïóñòü
v � ðåøåíèå êðàåâîé çàäà÷è

L̃v = −1, v(a) = v(b) = 0,

C̃(t, s)� ôóíêöèÿ Êîøè óðàâíåíèÿ (23). Òîãäà

C̃(t, s) > 0 (a 6 s < t < b) è v(t) =
∫ b

a

M(t, s) ds > 0

(t ∈ (a, b)), ãäå

M(t, s) .=





C̃(b, t) · C̃(s, a)

C̃(b, a)
, a 6 s 6 t 6 b,

C̃(t, a) · C̃(b, s)

C̃(b, a)
, a 6 t < s 6 b

> 0,

(t, s) ∈ (a, b)× (a, b). Òàê êàê

(Lv)(t) = −1 +
(
p(t)− P

)
v′(t) +

(
q(t)−Q

)
v(t),

òî íåðàâåíñòâî (Lv)(t) 6 0 âûïîëíÿåòñÿ, åñëè

(
p(t)− P

)∫ b

a

∂M(t, s)
∂t

ds +
(
q(t)−Q

)∫ b

a

M(t, s) ds)ds 6 1, (24)

t ∈ (a, b). Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ïðèçíàê 8. Åñëè âûïîëíåíî íåðàâåíñòâî (24), òî óðàâíåíèå (1)
íåîñöèëëÿöèîííî íà [a, b).

Óäà÷íûé âûáîð êîýôôèöèåíòîâ P è Q ïîçâîëÿåò ïîëó÷èòü ïðè-
çíàêè íåîñöèëëÿöèè, áîëåå òîíêèå, ÷åì ïðèâåäåííûå ðàíåå.
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Çàäàíèå 13. Ïðèâåäèòå ïðèìåð, ïîäòâåðæäàþùèé ñêàçàííîå.
Ïðèâåäèòå ïðèìåð óðàâíåíèÿ, äëÿ êîòîðîãî íå âûïîëíÿþòñÿ óñëîâèÿ
ïðèçíàêîâ 4, 5, 6, íî âûïîëíÿåòñÿ óñëîâèå ïðèçíàêà 8. Îðãàíèçóéòå
÷èñëåííóþ ïðîâåðêó âûïîëíåíèÿ íåðàâåíñòâà (24).

Çàäàíèå 14. Ïóñòü

F (P, Q) .= max
t∈[a,b]

(
(
p(t)− P

) ∫ b

a

∂M(t, s)
∂t

ds+

+
(
q(t)−Q

) ∫ b

a

M(t, s) ds

)

Íàéäèòå argmin F (P, Q) ïðè óñëîâèè, ÷òî óðàâíåíèå (23) íåîñöèëëÿ-
öèîííî íà [a, b). Îðãàíèçóéòå ÷èñëåííûé ïðîöåññ ðåøåíèÿ ýòîé ýêñ-
òðåìàëüíîé çàäà÷è.

2o. Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà Q = 0. Â ýòîì ñëó÷àå

M(t, s) =





(1− e−P (b−t))(1− e−P (s−a))
P (1− e−P (b−a))

(s 6 t),

(1− e−P (t−a))(1− e−P (b−s))
P (1− e−P (b−a))

(s > t).

Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå è äèôôåðåíöèðîâàíèå ïðèâîäèò ê
ïðåäñòàâëåíèÿì è îöåíêàì

v(t) =
(1− e−P (b−t))(t− a− 1

P (1− e−P (t−a)))
P (1− e−P (b−a))

+

+
(1− e−P (t−a))(b− t− 1

P (1− e−P (b−t)))
P (1− e−P (b−a))

6

6
2( b−a

2 − 1
P (1− e−P b−a

2 ))

P (1 + e−P b−a
2 ))

,

v′(t) =
P

(
(b− t)e−P (t−a) − (t− a)e−P (b−t)

)
+ e−P (b−t) − e−P (t−a)

P
(
1− e−P (b−a)

) ,

|v′(t)| 6 |P (b− a) + e−P (b−a) − 1|
P (1− e−P (b−a))

.

Òàê êàê óñëîâèå Lv 6 0 òåïåðü ýêâèâàëåíòíî íåðàâåíñòâó(
p(t)− P

)
v′(t) + q(t)v(t) 6 1, òî ïîëó÷àåì ñëåäóþùèé ïðèçíàê.
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Ïðèçíàê 9. Åñëè

|p(t)− P | |P (b− a) + e−P (b−a) − 1|
P (1− e−P (b−a))

+

+ |q(t)|2( b−a
2 − 1

P (1− e−P b−a
2 ))

P (1 + e−P b−a
2 ))

6 1

(a < t < b), òî óðàâíåíèå (1) íåîñöèëëÿöèîííî íà [a, b).

Çàäàíèå 15. Ïóñòü

F (P, b) .= max
t∈[a,b]

(
|p(t)− P | |P (b− a) + e−P (b−a) − 1|

P (1− e−P (b−a))
+

+|q(t)|2( b−a
2 − 1

P (1− e−P b−a
2 ))

P (1 + e−P b−a
2 ))

6 1

)

Íàéäèòå argminF (P, b). Îðãàíèçóéòå ÷èñëåííûé ïðîöåññ ðåøåíèÿ
ýòîé ýêñòðåìàëüíîé çàäà÷è.

3o. Åñëè âìåñòî âñïîìîãàòåëüíîãî óðàâíåíèÿ (23) âçÿòü óðàâíå-
íèå L̃x

.= x′′ + p(t)x′ = 0, à â êà÷ñòâå v� ðåøåíèå çàäà÷è L̃v = −1,
v(a) = v(b) = 0, òî ïðèõîäèì ê ñëåäóþùåìó ïðèçíàêó.

Ïðèçíàê 10. Eñëè âûïîëíåíî íåðàâåíñòâî q(t)
∫ b

a
M(t, s) ds 6 1,

t ∈ (a, b), ãäå

M(t, s) =





∫ b

t
e−
R σ

t
p(µ) dµdσ · ∫ s

a
e−
R σ

a
p(µ) dµdσ

∫ b

a
e−
R σ

a
p(µ) dµdσ

(s 6 t),

∫ t

a
e−
R σ

a
p(µ) dµdσ · ∫ b

s
e−
R σ

s
p(µ) dµdσ

∫ b

a
e−
R σ

a
p(µ) dµdσ

(t < s),

òî óðàâíåíèå (1) íåîñöèëëÿöèîííî íà [a, b).

Çàäàíèå 16. Ïðèâåäèòå ïðèìåð óðàâíåíèÿ, äëÿ êîòîðîãî íå âû-
ïîëíÿþòñÿ óñëîâèÿ ïðèçíàêîâ 4, 5, 6, íî âûïîëíÿåòñÿ óñëîâèå ïðèçíà-
êîâ 9 èëè 10.

22



7. Íåîñöèëëÿöèÿ íà âñåé îñè

10. Ïðèâåäåì ïðèçíàêè íåîñöèëëÿöèè óðàâíåíèÿ âòîðîãî ïîðÿäêà íà
âñåé îñè. Ðàññìîòðèì óðàâíåíèå

L̃x
.= x′′ + px′ + qx = 0 (25)

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè p è q. Êàê áûëî âûÿñíåíî ðàíåå (ñì.
ïðèçíàê 1), íåîñöèëëÿöèÿ óðàâíåíèÿ (25) íà âñåé îñè ýêâèâàëåíòíà
âûïîëíåíèþ íåðàâåíñòâà p2 − 4q > 0.

Áóäåì èçîáðàæàòü óðàâíåíèå (25) òî÷êîé L̃ = (p, q) ïëîñêîñòè Π
ïåðåìåííûõ p, q (ñì. ðèñ.1) Ïóñòü

N
.= {(p, q) : p2 − 4q > 0}, O

.= R2 \N.

Òîãäà ñîãëàñíî ïðèçíàêó 1

L̃ ∈ T
(
(−∞, +∞)

) ⇐⇒ L̃ ∈ N.

Íà ðèñ. 1 òî÷êå L2 ñîîòâåòñòâóåò óðàâíåíèå L2x = 0, íåîñöèëëÿ-
öèîííîå íà âñåé îñè, òî÷êå L1 � óðàâíåíèå, íå ÿâëÿþùååñÿ íåîñöèë-
ëÿöèîííûì íà âñåé îñè.

6
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N
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Ðèñ.1

Ïóñòü òåïåðü

Lx
.= x′′ + p(t)x′ + q(t)x = 0 � (26)
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óðàâíåíèå ñ íåïðåðûâíûìè íà (−∞, +∞) êîýôôèöèåíòàìè. Êàæäîå
óðàâíåíèå âèäà (26) èçîáðàæàåòñÿ íà ïëîñêîñòè Π æîðäàíîâîé êðèâîé

GL : p = p(t), q = q(t),

òî÷íåå, äâèæåíèåì DGL ïî ýòîé êðèâîé. Òåïåðü óæå îäíî òîëüêî
âêëþ÷åíèå GL ⊂ N íå îáåñïå÷èâàåò íåîñöèëëÿöèþ óðàâíåíèÿ (26)
íà âñåé îñè. Ðàññìîòðèì â ñâÿçè ñ ýòèì ïðèìåð.

Ïóñòü â óðàâíåíèèè (25) p = −µ
2 , q = µ2

16 ; (µ � ïîñòîÿííàÿ);
òîãäà ýòî óðàâíåíèå èçîáðàæàåòñÿ òî÷êîé ãðàíè÷íîé ïàðàáîëû (ñì.
ðèñ. 1), ò. å. èìååò ìåñòî âêëþ÷åíèå GL ⊂ N, ñëåäîâàòåëüíî, óðàâíåíèå
íåîñöèëëÿöèîííî íà âñåé îñè (â ýòîì ñëó÷àå óðàâíåíèå (25) èìååò
ðåøåíèå u = e

1
4 µt, ïîëîæèòåëüíîå íà âñåé îñè). Åñëè æå µ = t, òî

ïî-ïðåæíåìó èìååò ìåñòî âêëþ÷åíèå GL ⊂ N, îäíàêî óðàâíåíèå

Lx
.= x′′ − t

2
x′ +

t2

16
x = 0 (27)

èìååò ðåøåíèå u = e
t2
8 sin t

2 , èìåþùåå íà êàæäîì îòðåçêå
[2kπ, 2(k + 1)π] (k ∈ Z) ïî äâà íóëÿ; çíà÷èò, â ýòîì ñëó÷àå íåîñ-
öèëëÿöèè íà âñåé îñè íåò.

Ïîñòàâèì çàäà÷ó: âûÿñíèòü, ïðè êàêèõ äîïîëíèòåëüíûõ óñëîâèÿõ
âêëþ÷åíèå GL ⊂ N îáåñïå÷èâàåò íåîñöèëëÿöèþ óðàâíåíèÿ (26) íà
âñåé ÷èñëîâîé îñè.

Âîò íåñêîëüêî ïðîñòûõ ðåøåíèé ýòîé çàäà÷è.
A. Ïóñòü p(t) ≡ p = const. Òîãäà âêëþ÷åíèå GL ⊂ N ýêâèâà-

ëåíòíî âûïîëíåíèþ íåðàâåíñòâà q(t) 6 1
4p2 (ñì. ðèñ. 2). Ôóíêöèÿ

v(t) .= e−
p
2 t > 0 (t ∈ R) óäîâëåòâîðÿåò íåðàâåíñòâó

(Lv)(t) = e−
p
2 t

(
q(t)− 1

4
p2

)
6 0 (t ∈ R).

Òàêèì îáðàçîì,
åñëè p(t) ≡ p = const, q(t) 6 1

4p2, òî óðàâíåíèå (26) íåîñöèëëÿöè-
îííî íà âñåé îñè.
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p p

q

q = 1
4p2

Ðèñ.2

Á. Ïóñòü GL � ïðÿìàÿ (èëè îòðåçîê ïðÿìîé) è GL ⊂ N. Óðàâíåíèå
òàêîé ïðÿìîé ëèáî èìååò âèä q(t) ≡ q = const 6 0 (ïðè ëþáîé p(t)),
ëèáî p = p(t), q = −γ2 + k p(t), ãäå |k| 6 γ (γ > 0) (ïðè k = ±γ

ïðÿìàÿ êàñàåòñÿ ïàðàáîëû q = 1
4p2). Â ïåðâîì ñëó÷àå íåîñöèëëÿöèÿ

óðàâíåíèÿ (26) íà âñåé îñè ñëåäóåò èç òåîðåìû 2. Âî âòîðîì ñëó÷àå
ôóíêöèÿ v(t) .= e−kt > 0 (t ∈ R) óäîâëåòâîðÿåò íåðàâåíñòâó

(Lv)(t) = e−kt(k2 − γ2) 6 0 (t ∈ R).

Òàêèì îáðàçîì,
åñëè GL � ïðÿìàÿ â ïëîñêîñòè Π, öåëèêîì ëåæàùàÿ â N, èëè

îòðåçîê òàêîé ïðÿìîé, òî óðàâíåíèå (26) íåîñöèëëÿöèîííî íà âñåé
îñè.

Â. Ïóñòü γ > 0. Ââåäåì ìíîæåñòâà

M±(γ) = {(p, q) : q 6 −γ2 ± γ p}

Òàê êàê ïðÿìûå q = −γ2 ± γ p êàñàþòñÿ ïàðàáîëû q = 1
4p2, òî

M±(γ) ⊂ N ïðè ëþáîì γ > 0.
Èç óòâåðæäåíèé A è Á è òåîðåìû ñðàâíåíèÿ 2 ïîëó÷àåì ñëåäóþ-

ùåå óòâåðæäåíèå (ñì. ðèñ. 3).
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Ðèñ.3

Òåîðåìà 9. Åñëè ïðè íåêîòîðîì γ > 0

GL ⊂ M+(γ)
(
GL ⊂ M−(γ)

)
,

òî óðàâíåíèå (26) íåîñöèëëÿöèîííî íà âñåé îñè.
(Ïîëàãàåì v(t) = e−γ t

(
v(t) = eγ t

)
.)

Çàìåòèì, ÷òî óñëîâèå òåîðåìû 9 çàâèñèò ëèøü îò êðèâîé GL, à íå
îò äâèæåíèÿ DGL ïî ýòîé êðèâîé.

Ã. Óñëîâèÿ íèæåñëåäóþùèõ òåîðåì çàâèñÿò è îò äâèæåíèÿ DGL.

Òåîðåìà 10. Ïóñòü r : R → R íåïðåðûâíà, p äèôôåðåíöèðóåìà
è âûïîëíåíî îäíî èç óñëîâèé

p′(t) > 2r(t) (p′(t) 6 −2r(t)) (t ∈ R) (28)

èëè

p2(t)− 4p′(t) + r(t) 6 0 (p2(t) + 4p′(t) + r(t) 6 0) (t ∈ R) (29)

è êðîìå òîãî, q(t) 6 p2(t)
4

+ r(t) (t ∈ R). Òîãäà óðàâíåíèå (26) íåîñ-
öèëëÿöèîííî íà âñåé îñè.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî ïåðâîå íåðàâåíñòâî (28). Ðàñ-
ñìîòðèì âûðàæåíèå

L2x
.= x′′ + p(t)x′ +

(
p2(t)

4
+ r(t)

)
x (30)
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ïðè íàøèõ ïðåäïîëîæåíèÿõ. Ïîëîæèì

v(t) = e
− 1

2

∫ t

0

p(s) ds

; òîãäà v(t) > 0,

(L2v)(t) =
(
−1

2
p′(t) + r(t)

)
e
− 1

2

∫ t

0

p(s) ds

6 0, t ∈ R.

Ñëåäîâàòåëüíî, L2 ∈ T((−∞, +∞)). Íåîñöèëëÿöèÿ óðàâíåíèÿ (26)
ñëåäóåò òåïåðü èç òåîðåìû ñðàâíåíèÿ 2.

Åñëè âûïîëíåíî âòîðîå íåðàâåíñòâî (28), òî ïîëîæèâ y(t) = x(−t),
ïðèäåì ê óðàâíåíèþ y′′ − p(t)y′ + q(t)y = 0, è âûðàæåíèþ

L2y
.= y′′ − p(t)y′ +

(
p2(t)

4
+ r(t)

)
y,

äëÿ êîòîðîãî ïîëîæèì v(t) = e

1
2

∫ t

0

p(s) ds

; îñòàëüíûå ðàññóæäåíèÿ êàê
è âûøå.

Ïóñòü âûïîëíåíî ïåðâîå íåðàâåíñòâî (29).Òåïåðü ïîëîæèì

v(t) = e
−

∫ t

0

p(s) ds
(> 0);

ëåãêî âèäåòü, ÷òî

(L2v)(t) =
(

p2(t)− 1
2
p′(t)− p2(t) +

p2(t)
4

+ r(t)
)

e
− 1

2

∫ t

0

p(s) ds

6 0,

t ∈ R. Ñëåäîâàòåëüíî, L2 ∈ T((−∞, +∞)) è íàì ñíîâà îñòàåòñÿ ñî-
ñëàòüñÿ íà òåîðåìó ñðàâíåíèÿ 2. Ïðè âûïîëíåíèè âòîðîãî íåðàâåíñòâà
(29) ðàññóæäàåì êàê è âûøå.

Çàìåòèì, ÷òî íåðàâåíñòâî (29) âûïîëíÿåòñÿ (â âèäå ðàâåíñòâà),
íàïðèìåð, ïðè

r(t) ≡ −R2, p(t) =
R

(
1− c2e

Rt
2

)

1 + c2e
Rt
2

.
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Â ýòîì ñëó÷àå óðàâíåíèå L2x = 0 èìååò ðåøåíèå

x(t) = e
−

∫ t

0

R
(
1− c2e

Rs
2

)

1 + c2e
Rs
2

ds
(> 0).

Îòìåòèì òàêæå, ÷òî â îòëè÷èå îò ñëó÷àÿ ïîñòîÿííûõ êîýôôèöèåí-
òîâ, äëÿ óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè óñëîâèå GL ⊂ N

íå ÿâëÿåòñÿ íåîáõîäèìûì äëÿ íåîñöèëëÿöèè óðàâíåíèÿ (26) íà âñåé
îñè. Òàê, óðàâíåíèå (ñð. (27))

(L)(t) .= x′′ + tx′ +
(

t2

4
+

1
2

)
x = 0,

îáëàäàÿ ðåøåíèåì x = e−
t2
4 > 0 (t ∈ R), ÿâëÿåòñÿ íåîñöèëëÿöèîí-

íûì íà âñåé îñè, îäíàêî çäåñü GL ⊂ O (ñì. ðèñ. 4). Òî÷íî òàêèì æå
ñâîéñòâîì îáëàäàåò è áîëåå îáùåå óðàâíåíèå

x′′ + p(t)x′ +
(

p2(t)
4

+
1
2
p′(t)

)
x = 0, p′(t) > 0, t ∈ R.

Çäåñü îäíîðîäíîå óðàâíåíèå èìååò ðåøåíèå x = e
− 1

2

∫ t

0

p(s) ds

> 0,

t ∈ R è ñëåäîâàòåëüíî, ÿâëÿåòñÿ íåîñöèëëÿöèîííûì íà âñåé îñè.
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Èç ïîñëåäíåãî ïðèìåðà è òåîðåìû ñðàâíåíèÿ 2 ïîëó÷àåì ñëåäóþ-
ùåå óñèëåíèå òåîðåìû 10.

Òåîðåìà 11. Åñëè p äèôôåðåíöèðóåìà, p′(t) > 0 (p′(t) 6 0) íà
R è

q(t) 6 p2(t)
4

+
1
2
p′(t)

(
q(t) 6 p2(t)

4
− 1

2
p′(t)

)
(t ∈ R),

òî óðàâíåíèå (26) íåîñöèëëÿöèîííî íà âñåé îñè.
11. Ðàññìîòðèì, íàêîíåö, óðàâíåíèå

Lx
.= x′′ + p(t)x′ + q(t)x = 0 (t ∈ (a,+∞)) (31)

ñ íåïðåðûâíûìè íà (a,+∞) êîýôôèöèåíòàìè. Çàìåíà ïåðåìåííîé
t → a + t2 ñâîäèò óðàâíåíèå (31) ê óðàâíåíèþ

x′′ + p(a + t2)x′ + q(a + t2)x = 0 (t ∈ (−∞, +∞)). (32)

Íåîñöèëëÿöèÿ óðàâíåíèÿ (32) íà âñåé îñè ýêâèâàëåíòíà íåîñöèëëÿöèè
óðàâíåíèÿ (31) íà (a,+∞). Ïðèìåíÿÿ ê óðàâíåíèþ (32) äîêàçàííûå
âûøå ïðèçíàêè, ïîëó÷èì óñëîâèÿ íåîñöèëëÿöèè óðàâíåíèÿ (31) íà
(a,+∞).

Çàäàíèå 17. Óðàâíåíèå

Lx = x′′ − 2(2t− b)
t2 + (t− b)2

x′ +
4

t2 + (t− b)2
x = 0;

èìååò ðåøåíèÿ 2t− b, t(t− b); íàéäèòå ÿâíîå âûðàæåíèå äëÿ ôóíêöèé
ρ±, σ±.

Çàäàíèå 18. Óðàâíåíèå

Lx = x′′ − A sh t

A ch t− 1
x′ +

1
A ch t− 1

x = 0

(A > 2) èìååò ðåøåíèÿ sh t, ch t − A; íàéäèòå ÿâíîå âûðàæåíèå äëÿ
ôóíêöèé ρ±, σ±.

Çàäàíèå 19. Óðàâíåíèå

Lx = x′′ +
cos t

2− sin t
x′ +

2
2− sin t

x = 0;

èìååò ðåøåíèÿ: cos t, 2 sin t− 1; íàéäèòå ôóíêöèè ρ±, σ±.
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Çàäàíèå 20. Óðàâíåíèå

Lx = x′′ − t ch t

t sh t− ch t + A
x′ +

ch t

t sh t− ch t + A
x = 0

(A > 2) èìååò ðåøåíèÿ t, ch t−A; íàéäèòå ôóíêöèè ρ±, σ±.
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