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ÏÐÅÄÈÑËÎÂÈÅ

Êóðñ ¾Ìåòîäû îïòèìèçàöèè¿ ïðèíàäëåæèò ê ÷èñëó îáÿçàòåëü-
íûõ îáùåîáðàçîâàòåëüíûõ ìàòåìàòè÷åñêèõ äèñöèïëèí, îïðåäåëÿþ-
ùèõ ïðîôåññèîíàëüíîå íàçíà÷åíèå ñïåöèàëèñòîâ-ìàòåìàòèêîâ, îáó-
÷àåìûõ â óíèâåðñèòåòå.

Ïîñîáèå íàïèñàíî íà îñíîâå ëåêöèé è ïðàêòè÷åñêèõ çàíÿòèé, êî-
òîðûå àâòîð ïðîâîäèë â òå÷åíèå áîëåå äåñÿòè ëåò íà ìàòåìàòè÷åñêîì
ôàêóëüòåòå Óäìóðòñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.

Ìíîãèå ïðàêòè÷åñêèå çàäà÷è, áóäó÷è ôîðìàëèçîâàííûìè â ìà-
òåìàòè÷åñêîé ôîðìå, ñîñòîÿò â íàõîæäåíèè ìèíèìóìà èëè ìàêñè-
ìóìà íåêîòîðîé ôóíêöèè èëè ôóíêöèîíàëà ñ ó÷åòîì îãðàíè÷åíèé,
íàêëàäûâàåìûõ íà äîïóñòèìûå çíà÷åíèÿ ïåðåìåííûõ. Òàêèå çàäà÷è
íàçûâàþò ýêñòðåìàëüíûìè.

Èçó÷åíèå ëþáîãî êóðñà, â òîì ÷èñëå è ¾Ìåòîäû îïòèìèçàöèè¿,
ïðåäïîëàãàåò ñîïðîâîæäåíèå ëåêöèé îáÿçàòåëüíûìè ïðàêòè÷åñêè-
ìè çàíÿòèÿìè, ïîçâîëÿþùèìè çàêðåïèòü òåîðåòè÷åñêèé ìàòåðèàë è
ïðèâèòü ìèíèìàëüíûå ïðàêòè÷åñêèå íàâûêè. Êðîìå òîãî, ñòóäåíòàì
íåîáõîäèìî äàòü âîçìîæíîñòü äëÿ áîëåå ãëóáîêîãî èçó÷åíèÿ òåîðèè
ïóòåì ñàìîñòîÿòåëüíîãî ðåøåíèÿ çàäà÷. Äëÿ ýòîãî ïðåäíàçíà÷åíî
äàííîå ó÷åáíîå ïîñîáèå, â êîòîðîì ïðèâîäÿòñÿ 23 âàðèàíòà èíäèâè-
äóàëüíûõ çàäàíèé äëÿ ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ. Âñå çà-
äàíèÿ ðàçäåëåíû íà äâå ÷àñòè. Â ïåðâîé ÷àñòè ïðèâîäÿòñÿ êîíå÷íî-
ìåðíûå ýêñòðåìàëüíûå çàäà÷è: ãëàäêèå ýêñòðåìàëüíûå çàäà÷è, âû-
ïóêëûå ýêñòðåìàëüíûå çàäà÷è, çàäà÷è ëèíåéíîãî, öåëî÷èñëåííîãî è
äðîáíî-ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Ïîä ôîðìóëèðîâêàìè íåêîòîðûõ çàäà÷ ïîíèìàåòñÿ ñëåäóþùåå.
Çàäà÷à î êîììèâîÿæåðå.Èìååòñÿ n ãîðîäîâ, çàíóìåðîâàííûõ

÷èñëàìè 1, 2, . . . , n. Äëÿ ëþáîé ïàðû (i, j) ãîðîäîâ çàäàíî ðàññòîÿ-
íèå cij > 0 ìåæäó íèìè ( cij ìîæåò îçíà÷àòü íå òîëüêî ðàññòîÿíèå,
íî è âðåìÿ, ïóòåâûå ðàñõîäû è ïðî÷åå, ïîýòîìó â îáùåì ñëó÷àå íå
ïðåäïîëàãàåòñÿ, ÷òî cij = cji ). Âûåõàâ èç èñõîäíîãî ãîðîäà, êîììè-
âîÿæåð äîëæåí âåðíóòüñÿ â íåãî, ïîáûâàâ âî âñåõ îñòàëüíûõ ãîðî-
äàõ ðîâíî ïî îäíîìó ðàçó. Â êà÷åñòâå èñõîäíîãî ìîæåò áûòü âûáðàí
ëþáîé ãîðîä. Òðåáóåòñÿ íàéòè ìàðøðóò ìèíèìàëüíîé äëèíû. Ïóñòü
C = (cij).

Òðàíñïîðòíàÿ çàäà÷à. Â ïóíêòàõ A1, . . . Am ñîñðåäîòî÷åíî ñî-
îòâåòñòâåííî a1, . . . , am åäèíèö íåêîòîðîãî îäíîðîäíîãî ãðóçà. Äàí-
íûé ãðóç ñëåäóåò ïåðåâåçòè â ïóíêòû íàçíà÷åíèÿ B1, . . . , Bn, ïðè-
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÷åì â êàæäûé èç íèõ íàäëåæèò çàâåçòè ñîîòâåòñòâåííî b1, . . . , bn

åäèíèö ãðóçà. Ñòîèìîñòü ïåðåâîçêè åäèíèöû ãðóçà èç Ai â Bj ðàâ-
íà cij . Ïðè ýòîì, åñëè

∑
i

ai 6
∑
j

bj , òî òðåáóåòñÿ âûâåçòè âåñü ãðóç

îò ïðîèçâîäèòåëåé. Åñëè
∑
i

ai >
∑
j

bj , òî òðåáóåòñÿ âûïîëíèòü âñå

çàÿâêè ïîòðåáèòåëåé. Òðåáóåòñÿ ñîñòàâèòü ïëàí ïåðåâîçîê, ñóììàð-
íûå ðàñõîäû êîòîðîãî ìèíèìàëüíû. Ïóñòü a = (a1, . . . , am),
b = (b1, . . . , bn), C = (cij).

Çàäà÷à î ðþêçàêå. Èìååòñÿ n ïðåäìåòîâ, aj � âåñ, bj � öåí-
íîñòü j -ãî ïðåäìåòà, aj > 0, bj > 0. Òðåáóåòñÿ çàãðóçèòü ðþêçàê,
âûäåðæèâàþùèé ñóììàðíûé âåñ c íàáîðîì ïðåäìåòîâ, ñóììàðíàÿ
öåííîñòü êîòîðûõ ìàêñèìàëüíà. Ïóñòü a = (a1, . . . , an),
b = (b1, . . . , bn).

Çàäà÷à î çàìåíå îáîðóäîâàíèÿ. Èìååòñÿ ïåðèîä âðåìåíè, ðàç-
äåëåííûé íà n ýòàïîâ. Â òå÷åíèå äàííîãî ïåðèîäà ôèðìà äîëæíà
ïðîèçâîäèòü ïðîäóêöèþ íà îáîðóäîâàíèè, êîìïëåêò êîòîðîãî âìåñòå
ñ óñòàíîâêîé ñòîèò z óñëîâíûõ åäèíèö. Ñî âðåìåíåì îáîðóäîâàíèå
èçíàøèâàåòñÿ, ïîýòîìó ñòîèìîñòü ïðîèçâåäåííîé ïðîäóêöèè C(k)
çàâèñèò îò íîìåðà ýòàïà è óìåíüøàåòñÿ ñ óâåëè÷åíèåì âîçðàñòà îáî-
ðóäîâàíèÿ. Êðîìå òîãî, óâåëè÷èâàþòñÿ çàòðàòû R(k) íà îáñëóæè-
âàíèå è ðåìîíò îáîðóäîâàíèÿ. Òðåáóåòñÿ îïðåäåëèòü òå ìîìåíòû, â
êîòîðûå ñëåäóåò çàìåíÿòü ñòàðûé êîìïëåêò íà íîâûé, ÷òîáû ïðè-
áûëü îò ïðîèçâåäåííîé ïðîäóêöèè áûëà ìàêñèìàëüíîé. Ïîä ïðèáû-
ëüþ ïîíèìàåòñÿ ñóììàðíàÿ ñòîèìîñòü ïðîèçâåäåííîé ïðîäóêöèè çà
âû÷åòîì ñòîèìîñòè îáñëóæèâàíèÿ è ïðèîáðåòåíèÿ íîâîãî îáîðóäîâà-
íèÿ. Ïðåäïîëàãàåòñÿ, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè óñòàíîâëåíî
íîâîå îáîðóäîâàíèå è, ÷òî âîçðàñò îáîðóäîâàíèÿ, êîòîðîå îñòàíåòñÿ
ïîñëå îêîí÷àíèÿ ïåðèîäà âðåìåíè èç n ýòàïîâ, ðîëè íå èãðàåò.

Âòîðàÿ ÷àñòü ïîñîáèÿ ñîäåðæèò çàäà÷è âàðèàöèîííîãî èñ÷èñëå-
íèÿ è îïòèìàëüíîãî óïðàâëåíèÿ. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ìî-
ìåíò T0 çàäàí, à ìîìåíò T íå çàäàí, à ïîäëåæèò îïðåäåëåíèþ èç
óñëîâèÿ îïòèìóìà. Â çàäà÷å, ïîñâÿùåííîé äèôôåðåíöèðóåìîñòè ïî
Ôðåøå, åñëè òî÷êà íå çàäàíà, òî òðåáóåòñÿ ïðîâåñòè èññëåäîâàíèå
äëÿ âñåõ òî÷åê îáëàñòè îïðåäåëåíèÿ.

Â êàæäîé ÷àñòè ïðèâîäèòñÿ äîïîëíèòåëüíûé íàáîð çàäà÷ ïîâû-
øåííîé ñëîæíîñòè.
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Ñïèñîê ëèòåðàòóðû, êîòîðóþ àâòîð èñïîëüçîâàë äëÿ íàïèñàíèÿ
äàííîãî ïîñîáèÿ, ïðèâåäåí â êîíöå. Êðîìå òîãî, äàííûé ñïèñîê ìîæ-
íî ðåêîìåíäîâàòü äëÿ äàëüíåéøåãî çíàêîìñòâà ñ ìàòåìàòè÷åñêîé
òåîðèåé îïòèìèçàöèè è äëÿ åå ñåðüåçíîãî èçó÷åíèÿ.

Àâòîð áóäåò áëàãîäàðåí âñåì ÷èòàòåëÿì çà ñîâåòû è ïîæåëàíèÿ
ïî ïîâîäó ïîñîáèÿ, êîòîðûå ïðîñüáà íàïðàâëÿòü ïî e-mail:
npetrov@ udmnet.ru èëè îáû÷íîé ïî÷òîé ïî àäðåñó: 426034, Èæåâñê,
óë. Óíèâåðñèòåòñêàÿ, ä. 1, Óäìóðòñêèé óíèâåðñèòåò, ìàòåìàòè÷åñêèé
ôàêóëüòåò.

Àâòîð âûðàæàåò áëàãîäàðíîñòü Ì.Â. ×èáèðåâîé çà ïîìîùü ïðè
îôîðìëåíèè, à òàêæå À.È. Áëàãîäàòñêèõ è Ê.È. Äèçåíäîðôó çà
ìíîãî÷èñëåííûå ðåêîìåíäàöèè ïî óëó÷øåíèþ êà÷åñòâà ïîñîáèÿ.
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×ÀÑÒÜ I
Âàðèàíò 1

1. x4
1 + x4

2 − 2x2
1 + 4x1x2 − 2x2

2 → extr.

2. x2 + 12xy + 2y2 → extr, y2 + 4x2 = 25.

3. x2
1 + x2

2 + · · ·+ x2
n → extr, x4

1 + x4
2 + · · ·+ x4

n 6 1.

4. α1

x1
+

α2

x2
+ · · ·+ αn

xn
→ extr, β1x1+β2x2+ · · ·+βnxn 6 1, αi > 0.

5. y2 → extr, 9x3 + 2y3 − 27xy > −16.

6. Ðàçäåëèòü íàòóðàëüíîå ÷èñëî n íà äâå ÷àñòè òàê, ÷òîáû ïðî-
èçâåäåíèå èõ ïðîèçâåäåíèÿ íà ðàçíîñòü áûëî ìàêñèìàëüíî.

7. Òî÷êà x0 � òî÷êà ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f . Áóäåò
ëè òî÷êà x0 òî÷êîé ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f2 − f,
åñëè f � íåïðåðûâíàÿ (ïðîèçâîëüíàÿ) ôóíêöèÿ.

8. Âû÷èñëèòü max
x∈[0,2]

min
y∈[−1,1]

(x2 + αxy).

9. Íàéòè ðàññòîÿíèå îò òî÷êè â ïðîñòðàíñòâå Rn äî ãèïåðïëîñ-
êîñòè.

10. Èç âñåõ ïàðàëëåëîãðàììîâ äàííîé ïëîùàäè íàéòè òîò, ó êîòî-
ðîãî áîëüøàÿ äèàãîíàëü ìèíèìàëüíà.

11. 3x1 − 8x2 → min, |x1 + x2| 6 2, |x2 − x1| 6 2, x1 > 0, x2 > 0.

12. Áóäåò ëè ïðîèçâåäåíèå äâóõ íåîòðèöàòåëüíûõ âûïóêëûõ ôóí-
êöèé âûïóêëîé ôóíêöèåé?

13. (4x3 − 3x)6 + (4y3 − 3y)6 → extr, x2 + y2 = 1.

14. Äîêàçàòü, ÷òî îáúåì V è ïëîùàäü áîêîâîé ïîâåðõíîñòè S ïðÿ-
ìîãî êðóãîâîãî êîíóñà óäîâëåòâîðÿþò íåðàâåíñòâó

(6V

π

)2

6
( 2S

π
√

3

)3

.
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15. x1 + x2 + x3 → max, xi > 0,





x1 + x2 + x3 + x4 = 2,

x1 − x2 + x3 − x4 = 0,

3x1 − x2 + 3x3 − x4 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−3, 4) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





4x1 − 3x2 6 0,

2x1 + 3x2 6 7,

x1 + x2 6 1?.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 + 2x2 → max, x2 > 0,





3x1 − 4x2 > 1,

5x1 + 6x2 = 2,

−7x1 + 8x2 6 3.

18. 2x1+3x2−x3+x4 → min, xi > 0,

{
x1 + 2x2 + x3 − x4 6 2,

3x1 + x2 − x3 + 2x4 6 3.

19. x1 + 2x2 − x3

x1 + x2 + x3
→ max, xi > 0,

{
2x1 + x2 = 6,

x2 − x3 = 4.

20. Öåõ âûïóñêàåò òðè âèäà ïðîäóêöèè (A, B, C). Â ïðîèçâîäñòâå
ó÷àñòâóþò òðè ó÷àñòêà, ðàñïîëàãàÿ äëÿ ýòîãî îïðåäåëåííûìè
ôîíäàìè âðåìåíè â ïëàíîâîé ïåðèîä. Çàòðàòû âðåìåíè íà âû-
ïóñê îäíîé òîííû ïðîäóêöèè êàæäîãî âèäà, à òàêæå ïðèáûëü
ñ êàæäîé òîííû ïðîäóêöèè óêàçàíû â òàáëèöå

� ó÷àñòêà ôîíä âðåìåíè A B C
1 120 4 2 4
2 130 4 6 2
3 140 5 3 1

ïðèáûëü, ó.å. 100 80 50

Íàéòè ïëàí âûïóñêà ïðîäóêöèè, îáåñïå÷èâàþùåé ìàêñèìóì
ïðèáûëè ïðè óñëîâèè èçãîòîâëåíèÿ íå ìåíåå 20 òîíí ïðîäóêöèè
âèäà C è 8 òîíí ïðîäóêöèè âèäà A.
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21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 27 43 16 30 26
7 ∞ 16 1 30 25
20 13 ∞ 35 5 1
21 16 25 ∞ 18 18
12 46 27 48 ∞ 5
23 5 5 9 5 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (7, 8, 5, 6), b = (11, 2, 6, 7), C =




2 3 4 1
3 4 2 5
1 7 5 7
5 2 8 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 3;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 4.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

2x1 − x2 + 3x3 → min, xj ∈ Z+,

{
x1 − 2x2 + 3x3 = 16,

x1 − 3x2 = 2.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 25, a = (6, 7, 9, 8, 4, 7), b = (2, 12, 3, 7, 1, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 4 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 12 11 11 10 8 8
çàòðàòû íà îáñëóæèâàíèå, ó.å. 1 2 2 3 5 6
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Âàðèàíò 2

1. x2 − xy + y2 − 2x + y → extr.

2. 4x2 + 9y2 + 16z2 → extr, x + y + z = 1.

3. x4
1 + x4

2 + · · ·+ x4
n → extr, x2

1 + x2
2 + · · ·+ x2

n 6 1.

4. x2
1x

3
2 . . . xn+1

n → extr, x1 + x2 + · · ·+ xn = 1.

5. 5x + 4y → extr, x2 + 2y2 > 72, x > 2, y > −3.

6. Íàéòè ïðÿìîóãîëüíûé òðåóãîëüíèê íàèáîëüøåé ïëîùàäè, åñëè
ñóììà äëèí êàòåòîâ ðàâíà çàäàííîìó ÷èñëó.

7. Íàéòè ðàññòîÿíèå îò òî÷êè äî ãèïåðáîëû.

8. Âû÷èñëèòü max
x∈[−1,2]

min
y∈[−1,1]

(−x2 + αxy.)

9. Ïðèâåñòè ïðèìåð äâóõ ãëàäêèõ ôóíêöèé, êàæäàÿ èç êîòîðûõ
íà èíòåðâàëå (0, 1) íå èìååò íè íàèáîëüøåãî, íè íàèìåíüøåãî
çíà÷åíèé, à èõ ñóììà èìååò íàèáîëüøåå çíà÷åíèå íà äàííîì
èíòåðâàëå, íî íå èìååò íàèìåíüøåãî çíà÷åíèÿ íà äàííîì èí-
òåðâàëå.

10. Âíóòðè äàííîãî òðåóãîëüíèêà íàéòè òî÷êó, ñóììà êâàäðàòîâ
ðàññòîÿíèé îò êîòîðîé äî ñòîðîí òðåóãîëüíèêà íàèìåíüøàÿ.

11. x1 − 2x2 → min, |x2 + 3x1| 6 9, |x1| 6 5.

12. f : Rn → R, f(x) = ||Ax − b||2, A − ìàòðèöà, b − âåêòîð.
ßâëÿåòñÿ ëè f âûïóêëîé ôóíêöèåé?.

13. Íàéòè íàèáîëüøåå çíà÷åíèå ïëîùàäè òðåóãîëüíèêà, âåðøèíû
êîòîðîãî ëåæàò íà òðåõ êîíöåíòðè÷åñêèõ îêðóæíîñòÿõ ðàäèó-
ñîâ 1, 3

√
2, 5.

14. Äîêàçàòü, ÷òî äëÿ òðåóãîëüíèêà ñî ñòîðîíàìè a, b, c è ïëîùà-
äüþ S èìååò ìåñòî íåðàâåíñòâî

a2 + b2 + c2 > 4
√

3S.
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15. x1 + x2 + x3 → max, xi > 0,





x1 + x2 + x3 + x4 = 4,

x1 − 3x2 + x3 − x4 = −2,

2x1 − 2x2 + 2x3 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (2, 3) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





3x1 − 2x2 6 0,

2x1 + 3x2 6 14,

x1 + x2 6 5.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 + 2x2 + x3 → max, x2 > 0,

{
3x1 − 4x2 − x3 > 1,

5x1 + 6x2 + x3 = 2.

18. 3x1−x2+x3+2x4 → min, xi > 0,

{
2x1 + x2 + 3x3 + x4 6 5,

2x1 − x2 − x3 + 2x4 6 1.

19. x1 + 2x2 + 4x3

x1 + 2x2 + x3
→ min, xi > 0,

{
2x1 − x2 + 2x3 = 6,

x1 + x2 − x3 = 4.

20. Ïðîìûøëåííûé êîìïëåêñ ñîñòîèò èç óãîëíûõ øàõò è ÒÝÖ. Äî-
áûòûé íà øàõòàõ óãîëü (âàëîâàÿ ïðîäóêöèÿ) ðàñïðåäåëÿåòñÿ
ñëåäóþùèì îáðàçîì:
à) î÷èùàåòñÿ(ñîðòèðóåòñÿ), â ïðîöåññå ÷åãî îòñåèâàåòñÿ 5% äî-
áûòîãî óãëÿ;
á) èäåò íà ïðîèçâîäñòâî ýëåêòðîýíåðãèè (íà ïðîèçâîäñòâî 1
êÂò/÷ ýëåêòðîýíåðãèè òðåáóåòñÿ 100 êã óãëÿ);
â) ïðîäàåòñÿ íà ñòîðîíó (òîâàðíàÿ ïðîäóêöèÿ).
Àíàëîãè÷íî ðàñïðåäåëÿåòñÿ âûðàáîòàííàÿ íà ÒÝÖ ýëåêòðî-
ýíåðãèÿ:
à) òåðÿåòñÿ â ñåòÿõ è èäåò íà ïîòðåáëåíèå ñàìîé ÒÝÖ 4% ;
á) èäåò íà äîáû÷ó óãëÿ (íà 1 òîííó óãëÿ ðàñõîäóåòñÿ 0,2 êÂò/÷
ýëåêòîðîýíåðãèè);
â) ïðîäàåòñÿ íà ñòîðîíó (òîâàðíàÿ ïðîäóêöèÿ).

10



Â ïëàíîâûé ïåðèîä íåîáõîäèìî ïîëó÷èòü íå ìåíåå 1200 òûñ.
òîíí òîâàðíîãî óãëÿ è âûðàáîòàòü íå ìåíåå 2500 òûñ êÂò/÷
òîâàðíîé ýëåêòðîýíåðãèè.
Ñîñòàâèòü ìàòåìàòè÷åñêóþ ìîäåëü çàäà÷è îïòèìèçàöèè ñóì-
ìàðíûõ çàòðàò íà âàëîâîé ïðîäóêò êîìïëåêñà â ïëàíîâûé ïå-
ðèîä (â äåíåæíîì ýêâèâàëåíòå), åñëè çàòðàòû íà 1 òîííó äî-
áûòîãî óãëÿ ñîñòàâëÿþò 0,3 ó.å., à íà 1 êÂò/÷ ýëåêòðîýíåð-
ãèè � 0, 02 ó.å.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 2 53 11 13 6
17 ∞ 6 12 32 25
8 13 ∞ 5 15 11
21 6 25 ∞ 8 18
12 26 17 48 ∞ 5
23 15 15 11 9 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (20, 10, 6, 7), b = (14, 7, 10, 17), C =




2 3 4 1
3 6 2 5
2 1 5 7
5 2 8 3


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b4 îãðàíè÷åíà x14 6 8;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 4.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

x1 − 4x2 + 3x3 → min, xj ∈ Z+,

{
x1 − 3x2 + x3 = 5,

2x1 + x2 − x3 = 2.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 29, a = (5, 7, 9, 6, 7, 5), b = (4, 8, 3, 7, 1, 3).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 4 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 12 12 10 9 7 6
çàòðàòû íà îáñëóæèâàíèå, ó.å. 1 1 2 3 6 6

Âàðèàíò 3

1. xy +
50
x

+
50
y
→ extr.

2. xp
1 + xp

2 + · · ·+ xp
n → extr, x1 + x2 + · · ·+ xn = 1, p > 1

3. 2x2
1 + 2x1 + 4x2 − 3x3 → extr, 8x1 − 3x2 + 3x3 6 40,

2x1 + x2 − x3 = −3, x2 > 0.

4. x2 − y2 + z2 → extr, x + y + z 6 1, x > 0, y > 0, z > 0.

5. 7x + 4y → extr, 2x2 + 5y2 > 100, x > −3, y > 3.

6. Çàäà÷à î ïîëèíîìå Ëåæàíäðà âòîðîé ñòåïåíè:
1∫

−1

(t2 + tx1 + x2)2dt → min .

7. Íàéòè ðàññòîÿíèå îò òî÷êè â ïðîñòðàíñòâå Rn äî ïðÿìîé.

8. Âû÷èñëèòü max
x∈[−2,2]

min
y∈[−2,1]

(−x2 + αx− y2).

9. Òî÷êà x0 ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f .
Áóäåò ëè äàííàÿ òî÷êà x0 òî÷êîé ýêñòðåìóìà ôóíêöèè ef −f,
åñëè f � íåïðåðûâíàÿ (ïðîèçâîëüíàÿ) ôóíêöèÿ.

10. Èç âñåõ òðåóãîëüíèêîâ äàííîãî ïåðèìåòðà íàéòè òîò, ó êîòîðî-
ãî ðàäèóñ âïèñàííîé îêðóæíîñòè ìàêñèìàëåí.
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11. f : R2 → R1, f(x1, x2) = max
t∈[−1,1]

(t2 + x1t + x2) . ßâëÿåòñÿ ëè f

âûïóêëîé íà R2 ôóíêöèåé?

12. x2 + xy + y2 + 3|x + y − 2| → min .

13. Íà ïëîñêîñòè äàíû ïðÿìàÿ l è òî÷êè A, B , ëåæàùèå ïî ðàç-
íûå ñòîðîíû îò íåå. Ïîñòðîèòü îêðóæíîñòü, ïðîõîäÿùóþ ÷åðåç
äàííûå òî÷êè òàê, ÷òîáû ïðÿìàÿ l âûñåêàëà íà íåé õîðäó íàè-
ìåíüøåé äëèíû.

14. Èìååòñÿ òðè ñïëàâà. Ïåðâûé ñïëàâ ñîäåðæèò 20% öèíêà, 50%
îëîâà, 30% ìàðãàíöà. Âòîðîé ñïëàâ ñîäåðæèò 30% öèíêà,
20% îëîâà, 50% ìàðãàíöà. Òðåòèé ñïëàâ ñîäåðæèò 10% öèí-
êà, 10% îëîâà, 80% ìàðãàíöà. Òðåáóåòñÿ ïðèãîòîâèòü ñïëàâ,
ñîäåðæàùèé 40% îëîâà. Íàéòè ìèíèìàëüíûé ïðîöåíò öèíêà
â òàêîì ñïëàâå.

15. 2x1 + 3x2 − 6x3 + 8x4 → min, xi > 0,



2x1 + 3x2 − x3 + x4 = 1,

8x1 + 12x2 − 9x3 + 8x4 = 3,

4x1 + 6x2 + 3x3 − 2x4 = 3.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−1, 2) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





2x1 − x2 6 0,

2x1 + 3x2 6 5.

x1 + x2 6 1.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 − 2x2 + x3 → max, x2 6 0,

{
3x1 − 4x2 − x3 6 1,

5x1 + 6x2 + x3 > 2.

18. −x1+x2+3x3+x4 → min, xi > 0,

{
−x1 + x2 − x3 + 2x4 6 6,

2x1 + x2 + 2x3 − x4 6 4.

19. 4x1 + 2x2 − x3

2x1 + x2 + x3
→ min, xi > 0,

{
x1 + x2 − x3 = 2,

2x1 + x2 + x3 = 5.
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20. Ñòðîèòåëüíîé îðãàíèçàöèè íåîáõîäèìî âûïîëíèòü òðè âèäà
çåìëÿíûõ ðàáîò (I, II, III) ïî 25000 ì3. Îðãàíèçàöèÿ ðàñïî-
ëàãàåò äëÿ ýòîãî òðåìÿ ýêñêàâàòîðàìè A,B, C. Íîðìû âûðà-
áîòêè óêàçàíû â òàáëèöå (ì3/÷.)

� âèäà ðàáîò A B C
I 110 123 71
II 91 86 51
III 91 97 59

Ïîñòðîèòü ìàòåìàòè÷åñêóþ ìîäåëü, îïðåäåëåíèÿ ïëàíà èñïîëü-
çîâàíèÿ ýêñêàâàòîðîâ ïî âèäàì ðàáîò, ïðè êîòîðîì âñå ðàáîòû
âûïîëíÿþòñÿ çà êðàò÷àéøåå âðåìÿ.
Ïðèìå÷àíèå. Ðàññìîòðåòü äâà ñëó÷àÿ:
à) ýêñêàâàòîðû íà÷èíàþò è çàêàí÷èâàþò ðàáîòó îäíîâðåìåííî;
á) ýêñêàâàòîðû ìîãóò íà÷èíàòü è çàêàí÷èâàòü ðàáîòó â ðàçíîå
âðåìÿ.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 27 43 16 30 26
27 ∞ 16 11 30 25
20 43 ∞ 35 5 1
21 46 25 ∞ 18 18
11 16 47 48 ∞ 5
13 5 5 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 4, 2, 7), b = (3, 12, 2, 17), C =




2 3 4 2
3 4 2 5
6 7 5 7
5 2 8 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a2 → b2 çàïðåùåíà x22 = 0;

á) ãàðàíòèðîâàíà ïåðåâîçêà a1 → b4 â îáúåìå x14 > 4.
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23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

2x1 + 4x2 + x3 → min, xj ∈ Z+,

{
2x1 − 3x2 + 2x3 = 5,

−x1 + x2 + 3x3 = 3.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 26, a = (7, 4, 9, 8, 6, 5), b = (2, 12, 3, 7, 1, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 5 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 15 13 11 10 8 8
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 4 6 7 8

Âàðèàíò 4

1. 3x2 + 4xy + y2 − 8x− 12y → extr.

2. x2
1 + x2

2 + · · ·+ . . . x2
n → extr,

x1

a1
+

x2

a2
+ · · ·+ xn

an
6 1, ai > 0.

3. xyz → extr, x2 + y2 + z2 6 1.

4. 5x + y → extr, x2 + y2 > 9, x > 1, y > 2.

5. Çàäà÷à î ïîëèíîìå Ëåæàíäðà òðåòüåé ñòåïåíè
1∫

−1

(t3 + x1t
2 + x2t + x3)2dt → min .

6. Íàéòè ìèíèìóì ëèíåéíîãî ôóíêöèîíàëà íà åäèíè÷íîì øàðå
Rn .
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7. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé íåïåðèîäè÷åñêîé
ýêñòðåìàëüíîé çàäà÷è áåç îãðàíè÷åíèé, çàäàííîé íà âñåì ïðî-
ñòðàíñòâå, â êîòîðîé àáñîëþòíûé ìàêñèìóì è ìèíèìóì äîñòè-
ãàþòñÿ â áåñêîíå÷íîì ÷èñëå òî÷åê.

8. Âû÷èñëèòü max
x∈[0,2]

min
y∈[0,2]

(−x2 + αxy − y2).

9. Âíóòðè äàííîãî òðåóãîëüíèêà íàéòè òî÷êó, ñóììà êâàäðàòîâ
ðàññòîÿíèé îò êîòîðîé äî ñòîðîí òðåóãîëüíèêà áûëà áû íàè-
ìåíüøåé.

10. x4

y4
+

y4

x4
− x2

y2
− y2

x2
+

x

y
+

y

x
→ min, x > 0, y > 0.

11. f : R → R, f(x) = inf{x2
1 + x2

2|x1 + x2 = x}. ßâëÿåòñÿ ëè
ôóíêöèÿ f âûïóêëîé íà R ?

12. x2 + y2 + 2 max(x, y) → min .

13. Ó ãðóçîâîãî àâòîìîáèëÿ ïåðåäíèå ïîêðûøêè ñòèðàþòñÿ ÷åðåç
15000 êì, à çàäíèå � ÷åðåç 25000 (íà çàäíèõ êîëåñàõ ïî äâå
ïîêðûøêè, íà ïåðåäíèõ ïî îäíîé). Êàêèì îáðàçîì íóæíî ìå-
íÿòü ïîêðûøêè íà êîëåñàõ, ÷òîáû ïðîåõàòü íà îäíèõ è òåõ æå
ïîêðûøêàõ íàèáîëüøåå ðàññòîÿíèå?

14.
√

x2 + y2 + x + y +
1
2

+
√

x2 + y2 − 2x + 4y + 5 → extr.

15. x1 − 3x2 − x3 − x4 → min, xi > 0,

{
x1 + x2 + x3 + x4 = 4,

x1 − 3x2 + x3 − x4 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−2, 5) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





5x1 − 2x2 6 0,

2x1 + 3x2 6 13,

x1 + x2 6 3.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 − 2x2 − x3 → min, x1 6 0,

{
3x1 − 4x2 − x3 = 1,

5x1 + 6x2 + x3 > 2.
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18. 2x1+x2−x3+2x4 → min, xi > 0,

{
x1 + 3x2 − x3 + 4x4 6 5,

−x1 − x2 + x3 + 2x4 6 3.

19. −3x1 + x2 + x3

x1 + x2 + 3x3
→ max, xi > 0,

{
2x1 + x2 − x3 = 2,

x1 − x2 + 2x3 = 4.

20. Ìàêñèìàëüíîå êîëè÷åñòâî èñïîëüçóåìûõ ïîä îâîùè ïëîùàäåé
â õîçÿéñòâå ñîñòàâëÿåò 313 ãà. Òðóäîâûå ðåñóðñû äëÿ ïðîèç-
âîäñòâà îâîùåé â òå÷åíèå ãîäà ìîãóò áûòü âûäåëåíû â ðàçìåðå
45 000 ÷åë.-äíåé, â òîì ÷èñëå â íàïðÿæåííûé ïåðèîä (ñåíòÿáðü)
� 8600 ÷åë.-äíåé.
Ïî çàêëþ÷åííûì äîãîâîðàì íåîáõîäèìî ïðîäàòü 50 000 ö. îâî-
ùåé, â òîì ÷èñëå êàïóñòû (a) � 31 500 ö., îãóðöîâ(b) � 4 500 ö.,
ïîìèäîðîâ(c) � 6 500 ö., ñâåêëû ñòîëîâîé(d) � 6 000 ö., ïðî÷èõ
îâîùåé(e) � 1 500 ö. Çàòðàòû òðóäà, óðîæàéíîñòü è ïðèáûëü â
ñðåäíåì çà ïîñëåäíèå 3 ãîäà

Ïîêàçàòåëü a b c d e
çàòðàòû íà 1 ãà ÷åë.ä 75 138 346 158 91
çàòðàòû â íàïð. ïåðèîä 26 22 35 34 40

óðîæàéíîñòü ö/ãà 325 92 176 206 52
ïðèáûëü, ó.å./ãà 996 390 388 37 11

Îïðåäåëèòü îïòèìàëüíóþ ñòðóêòóðó ïîñåâíûõ ïëîùàäåé, ïîç-
âîëÿþùèõ ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 27 23 16 20 26
27 ∞ 16 11 30 25
20 43 ∞ 35 5 11
21 46 25 ∞ 18 18
11 16 47 48 ∞ 15
13 5 5 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 4, 3, 8), b = (3, 12, 2, 17), C =




1 4 4 2
3 4 2 5
6 7 5 7
5 6 8 2


 .
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2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 çàïðåùåíà x11 = 0;

á) ãàðàíòèðîâàíà ïåðåâîçêà a1 → b2 â îáúåìå x12 > 5.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

x1 − 4x2 + 3x3 → min, xj ∈ Z+,

{
3x1 + x2 − x3 = 4,

−x1 + 5x2 + 2x3 = 23.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 27, a = (7, 9, 3, 8, 5, 12), b = (2, 4, 3, 7, 1, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 5 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 13 12 10 9 8 7
çàòðàòû íà îáñëóæèâàíèå, ó.å. 1 1 2 3 5 7

Âàðèàíò 5

1. x3 + y3 + 3xy → extr.

2. x− 2y + 2z → extr x2 + y2 + z2 = 9.

3. ex1−x2 − x1 − x2 → extr, x1 + x2 6 1, x1 > 0, x2 > 0.

4. x2

a2
+

y2

b2
+

z2

c2
→ extr , x2 + y2 + z2 6 1, x + y + z 6 0.

5. xy3 → extr, x + 5y 6 8, x > 0, y 6 0.

6. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è áåç îãðàíè÷åíèé, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòî-
ðîé ôóíêöèîíàë îãðàíè÷åí, àáñîëþòíûé ìàêñèìóì äîñòèãàåò-
ñÿ, ìèíèìóì - íåò.
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7. Â ýëëèïñ x2

a2
+

y2

b2
= 1 âïèñàòü ïðÿìîóãîëüíèê íàèáîëüøåé

ïëîùàäè ñî ñòîðîíàìè, ïàðàëëåëüíûìè îñÿì êîîðäèíàò.

8. Âû÷èñëèòü max
x∈[−4,2]

min
y∈[0,2]

(x2 + αxy − y2).

9. Ìåäèàíû AD,BE òðåóãîëüíèêà ABC âçàèìíî ïåðïåíäèêó-
ëÿðíû. Êàêîå ìàêñèìàëüíîå çíà÷åíèå ìîæåò èìåòü óãîë C ?

10. x3y2z2u → max, 2x + xy + z + xyz = 1, x > 0, y > 0,
z > 0, u > 0.

11. x2 + y2 +
3
2
|x + y − 1| → min .

12. ßâëÿåòñÿ ëè âûïóêëûì ìíîæåñòâî

{(x1, x2) | 0 6 x2 6 sin x2
1, x1 ∈ [0, π]}?

13. Íóæíî ïåðåáðîñèòü êàìåíü ÷åðåç îãðàäó âûñîòîé h . Ãîðèçîí-
òàëüíîå ðàññòîÿíèå äî ïðåãðàäû ðàâíî l . Ïðè êàêîé ìèíèìàëü-
íîé ñêîðîñòè ýòî ìîæíî âûïîëíèòü?

14. Íóæíî ïåðåâåñòè ïî æåëåçíîé äîðîãå 20 áîëüøèõ è 250 ìàëûõ
êîíòåéíåðîâ. Îäèí âàãîí âìåùàåò 30 ìàëûõ êîíòåéíåðîâ, âåñ
êàæäîãî èç êîòîðûõ � 2 òîííû. Áîëüøîé êîíòåéíåð, çàíèìàåò
ìåñòî 9 ìàëûõ è âåñèò 30 òîíí. Ãðóçîïîäúåìíîñòü âàãîíà �
80 òîíí. Íàéòè ìèíèìàëüíîå ÷èñëî âàãîíîâ, íåîáõîäèìûõ äëÿ
ïåðåâîçêè âñåõ êîíòåéíåðîâ.

15. x1 +2x3 +2x5 → max, xi > 0,





x1 + x2 + x3 + x4 + x5 = 5,

x2 + x3 + x4 − x5 = 2,

x3 − x4 + x5 = 1.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (4, 5) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





5x1 − 4x2 6 0,

2x1 + 3x2 6 25,

x1 + x2 6 9.
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17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 − 2x2 + x3 → min, x2 > 0, x3 > 0,

{
3x1 − 4x2 − x3 6 1,

5x1 + 6x2 + x3 > 2.

18. 3x1−2x2+x3+2x4 → min, xi > 0,

{
x1 − x2 + 3x3 + 2x4 6 6,

2x1 + x2 − x3 + 4x4 6 4.

19. 4x1 − x2 − x3

2x1 + 3x2 + x3
→ max, xi > 0,

{
3x1 + x2 + x3 = 8,

2x1 − x2 − 2x3 = −1.

20. Èìååòñÿ òðè ïóíêòà ïå÷àòàíèÿ ãàçåò (A, B, C). Îíè äîëæíû îá-
ñïå÷èòü ïå÷àòüþ ñåìü îáëàñòåé. Ïóíêò A ðàñïîëîæåí â îáëàñòè
1, ïóíêò B � â îáëàñòè 3, ïóíêò C � â îáëàñòè 3.
Ñóòî÷íûé âûïóñê ãàçåò â ïóíêòàõ ïå÷àòàíèÿ ñîñòàâëÿåò
QA = 230000, QB = 160000, QC = 190000 ýêçåìïëÿðîâ.
Ïîòðåáíîñòü â ãàçåòàõ äëÿ êàæäîé îáëàñòè ñîñòàâëÿåò:
q1 = 70000, q2 = 80000, q3 = 90000, q4 = 80000, q5 = 90000,
q6 = 75000, q7 = 95000 ýêçåìïëÿðîâ.
Äëÿ ïðîñòîòû ïðèìåì, ÷òî ïîòðåáëåíèå ãàçåò â êàæäîé îáëàñòè
ñîñðåäîòî÷åíî â îäíîì ïóíêòå è ÷òî â 1 � 3 îáëàñòÿõ ãàçåòû
ïîëó÷àþò èç ïóíêòîâ ïå÷àòè, â íèõ ðàñïîëîæåííûõ. Çàòðàòû
íà ïåðåâîçêó 1 000 ýêçåìïëÿðîâ ïðèâåäåíû â òàáëèöå:

Ïóíêò ïå÷àòàíèÿ 4 5 6 7
A 1, 1 1, 2 1, 3 3, 1
B 0, 9 3, 1 1, 4 1, 1
C 3, 8 2, 3 1, 6 1, 4

Íàéòè òàêîé ïëàí çàêðåïëåíèÿ ïóíêòîâ ïå÷àòàíèÿ ãàçåò çà îá-
ëàñòÿìè 4 � 7, ïðè êîòîðîì ñóììàðíûå çàòðàòû íà èõ ïåðåâîçêó
áûëè áû ìèíèìàëüíûìè.
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21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 23 16 20 26
21 ∞ 16 11 30 25
20 43 ∞ 35 5 11
21 46 25 ∞ 18 18
41 16 47 48 ∞ 15
13 25 5 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 4, 5, 8), b = (3, 12, 2, 17), C =




1 4 4 9
3 9 2 5
6 7 5 7
5 6 8 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 2;

á) ãàðàíòèðîâàíà ïåðåâîçêà a4 → b2 â îáúåìå x42 > 2.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

5x1 − x2 − x3 → min, xj ∈ Z+,

{
2x1 + 2x2 − x3 = 9,

3x1 − 2x2 + 2x3 = −5.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 25, a = (9, 6, 3, 8, 7, 4), b = (7, 4, 2, 5, 1, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 6 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 13 11 10 8 7 7
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 2 4 5 6 7
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Âàðèàíò 6

1. x3 − (y − 1)3 − 3xy2 → extr .

2. xy2z3 → extr, x + y + z = 12 .

3. 3x2
2 − 11x1 − 3x2 − x3 → extr, x1 − 7x2 + 3x3 + 7 6 0,

5x1 + 2x2 − x3 6 2, x3 > 0 .

4. sin x× sin y + sin z → extr, x + y + z =
π

2
, x > 0, y > 0, z > 0.

5. y2 → extr, 3x3 + 2y3 − 9xy 6 −4.

6. Íàéòè ðàññòîÿíèå îò òî÷êè äî ãèïåðáîëû.

7. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé çàäà÷è áåç îãðàíè-
÷åíèé, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòîðîé ôóíêöèîíàë
îãðàíè÷åí, íî àáñîëþòíûå ìèíèìóì è ìàêñèìóì íå äîñòèãàþò-
ñÿ.

8. Âû÷èñëèòü max
x∈[−4,2]

min
y∈[0,2]

(x2 + αxy + y2).

9. x1x2+x2x3+· · ·+xn−1xn → max, x1+x2+· · ·+xn = a, xi > 0.

10. Êàêîå íàèìåíüøåå çíà÷åíèå ìîæåò èìåòü îòíîøåíèå ïëîùà-
äåé äâóõ ðàâíîáåäðåííûõ ïðÿìîóãîëüíûõ òðåóãîëüíèêîâ, òðè
âåðøèíû îäíîãî èç êîòîðûõ ëåæàò íà òðåõ ðàçíûõ ñòîðîíàõ
äðóãîãî?

11. f : R2 → R, f(x1, x2) = max
t∈[−1,1]

| − t2 + tx1 + x2| . Áóäåò ëè f

âûïóêëîé íà R2 ôóíêöèåé?

12. x2
1 + x2

2 + max(x1, x2) → min, |x1|+ |x2| 6 4.

13. Íåñêîëüêî ÿùèêîâ âìåñòå âåñÿò 10 òîíí, ïðè÷åì êàæäûé èç
íèõ âåñèò íå áîëåå îäíîé òîííû. Êàêîå íàèìåíüøåå êîëè÷åñòâî
òðåõòîíîê äîñòàòî÷íî, ÷òîáû çà îäèí ðàç óâåñòè âåñü ýòîò ãðóç?

14. Â òðàïåöèþ ñ óãëîì α ìåæäó îñíîâàíèåì è áîêîâîé ñòîðîíîé
âïèñàíà îêðóæíîñòü ðàäèóñîì R. Îïðåäåëèòü óãîë ìåæäó îñ-
íîâàíèåì è äðóãîé ñòîðîíîé, ïðè êîòîðîì ñðåäíÿÿ ëèíèÿ òðà-
ïåöèè ìèíèìàëüíà.
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15. −x1 − x2 + x3 → max, xi > 0,





x1 + x2 + x3 + x4 = 4,

x1 − 3x2 + x3 − x4 = −2,

2x1 − 2x2 + 2x3 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (1, 3) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





3x1 − x2 6 0,

2x1 + 3x2 6 13,

x1 + x2 6 4.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 − 2x2 − x3 → min, x1 6 0, x2 > 0,

{
3x1 − 4x2 − x3 6 1,

5x1 + 6x2 + x3 > 2.

18. 2x1+x2+x3−2x4 → min, xi > 0,

{
x1 + x2 − x3 + x4 6 6.

2x1 − x2 + 2x3 − x4 6 4.

19. x1 + 2x2 + 4x3

x1 + 2x2 + x3
→ min, xi > 0,

{
2x1 − x2 + 2x3 = 6,

x1 + x2 − x3 = 4.

20. Äëÿ êîðìëåíèÿ êîðîâ ôåðìåð ðàñïîëàãàò êëåâåðíûì è ëóãî-
âûì ñåíîì, ïîäñîëíå÷íûì ñèëîñîì, êîðìîâîé ñâåêëîé, êàð-
òîôåëåì è êîíöåíòðàòàìè. Äëÿ íîðìàëüíîãî ðàçâèòèÿ ñêîòà
íåîáõîäèìî, ÷òîáû äíåâíîé ðàöèîí âêëþ÷àë 19,26 êîðìîâûõ
åäèíèö, 1926 ã. ïåðåðàáîòàííîãî áåëêà, 114 ã. êàëüöèÿ è 85 ã.
ôîñôîðà.
Òðåáóåòñÿ îñòàâèòü íàèáîëåå äåøåâûé äíåâíîé ðàöèîí, îáåñïå-
÷èâàþùèé íåîáõîäèìîå êîëè÷åñòâî ïèòàòåëüíûõ âåùåñòâ. Ñî-
äåðæàíèå ïèòàòåëüíûõ âåùåñòâ (â ãðàììàõ) è öåíà 1 êã. êîðìîâ
ïðèâåäåíà â òàáëèöå ( �1 � áåëîê, �2 � êàëüöèé, �3 � ôîñ-
ôîð).
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Êîðì Öåíà êîðì. �1 �2 �3
1 êã 1êã, ó.å. åä.
ñåíî

êëåâåðíîå 1, 7 0, 54 56 9, 29 1, 95
ñåíî

ëóãîâîå 1, 2 0, 52 36 6, 02 2, 14
ñèëîñ

ïîäñîëíå÷íûé 0, 8 0, 18 12 3, 55 0, 65
ñâåêëà 1, 5 0, 12 3 0, 38 0, 33

êàðòîôåëü 2, 4 0, 30 9 0, 14 0, 68
êîíöåíòðàòû 4, 0 1, 06 196 2, 60 7, 60

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 23 56 20 26
21 ∞ 16 11 30 25
20 43 ∞ 3 35 11
21 46 25 ∞ 18 18
41 16 17 8 ∞ 15
13 25 5 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 7, 5, 9), b = (3, 11, 4, 17), C =




9 4 4 9
3 9 2 5
6 3 5 7
5 6 3 5


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b2 îãðàíè÷åíà x12 6 5;

á) ãàðàíòèðîâàíà ïåðåâîçêà a1 → b4 â îáúåìå x14 > 7.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−3x1 + x2 − x3 → min, xj ∈ Z+,

{
−x1 + x2 + 3x3 = 5,

2x1 − x2 + x3 = 1.
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24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 25, a = (9, 6, 13, 8, 7, 5), b = (7, 9, 2, 5, 1, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 5 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 15 13 11 10 8 8
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 2 4 4 6 6

Âàðèàíò 7

1. x3 + y3 − 3xy → extr .

2. y2 + 4z2 − 4yz − 2xz − 2xy → extr, 2x2 + 3y2 + 6z2 = 1 .

3. x2 + y2 → extr, 6x− 4y + 5 > 0, y − x + 1 > 0, x > 0, y > 0 .

4. x3
1 + x3

2 + · · ·+ x3
n → extr, x1 +

x2

2
+ · · ·+ xn

n
6 1, xi > 0 .

5. xy3 → extr, 2x + 3y > 7, x > 0, y 6 0.

6. Íà ýëëèïñîèäå x2

a2
+

y2

b2
+

z2

c2
= 1 íàéòè òî÷êó, íàèáîëåå óäà-

ëåííóþ îò íà÷àëà êîîðäèíàò.

7. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòîðîé èìååòñÿ áåñêîíå÷-
íîå ÷èñëî ëîêàëüíûõ ìèíèìóìîâ, íî íåò íè îäíîãî ëîêàëüíîãî
ìàêñèìóìà.

8. Âû÷èñëèòü max
x∈[−4,6]

min
y∈[−4,2]

(αx2 + αxy + 2y2).

9. Ñóììà äëèí äâóõ ñòîðîí òðåóãîëüíèêà ðàâíà a , à óãîë ìåæ-
äó íèìè ðàâåí π

6
. Êàêîâû äîëæíû áûòü äëèíû ñòîðîí ýòîãî

òðåóãîëüíèêà, ÷òîáû åãî ïëîùàäü áûëà íàèáîëüøåé?
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10. Âïèñàòü â êðóãîâîé ñåêòîð ðàäèóñîì R ñ öåíòðàëüíûì óãëîì
α ïðÿìîóãîëüíèê íàèáîëüøåé ïëîùàäè.

11. f : R2 → R, f(x1, x2) = max
t∈[0,2]

|t2 + tx1 + x2| . Áóäåò ëè f âû-

ïóêëîé íà R2 ôóíêöèåé?

12. |x| − |y| → extr, x2 + 2x + y2 − 4y 6 0.

13. Ìàëûø ìîæåò ñúåñòü òîðò çà 10 ìèíóò, áàíêó âàðåíüÿ � çà
13 ìèíóò, âûïèòü êàñòðþëþ ìîëîêà çà 14 ìèíóò, à Êàðëñîí
ìîæåò ñäåëàòü ýòî çà 6, 6, 7 ìèíóò ñîîòâåòñòâåííî. Çà êàêîå
íàèìåíüøåå âðåìÿ îíè âäâîåì ñìîãóò ïîêîí÷èòü ñ çàâòðàêîì,
ñîñòîÿùèì èç òîðòà, áàíêè âàðåíüÿ è êàñòðþëè ìîëîêà?

14. Ïðè êàêîì íàèáîëüøåì çíà÷åíèè k äëÿ ëþáûõ òðåõ âåùåñòâåí-
íûõ íåîòðèöàòåëüíûõ ÷èñåë a, b, c, ñóììà êîòîðûõ ðàâíà 1,
âûïîëíÿåòñÿ íåðàâåíñòâî

(a + b)(b + c)(c + a) > kabc?

15. x1 + x2 + x3 → max, xi > 0,





x1 + x2 + x3 + x4 = 4,

x1 − 3x2 + x3 − x4 = −2.

4x2 + 2x4 = 6.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−1, 3) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





3x1 − x2 6 0,

2x1 + 3x2 6 12,

x1 + x2 6 2.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

3x1 + 2x3 + x4 → min, x1 6 0, x2 > 0,

{
x1 − x3 − x4 > 1,

5x1 + 6x2 + x3 > 2.

18. 3x1−x2 + 2x3 + x4 → min, xi > 0,

{
x1 + 2x2 − x3 − x4 6 5,

2x1 − x2 + x3 − x4 6 3.

26



19. 2x1 + 3x2

2x1 + x2
→ max, xi > 0,





3x1 + x2 > 8,

x1 − x2 6 −3,

2x1 − x2 6 6.

20. Íà êîíäèòåðñêîé ôàáðèêå èçãîòîâëÿþò òðè âèäà âîñòî÷íûõ
ñëàäîñòåé, äëÿ êîòîðûõ èñïîëüçóåòñÿ ìèíäàëü, ôóäóê è àðà-
õèñ. Ìèíäàëü ïîêóïàåòñÿ ïî öåíå (çà òîííó) 6 500 ó.å.,
ôóíäóê � 2 500 ó.å., àðàõèñ � 3 500 ó.å.
Ïðîäóêò îäèí äîëæåí ñîäåðæàòü íå ìåíåå 50% ìèíäàëÿ è íå
áîëåå 25% ôóíäóêà, ïðîäóêò äâà � íå ìåíåå 25% ìèíäàëÿ è
íå áîëåå 50% ôóíäóêà, ïðîäóêò òðè ìîæåò ñîäåðæàòü ëþáîå
êîëè÷åñòâî ìèíäàëÿ, ôóíäóêà è àðàõèñà. Ïðîäàæíàÿ öåíà ïðî-
äóêòà 1 (1 òîííà) � 5 000 ó.å., ïðîäóêòà 2 � 3 500 ó.å., ïðîäóêòà
3 � 2 500 ó.å. Çàïàñû ñûðüÿ îãðàíè÷åíû:
ìèíäàëÿ � 100 ò., ôóíäóêà � 100 ò., àðàõèñà � 60 ò.
Êàêîå êîëè÷åñòâî ïðîäóêòà äâà ñëåäóåò ïðîèçâîäèòü, ÷òîáû ïî-
ëó÷èòü ìàêñèìàëüíóþ ïðèáûëü?

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 23 6 20 26
21 ∞ 16 11 30 25
20 13 ∞ 35 5 11
21 46 25 ∞ 18 18
41 16 47 48 ∞ 15
13 25 15 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (7, 14, 5, 8), b = (5, 9, 12, 17), C =




4 5 6 9
3 9 2 5
6 7 5 7
5 6 8 1


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a2 → b2 îãðàíè÷åíà x22 6 5;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 4.
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23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

3x2 + 2x3 → min, xj ∈ Z+,

{
−x1 + x2 + 3x3 = 5,

2x1 − x2 + x3 = 1.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 26, a = (9, 6, 3, 8, 7, 9), b = (7, 4, 2, 5, 5, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 6 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 17 15 13 10 8 7
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 2 3 5 6 6

Âàðèàíò 8

1. x2 − y2 + 2e−x2 → extr .

2. ax2 + by2 + cz2 → extr, x + y + z = 1, a > 0, b > 0, c > 0 .

3. 2x1 − x2
1 + x2 → extr, 3x1 + 2x2 6 1, x2

1 + x2
2 6 16 .

4. x2
1x

3
2 . . . xn+1

n → extr, x1 + x2 + · · ·+ xn 6 1, xi > 0.

5. x2y2 → extr, 5x− 3y > 19, x > 1, y > −1.

6. Âïèñàòü â çàäàííûé êðóã òðåóãîëüíèê ìàêñèìàëüíîé ïëîùàäè.

7. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è áåç îãðàíè÷åíèé, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòîðîé
ôóíêöèîíàë îãðàíè÷åí, èìååò ëîêàëüíûå ìàêñèìóìû è ìèíè-
ìóìû, à ãëîáàëüíûå ìàêñèìóì è ìèíèìóì íå äîñòèãàþòñÿ.

8. Âû÷èñëèòü max
x∈[−4,0]

min
y∈[−2,2]

(x2 + αxy − 2y2).
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9. Äâå ñòîðîíû òðåóãîëüíèêà ABC ðàâíû a, b . Êàêóþ íàèìåíü-
øóþ âåëè÷èíó ìîæåò èìåòü íàèáîëüøèé óãîë òðåóãîëüíèêà?

10. Íàéòè ðàññòîÿíèå îò òî÷êè äî êîíóñà z >
√

x2 + y2 .

11. f : R2 → R, f(x1, x2) = max
t∈[−1,1]

|t2 + tx1 + x2| . Áóäåò ëè f

âûïóêëîé íà R2 ôóíêöèåé?

12. x2
1 + 2x2

2 + max(x1,−x2) → min, |2x1|+ |x2| 6 4.

13. Êàêîå èç ÷èñåë áîëüøå:

100! èëè 100
(100

e

)100

.

14. Ïóñòü x0 � òî÷êà ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f. Áóäåò ëè
òî÷êà x0 òî÷êîé ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè cos f, åñëè
f � íåïðåðûâíàÿ (ïðîèçâîëüíàÿ) ôóíêöèÿ.

15. x1 − 4x2 + 2x3 → min, xi > 0,





x1 + 2x2 − x3 + x4 = 3,

x1 − 4x2 + x3 = −2,

2x1 − 2x2 + x4 = 1.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−2, 4) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





4x1 − 2x2 6 0,

2x1 + 3x2 6 10,

x1 + x2 6 2.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 − 2x2 − x3 → min, x1 6 0, x2 > 0, x3 > 0,{

3x1 − 4x2 − x3 6 1,

5x1 + 6x2 + x3 = 10.

18. −x1 + 3x2 + 2x3 + x4 → min, xi > 0,{
−x1 + x2 − x3 + 3x4 6 3,

2x1 + x2 + 2x3 − x4 6 4.
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19. 2x1 − x2 + 2x3

x1 + 2x2 + x3
→ max, xi > 0,

{
x1 − 2x2 + x3 = 4,

x1 − x3 = 6.

20. Íà ïðîèçâîäñòâî ïîñòóïèëà ïàðòèÿ ñòåðæíåé äëèíîé 250 ñì. è
190 ñì. Íåîáõîäèìî ïîëó÷èòü íå ìåíåå 470 îòðåçêîâ ïî 45 ñì.
è íå ìåíåå 450 îòðåçêîâ ïî 80 ñì. Êàê ðàçðåçàòü èìåþùèåñÿ
ñòåðæíè, ÷òîáû ñîêðàòèòü äî ìèíèìóìà îòõîäû?

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 6 20 26
21 ∞ 16 11 30 25
20 13 ∞ 35 5 11
21 46 25 ∞ 18 18
41 16 47 8 ∞ 15
13 25 35 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (7, 14, 5, 18), b = (15, 9, 12, 17), C =




4 5 3 9
3 9 2 5
6 7 5 7
5 6 8 9


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 çàïðåùåíà x11 = 0;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b1 â îáúåìå x21 > 12.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

x1 − 3x2 + 2x3 → min, xj ∈ Z+,

{
−2x1 + x2 − x3 = 0,

x1 + 2x2 + 3x3 = 20.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 26, a = (9, 4, 3, 8, 5, 9), b = (7, 4, 2, 5, 7, 3).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 18 16 14 12 8 8
çàòðàòû íà îáñëóæèâàíèå, ó.å. 1 3 5 5 5 6

Âàðèàíò 9

1. (x− y)2 + (2− y)2 → extr .

2. x2 − 3xy2 + 18y → extr, 3x− y − 6 = 0 .

3. −x2 − y2 + 6x → extr, x + y 6 5, x > 0, y > 0 .

4. 1
x1

+
2
x2

+ · · ·+ n

xn
→ extr, x1 + 2x2 + · · ·+ nxn 6 1, xi > 1

n2
.

5. y3 → extr, 9x3 + 2y3 − 27xy 6 −16, x > 0.

6. Íà ñêîëüêî ÷àñòåé è êàê íóæíî ðàçëîæèòü îòðåçîê äàííîé äëè-
íû a , ÷òîáû ïðîèçâåäåíèå äëèí âñåõ ïîëó÷åííûõ îòðåçêîâ áû-
ëî íàèáîëüøèì?

7. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è áåç îãðàíè÷åíèé, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòî-
ðîé ôóíêöèîíàë îãðàíè÷åí, ñóùåñòâóþò ãëîáàëüíûé ìèíèìóì
è ëîêàëüíûé ìàêñèìóì, à ãëîáàëüíîãî ìàêñèìóìà íå ñóùåñòâó-
åò.

8. Âû÷èñëèòü max
x∈[−4,4]

min
y∈[−2,2]

(x2 + αxy − αy2).

9. Äâå ñòîðîíû òðåóãîëüíèêà ABC ðàâíû a, b . Êàêóþ âåëè÷èíó
ìîæåò èìåòü íàèìåíüøèé óãîë òðåóãîëüíèêà?

10. Íàéòè ðàññòîÿíèå ìåæäó ìíîæåñòâàìè

2x2 − 4xy + 2y2 − x− y = 0, 9x− 7y + 16 = 0.

11. x1 + (x2 + 3)2 → extr, |x1 + 1|+ |x2| 6 1
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12. Áóäåò ëè âûïóêëîé êîìïîçèöèÿ äâóõ âûïóêëûõ ôóíêöèé?

13. Íàéòè íàèìåíüøåå çíà÷åíèå x , äëÿ êîòîðîãî ñóùåñòâóþò y, z
òàêèå, ÷òî

x2 + 2y2 + z2 + xy − xz − yz = 1.

14. Äàí ïðÿìîóãîëüíûé òðåóãîëüíèê, îäèí èç îñòðûõ óãëîâ êîòî-
ðîãî ðàâåí α . Íàéòè îòíîøåíèå ðàäèóñîâ îïèñàííîé è âïèñàí-
íîé îêðóæíîñòåé è îïðåäåëèòü, ïðè êàêîì α ýòî îòíîøåíèå
áóäåò íàèáîëüøèì.

15. x1 + x2 + x3 + 3x4 + x5 → max, xi > 0,



x1 − x2 + x3 + x4 + 4x5 = 2,

x1 + x2 − x3 + x4 + 2x5 = 0,

x1 + x2 + x3 + 3x4 + 12x5 = 12.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−1, 3) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





3x1 − 1x2 6 0,

2x1 + 3x2 6 9,

x1 + x2 6 2.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 − 2x2 − x3 → min, x1 6 0, x3 > 0,

{
3x1 − 4x2 − x3 > 1.

5x1 + 6x2 + x3 > 2.

18. −x1 + x2 + 2x3 + 4x4 → min, xi > 0,{
x1 + 3x2 − x3 − x4 6 5,

−x1 + x2 − x3 + 2x4 6 5.

19. 4x1 + x2 − x3

2x1 + x2 + x3
→ min, xi > 0,

{
2x1 − x2 + 2x3 = 4,

x1 + x2 = 3.

20. Â öåõ ïîñòóïèëè ñòåðæíè äëèíîé 107 ñì. Äëÿ äàëüíåéøåãî ïðî-
èçâîäñòâà ïîòðåáóåòñÿ íå ìåíåå 210 îòðåçêîâ äëèíîé 26 ñì., íå
ìåíåå 163 îòðåçêà ïî 29 ñì. è íå ìåíåå 175 îòðåçêîâ ïî 32 ñì.
Íåîáõîäèìî óäîâëåòâîðèòü äàííóþ ïîòðåáíîñòü, ðàçðåçàâ ïðè
ýòîì êàê ìîæíî ìåíüøå ñòåðæíåé.
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21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 37 23 6 20 26
21 ∞ 16 11 30 25
20 13 ∞ 8 5 11
11 16 25 ∞ 18 18
41 16 17 8 ∞ 15
13 25 35 19 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (7, 14, 5, 13), b = (15, 8, 12, 17), C =




2 3 5 6
3 9 2 2
6 7 5 7
5 6 8 9


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b2 çàïðåùåíà x12 = 0;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 10.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

3x1 + 4x2 − x3 → min, xj ∈ Z+,

{
2x1 − x2 + 3x3 = 12,

x1 + x2 + 2x3 = 10.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 25, a = (7, 5, 4, 8, 6, 9), b = (7, 4, 2, 5, 7, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 16 14 12 10 8 7
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 5 5 6 6
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Âàðèàíò 10

1. x3 + y3 + z3 + 12xy + 2z → extr .

2. xyz → extr, x + y + z = 5, xy + xz + yz = 8.

3. 8x2 + 10y2 − 12xy + 50x− 80y → extr, x + y 6 1, 8x2 + y2 6 2.

4. xy2z3 → extr, x + 2y + 3z = 1, x2 + y2 + z2 6 1.

5. y3 → extr, −36x3 + y3 − 27xy 6 8, x > 0.

6. Íàéòè íàèáîëüøèé îáúåì ïàðàëëåëåïèïåäà ïðè äàííîé
ñóììå äëèí åãî ðåáåð.

7. Íàéòè íàèáîëüøèé ÷ëåí ïîñëåäîâàòåëüíîñòè n
1
n , n ∈ N.

8. Âû÷èñëèòü max
x∈[−4,4]

min
y∈[−2,2]

(−x2 + αxy − αy2).

9. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è áåç îãðàíè÷åíèé, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòîðîé
èìååòñÿ áåñêîíå÷íîå ÷èñëî ëîêàëüíûõ ìèíèìóìîâ, íî íåò è îä-
íîãî ëîêàëüíîãî ìàêñèìóìà.

10. Íàéòè òðåóãîëüíèê íàèìåíüøåãî ïåðèìåòðà, çíàÿ äâå åãî âåð-
øèíû A, B è ïðÿìóþ l , êîòîðîé ïðèíàäëåæèò òðåòüÿ âåðøè-
íà.

11. |x1|+ x2
2 → extr, x2 6 2, x2 > 1 + x1, x2 > 1− x1.

12. f � âûïóêëàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, çàäàííàÿ íà R. Áó-
äåò ëè âûïóêëîé íà R ôóíêöèÿ f2 ?

13. Âûñîòà, îïóùåííàÿ èç âåðøèíû îñíîâàíèÿ ïðàâèëüíîé òðå-
óãîëüíîé ïèðàìèäû íà ïðîòèâîïîëîæíóþ åé áîêîâóþ ãðàíü,
ðàâíà b. ×åìó äîëæíà ðàâíÿòüñÿ ñòîðîíà îñíîâàíèÿ ïèðàìè-
äû, ÷òîáû åå îáúåì áûë íàèáîëüøèì?

14. Â äâà ðàçëè÷íûõ ñîñóäà íàëèòû ðàñòâîðû ñîëè, ïðè÷åì â ïåð-
âûé ñîñóä íàëèòî 5êã, âî âòîðîé � 20êã. Ïðè èñïàðåíèè âîäû
ïðîöåíòíîå ñîäåðæàíèå ñîëè â ïåðâîì ñîñóäå óâåëè÷èëîñü â p
ðàç, âî âòîðîì � â q ðàç. Î ÷èñëàõ p, q èçâåñòíî, ÷òî pq = 9 .
Êàêîå íàèáîëüøåå êîëè÷åñòâî âîäû ìîãëî ïðè ýòîì èñïàðèòüñÿ
èç îáîèõ ñîñóäîâ âìåñòå?
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15. x1 + 2x2 + 2x5 → min, xi > 0,





x1 + x2 + x3 + x4 + x5 = 2,

x2 + x3 + x4 − x5 = 2.

x3 − x4 + x5 = 1.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (1, 4) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





4x1 − x2 6 0,

2x1 + 3x2 6 15,

x1 + x2 6 5.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ: x1 − 2x2 − x3 → min,

x1 6 0, x2 6 0, x3 6 0,

{
3x1 − 4x2 − x3 = 1,

5x1 + 6x2 + x3 = 2.

18. 2x1−2x2+x3+x4 → min, xi > 0,

{
2x1 + x2 + 2x3 − x4 6 6,

3x1 − x2 + x3 + 2x4 6 5.

19. −2x1 − 3x2 + x3

2x1 + x2 + x3
→ max, xi > 0,

{
x1 + x2 + x3 = 4,

−2x1 + x2 − x3 = 1.

20. Çàâîä çàêëþ÷èë äîãîâîð íà ïîñòàâêó êîìïëåêòîâ îòðåçêîâ ñòåðæ-
íåé äëèíîé ïî 18, 23 è 32 ñì. Ïðè÷åì êîëè÷åñòâà îòðåçêîâ ðàç-
íîé äëèíû â êîìïëåêòå äîëæíû áûòü â ñîîòíîøåíèè 1 : 5 : 3.
Íà äàííûé ìîìåíò èìååòñÿ 80 ñòåðæíåé äëèíîé ïî 89 ñì. Êàê
èõ ñëåäóåò ðàçðåçàòü, ÷òîáû êîëè÷åñòâî êîìïëåêòîâ áûëî ìàê-
ñèìàëüíûì?

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 46 20 26
21 ∞ 16 11 30 25
20 13 ∞ 8 5 11
11 16 25 ∞ 18 18
41 16 17 8 ∞ 15
13 25 35 19 5 ∞




.
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22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (9, 14, 5, 12), b = (16, 8, 8, 17), C =




1 3 5 6
3 8 2 2
6 7 5 7
5 6 5 9


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 5;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b1 â îáúåìå x21 > 7.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x1 − 2x2 + x3 → min, xj ∈ Z+,

{
3x1 + x2 − 2x3 = 15,

2x1 − x2 + x3 = 9.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 26, a = (7, 5, 4, 8, 4, 9), b = (6, 4, 2, 5, 7, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 8 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 19 17 16 14 12 8
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 2 5 5 6 7

Âàðèàíò 11

1. x2 − y2 + 6y − 4x → extr .

2. x + y + z → extr,
1
x

+
1
y

+
1
z

= 1.

3. x2 + 2xy + 3y2 + x + y → extr, x2 + y2 6 1, x− y 6 1
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4. xyz(x + y + z) → extr, x4 + y4 + z4 6 1.

5. y3 → extr, 3x3 + 2y3 − 9xy > −4, x 6 0.

6. Âïèñàòü â øàð ïðîñòðàíñòâà Rn ïðÿìîóãîëüíûé ïàðàëëåëåïè-
ïåä ìàêñèìàëüíîãî îáúåìà.

7. Íàéòè ðàññòîÿíèå îò ýëëèïñà x2

4
+

y2

9
= 1 äî ïðÿìîé

3x + y − 9 = 0.

8. Âû÷èñëèòü max
x∈[−4,4]

min
y∈[−2,2]

(−x2 − αxy + αy2).

9. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòîðîé èìååòñÿ áåñêîíå÷-
íîå ÷èñëî ëîêàëüíûõ ìàêñèìóìîâ, íî íåò íè îäíîãî ëîêàëüíîãî
ìèíèìóìà.

10. Íàéòè òðåóãîëüíèê íàèìåíüøåãî ïåðèìåòðà, çíàÿ âåðøèíó A
è ïðÿìûå l, m, êîòîðûì ïðèíàäëåæàò äâå äðóãèå âåðøèíû.

11. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ôóíêöèÿ
f : f(x1, x2) = xα

1 × x4−α
2

áóäåò âûïóêëîé íà ìíîæåñòâå {(x1, x2)|x1 > 0, x2 > 0} ?
12. (x1 − 3)2 + (x1 − x2)2 → min, max{|x1|, |x2|} 6 1.

13. Àáèòóðèåíòû ñäàâàëè ýêçàìåíû â òå÷åíèå òðåõ äíåé â îäíèõ è
òåõ æå àóäèòîðèÿõ. ×èñëî ýêçàìåíîâàâøèõñÿ êàæäûé äåíü àáè-
òóðèåíòîâ â êàæäîé àóäèòîðèè áûëî ðàâíî ÷èñëó àóäèòîðèé.
Åñëè áû ýêçàìåíû ïðîâîäèëèñü â äðóãîì êîðïóñå, òî èõ ìîæíî
áûëî áû ïðîâåñòè â äâà äíÿ, èñïîëüçóÿ êàæäûé äåíü îäíè è
òå æå àóäèòîðèè, ïðè÷åì êàæäûé äåíü â àóäèòîðèè àáèòóðèåí-
òîâ óäàëîñü áû ðàññàäèòü òàê, ÷òî ÷èñëî ðÿäîâ, à òàêæå ÷èñëî
ëþäåé â ðÿäó áûëî áû ðàâíî ÷èñëó àóäèòîðèé. Íàéòè ìèíè-
ìàëüíîå âîçìîæíîå êîëè÷åñòâî àáèòóðèåíòîâ, êîòîðûå ìîãëè
áûòü ïðîýêçàìåíîâàíû ïðè ýòèõ óñëîâèÿõ.

14. Ñðåäè òî÷åê ïëîñêîñòè, êîîðäèíàòû êîòîðûõ óäîâëåòâîðÿþò
óñëîâèþ

y = 4−
∣∣y − 6

x

∣∣−2
∣∣ 3
x
− 1

∣∣,
íàéòè òî÷êó ñ íàèáîëüøåé îðäèíàòîé.
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15. x1 + x2 + x3 + x4 + x5 + x6 → max, xi > 0,



x1 + x2 + x3 + x4 − x5 − x6 = 1,

x2 + x3 − x4 − x5 − x6 = 1,

x2 − x6 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−1, 3) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





3x1 − x2 6 0,

2x1 + 3x2 6 8,

x1 + x2 6 2.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 + 2x2 → max, x2 6 0,





3x1 − 4x2 = 1,

5x1 + 6x2 = 2,

−7x1 + 8x2 6 3.

18. −2x1 + x2 − x3 + x5 → min, xi > 0,





−2x2 + x4 + x5 = −3,

x3 − 2x4 = 2,

x1 + 3x2 − x4 6 5,

x1 + x3 > −3.

19. x1 − 2x2 + 3x4

x2 + 2x3
→ min, xi > 0,





x1 + x2 − x3 = 5,

−x1 + 2x2 > 1,

−3x1 + x2 + x4 = 1.

20. Íà îâîùíóþ áàçó ïðèáûë æåëåçíîäîðîæíûé ñîñòàâ, äîñòàâèâ-
øèé 300 òîíí îâîùåé. Èìååòñÿ 4 áðèãàäû ãðóç÷èêîâ, ïðåäëî-
æèâøèõ ñâîè óñëóãè íà ñëåäóþùèõ óñëîâèÿõ: áðèãàäà j áåðåò-
ñÿ ðàçãðóæàòü ïî aj òîíí â äåíü ïî ðàñöåíêå pj ó.å. çà òîííó.
Çà êàæäûé äåíü ïðîñòîÿ áàçà ïëàòèò øòðàô 250 ó.å. Êàêèå äî-
ãîâîðû íà ðàçãðóçêó ñîñòàâà ñëåäóåò çàêëþ÷èòü, ÷òîáû ìèíè-
ìèçèðîâàòü ñóììàðíûå çàòðàòû. Èñõîäíûå äàííûå ïðèâåäåíû
â òàáëèöå.
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� áðèãàäû aj pj

1 10 10
2 20 15
3 30 20
4 40 25

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 16 20 6
21 ∞ 16 11 30 25
20 13 ∞ 8 5 11
11 16 25 ∞ 18 18
41 16 17 8 ∞ 15
13 25 35 19 5 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (9, 14, 5, 12), b = (16, 8, 8, 14), C =




1 7 5 6
3 8 2 2
6 7 5 5
5 6 4 9


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 3;

á) ïåðåâîçêà a2 → b4 îãðàíè÷åíà x24 6 7.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x1 − x2 → min, xj ∈ Z+,

{
2x1 + 3x2 6 15,

x1 6 7.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 24, a = (7, 5, 4, 8, 4, 6), b = (6, 8, 2, 5, 7, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 8 ó.å.
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âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 19 18 16 15 12 9
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 5 6 8 8

Âàðèàíò 12

1. 5x2 + 4xy + y2 − 16x− 12y → extr .

2. x4
1 + · · ·+ x4

n → extr, x2
1 + · · ·+ x2

n = 1.

3. 2x2 + 4y2 → extr, x2 + 5y2 6 1, x > 0, y > 0.

4. sin x + sin y + sin z + 3 sin
x + y + z

3
→ extr .

5. y3 → extr, 12x3 + y3 − 18xy 6 −16, x 6 0.

6. Ñðåäè òðåóãîëüíèêîâ äàííîãî ïåðèìåòðà íàéòè òðåóãîëüíèê
ìàêñèìàëüíîé ïëîùàäè.

7. Ïðèâåñòè ïðèìåð ãëàäêîé êîíå÷íîìåðíîé ýêñòðåìàëüíîé çàäà-
÷è, çàäàííîé íà âñåì ïðîñòðàíñòâå, â êîòîðîé èìååòñÿ åäèí-
ñòâåííûé ëîêàëüíûé ýêñòðåìóì, íå ÿâëÿþùèéñÿ ãëîáàëüíûì.

8. Âû÷èñëèòü max
x∈[−4,4]

min
y∈[−2,2]

(−αx2 − αxy + y2).

9. Äàí îòðåçîê AB è ïðÿìàÿ l . Íà äàííîé ïðÿìîé íàéòè òî÷êó,
èç êîòîðîé îòðåçîê AB âèäåí ïîä íàèáîëüøèì óãëîì.

10. Ïóñòü x0 � òî÷êà ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f. Áóäåò
ëè òî÷êà x0 � òî÷êîé ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f3 + f,
åñëè f � íåïðåðûâíàÿ (ïðîèçâîëüíàÿ) ôóíêöèÿ.

11. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ôóíêöèÿ

f : f(x1, x2) = αx2
1x

2
2 + (x2

1 + x2
2)

2

áóäåò âûïóêëîé íà R2 ?

12. max{x2
1, x2} → extr, 2x1 + 3x2 > 6.

13. Â ïàðàáîëó y = ax2 + bx + c âïèñàí ÷åòûðåõóãîëüíèê ABCD
ìàêñèìàëüíîé ïëîùàäè ñ äèàãîíàëÿìè AC, BD . Íàéòè êîîð-
äèíàòû âåðøèíû C, åñëè A(−3,−4), B(−2,−1), D(1,−4).
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14. Ñîñòàâèòü óðàâíåíèå îêðóæíîñòè íàèìåíüøåãî ðàäèóñà,
âíóòðè êîòîðîé ïîìåùàåòñÿ ìíîæåñòâî, çàäàííîå íà êîîðäè-
íàòíîé ïëîñêîñòè óñëîâèåì

|2y + 3x− 2|+ |3x + 6| 6 6.

15. x1 + x3 + x6 → max, xi > 0.



x1 + 4x2 + x3 + 3x4 − 2x5 + x6 = 15,

x1 + 4x2 − x3 − x4 + x6 = 5,

2x1 + 6x2 + x3 + 4x4 − 2x5 + x6 = 22.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−2, 3) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





3x1 − 2x2 6 0,

2x1 + 3x2 6 7,

x1 + x2 6 1.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 → min, x1 > 0, x3 > 0,



3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 − 10x2 + x3 → max, xi > 0,

{
x1 − 5, 5x2 − 7x3 = −13,

x1 − 14, 5x2 + 7x3 = 15.

19. −2x1 + x2

x1 + 3x2 + 2x4
→ min, xi > 0,





4x1 − x2 6 5,

x1 + 3x2 − x3 = 7,

3x1 + 4x2 + x4 = 17.

20. Â îáðàáîòêó ïîñòóïèëè äâå ïàðòèè äîñîê äëÿ èçãîòîâëåíèÿ
êîìïëåêòîâ èç òðåõ äåòàëåé, ïðè÷åì ïåðâàÿ ïàðòèÿ ñîäåðæèò
50 äîñîê ïî 6,5 ìåòðîâ êàæäàÿ, à âòîðàÿ ïàðòèÿ ñîäåðæèò 200
äîñîê ïî 4 ìåòðà êàæäàÿ. Êàæäûé êîìïëåêò ñîñòîèò èç äâóõ
äåòàëåé ïî 2 ìåòðà è îäíîé äåòàëè äëèíîé 1,25 ìåòðà.
Êàê ðàñïèëèòü âñå äîñêè, ÷òîáû ïîëó÷èòü âîçìîæíî áîëüøåå
êîëè÷åñòâî êîìïëåêòîâ?
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21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 37 23 16 2 6
21 ∞ 16 11 30 25
20 13 ∞ 8 5 11
11 16 25 ∞ 18 18
41 16 17 8 ∞ 15
13 25 35 19 5 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (9, 14, 11, 12), b = (12, 8, 9, 14), C =




1 7 5 6
3 8 2 2
6 7 5 5
3 6 4 9


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a2 → b1 îãðàíè÷åíà x21 6 6;

á) ãàðàíòèðîâàíà ïåðåâîçêà a3 → b4 â îáúåìå x34 > 8.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−4x1 − 3x2 → min, xj ∈ Z+,

{
4x1 + x2 6 25,

2x1 + 3x2 6 37.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 29, a = (7, 5, 9, 8, 14, 6), b = (6, 8, 2, 5, 7, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 19 18 16 15 13 11
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 2 4 6 7 8
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Âàðèàíò 13

1. 3x2 + 4xy + y2 − 8x− 12y → extr .

2. x2
1 + · · ·+ x2

n → extr, x4
1 + x4

2 + · · ·+ x4
n = 1.

3. (x− 4)2 + (y − 3)2 → extr, y > x2, y 6 4.

4. x1x2 . . . xn → max, xi > 1
n ,

n∑
i=1

x2
i = 1.

5. y3 → extr, x3 + 2y3 − 6xy > 4, x > 0.

6. Ñðåäè âñåõ n �óãîëüíèêîâ äàííîãî ïåðèìåòðà íàéòè n � óãîëü-
íèê íàèáîëüøåé ïëîùàäè.

7. Ïóñòü P � ìíîãî÷ëåí ÷åòíîé ñòåïåíè, èìåþùèé åäèíñòâåííóþ
òî÷êó x0 òàêóþ, ÷òî P ′(x0) = 0 . Áóäåò ëè òî÷êà x0 òî÷êîé
ýêñòðåìóìà?

8. Âû÷èñëèòü max
x∈[2,4]

min
y∈[0,6]

(αx2 − 2αxy + 3y2).

9. Áîêîâîå ðåáðî ïðàâèëüíîé òðåóãîëüíîé ïèðàìèäû ðàâíî a è
ñîñòàâëÿåò ñ ïëîñêîñòüþ îñíîâàíèÿ óãîë α . Ïðè êàêîì α îáú-
åì ïèðàìèäû áóäåò íàèáîëüøèì?

10. Äâà ÷åëîâåêà, ó êîòîðûõ åñòü îäèí âåëîñèïåä, äîëæíû ïîïàñòü
èç ïóíêòà À â ïóíêò Â, íàõîäÿùèéñÿ íà ðàññòîÿíèè
40 êì îò À. Ïåðâûé ïåðåäâèãàåòñÿ ñî ñêîðîñòüþ 4 êì/÷àñ ïåø-
êîì è 30 êì/÷àñ íà âåëîñèïåäå. Âòîðîé � ïåøêîì ñî ñêîðîñòüþ
6 êì/÷àñ, íà âåëîñèïåäå � 20 êì/÷àñ. Çà êàêîå íàèìåíüøåå âðå-
ìÿ îíè ìîãóò äîáðàòüñÿ äî ïóíêòà Â(âåëîñèïåä íà ïóòè ìîæíî
îñòàâëÿòü áåç ïðèñìîòðà)?

11. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ôóíêöèÿ

f : f(x1, x2) = αx2
1x

2
2 + (x1 + x2)2

áóäåò âûïóêëîé íà R2 ?

12. ex1 → min, |x1|+ 2|x2| 6 4.
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13. Ñðåäè âñåõ êîìïëåêñíûõ ÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ
z · z = 25 , íàéòè òàêèå, ÷òî |z − 7| + |z − 7i| ïðèíèìàåò íàè-
ìåíüøåå çíà÷åíèå.

14. Òåëî ñîñòîèò èç öèëèíäðà è äâóõ êîíóñîâ, ïîñòðîåííûõ èçâíå
íà îñíîâàíèÿõ öèëèíäðà. Ýòî òåëî âïèñàíî â øàð äàííîãî ðà-
äèóñà òàê, ÷òî îñíîâàíèÿ è âåðøèíû êîíóñîâ ëåæàò íà ïîâåðõ-
íîñòè øàðà. Êîãäà òàêîå òåëî èìååò íàèáîëüøèé îáúåì?

15. x1 − 2x2 + x3 − 8x4 + x5 + x6 → max, xi > 0,



x1 + 4x2 + x3 + 3x4 − 2x5 + x6 = 15,

x1 + 4x2 − x3 − x4 + x6 = 5,

2x1 + 6x2 + x3 + 4x4 − 2x5 + x6 = 22.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (2, 4) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





4x1 − 2x2 6 0,

2x1 + 3x2 6 16,

x1 + x2 6 6.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 → min, x1 6 0, x3 > 0,



3x1 − 4x2 − x4 6 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. −6x1 + 10x2 − x3 → max, xi > 0,

{
2x1 + 5x2 + x3 = 20,

12x1 + 6x2 + x4 = 72.

19. −3x1 + 2x2 + x3

x1 + x2 + 3x5
→ min, xi > 0,





−x1 + 3x2 − x4 = 10,

2x1 + 4x2 − x3 − x4 = 20,

5x1 + 2x2 + x5 = 35,

−3x1 + 2x2 + x6 = 11.

20. Èìåþòñÿ ÷åòûðå ìåõàíèçìà A1, A2, A3, A4 êàæäûé èç êîòîðûõ
ìîæåò áûòü èñïîëüçîâàí íà êàæäîì èç ÷åòûðåõ âèäîâ ðàáîò
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B1, B2, B3, B4 ñ ïðîèçâîäèòåëüíîñòüþ (â óñëîâíûõ åäèíèöàõ),
çàäàíîé â âèäå òàáëèöû

B1 B2 B3 B4

A1 1 2 3 2
A2 2 4 1 1
A3 3 1 5 3
A4 3 4 3 1

Òðåáóåòñÿ òàê ðàñïðåäåëèòü ìåõàíèçìû ïî îäíîìó íà êàæäóþ
èç ðàáîò, ÷òîáû ñóììàðíàÿ ïðîèçâîäèòåëüíîñòü áûëà ìàêñè-
ìàëüíîé.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 37 23 16 29 6
11 ∞ 16 11 30 25
10 13 ∞ 8 15 11
11 16 25 ∞ 18 18
41 16 17 8 ∞ 15
13 25 35 9 5 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (19, 14, 11, 12), b = (12, 18, 9, 14), C =




1 7 5 6
3 8 2 2
6 7 5 5
3 6 4 9


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 8;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 8.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−6x1 − 8x2 → min, xj ∈ Z+,

{
4x1 + 9x2 6 75,

5x1 + 13x2 6 47.
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24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 29, a = (7, 8, 9, 8, 14, 6), b = (6, 2, 4, 5, 7, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 15 14 13 10 9 9
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 3 5 6 7

Âàðèàíò 14

1. 3xy − x2y − xy2 → extr .

2. xyz → extr,
x2

4
+ y2 +

z2

9
= 1.

3. 3x− y + z2 → extr, x + y + z 6 0, −x + 2y + z2 > 0.

4. x2 + y2 + z2 → extr, x + y + z 6 1, 2x− y − z > 0.

5. y3 → extr, 9x3 + 16y3 − 27xy 6 −2, x > 0.

6. Âïèñàòü â êðóã n -óãîëüíèê íàèáîëüøåé ïëîùàäè.

7. Äàíû òî÷êè A(4, 0, 4), B(4, 4, 4), C(4, 4, 0) . Íà ñôåðå
x2 +y2 +z2 = 4 íàéòè òî÷êó S , ÷òîáû îáúåì òåòðàýäðà SABC
áûë íàèìåíüøèì.

8. Âû÷èñëèòü min
x∈[2,4]

max
y∈[0,6]

(αx2 − 2αxy + 3y2).

9. Ïðè êàêîì íàòóðàëüíîì k âåëè÷èíà km−k ìàêñèìàëüíà?

10. Íà êíèæíîé ïîëêå ñòîÿò êíèãè ïî ìàòåìàòèêå è ïî ëîãèêå, âñå-
ãî èõ 20. Êàêîå ìàêñèìàëüíîå êîëè÷åñòâî êîìïëåêòîâ ìîæíî
ñîñòàâèòü, åñëè â êîìïëåêò âõîäÿò 5 êíèã ïî ìàòåìàòèêå è 5
êíèã ïî ëîãèêå.
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11. Ïðè êàêîì p > 0 ôóíêöèÿ f : f(x) =
|x|p
p

âûïóêëà íà R ?

12. max{|x1|, |x2 − 1|} → min, |x1|+ |x2| 6 8.

13. Ïóñòü À � òî÷êà îêðóæíîñòè ñ öåíòðîì â òî÷êå Î, Â � ñåðåäèíà
îòðåçêà ÎÀ. Äëÿ êàêîé òî÷êè îêðóæíîñòè Ì âåëè÷èíà óãëà
ÎÌÂ ìàêñèìàëüíà?

14. Íà äèàìåòðå ÀÂ îêðóæíîñòè åäèíè÷íîãî ðàäèóñà äàíà òî÷êà P.
×åðåç äàííóþ òî÷êó Ð ïðîâåñòè õîðäó ÑÄ òàê, ÷òîáû ïëîùàäü
÷åòûðåõóãîëüíèêà ÀÑÂÄ áûëà íàèáîëüøåé.

15. x1 + 2x2 + x3 − 2x4 + x5 − 2x6 → max, xi > 0,



x1 − x2 + x3 − x4 + x5 − x6 = 7,

2x1 + 3x2 − 2x3 − 3x4 + 2x5 + 3x6 = 3,

3x1 + 2x2 − x3 − 4x4 + 3x5 + 2x6 = 10.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−1, 5) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





5x1 − x2 6 0,

2x1 + 3x2 6 14,

x1 + x2 6 4.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 > 0, x3 > 0, x4 6 0,



3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. −6x1 + 10x2 − x3 → max, xi > 0,

{
2x1 + 5x2 + x3 = 20,

12x1 + 6x2 + x4 = 72.

19. x1 − 2x2 + 3x3

x2 + 2x4
→ min, xi > 0,





x1 + x2 − x3 = 5,

−x1 + 2x2 > 1,

−3x1 + x2 + x4 = 1.
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20. Íà êîíäèòåðñêîé ôàáðèêå äëÿ ïðîèçâîäñòâà êàðàìåëè èñïîëü-
çóþò ñàõàðíûé ïåñîê, ïàòîêó è ôðóêòîâîå ïþðå, ðåñóðñû êîòî-
ðûõ â ïëàíîâûé ïåðèîä çàäàíû ÷èñëàìè 600 ò., 200 ò. è
120 ò. ñîîòâåòñòâåííî. Ðàñõîä ñûðüÿ íà 1 òîííó êàðàìåëè (â òîí-
íàõ) ñîîòâåòñòâóþùåãî âèäà, à òàêæå ïðèáûëü (ó.å.) çàäàíû â
òàáëèöå.

Âèä ñûðüÿ Ðàñõîä ñûðüÿ
�1 �2 �3

Ñàõàðíûé ïåñîê 0, 6 0, 5 0, 4
Ïàòîêà 0, 4 0, 2 0, 3
Ôðóêòîâîå ïþðå − 0, 3 0, 3
Ïðèáûëü 140 150 130

Íàéòè ïëàí ïðîèçâîäñòâà êàðàìåëè, ïðè êîòîðîì ïðèáûëü ìàê-
ñèìàëüíà.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 16 29 6
11 ∞ 16 11 30 25
10 1 ∞ 8 15 11
11 16 25 ∞ 18 18
41 16 7 8 ∞ 15
13 25 35 9 5 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (19, 14, 11, 2), b = (12, 18, 9, 14), C =




1 7 5 5
3 8 2 1
6 7 5 5
3 1 4 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 10;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 4.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ
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3x1 + 2x2 + x3 → min, xj ∈ Z+,





x1 + 3x2 + x3 > 10,

2x1 + 4x3 > 14,

2x2 + x3 > 7.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 29, a = (7, 8, 9, 8, 14, 5), b = (6, 2, 4, 5, 7, 8).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 8 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 17 16 14 12 10 10
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 3 5 6 7

Âàðèàíò 15

1. x2 + y2 + z2 − xy + x− 2z → extr .

2. x2 + 4xy + 5y2 → extr, x2 + y2 = 1.

3. 2x2 + 3y2 → extr, x + y 6 8, −x + 2y 6 4, x > 0.

4. ax + by + cz → extr, ax2 + by2 + cz2 6 1.

5. y3 → extr, 14x3 + 4y3 − 21xy 6 4, x > 0.

6. Äàí óãîë è òî÷êà âíóòðè íåãî. ×åðåç ýòó òî÷êó ïðîâåñòè îòðå-
çîê, èìåþùèé êîíöû íà ñòîðîíàõ óãëà òàê, ÷òîáû ïîëó÷åííûé
òðåóãîëüíèê èìåë íàèìåíüøóþ ïëîùàäü.

7. Äàíû òî÷êè A(4, 0, 4), B(4, 4, 4), C(4, 4, 0) . Íà ñôåðå
x2 +y2 +z2 = 4 íàéòè òî÷êó S , ÷òîáû îáúåì òåòðàýäðà SABC
áûë íàèáîëüøèì.

8. Âû÷èñëèòü min
x∈[2,4]

max
y∈[0,6]

(−αx2 − 2αxy − 3y2).

9. Êàêîâî ìèíèìàëüíîå ÷èñëî ñòóäåíòîâ íà êóðñå, åñëè õîðîøî
óñïåâàþùèõ ñòóäåíòîâ íå áîëåå 48% è íå ìåíåå 45% .
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10. Ñðåäè âñåõ êîíóñîâ, ïåðèìåòð îñåâîãî ñå÷åíèÿ êîòîðûõ ðàâåí
8, íàéòè êîíóñ ìàêñèìàëüíîãî îáúåìà.

11. max{x1, x
2
2 − 1} → min, |x1|+ 4|x2| 6 12.

12. Áóäåò ëè âûïóêëîé íà R ôóíêöèÿ

f : f(x) = inf{x2
1 + x4

2|x1 + x2 = x}?

13. Íàéòè íàèáîëüøåå çíà÷åíèå ïðîèçâåäåíèÿ òðåõçíà÷íîãî ÷èñ-
ëà íà ñóììó òðåõ ñëàãàåìûõ, êàæäîå èç êîòîðûõ åñòü âçàèìíî
îáðàòíîå ÷èñëî ê öèôðàì ýòîãî òðåõçíà÷íîãî ÷èñëà.

14. Íàéòè íàèáîëüøóþ âåëè÷èíó áîêîâîé ïîâåðõíîñòè êðóãîâîãî
êîíóñà, âåðøèíà êîòîðîãî íàõîäèòñÿ â öåíòðå ýëëèïñà
x2 + 4y2 = 4 , âûñîòà íàïðàâëåíà ïî áîëüøåé îñè, à îäèí èç
äèàìåòðîâ îñíîâàíèÿ åñòü õîðäà.

15. x1 + x3 + x6 → max, xi > 0,



x1 + x2 + x3 + x4 − x5 − x6 = 1,

x2 + x3 − x4 − x5 − x6 = 1,

x2 − x6 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (3, 4) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





4x1 − 3x2 6 0,

2x1 + 3x2 6 19,

x1 + x2 6 7.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 6 0, x3 > 0, x4 6 0,



3x1 − 4x2 − x4 6 1,

5x1 + 6x2 + 2x3 + 4x4 > 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. −2x1 + 2x2 − 3x3 + 3x4 → min, xi > 0,





x1 − 2x2 + x4 = 3,

x2 + x3 − 2x4 = 5,

3x2 + x4 + x5 = 4.
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19. x1 − x2 − x3

2x1 + x2
→ min, xi > 0,

{
−x1 + x2 + 3x3 = 8,

2x1 − x2 − x3 = 4.

20. Íà ó÷àñòêå èìåþòñÿ äâå ãðóïïû âçàèìîçàìåíÿåìîãî îáîðóäîâà-
íèÿ ñ ðåñóðñàìè 280 íîðìî-÷àñîâ â ìåñÿö äëÿ êàæäîé ãðóïïû.
Ó÷àñòêó óñòàíîâëåí ïëàí âûïóñêà äâóõ âèäîâ èçäåëèé A1 = 80
øòóê è A2 = 90 øòóê. Â òàáëèöå ïðèâåäåíî âðåìÿ èçãîòîâëå-
íèÿ îäíîãî èçäåëèÿ íà îáåèõ ãðóïïàõ îáîðóäîâàíèÿ (â ÷àñàõ).

Ãðóïïà îáîðóäîâàíèÿ �1 �2
I 2 3
II 5 4

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 47 23 16 29 56
11 ∞ 16 11 30 25
10 1 ∞ 8 15 11
11 16 25 ∞ 18 18
41 16 7 8 ∞ 5
13 25 35 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 14, 11, 2), b = (12, 15, 9, 14), C =




2 7 5 5
3 8 2 1
3 7 5 5
2 1 4 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 9;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 8.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x3 → min, xj ∈ Z+,





−6x2 + 5x3 + x5 = 6,

7x2 − 4x3 + x4 = 4,

x1 + x2 + x3 = 9.
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24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 29, a = (7, 8, 9, 8, 4, 15), b = (6, 2, 4, 5, 7, 3).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 25 23 21 18 15 13
çàòðàòû íà îáñëóæèâàíèå, ó.å. 3 3 7 7 9 9

Âàðèàíò 16

1. x +
y

x
+

z

y
+

2
z
→ extr .

2. x− 2y + 2z → extr, x2 + 2y2 + 3z2 = 1.

3. x2 + y2 + z2 → extr, 2x− y + z 6 5, x + y + z 6 3, x > 0, z > 0.

4. x− y + z → extr, x2 + y2 + z2 6 1, x + y + z > 0.

5. y3 → extr, −7x3 + 16y3 − 21xy 6 −2, x > 0.

6. Èç âñåõ ïðÿìîóãîëüíûõ ïàðàëëåëåïèïåäîâ, èìåþùèõ äàííóþ
äèàãîíàëü, íàéòè ïàðàëëåëåïèïåä ìàêñèìàëüíîãî îáúåìà.

7. Ïóñòü P � ìíîãî÷ëåí íå÷åòíîé ñòåïåíè, èìåþùèé åäèíñòâåí-
íóþ òî÷êó x0 òàêóþ, ÷òî P ′(x0) = 0 . Áóäåò ëè òî÷êà x0 òî÷-
êîé ýêñòðåìóìà?

8. Âû÷èñëèòü min
x∈[2,4]

max
y∈[0,6]

(−2αx2 − 2αxy − 3y2).

9. Âíóòðè äàííîãî ÷åòûðåõóãîëüíèêà íàéòè òî÷êó, ñóììà ðàññòî-
ÿíèé îò êîòîðîé äî âåðøèí ìèíèìàëüíà.

10. Ìîæíî ëè â ïðÿìîóãîëüíèê ïëîùàäè 1 ïîìåñòèòü ðÿä íåïåðå-
ñåêàþùèõñÿ êðóãîâ òàê, ÷òîáû ñóììà èõ ðàäèóñîâ ðàâíÿëàñü
1998?
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11. x2
1 + |x2| → extr, x1 6 4, x1 > x2 + 2, x1 > 2− x2.

12. Áóäåò ëè âûïóêëîé íà R ôóíêöèÿ
f : f(x) = inf{x4

1 + x4
2 | x1 + x2 = x}?

13. ×òî áîëüøå: sin α

sin β
èëè α

β
, åñëè 0 < α < β <

π

2
?

14. Äåðåâíè À, Â, Ñ ðàñïîëîæåíû â âåðøèíàõ ðàâíîñòîðîííåãî
òðåóãîëüíèêà. Â äåðåâíå À æèâóò 100 øêîëüíèêîâ, â äåðåâíå
Â � 200, â äåðåâíå Ñ � 300. Ãäå íóæíî ïîñòðîèòü øêîëó, ÷òîáû
ñóììàðíîå ðàññòîÿíèå, ïðîõîäèìîå âñåìè øêîëüíèêàìè, áûëî
ìèíèìàëüíî?

15. x1 − 4x2 + x3 + x4 + x5 + x6 → min, xi > 0,



−2x1 + x2 + x3 + x5 = 20,

−x1 − 2x2 + x4 + 3x5 = 24,

3x1 − x2 − 12x5 + x6 = 18.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (1, 5) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → extr,





5x1 − x2 6 0,

2x1 + 3x2 6 20,

x1 + x2 6 6.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 6 0, x4 6 0,



3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. 3x1−x2+5x3+x4 → min, xi > 0,

{
4x1 − x2 + 5x3 + x4 = 5,

7x1 + x2 + 8x3 + 2x4 = 9.

19. x1 − x2 − 3x4

3x1 + 2x2 + x3
→ min, xi > 0,





x1 + x2 + x3 = 6,

3x1 − 2x2 + x4 = 9,

−x1 + 2x2 + x5 = 10.
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20. Îáîðóäîâàíèå ôàáðèêè ïîçâîëÿåò âûïóñêàòü ôðóêòîâûå êîì-
ïîòû â òðåõ âèäàõ òàðû: ñòåêëÿííîé â êîëè÷åñòâå 10ö, æåñòÿ-
íîé â êîëè÷åñòâå 10ö, è ïîëèýòèëåíîâîé â êîëè÷åñòâå 8ö.
Íàéòè ïðîèçâîäñòâåííóþ ïðîãðàììó ïðåäïðèÿòèÿ, ìàêñèìèçè-
ðóþùóþ ïðèáûëü, åñëè ñåáåñòîèìîñòü 1ö êîìïîòà ñîñòàâëÿåò:
â ñòåêëÿííîé áàíêå � 16 ó.å., â æåñòÿíîé � 10 ó.å. è â ïîëè-
ýòèëåíîâîé � 14 ó.å. Îòïóñêíàÿ öåíà 1 ö êîìïîòà ñîñòàâëÿåò: â
ñòåêëÿííîé áàíêå � 40 ó.å., â æåñòÿíîé � 30 ó.å., â ïîëèýòèëå-
íîâîé � 35 ó.å.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 16 29 56
11 ∞ 16 11 30 25
10 1 ∞ 8 15 11
11 16 25 ∞ 8 18
41 16 7 8 ∞ 5
13 25 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 14, 11, 7), b = (12, 15, 11, 14), C =




2 7 5 5
3 8 8 11
3 7 5 5
2 1 4 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 10;
á) ïåðåâîçêà a4 → b4 çàïðåùåíà x44 = 0.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x2 → min, xj ∈ Z+,





−6x2 + 5x3 + x5 = 6,

7x2 − 4x3 + x4 = 4,

x1 + x2 + x3 = 9.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 28, a = (4, 8, 9, 8, 9, 15), b = (6, 2, 4, 5, 7, 3).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 9 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 25 24 23 20 19 19
çàòðàòû íà îáñëóæèâàíèå, ó.å. 3 6 6 9 9 9

Âàðèàíò 17

1. xy2z3(1− x− 2y − 3z) → extr .

2. xyz → extr, x2 + y2 + z2 = 1, x + y + z = 0.

3. x2 + y2 + z2 → extr, 2x− y + z 6 5, x + y + z = 3.

4. α1x1 + · · ·+ αnxn → extr,
1
x1

+ · · ·+ 1
xn

6 1, xi > 0, αi > 0.

5. y3 → extr, −36x3 + y3 − 27xy 6 8, x > 1.

6. Ñðåäè âñåõ òåòðàýäðîâ ñ äàííûì îñíîâàíèåì è äàííîé ïëîùà-
äüþ áîêîâîé ïîâåðõíîñòè íàéòè òåòðàýäð íàèáîëüøåãî îáúåìà.

7. Ïóñòü P � ìíîãî÷ëåí íå÷åòíîé ñòåïåíè, èìåþùèé äâå òî÷êè
x1, x2 òàêèå, ÷òî P ′(x1) = P ′(x2) = 0 . Áóäóò ëè òî÷êè x1, x2

òî÷êàìè ýêñòðåìóìà?

8. Âû÷èñëèòü min
x∈[2,4]

max
y∈[0,6]

(−2αx2 + 2αx + y − 3y2).

9. Íà ãèïîòåíóçå AB ïðÿìîóãîëüíîãî òðåóãîëüíèêà ABC âçÿòà
òî÷êà X. M, N � åå ïðîåêöèè íà êàòåòû AC è BC. Ïðè êàêîì
ïîëîæåíèè òî÷êè X äëèíà îòðåçêà MN ìèíèìàëüíà?

10. Ïðåäïîëàãàåòñÿ èñïîëüçîâàòü 2000 äåí. åä. íà ïóòåâêè â äîìà
îòäûõà. Ïóòåâêè åñòü íà 15, 27 è 45 äíåé. Èõ ñòîèìîñòü ñî-
îòâåòñòâåííî 21, 40 è 60 äåíåæíûõ åäèíèö. Ñêîëüêî è êàêèõ
ïóòåâîê íóæíî êóïèòü, ÷òîáû îáùåå êîëè÷åñòâî äíåé îòäûõà
áûëî íàèáîëüøèì è âñå äåíüãè áûëè èçðàñõîäîâàíû.

11. ex1x2 → min, |x1|+ |x2| 6 1, 2|x1|+ 0, 5|x2| 6 1.
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12. Áóäåò ëè âûïóêëîé íà R ôóíêöèÿ

f : f(x) = inf{x2
1 + x2

2 + x2
3|x1 + x2 + x3 = x}?

13. ×òî áîëüøå: 4 tg 50 tg 90 èëè 3 tg 60 tg 100?

14. Â òðåóãîëüíîé ïèðàìèäå òðè ðåáðà, èñõîäÿùèå èç îäíîé âåð-
øèíû, ïåðïåíäèêóëÿðíû äðóã äðóãó, ïðè÷åì îäíî èç íèõ ðàâíî
ïðîòèâîëåæàùåìó åìó ðåáðó îñíîâàíèÿ, à ïðîèçâåäåíèå äëèí
äâóõ äðóãèõ ðåáåð ðàâíî a . Íàéòè íàèìåíüøåå çíà÷åíèå îáú-
åìà ïèðàìèäû.

15. 2x1 − 6x2 + 3x5 → max, xi > 0,



−2x1 + x2 + x3 + x5 + x6 = 20,

−x1 − 2x2 + x4 + 3x5 = 24,

3x1 − x2 − 12x5 + x6 = 18.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (2, 5) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





5x1 − 2x2 6 0,

2x1 + 3x2 6 20,

x1 + x2 6 7.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 > 0, x3 > 0, x4 > 0,



3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 > 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 + 2x2 + x3 + 3x4 + x5 → min, xi > 0,



x1 + x2 + 2x4 + x5 = 5,

x1 + x2 + x3 + 3x4 + 2x5 = 9,

x2 + x3 + 2x4 + x5 = 6.

19. 3x1 − 2x2

x2 + 3x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.
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20. Â ðåçåðâå òðåõ æåëåçíîäîðîæíûõ ñòàíöèé A, B, C íàõîäÿòñÿ
ñîîòâåòñòâåííî 50, 70 è 40 âàãîíîâ. Ñîñòàâèòü îïòèìàëüíûé
ïëàí ïåðåãîíà ýòèõ âàãîíîâ ê ÷åòûðåì ïóíêòàì ïîãðóçêè çåðíà,
åñëè ïóíêòó �1 òðåáóåòñÿ 60, �2 � 45, �3 � 65,
�4 � 30 âàãîíîâ. Ïðè ýòîì ñëåäóåò ó÷åñòü, ÷òî â ïóíêòàõ �1,
è �3 íåò óñëîâèé äëÿ äëèòåëüíîãî õðàíåíèÿ çåðíà, ïîýòîìó
åãî íåîáõîäèìî âûâåçòè èç íèõ ïîëíîñòüþ. Ñòîèìîñòü ïåðåãîíà
îäíîãî âàãîíà ñî ñòàíöèè A â óêàçàííûå ïóíêòû ñîîòâåòñòâåííî
ðàâíà 14, 13, 16, 11 ó.å.; ñî ñòàíöèè B � 12, 17, 14, 18 ó.å.; ñî
ñòàíöèè C � 15, 12, 11, 13 ó.å.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 16 9 6
11 ∞ 16 11 30 25
10 1 ∞ 8 11 19
11 16 25 ∞ 8 18
41 16 7 8 ∞ 5
13 12 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (7, 13, 11, 17), b = (12, 15, 11, 14), C =




8 7 5 5
3 5 8 11
3 4 5 5
2 3 4 2


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b2 îãðàíè÷åíà x12 6 3;

á) ãàðàíòèðîâàíà ïåðåâîçêà a4 → b1 â îáúåìå x41 > 6.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x2 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 29, a = (4, 8, 9, 8, 9, 9), b = (6, 7, 4, 5, 7, 8).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 25 24 23 20 19 17
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 4 6 7 8 9

Âàðèàíò 18

1. (2x2 + y2)e−(x2+y2) → extr .

2. xy2z3 → extr, x + y + z = 1.

3. x + y + ex−y → extr, x + y 6 1, x > 0, y > 0.

4. α1x1+· · ·+αnxn → extr,
1
x1

+
2
x2

+· · ·+ n

xn
6 1, xi > 0, αi > 0.

5. xy3 → extr, x + 5y 6 8, x > −1, y > −2.

6. Íàéòè ðàññòîÿíèå îò ýëëèïñîèäà x2

96
+y2 +z2 = 1 äî ïëîñêîñòè

3x + 4y + 12z = 128.

7. Ïðèâåñòè ïðèìåð äâóõ ãëàäêèõ ôóíêöèé, çàäàííûõ íà âñåì
ïðîñòðàíñòâå, êàæäàÿ èç êîòîðûõ íå èìååò ãëîáàëüíûõ ýêñ-
òðåìóìîâ, à èõ ñóììà èìååò íå ñîâïàäàþùèå ìåæäó ñîáîé ãëî-
áàëüíûå ìèíèìóì è ìàêñèìóì.

8. Âû÷èñëèòü min
x∈[−2,4]

max
y∈[0,6]

(−2αx2 + 2αx + y + 3y2).

9. Ðàññìàòðèâàþòñÿ âñå îñòðîóãîëüíûå òðåóãîëüíèêè ñ çàäàííû-
ìè ñòîðîíîé a è óãëîì α . Íàéòè ìàêñèìóì ñóììû êâàäðàòîâ
äëèí äâóõ îñòàâøèõñÿ ñòîðîí.

10. Ïðè êàêîì íàòóðàëüíîì n âåëè÷èíà ln 2 ln 3 . . . ln n

10n
ïðèíèìà-

åò íàèìåíüøåå çíà÷åíèå?

11. Áóäåò ëè âûïóêëûì ìíîæåñòâî âñåõ ïîñëåäîâàòåëüíîñòåé
{xn}∞n=1 òàêèõ, ÷òî inf

n
xn = 1?
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12. |x1 − 1|+ |2x2 − 4| → min, |x1 + 4|+ |x2| 6 1.

13. Íàéòè óãëû ðàâíîáåäðåííîãî òðåóãîëüíèêà, èìåþùåãî íàè-
áîëüøóþ ïëîùàäü ïðè äàííîé ïîñòîÿííîé äëèíå m ìåäèàíû,
ïðîâåäåííîé ê åãî áîêîâîé ñòîðîíå.

14. Èç ÷àøêè ñ êîôå â ÷àøêó ñ ìîëîêîì ïåðåëèëè ëîæêó êîôå,
çàòåì òàêóþ æå ëîæêó ñìåñè ïåðåëèëè îáðàòíî. ×åãî áîëüøå:
ìîëîêà â ÷àøêå ñ êîôå èëè êîôå â ÷àøêå ñ ìîëîêîì?

15. x1 + x2 + x3 + 2x4 + 3x5 + 2x6 → max, xi > 0,



x1 + x2 + 2x4 + 2x6 = 5,

x2 + x3 + x4 − x5 + 2x6 = 2,

x1 + x3 + x4 − x5 + 2x6 = 3.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−3, 5) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





5x1 − 3x2 6 0,

2x1 + 3x2 6 11,

x1 + x2 6 2.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:

x1 + 2x2 + x3 + 3x4 → min,





3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 + 2x2 − x3 + 3x4 − x5 → min, xi > 0,



x1 + x2 + 2x4 + x5 = 5,

x1 + x2 + x3 + 3x4 + 2x5 = 9,

x2 + x3 + 2x4 + x5 = 6.

19. 3x1 − 2x2

3x2 + 3x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.

20. Óãîëü òðåõ ñîðòîâ â êîëè÷åñòâå A1 = 300 ò., A2 = 250 ò.,
A3 = 350 ò. ðàñïðåäåëÿåòñÿ ìåæäó òðåìÿ êîòëàìè ÒÝÖ, ïî-
òðåáíîñòè êîòîðûõ â ïëàíèðóåìûé ïåðèîä ñîñòàâëÿþò
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B1 = 180 ò., B2 = 400 ò., B3 = 320 ò. Èçâåñòíà ìàòðèöà òåï-
ëîòâîðíîé ñïîñîáíîñòè, ãäå cij êêàë/êã � òåïëîòâîðíàÿ ñïî-
ñîáíîñòü i -ãî ñîðòà óãëÿ ïðè îòàïëèâàíèè èì j -ãî òîïî÷íîãî
óñòðîéñòâà:

C =




5 2 7
3 6 5
4 3 8


 .

Íàéòè òàêîé ïëàí ðàñïðåäåëåíèÿ óãëÿ, ïðè êîòîðîì áóäåò ïî-
ëó÷åíî ìàêñèìàëüíîå êîëè÷åñòâî òåïëà.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 7 23 16 9 3
11 ∞ 16 11 13 25
10 12 ∞ 8 9 15
11 16 25 ∞ 8 18
41 16 7 8 ∞ 5
13 12 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (7, 13, 21, 17), b = (14, 15, 11, 14), C =




8 7 5 5
3 5 8 11
3 4 5 5
5 3 4 6


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b4 îãðàíè÷åíà x14 6 2;

á) ãàðàíòèðîâàíà ïåðåâîçêà a3 → b4 â îáúåìå x34 > 10.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x1 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 31, a = (4, 8, 9, 8, 3, 9), b = (6, 7, 4, 5, 7, 8).

60



25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 35 30 23 19 17 15
çàòðàòû íà îáñëóæèâàíèå, ó.å. 4 5 5 6 7 8

Âàðèàíò 19

1. xy +
50
x

+
50
y
→ extr .

2. xp
1 + · · ·+ xp

n → extr, x1 + · · ·+ xn = 1, p > 1.

3. 2x2
1 + 2x1 + 4x2 − 3x3 → extr, 8x1 − 3x2 + 3x3 6 40,

−2x1 + x2 − x3 = −3, x2 > 0.

4. (x− 9
4
)2 + (y − 2)2 → extr, y2 − x 6 0, x > 0, y > 0.

5. y3 → extr, 3x3 + 2y3 − 9xy > −4, x 6 0.

6. m1||x− a1||2 + · · ·+ mn||x− an||2 → min, x, ai ∈ Rn, mi > 0.

7. Ïðèâåñòè ïðèìåð äâóõ ãëàäêèõ ôóíêöèé, çàäàííûõ íà âñåì
ïðîñòðàíñòâå, êàæäàÿ èç êîòîðûõ íå èìååò ãëîáàëüíûõ ýêñ-
òðåìóìîâ, à èõ ðàçíîñòü èìååò íå ñîâïàäàþùèå ìåæäó ñîáîé
ãëîáàëüíûå ìèíèìóì è ìàêñèìóì.

8. Âû÷èñëèòü min
x∈[−2,4]

max
y∈[0,6]

(αx2 + 2αx + y + 3y2).

9. Êàêóþ íàèáîëüøóþ ïëîùàäü èìååò ÷åòûðåõóãîëüíèê, äëèíû
òðåõ ñòîðîí êîòîðîãî ðàâíû 1?

10. Äàíà ïðÿìàÿ l è òî÷êè A,B ïî ðàçíûå ñòîðîíû îò íåå. Íàéòè
íà ïðÿìîé l òî÷êó, ðàçíîñòü ðàññòîÿíèé îò êîòîðîé äî äàííûõ
òî÷åê A,B èìååò íàèáîëüøåå ïî àáñîëþòíîé âåëè÷èíå çíà÷å-
íèå.

11. x1e
|x1+x2| → min, |x1|+ 2|x2| 6 4.
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12. Áóäåò ëè âûïóêëîé íà R ôóíêöèÿ

f : f(x) = inf{x2
1 + 2x2

2 + 3x2
3 | x1 + x2 + x3 = x}?

13. Â ãåîìåòðè÷åñêîé ïðîãðåññèè {bn}∞n=1 ñ ïîëîæèòåëüíûìè ÷ëå-
íàìè âûïîëíÿåòñÿ óñëîâèå b1 = (b1 + b2)(3b1 +4b2). Ïðè êàêîì
çíà÷åíèè çíàìåíàòåëÿ ïðîãðåññèè ñóììà ïåðâûõ ÷åòûðåõ ÷ëå-
íîâ ïðîãðåññèè ìàêñèìàëüíà?

14. Â ïðàâèëüíóþ ÷åòûðåõóãîëüíóþ ïèðàìèäó ñî ñòîðîíîé
îñíîâàíèÿ a è âûñîòîé h âïèñàòü ïðÿìîóãîëüíûé ïàðàëëåëå-
ïèïåä ìàêñèìàëüíîãî îáúåìà òàê, ÷òîáû ÷åòûðå åãî âåðøèíû
ëåæàëè íà áîêîâûõ ðåáðàõ ïèðàìèäû.

15. x1 − 4x2 + x3 + x4 + x5 + x6 → min, xi > 0,



x1 + x2 + x3 + x4 − x5 − x6 = 1,

x2 + x3 − x4 − x5 − x6 = 1,

x2 − x6 = 2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−5, 6) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





6x1 − 5x2 6 0,

2x1 + 3x2 6 10,

x1 + x2 6 1.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 > 0, x2 > 0, x3 > 0, x4 6 0,



3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 − x2 + x3 − x5 → max, xi > 0,



−2x1 + x2 + x4 − x5 = 3,

−x1 + x2 − x3 + 4
5x4 + x5 = 8,

2x1 − x2 + x3 − x4 − 4
5x5 = 1.
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19. 3x1 − 2x2 + x3

x1 + 3x2 + 3x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.

20. Ïðåäïðèÿòèå ðàñïîëàãàåò ðåñóðñàìè ñûðüÿ, ðàáî÷åé ñèëîé è
îáîðóäîâàíèåì, íåîáõîäèìûìè äëÿ ïðîèçâîäñòâà ëþáîãî èç ÷å-
òûðåõ âèäîâ ïðîèçâîäèìûõ òîâàðîâ. Çàòðàòû ðåñóðñîâ íà èçãî-
òîâëåíèå åäèíèöû äàííîãî âèäà òîâàðà, ïðèáûëü, ïîëó÷àåìàÿ
ïðåäïðèÿòèåì, à òàêæå çàïàñû ðåñóðñîâ óêàçàíû â òàáëèöå:

Âèä Ðàñõîä ñûðüÿ Îáúåì
ðåñóðñîâ ðåñóðñîâ

�1 �2 �3 �4
Ñûðüå, êã 3 5 2 4 60
Ðàáî÷àÿ ñèëà 22 14 18 30 400
Îáîðóäîâàíèå
ñòàíêî-÷ 10 8 8 16 128
Ïðèáûëü 30 25 56 48

Äîïîëíèòåëüíî òðåáóåòñÿ, ÷òîáû ïåðâîãî òîâàðà âûïóñêàëîñü
íå áîëåå 5 åäèíèö, âòîðîãî � íå ìåíåå 8 åäèíèö, à òðåòüåãî è
÷åòâåðòîãî � â îòíîøåíèè 1 : 2.

Êàêîé àññîðòèìåíò òîâàðà íàäî âûïóñêàòü, ÷òîáû ïðèáûëü áû-
ëà ìàêñèìàëüíîé?

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 3 16 9 3
11 ∞ 16 11 13 25
10 12 ∞ 8 9 15
11 16 25 ∞ 8 18
41 16 7 18 ∞ 5
13 12 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 13, 21, 17), b = (14, 15, 11, 14), C =




8 7 5 5
3 2 8 11
3 4 5 5
5 3 4 6


 .
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2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 çàïðåùåíà x11 = 0;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 12.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−x1 + x2 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 33, a = (4, 8, 9, 8, 3, 8), b = (6, 7, 4, 5, 7, 8).

25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 7 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 25 24 23 20 18 15
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 5 7 8 9

Âàðèàíò 20

1. 2x3 + 5x2 + y2 − xy2 → extr .

2. 5x2 + 4xy + y2 → extr, x2 − xy + y2 = 1.

3. x2 − 2y2 → extr, x + y 6 1, y − x 6 1, x > 0.

4. y3 → extr, 4x3 + y3 − 6xy > 16, x > 0.

5. α1x1 + · · ·+ αnxn → extr,
1
x1

+
1

2x2
+ · · ·+ 1

nxn
6 1,

xi > 0, αi > 0.

6. ×åðåç òî÷êó (a1, a2, a3), ai > 0 ïðîâåñòè ïëîñêîñòü òàê, ÷òîáû
îáúåì òåòðàýäðà, îòñåêàåìîãî ïëîñêîñòüþ îò ïåðâîãî êîîðäè-
íàòíîãî óãëà, áûë íàèìåíüøèì.
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7. Ïðèâåñòè ïðèìåð äâóõ ãëàäêèõ ôóíêöèé, çàäàííûõ íà âñåì
ïðîñòðàíñòâå, êàæäàÿ èç êîòîðûõ íå èìååò íè ëîêàëüíîãî ìàê-
ñèìóìà, íè ëîêàëüíîãî ìèíèìóìà, à èõ ïðîèçâåäåíèå èìååò íå
ñîâïàäàþùèå ìåæäó ñîáîé ëîêàëüíûå ìèíèìóì è ìàêñèìóì.

8. Âû÷èñëèòü min
x∈[−2,4]

max
y∈[0,6]

(αx2 + 2αx + y − y2).

9. Äàíû îòðåçîê è îêðóæíîñòü. Íà îêðóæíîñòè íàéòè òî÷êó, èç
êîòîðîé äàííûé îòðåçîê âèäåí ïîä íàèìåíüøèì óãëîì.

10. Ïðè êàêîì íàòóðàëüíîì n âåëè÷èíà n2

(1, 0002)n
ïðèíèìàåò

íàèáîëüøåå çíà÷åíèå?

11. Ïðè êàêèõ α ôóíêöèÿ

f : f(x, y) = x2 + y2 + α|x + y|

áóäåò âûïóêëîé íà R2?

12. x2 + y2 + |x + y| → min, |x|+ 2|y| 6 4.

13. Îòðåçîê ñ êîíöàìè íà ñòîðîíàõ ïðÿìîãî óãëà ñîäåðæèò âíóòðè
ñåáÿ òî÷êó, óäàëåííóþ íà ðàññòîÿíèÿ 1 è 8 îò ñòîðîí ýòîãî óãëà.
Íàéòè íàèìåíüøóþ äëèíó òàêîãî îòðåçêà.

14. ×èñëà x > 0, y > 0 � ðåøåíèÿ ñèñòåìû




3x2 − 8xy − 3y2 =
10p− p2

4p2 + 9
,

x2 − 5xy + 6y2 =
10− p

4p2 + 9
.

Ïðè êàêîì p âûðàæåíèå x2 + y2 ïðèíèìàåò íàèáîëüøåå çíà-
÷åíèå?

15. x1 − x2 + 2x3 − x4 + x5 → max, xi > 0,



x1 + x2 + 2x3 + 3x4 − 2x5 = 3,

x2 − x3 − x4 − x5 = 0,

x1 + x4 − x5 = 0.
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16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−4, 6) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





6x1 − 4x2 6 0,

2x1 + 3x2 6 11,

x1 + x2 6 2.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 > 0,



3x1 − 4x2 − x4 = 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 − x2 + x3 − 3x5 → max, xi > 0,



−2x1 + x2 + x4 − x5 = 6,

−x1 + x2 − x3 + 4
5x4 + x5 = 8,

2x1 − x2 + x3 − x4 − 3
4x5 = 1.

19. 3x1 − 2x2

x1 + 3x2 + 3x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.

20. Ïðåäïðèÿòèå ðàñïîëàãàåò ðåñóðñàìè ñûðüÿ, ðàáî÷åé ñèëîé è
îáîðóäîâàíèåì, íåîáõîäèìûìè äëÿ ïðîèçâîäñòâà ëþáîãî èç ÷å-
òûðåõ âèäîâ ïðîèçâîäèìûõ òîâàðîâ. Çàòðàòû ðåñóðñîâ íà èçãî-
òîâëåíèå åäèíèöû äàííîãî âèäà òîâàðà, ïðèáûëü, ïîëó÷àåìàÿ
ïðåäïðèÿòèåì, à òàêæå çàïàñû ðåñóðñîâ óêàçàíû â òàáëèöå:

Âèä Ðàñõîä ñûðüÿ Îáúåì
ðåñóðñîâ ðåñóðñîâ

�1 �2 �3 �4
Ñûðüå, êã 3 5 2 4 60
Ðàáî÷àÿ ñèëà 22 14 18 30 400
Îáîðóäîâàíèå
ñòàíêî-÷ 10 8 8 16 128
Ïðèáûëü 30 25 56 48
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Êðîìå òîãî çàäàíû ïðîèçâîäñòâåííûå èçäåðæêè â óñëîâíûõ
åäèíèöàõ íà îäíó åäèíèöó êàæäîãî èçäåëèÿ: 6, 9, 12, 3, ïðè
ýòîì ñóììàðíûå èçäåðæêè íå äîëæíû ïðåâûøàòü 96 óñëîâíûõ
åäèíèö.
Êàêîé àññîðòèìåò òîâàðà íàäî âûïóñêàòü, ÷òîáû ïðèáûëü áûëà
ìàêñèìàëüíîé?

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 3 16 9 13
11 ∞ 16 7 13 25
10 12 ∞ 8 9 15
11 16 25 ∞ 8 18
41 16 7 18 ∞ 5
13 12 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 13, 21, 17), b = (14, 15, 21, 14), C =




8 7 5 5
3 2 8 11
3 4 5 7
5 3 6 6


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b3 îãðàíè÷åíà x13 6 8;

á) ãàðàíòèðîâàíà ïåðåâîçêà a2 → b4 â îáúåìå x24 > 10.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−2x1 + x2 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 32, a = (4, 8, 9, 8, 3, 8), b = (6, 7, 2, 5, 7, 8).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 9 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 30 25 23 20 17 14
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 3 7 8 9 10

Âàðèàíò 21

1. x2 + xy + y2 +
8
x

+
4
y
→ extr .

2. exy → extr, x + y = 1.

3. x1 + x2 + x3 → extr, x2
1 + x2

2 6 x3 6 1.

4. xyzw → extr, x2 + y2 + z2 + w2 6 1, x + y + z + w 6 0.

5. y3 → extr, 28x3 + y3 − 21xy 6 8.

6. Â êàêîé òî÷êå ýëëèïñà x2

a2
+

y2

b2
= 1 êàñàòåëüíàÿ ê íåìó îáðà-

çóåò ñ îñÿìè êîîðäèíàò òðåóãîëüíèê íàèìåíüøåé ïëîùàäè?

7. Ïðèâåñòè ïðèìåð äâóõ ãëàäêèõ ôóíêöèé, çàäàííûõ íà âñåì
ïðîñòðàíñòâå, êàæäàÿ èç êîòîðûõ íå èìååò ãëîáàëüíûõ ìèíè-
ìóìà è ìàêñèìóìà, à èõ ïðîèçâåäåíèå èìååò íå ñîâïàäàþùèå
ìåæäó ñîáîé ãëîáàëüíûå ìèíèìóì è ìàêñèìóì.

8. Âû÷èñëèòü min
x∈[2,4]

max
y∈[−2,6]

(−αx2 + 2αx− y − y2).

9. Â ïëîñêîñòè òðåóãîëüíèêà ABC íàéòè òî÷êó X òàêóþ, ÷òî
2|XA|+ |XB|+ 3|XC| ìèíèìàëüíà.

10. Íàéòè íàèáîëüøåå çíà÷åíèå ïàðàìåòðà a , ïðè êîòîðîì íåðà-
âåíñòâî |ax2 − ax + 1| 6 1 âûïîëíåíî äëÿ âñåõ x ∈ [0, 1].

11. ßâëÿåòñÿ ëè âûïóêëîé íà R2 ôóíêöèÿ

f : f(x, y) = x2 + y2 + 2
√

(x− 1)2 + (y + 3)2?
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12. x2 + y2 + 4
√

(x− a)2 + (y − b)2 → min .

13. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè
f : f(x) =

sin4 x + cos4 x

sin6 x + cos6 x
.

14. Â ïðàâèëüíîé âîñüìèóãîëüíîé ïèðàìèäå, áîêîâûå ðåáðà êîòî-
ðîé ïðîíóìåðîâàíû ïîäðÿä, ïðîâåäåíî ñå÷åíèå ÷åðåç ïåðâîå è
÷åòâåðòîå ðåáðà, èìåþùåå ïëîùàäü S. Êàêèì äîëæåí áûòü
îñòðûé óãîë ìåæäó ïëîñêîñòüþ äàííîãî ñå÷åíèÿ è ïëîñêîñòüþ
îñíîâàíèÿ, ÷òîáû îáúåì ïèðàìèäû áûë íàèáîëüøèì?

15. x1 + x2 + x3 + x4 → max, xi > 0,



x1 + x2 − x3 + x4 = 2,

x1 − x2 + x3 − x4 = 0,

2x1 + 3x2 + 2x3 − 3x4 = 3,

x1 − 2x2 − 3x3 + 4x4 = 0.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−5, 8) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





8x1 − 5x2 6 0,

2x1 + 3x2 6 17,

x1 + x2 6 3.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x3 > 0, x4 6 0,



3x1 − 4x2 − x4 > 1,

5x1 + 6x2 + 2x3 + 4x4 = 2,

−7x1 + 8x2 + 4x3 − 5x4 > 3.

18. x1 − x2 + x3 − 3x5 → max, xi > 0,



−2x1 + x2 + x4 − x5 = 6,

−x1 + x2 − x3 + 4
5x4 + x5 = 8,

2x1 − x2 + x3 − x4 − 1
2x5 = 1.

19. x1 − 2x2

x1 + 3x2 + 3x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.
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20. Íåôòåïåðåðàáàòûâàþùèé çàâîä ïîëó÷àåò 4 ïîëóôàáðèêàòà:
600000 ëèòðîâ àëêèíàòà, 350000 ëèòðîâ êðåêèíã-áåíçèíà,
500000 ëèòðîâ ïðÿìîé ïåðåãîíêè, 300000 ëèòðîâ èçîïåíòîíà.
Â ðåçóëüòàòå ñìåøèâàíèÿ ýòèõ ÷åòûðåõ êîìïîíåíòîâ â ðàçíûõ
ïðîïîðöèÿõ îáðàçóåòñÿ òðè ñîðòà àâèàöèîííîãî áåíçèíà: áåí-
çèí À � 2 : 3 : 5 : 2, áåíçèí B � 3 : 1 : 2 : 1, áåíçèí
C � 2 : 2 : 1 : 3. Ñòîèìîñòü 1000 ëèòðîâ óêàçàííûõ ñîðòîâ
áåíçèíà ðàâíû ñîîòâåòñòâåííî 120, 100, 150 óñëîâíûõ åäèíèö.
Îïðåäåëèòü îïòèìàëüíûé ïëàí ñìåøåíèÿ èç óñëîâèÿ ìàêñè-
ìàëüíîãî èñïîëüçîâàíèÿ êîìïîíåòîâ.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 8 16 9 13
11 ∞ 16 7 13 25
10 12 ∞ 8 9 15
11 16 25 ∞ 8 18
41 16 7 11 ∞ 15
13 12 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 13, 21, 12), b = (14, 15, 21, 14), C =




8 7 5 5
3 2 8 11
3 4 5 7
5 3 4 6


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a1 → b1 îãðàíè÷åíà x11 6 7;
á) ãàðàíòèðîâàíà ïåðåâîçêà a3 → b4 â îáúåìå x34 > 12.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−2x1 + 3x2 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 34, a = (3, 8, 9, 8, 3, 8), b = (6, 7, 2, 5, 7, 8).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 8 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 31 27 25 20 17 14
çàòðàòû íà îáñëóæèâàíèå, ó.å. 2 5 7 8 9 10

Âàðèàíò 22

1. xy2(12− x− y) → extr .

2. x2 − y2 + xy → extr, 3x + 4y = 1.

3. x2 + y2 − 12x + 16y → extr, x2 + y2 6 25, x > 0.

4. xy2z3w4 → extr, x + y + z + w = 1, x > 0, y > 0, z > 0, w > 0.

5. y3 → extr, 7x3 + 2y3 − 21xy 6 16, y 6 0.

6. Ïóñòü x0 � òî÷êà ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè
f, f(x0) 6= 0 . Áóäåò ëè òî÷êà x0 òî÷êîé ëîêàëüíîãî ýêñòðåìó-
ìà ôóíêöèè 1

f
?

7. Íàéòè ðàññòîÿíèå îò òî÷êè äî ïàðàáîëû.

8. Âû÷èñëèòü min
x∈[−2,4]

max
y∈[−2,6]

(−αx2 − 2αx− y − y2).

9. Äàíû îòðåçîê è îêðóæíîñòü. Íà îêðóæíîñòè íàéòè òî÷êó, èç
êîòîðîé äàííûé îòðåçîê âèäåí ïîä íàèáîëüøèì óãëîì.

10. Íàéòè òðåóãîëüíèê íàèáîëüøåé ïëîùàäè, âïèñàííûé â ïàðà-
áîëè÷åñêèé ñåãìåíò, çàêëþ÷åííûé ìåæäó ïàðàáîëîé
y = x2 è ïðÿìîé y = 3x.

11. Áóäåò ëè âûïóêëîé íà R2 ôóíêöèÿ

f : f(x, y) = x2 + y2 + xy + |x + y|?

12. max{|x1|, |x2 − 1|} → min, |x1 − 3|+ |x2 + 2| 6 2.
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13. ×òî áîëüøå: 79
3
5 + 1900

3
5 èëè 1979

3
5 ?

14. Íàéòè ìàêñèìàëüíîå çíà÷åíèå ïàðàìåòðà d, ïðè êîòîðîì
óðàâíåíèå

x3 − (4 + d)x2 + 5dx− d2 = 0

èìååò òðè êîðíÿ, êîòîðûå ÿâëÿþòñÿ êâàäðàòàìè ñòîðîí íåêî-
òîðîãî íåîñòðîóãîëüíîãî òðåóãîëüíèêà.

15. x1 + x2 − x3 + 5x4 → max, xi > 0,



x1 + 2x2 − x3 − x4 = 1,

−x1 + 2x2 − 3x3 + x4 = 2.

x1 + 5x2 + x3 − x4 = 5.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−3, 7) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





7x1 − 3x2 6 0,

2x1 + 3x2 6 27,

x1 + x2 6 4.

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → min, x1 > 0, x3 > 0, x4 > 0,



3x1 − 4x2 − x4 6 1,

5x1 + 6x2 + 2x3 + 4x4 > 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 − x2 + x3 − 3x5 → max, xi > 0,



−2x1 + x2 + x4 − x5 = 6,

−x1 + x2 − x3 + 3
4x4 + x5 = 8,

2x1 − x2 + x3 − x4 − 1
2x5 = 1.

19. x1 − 2x2

x1 + 3x2 + x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.

20. Íåôòåïåðåðàáàòûâàþùèé çàâîä ïîëó÷àåò 4 ïîëóôàáðèêàòà:
600000 ëèòðîâ àëêèíàòà, 350000 ëèòðîâ êðåêèíã-áåíçèíà,
400000 ëèòðîâ ïðÿìîé ïåðåãîíêè, 300000 ëèòðîâ èçîïåíòîíà.
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Â ðåçóëüòàòå ñìåøèâàíèÿ ýòèõ ÷åòûðåõ êîìïîíåíòîâ â ðàçíûõ
ïðîïîðöèÿõ îáðàçóåòñÿ òðè ñîðòà àâèàöèîííîãî áåíçèíà: áåí-
çèí À � 2 : 3 : 5 : 2, áåíçèí B � 3 : 1 : 2 : 1, áåíçèí
C � 2 : 2 : 1 : 3. Ñòîèìîñòü 1000 ëèòðîâ óêàçàííûõ ñîðòîâ
áåíçèíà ðàâíû ñîîòâåòñòâåííî 220, 200, 250 óñëîâíûõ åäèíèö.
Îïðåäåëèòü îïòèìàëüíûé ïëàí ñìåøåíèÿ èç óñëîâèÿ ñòîèìî-
ñòè ïðîèçâåäåííîé ïðîäóêöèè.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 8 16 7 13
11 ∞ 16 7 13 25
10 12 ∞ 8 9 15
11 16 5 ∞ 8 18
41 16 7 8 ∞ 15
13 12 15 9 15 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 11, 21, 12), b = (14, 15, 14, 14), C =




8 7 5 5
3 2 8 3
3 4 5 7
5 3 4 6


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a3 → b4 îãðàíè÷åíà x34 6 5;

á) ãàðàíòèðîâàíà ïåðåâîçêà a3 → b3 â îáúåìå x33 > 10.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−2x1 − 5x2 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 34, a = (3, 8, 9, 8, 3, 7), b = (6, 7, 2, 5, 7, 8).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 9 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 32 29 27 25 17 14
çàòðàòû íà îáñëóæèâàíèå, ó.å. 3 5 7 8 9 10

Âàðèàíò 23

1. x2 + xy + y2 +
27
x

+
9
y2
→ extr .

2. 4x2 + xy − y2 → extr, x2 + 2xy + 3y2 = 1.

3. x2 + 2y2 + 3z2 → extr, x2 + y2 + z2 6 100, x > 0, y > 0.

4. xy + yz → extr, x2 + y2 = 2, y + z = 2, x > 0.

5. xy3 → extr, x + 5y > 8, y > 1.

6. Íàéòè òðåóãîëüíèê äàííîãî ïåðèìåòðà 2p , êîòîðûé ïðè âðà-
ùåíèè îêîëî îäíîé èç ñâîèõ ñòîðîí îáðàçóåò òåëî íàèáîëüøåãî
îáúåìà.

7. Ïóñòü x0 � òî÷êà ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f . Áóäåò
ëè òî÷êà x0 òî÷êîé ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè f − f2?

8. Âû÷èñëèòü min
x∈[−2,4]

max
y∈[−2,6]

(−αx2 − 2αx− 2y + 2y2).

9. Ïðåäñòàâèòü ÷èñëî 100 â âèäå ñóììû íåñêîëüêèõ íàòóðàëüíûõ
÷èñåë òàê, ÷òîáû èõ ïðîèçâåäåíèå áûëî íàèáîëüøèì.

10. Äàí ðàâíîáåäðåííûé òðåóãîëüíèê ABC(AC = CB > AB) .
Äëÿ êàêîé òî÷êè X ïëîñêîñòè âåëè÷èíà |XA| + |XB| − |XC|
áóäåò íàèìåíüøåé?

11. Ïðè êàêèõ α ôóíêöèÿ

f : f(x, y) = x2 + y2 + α min(x, y)

áóäåò âûïóêëîé íà R2?
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12. e3x1 → min, 6|x1 − 2|+ |x2 + 1| 6 24.

13. Íàéòè íàèáîëüøåå çíà÷åíèå ôóíêöèè

f : f(x, y) =
3xy − 4x2

x2 + y2
.

14. ×òî áîëüøå cos2
π

180
+ cos2

4π

180
èëè cos2

2π

180
+ cos2

3π

180
?

15. x1 + x2 + x3 − x5 → max, xi > 0,



x1 + x2 − 4x4 + 2x5 = −2,

x2 + x3 + x4 − 2x5 = −2,

x1 + x3 + 3x4 − 2x5 = −2.

16. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà k òî÷êà (−1, 4) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è

kx1 + (2− k)x2 → max,





4x1 − x2 6 0,

2x1 + 3x2 6 17,

x1 + x2 6 3?

17. Ïîñòðîèòü çàäà÷ó, äâîéñòâåííóþ ê ñëåäóþùåé çàäà÷å ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ:
x1 + 2x2 + x3 + 3x4 → max, x1 > 0, x3 6 0, x4 6 0,



3x1 − 4x2 − x4 6 1,

5x1 + 6x2 + 2x3 + 4x4 > 2,

−7x1 + 8x2 + 4x3 − 5x4 6 3.

18. x1 − x2 + x3 − 3x5 → max, xi > 0,



−2x1 + x2 + x4 − x5 = 2,

−x1 + x2 − x3 + 3
4x4 + x5 = 8,

2x1 − x2 + x3 − x4 − 2
3x5 = 1.

19. 3x1 − 2x2

x1 + 3x2 + x3
→ min, xi > 0,

{
x1 − x2 + 2x3 = 4,

−x1 + 2x2 + x3 + x4 = 6.

20. Íåîáõîäèìî ïðîèçâåñòè ñïëàâ, ñîäåðæàùèé 30% ñâèíöà, 30%
öèíêà è 40% îëîâà, èñïîëüçóÿ 9 ñïëàâîâ. Èõ ñîñòàâû è öåíû
ïðèâåäåíû â òàáëèöå
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ñïëàâ A B C D E F G H K
ñâèíåö 18 9 32 54 27 27 35 16 19
öèíê 46 38 32 28 37 41 41 50 48
îëîâî 36 53 36 18 36 32 24 34 33

ñòîèì. 1 êã 6 15 13 11 10 8 14 16 12

Îïðåäåëèòü, êàêîå êîëè÷åñòâî ñïëàâà êàæäîãî òèïà íåîáõîäè-
ìî äëÿ ïðîèçâîäñòâà êèëîãðàììà ñìåñè, ÷òîáû åå ñòîèìîñòü
áûëà ìèíèìàëüíîé.

21. Ðåøèòü çàäà÷ó î êîììèâîÿæåðå ñ ìàòðèöåé

C =




∞ 17 8 6 7 13
11 ∞ 10 7 13 25
10 12 ∞ 8 9 15
11 16 5 ∞ 8 18
41 16 7 8 ∞ 15
13 12 15 9 11 ∞




.

22. 1. Ìåòîäîì ïîòåíöèàëîâ ðåøèòü òðàíñïîðòíóþ çàäà÷ó

a = (17, 11, 21, 13), b = (14, 12, 14, 14), C =




8 7 5 5
3 2 8 4
3 4 5 7
5 3 4 6


 .

2. Ðåøèòü òðàíñïîðòíóþ çàäà÷ó ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ:
à) ïåðåâîçêà a3 → b1 îãðàíè÷åíà x31 6 5;

á) ãàðàíòèðîâàíà ïåðåâîçêà a3 → b4 â îáúåìå x34 > 12.

23. Ìåòîäîì âåòâåé è ãðàíèö ðåøèòü çàäà÷ó öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ

−2x1 − 7x2 → min, xj ∈ Z+,

{
3x1 + x2 + x3 = 12,

−8x1 + 3x2 + x4 = 24.

24. Ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ðåøèòü çàäà÷ó î
ðþêçàêå

c = 31, a = (3, 8, 5, 8, 3, 7), b = (6, 4, 2, 5, 7, 8).
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25. Îïðåäåëèòü îïòèìàëüíûå ñðîêè çàìåíû îáîðóäîâàíèÿ, ÷òîáû
ïîëó÷èòü ìàêñèìàëüíóþ ïðèáûëü çà 6 ëåò, åñëè â íà÷àëå ñðîêà
óñòàíîâëåíî íîâîå îáîðóäîâàíèå. Ñòîèìîñòü íîâîãî îáîðóäîâà-
íèÿ z = 9 ó.å.

âîçðàñò îáîðóäîâàíèÿ, ëåò 0 1 2 3 4 5
âûïóñê ïðîäóêöèè, ó.å. 35 32 31 30 27 24
çàòðàòû íà îáñëóæèâàíèå, ó.å. 5 7 9 10 12 15
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïóñòü f ∈ C1(R1). Äîêàçàòü, ÷òî åñëè x∗ åäèíñòâåííàÿ òî÷êà,
òàêàÿ ÷òî f ′(x∗) = 0 è x∗ � òî÷êà ëîêàëüíîãî ìèíèìóìà, òî
x∗ � òî÷êà ãëîáàëüíîãî ìèíèìóìà.

2. Ïóñòü f ∈ C(R). Äîêàçàòü, ÷òî ìåæäó ëþáûìè äâóìÿ òî÷-
êàìè ëîêàëüíîãî ìèíèìóìà ôóíêöèè f íàõîäèòñÿ òî÷êà ëî-
êàëüíîãî ìàêñèìóìà(ïðåäïîëàãàåòñÿ, ÷òî f èìååò ïî êðàéíåé
ìåðå äâå òî÷êè ëîêàëüíîãî ìèíèìóìà). Áóäåò ëè âåðíî äàííîå
óòâåðæäåíèå, åñëè f íå ÿâëÿåòñÿ íåïðåðûâíîé?

3. Ìíîãî÷ëåíû P,Q ñòåïåíè n íå èìåþò îáùèõ êîðíåé. Ìîãóò
ëè îíè èìåòü îáùèå òî÷êè ëîêàëüíîãî ýêñòðåìóìà?

4. Òåëî â ôîðìå òåòðàýäðà ABCD ñ îäèíàêîâûìè ðåáðàìè ïî-
ñòàâëåíî ãðàíüþ ABC íà ïëîñêóþ ïîâåðõíîñòü. Òî÷êà F � ñå-
ðåäèíà ðåáðà CD , òî÷êà S ëåæèò íà ïðÿìîé AB, 2AB = BS
è òî÷êà B ëåæèò ìåæäó A è S . Â òî÷êó S ñàæàþò ìóðàâüÿ.
Êàê äîëæåí ìóðàâåé ïîëçòè â òî÷êó F , ÷òîáû ïðîéäåííûé
ïóòü èìåë ìèíèìàëüíóþ äëèíó.

5. Ñòîðîíû òðåóãîëüíèêà óäîâëåòâîðÿþò íåðàâåíñòâàì

a 6 5 6 b 6 6 6 c 6 8

Íàéòè íàèáîëüøóþ ïëîùàäü òàêîãî òðåóãîëüíèêà.

6. Íàéòè ñòåïåíü ÷åòâåðêè, íàèáîëåå áëèçêóþ ê ÷èñëó 2100+3100.

7. Ïóñòü αi ∈ (0, π
2 ), i = 1, . . . n è

tgα1 · tgα2 · · · · · tgαn = 1.

Íàéòè íàèáîëüøåå çíà÷åíèå sin α1 · sinα2 · · · · · sin αn.

8. Ïóñòü A(z), B(z2), C(z3) � òî÷êè êîìïëåêñíîé ïëîñêîñòè, îò-
âå÷àþùèå äàííûì êîìïëåêñíûì ÷èñëàì. Ñðåäè âñåõ z, |z| = 1
íàéòè òå, äëÿ êîòîðûõ ïëîùàäü òðåóãîëüíèêà ABC íàèáîëü-
øàÿ.

9. Íàéòè íàèìåíüøåå çíà÷åíèå îðäèíàòû ñåðåäèíû îòðåçêà äëè-
íû 4, êîíöû êîòîðîãî ðàñïîëîæåíû íà ïàðàáîëå y = x2.
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10. Íàòóðàëüíîå ÷èñëî íàçûâàåòñÿ óïðîùåííûì, åñëè îíî ÿâëÿåò-
ñÿ ïðîèçâåäåíèåì ðîâíî äâóõ ïðîñòûõ ÷èñåë (íå îáÿçàòåëüíî
ðàçëè÷íûõ). Êàêîå íàèáîëüøåå ÷èñëî ïîñëåäîâàòåëüíûõ íàòó-
ðàëüíûõ ÷èñåë ìîæåò îêàçàòüñÿ óïðîùåííûìè?

11. Âåðíî ëè ñëåäóþùåå óòâåðæäåíèå: ÷åòíàÿ ôóíêöèÿ íå ìîæåò
èìåòü ÷åòíîãî ÷èñëà òî÷åê ýêñòðåìóìà.

12. Âåðíî ëè ñëåäóþùåå óòâåðæäåíèå: íå÷åòíàÿ ôóíêöèÿ íå ìîæåò
èìåòü ÷åòíîãî ÷èñëà òî÷åê ýêñòðåìóìà.

13. Êàêîå íàèáîëüøåå êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë îò 1 äî 100
ìîæíî âûáðàòü, ÷òîáû ñóììà ëþáûõ äâóõ âûáðàííûõ ÷èñåë íå
äåëèëàñü íà 6.

14. Ïðèâåñòè ïðèìåð äèôôåðåíöèðóåìîé íà R2 ôóíêöèè, èìåþ-
ùåé ðîâíî n òî÷åê ëîêàëüíîãî ìèíèìóìà.

15. Ïðèâåñòè ïðèìåð äèôôåðåíöèðóåìîé íà R2 ôóíêöèè, èìåþ-
ùåé áåñêîíå÷íîå ÷èñëî òî÷åê ëîêàëüíîãî ìèíèìóìà è íå èìå-
þùåé íè îäíîé òî÷êè ëîêàëüíîãî ìàêñèìóìà.

16. Ïóñòü x∗ � òî÷êà ñòðîãîãî ëîêàëüíîãî ìèíèìóìà áåñêîíå÷íî
äèôôåðåíöèðóåìîé íà R ôóíêöèè. Ñëåäóåò ëè îòñþäà, ÷òî
ñóùåñòâóåò k òàêîå, ÷òî f (k)(x∗) 6= 0?

17. Íàéòè íàèáîëüøåå çíà÷åíèå îïðåäåëèòåëÿ øåñòîãî ïîðÿäêà,
âñå ýëåìåíòû êîòîðîãî ïî ìîäóëþ íå ïðåâîñõîäÿò åäèíèöû.

18. Ïóñòü fi, gi : X → R1, i ∈ I = {1, 2, . . . , n}. Äîêàçàòü íåðàâåí-
ñòâî

∣∣∣ inf
x∈X

max
i∈I

fi(x)− inf
x∈X

max
i∈I

gi(x)
∣∣∣6 sup

x∈X
max
i∈I

|fi(x)− gi(x)|.

19. Ïóñòü F : X × Y → R1. Äîêàçàòü íåðàâåíñòâî

sup
x∈X

inf
y∈Y

F (x, y) 6 inf
y∈Y

sup
x∈X

F (x, y).

20. Ïóñòü X ⊂ Rn, Y ⊂ Rm, F : X × Y → R1, F ∈ C(X × Y ),
X, Y � êîìïàêòû, g(x) = min

y∈Y
F (x, y). Äîêàçàòü ÷òî ôóíêöèÿ

g íåïðåðûâíà íà X.
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21. Ïóñòü f ∈ C(R2) è

A = {(xr, yr) : f(xr, yr) = min
x2+y2=r2

f(x, y), r > 0}.

ßâëÿåòñÿ ëè ìíîæåñòâî A ñâÿçíûì?

22. Ïîñëåäîâàòåëüíîñòü òî÷åê {xk}∞k=1 èç ìíîæåñòâà X íàçûâà-
åòñÿ ìèíèìèçèðóþùåé äëÿ ôóíêöèè f, åñëè

lim
k→∞

f(xk) = inf
x∈X

f(x) = f∗.

Ïóñòü ïîñëåäîâàòåëüíîñòü {xk}∞k=1 � ìèíèìèçèðóþùàÿ,
lim

k→∞
xk = x∗ ∈ X, f ∈ C(X). Äîêàçàòü, ÷òî â ýòîì ñëó÷àå ìè-

íèìèçèðóþùàÿ ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ ê íåïóñòîìó ìíî-
æåñòâó òî÷åê ãëîáàëüíîãî ìèíèìóìà ôóíêöèè f íà ìíîæåñòâå
X.

23. Ïîñëåäîâàòåëüíîñòü òî÷åê {xk}∞k=1 ñõîäèòñÿ ê ìíîæåñòâó A,
åñëè

lim
k→∞

(
inf
a∈A

||a− xk||
)
= 0.

Ïîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü, ñõîäÿùàÿñÿ ê ìíîæåñòâó
òî÷åê ãëîáàëüíîãî ìèíèìóìà, íå îáÿçàòåëüíî ñõîäèòñÿ ê
êàêîé-ëèáî òî÷êå ãëîáàëüíîãî ìèíèìóìà.

24. Äîêàçàòü, ÷òî äëÿ âñåõ a > 0 ñèñòåìà
{

ax
yex+ey = y

xey+ex

xey + yex = 1

èìååò ðåøåíèå.

25. Ôóíêöèÿ f : Rn+1 → R îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

f(x0, . . . , xn) =

π∫

0

(
e−it −

n∑

j=0

xje
ijt

)2
.dt

Íàéòè ãëîáàëüíûé ìèíèìóì ôóíêöèè f .
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26. Ôóíêöèÿ f : Rn+1 → R îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

f(x0, . . . , xn) =

1∫

0

(
tk −

n∑

j=0

xjt
λj

)2
dt,

ãäå k � çàäàííîå íàòóðàëüíîå ÷èñëî,
λ0 < λ1 · · · < λn−1 < λn � çàäàííûå âåùåñòâåííûå ÷èñëà.
Íàéòè ãëîáàëüíûé ìèíèìóì ôóíêöèè f .

27. Äîêàçàòü íåðàâåíñòâî

1
n

n∑

j=1

xj 6

√√√√ 1
n

n∑

j=1

x2
j .

Óáåäèòüñÿ, ÷òî ðàâåíñòâî äîñòèãàåòñÿ ëèøü â ñëó÷àå
x1 = x2 = · · · = xn.

28. Äîêàçàòü, ÷òî äëÿ ëþáîãî íåîòðèöàòåëüíîãî íàáîðà âåùåñòâåí-
íûõ ÷èñåë x1, . . . , xn ñïðàâåäëèâî íåðàâåíñòâî

xα1
1 xα2

2 . . . xαn
n 6 α1x1 + α2x2 + · · ·+ αnxn,

ãäå α1, . . . , αn � çàäàííûå ïîëîæèòåëüíûå ÷èñëà, ñóììà êîòî-
ðûõ ðàâíà åäèíèöå.

29. Äîêàçàòü, ÷òî çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ

< c, x >→ max, Ax 6 b, x > 0,

ãäå b > 0, ðàçðåøèìà, åñëè âûïîëíåíî õîòÿ áû îäíî èç ñëåäó-
þùèõ óñëîâèé:
a) â ìàòðèöå A èìååòñÿ ïî êðàéíåé ìåðå îäíà ïîëîæèòåëüíàÿ
ñòðîêà;
á) ìàòðèöà A íåîòðèöàòåëüíàÿ è â íåé íåò íóëåâûõ ñòîëáöîâ.

30. Ïóñòü ïðè ëþáîì c ∈ Rn çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ

< c, x >→ max, Ax 6 b

ðàçðåøèìà. Äîêàçàòü, ÷òî åå ìíîæåñòâî äîïóñòèìûõ ïëàíîâ
îãðàíè÷åíî.
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31. Ïðèâåñòè ïðèìåð ëèíåéíîé ôóíêöèè f, çàäàííîé íà âûïóêëîì
çàìêíóòîì ìíîæåñòâå A òàêîé, ÷òî

sup
x∈A

f(x) = 0, íî f(x) < 0 äëÿ âñåõ x ∈ A.

32. Äîêàçàòü, ÷òî âûïóêëàÿ ôóíêöèÿ f îãðàíè÷åíà ñâåðõó íà ìíî-
ãîãðàííèêå M è ïðèíèìàåò íà M íàèáîëüøåå çíà÷åíèå.

33. Ïðèâåñòè ïðèìåð âûïóêëîé ôóíêöèè f , çàäàííîé è îãðàíè-
÷åííîé íà âûïóêëîì êîìïàêòå M, íî íå äîñòèãàþùåé íà M
ñâîåé âåðõíåé ãðàíè.

34. Äîêàçàòü, ÷òî ìàêñèìóì âûïóêëîé ôóíêöèè íà âûïóêëîì ìíî-
ãîãðàííèêå äîñòèãàåòñÿ â îäíîé èç êðàéíèõ òî÷åê.

35. Ïóñòü f � âîãíóòàÿ ôóíêöèÿ, çàäàííàÿ íà âûïóêëîì ìíîæå-
ñòâå X, g(x) =

∣∣min(0; f(x))
∣∣q, q > 1. Äîêàçàòü, ÷òî ôóíêöèÿ

g ÿâëÿåòñÿ âûïóêëîé íà X.

36. Ïóñòü Y ⊂ Rn, f(x) = inf
y∈Y

‖x − y‖. Äîêàçàòü, ÷òî f ÿâëÿ-
åòñÿ âûïóêëîé íà Rn òîãäà è òîëüêî òîãäà, êîãäà çàìûêàíèå
ìíîæåñòâà Y ÿâëÿåòñÿ âûïóêëûì ìíîæåñòâîì.

37. Ïóñòü X � âûïóêëîå ïîäìíîæåñòâî Rn. Ôóíêöèÿ f : X → R1

íàçûâàåòñÿ êâàçèâûïóêëîé íà X, åñëè äëÿ âñåõ x, y ∈ X, äëÿ
ëþáîãî α ∈ [0, 1] ñïðàâåäëèâî íåðàâåíñòâî

f(αx + (1− α)y) 6 max{f(x), f(y)}.

Âåðíî ëè, ÷òî âûïóêëàÿ íà X ôóíêöèÿ ÿâëÿåòñÿ êâàçèâûïóê-
ëîé íà X ôóíêöèåé?

38. Ïóñòü X � âûïóêëîå ïîäìíîæåñòâî Rn, f : X → R1 � âû-
ïóêëàÿ íà X ôóíêöèÿ. X(u) = {v ∈ X : f(v) 6 f(u)}. Äîêà-
çàòü, ÷òî ìíîæåñòâî X(u) âûïóêëî äëÿ âñåõ u ∈ X. Âåðíî ëè
îáðàòíîå óòâåðæäåíèå?

39. Ïóñòü X � âûïóêëîå ïîäìíîæåñòâî Rn, f : X → R1 �
âûïóêëàÿ íà X ôóíêöèÿ, {αk}∞k=1 �- ïîñëåäîâàòåëüíîñòü
íåîòðèöàòåëüíûõ âåùåñòâåííûõ ÷èñåë òàêàÿ, ÷òî

∞∑
k=1

αk = 1,
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{xk}∞k=1 � ïîñëåäîâàòåëüíîñòü òî÷åê èç X òàêàÿ, ÷òî ðÿä
∞∑

k=1

αkxk ñõîäèòñÿ. Ìîæíî ëè óòâåðæäàòü, ÷òî èìååò ñìûñë è
âûïîëíÿåòñÿ íåðàâåíñòâî

f
( ∞∑

k=1

αkxk

)
6

∞∑

k=1

αkf(xk).

40. Ïóñòü f � íåïðåðûâíàÿ íà âûïóêëîì ìíîæåñòâå X ôóíêöèÿ,
ïðè÷åì äëÿ ëþáûõ x1, x2 ∈ X ñïðàâåäëèâî íåðàâåíñòâî

f
(x1 + x2

2

)
6 f(x1) + f(x2)

2
.

Äîêàçàòü, ÷òî f � âûïóêëàÿ íà X ôóíêöèÿ.

41. Ïóñòü f � ôóíêöèÿ, çàäàííàÿ íà âûïóêëîì ìíîæåñòâå X,
ïðè÷åì äëÿ ëþáûõ x1, x2 ∈ X ñïðàâåäëèâî íåðàâåíñòâî

f
(x1 + x2

2

)
6 f(x1) + f(x2)

2
.

Âåðíî ëè, ÷òî f � âûïóêëàÿ íà X ôóíêöèÿ?

42. Ïóñòü X � âûïóêëîå ïîäìíîæåñòâî Rn, f : X → R1 � âû-
ïóêëàÿ íà X ôóíêöèÿ. Äîêàçàòü, ÷òî ìíîæåñòâî òî÷åê ëîêàëü-
íîãî ìèíèìóìà ôóíêöèè f íà ìíîæåñòâå X ëèáî ïóñòî, ëèáî
âûïóêëî. Åñëè f ∈ C(X), ìíîæåñòâî X � çàìêíóòî, òî ìíî-
æåñòâî òî÷åê ëîêàëüíîãî ìèíèìóìà ôóíêöèè f íà X ëèáî
ïóñòî, ëèáî âûïóêëîå çàìêíóòîå ìíîæåñòâî.

43. Ïðèâåñòè ïðèìåð ãëàäêîé ýêñòðåìàëüíîé çàäà÷è ñ îãðàíè÷å-
íèÿìè òèïà ðàâåíñòâ, â êîòîðîé òî÷êå ëîêàëüíîãî ìèíèìóìà
îòâå÷àåò åäèíñòâåííûé ìíîæèòåëü Ëàãðàíæà λ0 = 0.

44. Ïóñòü f1, . . . , fn � íåïðåðûâíûå íà R+ ôóíêöèè,
Pn = {x ∈ Rn

+,
n∑

i=1

xi = 1}. Äîêàçàòü, ÷òî ñóùåñòâóåò x∗ ∈ Pn

è ÷èñëî λ òàêèå, ÷òî (j = 1, . . . , n)

fj(x∗j )

{
= λ, åñëè x∗j > 0,

> λ, åñëè x∗j = 0.
(1)
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45. Ðàññìàòðèâàåòñÿ çàäà÷à

min
j

fj(xj) → max, x ∈ Pn,

ãäå f1, . . . , fn � íåïðåðûâíûå ìîíîòîííî íåóáûâàþùèå íà R+

ôóíêöèè. Äîêàçàòü, ÷òî ñóùåñòâóåò ãëîáàëüíîå ðåøåíèå x∗

äàííîé çàäà÷è è ÷èñëî λ òàêèå, ÷òî âûïîëíåíî (1).

46. Ïðèâåñòè ïðèìåð ïðÿìîé è äâîéñòâåííîé çàäà÷ ëèíåéíîãî ïðî-
ãðàììèðîâàíèÿ, ìíîæåñòâà ðåøåíèé êîòîðûõ
à) ñîäåðæàò ïî îäíîé òî÷êå;
á) íå îãðàíè÷åíû.

47. Ïðèâåñòè ïðèìåð ïðÿìîé è äâîéñòâåííîé çàäà÷ ëèíåéíîãî ïðî-
ãðàììèðîâàíèÿ, äîïóñòèìûå ìíîæåñòâà êîòîðûõ
à) ïóñòû;
á) íåïóñòû è îãðàíè÷åíû;
â) íå îãðàíè÷åíû.

48. Ïóñòü x∗ � ðåøåíèå çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ

(c, x) → max, Ax 6 b.

Äîêàçàòü, ÷òî äàííîå ðåøåíèå åäèíñòâåííî òîãäà è òîëüêî òî-
ãäà, êîãäà ñèñòåìà

(c, h) > 0, Ah 6 0

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå h = 0.

49. Ïóñòü
V = max{(c, x) : Ax = b, x > 0}.

ßñíî, ÷òî V ÿâëÿåòñÿ ôóíêöèåé êîîðäèíàò âåêòîðîâ b, c è
ýëåìåíòîâ ìàòðèöû A. Ïðè ýòîì V íå îïðåäåëåíî, åñëè ìíî-
æåñòâî äîïóñòèìûõ ïëàíîâ ïóñòî; V = ∞, åñëè ëèíåéíàÿ ôîð-
ìà íå îãðàíè÷åíà ñâåðõó íà ìíîæåñòâå äîïóñòèìûõ ïëàíîâ;
V = V0 < ∞, åñëè çàäà÷à ðàçðåøèìà.
à) Äîêàçàòü, ÷òî

V0(c1 + c2) 6 V0(c1) + V0(c2).
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á) Ïðèâåñòè ïðèìåð çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ, â êî-
òîðîé

V0(c1 + c2) < V0(c1) + V0(c2).

â) Äîêàçàòü, ÷òî

V0(b1 + b2) > V0(b1) + V0(b2).

ã) Ïðèâåñòè ïðèìåð çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ, â êî-
òîðîé

V0(b1 + b2) > V0(b1) + V0(b2).

ä) Ïðèâåñòè ïðèìåð, ïîêàçûâàþùèé, ÷òî V0 íå îáÿçàòåëüíî
íåïðåðûâíî çàâèñèò îò ýëåìåíòîâ ìàòðèöû A.

50. Íàéòè ïðîåêöèþ òî÷êè a íà ìíîæåñòâî X â ñëó÷àå, åñëè
X � íåîòðèöàòåëüíûé îðòàíò, ãèïåðïëîñêîñòü, êîîðäèíàòíûé
ïàðàëëåëåïèïåä.

51. Ðàññìàòðèâàåòñÿ çàäà÷à

f(x) → min, x ∈ X,

ãäå X � çàìêíóòîå âûïóêëîå ìíîæåñòâî, íå ñîäåðæàùåå ïðÿ-
ìûõ, f � âîãíóòàÿ íà X ôóíêöèÿ. Äîêàçàòü, ÷òî åñëè ìíî-
æåñòâî ðåøåíèé äàííîé çàäà÷è íåïóñòî, òî îíî ñîäåðæèò õîòÿ
áû îäíó êðàéíþþ òî÷êó ìíîæåñòâà X .

52. Ïóñòü xj ∈ (0, 1),
n∑

j=1

xj = 1, n > 1. Äîêàçàòü íåðàâåíñòâî

n∑

j=1

1
1− xj

> n2

n− 1
.

53. Ïóñòü xj ∈ (0, 1),
n∑

j=1

xj = 1, n > 1. Äîêàçàòü íåðàâåíñòâî

n∑

j=1

xj(1− xj) > (n− 1)n

n2n
.
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54. Ïóñòü xj ∈ (0, 1),
n∑

j=1

xj = 1, n > 1, a > 0, b > 0. Äîêàçàòü
íåðàâåíñòâî

n∑

j=1

(
a +

b

xj

)
> (a + nb)n.

55. Íàéòè òî÷êè ýêñòðåìóìà ôóíêöèè f : R2 → R, îïðåäåëÿåìîé
íåÿâíî óðàâíåíèåì

f(x1,x2)∫

0

eu2
du = x2

1 + x2
2, (x1, x2) ∈ R2.

56. Äîêàçàòü, ÷òî ñóùåñòâóåò ôóíêöèÿ f ∈ C1(R), ó êîòîðîé ìíî-
æåñòâî {x : f ′(x) = 0} ñîâïàäàåò ñ êàíòîðîâûì ìíîæåñòâîì.

57. Ïóñòü ôóíêöèÿ f ∈ L∞[0, 1]. Íàéòè êîíñòàíòó, íàèëó÷øèì
îáðàçîì ïðèáëèæàþùóþ ýòó ôóíêöèþ â ìåòðèêå

a)L1[0, 1]; b)L2[0, 1]; c)L∞[0, 1].

58. f - íåïðåðûâíà è âîçðàñòàåò íà [0, 1]. Ïðè êàêîì c èíòåãðàë
1∫

0

|f(t)− c|dt

ïðèíèìàåò íàèìåíüøåå çíà÷åíèå?

59. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

f(x, y) =
(x + y)(1− xy)
(1 + x2)(1 + y2)

.

60. Ðàññìàòðèâàåòñÿ ãðàôèê êâàäðàòíîãî òðåõ÷ëåíà, èìåþùèé
êîðíè 1 è 4. Èç íà÷àëà êîîðäèíàò (òî÷êà Î) ê äàííîìó ãðà-
ôèêó ïðîâîäÿòñÿ äâå êàñàòåëüíûå, êàñàþùèåñÿ åãî â òî÷êàõ A
è B. Íàéòè íàèáîëüøåå çíà÷åíèå êîñèíóñà óãëà AOB.

61. Íàéòè êàêîé-ëèáî ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè, íàè-
ìåíüøåå çíà÷åíèå êîòîðîãî íà âñåé ïðÿìîé ðàâíî a)

√
2;

á) −√2.
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62. Íàïèñàòü óðàâíåíèå ãåîìåòðè÷åñêîãî ìåñòà òî÷åê (t, x), ÿâëÿ-
þùèõñÿ òî÷êàìè ýêñòðåìóìà ðåøåíèé óðàâíåíèÿ ẋ = f(t, x).
Êàê îòëè÷èòü òî÷êè ëîêàëüíîãî ìàêñèìóìà îò òî÷åê ëîêàëü-
íîãî ìèíèìóìà?

63. Îïèñàòü àëãîðèòì ñèìïëåêñ-ìåòîäà äëÿ çàäà÷è

< c, x >→ min, 0 6 xi 6 1, i = 1, . . . , n.

Äîêàçàòü, ÷òî îí âñåãäà çàêàí÷èâàåòñÿ íå áîëåå ÷åì çà n øà-
ãîâ.

64. Ïóñòü f : Rn → R, f(x) =
n∑

i=1

αi‖x− ai‖, αi > 0. Äîêàçàòü, ÷òî
ñóùåñòâóåò òî÷êà ãëîáàëüíîãî ìèíèìóìà ôóíêöèè f íà Rn.
Ïðè êàêèõ óñëîâèÿõ äàííàÿ òî÷êà íå ÿâëÿåòñÿ åäèíñòâåííîé?

65. Â ïðèåìíîé â îæèäàíèè ëè÷íîé âñòðå÷è ñ äèðåêòîðîì ñîáðà-
ëîñü n ïîñåòèòåëåé. Ïðåäâàðèòåëüíûé îïðîñ ïîêàçàë, ÷òî ðàñ-
ñìîòðåíèþ âîïðîñà i -ãî ïîñåòèòåëÿ äèðåêòîð äîëæåí óäåëèòü
âðåìÿ ti, i = 1, . . . , n. Äèðåêòîð, çíàÿ, ÷òî õîòÿ îáùåå âðåìÿ,
êîòîðîå îí óäåëèò âñåì ïîñåòèòåëÿì îäíî è òî æå

n∑
i=1

ti, õî-
òåë áû îðãàíèçîâàòü ïðèåì òàê, ÷òîáû ïîñåòèòåëè íàõîäèëèñü
â ïðèåìíîé â öåëîì êàê ìîæíî ìåíüøå. Êàêîâà äîëæíà áûòü
î÷åðåäíîñòü ïðèåìà?

66. Ïóñòü M1,M2 � ëèíåéíûå ïîäïðîñòðàíñòâà Rn,

M = M1 ∩ M2, x0 ∈ M, δA(x) =

{
1, x ∈ A,

0, x /∈ A.
Âû÷èñëèòü

∂δM (x0).

67. Ïóñòü f : R2 → R1, f(x, y) = |x|+ |y|. Âû÷èñëèòü ∂f(x0, y0).

Çàìå÷àíèå. Âî âñåõ çàäà÷àõ ïðîñòðàíñòâà êîíå÷íîìåðíû.
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×ÀÑÒÜ II
Âàðèàíò 1

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è âû÷èñëèòü åãî
íîðìó

A : C[0, 1] → C[0, 1] (Ax)(t) =

1−t∫

t

x(τ) dτ.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z, è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèç-
âîäíóþ ïî Ôðåøå

F : R2 → R3, F (x, y) = (xexy, ye−x, x2 + y2), (0, 0),

F : L2[0, 1] → R1, F (x) =
( 1∫

0

x2(t) dt
)2

.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0,
åñëè M � ìíîæåñòâî îðòîãîíàëüíûõ ìàòðèö âòîðîãî ïîðÿäêà,
x0 � åäèíè÷íàÿ ìàòðèöà.

4.
1∫
−1

(x2 + ẋ2) dt → extr, x(1) = x(−1) = 1.

5.
T0∫
0

(x2 − ẋ2 + 4x sin t) dt → extr, x(0) = x(T0) = 0.

6.
1∫
0

(ẋ2
1 + ẋ2

2 − 2x1x2) dt → extr, x1(0) = x2(0) = 0,

x1(1) = sh1, x2(1) = −sh1.

7.
1∫
0

ẋ2 dt + x2(0)− 2x2(1) → extr.

8.
T∫
0

√
1+ẋ2

x dt → extr, x(0) = 1, x(T ) = 2.
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9.
T∫
0

ẋ2 dt → extr,
T∫
0

x dt = 1, x(0) = 1, x(T ) = 0.

10.
1∫
0

(x2 + x1) dt → extr,
1∫
0

ẋ1ẋ2 dt = 0, x1(0) = x2(0) = 0,

x1(1) = 1, x2(1) = −3.

11.
e∫
1

(1 + t)tẍ2 dt → extr, ẋ(1) = 1, x(e) = e, ẋ(e) = 2.

12.
1∫
0

...
x 2 dt → extr, ẋ(0) = −1, ẍ(0) = 1, x(1) = 1/2.

13.
e∫
1

t3ẍ2 dt → extr,
e∫
1

x dt > 0, x(1) = 1, x(e) = 1/e,

ẋ(e) = −1/e2.

14.
1∫
0

u2 dt → extr, ẍ− x = u, x(0) = 1.

15.
π∫
−π

x sin t dt → extr, |ẋ| 6 1, x(−π) = x(π) = 0.

16.
2∫
0

|ẍ| dt → extr, ẍ 6 2, x(0) = 0, x(2) = 1, ẋ(2) = 2.

17. T → inf, |ẍ| 6 2, x(−1) = −1, x(T ) = 1, ẋ(−1) = ẋ(T ) = 0.

18. T → inf, −1 6 ẍ 6 2, x(0) + ẋ(T ) = 0, x(T ) = ẋ(0) = 1.

19. x2
1(1) + x2

2(1) → extr, ẋ1 = u1, ẋ2 = u2,

x1(0) = x2(0) = 1, u2
1 + u2

2 6 1.

20.
1∫
0

u2(t) dt + x(1) → extr, ẋ = u, |u| 6 1, x(0) = 1.

21. T → inf, ẋ1 = x2, ẋ2 = −x1 + u, 0 6 u 6 1,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

22. T → inf, ẋ = bx + u, |u| 6 1, x(0) = ξ, x(T ) = 0.
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23. Ñðåäè âñåõ ïëîñêèõ ãëàäêèõ êðèâûõ, ñîåäèíÿþùèõ òî÷êè
A(x0, y0), B(x1, y1), íàéòè òó, êîòîðàÿ ïðè âðàùåíèè âîêðóã
îñè OX îáðàçóåò ïîâåðõíîñòü íàèìåíüøåé ïëîùàäè.

24. T → inf, ẍ = u, |u| 6 1, |x(0)| 6 1, |ẋ(T )| > 4.

25.
21∫
0

(2u− 2u2 + 5x) dt → extr, ẋ = −3x + 12u, u ∈ [0, 1],

x(0) = 1, x(21) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + 3u2

2 6 9,

x1(0) = x2(0) = 4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 4], u2 ∈ [−3, 1],

x1(0) = 6, x2(0) = −2, x1(T ) = x2(T ) = 0.

28.
13∫
0

(3x1 + 2x2 + 2u1 + u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(13) = x2(13) = 0, x1(0) = 1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −1, u2 > −2,

|u1 + 2u2| 6 6, x1(0) = 1, x2(0) = 2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 1,

x1(0)− x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(x1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 4],

x1(0) = 12, x2(0) = 0, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, u1 + |u2| 6 4,

u1 > 0, x1(0) = 12, x2(0) = 0, x1(T ) = x2(T ) = 0.

33.
2π∫
0

x sin 6t dt → min, ẋ = u, u ∈ [−3, 6], x(0) = 4, x(2π) = 0.

34.
T0∫
0

ϕ(t)u1u2 dt → min, u2
1 + u2

2 6 9, (ϕ(t) > 0).
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Âàðèàíò 2

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è âû÷èñëèòü åãî
íîðìó

A : C[0, 1] → R1 Ax = x(0)− 3

1∫

0

x(τ) dτ − 4x(1).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z, è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèç-
âîäíóþ ïî Ôðåøå

F : R3 → R2, F (x, y, z) = (1 + x2eyz, (x2 − z2) sin y), (0, 0, 0),

F : C1[0, 1] → C[0, 1], (Fx)(t) = ẋ(t)−
t∫

0

x2(t) dt.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0,
åñëè

M = {x | x ∈ Cn[0, 1], x(n)(t) = x
(n)
0 (t), x0 ∈ Cn[0, 1]}.

4.
1∫
0

ẋ2 dt → extr, x(0) = 1, x(1) = 0.

5.
1∫
−1

(ẋ2 + 4x2) dt → extr, x(−1) = 1, x(1) = 1.

6.
T0∫
0

(ẋ2 − 16x2 − 4 sin t) dt → extr, x(0) = x(T0) = 0.

7.
1∫
0

(ẋ2
1 + ẋ2

2 + 2x1x2) dt → extr, x1(0) = x2(0) = 0,

x1(1) = x2(1) = sh1.

8.
1∫
0

ẋ2 dt + αx2(1) → extr, x(0) = 1.
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9.
T∫
0

√
1+ẋ2

x dt → extr, x(0) = 0, T − x(T ) = 1.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt = 3, x(0) = 1, x(1) = 6.

11.
1∫
0

ẋ1ẋ2 dt → extr,
1∫
0

x1 dt =
1∫
0

x2 dt = 0, x1(0) = 0, x2(0) = 0,

x2(1) = 0, x1(1) = 2.

12.
1∫
0

(t + 1)2ẍ2 dt → extr, ẋ(0) = 0,

x(1) = 1, ẋ(1) = 2,
1∫
0

x dt > 0.

13.
1∫
0

...
x 2 dt → extr, x(0) = ẋ(0) = ẍ(0) = 0, x(1) = 1, ẋ(1) = 4.

14.
π∫
0

(ẍ2 + 4x2) dt → extr, x(0) = ẋ(0) = 0, ẋ(π) = sh(π).

15.
1∫
0

(ẍ2 + ẋ2) dt → extr,
1∫
0

x dt > 1, ẋ(0) = sh1, x(1) = ẋ(1) = 0.

16.
1∫
0

u2 dt → extr, ẍ− x = u, x(0) = 1, ẋ(0) = 0.

17.
7π/4∫
0

x sin t dt → extr, |ẋ| 6 1, x(0) = 1.

18.
2∫
0

|ẍ| dt → extr, ẍ 6 2, x(0) = 1, ẋ(0) = −2, x(2) = 0.

19. T → inf, |ẍ| 6 2, x(−1) = 1, x(T ) = −1,

ẋ(−1) = ẋ(T ) = 0.

20. T → inf, −3 6 ẍ 6 2, ẋ(0) + ẋ(T ) = 1, x(0) = 1, x(T ) = 2.

21. x1(1) + x2(1) → extr, ẋ1 = u1, ẋ2 = u2, u2
1 + u2

2 6 1,

x1(0) = x2(0) = 0.
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22.
1∫
0

u2 dt + x(0) → extr, ẋ = u, |u| 6 1, x(1) = 2.

23.
1∫
0

x dt → extr,
1∫
0

ẍ2 dt = 1, x(0) = 1, x(1) = 0.

24. T → inf, ẍ = u, |u| 6 1, x(0) = 2, ẋ(0) = −2, |ẋ(T )| 6 1.

25.
20∫
0

(4u− 2u2 + 5x) dt → extr, ẋ = −2x + 12u, u ∈ [−1, 1],

x(0) = −1, x(20) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, 2u2
1 + 3u2

2 6 18,

x1(0) = x2(0) = −4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 4], u2 ∈ [−3,−1],

x1(0) = −6, x2(0) = 2, x1(T ) = x2(T ) = 0.

28.
16∫
0

(4x1 + 2x2 + 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(16) = 1, x2(16) = 0, x1(0) = 1.

29. T → inf, ẋ1 = x2 + u1, ẋ2 = x1 + u2, u1 > −1, u2 > −2,

|2u1 + 2u2| 6 8, x1(0) = 1, x2(0) = −2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 2,

x1(0) + x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(x2 + 2|u|) dt → min, ẋ1 = −x2, ẋ2 = u, u ∈ [−1, 2],

x1(0) = −12, x2(0) = 1, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+ 2|u2| 6 4,

x1(0) = 4, x2(0) = −13, x2(T ) = 3x1(T ).

33.
π∫
−π

x cos 6t dt → min, ẋ = u, u ∈ [−2, 4], x(−π) = −4,

x(π) = 0.
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34.
T0∫
0

(|u1|+ u2 + tu1) dt → min, |u1| 6 10, |u2| 6 1.

Âàðèàíò 3

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è âû÷èñëèòü åãî
íîðìó

A : C[0, 1] → R1 Ax =

1∫

0

x(τ) sin(πτ) dτ − x(1/2).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z, è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèç-
âîäíóþ ïî Ôðåøå

F : R2 → R2, F (x, y) = (|x|ey, |y|ex),

F : C2[0, 1] → C[0, 1], (Fx)(t) = ẍ(t)−
t∫

0

sin x(τ)dτ.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0,
åñëè

M = {(x1, x2) | (x1, x2) ∈ R2, x1x2 6 1/2}.

4.
1∫
0

(x− ẋ2) dt → extr, x(0) = 0, x(1) = ξ.

5.
T0∫
0

(ẋ2 − 9x2 + 4x cos t) dt → extr, x(0) = 0, x(T0) = 0.

6.
1∫
0

(ẋ1ẋ2 + x1x2) dt → extr, x1(0) = x2(0) = 1,

x1(1) = e, x2(1) = 1/e.

7.
T∫
0

ẋ2 dt → extr, x(0) = 1, T + x(T ) = 2.

8.
T0∫
0

x
√

1 + ẋ2 dt → extr, x(T0) = 1.
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9.
1∫
0

ẍ2 dt → extr,
1∫
0

tx dt = 1, x(0) = x(1) = ẋ(1) = ẋ(0) = 0.

10.
π∫
0

(ẍ2 + 4x2) dt → extr, x(0) = 0, ẋ(0) = 0, x(π) = sh(π).

11.
T∫
0

ẋ2 dt + αx2(T ) → extr, x(0) = x0.

12.
π/2∫
0

(ẍ2 − x2) dt → extr, x(0) = 0, x(π/2) = 1 + π
2 , ẋ(π/2) = 1.

13.
T∫
0

x dt → extr,
T∫
0

ẍ2 dt = 1, x(0) = 1, x(T ) = 0.

14.
T0∫
0

x dt → extr,
T0∫
0

ẍ2 dt = 1, x(0) = 1, x(T0) = 0.

15.
1∫
0

u2 dt → extr, ẍ− x = u, x(0) = 0,

x(1) = sh1, ẋ(1) = ch1 + sh1.

16.
T0∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(T0) = 1.

17.
1∫
0

ẍ2 dt → extr, ẍ 6 24, x(0) = 11, x(1) = ẋ(1) = 0.

18. T → inf, |ẍ| 6 2, ẋ(0) = ẋ(T ) = 0, x(0) = 1, x(T ) = ξ.

19.
1∫
0

(x + u) dt → extr, ẍ = u, |u| 6 1, x(0) = 1.

20. T → inf, 0 6 ẍ 6 2, x(0) + ẋ(T ) = 1, ẋ(0) = 1, x(T ) = 0.

21.
T∫
0

u2 dt + x(1) → extr, ẋ = u, |u| 6 1, x(0) = −1.

22. Çàäàíî êîëè÷åñòâî ìàññû M, êîòîðîå íàäî ðàñïðåäåëèòü ïî
êðèâîé y = y(x), ñîåäèíÿþùåé äâå çàäàííûå òî÷êè ïëîñêîñòè
A, B ñ çàäàííîé ïëîòíîñòüþ σ(x, y) Íàéòè ôîðìó êðèâîé,

95



÷òîáû åå ìîìåíò èíåðöèè îòíîñèòåëüíî îñè OY áûë íàèìåíü-
øèì.

23.
1∫
0

(u2
1 + u2

2) dt → extr, ẋ1 = x2, ẋ2 = u1, ẋ3 = x4, ẋ4 = u2− a,

x1(0) = −1, x2(0) = x3(0) = x4(0) = 0, x1(T ) = 0,

x2(T ) = x3(T ) = x4(T ) = 0.

24. T → inf, ẋ =
(

0 −1
1 0

)
x +

(
1 −1
1 2

)
u,

u ∈ co{(1,−1), (2, 1), (0, 3)}, x(0) = x0, x(T ) = 0.

25.
20∫
0

(4u− 2u2 − 5x) dt → extr, ẋ = 2x− 12u, u ∈ [−1, 1],

x(0) = 1, x(20) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, 2u2
1 + u2

2 6 18,

x1(0) = 2, x2(0) = −4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−1, 4], u2 ∈ [−3, 1],

x1(0) = −16, x2(0) = 2, x1(T ) = x2(T ) = 0.

28.
18∫
0

(4x1 − 2x2 + 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(18) = −1, x2(18) = 0, x1(0) = 1.

29. T → inf, ẋ1 = x2 + u1, ẋ2 = x1 + u2, u1 > −1, u2 > −2,

|u1 + 2u2| 6 8, x1(0) = 1, x2(0) = −2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 2,

x1(0) + x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1− |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 4],

x1(0) = 12, x2(0) = 0, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 4|u1|+3|u2| 6 24,

x1(0) = 20, x2(0) = −3, x2(T ) = −x1(T ).
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33.
π∫

−π/2

x sin 8t dt → min, ẋ = u, u ∈ [−3, 1], x(−π
2 ) = 6, x(π) = 1.

34.
T0∫
0

(u2
1 + tu1 + u2

2 + tu2) dt → min, u1 ∈ [−2, 1], u2 > 0.

Âàðèàíò 4

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1∫

0

x dt + x(1/2).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R3, F (x, y) = (y cosx, x cos y, x2 − y2),

F : C[0, 1] → C[0, 1], (Fx)(t) = ex(t) −
t∫

0

x2(τ) dτ.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M
â òî÷êå (0, 0)

M = {(x1, x2) | (x1, x2) ∈ R2, x2
1 > x3

2}.

4.
1∫
0

(ẋ2 + x2 + tx) dt → extr, x(0) = 1, x(1) = 0.

5.
T0∫
0

(4ẋ2 − x2 + 4x cos t) dt → extr, x(0) = 0, x(T0) = 0.

6.
π/2∫
0

(ẋ1ẋ2 − x1x2) dt → extr, x1(0) = x2(0) = 0, x1(π/2) = 1,

x2(π/2) = −1.

7.
π/2∫
0

(ẋ2 − x2) dt + x2(0)− x2(π/2) + 4x(π/2) → extr.
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8.
T∫
0

ẋ2 dt → extr, x(0) = 0, (T − 1)x2(T ) + 2 = 0.

9.
1∫
0

(
ẋ2

1 + ẋ2
2

2
− x1x2) dt → extr, x1(1) = x2(1) = 1.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

tx dt = 0, x(0) = −4, x(1) = 4.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt > 1, x(0) = x(1) = 0.

12.
T∫
0

ẋ2 dt + αx2(0) → extr, x(T ) = x1

13.
1∫
0

(
...
x 2 + ẍ2) dt → extr, x(0) = ẍ(0) = 0, ẋ(0) = 1,

ẋ(1) = ch1, x(1) = sh1.

14.
1∫
0

u2 dt → extr, ẍ− x = u, x(0) = ẋ(0) = 0, x(1) = sh1,

ẋ(1) = ch1 + sh1.

15.
4∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(4) = 1.

16.
2∫
0

ẍ2 dt → extr, ẍ > 6, x(0) = ẋ(2) = 0, x(2) = 17.

17. T → inf, 0 6 ẍ 6 1, x(0) = ξ1, ẋ(0) = ξ2, x(T ) = ẋ(T ) = 0.

18. T → inf, −1 6 ẍ 6 2, x(0) + ẋ(T ) = ξ1, x(T ) = 1, ẋ(0) = ξ2.

19.
1∫
0

(u2
1 + u2

2) dt + x2
1(1) + x2

2(1) → extr, ẋ1 = u1, ẋ2 = u2,

x1(0) = 1, x2(0) = −1, u2
1 + u2

2 6 1.

20.
T∫
0

u2 dt + x(1) → extr, ẋ = u, |u| 6 1, x(T ) = 1.
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21.
T∫
0

(
...
x 2 − x2) dt → extr, x(0) = ẋ(0) = ẍ(0) = 1, x(T ) = 0.

22. T → inf, −2 6 ẍ 6 −1, x(0) = ξ0,

ẋ(0) = ξ1, x(T ) = ẋ(T ) = 0.

23. Èñõîäÿ èç ïðèíöèïà Ôåðìà � ëó÷ ñâåòà èç îäíîé òî÷êè â äðó-
ãóþ ïðîõîäèò çà ìèíèìàëüíî âîçìîæíîå âðåìÿ, � íàéòè êðè-
âóþ, ïî êîòîðîé ëó÷ ñâåòà ïðîõîäèò èç îäíîé òî÷êè â äðóãóþ,
åñëè ñêîðîñòü ñâåòà çàâèñèò îò êîîðäèíàò.

24. T → inf, ẍ + 2ẋ + x = u, ‖u‖ 6 1 , x, u ∈ R2,

x(0) = x0, x(T ) = x1.

25.
30∫
0

(4u− 2u2 − 2x) dt → extr, ẋ = −2x− 12u, u ∈ [−2, 2],

x(0) = 1, x(30) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, 2u2
1 + 3u2

2 6 24,

x1(0) = −2, x2(0) = 4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−1, 4], u2 ∈ [−3, 4],

x1(0) = 16, x2(0) = −2, x1(T ) = x2(T ) = 0.

28.
28∫
0

(4x1 − 2x2 + 2u1 + 4u2) dt− x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(28) = −12, x2(28) = 0, x1(0) = 1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −2, u2 > −4,

|u1 + 2u2| 6 8, x1(0) = −4, x2(0) = 4, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 2,

2x1(0) + x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(x2 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = 2, x2(0) = 1, x1(T ) = x2(T ) = 0.
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32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+5|u2| 6 10,

x1(0) = −2, x2(0) = 3, x2(T ) = 4x1(T ).

33.
0∫

−2π

x sin 8t dt → min, ẋ = u, u ∈ [−1, 2], x(−2π) = 8,

x(0) = −1.

34.
2∫
−2

(u3
1 − tu2

1 + u3
2 − tu2

2) dt → min, u1, u2 ∈ [−0, 5, 0, 5].

Âàðèàíò 5

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1/2∫

0

x dt−
1∫

1/2

x dt.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (xy, x2 + y2),

F : C2[0, 1] → C[0, 1], (Fx)(t) = ẍ2(t)− cos x(t).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M
â òî÷êå (0, 0)

M = {(x1, x2) | (x1, x2) ∈ R2, x1 6 0, x2 6 0, x2
1 + x2

2 6 0}.

4.
1∫
0

(4x sin t− x2 − ẋ2) dt → extr, x(0) = x(1) = 0.

5.
T0∫
−T0

(x2 − 4x cos t− ẋ2) dt → extr, x(−T0) = 0, x(T0) = 0.

6.
1∫
0

(ẋ1ẋ2 + 6ẋ1t + 12ẋ2t
2) dt → extr, x1(0) = x2(0) = 0,

x1(1) = x2(1) = 1.
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7.
T0∫
0

(x2 + ẋ2) dt + αx2(T0) → extr.

8.
T∫
0

ẋ3 dt → extr, T + x(T ) = 1, x(0) = 0.

9.
1∫
0

(
ẋ2

1 + ẋ2
2

2
− x1x2) dt → extr, x1(0) = x2(0) = 1.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt = 1,
1∫
0

tx dt 6 0, x(0) = x(1) = 0.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

t2x dt > 1, x(0) = x(1) = 0.

12.
π/2∫
0

(
...
x 2 − ẍ2) dt → extr, x(0) = ẋ(0) = ẋ(π/2) = 0,

x(π/2) = 0, ẍ(0) = ẍ(π/2) = 1.

13.
1∫
−1

ẍ2 dt → extr,
1∫
−1

ẋ2 dt = 1,
1∫
−1

x dt = 0,

x(−1) = x(1) = ẋ(−1) = ẋ(1) = 0.

14.
1∫
0

(
...
x 2 − x2) dt → extr,

1∫
0

x dt > 1,

ẍ(1) = ẋ(1) = x(0) = 1.

15.
T0∫
0

|ẋ| dt → extr, ẍ > A, x(0) = 0, x(T0) = ξ.

16.
1∫
0

ẍ2 dt → extr, |ẍ| 6 1, x(0) = ẋ(0) = 0, x(1) = − 11
24 .

17. T → inf, −3 6 ẍ 6 1, x(0) = 3,

ẋ(0) = ẋ(T ) = 0, x(T ) = −5.

18. T → inf, 0 6 ẍ 6 1, x(0) = ξ1, x(T ) = ξ2.

19.
1∫
0

u2 dt + x(1) → extr, ẋ = u, |u| 6 1.
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20. T → inf, ẋ1 = x2 + u1, ẋ2 = −x1 + u2, |u1| 6 1, |u2| 6 1,

x1(0) = 1, x2(0) = −1, x1(T ) = x2(T ) = 0.

21. T → inf, ẋ1 = x2, ẋ2 = −x1 + u, x1(0) = ξ1, ẋ2(0) = ξ2,

0 6 u 6 1, x1(T ) = x2(T ) = 0.

22. Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó òî÷êàìè A(0, 1, 1),
B(2, 0, 4) íà ïîâåðõíîñòè x2 + y2 − z = 0.

23. Íà ïëîñêîñòè äàíà òî÷êà A(xA, yA). Ïðîâåñòè êðèâóþ äëè-
íû l, ñîåäèíÿþùóþ íà÷àëî êîîðäèíàò ñ òî÷êîé A òàê, ÷òîáû
ïëîùàäü ôèãóðû, îãðàíè÷åííîé äàííîé êðèâîé, îñüþ OX è
ïðÿìîé x = xA áûëà íàèáîëüøåé.

24. x2(T0) → extr, |ẍ| 6 1, x(0) = ξ, ẋ(0) = 0.

25.
30∫
0

(−4u− 2u2 − 2x) dt → extr, ẋ = 2x− 12u, u ∈ [−2, 2],

x(0) = −1, x(30) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + 3u2

2 6 27,

x1(0) = −12, x2(0) = −4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 3], u2 ∈ [−3, 8],

x1(0) = −6, x2(0) = 5, x1(T ) = x2(T ) = 0.

28.
20∫
0

(4x1 + 2x2 + 2u1 + 4u2) dt− 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(20) = −10, x2(20) = 1, x1(0) = 1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −2, u2 > −6,

|2u1 + u2| 6 18, x1(0) = −14, x2(0) = 2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 3,

2x1(0)− x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−2, 1],

x1(0) = −2, x2(0) = 4, x1(T ) = x2(T ) = 0.

102



32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 3|u1|+2|u2| 6 18,

x1(0) = 2, x2(0) = −13, x2(T ) = x1(T ).

33.
π/2∫
−π

x cos 12t dt → min, ẋ = u, u ∈ [−2, 4], x(−π) = −1,

x(π
2 ) = 2.

34.
1∫
−1

(t2u2
2 − tu2 + u1 − |u1|) dt → min, |u1| 6 4, |u2| 6 4.

Âàðèàíò 6

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1∫

1/2

x dt− x(0).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R3, F (x, y) = (a|x|+ b|y|, x, y),

F : C[0, 1] → R1, Fx =

1∫

0

ϕ(x(t)) dt, ϕ ∈ C1(R1).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå z0

M = {x | x ∈ C[0, 1], f(x(0)) = 0, f ∈ C1(R1)}.

4.
1∫
0

(ẋ2 + x2 + 6xsh2t) dt → extr, x(0) = x(1) = 0.

5.
T0∫
0

(x2 − ẋ2 + 4x cos t) dt → extr, x(0) = 0, x(T0) = ξ.

6.
1∫
−1

(ẋ2 − 2tx) dt → extr, x(−1) = −1, x(1) = ξ.
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7.
π/2∫
0

(ẋ2
1 + ẋ2

2 + ẋ2
3 + 2x1x2 + 2x1x3) dt → extr, x1(0) = x2(0) = 0,

x3(0) = x2(π/2) = 0, x3(π/2) = −π/2, x1(π/2) = π/2.

8.
1∫
0

(x1x2 + ẋ1ẋ2) dt + x1(0)x2(1) + x1(1)x2(0) → extr.

9.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt = −3/2,
1∫
0

tx dt > −2,

x(0) = 2, x(1) = −14.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

tx dt = 0, x(0) = 0.

11.
T∫
0

(x2 + ẋ2) dt + αx2(T ) dt → extr, x(0) = 0,
T∫
0

x dt > 1.

12.
T∫
0

(ẍ2 − x2) dt → extr, ẋ(0) = 0,
T∫
0

ẋ2 dt = 1.

13.
1∫
0

x dt → extr,
1∫
0

ẍ2 dt = 1, x(0) = x(1) = 0.

14.
T0∫
0

...
x 2 dt → extr,

T0∫
0

ẋ2 dt > 1, x(0) = ẋ(0) = 1, ẍ(T0) = 2.

15.
π/2∫
0

u2 dt → extr, ẍ + x = u, x(0) = 0, x(π/2) = 1.

16.
T0∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(0) = 0.

17. x(2) → extr, |ẋ| 6 2,
2∫
0

ẋ2 dt = 2, x(0) = 0.

18. T → inf, 0 6 ẍ 6 1, x(0) = 1, ẋ(0) = ξ, x(T ) = ẋ(T ) = 0.

19. T → inf, −1 6 ẍ 6 2, x(0) = ξ1, ẋ(0) + x(T ) = ξ2.

20.
1∫
0

u2 dt + x(1) → extr, ẋ = x + u, |u| 6 1, x(0) = 1.
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21. T → inf, ẋ1 = x2, ẋ2 = −x1 + u, −1 6 u 6 0, x1(0) = x0
1,

x2(0) = x0
2, x1(T ) = x2(T ) = 0.

22. Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó òî÷êàìè A(0, 1, 2),
B(1, 0, 0) íà ïîâåðõíîñòè x2 + y2 = 1.

23. Äàí óãîë ñ âåðøèíîé â íà÷àëå êîîðäèíàò. Ñîåäèíèòü äàííóþ
òî÷êó A íà îäíîé ñòîðîíå óãëà ñ íåèçâåñòíîé òî÷êîé B íà äðó-
ãîé ñòîðîíå óãëà êðèâîé äëèíû l òàê, ÷òîáû ïëîùàäü ìåæäó
ñòîðîíàìè óãëà è êðèâîé áûëà ìàêñèìàëüíîé.

24.
3π∫
0

x sin t dt → extr, |ẋ| 6 1, x(0) = 0, x(3π) = π.

25.
30∫
0

(−4u− 2u2 − x) dt → extr, ẋ = x− 2u, u ∈ [−1, 2],

x(0) = 3, x(30) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, 3u2
1 + 4u2

2 6 27,

x1(0) = −2, x2(0) = 4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 3], u2 ∈ [−3, 7],

x1(0) = 8, x2(0) = −5, x1(T ) = x2(T ) = 0.

28.
20∫
0

(4x1 + 2x2 − 3u1 + 4u2) dt− 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(20) = 10, x2(20) = −1, x1(0) = 1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −2, u2 > −4,

|2u1 + 3u2| 6 18, x1(0) = 14, x2(0) = 2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 3,

2x1(0)− x2(0) = −1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−2, 1],

x1(0) = 6, x2(0) = −1, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+5|u2| 6 10,

x1(0) = 1, x2(0) = −3, 2x2(T ) = x1(T ).

105



33.
π/4∫
−2π

x cos 5t dt → min, ẋ = u, u ∈ [−2, 3], x(−2π) = −3,

x(π
4 ) = 3.

34.
2π∫
0

u1u2 cos 2t dt → min, u1 > 1, u2 > 2, u2
1 + u2

2 6 9.

Âàðèàíò 7

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1∫

0

x sin2 πt dt− x(0).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R3 → R2, F (x, y, z) = (a|x|+ b|y|+ c|z|, x2 + y2 + z2),

F : C[0, 1] → R1, F (x) =

1∫

0

ϕ(t, x(t)) dt, ϕ ∈ C1(R).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå z0

M = {x | x ∈ C[0, 1], f(x(0)) = 0, f ∈ C1(R), }.

4.
T0∫
0

ẋ3 dt → extr, x(0) = 0, x(T0) = ξ.

5.
T0∫
0

(ẋ2 + x2 − 4x sin( t
6 )) dt → extr, x(0) = ξ, x(T0) = 0.

6.
1∫
0

(ẋ2 + 3x2)e2t dt → extr, x(0) = 1, x(1) = e.

7.
1∫
0

(ẋ2
1 + ẋ2

2 + 2x1) dt → extr, x1(0) = 1,

x2(1) = 1, x2(0) = 0, x1(1) = 1
2 .
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8.
e∫
1

2ẋ(tẋ + x) dt + 3x2(1)− x2(e)− 4x(e) → extr.

9.
e∫
1

(tẋ2 + 2x) dt → extr, x(1) = e.

10.
π∫
0

ẋ2 dt → extr,
π∫
0

x cos t dt = π
2 , x(0) = 1, x(π) = −1.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

tx dt > 1, x(0) = x(1) = 1.

12.
T∫
0

(2x2 + ẋ2) dt− x2(T ) → extr, x(0) = ξ.

13.
π∫
0

(
...
x 2 − ẋ2) dt → extr, x(0) = ẋ(0) = 0,

x(π) = sh(π), ẋ(π) = ch(π) + 1.

14.
1∫
0

x dt → extr,
1∫
0

ẍ2 dt > 4, x(0) = x(1) = ẋ(0) = 0.

15.
π/2∫
0

u2 dt → extr, ẍ + x = u,

x(0) = x(π/2) = 0, ẋ(π/2) = −π/2.

16.
T∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(0) = ξ.

17. x(T0) → inf,
T0∫
0

ẋ2 dt > 2, |ẋ| 6 1, x(0) = 0.

18. T → inf, |ẍ| 6 1, x(0) = ξ1, ẋ(0) = ξ2, ẋ(T ) = 0.

19. T → inf, −4 6 ẍ 6 2, x(0) = 1, ẋ(0) = 2, x(T ) = ẋ(T ) = 0.

20.
1∫
0

u2 dt + x2(1) → extr, ẋ = x + u, |u| 6 1, x(0) = ξ.

21.
T0∫
0

u2(u− 1)2 dt → extr, ẋ = u, 0 6 u 6 1,

x(0) = 0, x(T0) = 1.
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22. T → inf, ẋ1 = x2, ẋ2 = −x1 + u, −1 6 u 6 2, x1(0) = ξ1,

x2(0) = ξ2, x1(T ) = x2(T ) = 0.

23. Íàéòè êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè A(0, 2, 0) äî òî÷êè
B(2, 2, 0) íà ïîâåðõíîñòè y2 + z2 = 4.

24. Íà ñòîðîíàõ OA è OB óãëà ñ âåðøèíîé O äàíû òî÷êè A
è B. Òðåáóåòñÿ ñîåäèíèòü èõ êðàò÷àéøåé ëèíèåé ACB ïðè
óñëîâèè, ÷òî ïëîùàäü OACB ðàâíà S.

25. T → inf, ẋ =
(

0 1
1 0

)
x +

(
2 1
−1 1

)
u,

u ∈ co{(0, 0), (−1, 1), (1,−1)}, x(0) = x0, x(T ) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, 3u2
1 + 25u2

2 6 27,

x1(0) = −12, x2(0) = −4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 3], u2 ∈ [−1, 7],

x1(0) = −8, x2(0) = −5, x1(T ) = x2(T ) = 0.

28.
20∫
0

(4x1 + 3x2 − u1 + 4u2) dt− x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(20) = 2, x2(20) = 3, x1(0) = 2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −4, u2 > −4,

|u1 + 6u2| 6 12, x1(0) = 4, x2(0) = 12, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 3,

2x1(0)− 2x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−3, 1],

x1(0) = −8, x2(0) = 1, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 3|u1|+2|u2| 6 6,

x1(0) = 12, x2(0) = −3, x2(T ) = −2x1(T ).

33.
3π∫
π

x cos 6t dt → min, ẋ = u, u ∈ [−2, 1], x(π) = −4, x(3π) = 0.
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34.
T0∫
0

(u2
1 +p1(t)u2 +u1) dt → min, 0 6 u1 +u2 6 2, u1 > 0, u2 > 0.

Âàðèàíò 8

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → C[0, 1], (Ax)(t) =

1/2∫

0

x(τ) dτ −
t∫

1/2

x(τ) dτ.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ
ïî Ôðåøå.

F : R3 → R3, F (x, y, z) = (x,−y, e−z(x + y)), (1, 1, 0),

F : C1[0, 1] → C[0, 1], F (x)(t) =
√

1 + ẋ2(t).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0

M = {x | x ∈ C[0, 1],

1∫

0

x2(τ) dτ > 1}, x0(t) = 1.

4.
T0∫
0

(4ẋ2 + x2 + 6xsh2t) dt → extr, x(0) = 0, x(T0) = ξ.

5.
1∫
0

√
x(1 + ẋ2) dt → extr, x(0) = x(1) =

√
2

2 .

6.
π/2∫
0

(ẋ2
1 + ẋ2

2 + 2x1x2) dt → extr, x1(0) = x2(0) = 0,

x1(π/2) = 1, x2(π/2) = 1.

7.
3∫
0

4ẋ2x2 dt + 4x4(0)− 8x(3) → extr.
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8.
T∫
−1

ẋ2 dt → extr, x(−1) = T,
T∫
−1

x dt > 1, x(T ) = 0.

9.
π∫
0

ẋ2 dt → extr,
π∫
0

x sin t dt = 0, x(0) = 0, x(π) = 1.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt > 1, x(0) = ξ.

11.
T∫
0

(x2 + ẋ2) dt + x(0) → extr, x(T ) = ξ,
T∫
0

tx dt = 1.

12.
1∫
0

ẍ2 dt → extr, x(0) = ẋ(0) = 0, x(1) = 1.

13.
1∫
0

x dt → extr,
1∫
0

ẍ2 dt > 1, x(0) = ẋ(0) = ẋ(1) = 0.

14.
π/2∫
0

u2 dt → extr, ẍ + x = u,

x(π/2) = 0, ẋ(π/2) = 1, x(0) = 0.

15.
T0∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(T0) = ξ.

16.
1∫
0

(x2+ẋ2

2 + |ẋ|) dt → extr, x(1) = ξ.

17. T → inf, |ẍ| 6 1, x(0) = ξ1, ẋ(0) = ξ2, x(T ) = 0.

18. T → inf, −3 6 u 6 4, x(0) = 1, ẋ(0) = 2, x(T ) = ẋ(T ) = 0.

19.
1∫
0

(u2 + 2tx) dt → extr, ẋ = u, |u| 6 1, x(0) = 0.

20. T → inf,
T∫
0

x dt > 1, ẋ = u, |u| 6 1, x(0) = 1.

21.
1∫
0

sin u dt → extr, ẋ = cos u, x(0) = 0, x(1) = 1, |u| 6 π
2 .
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22. Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó òî÷êàìè A(1, 0,
√

12),
B(0, 3, 0) íà ïîâåðõíîñòè x2

4 + y2

9 + z2

16 = 1.

23. Ñðåäè âñåõ êðèâûõ, ñîåäèíÿþùèõ ïðÿìûå x = x0, x = x1 è
îáðàçóþùèõ âìåñòå ñ íèìè è îñüþ OX ïëîùàäü çàäàííîé âå-
ëè÷èíû, íàéòè òó, ó êîòîðîé öåíòð òÿæåñòè ýòîé ôèãóðû çàíè-
ìàåò íàèíèçøåå ïîëîæåíèå.

24. T → inf, ẋ1 = u1, ẋ2 = −x1 + u, −2 6 u 6 −1, x(0) = ξ1,

x2(0) = ξ2, x1(T ) + x2(T ) = 0.

25.
30∫
0

(4u− u2 + 2x) dt → extr, ẋ = x + 2u, u ∈ [−3, 2],

x(0) = −3, x(30) = 0.

26. T → inf ẋ1 = u1, ẋ2 = u2, u2
1 + 4u2

2 6 27,

x1(0) = 6, x2(0) = 7, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 3], u2 ∈ [−4, 7],

x1(0) = 28, x2(0) = −14, x1(T ) = x2(T ) = 0.

28.
20∫
0

(x1 + 2x2 − 3u1 + 4u2) dt + x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(20) = 1, x2(20) = 1, x1(0) = −1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −2, u2 > −4,

|u1 + 6u2| 6 24, x1(0) = −14,

x2(0) = −2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 4,

2x1(0) + x2(0) = 3, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−4, 1],

x1(0) = 16, x2(0) = −6, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 5|u1|+ |u2| 6 5,

x1(0) = 12, x2(0) = −3, x2(T ) = −4x1(T ).
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33.
2π/3∫
−π

x cos 5t dt → min, ẋ = u, u ∈ [−2, 2], x(−π) = 4,

x( 2π
3 ) = −1.

34.
2π∫
0

(u2 − u cos t) dt → min, |u| 6 0, 5.

Âàðèàíò 9

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → C[0, 1], (Ax)(t) = x(t)− x(0) + x(1/2).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = ({x}, y),

F : C[0, 1] → C[0, 1], (Fx)(t) = tx(t)−
t∫

0

x2(τ) dτ.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0

M = {x ∈ C3[0, 1] | ...
x = 0}.

4.
1∫
0

(ẋ2 + x2 + 4xsht) dt → extr, x(0) = −1, x(1) = 0.

5.
T0∫
0

(ẋ2 − 4x2)e2t dt → extr, x(0) = 0, x(T0) = ξ.

6.
1∫
−1

x2(1− ẋ)2 dt → extr, x(−1) = 0, x(1) = 1.

7.
1∫
0

(ẋ2
1 + ẋ2

2 + 4x2
1) dt → extr, x1(0) = x2(0) = 0,

x2(1) = 0, x1(1) = 1.
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8.
1∫
0

exẋ2 dt + 4ex(0) + 32e−x(1) → extr.

9.
T∫
0

exẋ2 dt → extr, x(0) = ξ, x(T ) = T + 1.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt = 0, x(0) = 1,
1∫
0

tx2 dt > 1.

11.
1∫
0

ẍ2 dt → extr, x(0) = 1,
1∫
0

x dt = 1, ẋ(1) = 0.

12.
π/2∫
0

u2 dt + x2(0) → extr, ẍ + x = u, x(0) = 1, ẋ(π/2) = 0.

13.
T∫
0

ẍ2 dt + x(0) → extr, x(T ) = ẋ(T ) = 1, ẋ(0) = 0,
T∫
0

ẋ2 dt > 1.

14. T → inf,
T∫
0

ẍ2 dt > 1, x(0) = ẋ(0) = 0, x(T ) = ẋ(T ) = 1.

15. T → inf,
T∫
0

ẍ2 dt = 4, x(0) = 0, ẋ(0) = 1, ẋ(T ) = −1.

16.
T0∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(0) = 0, x(T0) = 1.

17.
1∫
0

x2 dt → extr, |ẋ| 6 1, x(0) = 1.

18. T → inf, 0 6 ẍ 6 1, x(0) = ẋ(0) = 1, x(T ) = ẋ(T ) = 2.

19.
1∫
0

(x2 + u2) dt + x(1) → extr, ẋ = u, |u| 6 1, x(0) = 1.

20.
T∫
0

(x1 + x2 − 3u) dt + x1(T ) → extr, ẋ1 = x1 + x2, ẋ2 = u,

0 6 u 6 1, x1(0) = 1, x2(0) = 0.

21. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + u2

2 6 1, x1(0) = ξ1,

x2(0) = ξ2, x1(T ) = x2(T ) = 0.
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22. Íà ïîâåðõíîñòè x2

4 + y2

9 + z2

16 = 1 íàéòè êðàò÷àéøåå ðàññòîÿíèå
ìåæäó òî÷êàìè A

(√
8
3 ,
√

3, 0
)

, B(0, 0,−4).

23. Äàííóþ òî÷êó (0, b) îñè OY ñîåäèíèòü ñ îñüþ OX êðèâîé,
çàêëþ÷àþùåé âìåñòå ñ îñÿìè OX è OY ôèãóðó äàííîé ïëî-
ùàäè S è îáðàçóþùåé ïðè âðàùåíèè îêîëî îñè OX íàèìåíü-
øóþ ïîâåðõíîñòü.

24. T → inf, ẋ =
(

0 1
−1 0

)
x +

(−1 1
−1 2

)
u,

u ∈ co{(1, 1), (−1,−2), (0, 1)}, x(0) = x0, x(T ) = 0.

25.
40∫
0

(4u− 6u2 + 5x) dt → extr, ẋ = 3x + 2u, u ∈ [−1, 2],

x(0) = 3, x(40) = 0.

26. T → inf ẋ1 = u1, ẋ2 = u2, 9u2
1 + 4u2

2 6 36,

x1(0) = −6, x2(0) = 5, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 3], u2 ∈ [−4, 5],

x1(0) = 23, x2(0) = −13, x1(T ) = x2(T ) = 0.

28.
21∫
0

(3x1 + 2x2 − 3u1 − 4u2) dt + 3x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(21) = −1, x2(21) = 1, x1(0) = −1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −3, u2 > −4,

|u1 + 6u2| 6 24, x1(0) = −10, x2(0) = 1, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 3,

2x1(0) + 2x2(0) = 3, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−6, 1],

x1(0) = −2, x2(0) = 8, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+ 2|u2| 6 6,

x1(0) = 12, x2(0) = −3, x2(T ) = x1(T ) = 0.
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33.
4π∫
2π

x sin 3t dt → min, ẋ = u, u ∈ [−2, 2], x(2π) = 4, x(4π) = −1.

34.
2π∫
0

(u2 + u sin 4t) dt → min, |u| 6 1
4
.

Âàðèàíò 10

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → C[0, 1], (Ax)(t) = t2x(t) + x(1/2).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (|xy|, x cos y),

F : C[0, 1] → C1[0, 1], (Fx)(t) =

t∫

0

x(τ) dτ.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M

M = {x ∈ C2[0, 1] | ẍ = f, f ∈ C2[0, 1]}.

4.
T0∫
0

(ẋ2 + 9x2 + 4xsht) dt → extr, x(0) = 0, x(T0) = ξ.

5.
1∫
0

sin ẋ dt → extr, x(0) = 0, x(1) = π/2.

6.
1∫
−1

(x2 + 2txẋ) dt → extr, x(−1) = 1, x(1) = 1.

7.
1∫
0

(16x2
1 − ẋ2

2 + ẋ2
1) dt → extr, x1(0) = x2(0) = 0,

x1(1) = 1, x2(1) = 2.

8.
1∫
0

et+1(ẋ2 + 2x2) dt + 2x(1)(x(0) + 1) → extr.
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9.
T∫
0

(ẋ2 + x) dt → extr, x(0) = 0, x(T ) = ξ.

10.
π∫
0

ẋ2 dt → extr,
π∫
0

x cos t dt = π
2 ,

π∫
0

x sin t dt = π + 2,

x(0) = 2, x(π) = 0.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

x2 dt > 1,
1∫
0

tx dt = 0, x(1) = 0.

12.
T∫
0

(x2 + (ẋ− x)2) dt− x2(0) → extr, x(T ) = ξ,
T∫
0

x dt = 1.

13.
1∫
0

ẍ2 dt → extr, x(0) = 0, ẋ(0) = 1, ẋ(1) = 0.

14.
1∫
0

ẍ2 dt → extr,
1∫
0

x dt > 1, x(1) = ẋ(0) = 0.

15. T → inf,
T∫
0

ẍ2 dt = 1, x(0) = ẋ(0) = 0, ẋ(T ) = 1.

16.
π/2∫
0

u2 dt + x2(0) → extr, ẍ + x = u, x(π/2) = 1.

17.
T∫
0

(ẋ2 + x) dt → extr, |ẋ| 6 1, x(0) = 0, x(T ) = ξ.

18. T → inf, |ẍ| 6 1, x(0) = ẋ(0) = 2, x(T ) = ẋ(T ) = 4.

19.
1∫
0

u2 dt + x(1) → extr, ẋ = u, |u| 6 1, x(0) = 1.

20. T → inf, ẋ = 2x + u, |u| 6 1, x(0) = −2, x(T ) = 0.

21.
5∫
0

(3u− 2x) dt → extr, ẋ = x− u, 0 6 u 6 1,

x(0) = 0, x(5) = 3
2 .

22. T → inf, ẋ1 = u1, ẋ2 = u2, |u1| 6 1, |u2| 6 1, x1(0) = ξ1,
x2(0) = ξ2, x1(T ) = x2(T ) = 0.
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23. Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó òî÷êàìè A(1, 1,
√

2),
B(−1, 0,

√
3) íà ïîâåðõíîñòè x2 + y2 + z2 = 4.

24. Íàéòè êðàò÷àéøóþ ëèíèþ, ñîåäèíÿþùóþ äâå òî÷êè ïëîñêîñòè,
ïðè óñëîâèè, ÷òî äàííàÿ ëèíèÿ äîëæíà îòñòîÿòü îò íà÷àëà êî-
îðäèíàò íà ðàññòîÿíèå, íå ìåíüøåå çàäàííîãî ÷èñëà a.

25. T → inf, ẋ =
(−1 0
−2 1

)
x +

(−2 1
1 −2

)
u,

u ∈ co{(−1, 1), (2, 0), (0, 3}, x(0) = x0, x(T ) = 0.

26.
12∫
0

(4u− 6u2 + 5x) dt → extr, ẋ = 3x− 5u, u ∈ [−3, 2],

x(0) = −3, x(12) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, 9u2
1 + u2

2 6 36,

x1(0) = −16, x2(0) = 15, x1(T ) = x2(T ) = 0.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 3], u2 ∈ [−3, 5],

x1(0) = 22, x2(0) = −13, x1(T ) = x2(T ) = 0.

29.
24∫
0

(−3x1 + 2x2 − 3u1 − 4u2) dt + 3x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(24) = −1, x2(24) = 1, x1(0) = −1.

30. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −6, u2 > −4,

|u1 + 6u2| 6 24, x1(0) = 10, x2(0) = −21, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 4],

x1(0) = −8, x2(0) = 12, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 3|u1|+2|u2| 6 18,

x1(0) = 12, x2(0) = −3, x2(T ) = −3x1(T ).

33.
3π∫

π/3

x cos 3t dt → min, ẋ = u, u ∈ [−2, 4], x(π
3 ) = 0, x(3π) = 1.
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34.
π∫
−π

u cos(t− π

3
) dt → min, |u| 6 1

2
.

Âàðèàíò 11

1. Ïðîâåðèòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî
íîðìó

A : C[0, 1] → C[0, 1], (Ax)(t) = x(t)−
1∫

0

x(t) dt.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (|x| − |y|, sin(x2 + y2),

F : C[0, 1] → C[0, 1], (Fx)(t) = sin x(t)−
1∫

0

x5(t) dt.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0

M = {x ∈ C1[0, 1],

1∫

0

ẋ2 dt > 1}, x0 = t.

4.
1∫
0

(ẋ2 + x2 + 4xcht) dt → extr, x(0) = 1, x(1) = 0.

5.
1∫
0

cos ẋ dt → extr, x(0) = 0, x(1) = ξ.

6.
1∫
0

xẋ3 dt → extr, x(0) = 0, x(1) = 1.

7.
π/4∫
0

(2x2 − 4x2
1 + ẋ2

1 − ẋ2
2) dt → extr,

x1(0) = x2(0) = 0, x1(π/4) = x2(π/4) = 1.
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8.
1∫
0

(ẋ2 − x) dt− x2(1)
2 + x2(0)

2 → extr.

9.
T∫
0

(ẋ2 + x) dt → extr, x(0) = 0, x(T ) + T = 2.

10.
2∫
1

t2ẋ2 dt → extr,
2∫
1

x dt > 2, x(1) = 0, x(2) = 0.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

x dt =
1∫
0

tx dt = 0, x(0) = ξ, x(1) = 1.

12.
1∫
0

(ẍ2 + 4x2) dt → extr, x(0) = ẋ(0) = 0, ẋ(1) = sh1.

13.
1∫
0

ẍ2 dt → extr,
1∫
0

x2 dt 6 1, x(0) = ẋ(0) = 2, ẋ(1) = 0.

14.
π/2∫
0

(u2 + x) dt + x2(0) → extr, ẍ + x = u,

ẋ(π/2) = 0, x(π/2) = 1.

15.
T0∫
0

(ẋ2 − x) dt → extr, |ẋ| 6 1, x(0) = 0.

16. T → inf,
T∫
0

ẍ2 dt = 1, x(0) = ẋ(0) = x(T ) = 0.

17. T → inf, 0 6 ẍ 6 1, x(0) = 1, ẋ(0) = −1,

x(T ) = 0.

18.
T∫
0

x2 dt → extr, ẋ = u, |u| 6 1, x(0) = ξ.

19. T → inf, ẋ = 2x + u, |u| 6 1, x(0) = −2, x(T ) = 0.

20.
5∫
0

(x− u) dt− x2(5) → extr, ẋ = 2x + u, 0 6 u 6 1, x(0) = 0.

21. T → inf, ẋ1 = u1, ẋ2 = u2, |u2| 6 1, 0 6 u1 6 2,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.
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22. Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó òî÷êàìè A(0, 0, 2),
B(
√

2,
√

2, 0) íà ïîâåðõíîñòè x2 + y2 + z2 = 4.

23. Ïóñòü σ(x, y) = x+y2 � ïëîòíîñòü ðàñïðåäåëåíèÿ ìàññû âäîëü
êðèâîé, ñîåäèíÿþùåé òî÷êè A(1, 1), B(2, 3). Íàéòè òàêóþ
êðèâóþ, äëÿ êîòîðîé ìîìåíò èíåðöèè îòíîñèòåëüíî îñè OY
áûë áû ìèíèìàëüíûì.

24. T → inf, ẋ =
(

0 1
1 0

)
x +

(−1 1
−1 2

)
u,

u ∈ co{(−1, 1), (2,−1), (0, 2)}, x(0) = x0, x(T ) = 0.

25.
15∫
0

(4u + u2 + 5x) dt → extr, ẋ = −3x− 15u, u ∈ [−3, 4],

x(0) = 3, x(15) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + 4u2

2 6 36,

x1(0) = −13, x2(0) = 11, x1(T ) = x2(T ) = 0.

27. T → inf ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 1], u2 ∈ [−3, 2],

x1(0) = −22, x2(0) = −13, x1(T ) = x2(T ) = 0.

28.
22∫
0

(−3x1 + 2x2 − 3u1 + 4u2) dt + 3x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(22) = −1, x2(22) = 1, x1(0) = −1.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −6, u2 > −2,

|8u1 + u2| 6 24, x1(0) = 1, x2(0) = −21, x1(T ) = x2(T ) = 0.

30.
T0∫
0

uxdt → inf, x(0) = x0, ẋ = (u− 2)x, u ∈ [0, 1].

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−2, 1],

x1(0) = 16, x2(0) = 4, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+ 3|u2| 6 9,

x1(0) = 12, x2(0) = −1, x2(T ) = −4x1(T ).
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33.
5π/4∫
−π

x cos 4t dt → min, ẋ = u, u ∈ [−2, 4], x(−π) = 4,

x( 5π
4 ) = 1.

34.
10∫
7

(ln(tu) + u) dt → min, u ∈ [1, 2].

Âàðèàíò 12

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C1[0, 1] → C[0, 1], (Ax)(t) = ẋ(t) + x(t).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (|x|, e|y|),

F : C2[0, 1] → C1[0, 1], (Fx)(t) = ẋ(t) +

1∫

0

x

1 + x2
dt.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0

M = {x ∈ C2[0, 1] | ẍ2(t) < 1 äëÿ âñåõ t ∈ [0, 1]}.

4.
T0∫
0

(ẋ2 + x2 + 4xcht) dt → extr, x(0) = 0, x(T0) = ξ.

5.
T0∫
0

sin ẋ dt → extr, x(0) = 0, x(T0) = ξ.

6.
1∫
0

(t + ẋ2) dt → extr, x(0) = 1, x(1) = 2.

7.
1∫
−1

(ẋ2
1 + 2tx1 + x2

2 − ẋ2
2) dt → extr, x1(−1) = 2, x1(1) = 1,

x2(−1) = −1, x2(1) = 1.
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8.
π/2∫
0

(ẋ2 − x2 − 2x) dt− 2x2(0)− x2(π/2) → extr.

9.
T∫
0

(ẋ2 + x) dt → extr, x(0) = 0.

10.
T∫
0

ẋ2 dt → extr, x(0) = 0, x(T ) = −T − 1.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

xe−t dt > e, x(0) = 2e + 1, x(1) = 2.

12.
T∫
0

ẋ2 dt → extr,
T∫
0

x dt 6 1, x(0) = 3.

13.
1∫
0

(ẍ2 + 48x) dt → extr, x(0) = 0, ẋ(1) = 1.

14.
1∫
0

ẍ2 dt → extr,
1∫
0

x dt = 1, x(0) = x(1) = ẋ(0) = 0.

15.
π/2∫
0

u2 dt + x2(0) → extr, ẍ + x = u, x(π/2) = 0,

ẋ(0) = 0, ẋ(π/2) = 1.

16. T → inf,
T∫
0

ẍ2 dt > 4, x(0) = ẋ(0) = 0, x(T ) = 1, ẋ(T ) = 2.

17. T → inf, ẋ1 = u1, ẋ2 = u2, x1(0) = ξ1, x2(0) = ξ2,

x1(T ) = 0, x2(T ) = 0, u1 ∈ [−1, 2], u2 ∈ [−2, 4].

18.
1∫
0

x dt → extr, |ẍ| 6 2, x(0) = ẋ(0) = 1.

19.
T0∫
0

(ẋ2 − x) dt → extr, |ẋ| 6 1, x(0) = x(T0) = 1.

20. T → inf, |ẍ| 6 2, x(0) = ẋ(0) = 2, x(T ) + ẋ(T ) = 2.

21.
2∫
0

(2x− 3u) dt → extr, ẋ = x + u, x(0) = 5, 0 6 u 6 1.
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22. T → inf, ẋ = −x + u, 0 6 u 6 1, x(0) = −2, x(T ) = 1.

23. Íà ïîâåðõíîñòè x2 + y2 + z2 = 4 íàéòè ðàññòîÿíèå ìåæäó òî÷-
êàìè A(0,−2, 0), B(0,−√2,−√2).

24. Ñðåäè âñåõ ãëàäêèõ êðèâûõ, ñîåäèíÿþùèõ äâå çàäàííûå òî÷-
êè ïëîñêîñòè, íàéòè òó êðèâóþ, êîòîðàÿ ïðè âðàùåíèè âîêðóã
îñè OY îáðàçóåò ïîâåðõíîñòü íàèìåíüøåé ïëîùàäè.

25. T → inf, ẋ =
(

0 −1
1 0

)
x +

(
1 −1
1 2

)
u,

u ∈ co{(1, 1), (−1, 2), (0, 0)}, x(0) = x0, x(T ) = 0.

26.
16∫
0

(u− 6u2 + 5x) dt → extr, ẋ = −3x + 5u, u ∈ [−3, 2],

x(0) = 5, x(16) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, 9u2
1 + u2

2 6 36,

x1(0) = 16, x2(0) = −15, x1(T ) = x2(T ) = 0.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 1], u2 ∈ [−3, 5],

x1(0) = 2, x2(0) = −13, x1(T ) = x2(T ) = 0.

29.
24∫
0

(−3x1 + 6x2 − 3u1 − u2) dt− 3x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 1, x1(24) = −1, x2(24) = 1, x1(0) = −1.

30. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + 2u2, u1 > −6, u2 > −4,

|u1 + 6u2| 6 12, x1(0) = 10, x2(0) = 2, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−2, 3],

x1(0) = 24, x2(0) = 3, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+2|u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+2|u2| 6 4,

x1(0) = 12, x2(0) = 13, x2(T ) = −x1(T ).

33.
π/4∫
−π

x cos 9t dt → min, ẋ = u, u ∈ [−2, 4], x(−π) = 0, x(π
4 ) = 3.
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34.
12∫
−12

(t ln u− u) dt → min, u ∈ [6, 10].

Âàðèàíò 13

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è âû÷èñëèòü åãî
íîðìó

A : C[0, 1] → C[0, 1] (Ax)(t) =

t∫

0

x(τ) dτ − x

(
1
2

)
.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîä-
íóþ ïî Ôðåøå.

F : R2 → R3, F (x, y) = (xe−|x|y, ye−x, x2 + y2), (0, 0),

F : C2[0, 1] → R1, F (x) =




1∫

0

x3(t) dt



−2

.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0

M = {x ∈ C1[0, 1] | sin x(0) = cos ẋ(1)}.

4.
π/2∫
0

(x2 − ẋ2) dt → extr, x(0) = 1, x(π/2) = 0.

5.
T0∫
0

cos ẋ dt → extr, x(0) = x(T0) = ξ.

6.
2∫
1

dt

ẋ
→ extr, x(1) = 0, x(2) = 1.

7.
π/2∫
0

(2x1x2 − 2x2
1 + ẋ2

1 − ẋ2
2) dt → extr,

x1(0) = x2(0) = 0, x2(π/2) = 0, x1(π/2) = 2.

8.
e−1∫
0

(t + 1)ẋ2 dt + 2x(0)(x(e− 1) + 1) → extr.
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9.
T∫
0

ẋ2 dt → extr,
T∫
0

x dt 6 1, x(T ) = 3.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

xet dt = 0, x(0) = 0, x(1) = 1.

11.
T∫
0

(ẋ2 + x) dt → extr, x(0) = 0, (1− T )x(T ) = 2.

12.
1∫
0

(ẍ2 − 48x2) dt → extr, ẋ(1) = 0, x(0) = 1, ẋ(0) = 0.

13.
1∫
0

u2 dt + ẋ2(0) → extr, ẍ− x = u, x(0) = 1.

14.
1∫
0

x dt → extr, |ẍ| 6 2, x(1) = ẋ(1) = 0.

15.
T∫
0

(ẋ2 − x) dt → extr, |ẋ| 6 1, x(0) = 0.

16. T → inf, 0 6 ẍ 6 2, x(0) = 1, x(T ) = 0, ẋ(0) = −1,

ẋ(T ) = 0.

17. T → inf, −1 6 ẍ 6 2, x(0) = 2, ẋ(0) = −1, ẋ(T ) = 0.

18. T → inf, ẋ = u,
T∫
0

x dt = 0, |u| 6 1, x(0) = 1.

19.
2∫
0

(2x− 3u− u2) dt → extr, ẋ = x + u, 0 6 u 6 2, x(0) = 5.

20.
4∫
0

(u + u2 − x) dt + 2x(4) → extr,

ẋ = 3x + 2u, 0 6 u 6 1, x(0) = 0.

21. T → inf, ẋ1 = u1, ẋ2 = u2, 0 6 u1 6 1, 0 6 u2 6 1,

x1(0) = ξ1, x1(T ) = 0, x2(0) = ξ2, x2(T ) = 0.

22. Íàéòè ðàññòîÿíèå îò òî÷êè A(1,−1,
√

2) äî òî÷êè B(2, 0, 0) íà
ïîâåðõíîñòè x2 + y2 + z2 − 4 = 0.
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23. Ñðåäè âñåõ ïëîñêèõ ãëàäêèõ êðèâûõ, ñîåäèíÿþùèõ òî÷êè
A(x0, y0), B(x1, y1) íàéòè òó, êîòîðàÿ ïðè âðàùåíèè âîêðóã
ïðÿìîé x = a îáðàçóåò ïîâåðõíîñòü íàèìåíüøåé ïëîùàäè.

24. T → inf, ẋ =
(

0 1
−2 −3

)
x +

(
0
−1

)
u,

x(0) = x0, x(T ) = 0, u ∈ [−1, 1].

25.
2∫
0

(3u− 2u2 + 5x) dt → extr, ẋ = −3x + 12u, u ∈ [0, 1],

x(0) = 2, x(2) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + 9u2

2 6 9,

x1(0) = x2(0) = −4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−2, 4], u2 ∈ [−3, 1],

x1(0) = −5, x2(0) = 2, x1(T ) = x2(T ) = 0.

28.
12∫
0

(−3x1 + 2x2 − 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(12) = x2(12) = 0, x1(0) = −2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −3, u2 > −2,

|u1 + 5u2| 6 16, x1(0) = 1, x2(0) = 2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 1,

x1(0)− x2(0) = 1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−4, 2],

x1(0) = 0, x2(0) = 24, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 5|u1|+2|u2| 6 40,

x1(0) = 12, x2(0) = −3, 2x2(T ) = x1(T ).

33.
π/2∫
−2π

x cos 3t dt → min, ẋ = u, u ∈ [−2, 4], x(−2π) = 1,

x(π
2 ) = 0.
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34.
T0∫
0

(|u1|+ u1 + p(t)u2) dt → min, |u1| 6 1, |u2| 6 1.

Âàðèàíò 14

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è âû÷èñëèòü åãî
íîðìó

A : C[0, 1] → C[0, 1] (Ax)(t) = x(0)− 3

1∫

t

x(τ) dτ − 4x(1).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z, è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèç-
âîäíóþ ïî Ôðåøå.

F : R3 → R2, F (x, y, z) = (1 + x2eyz, (x2 − z2)| sin y|), (0, 0, 0),

F : C1[0, 1] → C[0, 1], (Fx)(t) = ẋ2(t)−
t∫

0

x2(t) dt.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0,
åñëè

M = {x | x ∈ Cn[0, 1], x(n)(t) = x
(n)
0 (t) + x(t), x0 ∈ Cn[0, 1]}.

4.
T0∫
0

ẋeẋ dt → extr, x(0) = 0, x(T0) = ξ.

5.
e∫
1

(x− tẋ2) dt → extr, x(1) = 1, x(e) = 2.

6.
T0∫
0

(16ẋ2 − x2 − 6 sin 2t) dt → extr, x(0) = 0, x(T0) = 0.

7.
1∫
0

(ẋ2
1 + ẋ2

2) dt → extr,

x1(0) = x2(0) = 0, x1(1) = 1, x2(1) = 3.
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8.
2∫
1

t2ẋ2 dt− 2x(1) + x2(2) → extr.

9.
T∫
0

√
1 + ẋ2 dt → extr, x(0) = 0, T 2x(T ) = 1.

10.
π∫
0

ẋ2 dt → extr,
π∫
0

x sin t dt > 1, x(0) = 0.

11.
π∫
0

(ẍ2 − x2) dt → extr, x(0) = 0, ẋ(0) = 0, ẋ(π) = 1 + ch(π).

12.
1∫
0

...
x 2 dt → extr, ẋ(0) = 0, x(1) = 1, ẋ(1) = 2.

13.
1∫
0

ẍ2 dt → extr,
1∫
0

x2 dt > 1,

x(0) = ẋ(0) = 0, x(1) = 0, ẋ(1) = 1.

14.
1∫
0

u2 dt + ẋ2(0) → extr, x(0) = 1, ẍ− x = u.

15.
1∫
0

x dt → extr, |ẍ| 6 2, x(0) = ẋ(1) = 0.

16.
T∫
0

(x2 − x) dt → extr, |ẋ| 6 1, x(0) = 0, x(T ) = 0.

17.
5π/4∫
0

x sin 2t dt → extr, |ẍ| 6 1, x(0) = 0, x
(

5π
4

)
= π.

18. T → inf, −2 6 ẍ 6 3, x(0) = ẋ(0) = 4, x(T ) = ẋ(T ) = 0.

19. T → inf, |ẍ| 6 2, x(0) = 1, x(T ) + ẋ(T ) = 2, ẋ(0) = 1.

20. T → inf,
T∫
0

x dt = 1, ẋ = u, |u| 6 1, x(T ) = 1.

21.
10∫
0

(x + u) dt → extr, ẋ = x− u, 0 6 u 6 1, x(0) = 1.
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22. T → inf, ẋ1 = x2 + u1, ẋ2 = u2, u2
1 + u2

2 6 1,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

23.
1∫
0

x dt → extr,
1∫
0

ẍ2 dt = 1, x(0) = 1, x(1) = 0.

24. Íà ïîâåðõíîñòè x2 + y2 + z2 = 10 íàéòè ðàññòîÿíèå îò òî÷êè
A(1,

√
8,−1) äî òî÷êè B(

√
8,−1, 1).

25. T → inf, ẋ =
(

2 1
4 0

)
x +

(
1
−1

)
u,

x(0) = x0, x(T ) = 0, u ∈ [0, 1].

26.
6∫
0

(3u− 2u2 + 5x) dt → extr, ẋ = −3x + 2u, u ∈ [0, 1],

x(0) = 2, x(6) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−3, 4], u2 ∈ [−3, 2],

x1(0) = 5, x2(0) = −2, x1(T ) = x2(T ) = 0.

28.
22∫
0

(−3x1 − 2x2 − 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(22) = x2(22) = 0, x1(0) = −2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −3, u2 > −2,

|6u1 + 5u2| 6 18, x1(0) = 1, x2(0) = −2, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 1,

x1(0)− x2(0) = −1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = 8, x2(0) = 10, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1+ |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 3|u1|+2|u2| 6 6,

x1(0) = 2, x2(0) = −3, x2(T ) = −x1(T ).

33.
4π∫
π

x cos 3t dt → min, ẋ = u, u ∈ [−2, 4], x(π) = −1, x(4π) = 2.
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34.
π∫
0

sin(24tu) dt → min, u ∈ [−0, 5, 0, 5].

Âàðèàíò 15

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è âû÷èñëèòü åãî
íîðìó

A : C[0, 1] → R1, (Ax)(t) =

1∫

0

τx(τ) sin(πτ) dτ − x(1/2).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîä-
íóþ ïî Ôðåøå.

F : R2 → R2, F (x, y) =
(
|x|e|y|, |y|ex

)
,

F : C2[0, 1] → C[0, 1], (Fx)(t) = ẍ2(t)−
t∫

0

sinx(τ) dτ.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå x0,
åñëè

M = {(x1, x2) | (x1, x2) ∈ R2, x1x2 6 1}.

4.
1∫
0

(tx− ẋ2) dt → extr, x(0) = 0, x(1) = ξ.

5.
T0∫
0

(25ẋ2 − x2 + 4x cos 4t) dt → extr, x(0) = 0, x(T0) = ξ.

6.
3∫
1

(tẋ2
1 + ẋ2

2 + tx1x2) dt → extr,

x1(1) = x2(1) = 0, x2(3) = 0, x1(3) = 1 + ln 3.

7.
1∫
0

ẋ2 dt + x2(0)− 2x2(1) → extr.

8.
T∫
τ

√
1 + ẋ2 dt → extr, x(T ) = T − 5, x(τ) = τ2.
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9.
1∫
0

(ẋ + x2) dt → extr,
1∫
0

xe−t dt = 1−3e−2

4 , x(0) = 0, x(1) = 1
e .

10.
π∫
0

ẋ2 dt → extr,
π∫
0

x sin t dt > 1, x(0) = x(π) = 0.

11.
π∫
0

(ẍ2 − x2) dt → extr, x(0) = 0, x(π) = 1, ẋ(π) = 0.

12.
T0∫
0

...
x 2 dt → extr,

T0∫
0

ẍ2 dt = 1,

x(0) = 1, x(T0) = 0, ẍ(T0) = 4.

13.
1∫
0

u2 dt + x2(0) → extr, ẍ− x = u,

x(0) = 0, x(1) = 0, ẋ(1) = 1.

14.
2∫
0

x dt → extr, |ẍ| 6 2, x(0) + x(2) = 1, ẋ(2) = 0.

15.
T0∫
0

(ẋ2 + x2) dt → extr, |ẋ| 6 1, x(T0) = ξ.

16. T → inf, |ẍ| 6 1, ẋ(0) = 1, ẋ(T ) = 0, x(0) = 1.

17.
T∫
0

u2 dt → extr, ẋ = ax + u, |u| 6 1, x(0) = 2, x(T ) = 0.

18. T → inf, −3 6 ẍ 6 1, x(0) = x(T ) = 1, ẋ(0) = 6, ẋ(T ) = 0.

19.
T∫
0

u2 dt + x(1) → extr, ẍ = u, |u| 6 1,

x(0) = −1, ẋ(0) = 0, ẋ(1) = 1.

20. T → inf, ẋ1 = u1, ẋ2 = u2, |u1| 6 1, |u2| 6 1,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

21. Íàéòè ðàññòîÿíèå îò òî÷êè A(0, 1, 2) äî òî÷êè B(1, 0, 10) íà
ïîâåðõíîñòè x2 + y2 = 1.
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22. Çàäàíî êîëè÷åñòâî ìàññû M, êîòîðîå íàäî ðàñïðåäåëèòü ïî
êðèâîé y = y(x), ñîåäèíÿþùåé äâå çàäàííûå òî÷êè ïëîñêîñòè
A, B ñ çàäàííîé ïëîòíîñòüþ σ(x, y) = x + y. Íàéòè ôîðìó
êðèâîé, ÷òîáû åå ìîìåíò èíåðöèè îòíîñèòåëüíî îñè OY áûë
íàèìåíüøèì.

23.
1∫
0

(u2
1 − u2

2) dt → extr, ẋ1 = −x2, ẋ2 = u1, ẋ3 = x4,

ẋ4 = u2 − a, x1(0) = −1, x2(0) = x3(0) = x4(0) = 0,

x1(T ) = x2(T ) = 0, x3(T ) = 0, x4(T ) = 0.

24. T → inf, ẋ =
(

0 1
−1 0

)
x +

(−1 1
−2 3

)
u,

x(0) = x0, x(T ) = 0, u ∈ co{(1, 1), (0, 2), (−1,−1)}.

25.
6∫
0

(3u− 2u2 + 5x) dt → extr, ẋ = −x− 2u, u ∈ [−1, 1],

x(0) = 2, x(6) = 0.

26. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + 4u2

2 6 4,

x1(0) = 3, x2(0) = 4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 4], u2 ∈ [−3, 2],

x1(0) = 3, x2(0) = −2, x1(T ) = x2(T ) = 0.

28.
27∫
0

(3x1 − 2x2 − 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 9, x1(27) = x2(27) = 0, x1(0) = −2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −3, u2 > −5,

|6u1 + u2| 6 15, x1(0) = 1, x2(0) = 8, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 1,

2x1(0)− x2(0) = −4, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = 5, x2(0) = −10, x1(T ) = x2(T ) = 0.
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32.
T∫
0

(1 + |u1|+ |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1|+ 2|u2| 6 4,

x1(0) = 12, x2(0) = −3, x2(T ) = x1(T ).

33.
5π/2∫
π

x cos 7t dt → min, ẋ = u, u ∈ [−2, 4], x(π) = 1, x( 5π
2 ) = 2.

34.
π∫
0

(cos tu− sin tu) dt → min, u ∈ [−0, 5, 0, 5].

Âàðèàíò 16

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1∫

0

x dt− 2x(1/2) + x(0).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîä-
íóþ ïî Ôðåøå.

F : R2 → R3, F (x, y) = (y cosx, |x cos y|, x2 − y2), (π, π),

F : C[0, 1] → C[0, 1], (Fx)(t) = ex(t) −



t∫

0

x2(τ) dτ




2

.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M
â òî÷êå (0, 0)

M =
{

(x1, x2) | (x1, x2) ∈ R2, x
2/3
1 > x

3/2
2

}
.

4.
1∫
0

(ẋ2 + x2 + 2xe2t) dt → extr, x(0) = 1, x(1) = ξ.

5.
3π/4∫
T0

(ẋ2 − 4x2 + 4x cos 2t) dt → extr, x(T0) = 0, x(3π/4) = 0.

6.
1∫
0

(1− ẋ2)2 dt → extr, x(0) = 0, x(1) = 1.
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7.
π∫
0

(ẋ2
1 − ẋ2

2 + 2x1x2 + 2x1 cos t + 2x2
2) dt → extr, x1(0) = −1,

x2(0) = x2(π) = 0, x1(π) = 1 + π.

8.
T∫
0

(ẋ2 + x2) dt− 2 sh Tx(T ) → extr.

9.
2∫
1

t2ẋ2 dt → extr,
2∫
1

tx dt > 7
3 , x(1) = 1, x(2) = 2.

10.
π∫
0

ẋ2 dt → extr,
π∫
0

x sin t dt = 1,
π∫
0

x cos t dt = 0, x(0) = 0.

11.
e∫
1

t2ẍ2 dt → extr, x(1) = e + 1
e , ẍ(1) = 1, x(e) = e2

2 .

12.
π∫
0

(ẍ2 − x2) dt → extr, x(0) = x(π) = 0, ẋ(π) = 1.

13.
π/2∫
0

u2 dt + ẋ2(0) → extr, ẍ + x = u, x(0) = 0, x(π/2) = 1.

14.
2∫
0

x dt → extr, |ẍ| 6 2, x(0) + x(2) = 0, ẋ(0) = 0.

15.
T∫
0

(ẋ2 + x2) dt → extr, |ẋ| 6 1, x(T ) = ξ.

16. T → inf, −1 6 ẍ 6 2, x(0) = 1, ẋ(0) = −2, x(T ) + ẋ(T ) = 0.

17. T → inf, −1 6 ẍ 6 0, x(0) = ξ1, ẋ(0) = ξ2,

ẋ(T ) = 0, x(T ) = 0.

18.
1∫
0

u2 dt → extr, ẋ = x + u, |u| 6 1, x(0) = 1, x(T ) = 0.

19.
T0∫
0

x2 dt → extr,
T0∫
0

u2 dt > 1, ẋ = u, |u| 6 1, x(T ) = 2.

20.
3∫
0

(x− 6u) dt + 2x(3) → extr, ẋ = 2x + u, 0 6 u 6 1, x(0) = 1
2 .
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21. T → inf, ẋ1 = u1, ẋ2 = u2, 0 6 u1 6 1, |u2| 6 1,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

22. Íàéòè ðàññòîÿíèå ìåæäó òî÷êàìè A(2, 2, 2), B(0, 12,
√

8) íà
ïîâåðõíîñòè x2 + z2 = 8.

23. Èñõîäÿ èç ïðèíöèïà Ôåðìà � ëó÷ ñâåòà èç îäíîé òî÷êè â äðó-
ãóþ ïðîõîäèò çà ìèíèìàëüíî âîçìîæíîå âðåìÿ, � íàéòè êðè-
âóþ, ïî êîòîðîé ëó÷ ñâåòà ïðîõîäèò èç îäíîé òî÷êè â äðóãóþ,
åñëè ñêîðîñòü ñâåòà ïðîïîðöèîíàëüíà ðàññòîÿíèþ äî íà÷àëà
êîîðäèíàò.

24. T → inf, ẋ =
(

0 1
−1 0

)
x +

(−1 1
2 3

)
u,

x(0) = x0, x(T ) = 0 u ∈ co {(2, 0), (0, 2), (−1,−1)} .

25.
16∫
0

(u + 2u2 + 5x) dt → extr, ẋ = −x− 2u, u ∈ [−1, 1],

x(0) = −2, x(16) = 0.

26. T → inf ẋ1 = −u1, ẋ2 = u2, u2
1 + 4u2

2 6 4,

x1(0) = −3, x2(0) = 4, x1(T ) = x2(T ) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5,−4], u2 ∈ [−3, 1],

x1(0) = 3, x2(0) = 2, x1(T ) = x2(T ) = 0.

28.
7∫
0

(3x1 − 2x2 + 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 9, x1(7) = x2(7) = 0, x1(0) = −2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −4, u2 > −5,

|6u1 + u2| 6 18, x1(0) = 1, x2(0) = −8, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + u, |u| 6 1,

x1(0)− 2x2(0) = 4, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = −3, x2(0) = 12, x1(T ) = x2(T ) = 0.
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32.
T∫
0

(1 + |u1| + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, |u1| + |u2| 6 4,

x1(0) = 12, x2(0) = −3, x1(T ) = 0.

33.
7π/2∫
π

x cos 5t dt → min, ẋ = u, u ∈ [−1, 3], x(π) = 0, x( 7π
2 ) = 2.

34.
π
2∫

−π
2

(cos 2tu− sin tu) dt → min, u ∈ [−1, 1].

Âàðèàíò 17

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1/2∫

0

x dt−
1∫

1/2

x dt.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîä-
íóþ ïî Ôðåøå.

F : R2 → R3, F (x, y) = (xy, x2 + y2, |x|),
F : C2[0, 1] → C[0, 1], (Fx)(t) =

(
ẍ2(t)− cosx(t)

)2
.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M
â òî÷êå (0, 0)

M = {(x1, x2) | (x1, x2) ∈ R2, x1 6 0, x2 6 0, x3
1 + x3

2 6 1}.

4.
π/4∫
2T0

(8x sin 2t + 4x2 − ẋ2) dt → extr, x(2T0) = 0, x(π/4) = 1.

5.
π/2∫
−T0

(x2 + 2x− ẋ2) dt → extr, x(−T0) = 0, x(π/2) = 0.

6.
1∫
0

(ẋ2
1 + ẋ2

2 + 2ẋ1t + t2) dt → extr,

x1(0) = x2(0) = 1, x1(1) = 3
2 , x2(1) = 1.
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7.
T0∫
0

(x2 + ẋ2 − 4x sin t) dt− 2x(T0) + 2x2(0)− x2(T0) → extr.

8.
T∫
0

(ẋ3 + x) dt → extr, T − x(T ) = 1, x(0) = 0.

9.
1∫
0

ẋ2 dt → extr,
1∫
0

x2 dt > 1, x(0) = x(1) = 0.

10.
π∫
0

(ẋ2 − x2) dt → extr,
π∫
0

x cos t dt = π
2 ,

π∫
0

x sin t dt = −2, x(0) = 0.

11.
e∫
1

tẍ2 dt → extr, x(1) = 0, ẋ(1) = 1, ẋ(e) = 2.

12.
T0∫
0

(ẍ2 − x2) dt → extr, x(0) = x(T0) = 0, ẋ(T0) = 1.

13.
1∫
0

...
x 2 dt → extr, x(0) = ẋ(0) = ẍ(0), x(1) = 1.

14.
1∫
0

(u2 + x2) dt → extr, ẋ + x = u, x(1) = 1.

15.
1∫
0

x dt → extr, |ẍ| 6 2, x(0) + x(1) = 0, ẋ(0) + ẋ(1) = 1.

16. x(2) → extr, −1 6 ẋ 6 1,
2∫
0

ẋ2 dt = 2, x(0) = 0.

17. T → inf, −2 6 ẍ 6 1, x(0) = 1, ẋ(0) = −2,

ẋ(T ) = 1, x(T ) = 0.

18. T → inf, ẋ = x + u, x(0) = ξ, x(T ) = 0.

19.
1∫
0

u2 dt + x(1) → extr, ẍ = u, |u| 6 1, x(0) = ẋ(0) = 0.
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20. T → inf, ẋ = u,
T∫
0

u2 dt 6 1, x(T ) = 2.

21.
10∫
0

(2u + u2 + x) dt− 3x(10) → extr, ẋ = x + u,

x(0) = −1, |u| 6 1.

22. T → inf, ẋ1 = x2 + u1, ẋ2 = −x1 + u2, 0 6 u2 6 1, |u1| 6 1,

x1(T ) = x2(T ) = 0, x1(0) = ξ1, ẋ2(0) = ξ2.

23. Íàéòè ðàññòîÿíèå ìåæäó òî÷êàìè A(1, 0, 1), B(0, 3, 9) íà ïî-
âåðõíîñòè x2 + y2 − z = 0.

24. Èç íà÷àëà êîîðäèíàò ïëîñêîñòè XOY ïðîâåñòè êðèâóþ OA
äëèíîé l, êîí÷àþùóþñÿ íà ïðÿìîé x = h è îáðàçóþùóþ âìå-
ñòå ñ àáöèññîé òî÷êè A è îñüþ OY íàèáîëüøóþ ïëîùàäü.

25. T → inf, ẋ =
(−1 0

0 −1

)
x +

(−1 −1
−2 1

)
u,

x(0) = x0, x(T ) = 0, u ∈ co{(2, 1), (0, 2), (−1,−1)}.

26.
9∫
0

(3u− 2u2 − 5x) dt → extr, ẋ = −x− 4u, u ∈ [−1, 1],

x(0) = −2, x(9) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u2
1 + 4u2

2 6 4,

x1(0) = 3, x2(0) = −4, x1(T ) = x2(T ) = 0.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 4], u2 ∈ [−1, 3],

x1(0) = 3, x2(0) = 2, x1(T ) = x2(T ) = 0.

29.
18∫
0

(3x1 + 2x2 − 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 9, x1(18) = x2(18) = 0, x1(0) = 2.

30. T → inf, ẋ1 = x2 − 2u1, ẋ2 = x1 + u2, u1 > −3, u2 > −4,

|6u1 + u2| 6 18, x1(0) = 1, x2(0) = 2, x1(T ) = x2(T ) = 0.
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31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−2, 6],

x1(0) = −2, x2(0) = 7, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, u1 + 3|u2| 6 9,

u1 > 0, x1(0) = −8, x2(0) = −2, x1(T ) = x2(T ) = 0.

33.
π/2∫
−π

x cos 9t dt → min, ẋ = u, u ∈ [−2, 3], x(−π) = 0, x(π
2 ) = 1.

34.
1∫
−1

(tu2 − |u|) dt → min, u ∈ [−1, 2].

Âàðèàíò 18

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1∫

1/2

x dt + 2x(0)− x(1).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîä-
íóþ ïî Ôðåøå.

F : R2 → R3, F (x, y) = (ax
2
3 + b|y|, x, y),

F : C1[0, 1] → R1, Fx =

1∫

0

ϕ(x2(t), ẋ(t)) dt, ϕ ∈ C1(R2).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê ìíîæåñòâó M â òî÷êå z0

M = {x | x ∈ C[0, 1], f(x(0), x(1)) = 0, f ∈ C1(R2)}.

4.
1∫
0

(ẋ2 − 4ẋ3x + 2tẋ4) dt → extr, x(0) = x(1) = 0.

5.
π/2∫
−T0

(x2 − 8ẋ2 + 6x cos 4t) dt → extr, x(−T0) = 0, x(π/2) = ξ.
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6.
1∫
−1

(ẋ2 − x2 − 2x) dt → extr, x(−1) = −1, x(1) = 0.

7.
π/2∫
0

(ẋ2
1 + ẋ2

2 − 2x1x2) dt → extr,

x1(0) = x2(0) = 0, x2(π/2) = x1(π/2) = 1.

8.
3∫
0

4ẋ2x2 dt + x4(0)− 8x(3) → extr.

9.
1∫
0

(ẋ2 + x2 + 4x sh t) dt → extr, x(0) = ξ.

10.
π/2∫
0

(ẋ2 − x2) dt → extr,
π/2∫
0

x cos t dt 6 1,

x(0) = 2, x(π/2) = 4.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

etx dt = 1, x(0) = 0.

12.
e∫
1

t2ẍ2 dt → extr, x(1) = 0, ẋ(1) = 1, ẋ(e) = 2.

13.
π∫
0

(ẍ2 − x2) dt → extr, ẋ(0) = 0, x(0) = 1, ẋ(π) = 0.

14.
1∫
0

...
x 2 dt → extr,

1∫
0

ẍ2 dt = 1, x(0) = x(1) = 0.

15.
1∫
0

(x2 + 2u2) dt → extr, ẋ = x√
2

+ u, x(0) = 1.

16.
2∫
0

x dt → extr, |ẍ| 6 2, x(0) = 0, x(2) = 0, ẋ(0) = 0.

17.
T∫
0

(ẋ2 + x2) dt → extr, |ẋ| 6 1, x(0) = 0, x(T ) = ξ.

18. T → inf, −1 6 ẍ 6 2, x(0) = 1, ẋ(0) = 3, x(T ) = ẋ(T ) = 0.

19. T → inf, −1 6 ẍ 6 3, x(0) = 1, ẋ(T ) = 1, ẋ(0) + x(T ) = 3.
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20. T → inf, ẋ = 2x + u, |u| 6 1, x(0) = 2, x(T ) = 0.

21.
3∫
0

(x1 + x2 + 2u) dt− x2(3) → extr, ẋ1 = x2 − u, ẋ2 = x1,

−2 6 u 6 2, x1(0) = 2, x2(0) = 0.

22. T → inf, ẋ1 = x1 + u1, ẋ2 = u2, −1 6 u1 6 0, 0 6 u2 6 1,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

23. Íàéòè ðàññòîÿíèå ìåæäó òî÷êàìè A(
√

2, 1, 2), B(1, 0, 0) íà ïî-
âåðõíîñòè x2 − y2 = 1.

24. Äàí óãîë ñ âåðøèíîé â íà÷àëå êîîðäèíàò. Ñîåäèíèòü äàííóþ
òî÷êó A íà îäíîé ñòîðîíå óãëà ñ äàííîé òî÷êîé B íà äðó-
ãîé ñòîðîíå óãëà êðèâîé äëèíû l òàê, ÷òîáû ïëîùàäü ìåæäó
ñòîðîíàìè óãëà è êðèâîé áûëà ìàêñèìàëüíîé.

25. T → inf, ẋ =
(

0 1
−1 0

)
x +

(−1 −1
−2 −1

)
u, x(0) = x0,

x(T ) = 0, u ∈ co{(1,−2), (0, 2), (−1, 1)}.

26.
10∫
0

(4u + 2u2 − 5x) dt → extr, ẋ = −x− 4u, u ∈ [−1, 1],

x(0) = 2, x(10) = 0.

27. T → inf, ẋ1 = u1, ẋ2 = u2, 2u2
1 + 3u2

2 6 24,

x1(0) = 3, x2(0) = −4, x1(T ) = x2(T ) = 0.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 4], u2 ∈ [−1, 3],

x1(0) = −13, x2(0) = −2, x1(T ) = x2(T ) = 0.

29.
8∫
0

(3x1 + 2x2 − 2u1 + u2) dt + 3x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 9, x1(8) = x2(8) = 0, x1(0) = 2.

30. T → inf, ẋ1 = x2 + 2u1, ẋ2 = x1 − u2, u1 > −3, u2 > −4,

|u1 + 3u2| 6 18, x1(0) = 1, x2(0) = −2, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−4, 3],

x1(0) = 6, x2(0) = −1, x1(T ) = x2(T ) = 0.
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32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, u1 + 3|u2| 6 6,

u1 > 0, x1(0) = −2, x2(0) = 0, x1(T ) = x2(T ) = 1.

33.
7π/2∫
π/3

x cos 4t dt → min, ẋ = u, u ∈ [−2, 4], x(π
3 ) = 1, x( 7π

2 ) = 0.

34.
2π∫
0

u2
1u2 sin t dt → min, u1 ∈ [0, 5, 1], u2(t) ∈ [−t, t].

Âàðèàíò 19

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : L2[0, 1] → R1, Ax =

1∫

0

x sin2 πt dt.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå z è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîä-
íóþ ïî Ôðåøå.

F : R3 → R2, F (x, y, z) = (a|x| − b|y| − c|z|, x2 − y2 + z2),

F : C1[0, 1] → R1, F (x) =

1∫

0

ϕ(t, ẋ(t)) dt, ϕ ∈ C1(R).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê M â òî÷êå z0

M = {x | x ∈ C[0, 1], f(x(0) + x(1)) = 0, f ∈ C1(R)}.

4.
4/3∫
0

x
ẋ2 dt → extr, x(0) = 1, x( 4

3 ) = 1
9 .

5.
T0∫
0

(ẋ2 − x2 − tx) dt → extr, x(0) = ξ, x(T0) = 0.

6.
3π/2∫
−T0

(ẋ2−8x2 +16x sin 12t) dt → extr, x(−T0) = 0, x(3π/2) = 1.
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7.
1∫
0

(ẋ2
1 + ẋ2

2 + 4x2) dt → extr,

x1(0) = x2(0) = 0, x2(1) = x1(1) = 1.

8.
e∫
1

2ẋ(tẋ + x) dt + 3x2(1)− x2(e)− 4x(e) → extr.

9.
T∫
0

(x2 − ẋ2) dt → extr, x(0) = ξ, x(T ) = 0.

10.
π/2∫
0

(ẋ2 − x2) dt → extr,
π/2∫
0

x sin t dt 6 1, x(0) = x(π/2) = 2.

11.
1∫
0

ẋ2 dt → extr,
1∫
0

xet dt = 2, x(0) = 1, x(1) = 0.

12.
e∫
1

t2ẍ2 dt → extr, x(1) = −1, x(e) = ẋ(1) = e.

13.
π∫
0

(ẍ2 − ẋ2) dt → extr, x(0) = 0, x(π) = 1, ẋ(0) = 0.

14.
1∫
0

...
x 2 dt → extr,

1∫
0

ẍ2 dt > 4, x(0) = ẋ(0) = 0, x(1) = 1.

15.
1∫
0

(x2 + u2) dt → extr, ẍ +
√

2x = u, x(0) = 1, ẋ(1) = 0.

16.
2∫
0

x dt → extr, |ẍ| 6 2, x(0) = ξ, ẋ(0) = ẋ(2) = 0.

17.
π∫
0

(ẋ2 − x2) dt → extr,
π∫
0

x dt 6 1, |ẋ| 6 1, x(0) = 0.

18. T → inf, −1 6 ẍ 6 2, x(0) = 2, ẋ(0) = 1,

x(T ) = 1, ẋ(T ) = 0.

19. T → inf, −4 6 ẍ 6 0, x(0) = 1, ẋ(0) = 2, ẋ(T ) = 1.

20. T → inf, ẋ = −x + u, |u| 6 1, x(0) = 2, x(T ) = 0.
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21.
10∫
0

(2x− u) dt → extr, ẋ = −2x + u, −1 6 u 6 1,

x(0) = 1, x(10) = 1
2 .

22. T → inf, ẋ1 = x2 + u1, ẋ2 = u2, u1 6 2u2 6 4u1,

u2 6 1− u1, x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

23. Íàéòè ðàññòîÿíèå îò òî÷êè A(0, 2, 0) äî òî÷êè B(0, 1,
√

3) íà
ïîâåðõíîñòè y2 + z2 = 4.

24. Íà ñòîðîíå OA óãëà ñ âåðøèíîé O äàíà òî÷êà A. Òðåáóåò-
ñÿ ñîåäèíèòü åå êðàò÷àéøåé ëèíèåé ACB ñ íåèçâåñòíîé òî÷-
êîé B íà ñòîðîíå óãëà OB ïðè óñëîâèè, ÷òî ïëîùàäü OACB
ðàâíà S.

25. T → inf, ẋ =
(

0 −1
1 0

)
x +

(
2 1
−1 2

)
u,

x(0) = x0, x(T ) = 0, u ∈ co{(1, 0), (0, 1), (−1,−1)}.

26.
18∫
0

(−u + 2u2 − 5x) dt → extr, ẋ = −x− 2u, u ∈ [−1, 1],

x(0) = −2, x(18) = 0.

27. T → inf, ẋ1 = −u1, ẋ2 = u2, u2
1 + 4u2

2 6 28,

x1(0) = −3, x2(0) = −4, x1(T ) = x2(T ) = 0.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 4], u2 ∈ [−1, 3],

x1(0) = 13, x2(0) = −2, x1(T ) = x2(T ) = 1.

29.
7∫
0

(3x1 − 2x2 + 2u1 − u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 9, x1(7) = x2(7) = 0, x1(0) = −2.

30. T → inf, ẋ1 = 2x2 − u1, ẋ2 = x1 + u2, u1 > −4, u2 > −5,

|6u1 + u2| 6 18, x1(0) = 1, x2(0) = −8, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = −7, x2(0) = 13, x1(T ) = x2(T ) = 0.
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32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 2u1 + |u2| 6 8,

u1 > 0, x1(0) = 6, x2(0) = −4, x1(T ) = x2(T ) = 0.

33.
5π/2∫
π/4

x cos 5t dt → min, ẋ = u, u ∈ [−2, 3], x(π
4 ) = 0, x( 5π

2 ) = 3.

34.
T0∫
0

(u2
1 + 2u2 sin t + u1) dt → min, u1 + u2 6 4, u1 > 0, u2 > 0.

Âàðèàíò 20

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → R1, Ax =

1/2∫

0

x(t) dt− 2

1∫

1/2

x(τ) dτ + x(0).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå â òî÷êå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ
ïî Ôðåøå.

F : R3 → R3, F (x, y, z) = (x2,−|y|, e−z(x + y)), (1, 1, 0),

F : C1[0, 1] → C[0, 1], F (x)(t) =
√

x2(t) + ẋ2(t).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê M â òî÷êå x0

M =
{

x | x ∈ C[0, 1],

1∫

0

x2(τ) dτ 6 1
}

, x0(t) = 1.

4.
T0∫
0

(4ẋ2 − x2 + 6x sh 2t) dt → extr, x(0) = 0, x(T0) = 0.

5.
1∫
1
2

√
(1+ẋ2)

x dt → extr, x( 1
2 ) =

√
3, x(1) = 1.
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6.
π∫
0

(x2 − 4ẋ2 + 2x sin 3t) dt → extr, x(0) = 0, x(π) = 1.

7.
π/2∫
0

(ẋ2
1 + x2

2 + 2x1x2 + 2ẋ1ẋ2) dt → extr, x1(0) = x2(0) = 1,

x2(π/2) = −π/2, x1(π/2) = π/2.

8.
1∫
0

et+1(ẋ2 + 2x2) dt + 2x(1)(x(0) + 1) → extr.

9.
T∫
0

(ẋ2 − x) dt → extr, x(0) = 0, x(T ) = T 2.

10.
T0∫
−T0

x dt → extr,
T0∫
−T0

√
1 + ẋ2 dt > 1, x(T0) = x(−T0) = 0.

11.
e∫
1

t2ẍ2 dt → extr, x(1) = 0, ẋ(1) = 1, ẋ(e) = 1
e .

12.
π/2∫
0

(ẍ2 − x2) dt → extr, x(0) = 1, x(π/2) = ẋ(π/2) = 0.

13.
1∫
0

...
x 2 dt → extr,

1∫
0

ẍ2 dt 6 1, x(0) = 1, ẋ(0) = ẋ(1) = 0.

14.
1∫
0

(u2 + x2) dt → extr, ẍ−√2ẋ = u, x(0) = 1.

15.
4∫
0

x dt → extr, |ẍ| 6 1, x(0) + x(4) = 0, ẋ(0) = ẋ(4) = 1.

16.
T0∫
0

(ẋ2 − x2) dt → extr, |ẋ| 6 1, x(0) = x(T0) = 0.

17. T → inf, |ẍ| 6 1, x(0) = 2, ẋ(0) = 3, x(T ) = 1, ẋ(T ) = 0.

18. T → inf, −3 6 ẍ 6 1, x(0) = 1, ẋ(0) = 3, x(T ) = ξ.

19. T → inf, ẋ = −2x + u, |u| 6 1, x(0) = −3, x(T ) = 0.
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20.
5∫
0

(u2 − x) dt → extr, ẋ = −x− u, 1 6 u 6 10,

x(0) = 0, x(5) = −2.

21. T → inf, ẋ1 = x2 + u1, ẋ2 = u2, u2 6 u1 + 1,

0 6 u2 6 1− u1, x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

22. Íà ïîâåðõíîñòè x2

4 + y2

9 + z2

16 = 2 íàéòè ðàññòîÿíèå ìåæäó
òî÷êàìè A

(
2, 1, 8

3

√
2
)
, B(0, 3, 4).

23. Ñðåäè âñåõ êðèâûõ çàäàííîé äëèíû l, ñîåäèíÿþùèõ ïðÿìûå
x = x0, x = x1 è îáðàçóþùèõ âìåñòå ñ íèìè è îñüþ OX
ïëîùàäü ñ âåëè÷èíîé íå ìåíåå S, íàéòè òó, ó êîòîðîé öåíòð
òÿæåñòè ýòîé ôèãóðû çàíèìàåò íàèíèçøåå ïîëîæåíèå.

24. T → inf, ẋ =
(−1 0

0 1

)
x +

(−1 2
3 −4

)
u, x(0) = x0,

x(T ) = 0, u ∈ co{(−1, 1), (0, 1), (1, 3)}.

25.
16∫
0

(u + 2u2 + 5x) dt → extr, ẋ = −3x− 2u, u ∈ [−1, 2],

x(0) = 4, x(16) = 0.

26. T → inf, ẋ1 = −u1, ẋ2 = u2, u2
1 + 4u2

2 6 16,

x1(0) = −3, x2(0) = 4, x1(T ) = x2(T ) = 1.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 2], u2 ∈ [−3, 1],

x1(0) = −3, x2(0) = 2, x1(T ) = x2(T ) = 0.

28.
10∫
0

(3x1 − 2x2 + 2u1 − 3u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 9, x1(10) = x2(10) = 0, x1(0) = −2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −5, u2 > −5,

|6u1 + u2| 6 18, x1(0) = 4, x2(0) = −8, x1(T ) = x2(T ) = 0.

30. T → inf, ẋ1 = −x2, ẋ2 = x1 + 5u, |u| 6 1,

2x1(0) + 2x2(0) = 4, x1(T ) = x2(T ) = 0.
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31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = 0, x2(0) = 2, x1(T ) = 3, x2(T ) = 0.

32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 2u1 + 3|u2| 6 12,

u1 > 0, x1(0) = 2, x2(0) = 6, x1(T ) = x2(T ) = 0.

33.
5π/2∫
π/6

x cos 5t dt → min, ẋ = u, u ∈ [−2, 5], x(π
6 ) = 1, x( 5π

2 ) = 0.

34.
2π∫
0

u1u2 sin 2t dt → min, u2
1 + u2

2 6 4.

Âàðèàíò 21

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C1[0, 1] → C[0, 1], (Ax)(t) = ẋ(t)− x(0).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (xsign y, y),

F : C1[0, 1] → C[0, 1], (Fx)(t) = tẋ(t)−
t∫

0

x2(τ) dτ.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê M â òî÷êå x0

M = {x ∈ C1[0, 1] | ẋ(t) 6 0, ∀t ∈ [0, 1]}.

4.
T0∫
0

(ẋ2 − x2 + 4xcht) dt → extr, x(0) = 0, x(T0) = ξ.

5.
T0∫
0

√
1+ẋ2

x dt → extr, x(0) = x0 > 0, x(T0) = x1 > 0.
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6.
π∫
0

(x2 − 4ẋ2 + 8x sin t) dt → extr, x(0) = 0, x(π) = ξ.

7.
π/2∫
0

(ẋ2
1 + ẋ2

2 + 2x1x2 + 2x1ẋ2) dt → extr, x1(0) = x2(0) = −1,

x2(π/2) = 0, x1(π/2) = 1.

8.
1∫
0

exẋ2 dt + 4ex(0) + 32e−x(1) → extr.

9.
T∫
0

(ẋ2 + x2) dt → extr, x(0) = ξ, x(T ) + T − 1 = 0.

10.
T∫
0

√
1+ẋ2

x dt → extr, x(0) = 1, x(T ) = T − 1.

11.
T0∫
−T0

x
√

1 + ẋ2 dt → extr,
T0∫
−T0

√
1 + ẋ2 dt 6 l,

x(−T0) = x(T0) = 0.

12.
T∫
0

u2 dt + x2(T ) → extr, ẍ + x = u, x(0) = 1.

13.
π/2∫
0

(ẍ2 − x2) dt → extr, x(π/2) = 1, x(0) = ẋ(0) = 0.

14.
1∫
0

...
x 2 dt → extr, x(1) = ẋ(1) = 1, ẋ(0) = 0,

1∫
0

ẋ2 dt > 1.

15.
2∫
0

|ẍ| dt → extr, ẍ > −2, x(0) = 0, x(2) = −1, ẋ(2) = −2.

16.
4∫
0

x dt → extr, |ẍ| 6 2, x(0) = 0, x(4) = 1.

17. T → inf, −3 6 ẍ 6 2, x(0) = 1, ẋ(0) = 2,

x(T ) = 0, ẋ(T ) = 1.

18.
1∫
0

(x2 − u2) dt + x(0) → extr, ẋ = u, |u| 6 1, x(1) = 0.
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19.
5∫
0

(u2 − x) dt → extr, ẋ = −x− u, 1 6 u 6 10,

x(0) = 0, x(5) = −2.

20. T → inf,
T∫
0

ẍ2 dt 6 1, x(0) = 2, ẋ(0) = 0,

x(T ) + ẋ(T ) = 1.

21. T → inf, ẋ1 = x2 + u1, ẋ2 = u2, u2 6 u1 + 1,

0 6 u2 6 −u1 + 1, x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

22. Íàéòè ðàññòîÿíèå ìåæäó òî÷êàìè A(0, 2, 2), B(1, 1,
√

3) íà ïî-
âåðõíîñòè x2 + y2

4 + z2

4 = 2.

23. Äàííóþ òî÷êó (0, b) îñè OY ñîåäèíèòü ñ îñüþ OX êðèâîé,
çàêëþ÷àþùåé âìåñòå ñ îñÿìè OX è OY ôèãóðó äàííîé ïëî-
ùàäè S è îáðàçóþùåé ïðè âðàùåíèè îêîëî îñè OY ïîâåðõ-
íîñòü íàèìåíüøåé ïëîùàäè.

24. T → inf, ẋ =
(−1 1

0 1

)
x +

(−1 1
0 1

)
u,

x(0) = x0, x(T ) = 0, u ∈ co{(−1, 1), (0, 2), (2, 0)}.

25.
16∫
0

(u + 2u2 − 2x) dt → extr, ẋ = −3x− 2u, u ∈ [−2, 2],

x(0) = 4, x(16) = 0.

26. T → inf, ẋ1 = −u1, ẋ2 = u2, u2
1 + 4u2

2 6 16,

x1(0) = −13, x2(0) = 4, x1(T ) = x2(T ) = 2.

27. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 2], u2 ∈ [−3, 3],

x1(0) = −3, x2(0) = 12, x1(T ) = x2(T ) = 0.

28.
10∫
0

(3x1 − 2x2 − 2u1 − 5u2) dt + 2x2(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(10) = x2(10) = 0, x1(0) = −2.

29. T → inf, ẋ1 = x2 − u1, ẋ2 = x1 + u2, u1 > −5, u2 > −2,

|6u1 + u2| 6 18, x1(0) = 4, x2(0) = −6, x1(T ) = x2(T ) = 0
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30. T → inf, ẋ1 = −x2, ẋ2 = x1 + 5u, |u| 6 1,

2x1(0) + x2(0) = 14, x1(T ) = x2(T ) = 1.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = −6, x2(0) = −1, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 2u1 + 3|u2| 6 24,

u1 > 0, x1(0) = −2, x2(0) = 4, x1(T ) = x2(T ) = 0.

33.
7π/6∫
π/4

x cos 9t dt → min, ẋ = u, u ∈ [−2, 4], x(π
4 ) = 1, x( 7π

6 ) = 2.

34.
2π∫
0

u1u2 cos 2t dt → min, u2
1 + u2

2 6 4.

Âàðèàíò 22

1. Ïîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → C[0, 1], (Ax)(t) = t2x(t)− x(0) + x(1).

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (xy, |x cos y|),

F : C[0, 1] → C[0, 1], (Fx)(t) =

t∫

0

x(τ) dτ + x2(t).

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê M

M = {x ∈ C2[0, 1] | ẍ(t) 6 f(t), ∀t ∈ [0, 1], f ∈ C[0, 1]}.

4.
e∫
1

(tẋ2 + xẋ) dt → extr, x(1) = e, x(e) = ξ.
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5.
π/2∫
0

(x2 − 16ẋ2 + 6x sin t) dt → extr, x(0) = 0, x(π/2) = 0.

6.
T0∫
−T0

x
√

1 + ẋ2 dt → extr, x(−T0) = x(T0) = ξ.

7.
1∫
0

(2x2
2 + ẋ2

2 + ẋ2
1) dt → extr,

x1(0) = x2(1) = 1, x1(1) = 0, x2(0) = 2.

8.
π/2∫
0

(ẋ2 − x2) dt + x2(0)− x2(π/2) + 4x(π/2) → extr.

9.
T∫
0

(ẋ2 + x2) dt → extr, x(0) = 0, x(T ) = −T + 1.

10.
1∫
0

ẋ2 dt → extr,
1∫
0

x2 dt > 1, x(0) = ξ.

11.
1∫
0

x1x2 dt → extr,
1∫
0

x1 dt = 1,
1∫
0

x2 dt = 0,

x1(0) = x1(1) = 0, x2(0) = 0, x2(1) = 1.

12.
e∫
1

t3ẍ2 dt → extr, x(e) = 3
2 , ẋ(e) = 1

2e , x(1) = e
2 .

13.
1∫
0

...
x 2 dt → extr,

1∫
0

x dt > 1,

x(0) = ẋ(0) = 1, ẋ(1) = ẍ(0) = ẍ(1) = 0.

14.
π/2∫
0

u2 dt + ẋ(0) → extr, ẍ + x = u, x(π/2) = 1, x(0) = 0.

15.
2∫
0

|ẍ| dt → extr, |ẍ| 6 2, x(0) = 0, x(2) = 8, ẋ(0) = 0.

16.
4∫
0

x dt → extr, |ẍ| 6 1, x(0) = ẋ(4) = x(4) = 0.
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17. T → inf,
T∫
0

ẍ2 dt = 1, x(0) + ẋ(0) = 0, ẋ(T ) = 1.

18. T → inf, 0 6 ẍ 6 3,

x(0) = 1, ẋ(0) = −2, x(T ) = 0, ẋ(T ) = 1.

19. T → inf, −1 6 ẍ 6 3, x(0) = 1, ẋ(0) = −2, x(T ) = 3.

20. T → inf, ẋ = −2x + u, |u| 6 1, x(0) = 2, x(T ) = 0.

21.
10∫
0

(u + x) dt → extr, ẋ = −x + 2u, 0 6 u 6 1,

x(0) = 1, x(10) = 0.

22. T → inf, ẋ1 = x2 + u, ẋ2 = −x2 + u, |u| 6 1,

x1(0) = ξ1, x2(0) = ξ2, x1(T ) = x2(T ) = 0.

23. Íà ïîâåðõíîñòè x2 + y2 + z2 = 8 íàéòè ðàññòîÿíèå ìåæäó òî÷-
êàìè A(2,

√
2,
√

2), B(−2,
√

2,−√2).

24. Íàéòè êðàò÷àéøóþ ëèíèþ, ñîåäèíÿþùóþ äâå äàííûå òî÷êè
ïëîñêîñòè, ïðè óñëîâèè, ÷òî äàííàÿ ëèíèÿ äîëæíà îòñòîÿòü îò
òî÷êè A(1, 2) íà ðàññòîÿíèè, íå ìåíüøåì çàäàííîãî ÷èñëà a.

25. T → inf, ẋ =
(−1 1

0 1

)
x +

(
1 −1
0 2

)
u,

x(0) = x0, x(T ) = 0, u ∈ co{(−1, 2), (0, 3), (2, 1)}.

26.
20∫
0

(u− 2u2 − 2x) dt → extr, ẋ = −3x− 2u, u ∈ [−2, 2],

x(0) = 4, x(20) = 0.

27. T → inf, ẋ1 = −u1, ẋ2 = u2, u2
1 + 4u2

2 6 16,

x1(0) = −13, x2(0) = 14, x1(T ) = x2(T ) = 2.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 2], u2 ∈ [−1, 3],

x1(0) = 3, x2(0) = −12, x1(T ) = x2(T ) = 0.

29.
10∫
0

(3x1 − 2x2 + u1 − u2) dt− 2x1(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(10) = x2(10) = 0, x1(0) = −2.
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30. T → inf, ẋ1 = 2x2 − u1, ẋ2 = x1 + u2, u1 > −5, u2 > −2,

|6u1 + u2| 6 18, x1(0) = 4, x2(0) = −10, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−1, 1],

x1(0) = 5, x2(0) = −8, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, 2u1 + |u2| 6 4,

u1 > 0, x1(0) = 2, x2(0) = −1, x1(T ) = x2(T ) = 0.

33.
7π/4∫
−π/6

x sin 5t dt → min, ẋ = u, u ∈ [−2, 4], x(−π
6 ) = 1,

x( 7π
4 ) = 0.

34.
3π∫
0

(u2 − u cos t) dt → min, u ∈ [−0, 5, 0, 5].

Âàðèàíò 23

1. Ïðîâåðèòü,÷òî îïåðàòîð À ÿâëÿåòñÿ ëèíåéíûì è íàéòè åãî íîð-
ìó

A : C[0, 1] → C[0, 1], (Ax)(t) = x(t)−
1∫

0

tx(t) dt.

2. Èññëåäîâàòü îòîáðàæåíèå F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå è â ñëó÷àå äèôôåðåíöèðóåìîñòè íàéòè ïðîèçâîäíóþ ïî
Ôðåøå.

F : R2 → R2, F (x, y) = (|x + y|, sin(x2 + y2),

F : C1[0, 1] → C[0, 1], (Fx)(t) = sin ẋ(t)−
1∫

0

x5(t) dt.

3. Íàéòè êàñàòåëüíîå ïðîñòðàíñòâî ê M â òî÷êå x0

M = {x ∈ C1[0, 1],

1∫

0

ẋ2 dt 6 1}.
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4.
e∫
1

(tẋ2 + 2x) dt → extr, x(1) = 4, x(e) = ξ.

5.
T0∫
0

(ẋ2 − 36x2 − 2x cos 2t) dt → extr, x(0) = 0, x(T0) = ξ.

6.
t1∫
t0

√
1+ẋ2√

x
dt → extr, x(t0) = x0 > 0, x(t1) = x1 > 0.

7.
π∫
0

(ẋ2
1 + ẋ2

2 + 2x1x2) dt → extr,

x1(0) = x2(0) = 0, x1(π) = x2(π) = 1.

8.
T∫
0

√
1 + ẋ2 dt → extr, x(0) = 0, T 2x(T ) = 1.

9.
T∫
0

(ẋ2 − x2 − 4x cos t) dt → extr, x(0) = 0.

10.
1∫
0

ẋ1ẋ2 dt → extr,
1∫
0

tx1 dt =
1∫
0

tx2 dt = 0,

x1(1) = x2(0) = 0, x2(1) = 1, x1(0) = −1.

11.
1∫
0

x dt → extr,
1∫
0

√
1 + ẋ2 dt = π

2 , x(1) = 0.

12.
1∫
0

(ẍ2 + 4x2) dt → extr, x(0) = x(1) = 0, ẋ(1) = sh1.

13.
1∫
0

ẍ2 dt → extr,
1∫
0

x2 dt 6 1, x(0) = ẋ(0) = 2, x(1) = 0.

14.
T∫
0

u2 dt + x2(0) → extr, ẍ + x = u, x(T ) = ξ.

15.
2∫
0

|ẍ| dt → extr, ẍ 6 2, x(0) = 1, ẋ(0) = −2, x(2) = 0.

16.
8∫
0

x dt → extr, |ẍ| 6 2, x(0) = ẋ(0) = 0,

x(8) = ẋ(8) = 1.
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17. T → inf,
T∫
0

(ẍ2 + x) dt = 1, x(0) = 1, ẋ(0) = x(T ) = 0.

18. T → inf, −1 6 ẍ 6 2, x(0) = 1, ẋ(0) = −2, x(T ) = 0,
ẋ(T ) = 1.

19. T → inf, −1 6 ẍ 6 2, x(0) = ξ, ẋ(0) = 2, x(T ) = 0.

20.
T0∫
0

x sin t dt → extr, |ẍ| 6 1, x(0) = −2.

21.
4∫
0

(2x1 − x2 + 3u) dt → extr, ẋ1 = x2 + u, ẋ2 = −x1 + 2x2,

−1 6 u 6 1, x1(0) = 0, x2(0) = 1.

22. T → inf, ẋ1 = x2 + u1, ẋ2 = x2 + u2,

|u2| 6 1, 0 6 u1 6 2, x1(0) = ξ1, x2(0) = ξ2,

x1(T ) = x2(T ) = 0.

23. Íà ïîâåðõíîñòè x2 + y2 + z2 = 4 íàéòè ðàññòîÿíèå ìåæäó òî÷-
êàìè A(0, 0,−2), B(−√2,−√2, 0).

24. Ïóñòü σ(x, y) = x−y � ïëîòíîñòü ðàñïðåäåëåíèÿ ìàññû âäîëü
êðèâîé, ñîåäèíÿþùåé òî÷êè A(0, 1), B(2, 3). Íàéòè òàêóþ
êðèâóþ, äëÿ êîòîðîé ìîìåíò èíåðöèè îòíîñèòåëüíî îñè OX
áûë áû ìèíèìàëüíûì.

25. T → inf, ẋ =
(

1 0
1 −1

)
x +

(
0 1
−1 2

)
u,

x(0) = x0, x(T ) = 0, u ∈ co{(−1, 2), (0, 3), (2, 1)}.

26.
20∫
0

(3u− u2 − 2x) dt → extr, ẋ = −3x− 2u, u ∈ [−2, 2],

x(0) = −4, x(20) = 0.

27. T → inf, ẋ1 = −u1, ẋ2 = u2, 3u2
1 + 4u2

2 6 48,

x1(0) = −13, x2(0) = 1, x1(T ) = x2(T ) = 2.

28. T → inf, ẋ1 = u1, ẋ2 = u2, u1 ∈ [−5, 2], u2 ∈ [−1, 4],

x1(0) = 8, x2(0) = −12, x1(T ) = x2(T ) = 0.

156



29.
12∫
0

(3x1 + 5x2 + u1 − u2) dt− 2x1(0) → extr, ẋ1 = u1,

ẋ2 = u2, u2
1 + u2

2 6 4, x1(12) = x2(12) = 0, x1(0) = −2.

30. T → inf, ẋ1 = 2x2 − u1, ẋ2 = x1 + u2, u1 > −3, u2 > −2,

|6u1 + 5u2| 6 18, x1(0) = 4, x2(0) = −1, x1(T ) = x2(T ) = 0.

31.
T∫
0

(1 + |u|) dt → min, ẋ1 = x2, ẋ2 = u, u ∈ [−6, 2],

x1(0) = −2, x2(0) = 4, x1(T ) = x2(T ) = 0.

32.
T∫
0

(1 + u1 + |u2|) dt → min, ẋ1 = u1, ẋ2 = u2, u1 + 2|u2| 6 4,

u1 > 0, x1(0) = 12, x2(0) = 1, x1(T ) = x2(T ) = 0.

33.
7π/2∫
−π/4

x sin 3t dt → min, ẋ = u, u ∈ [−2, 1], x(−π
4 ) = 2,

x( 7π
2 ) = 0.

34.
T0∫
0

(u2
1 + p(t)u2 + u1) dt → min, u1 + 2u2 6 3, u1 > 0, u2 > 0.
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðèâåñòè ïðèìåð îòîáðàæåíèÿ, èìåþùåãî â äàííîé òî÷êå ïåð-
âóþ âàðèàöèþ, íî íå ÿâëÿþùåãîñÿ äèôôåðåíöèðóåìûì ïî Ãàòî
â äàííîé òî÷êå.

2. Ïðèâåñòè ïðèìåð îòîáðàæåíèÿ, äèôôåðåíöèðóåìîãî ïî Ãàòî â
äàííîé òî÷êå, íî íå äèôôåðåíöèðóåìîãî ïî Ôðåøå â äàííîé
òî÷êå.

3. Ïóñòü M � ïîäìíîæåñòâî áàíàõîâà ïðîñòðàíñòâà X, x0 ∈ X.
Âåðíî ëè, ÷òî Tx0M ÿâëÿåòñÿ ëèíåéíûì ïîäïðîñòðàíñòâîì
X ?

4. Ïóñòü M � ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë R1. Ïîñòðîèòü
T0M.

5. Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, f : X → R1 � âûïóê-
ëûé íà X ôóíêöèîíàë. Âåðíî ëè, ÷òî äëÿ ëþáîé òî÷êè x0

ñóùåñòâóåò ïåðâàÿ âàðèàöèÿ δf(x0, h) ôóíêöèîíàëà f ?

6. Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî,
f : X → R1 � âûïóêëûé íà X ôóíêöèîíàë. Âåðíî ëè, ÷òî äëÿ
ëþáîé òî÷êè x0 ñóáäèôôåðåíöèàë ∂f(x0) ÿâëÿåòñÿ íåïóñòûì
ìíîæåñòâîì?

7. Ïóñòü (X, ρ) � ñåïàðàáåëüíîå ìåòðè÷åñêîå ïðîñòðàíñòâî è f :
X → R. Äîêàçàòü, ÷òî ìíîæåñòâî âñåõ òî÷åê ñòðîãî ëîêàëüíîãî
ýêñòðåìóìà ôóíêöèîíàëà f íå áîëåå ÷åì ñ÷åòíî.

8. Ïóñòü D � ñîâîêóïíîñòü âñåõ 2π ïåðèîäè÷åñêèõ ôóíêöèé
f ∈ C1(R). λ > 0 � ôèêñèðîâàííîå ÷èñëî. Íàéòè ãëîáàëüíûé
ìèíèìóì â ñëåäóþùåé çàäà÷å:

( π∫

−π

(f(x)− sinx)2dx + λ

π∫

−π

(f ′(x))2dx
)→ min

f∈D
.

9. Ìîæåò ëè ïðîñòåéøàÿ çàäà÷à âàðèàöèîííîãî èñ÷èñëåíèÿ
èìåòü äâà ðåøåíèÿ?
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10. Ñôîðìóëèðîâàòü çàäà÷ó î íàõîæäåíèè ãåîäåçè÷åñêîé íà ñôåðå
è öèëèíäðå êàê ïðîñòåéøóþ çàäà÷ó âàðèàöèîííîãî èñ÷èñëåíèÿ.
Íàéòè ðåøåíèÿ ïîñòàâëåííûõ çàäà÷.

11. Ñôîðìóëèðîâàòü çàäà÷ó î íàõîæäåíèè ãåîäåçè÷åñêîé íà òî-
ðå êàê ïðîñòåéøóþ çàäà÷ó âàðèàöèîííîãî èñ÷èñëåíèÿ. Íàéòè
ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.

12. Ïðèâåñòè ïðèìåð ïðîñòåéøåé çàäà÷è âàðèàöèîííîãî èñ÷èñëå-
íèÿ, â êîòîðîé ñëàáûé ëîêàëüíûé ìèíèìóì ÿâëÿåòñÿ ñèëüíûì
ëîêàëüíûì ìèíèìóìîì, íî íå ÿâëÿåòñÿ ãëîáàëüíûì ìèíèìó-
ìîì.

13. Ïðèâåñòè ïðèìåð çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ, èìå-
þùåé áîëåå îäíîãî ðåøåíèÿ.

14. Ïðèâåñòè ïðèìåð çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ, èìåþùåé
ñèëüíûé ëîêàëüíûé ìèíèìóì, íî íå èìåþùåé ãëîáàëüíîãî ìè-
íèìóìà.

15. Ðåøèòü çàäà÷ó
T0∫

0

(1− u)
√

x dt → inf,

ẋ = u
√

x− ux, u ∈ [−1, 1], x(0) = x0, x(T0) = x0.

16. Ïîêàçàòü, ÷òî äëÿ âñÿêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ẍ = ϕ(t, x, ẋ), ϕ ∈ C2(R3)

ìîæíî íàéòè ôóíêöèþ f : R3 → R1 òàêóþ, ÷òî ðåøåíèÿ ýòîãî
óðàâíåíèÿ áóäóò ýêñòðåìàëÿìè ôóíêöèîíàëà

F : C1[t0, t1] → R1, F (x) =

t1∫

t0

f(t, x(t), ẋ(t))dt.

17. Ðåøèòü çàäà÷ó
1∫
0

ẋ2dt

1∫
0

x2dt

→ min, x(0) = x(1) = 0.

159



18. Ðàññìàòðèâàåòñÿ çàäà÷à
1∫

0

(1− (ẋ)2)2dt → extr, x(0) = x(1) = 0.

Èìååòñÿ ëè â äàííîé çàäà÷å:
a) ñëàáûé ëîêàëüíûé ýêñòðåìóì;
á) ñèëüíûé ëîêàëüíûé ýêñòðåìóì.

19. Ðåøèòü çàäà÷ó
1∫

0

tx(t)dt → extr,

x ∈ {z : z ∈ C[0, 1], z > 0,

1∫

0

z(t)dt = a, z − âîãíóòà}.

20. Ðåøèòü çàäà÷ó
1∫

0

t2x(t)dt → extr,

x ∈ {z : z ∈ C[0, 1], z > 0,

1∫

0

z(t)dt = a, z − âîãíóòà}.

21. Ïðèâåñòè ïðèìåð ïðîñòåéøåé çàäà÷è âàðèàöèîííîãî èñ÷èñëå-
íèÿ, â êîòîðîé èìååòñÿ ñëàáûé ëîêàëüíûé ýêñòðåìóì, íî íåò
ñèëüíîãî ëîêàëüíîãî ýêñòðåìóìà.

22. Ðåøèòü çàäà÷ó
1∫
0

ẋ2dt

1∫
0

x2dt

→ min,

1∫

0

xdt = 0.
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23. Ïóñòü D � ñîâîêóïíîñòü âñåõ ôóíêöèé f , èíòåãðèðóåìûõ ïî
Ðèìàíó íà îòðåçêå [0, 2], äëÿ êîòîðûõ äëÿ âñåõ öåëûõ n

2∫

0

f(x)e−2πinxdx = 0.

Íàéòè ãëîáàëüíûé ìèíèìóì â çàäà÷å
2∫

0

(f(x) + x− 2)2dx → min
f∈D

.

24. Ïóñòü D ⊂ R2, F : C1(D) → R1, f ∈ C1(R5),

F (z) =
∫∫

D

f(x, y, z,
∂z

∂x
,
∂z

∂y
)dxdy.

Âû÷èñëèòü ïåðâóþ âàðèàöèþ ôóíêöèîíàëà F.

25. Ïóñòü F : C[t0, t1] → R1,

F (x) = max
t∈[t0,t1]

g(x(t), t).

Èññëåäîâàòü ôóíêöèîíàë F íà äèôôåðåíöèðóåìîñòü ïî Ôðå-
øå.

26. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà äëÿ çàäà÷è
T∫

0

f(t, x(t), ẋ(t))dt → min,

ẋ(t) = g1(t, x(t)) +

t∫

0

g(τ, x(τ), ẋ(τ))dτ, t ∈ [0, T ].

27. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà äëÿ çàäà÷è
t1∫

t0

f(t, x(t), ẋ(t))dt → min, g(t, x(t), ẋ(t)) = α

äëÿ âñåõ t ∈ [t0, t1].
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28. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà â ôîðìå ïðèíöèïà
ìàêñèìóìà äëÿ çàäà÷è

F0 → min, Fi 6 0, i = 1, . . . k, Fi = 0, i = k + 1, . . . , n,

ẋ =

t∫

0

f(τ, x(τ)u(τ))dτ, u ∈ U,

ãäå

Fi =

T∫

0

gi(t, x(t), u(t))dt + li(x(0), x(T )).

29. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà â ôîðìå ïðèíöèïà
ìàêñèìóìà äëÿ çàäà÷è

max
t∈[0,T ]

g(x(t), t) → min,

ẋ = ϕ(x, u), u ∈ U, x(0) = x0.

30. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà â ôîðìå ïðèíöèïà
ìàêñèìóìà äëÿ çàäà÷è

F0 → min, Fi 6 0, i = 1, . . . k, Fi = 0, i = k + 1, . . . , n,

ẋ = f1(t, x(t), u(t)) +

t∫

0

f0(τ, x(τ)u(τ))dτ, u ∈ U,

ãäå Fi îïðåäåëåíû âûøå.

31. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà â ôîðìå ïðèíöè-
ïà ìàêñèìóìà Ïîíòðÿãèíà è óòî÷íèòü ñòðóêòóðó îïòèìàëüíîãî
óïðàâëåíèÿ äëÿ çàäà÷è

F (u) =

t1∫

t0

r∑

i=1

|ui(t)|dt → min, x(t0) = x0, x(t1) = x1,

ẋ = Ax + Bu, ui ∈ [−1, 1], i = 1, . . . r,

ãäå A,B � çàäàííûå ìàòðèöû ðàçìåðíîñòè ñîîòâåòñòâåííî n×
n, n× r; x0, x1 � çàäàííûå âåêòîðû ïðîñòðàíñòâà Rn,
t0, t1 � çàäàííûå ìîìåíòû âðåìåíè.
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32. Ïîëó÷èòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà â ôîðìå ïðèíöè-
ïà ìàêñèìóìà Ïîíòðÿãèíà è óòî÷íèòü ñòðóêòóðó îïòèìàëüíîãî
óïðàâëåíèÿ äëÿ çàäà÷è

ϕ(x(t1)) +

t1∫

t0

(g(x, t) + (b(t), u))dt → min,

ẋ = f(x, t) + A(t)u, x(t0) = x0, u ∈ U

åñëè t0, t1 � çàäàíû è
a) U = {u ∈ Rr, |u| 6 1},
b) U = {u ∈ Rr, ui ∈ [αi, βi],

c) U = {u ∈ Rr,
r∑

i=1

ui = 1, ui > 0}.

Çàìå÷àíèå. Â ïðåäëàãàåìûõ çàäà÷àõ ïðåäïîëàãàåòñÿ, ÷òî âñå
âõîäÿùèå ôóíêöèè ¾äîñòàòî÷íî õîðîøèå¿, à èìåííî òàêèå, äëÿ
êîòîðûõ âûïîëíåíû òðåáóåìûå âûêëàäêè è ñïðàâåäëèâû óñëî-
âèÿ ñîîòâåòñòâóþùèõ òåîðåì. x, u � âåêòîð-ôóíêöèè. Ñëåäóåò
ðàññìàòðèâàòü äâà âàðèàíòà ñîîòâåòñòâóþùèõ çàäà÷: ìîìåíò
T çàäàí è ìîìåíò T íå çàäàí.
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