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1+n+k × U × 
, U ⊂ R

m, (A)§ ¤ ®© â®¯®«®£¨ç¥áª®© ¤¨ ¬¨ç¥áª®© á¨áâ¥¬®© (
, f t) ( 
 |¯®«®¥ á¥¯ à ¡¥«ì®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, f t | ¯®â®ª  
 ¥¯à¥àë¢ë© ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå (t, ω) ∈ R × 
 ),¡ë«® ¢¢¥¤¥® ¢ à ¡®â¥ [1℄ ¨ ¨§ãç «®áì ¢ à ¡®â å [1{6℄ ¢ á¢ï§¨ á1� ¡®â  ¯®¤¤¥à�   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©(£à âë 97{01{00413, 99{01{00454) ¨ ª®ªãàáë¬ æ¥âà®¬ äã¤ ¬¥â «ì®£®¥áâ¥áâ¢®§ ¨ï (£à â 97{0{1.9). 3



§ ¤ ç¥© ã¯à ¢«¥¨ï ¯®ª § â¥«ï¬¨ �ï¯ã®¢  (¢ «®ª «ì®© ¨ £«®-¡ «ì®© ¯®áâ ®¢ª¥). � ç áâ®áâ¨, ¡ë«® ¯®ª § ®, çâ® ¢ ¥ªà¨-â¨ç¥áª®¬ á«ãç ¥ 0 ∈ intU ¨§ à ¢®¬¥à®© á®£« á®¢ ®áâ¨ á¨-áâ¥¬ë (A) (¨ ¨â¥£à «ì®© à §¤¥«¥®áâ¨ ¥¢®§¬ãé¥®© á¨áâ¥-¬ë _x = A(f tω)x ) á«¥¤ã¥â «®ª «ì ï ã¯à ¢«ï¥¬®áâì ¯®ª § â¥«¥©�ï¯ã®¢  á¨áâ¥¬ë _x = (A(f tω) + B(f tω)UC∗(f tω))x § ¬ªãâ®©ã¯à ¢«¥¨¥¬ u = Uy «¨¥©ë¬ ¯®  ¡«î¤ ¥¬ë¬ ¯ à ¬¥âà ¬.� «¥¥, ¢ à ¡®â¥ [7℄ á¢®©áâ¢® á®£« á®¢ ®áâ¨ ¡ë«® ¢¢¥¤¥® ¤«ï¡¨«¨¥©®© á¨áâ¥¬ë_x = A0(f tω)x+ u1A1(f tω)x+ · · ·+ urAr(f tω)x,
u = (u1, . . . , ur) ∈ U ⊂ R

r (B)(á¨áâ¥¬  (B) ¨¬¥¥â ¡®«¥¥ ®¡é¨© ¢¨¤ ¯® áà ¢¥¨î á á¨áâ¥¬®©(A) ), ¤«ï ¥¥ ¤®ª § ®   «®£¨ç®¥ ãâ¢¥à�¤¥¨¥. �à®¬¥ â®£®, ¢à ¡®â¥ [7℄ ¯®«ãç¥ë ãâ¢¥à�¤¥¨ï ® «®ª «ì®© «ï¯ã®¢áª®© ¯à¨-¢®¤¨¬®áâ¨ à ¢®¬¥à® á®£« á®¢ ëå á¨áâ¥¬. � à ¡®â¥ [8℄ ¨§ãç -¥âáï «®ª «ì ï ã¯à ¢«ï¥¬®áâì ¯®ª § â¥«¥© �ï¯ã®¢  á¨áâ¥¬ë(B) á® á«ãç ©ë¬¨ ¯ à ¬¥âà ¬¨.�¤¥áì ¯à®¤®«� ¥âáï ¨§ãç¥¨¥ á¢®©áâ¢ á®£« á®¢ ëå á¨áâ¥¬,¯®«ãç¥ë ®¢ë¥ ªà¨â¥à¨¨ á®£« á®¢ ®áâ¨ á¨áâ¥¬ (A) ¨ (B).�á®¡®¥ ¢¨¬ ¨¥ ã¤¥«¥® ¨áá«¥¤®¢ ¨î áâ æ¨® àëå á®£« á®-¢ ëå á¨áâ¥¬ ( ç â®¬ã ¢ [7℄) ¢ á¢ï§¨ á § ¤ ç¥© ® £«®¡ «ì®©ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢ . � ç áâ®¬ á«ãç ¥, ª®£¤ 
A | ¬ âà¨æ  �à®¡¥¨ãá ,   B ¨ C ¨¬¥îâ á¯¥æ¨ «ìë© ¢¨¤,¯®«ãç¥ íää¥ªâ¨¢ë© ªà¨â¥à¨© £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®-ª § â¥«¥© �ï¯ã®¢ .1. �¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ïǑãáâì R

n | ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® à §¬¥à®áâ¨ n á ®à¬®©
|x| = √

x∗x ( ∗ | ®¯¥à æ¨ï âà á¯®¨à®¢ ¨ï). �«ï ã¤®¡áâ¢  § -¯¨á¨ ®¡®§ ç ¥¬ ¢¥ªâ®à-áâ®«¡æë « â¨áª¨¬¨ ¡ãª¢ ¬¨,   ¢¥ªâ®à-áâà®ª¨ £à¥ç¥áª¨¬¨. �ã¤¥¬ ®â®�¤¥áâ¢«ïâì ¯à®áâà áâ¢® Mn,m«¨¥©ëå ®¯¥à â®à®¢ ¨§ R
m ¢ R

n á ¯à®áâà áâ¢®¬ n×m -¬ âà¨æ4



(¥á«¨ n = m, â® ¯¨è¥¬ Mn ); |A| = max{|Ax| : |x| = 1} | ®à¬ ¢ Mn,m. Ǒãáâì ¤ «¥¥ In ∈ Mn | ¥¤¨¨ç ï ¬ âà¨æ , enk ∈ R
n| k -© áâ®«¡¥æ ¥¤¨¨ç®© ¬ âà¨æë In, En

ij

.= eni (enj )∗ ∈Mn. � -âà¨æã Jn
p = {γij}n

i,j=1 ∈ Mn, £¤¥ γi,i+p = 1, i = 1, . . . , n − p ¨
γij = 0 ¯à¨ j− i 6= p, 0 6 p 6 n−1 ¡ã¤¥¬  §ë¢ âì p -¬ ¥¤¨¨ç-ë¬ ª®áë¬ àï¤®¬ ¯®àï¤ª  n (á¬. [9, á.14℄). �ç¥¢¨¤®, Jn0 = In.�ã¤¥¬ ¯®« £ âì Jn

p = 0 ¯à¨ p > n. � â ª®¬ á«ãç ¥ Jn
p J

n
q = Jn

p+q,

p, q > 0. �ë ¡ã¤¥¬ ®¯ãáª âì ¢¥àå¨© ¨¤¥ªá n ¢ ¢ëè¥¯à¨¢¥-¤¥ëå ®¡®§ ç¥¨ïå, ¥á«¨ ¡ã¤¥â ¯®ïâ®, ® ª ª®¬ ¯à®áâà áâ¢¥¨¤¥â à¥çì.�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ®â®¡à �¥¨¥ ve : Mn,m → R
nm, ª®-â®à®¥ óà §¢®à ç¨¢ ¥â� ¬ âà¨æã H = {hij} i = 1, . . . , n, j =1, . . . ,m ¯® áâà®ª ¬ ¢ ¢¥ªâ®à-áâ®«¡¥æveH .= ol(h11, . . . , h1m, . . . , hn1, . . . , hnm).�¥âàã¤® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡ëå L ∈ Mm,n, A ∈ Mn,k,

N ∈Mk,l à ¢¥áâ¢® B = LA íª¢¨¢ «¥â® veB = (L⊗Ik) veA;
C = AN íª¢¨¢ «¥â® veC = (In ⊗N∗) veA; D = LAN íª¢¨-¢ «¥â® veD = (L⊗N∗) veA. �¤¥áì ⊗ | ¯àï¬®¥ (ªà®¥ª¥à®-¢®) ¯à®¨§¢¥¤¥¨¥ ¬ âà¨æ [10, á.235℄. �â¬¥â¨¬ â ª�¥, çâ® ¤«ï ¬ -âà¨æ A,B ∈ Mn,m ¢ë¯®«¥® à ¢¥áâ¢® SpA∗B = (veA)∗ veB( Sp | á«¥¤ ¬ âà¨æë). �¡®§ ç¨¬ ç¥à¥§ 〈a1, . . . , an〉 «¨¥©ãî®¡®«®çªã í«¥¬¥â®¢ a1, . . . , an. � à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥¬ âà¨æë A ®¡®§ ç¨¬ χ(A;λ) (¤«ï ¯à®áâ®âë § ¯¨á¨ ¡ã¤¥¬ ®¯ãá-ª âì  à£ã¬¥â λ ).�áî¤ã ¤ «¥¥ ¥à ¢¥áâ¢® V2 > V1 (V2 > V1) ¬¥�¤ã á¨¬-¬¥âà¨çë¬¨ n × n -¬ âà¨æ ¬¨ V1 ¨ V2 ¯®¨¬ ¥âáï ¢ á¬ë-á«¥ ª¢ ¤à â¨ç®© ä®à¬ë x∗(V2 − V1)x > 0 (á®®â¢¥âáâ¢¥®
x∗(V2 − V1)x > 0 ) ¤«ï «î¡®£® ¥ã«¥¢®£® x ∈ R

n.� áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã á  ¡«î¤ â¥«¥¬_x = A(t)x+B(t)u, (t, x, u) ∈ R
1+n+m, (1.1)

y = C∗(t)x, y ∈ R
k (1.2)5



á ªãá®ç®-¥¯à¥àë¢ë¬¨ ¨ ®£à ¨ç¥ë¬¨   R ¬ âà¨æ ¬¨
A(·), B(·) ¨ C(·). �®à¬¨àãï ã¯à ¢«¥¨¥ u = Uy «¨¥©ë¬ ¯® ¡«î¤ ¥¬ë¬ ¯ à ¬¥âà ¬, ¬ë ¯à¨¤¥¬ ª § ¬ªãâ®© á¨áâ¥¬¥_x = (A(t) +B(t)UC∗(t))x. (1.3)�¨áâ¥¬ã á  ¡«î¤ â¥«¥¬ (1.1), (1.2) ¡ã¤¥¬ ®â®�¤¥áâ¢«ïâì á äã-ªæ¨¥© A

.= (A,B,C) : R →Mn,n+m+k.�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¡¨«¨¥©ãî á¨áâ¥¬ã_x = A0(t)x+ u1A1(t)x+ · · ·+ urAr(t)x, ui ∈ R (1.4)á ªãá®ç®-¥¯à¥àë¢ë¬¨ ¨ ®£à ¨ç¥ë¬¨ ¬ âà¨æ ¬¨ Ai. �â®-�¤¥áâ¢¨¬ ¥¥ á äãªæ¨¥© B
.= (A0, A1, . . . , Ar) : R → Mn,n(r+1).�¨áâ¥¬  (1.3) ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ á¨áâ¥¬ë (1.4). �¥©áâ¢¨-â¥«ì®, ¥á«¨ B(t) = (b1(t), . . . , bm(t)), C(t) = (c1(t), . . . , ck(t)),

bi(t), cj(t) ∈ R
n, U = {uij}, i = 1, . . . ,m, j = 1, . . . , k, â®

B(t)UC∗(t) = u11b1(t)c∗1(t)+u12b1(t)c∗2(t)+· · ·+u1kb1(t)c∗k(t)+. . .+ um1bm(t)c∗1(t) + · · · + umkbm(t)c∗k(t).� ª¨¬ ®¡à §®¬, ¥á«¨ ¬ë ¯®«®�¨¬ r
.= mk,

A0(t) .= A(t), A1(t) .= b1(t)c∗1(t), . . . , Ak(t) .= b1(t)c∗k(t), . . . ,
Ar−k+1(t) .= bm(t)c∗1(t), . . . , Ar(t) .= bm(t)c∗k(t), (1.5)â® â¥¬ á ¬ë¬ ¬ë ª �¤®© á¨áâ¥¬¥ A ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥á¨áâ¥¬ã B (§¤¥áì ¬ âà¨ç®¬ã ã¯à ¢«¥¨î U = {uij} ®â¢¥ç ¥â¢¥ªâ®à®¥ ã¯à ¢«¥¨¥ u

.= (u1, . . . , ur) = veU ). � â ª®¬ á«ãç ¥¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  B ¨¬¥¥â ¢¨¤ (1.5).�¡®§ ç¨¬ ç¥à¥§ X(t, s) ¬ âà¨æã �®è¨ á¨áâ¥¬ë_x = A(t)x, (1.6)  ç¥à¥§ X0(t, s) ¬ âà¨æã �®è¨ á¨áâ¥¬ë _x = A0(t)x.6



� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.1. �¨áâ¥¬  A  §ë¢ ¥âáï á®£« -á®¢ ®© [1℄   [τ, τ + ϑ℄, ¥á«¨ áãé¥áâ¢ã¥â β > 0 â ª®¥, çâ®¤«ï «î¡®© ¬ âà¨æë P ∈ Mn  ©¤¥âáï ¨§¬¥à¨¬®¥ ã¯à ¢«¥¨¥
UP : [τ, τ + ϑ℄ →Mm,k â ª®¥, çâ® ¬ âà¨ç ï ªà ¥¢ ï § ¤ ç _Z = A(t)Z +B(t)UC∗(t)X(t, τ), (1.7)

Z(τ) = 0, Z(τ + ϑ) = P¯à¨ U = UP (t) à §à¥è¨¬  ®â®á¨â¥«ì® Z(·) ¨ ¢ë¯®«¥® ¥-à ¢¥áâ¢® |UP (t)| 6 β|P |, t ∈ [τ, τ + ϑ℄.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.2. �¨áâ¥¬  B  §ë¢ ¥âáï á®£« -á®¢ ®© [7℄   [τ, τ + ϑ℄, ¥á«¨ áãé¥áâ¢ã¥â β > 0 â ª®¥, çâ®¤«ï «î¡®© ¬ âà¨æë P ∈ Mn  ©¤¥âáï ¨§¬¥à¨¬®¥ ã¯à ¢«¥¨¥
uP = (u1, . . . , ur) : [τ, τ + ϑ℄ → R

r, çâ® ¬ âà¨ç ï ªà ¥¢ ï § ¤ ç _Z = A0(t)Z + (u1A1(t) + · · · + urAr(t))X0(t, τ), (1.8)
Z(τ) = 0, Z(τ + ϑ) = P¯à¨ u = uP (t) à §à¥è¨¬  ®â®á¨â¥«ì® Z(·) ¨ ¢ë¯®«¥® ¥à -¢¥áâ¢® |uP (t)| 6 β|P |, t ∈ [τ, τ + ϑ℄.�â¨ ®¯à¥¤¥«¥¨ï ä ªâ¨ç¥áª¨ ®§ ç îâ, çâ® ¬®�¥áâ¢® ¤®áâ¨-�¨¬®áâ¨ ãà ¢¥¨ï (1.7) (¨«¨ (1.8)) ¨§ ã«ï ¢ ¬®¬¥â ¢à¥¬¥¨

τ §  ¢à¥¬ï ϑ á®¢¯ ¤ ¥â á® ¢á¥¬ ¯à®áâà áâ¢®¬ Mn. �ç¥¢¨¤®,çâ® ª®£¤  B ¨¬¥¥â ¢¨¤ (1.5), â® íâ¨ ®¯à¥¤¥«¥¨ï íª¢¨¢ «¥âë.2. �®£« á®¢ ë¥ á¨áâ¥¬ë�¤¥áì ¯à¨¢®¤ïâáï ®á®¢ë¥ á¢®©áâ¢  á®£« á®¢ ëå á¨áâ¥¬. �¥-ª®â®àë¥ ãâ¢¥à�¤¥¨ï ¤®ª § ë ¢ à ¡®â å [1, 7, 5℄.�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬ âà¨æë B̂(t) = X(τ, t)B(t) ∈ Mn,m,

Ĉ(t) = X∗(t, τ)C(t) ∈Mn,k. Ǒ®áâà®¨¬ ¬ âà¨æã�(ϑ) = τ+ϑ∫

τ

(
B̂(t)B̂∗(t)) ⊗

(
Ĉ(t)Ĉ∗(t)) dt ∈Mn2 ,7



ª®â®àãî ¡ã¤¥¬  §ë¢ âì ¬ âà¨æ¥© á®£« á®¢ ¨ï (á¨áâ¥¬ë A  [τ, τ + ϑ℄ ). �«ï á¨áâ¥¬ë B ¬ âà¨æ  á®£« á®¢ ¨ï áâà®¨âáï á«¥-¤ãîé¨¬ ®¡à §®¬. � áá¬®âà¨¬ ¬ âà¨æë
Âl(t) = X0(τ, t)Al(t)X0(t, τ), l = 1, . . . , r.Ǒ®«®�¨¬ Q(t) .= (ve Â1(t), . . . , ve Âr(t)) ∈ Mn2,r, â®£¤  ¬ âà¨-æ  á®£« á®¢ ¨ï á¨áâ¥¬ë B ¥áâì �0(ϑ) = τ+ϑ∫

τ

Q(t)Q∗(t) dt ∈Mn2 .�á®, çâ® ¥á«¨ B ¨¬¥¥â ¢¨¤ (1.5), â® ¬ âà¨æë á®£« á®¢ ¨ï á¨-áâ¥¬ A ¨ B á®¢¯ ¤ îâ.� âà¨æ  á®£« á®¢ ¨ï | íâ®   «®£ ¬ âà¨æë ã¯à ¢«ï¥¬®áâ¨á¨áâ¥¬ë (1.1), ª®â®à ï ¨¬¥¥â ¢¨¤ W (ϑ) = τ+ϑ∫
τ

B̂(t)B̂∗(t) dt. �«ïã¯à ¢«ï¥¬®© á¨áâ¥¬ë (1.1) ¢ë¯®«¥® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.1. �«¥¤ãîé¨¥ á¢®©áâ¢  íª¢¨¢ -«¥âë:
a) á¨áâ¥¬  (1.1) ¢¯®«¥ ã¯à ¢«ï¥¬  [11, á.138℄   [τ, τ + ϑ℄;
b) W (ϑ) > 0;
c) áâà®ª¨ ¬ âà¨æë B̂(t) «¨¥©® ¥§ ¢¨á¨¬ë   [τ, τ + ϑ℄.� «®£¨çë¥ ãâ¢¥à�¤¥¨ï ¨¬¥îâ ¬¥áâ® ¤«ï á®£« á®¢ ëåá¨áâ¥¬.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.2 (á¬. [1℄). �«¥¤ãîé¨¥ á¢®©áâ¢ íª¢¨¢ «¥âë:
a) á¨áâ¥¬  A á®£« á®¢     [τ, τ + ϑ℄;
b) �(ϑ) > 0;
c) áâà®ª¨ ¬ âà¨æë B̂(t) ⊗ Ĉ(t) «¨¥©® ¥§ ¢¨á¨¬ë  [τ, τ + ϑ℄.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.3 (á¬. [7℄). �«¥¤ãîé¨¥ á¢®©áâ¢ íª¢¨¢ «¥âë:
a) á¨áâ¥¬  B á®£« á®¢     [τ, τ + ϑ℄;
b) �0(ϑ) > 0;
c) áâà®ª¨ ¬ âà¨æë Q(t) «¨¥©® ¥§ ¢¨á¨¬ë   [τ, τ + ϑ℄.8



�¤¥áì â ª�¥, ª®£¤  B ¨¬¥¥â ¢¨¤ (1.5), ãâ¢¥à�¤¥¨ï 2.2 ¨ 2.3á®¢¯ ¤ îâ.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.4. �¨áâ¥¬  A ¥ ï¢«ï¥âáï á®-£« á®¢ ®© (  [τ, τ + ϑ℄) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥-áâ¢ã¥â ¥ã«¥¢ ï ¬ âà¨æ  H ∈Mn â ª ï, çâ®
C∗(t)X(t, τ)HX(τ, t)B(t) ≡ 0, t ∈ [τ, τ + ϑ℄.� ® ª   §   â ¥ « ì á â ¢ ®. �¨áâ¥¬  A ¥ ï¢«ï¥âáï á®-£« á®¢ ®© ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  áâà®ª¨ ¬ âà¨æë

B̂(t)⊗ Ĉ(t) «¨¥©® § ¢¨á¨¬ë   [τ, τ+ϑ℄ (á¬. ãâ¢¥à�¤¥¨¥ 2.2),â.¥. áãé¥áâ¢ã¥â ¥ã«¥¢®© ¢¥ªâ®à
h = ol(h11, . . . , h1n, . . . , hn1, . . . , hnn) ∈ R

n2â ª®©, çâ® h∗(B̂(t) ⊗ Ĉ(t)) = 0, t ∈ [τ, τ + ϑ℄. �â® íª¢¨¢ «¥â®à ¢¥áâ¢ã (B̂∗(t) ⊗ Ĉ∗(t))h = 0. Ǒãáâì H∗ = {hij}n
i,j=1 ∈ Mn |íâ® ¯à®®¡à § ¢¥ªâ®à  h ¯à¨ ®â®¡à �¥¨¨ ve, â.¥. veH∗ = h,â®£¤ 0 = (B̂∗(t)⊗ Ĉ∗(t)) veH∗ = ve(B̂∗(t)H∗Ĉ(t)) == ve(C∗(t)X(t, τ)HX(τ, t)B(t))∗ , t ∈ [τ, τ + ϑ℄,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.5. �¨áâ¥¬  B ¥ ï¢«ï¥âáï á®-£« á®¢ ®© (  [τ, τ + ϑ℄) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áã-é¥áâ¢ã¥â ¥ã«¥¢ ï ¬ âà¨æ  H ∈ Mn â ª ï, çâ® ¤«ï ¢á¥å

l = 1, . . . , r ¢ë¯®«¥®Sp(HX0(τ, t)Al(t)X0(t, τ)) ≡ 0, t ∈ [τ, τ + ϑ℄.�®ª § â¥«ìáâ¢® ãâ¢¥à�¤¥¨ï 2.5   «®£¨ç® ¤®ª § â¥«ìáâ¢ããâ¢¥à�¤¥¨ï 2.4.� ¥ ¬ ¬   2.1. �âà®ª¨ ¬ âà¨æë B̂(t)⊗ Ĉ(t) «¨¥©® § -¢¨á¨¬ë   [τ, τ+ϑ℄ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áâà®ª¨ ¬ âà¨-æë Ĉ(t)⊗ B̂(t) «¨¥©® § ¢¨á¨¬ë   [τ, τ + ϑ℄.9



� ® ª   §   â ¥ « ì á â ¢ ®. (veH)∗(B̂(t) ⊗ Ĉ(t)) = 0 ⇔(B̂∗(t)⊗Ĉ∗(t))(veH) = 0 ⇔ (B̂∗(t)HĈ(t)) = 0 ⇔ (Ĉ∗(t)H∗B̂(t)) =0 ⇔ (Ĉ∗(t)⊗ B̂∗(t))(veH∗) = 0 ⇔ (veH∗)∗(Ĉ(t)⊗ B̂(t)) = 0.�¥¯¥àì ¬ë ¬®�¥¬ áä®à¬ã«¨à®¢ âì â¥®à¥¬ã, ª®â®à ï  £«ï¤-® ¨««îáâà¨àã¥â á¢ï§ì á®£« á®¢ ®áâ¨ á¨áâ¥¬ë A á ã¯à ¢«ï¥-¬®áâìî ¨  ¡«î¤ ¥¬®áâìî ¨ ®¯à¥¤¥«ï¥â á®®â®è¥¨ï ¤¢®©áâ¢¥-®áâ¨ ¬¥�¤ã á®¯àï�¥ë¬¨ á¨áâ¥¬ ¬¨.� ¥ ® à ¥ ¬   2.1. � áá¬®âà¨¬ á«¥¤ãîé¨¥ ãâ¢¥à�¤¥¨ï:(a) á¨áâ¥¬  (A,B,C) á®£« á®¢   (  [τ, τ + ϑ℄);(b) τ+ϑ∫
τ

(B̂(t)B̂∗(t)) ⊗ (Ĉ(t)Ĉ∗(t)) dt > 0;(c) τ+ϑ∫
τ

(Ĉ(t)Ĉ∗(t))⊗ (B̂(t)B̂∗(t)) dt > 0;(d) á¨áâ¥¬  (−A∗, C,B) á®£« á®¢   (  [τ, τ + ϑ℄);(e) á¨áâ¥¬  (1.1) ¢¯®«¥ ã¯à ¢«ï¥¬  (  [τ, τ + ϑ℄);(f) á¨áâ¥¬  (1.6), (1.2) ¢¯®«¥  ¡«î¤ ¥¬  (  [τ, τ + ϑ℄);(g) á¨áâ¥¬  _x = −A∗(t)x + C(t)u ¢¯®«¥ ã¯à ¢«ï¥¬  ( [τ, τ + ϑ℄);(h) á¨áâ¥¬  _x = −A∗(t)x, y = B∗(t)x ¢¯®«¥  ¡«î¤ ¥¬ (  [τ, τ + ϑ℄).�¬¥¥â ¬¥áâ® á«¥¤ãîé ï æ¥¯®çª  ¨¬¯«¨ª æ¨©:(h) ⇔ (e) ⇐ (a) ⇔ (b) ⇔ (c) ⇔ (d) ⇒ (f) ⇔ (g).� ® ª   §   â ¥ « ì á â ¢ ®. �§ ãâ¢¥à�¤¥¨ï 2.2 á«¥¤ã¥â,çâ® (a) ⇔ (b) ¨ (c) ⇔ (d). �§ ãâ¢¥à�¤¥¨ï 2.2 ¨ «¥¬¬ë 2.1 á«¥-¤ã¥â (b) ⇔ (c). � «¥¥, ¯®« ï  ¡«î¤ ¥¬®áâì á¨áâ¥¬ë (1.6), (1.2)íª¢¨¢ «¥â  â®¬ã, çâ® W̃ (ϑ) .= τ+ϑ∫
τ

(Ĉ(t)Ĉ∗(t)) dt > 0. �®®â®è¥-¨ï (f) ⇔ (g) ¨ (e) ⇔ (h) | íâ® ¨§¢¥áâë¥ á®®â®è¥¨ï ¤¢®©-áâ¢¥®áâ¨ ¬¥�¤ã á®¯àï�¥ë¬¨ ã¯à ¢«ï¥¬ë¬¨ ¨  ¡«î¤ ¥¬ë-¬¨ á¨áâ¥¬ ¬¨ (á¬.,  ¯à¨¬¥à, [11, á.304℄). �áâ ¥âáï ¯®ª § âì, çâ®¨§ �(ϑ) > 0 á«¥¤ãîâ ¥à ¢¥áâ¢  W (ϑ) > 0 ¨ W̃ (ϑ) > 0. Ǒ®ª -�¥¬, çâ® �(ϑ) > 0 ⇒W (ϑ) > 0 (¢â®à ï ¨¬¯«¨ª æ¨ï ¤®ª §ë¢ ¥â-áï   «®£¨ç®). �®¯ãáâ¨¬, çâ® á¨áâ¥¬  (1.1) ¥ ï¢«ï¥âáï ¢¯®«¥10



ã¯à ¢«ï¥¬®©   [τ, τ +ϑ℄, â.¥.  ©¤¥âáï ¥ã«¥¢®© ¢¥ªâ®à h ∈ R
nâ ª®©, çâ® h∗X(τ, t)B(t) ≡ 0, t ∈ [τ, τ + ϑ℄. Ǒãáâì H = hh∗,â®£¤  C∗(t)X(t, τ)HX(τ, t)B(t) = C∗(t)X(t, τ)hh∗X(τ, t)B(t) ≡ 0,

t ∈ [τ, τ+ϑ℄, H 6= 0. �âáî¤  á«¥¤ã¥â, çâ® á¨áâ¥¬  A ¥ ï¢«ï¥âáïá®£« á®¢ ®©. �¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 2.1. �¤®¢à¥¬¥® ¢ë¯®«¥ë¥ ãá«®-¢¨ï ¯®«®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1.1) ¨ ¯®«®©  ¡«î¤ ¥¬®-áâ¨ á¨áâ¥¬ë (1.6), (1.2) ¥ ®¡¥á¯¥ç¨¢ îâ á®£« á®¢ ®áâì á¨áâ¥¬ë
A. � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ áâ æ¨® àãî á¨áâ¥¬ã ¢â®-à®£® ¯®àï¤ª : A = J21 ∈ M2, B = e22 ∈ M2,1, C = e21 ∈ M2,1. �â á¨áâ¥¬  ï¢«ï¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®© (â.ª. rank[B,AB℄ = 2 ) ¨¢¯®«¥  ¡«î¤ ¥¬®© ( rank[C,A∗C℄ = 2 ), ® ¥ ï¢«ï¥âáï á®£« -á®¢ ®© (¯®§¤¥¥ ¬ë íâ® ¯®ª �¥¬). �¤ ª® ¥á«¨ ¬ë ¤®¯®«¨-â¥«ì® ¯®âà¥¡ã¥¬, çâ®¡ë ª ª ï-¨¡ã¤ì ¨§ ¬ âà¨æ B(t) ¨«¨ C(t)¨¬¥«  à £ à ¢ë© n, â® á®£« á®¢ ®áâì ¡ã¤¥â ¨¬¥âì ¬¥áâ®. �¨¬¥®, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï� ¥ ® à ¥ ¬   2.2. �á«¨ á¨áâ¥¬  (1.1) ¢¯®«¥ ã¯à ¢«ï¥-¬    [τ, τ + ϑ℄ ¨ detC(t)C∗(t) > α > 0, t ∈ [τ, τ + ϑ℄ ¨«¨¥á«¨ á¨áâ¥¬  (1.6), (1.2) ¢¯®«¥  ¡«î¤ ¥¬    [τ, τ + ϑ℄ ¨detB(t)B∗(t) > α > 0, t ∈ [τ, τ + ϑ℄, â® á¨áâ¥¬  A á®£« á®-¢     [τ, τ + ϑ℄.� ® ª   §   â ¥ « ì á â ¢ ®. �®ª �¥¬ ¯¥à¢ãî ç áâì ãâ¢¥à-�¤¥¨ï (¢â®à ï ç áâì ¡ã¤¥â á«¥¤®¢ âì ¨§ â¥®à¥¬ë ¤¢®©áâ¢¥®-áâ¨ 2.1). �ë ¨¬¥¥¬ C(t) ∈Mn,k, C(t)C∗(t) ∈Mn. �á«¨ k < n, â®rankC(t)C∗(t) 6 rankC(t) 6 k < n, ¯®íâ®¬ã detC(t)C∗(t) = 0,
t ∈ [τ, τ+ϑ℄. �«¥¤®¢ â¥«ì®, k > n ¨ rankC(t) = n, t ∈ [τ, τ+ϑ℄.� «¥¥, ¯®áª®«ìªã ®¯à¥¤¥«¨â¥«ì ®â¤¥«¥ ®â ã«ï, áãé¥áâ¢ã¥â®£à ¨ç¥ ï ®¡à â ï ¬ âà¨æ  C1(t) = (C(t)C∗(t))−1 ∈ Mn,

t ∈ [τ, τ + ϑ℄ (®¯à¥¤¥«¨â¥«ì ª®â®à®© â ª�¥ ®â¤¥«¥ ®â ã«ï ¢á¨«ã ®£à ¨ç¥®áâ¨ C(t) ). Ǒ®«®�¨¬ C2(t) = C∗(t)C1(t). �®£¤ 
C(t)C2(t) = In. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® á¨áâ¥¬  A ¥ ï¢«ï-¥âáï á®£« á®¢ ®©, â®£¤   ©¤¥âáï ¥ã«¥¢ ï ¬ âà¨æ  H ∈ Mn11



â ª ï, çâ® C∗(t)X(t, τ)HX(τ, t)B(t) ≡ 0, t ∈ [τ, τ + ϑ℄. Ǒ®íâ®¬ã
HX(τ, t)B(t) = X(τ, t)C∗2 (t)C∗(t)X(t, τ)HX(τ, t)B(t) ≡ 0.Ǒ®áª®«ìªã ¬ âà¨æ  H ¥ã«¥¢ ï, â® áãé¥áâ¢ã¥â ¥ã«¥¢ ï áâà®-ª  ξ ∈ R

n∗ ¬ âà¨æë H â ª ï, çâ® ξX(τ, t)B(t) ≡ 0. �âáî¤ á«¥¤ã¥â, çâ® á¨áâ¥¬  (1.1) ¥ ï¢«ï¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®©.�   ¬ ¥ ç    ¨ ¥ 2.2. �  á ¬®¬ ¤¥«¥ ãá«®¢¨¥ ®â¤¥«¥®-áâ¨ ®¯à¥¤¥«¨â¥«ï ¬ âà¨æë C(t)C∗(t) (¨«¨ B(t)B∗(t) ) ®â ã«ï ¢á«ãç ¥ ¥¯à¥àë¢®© ¬ âà¨æë C(t) (B(t) ) íª¢¨¢ «¥â® â®¬ã,çâ® à £ ¬ âà¨æë C(t) (á®®â¢¥âáâ¢¥® B(t) ) à ¢¥ n. �§ â¥®-à¥¬ë 2.2, ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â, çâ® ¥á«¨ C = I, â.¥.  ¡«î¤¥-¨î ¤®áâã¯ë ¢á¥ ä §®¢ë¥ ª®®à¤¨ âë, â® á¢®©áâ¢  ¯®«®© ã¯à -¢«ï¥¬®áâ¨ ¨ á®£« á®¢ ®áâ¨ á®¢¯ ¤ îâ. �¤ ª® ¤«ï ªãá®ç®-¥¯à¥àë¢ëå ¬ âà¨æ C(t) ¨§ ãá«®¢¨ï rankC(t) = n ¤«ï ¢á¥å
t ∈ [τ, τ +ϑ℄, ¢®®¡é¥ £®¢®àï, ¥ á«¥¤ã¥â, çâ® ®¯à¥¤¥«¨â¥«ì ¬ âà¨-æë C(t)C∗(t) ®â¤¥«¥ ®â ã«ï.� �¤®© á¨áâ¥¬¥ A ¨ B ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ â ª  §ë¢ -¥¬ãî ó¡®«ìèãî á¨áâ¥¬ã� [4, 5, 7℄_z = F (t)z +G(t)v, z ∈ R

n2 , (2.1)
F (t) = A(t)⊗ In − In ⊗A∗(t) ∈Mn2 ,

G(t) = B(t)⊗ C(t) ∈Mn2,mk, v ∈ R
mk, (2.2)

F (t) = A0(t)⊗ In − In ⊗A∗0(t) ∈Mn2 ,
G(t) = (veA1(t), . . . , veAr(t)) ∈Mn2,r, v ∈ R

r, (2.3)£¤¥ (2.1), (2.2) ®â¢¥ç ¥â á¨áâ¥¬¥ A,   (2.1), (2.3) | á¨áâ¥¬¥ B.� ¥ ® à ¥ ¬   2.3 ([5℄). �¨áâ¥¬  A á®£« á®¢   â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  (2.1), (2.2) ¢¯®«¥ ã¯à ¢«ï¥¬ .12



� ¥ ® à ¥ ¬   2.4 ([7℄). �¨áâ¥¬  B á®£« á®¢   â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  (2.1), (2.3) ¢¯®«¥ ã¯à ¢«ï¥¬ .�¤¥ï ¤®ª § â¥«ìáâ¢  íâ¨å ãâ¢¥à�¤¥¨© ¯à®áâ : ¥á«¨ ¯®áâà®-¨âì ¬ âà¨æã ã¯à ¢«ï¥¬®áâ¨ ¡®«ìè®© á¨áâ¥¬ë (2.1), (2.2) (¨«¨(2.1), (2.3)), â® ®  ¡ã¤¥â á®¢¯ ¤ âì á ¬ âà¨æ¥© á®£« á®¢ ¨ï á¨-áâ¥¬ë A (á®®â¢¥âáâ¢¥® B ). �¤¥áì íâ¨ ãâ¢¥à�¤¥¨ï â ª�¥ á®-¢¯ ¤ îâ, ¥á«¨ B ¨¬¥¥â ¢¨¤ (1.5).�¥¯¥àì ¬ë ¯à¨¢¥¤¥¬ ¤®áâ â®ç®¥ ãá«®¢¨¥ á®£« á®¢ ®áâ¨ á¨-áâ¥¬ë B (¤«ï á¨áâ¥¬ë A ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®«ãç¨âáï, ¥á«¨§ ¯¨á âì B ¢ ¢¨¤¥ (1.5)). �ã¤¥¬ áç¨â âì, çâ® ¬ âà¨æë Al(t),
l = 0, . . . , r ¨¬¥îâ ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ ¤® n2−1 -£® ¯®àï¤-ª  ¢ª«îç¨â¥«ì® ¢ ®ªà¥áâ®áâ¨ ¥ª®â®à®© â®çª¨ t0 ∈ [τ, τ + ϑ℄.� áá¬®âà¨¬ ¬ âà¨æë Ll0(t) .= Al(t), Ll

ν(t) = A0(t)Ll
ν−1(t) −

Ll
ν−1(t)A0(t)− d

dt
Ll

ν−1(t), l = 1, . . . , r, ν = 1, . . . , n2 − 1.� ¥ ® à ¥ ¬   2.5. �á«¨ áãé¥áâ¢ã¥â â®çª  t0 ∈ [τ, τ + ϑ℄â ª ï, çâ® 〈Ll
ν(t0), l = 1, . . . , r, ν = 0, . . . , n2 − 1〉 = Mn, â®á¨áâ¥¬  B ï¢«ï¥âáï á®£« á®¢ ®©.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¨¬¥¨¬ ª ¬ âà¨æ ¬ Ll

ν(t)®â®¡à �¥¨¥ ve ¨ ¯®áâà®¨¬ ¬ âà¨æë
L̂ν(t) = (veL1

ν(t), . . . , veLr
ν(t)) ∈Mn2,r, ν = 0, . . . , n2 − 1.�®£¤  L̂0(t) = G(t), L̂ν(t) = F (t)L̂ν−1(t) − d

dt
L̂ν−1(t), ν =1, . . . , n2 − 1, £¤¥ F (t) ¨ G(t) ®¯à¥¤¥«¥ë à ¢¥áâ¢®¬ (2.3), ¨à £ ¬ âà¨æë (

L̂0(t), . . . , L̂n2−1(t)) ¢ â®çª¥ t = t0 à ¢¥ n2. �íâ®¬ á«ãç ¥ (á¬. [11, á.148℄) á¨áâ¥¬  (2.1), (2.3) ¢¯®«¥ ã¯à ¢«ï-¥¬ , çâ® íª¢¨¢ «¥â® á®£« á®¢ ®áâ¨ B. �¥®à¥¬  ¤®ª §  .� ª®¥æ, ¬ë ¯à¨¢¥¤¥¬ ¥é¥ ¤¢  ªà¨â¥à¨ï á®£« á®¢ ®áâ¨ á¨-áâ¥¬ A ¨ B. Ǒ¥à¢ë© ªà¨â¥à¨© á¢ï§ë¢ ¥â á¢®©áâ¢® á®£« á®¢ ®-áâ¨ ¨áå®¤®© á¨áâ¥¬ë á® á¢®©áâ¢®¬ ¥¢ëà®�¤¥®áâ¨ ¥ª®â®à®©13



¤¢ãåâ®ç¥ç®© ¬ âà¨ç®© ªà ¥¢®© § ¤ ç¨. �â®à®© ªà¨â¥à¨© ¢ë-à �¥ ¢ â¥à¬¨ å áãé¥áâ¢®¢ ¨ï ¬ âà¨æë V (t), ã¤®¢«¥â¢®àïî-é¥© ¥ª®â®à®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ¥à ¢¥áâ¢ã. � ª¨¬ ®¡à -§®¬, ¢ë¡¨à ï à §«¨çë¥ ª®ªà¥âë¥ § ç¥¨ï ¬ âà¨æë V (t),¬ë ¬®�¥¬ ¯®«ãç âì ®¢ë¥ íää¥ªâ¨¢ë¥ ¤®áâ â®çë¥ ãá«®¢¨ïá®£« á®¢ ®áâ¨ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë.� ¥ ® à ¥ ¬   2.6. �«¥¤ãîé¨¥ á¢®©áâ¢  íª¢¨¢ «¥âë:1) á¨áâ¥¬  A á®£« á®¢     [τ, τ + ϑ℄;2) ¬ âà¨ç ï ªà ¥¢ ï § ¤ ç _X = A(t)X −XA(t) +B(t)B∗(t)Y C(t)C∗(t), X(τ) = 0,_Y = Y A∗(t)−A∗(t)Y, X, Y ∈Mn, X(τ + ϑ) = 0¨¬¥¥â «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥;3) áãé¥áâ¢ã¥â á¨¬¬¥âà¨ç ï,  ¡á®«îâ® ¥¯à¥àë¢ ï  [τ, τ + ϑ℄ n2 × n2 -¬ âà¨æ  V (t) â ª ï, çâ® V (τ + ϑ) > 0,
V (τ) 6 0 ¨ ¯à¨ ¯®çâ¨ ¢á¥å t ∈ [τ, τ + ϑ℄ ¢ë¯®«¥® ¥à ¢¥-áâ¢® (LV )(t) 6 (B(t)B∗(t))⊗ (C(t)C∗(t)) , £¤¥(LV )(t) = d

dt
V (t)− (A(t)⊗ In − In ⊗A∗(t)) V (t)−

V (t) (A∗(t)⊗ In − In ⊗A(t)) .� ¥ ® à ¥ ¬   2.7. �«¥¤ãîé¨¥ á¢®©áâ¢  íª¢¨¢ «¥âë:1) á¨áâ¥¬  B á®£« á®¢     [τ, τ + ϑ℄;2) ¬ âà¨ç ï ªà ¥¢ ï § ¤ ç _X = A0(t)X −XA0(t) + r∑

l=1 Al(t) · Sp(A∗
l (t)Y ), X(τ) = 0,_Y = Y A∗0(t)−A∗0(t)Y, X, Y ∈Mn, X(τ + ϑ) = 0¨¬¥¥â «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥;3) áãé¥áâ¢ã¥â á¨¬¬¥âà¨ç ï,  ¡á®«îâ® ¥¯à¥àë¢ ï  [τ, τ + ϑ℄ n2 × n2 -¬ âà¨æ  V (t) â ª ï, çâ® V (τ + ϑ) > 0,14



V (τ) 6 0 ¨ ¯à¨ ¯®çâ¨ ¢á¥å t ∈ [τ, τ + ϑ℄ ¢ë¯®«¥® ¥à ¢¥áâ¢®(LV )(t) 6 G(t)G∗(t), £¤¥ G(t) ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ (2.3),  (LV )(t) = d

dt
V (t)− (A0(t)⊗ In − In ⊗A∗0(t)) V (t)−

V (t) (A∗0(t)⊗ In − In ⊗A0(t)) .� ® ª   §   â ¥ « ì á â ¢ ®. �®ª �¥¬ â¥®à¥¬ã 2.7. �®£« -á®¢ ®áâì á¨áâ¥¬ë B à ¢®á¨«ì  ¯®«®© ã¯à ¢«ï¥¬®áâ¨ ¡®«ì-è®© á¨áâ¥¬ë (2.1), (2.3). � [12℄ ¯®ª § ®, çâ® á«¥¤ãîé¨¥ á¢®©áâ¢ íª¢¨¢ «¥âë:
a) á¨áâ¥¬  (F,G) ¢¯®«¥ ã¯à ¢«ï¥¬    [τ, τ + ϑ℄;
b) ªà ¥¢ ï § ¤ ç _z1 = F (t)z1 +G(t)G∗(t)z2, z1(τ) = 0,_z2 = −F ∗(t)z2, z1, z2 ∈ R

n2 , z1(τ + ϑ) = 0¨¬¥¥â «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥;
c) áãé¥áâ¢ã¥â á¨¬¬¥âà¨ç ï,  ¡á®«îâ® ¥¯à¥àë¢ ï   ®â-à¥§ª¥ [τ, τ + ϑ℄ n2 × n2 -¬ âà¨æ  V (t) â ª ï, çâ® V (τ) 6 0,

V (τ+ϑ) > 0 ¨ ¯à¨ ¯®çâ¨ ¢á¥å t ∈ [τ, τ+ϑ℄ ¢ë¯®«¥® ¥à ¢¥áâ¢®(LV )(t) 6 G(t)G∗(t), £¤¥ (LV )(t) = d

dt
V (t)−F (t)V (t)−V (t)F ∗(t).� ª¨¬ ®¡à §®¬, ãâ¢¥à�¤¥¨ï c) ¨ 3) á®¢¯ ¤ îâ. � «¥¥, ¥á«¨¬ë ¯à¨¬¥¨¬ ª ¢¥ªâ®à ¬ z1, z2 ∈ R

n2 ®â®¡à �¥¨¥ ve−1, â ªçâ® ve−1 z1 = X ∈ Mn, ve−1 z2 = Y ∈ Mn, â® á ãç¥â®¬ áâàãª-âãàë ¬ âà¨æ F (t) ¨ G(t) ¨ á¢®©áâ¢ ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï ¨ ®â®-¡à �¥¨ï ve ¬ë ¯®«ãç¨¬ ãâ¢¥à�¤¥¨¥ 2). �¥®à¥¬  2.7 ¤®ª § - . �¥®à¥¬  2.6 á«¥¤ã¥â ¨§ â¥®à¥¬ë 2.7, ¥á«¨ B ¨¬¥¥â ¢¨¤ (1.5).3. �®£« á®¢ ®áâì áâ æ¨® àëå á¨áâ¥¬� íâ®£® ¬®¬¥â  ¡ã¤¥¬ áç¨â âì, çâ® á¨áâ¥¬ë (1.1), (1.2) ¨ (1.4)áâ æ¨® àë, â.¥. ¬ âà¨æë A,B,C,Al, l = 0, . . . , r, ¨ ã¯à ¢«ï-îé¨¥ ¢®§¤¥©áâ¢¨ï ï¢«ïîâáï ¯®áâ®ïë¬¨. �¨áâ¥¬ã (1.1), (1.2)®â®�¤¥áâ¢«ï¥¬ á ¬ âà¨æ¥© A = (A,B,C) ∈ Mn,n+m+k, á¨áâ¥¬ã(1.4) á ¬ âà¨æ¥© B = (A0, A1, . . . , Ar) ∈Mn,n(r+1).15



� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 3.1. �¨áâ¥¬  A ®¡« ¤ ¥â á¢®©á-â¢®¬ £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢ , ¥á«¨¤«ï «î¡®£® ¢¥ªâ®à  µ = (µ1, . . . , µn) ∈ R
n  ©¤¥âáï ã¯à ¢«¥-¨¥ u = Uy â ª®¥, çâ® ¯®ª § â¥«¨ �ï¯ã®¢  § ¬ªãâ®© á¨áâ¥¬ë_x = (A+BUC∗)x á®¢¯ ¤ îâ á µ1, . . . , µn.Ǒ®ª § â¥«¨ �ï¯ã®¢  áâ æ¨® à®© á¨áâ¥¬ë _x = Px | íâ®¢¥é¥áâ¢¥ë¥ ç áâ¨ á®¡áâ¢¥ëå § ç¥¨© ¬ âà¨æë P. � á¢ï-§¨ á íâ¨¬ ¬®�® ¤ âì ¡®«¥¥ ®¡é¥¥ ®¯à¥¤¥«¥¨¥ ã¯à ¢«ï¥¬®áâ¨¯®ª § â¥«¥©.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 3.2. �¨áâ¥¬  A ®¡« ¤ ¥â á¢®©á-â¢®¬ £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢ , ¥á«¨¤«ï «î¡®£® § ¤ ®£® ¬®£®ç«¥  n -© áâ¥¯¥¨ σ(λ) = λn +

γ1λn−1 + · · · + γn á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨ γi, i =1, . . . , n  ©¤¥âáï ¬ âà¨æ  U â ª ï, çâ® å à ªâ¥à¨áâ¨ç¥áª¨©¬®£®ç«¥ ¬ âà¨æë A+BUC∗ á®¢¯ ¤ ¥â á σ(λ).�ë, £®¢®àï ®¡ ã¯à ¢«¥¨¨ ¯®ª § â¥«ï¬¨, ¡ã¤¥¬ ¯®«ì§®¢ âì-áï ®¯à¥¤¥«¥¨¥¬ 3.2. � áá¬®âà¨¬ á¨áâ¥¬ã A = (A,B,C), £¤¥
C = I, â.¥. ¯à¥¤¯®«®�¨¬, çâ®  ¡«î¤¥¨î ¤®áâã¯ë ¢á¥ ª®®à-¤¨ âë ä §®¢®£® ¢¥ªâ®à  ¨ ã¯à ¢«¥¨¥ áâà®¨âáï ¯® ¯à¨æ¨¯ã«¨¥©®© ®¡à â®© á¢ï§¨ u = Ux. � ª¨¬ ®¡à §®¬, ¬ë ¯à¨å®¤¨¬ª § ¬ªãâ®© á¨áâ¥¬¥ _x = (A+BU)x. (3.1)�¨áâ¥¬  (1.1) ¢¯®«¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,ª®£¤  ¯®ª § â¥«¨ �ï¯ã®¢  á¨áâ¥¬ë (3.1) £«®¡ «ì® ã¯à ¢«ï¥-¬ë (¢ [13℄ ¯à¥¤«®�¥  «£®à¨â¬ ¯®áâà®¥¨ï ã¯à ¢«¥¨ï, ª®â®à®¥¯¥à¥¢®¤¨â ¯®ª § â¥«¨ ¢ § ¤ ë¥ â®çª¨). Ǒ®áª®«ìªã ¯®ïâ¨¥ á®-£« á®¢ ®áâ¨ á¨áâ¥¬ë A ï¢«ï¥âáï ®¡®¡é¥¨¥¬ ¯®ïâ¨ï ¯®«®©ã¯à ¢«ï¥¬®áâ¨ ¤«ï á¨áâ¥¬ á  ¡«î¤ â¥«¥¬ (íâ¨ á¢®©áâ¢  á®¢¯ -¤ îâ, ª®£¤  C = I ), â® ¥áâ¥áâ¢¥® ¯à¥¤¯®«®�¨âì, çâ® á¨áâ¥¬ 
A á®£« á®¢   â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ®¡« ¤ ¥â á¢®©-áâ¢®¬ £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢ . �ëïá-¥¨î íâ®£® ä ªâ  ¨ ¡ã¤¥â ¯®á¢ïé¥® ¤ «ì¥©è¥¥ ¯®¢¥áâ¢®¢ ¨¥.16



�ë ¡ã¤¥¬ ®â®�¤¥áâ¢«ïâì á¨áâ¥¬ã (1.1) á ¯ à®© (A,B),   á¨áâ¥¬ã(1.6), (1.2) á ¯ à®© (A,C).�   ¬ ¥ ç    ¨ ¥ 3.1. �®�® áç¨â âì, çâ® ¬ âà¨æë Al,

l = 1, . . . , r á¨áâ¥¬ë B «¨¥©® ¥§ ¢¨á¨¬ë. �¥©áâ¢¨â¥«ì®,¥á«¨ Ãl, l = 1, . . . , r1, r1 6 r | íâ®  ¡®à ¬ âà¨æ, ¯®«ã-ç¥ë© ¨§  ¡®à  Al, l = 1, . . . , r ¢ëª¨¤ë¢ ¨¥¬ «¨¥©® § -¢¨á¨¬ëå ¬ âà¨æ, â® ¬®�¥áâ¢  ¤®¯ãáâ¨¬ëå § ç¥¨© ¬ âà¨æ
u1A1 + · · · + urAr ¨ ũ1Ã1 + · · · + ũr1Ãr1 , ui, ũi ∈ R á®¢¯ ¤ îâ ¨à ¢ë 〈A1, . . . , Ar〉 = 〈Ã1, . . . , Ãr1〉. � «®£¨ç® ¬®�® áç¨â âì,çâ® ¬ âà¨æë B ¨ C á¨áâ¥¬ë A ¨¬¥îâ ¯®«ë© à £. � ¬¥â¨¬â ª�¥, çâ® á¢®©áâ¢  á¨áâ¥¬ë B ¥ ¬¥ïîâáï ®â ¯¥à¥áâ ®¢ª¨¬ âà¨æ Al (  á¢®©áâ¢  á¨áâ¥¬ë A ¥ ¬¥ïîâáï ®â ¯¥à¥áâ ®¢ª¨áâ®«¡æ®¢ ¢ ¬ âà¨æ å B ¨ C ).Ǒ®áâà®¨¬ ¯® á¨áâ¥¬¥ B ¬ âà¨æë Ll0 = Al, Ll

ν = [A0, Ll
ν−1℄ .=

A0Ll
ν−1 − Ll

ν−1A0, ν = 1, . . . , n2 − 1 (§¤¥áì [A,B℄ | ª®¬¬ãâ â®à¬ âà¨æ A ¨ B ).� ¥ ® à ¥ ¬   3.1. �¨áâ¥¬  B á®£« á®¢     [τ, τ + ϑ℄¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®
〈Ll

ν , l = 1, . . . , r, ν = 0, . . . , n2 − 1〉 =Mn.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë á¬. ¢ [7℄. � «®£¨ç®¥ ãâ¢¥à-�¤¥¨¥ ¬®�® ¯®«ãç¨âì ¤«ï á¨áâ¥¬ë A, ¥á«¨ § ¯¨á âì B ¢¢¨¤¥ (1.5). �ë ¥ ¡ã¤¥¬ ¥£® §¤¥áì ä®à¬ã«¨à®¢ âì, ®® á«¨è-ª®¬ £à®¬®§¤ª® ¨ ¥ã¤®¡® ¤«ï ¯®«ì§®¢ ¨ï. Ǒà®é¥ ¯¥à¥©â¨ ªá¨áâ¥¬¥ B ¨ ¨á¯®«ì§®¢ âì ¢ëè¥ã¯®¬ïãâë© ªà¨â¥à¨©. � ª®-æ¥ ª®æ®¢ ¤«ï ¯à®¢¥àª¨ á®£« á®¢ ®áâ¨  ¬ ¢á¥£¤  ¯à¨å®¤¨â-áï ¯¥à¥å®¤¨âì ª ¡®«ìè®© á¨áâ¥¬¥ (F,G) ¨ ¯à®¢¥àïâì ãá«®¢¨¥rank[G,FG, . . . , Fn2−1G℄ = n2, ª®â®à®¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨¤®áâ â®çë¬ (á¬. â¥®à¥¬ë 2.3 ¨ 2.4). �â¬¥â¨¬, çâ® ¨§ â¥®à¥¬ë3.1 á«¥¤ã¥â, çâ® á¢®©áâ¢® á®£« á®¢ ®áâ¨ áâ æ¨® à®© á¨áâ¥¬ëï¢«ï¥âáï à ¢®¬¥àë¬   R, â.¥. ¥á«¨ áâ æ¨® à ï á¨áâ¥¬  á®-£« á®¢     ª ª®¬-«¨¡® ®âà¥§ª¥, â® ®  á®£« á®¢     «î¡®¬¤àã£®¬ ®âà¥§ª¥. Ǒ®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬ë ¥ ¡ã¤¥¬ ãª §ë¢ âì®âà¥§®ª á®£« á®¢ ®áâ¨. 17



� ¥ ® à ¥ ¬   3.2. �«¥¤ãîé¨¥ á¢®©áâ¢  íª¢¨¢ «¥âë:(a) á¨áâ¥¬  B á®£« á®¢  ;(b) â®�¤¥áâ¢® Sp (
He−A0tAle

A0t) ≡ 0, t ∈ [0, ϑ℄ ¤«ï ¢á¥å
l = 1, . . . , r ¢®§¬®�® â®«ìª® ¯à¨ H = 0 ∈Mn;(c) ¥ áãé¥áâ¢ã¥â ¥ã«¥¢®© ¬ âà¨æë H ∈Mn â ª®©, çâ®Sp(HLl

ν) = 0 ¤«ï ¢á¥å l = 1, . . . , r, ν = 0, . . . , n2 − 1.� ® ª   §   â ¥ « ì á â ¢ ®. � ¬¥®© t + τ → t ¢ ãâ¢¥à-�¤¥¨¨ 2.5 ¯®«ãç ¥¬ á®®â®è¥¨¥ (a) ⇔ (b). �â¢¥à�¤¥¨¥ (a) ⇔(c) | íâ® â¥®à¥¬  3.1.� ¥ ® à ¥ ¬   3.3. �«¥¤ãîé¨¥ á¢®©áâ¢  íª¢¨¢ «¥âë:(a) á¨áâ¥¬  A á®£« á®¢  ;(b) â®�¤¥áâ¢® C∗eAtHe−AtB ≡ 0, t ∈ [0, ϑ℄ ¢®§¬®�®â®«ìª® ¯à¨ H = 0 ∈Mn;(c) ¢ë¯®«¥¨¥ à ¢¥áâ¢ C∗NνB = 0, ν = 0, . . . , n2 − 1, £¤¥
N0 = H, Nν = [A,Nν−1℄ ¢®§¬®�®, â®«ìª® ¥á«¨ H = 0.� ® ª   §   â ¥ « ì á â ¢ ®. � ¬¥®© t + τ → t ¢ ãâ¢¥à-�¤¥¨¨ 2.4 ¯®«ãç ¥¬ á®®â®è¥¨¥ (a) ⇔ (b). �®ª �¥¬ ¨¬¯«¨ª -æ¨î (c) ⇒ (b). �®¯ãáâ¨¬, çâ® (b) ¥ ¢ë¯®«¥®, â.¥. áãé¥áâ¢ã¥â¬ âà¨æ  H 6= 0 â ª ï, çâ®

C∗eAtHe−AtB ≡ 0, t ∈ [0, ϑ℄. (3.2)Ǒà¨ t = 0 ¨¬¥¥¬ C∗HB = 0. �¨ää¥à¥æ¨àãï â®�¤¥áâ¢® (3.2)
n2− 1 à § ¢ â®çª¥ t = 0, ¯®«ãç¨¬ C∗NνB = 0, ν = 1, . . . , n2− 1,çâ® ¯à®â¨¢®à¥ç¨â á¢®©áâ¢ã (c).�®ª �¥¬ ¨¬¯«¨ª æ¨î (b) ⇒ (c). �®¯ãáâ¨¬, çâ® (c) ¥ ¢ë-¯®«¥®, â.¥. áãé¥áâ¢ã¥â ¥ã«¥¢ ï ¬ âà¨æ  H ∈Mn â ª ï, çâ®
C∗NνB = 0, ν = 0, . . . , n2 − 1. �á«¨ ¬ âà¨æë N0, . . . , Nn2−1 «¨-¥©® ¥§ ¢¨á¨¬ë, â® Nν ∈ 〈N0, . . . , Nn2−1〉 = Mn ¤«ï «î¡®-£® ν > n2. �á«¨  ©¤¥âáï ®¬¥à l0 ∈ {1, . . . , n2 − 1} â ª®©,çâ® ¬ âà¨æë N0, . . . , Nl0−1 «¨¥©® ¥§ ¢¨á¨¬ë,   Nl0 ∈ N

.=
〈N0, . . . , Nl0−1〉, â® «¥£ª® ¢¨¤¥âì, çâ® Nν ∈ N ¤«ï ¢á¥å ν > l0.18



�âáî¤  á«¥¤ã¥â, çâ® C∗NνB = 0 ¤«ï ¢á¥å ν = 0, 1, . . . ¨0 ≡ C∗HB + C∗(AH −HA)Bt++ C∗(A2H − 2AHA+HA2)B · 12! t2 + · · · == C∗(I +At+ 12!A2t2 + . . . )H(I −At+ 12!A2t2 − . . . )B == C∗eAtHe−AtB.�¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 3.2. � ¢¥áâ¢  C∗NνB = 0 íª¢¨¢ -«¥âë à ¢¥áâ¢ ¬ C∗ÑνB = 0, £¤¥ Ñ0 = H, Ñν = [Ñν−1, A℄ =[−A, Ñν−1℄. Ǒ®íâ®¬ã á®£« á®¢ ®áâì á¨áâ¥¬ë A = (A,B,C)íª¢¨¢ «¥â  á®£« á®¢ ®áâ¨ á¨áâ¥¬ë (−A,B,C) (  «®£¨ç®á¨áâ¥¬  B = (A0, A1, . . . , Ar) á®£« á®¢   â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  á®£« á®¢   á¨áâ¥¬  (−A0, A1, . . . , Ar) ).� « ¥ ¤ á â ¢ ¨ ¥ 3.1. �á«¨ á¨áâ¥¬  B=(A0, . . . , Ar) á®£-« á®¢  , â® ¤«ï «î¡®© ¥¢ëà®�¤¥®© ¬ âà¨æë S ∈ Mn á¨-áâ¥¬  B̃
.=S−1

BS
.= (S−1A0S, . . . , S−1ArS) â ª�¥ á®£« á®¢  .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ®áâà®¨¬ ¯® á¨áâ¥¬¥ B̃ ¬ -âà¨æë L̃l

ν , l = 1, . . . , r, ν = 0, . . . , n2 − 1. �¥âàã¤® ¯à®¢¥-à¨âì, çâ® L̃l
ν = S−1Ll

νS. �á«¨ B á®£« á®¢  , â® áà¥¤¨ ¬ âà¨æ
Ll

ν , l = 1, . . . , r, ν = 0, . . . , n2 − 1 áãé¥áâ¢ã¥â n2 «¨¥©® ¥§ ¢¨-á¨¬ëå, áª �¥¬ P1, . . . , Pn2 . �®£¤  áà¥¤¨ ¬ âà¨æ L̃l
ν â ª�¥ áãé¥-áâ¢ã¥â n2 «¨¥©® ¥§ ¢¨á¨¬ëå,   ¨¬¥®, S−1P1S, . . . , S−1Pn2S,çâ® íª¢¨¢ «¥â® á®£« á®¢ ®áâ¨ B̃.� « ¥ ¤ á â ¢ ¨ ¥ 3.2. �á«¨ á¨áâ¥¬  A = (A,B,C) á®-£« á®¢  , â® ¤«ï «î¡®© ¥¢ëà®�¤¥®© ¬ âà¨æë S ∈Mn á¨-áâ¥¬  Ã

.= (S−1AS,S−1B,S∗C) â ª�¥ ï¢«ï¥âáï á®£« á®¢ ®©.�â® à¥§ã«ìâ â á«¥¤áâ¢¨ï 3.1 ¤«ï á¨áâ¥¬ë B, § ¯¨á ®©¢ ¢¨¤¥ (1.5). � ª¨¬ ®¡à §®¬, á¢®©áâ¢® á®£« á®¢ ®áâ¨ ¨¢ -à¨ â® ®â®á¨â¥«ì® ¥¢ëà®�¤¥ëå ¯à¥®¡à §®¢ ¨© ä §®¢®-£® ¢¥ªâ®à . �â¬¥â¨¬ §¤¥áì, çâ® á¢®©áâ¢® £«®¡ «ì®© ã¯à ¢«ï¥-¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢  â ª�¥ ¨¢ à¨ â® ®â®á¨â¥«ì®19



¥¢ëà®�¤¥®© § ¬¥ë ª®®à¤¨ â, ¯®áª®«ìªã å à ªâ¥à¨áâ¨ç¥-áª¨¥ ¬®£®ç«¥ë ¬ âà¨æë A + BUC∗ ¨ ¯®¤®¡®© ¥© ¬ âà¨æë
S−1AS + S−1BUC∗S á®¢¯ ¤ îâ.� « ¥ ¤ á â ¢ ¨ ¥ 3.3. �á«¨ SpAl = 0, l = 1, . . . , r, â®á¨áâ¥¬  B ¥ ï¢«ï¥âáï á®£« á®¢ ®©.� « ¥ ¤ á â ¢ ¨ ¥ 3.4. �á«¨ C∗B = 0, â® á¨áâ¥¬  A ¥ï¢«ï¥âáï á®£« á®¢ ®©.�â¨ ãâ¢¥à�¤¥¨ï á«¥¤ãîâ ¨§ á¢®©áâ¢  (c) â¥®à¥¬ 3.2 ¨ 3.3 á®-®â¢¥âáâ¢¥®, ¥á«¨ ¢§ïâì H = I. � ¬¥â¨¬, çâ® ¢ § ¤ ç¥ ã¯à ¢«¥-¨ï ¯®ª § â¥«ï¬¨ �ï¯ã®¢  á¨áâ¥¬ë A ãá«®¢¨¥ C∗B 6= 0 ¥®¡-å®¤¨¬®, â.ª. ¥á«¨ C∗B = 0, â® Sp(A+BUC∗) = Sp(A+C∗BU) =SpA. � íâ®¬ á«ãç ¥ ¥â £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥©,¯®áª®«ìªã ¨å áã¬¬  ¯®áâ®ï  ¨ à ¢  SpA.� « ¥ ¤ á â ¢ ¨ ¥ 3.5 ([7℄). Ǒãáâì [A0, Al℄ = 0 ¤«ï ¢á¥å
l = 1, . . . , r. �®£¤  B á®£« á®¢   ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,¥á«¨ 〈A1, . . . , Ar〉 =Mn.� « ¥ ¤ á â ¢ ¨ ¥ 3.6 ([7℄). �á«¨ ¬ âà¨æë A0, . . . , Ar ª¢ -§¨âà¥ã£®«ìë¥, â.¥. Al = {Bl

ij}s
i,j=1, Bl

ii ∈ Mni
,

∑s
i=1 ni = n,

Bl
ij = 0 ¯à¨ i > j, l = 0, . . . , r, â® á¨áâ¥¬  B ¥ ï¢«ï¥âáïá®£« á®¢ ®©.�¥¯¥àì ¬ë áä®à¬ã«¨àã¥¬ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ á®£« á®¢ -®áâ¨ á¨áâ¥¬ë B.� ¥ ® à ¥ ¬   3.4. Ǒãáâì i1(λ), . . . , is(λ) | ¥âà¨¢¨ «ì-ë¥ (â. ¥. ®â«¨çë¥ ®â ¥¤¨¨æë) ¨¢ à¨ âë¥ ¬®£®ç«¥ë [14,á.147℄ ¬ âà¨æë A0 áâ¥¯¥¥© n1 > . . . > ns á®®â¢¥âáâ¢¥®(n1 + · · · + ns = n). �á«¨ á¨áâ¥¬  B = (A0, A1, . . . , Ar) á®£« á®-¢  , â® r > n0 .= n1 + 3n2 + · · · + (2s− 1)ns.� ® ª   §   â ¥ « ì á â ¢ ®. �§¢¥áâ® [14, á.205℄, çâ® á®-¢®ªã¯®áâì ¬ âà¨æ, ª®¬¬ãâ¨àãîé¨å á ¬ âà¨æ¥© A0, ¥áâì «¨¥©-®¥ ¯®¤¯à®áâà áâ¢® M ⊂ Mn à §¬¥à®áâ¨ n0. �ë¡¥à¥¬ ¡ §¨á20



P1, . . . , Pn0 ¢ M. Ǒ®«®�¨¬ H
.= α1P1 + · · · + αn0Pn0 , £¤¥ αi ∈ R®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨©

n0∑

i=1 αi Sp(PiAl) = 0, l = 1, . . . , r. (3.3)�á«¨ r < n0, â® á¨áâ¥¬  (3.3) ¢á¥£¤  ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥-¨¥ α = (α1, . . . , αn0). � íâ®¬ á«ãç ¥ Sp(HAl) = 0 ¨ Sp(HLl
ν) =Sp(HA0Ll

ν−1 − HLl
ν−1A0) = Sp(HA0 − A0H)Ll

ν−1 = 0 ¤«ï ¢á¥å
l = 1, . . . , r, ν = 1, . . . , n2− 1. Ǒ® â¥®à¥¬¥ 3.2 á¨áâ¥¬  B ¥ ï¢«ï-¥âáï á®£« á®¢ ®©. �¥®à¥¬  ¤®ª §  .� « ¥ ¤ á â ¢ ¨ ¥ 3.7. �á«¨ mk < n0 .= s∑

j=1(2j − 1)nj , £¤¥
n1 > . . . > ns | áâ¥¯¥¨ ¥âà¨¢¨ «ìëå ¨¢ à¨ âëå ¬®£®-ç«¥®¢ i1(λ), . . . , is(λ) ¬ âà¨æë A, â® á¨áâ¥¬  A = (A,B,C)¥ ï¢«ï¥âáï á®£« á®¢ ®©.� « ¥ ¤ á â ¢ ¨ ¥ 3.8. �á«¨ mk < n, â® á¨áâ¥¬  A =(A,B,C) ¥ ï¢«ï¥âáï á®£« á®¢ ®©.�á«®¢¨¥ mk > n ¥®¡å®¤¨¬® ¨ ¤«ï ã¯à ¢«¥¨ï ¯®ª § â¥«ï-¬¨ �ï¯ã®¢ . �¥©áâ¢¨â¥«ì®, ¥¢®§¬®�® ã¯à ¢«ïâì n ¯®ª § -â¥«ï¬¨ ¯à¨ ¯®¬®é¨ ¬¥ìè¥£®, ç¥¬ n ç¨á«  ã¯à ¢«ïîé¨å ¢®§-¤¥©áâ¢¨©. �§¢¥áâ®, çâ®

((A,B,C) á®£« á®¢  )
⇒

(((A,B) ¢¯®«¥ ã¯à ¢«ï¥¬  )&&((A,C) ¢¯®«¥  ¡«î¤ ¥¬  ))
. (3.4)�â¨ á¢®©áâ¢  ï¢«ïîâáï ¥®¡å®¤¨¬ë¬¨ ¨ ¢ § ¤ ç¥ ã¯à ¢«¥¨ï¯®ª § â¥«ï¬¨ �ï¯ã®¢ . � ¨¬¥®,

(¯®ª § â¥«¨ á¨áâ¥¬ë (A,B,C) £«®¡ «ì® ã¯à ¢«ï¥¬ë )
⇒

(((A,B) ¢¯®«¥ ã¯à ¢«ï¥¬  )&&((A,C) ¢¯®«¥  ¡«î¤ ¥¬  ))
. (3.5)21



�¥©áâ¢¨â¥«ì®, ¥á«¨, ª ¯à¨¬¥àã, (A,B) ¥ ï¢«ï¥âáï ¢¯®«¥ã¯à ¢«ï¥¬®©, â® áãé¥áâ¢ã¥â ¥ã«¥¢®© ¢¥ªâ®à x ∈ R
n â ª®©,çâ® x∗A = αx∗, x∗B = 0 (á¬. [13, á.351℄). �®£¤  x∗(A+BUC∗) =

x∗A = αx∗ ¤«ï «î¡®© ¬ âà¨æë U, â.¥. å à ªâ¥à¨áâ¨ç¥áª¨© ¬®-£®ç«¥ ¬ âà¨æë A+BUC∗ ¥§ ¢¨á¨¬® ®â § ç¥¨ï ¬ âà¨æë U¨¬¥¥â ª®à¥ì α, ¯®íâ®¬ã £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥-«¥© ¥â. � «®£¨ç® ¬®�® ¯®ª § âì ¢â®àãî ç áâì ¨¬¯«¨ª æ¨¨(3.5). �â¢¥à�¤¥¨ï ®¡à âë¥ ª (3.4), (3.5) ¥ ¢¥àë.Ǒ à ¨ ¬ ¥ à 3.1.
A = ∥∥∥∥

0 10 0∥∥∥∥ , B = ∥∥∥∥
01∥∥∥∥ , C = ∥∥∥∥

10∥∥∥∥ , U = ∥∥u
∥∥ .�¤¥áì ¯ à  (A,B) ¢¯®«¥ ã¯à ¢«ï¥¬ , (A,C) ¢¯®«¥  ¡«î¤ ¥-¬  (á¬. § ¬¥ç ¨¥ 2.1). �¤ ª® á¨áâ¥¬  (A,B,C) ¥ ï¢«ï¥âáï á®-£« á®¢ ®© ¢ á¨«ã á«¥¤áâ¢¨ï 3.8, ¯®áª®«ìªã mk = 1 < 2. � «¥¥

χ(A+BUC∗) = λ2−u, ¨ £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥©¥â, ¯®áª®«ìªã áã¬¬  ¯®ª § â¥«¥© ¬ âà¨æë A + BUC∗ (à ¢ ïá«¥¤ã íâ®© ¬ âà¨æë) ¯®áâ®ï  ¨ à ¢  ã«î.�¤ ª® ãâ¢¥à�¤¥¨ï ®¡à âë¥ ª (3.4) ¨ (3.5) ¡ã¤ãâ ¢¥àë-¬¨, ¥á«¨ ¤®¯®«¨â¥«ì® ¯®âà¥¡®¢ âì, çâ®¡ë à £ ª ª®©-¨¡ã¤ì¨§ ¬ âà¨æ B ¨«¨ C ¡ë« à ¢¥ n :
[(((A,B) ¢¯®«¥ ã¯à ¢«ï¥¬  )&(rankC = n

))
∨

∨
(((A,C) ¢¯®«¥  ¡«î¤ ¥¬  )&(rankB = n

))]
⇒

((A,B,C) á®£« á®¢  )
, (3.6)

[(((A,B) ¢¯®«¥ ã¯à ¢«ï¥¬  )&(rankC = n
))

∨

∨
(((A,C) ¢¯®«¥  ¡«î¤ ¥¬  )&(rankB = n

))]
⇒

(¯®ª § â¥«¨ á¨áâ¥¬ë (A,B,C) £«®¡ «ì® ã¯à ¢«ï¥¬ë )
. (3.7)22



�¬¯«¨ª æ¨ï (3.6) | íâ® á«¥¤áâ¢¨¥ â¥®à¥¬ë 2.2. � «¥¥, ¥á«¨rankC = n, â® áãé¥áâ¢ã¥â ¬ âà¨æ  C1 ∈ Mn,k â ª ï, çâ®
C1C∗ = In. �á«¨ ¬ë ¡ã¤¥¬ ¨áª âì ã¯à ¢«¥¨¥ ¢ ¢¨¤¥ u = Uy,£¤¥ U = U1C1, â® ¯à¨¤¥¬ ª á¨áâ¥¬¥ _x = (A+BU1)x, ¯®ª § â¥«¨ª®â®à®© £«®¡ «ì® ã¯à ¢«ï¥¬ë, ¥á«¨ (A,B) | ¢¯®«¥ ã¯à ¢«ï-¥¬ ï ¯ à . �â® ¤®ª §ë¢ ¥â ¯¥à¢ãî ç áâì ¨¬¯«¨ª æ¨¨ (3.7). �â®-à ï ç áâì ¤®ª §ë¢ ¥âáï   «®£¨ç®. �â¬¥â¨¬, çâ® ãâ¢¥à�¤¥¨ï®¡à âë¥ ª (3.6) ¨ (3.7), ¢®®¡é¥ £®¢®àï, ¥ ¢¥àë.Ǒ à ¨ ¬ ¥ à 3.2.

A = ∥∥∥∥∥∥

0 1 00 0 10 0 0∥∥∥∥∥∥ , B = ∥∥∥∥∥∥

0 00 11 0∥∥∥∥∥∥ , C = ∥∥∥∥∥∥

1 00 10 0∥∥∥∥∥∥ ,
U = ∥∥∥∥

u v

w z

∥∥∥∥ , A+BUC∗ = ∥∥∥∥∥∥

0 1 0
w z 1
u v 0∥∥∥∥∥∥ .Ǒ®áâà®¨¬ ¬ âà¨æë F = A ⊗ I − I ⊗ A∗, G = B ⊗ C. �®�-® ¯à®¢¥à¨âì, çâ® rank[G,FG,F 2G℄ = 9, ®âªã¤  á«¥¤ã¥â á®-£« á®¢ ®áâì á¨áâ¥¬ë A = (A,B,C). � «¥¥ χ(A + BUC∗) =

λ3 − zλ2 − (v + w)λ − u. �ç¥¢¨¤®, çâ® ¤«ï «î¡®£® ¬®£®ç«¥-  σ(λ) = λ3 + γ1λ2 + γ2λ + γ3 ¬®�® ¢ë¡à âì U â ª, çâ®
χ(A + BUC∗) = σ(λ), â.¥. ¯®ª § â¥«¨ £«®¡ «ì® ã¯à ¢«ï¥¬ë.�¤ ª® rankB = rankC = 2 < 3.�   ¬ ¥ ç    ¨ ¥ 3.3. �¯à ¢«ï¥¬®áâì ¯ àë (A,B) à ¢-®á¨«ì  â®¬ã, çâ® rank[B,AB, . . . , An−1B℄ = n. Ǒ®íâ®¬ã ¯®áë«-ª  ¨¬¯«¨ª æ¨© (3.6) ¨ (3.7) íª¢¨¢ «¥â  ãá«®¢¨î
(rank∥∥C∗B, . . . , C∗An−1B∥∥ = n

)
∨

(rank∥∥∥∥∥∥∥∥∥

C∗B
C∗AB...

C∗An−1B∥∥∥∥∥∥∥∥∥
= n

)
. (3.8)

23



Ǒà¨¬¥à 3.2 ¯®ª §ë¢ ¥â, çâ® ¨ á¢®©áâ¢® á®£« á®¢ ®áâ¨, ¨á¢®©áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥©, ¢®®¡é¥ £®¢®àï, ¥ á¢®¤ïâáïª á¢®©áâ¢ã (3.8).� ¥ ® à ¥ ¬   3.5. �á«¨ n = 2, â® á®£« á®¢ ®áâì á¨-áâ¥¬ë A = (A,B,C) íª¢¨¢ «¥â  £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨¯®ª § â¥«¥© �ï¯ã®¢  á¨áâ¥¬ë A.� íâ®© â¥®à¥¬¥ à áá¬®âà¥ ª ª à § â®â á«ãç ©, ª®£¤  ¢ë¯®«-¥ë ãâ¢¥à�¤¥¨ï ®¡à âë¥ ª ¨¬¯«¨ª æ¨ï¬ (3.6), (3.7). �¥©áâ¢¨-â¥«ì®, ¥á«¨ á¨áâ¥¬  A á®£« á®¢  , â® ¥ ¬®�¥â ¡ëâì â ª®£®,çâ®¡ë rankB < 2 ¨ rankC < 2 (¢ á¨«ã á«¥¤áâ¢¨ï 3.8), ¯®íâ®¬ãá®£« á®¢ ®áâì á¢®¤¨âáï ª ãá«®¢¨î (3.8). �¯à ¢«ï¥¬®áâì ¯®ª -§ â¥«¥© â®�¥ á¢®¤¨âáï ª íâ®¬ã ãá«®¢¨î. � á ¬®¬ ¤¥«¥, ¥ ¬®�¥â¡ëâì â ª®£®, çâ®¡ë rankB < 2 ¨ rankC < 2, ¯®áª®«ìªã ¥¢®§-¬®�® ã¯à ¢«ïâì ¤¢ã¬ï ¯®ª § â¥«ï¬¨ ¯à¨ ¯®¬®é¨ ¥ ¡®«¥¥ ç¥¬®¤®£® ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï.� á«ãç ¥, ª®£¤  n = 3 á®£« á®¢ ®áâì ã�¥ ¥ á«¥¤ã¥â, ¢®®¡-é¥ £®¢®àï, ¨§ ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢ .Ǒ à ¨ ¬ ¥ à 3.3.
A = ∥∥∥∥∥∥

0 0 10 0 00 0 0∥∥∥∥∥∥ , B = ∥∥∥∥∥∥

0 00 11 0∥∥∥∥∥∥ , C = ∥∥∥∥∥∥

1 00 10 0∥∥∥∥∥∥ ,
U = ∥∥∥∥

u v

w z

∥∥∥∥ , A+BUC∗ = ∥∥∥∥∥∥

0 0 1
w z 0
u v 0∥∥∥∥∥∥ .�ç¥¢¨¤®, ¯®ª § â¥«¨ ã¯à ¢«ï¥¬ë, ¯®áª®«ìªã χ(A + BUC∗) =

λ3 − zλ2 − uλ + (zu − vw). �¤ ª® ¢ á¨«ã á«¥¤áâ¢¨ï 3.7 á¨áâ¥¬ á®£« á®¢ ®© ¥ ï¢«ï¥âáï. �¤¥áì ¥âà¨¢¨ «ìë¥ ¨¢ à¨ âë¥¬®£®ç«¥ë i1(λ) = λ2, i2(λ) = λ. Ǒ®íâ®¬ã n0 = 2 + 3 = 5, ¨
mk = 2 · 2 = 4 < 5. (�âáãâáâ¢¨¥ á®£« á®¢ ®áâ¨ á«¥¤ã¥â â ª�¥¨§ â¥®à¥¬ë 3.3: ¥á«¨ ¢§ïâì H = I3 −E322, â® C∗eAtHe−AtB ≡ 0 ).24



�«ï n = 4 â¥®à¥¬  3.5 ¥¢¥à  ã�¥ ¢ ®¡¥ áâ®à®ë.Ǒ à ¨ ¬ ¥ à 3.4.
A = ∥∥∥∥∥∥∥∥

0 1 0 00 0 0 00 0 0 10 0 0 0∥∥∥∥∥∥∥∥ , B = ∥∥∥∥∥∥∥∥

0 0 00 0 10 1 01 0 0∥∥∥∥∥∥∥∥ , C = ∥∥∥∥∥∥∥∥

1 00 00 10 0∥∥∥∥∥∥∥∥ ,
U = ∥∥∥∥∥∥

u1 u2
v1 v2
w1 w2∥∥∥∥∥∥ , A+BUC∗ = ∥∥∥∥∥∥∥∥

0 1 0 0
w1 0 w2 0
v1 0 v2 1
u1 0 u2 0∥∥∥∥∥∥∥∥ .�«ï «î¡®£®  ¡®à  γ1, . . . , γ4 ¯®«®�¨¬ u1 = −γ4, u2 = −γ2,

v1 = −γ3, v2 = −γ1, w1 = 0, w2 = 1. �®£¤  χ(A + BUC∗) =
λ4+γ1λ3+γ2λ2+γ3λ+γ4. � ª¨¬ ®¡à §®¬, ¯®ª § â¥«¨ �ï¯ã®¢ £«®¡ «ì® ã¯à ¢«ï¥¬ë. �¤ ª® á®£« á®¢ ®áâ¨ ¥â ¢ á¨«ã á«¥¤-áâ¢¨ï 3.7: ¥âà¨¢¨ «ìë¥ ¨¢ à¨ âë¥ ¬®£®ç«¥ë i1(λ) = λ2,
i2(λ) = λ2. Ǒ®íâ®¬ã n0 = 2 + 3 · 2 = 8 ¨ mk = 3 · 2 = 6 < 8.Ǒ à ¨ ¬ ¥ à 3.5.

A = ∥∥∥∥∥∥∥∥

0 1 0 00 0 1 00 0 0 1
−1 0 2 0∥∥∥∥∥∥∥∥ , B = ∥∥∥∥∥∥∥∥

0 01 00 11 0∥∥∥∥∥∥∥∥ , C = ∥∥∥∥∥∥∥∥

0 01 00 11 0∥∥∥∥∥∥∥∥ ,
U = ∥∥∥∥

u v

w z

∥∥∥∥ , A+BUC∗ = ∥∥∥∥∥∥∥∥

0 1 0 00 u 1 + v u0 w z 1 + w

−1 u 2 + v u

∥∥∥∥∥∥∥∥
.�¤¥áì χ(A+BUC∗) = λ4 + γ1λ3 + γ2λ2 + γ3λ+ γ4,





γ1 = −2u− z

γ2 = 2(uz − (1 + v)(1 +w)) − w + v

γ3 = 2u
γ4 = (1 + v)(1 + w)− uz.

(3.9)25



� áá¬®âà¨¬ ¬®£®ç«¥ σ(λ) = λ4−8λ3+15λ2−8λ (ª®â®àë© ¨¬¥-¥â ª®à¨ λ1 = 0, λ2 = 1, λ3,4 = 7±√172 ). Ǒ®ª �¥¬, çâ® ¥«ì§ï¯®áâà®¨âì ã¯à ¢«¥¨¥ U â ª, çâ® χ(A + BUC∗) = σ(λ). �¥©-áâ¢¨â¥«ì®, ¯à¥¤¯®«®�¨¬ ¯à®â¨¢®¥: á¨áâ¥¬  (3.9), £¤¥ γ1 = −8,
γ2 = 15, γ3 = −8, γ4 = 0 à §à¥è¨¬ . �®£¤  u = −4, z = 16,
v − w = 15, (1 + v)(1 + w) = −64. �§ ¤¢ãå ¯®á«¥¤¨å ãà ¢¥-¨© á«¥¤ã¥â, çâ® w2 + 17w + 16 = −64,   íâ® ãà ¢¥¨¥ ¥ ¨¬¥¥âà¥è¥¨© ¢ R. � ª¨¬ ®¡à §®¬, ¤  ï á¨áâ¥¬  ¥ ®¡« ¤ ¥â á¢®©-áâ¢®¬ £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢ . �¤ ª®á¨áâ¥¬  A ï¢«ï¥âáï á®£« á®¢ ®©. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¬ë ¯®-áâà®¨¬ ¬ âà¨æë F = A⊗I−I⊗A∗ ¨ G = B⊗C, â® ¯®«ãç¨¬, çâ®rank[G,FG,F 2G,F 3G℄ = 16,   íâ® íª¢¨¢ «¥â® á®£« á®¢ ®áâ¨á¨áâ¥¬ë A.�   ¬ ¥ ç    ¨ ¥ 3.4. �«ï á¨áâ¥¬ë B â¥®à¥¬  3.5 ¥¢¥à-  ¨ ¢ âã, ¨ ¢ ¤àã£ãî áâ®à®ã ã�¥ ¯à¨ n = 2 (§¤¥áì ¯®¤ £«®-¡ «ì®© ã¯à ¢«ï¥¬®áâìî ¯®ª § â¥«¥© �ï¯ã®¢  ¯®¨¬ ¥âáï ¢®§-¬®�®áâì ¢ë¡®à  ã¯à ¢«¥¨ï u = (u1, . . . , ur) â ª, çâ®¡ë å à ª-â¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A0+u1A1+ · · ·+urAr á®¢¯ -¤ « á § ¤ ë¬ ¬®£®ç«¥®¬ n -© áâ¥¯¥¨ á® áâ àè¨¬ ª®íää¨-æ¨¥â®¬ à ¢ë¬ ¥¤¨¨æ¥). �¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ á¨áâ¥¬ã
B = (A0, A1, A2), £¤¥

A0 = ∥∥∥∥
1 10 1∥∥∥∥ , A1 = ∥∥∥∥

0 1
−1 0∥∥∥∥ , A2 = ∥∥∥∥

1 00 2∥∥∥∥ .�®£¤  L10 = A1, L20 = A2,
L11 = A0A1 −A1A0 = ∥∥∥∥

−1 00 1∥∥∥∥ , L21 = A0A2 −A2A0 = ∥∥∥∥
0 10 0∥∥∥∥¨ 〈L10, L20, L11, L21〉 =M2, â.¥. á¨áâ¥¬  á®£« á®¢  . � «¥¥ χ(A0+

u1A1 + u2A2) = λ2 − (2 + 3u2)λ + (1 + u2)(1 + 2u2) + u1(1 + u1).Ǒ®ª �¥¬, çâ® ¤«ï ¬®£®ç«¥  σ(λ) = λ2 + 10λ + 9 (¨¬¥îé¥-£® ª®à¨ λ1 = −9, λ2 = −1 ) ¥«ì§ï ¯®áâà®¨âì ã¯à ¢«¥¨¥26



u = (u1, u2) â ª, çâ® χ(A0 + u1A1 + u2A2) = σ(λ). Ǒà¥¤¯®«®-�¨¬ ¯à®â¨¢®¥, â®£¤  u2 = −4, u1(1 + u1) = −12, ® ¯®á«¥¤¥¥ãà ¢¥¨¥ ¥ ¨¬¥¥â ª®à¥© ¢ R. Ǒ®íâ®¬ã £«®¡ «ì®© ã¯à ¢«ï-¥¬®áâ¨ ¯®ª § â¥«¥© ¥â. � «¥¥, ¥á«¨ B = (A0, A1, A2, A3), £¤¥
A0 = 0 ∈ M2, A1 = E212, A2 = E211, A3 = E221, â® ¢ á¨-«ã á«¥¤áâ¢¨ï 3.5 á¨áâ¥¬  B ¥ ï¢«ï¥âáï á®£« á®¢ ®©. �¤ ª®
χ(A0 + u1A1 + u2A2 + u3A3) = λ2 − u2λ − u1u3, ¨ ®ç¥¢¨¤®, çâ®¯®ª § â¥«¨ £«®¡ «ì® ã¯à ¢«ï¥¬ë.Ǒ®¤ëâ®�¨¬ ¢á¥ ¢ëè¥áª § ®¥. �¢®©áâ¢  á®£« á®¢ ®áâ¨ ¨£«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢  áâ æ¨® àëåá¨áâ¥¬ á  ¡«î¤ â¥«¥¬ ¢® ¬®£¨å á«ãç ïå ¨¤ãâ ¯ à ««¥«ì®¤àã£ ¤àã£ã ¨ ®¤®¢à¥¬¥® ¢áâà¥ç îâáï «¨¡® ¥ ¢áâà¥ç îâáï (¢ç áâ®áâ¨, ¯à¨ n = 2 íâ¨ á¢®©áâ¢  íª¢¨¢ «¥âë). �¤ ª®, ª ª¯®ª §ë¢ îâ ¯à¨¬¥àë 3.4 ¨ 3.5, ¢ ®¡é¥¬ á«ãç ¥ ¨ ®¤® á¢®©áâ¢®¥ á«¥¤ã¥â ¨§ ¤àã£®£®. �®�® ¡ë«® ¡ë ¯à¥¤¯®«®�¨âì, ¯®   «®-£¨¨ á® á«ãç ¥¬ n = 2, çâ® ¯¥à¥á¥ç¥¨¥ ¬®�¥áâ¢  á®£« á®¢ ëåá¨áâ¥¬ á ¬®�¥áâ¢®¬ á¨áâ¥¬, ¨¬¥îé¨å £«®¡ «ì® ã¯à ¢«ï¥¬ë¥¯®ª § â¥«¨, á®¢¯ ¤ ¥â á ¬®�¥áâ¢®¬ á¨áâ¥¬, ¤«ï ª®â®àëå ¢ë-¯®«¥® ãá«®¢¨¥ (3.8), ®¤ ª® ¯à¨¬¥à 3.2 ®¯à®¢¥à£ ¥â íâ® ¯à¥¤-¯®«®�¥¨¥. � ª¨¬ ®¡à §®¬, ¢ ¯®«®© ¬¥à¥ ¢®¯à®á ® â®¬, ª ª ¢®¡é¥¬ á«ãç ¥ á¢ï§ ë á®£« á®¢ ë¥ áâ æ¨® àë¥ á¨áâ¥¬ë á ¡«î¤ â¥«¥¬ ¨ á¨áâ¥¬ë á £«®¡ «ì® ã¯à ¢«ï¥¬ë¬¨ ¯®ª § â¥-«ï¬¨, ¯®ª  ¥ ¨áá«¥¤®¢ .Ǒ®¯ëâª  ¯®«ãç¨âì ª ª¨¥-«¨¡® ¥âà¨¢¨ «ìë¥ ãâ¢¥à�¤¥¨ï® £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢  ¢ â¥à¬¨ åá®£« á®¢ ëå á¨áâ¥¬ ®ª § « áì ¡¥§ãá¯¥è®©. �¤ ª® ¢ ç áâëåá«ãç ïå ¢á¥-â ª¨ ã¤ ¥âáï  ©â¨ ãá«®¢¨¥, ª®â®à®¥ ®¡¥á¯¥ç¨¢ ¥âíää¥ªâ¨¢ë© ªà¨â¥à¨© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥©. �¡ íâ®¬ ¨¯®©¤¥â à¥çì ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.4. �¯à ¢«¥¨¥ ¯®ª § â¥«ï¬¨ �ï¯ã®¢ �¤¥áì ¬ë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ á«ãç ï, ª®£¤  å à ªâ¥à¨-áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A á®¢¯ ¤ ¥â á ¬¨¨¬ «ìë¬¬®-27



£®ç«¥®¬. � íâ®¬ á«ãç ¥ ¬ âà¨æ  A ¯®¤®¡  ¬ âà¨æ¥
Ã = ∥∥∥∥∥∥∥∥∥∥

0 1 0 . . . 00 0 1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 0 0 . . . 1
−an −an−1 −an−2 . . . −a1

∥∥∥∥∥∥∥∥∥∥

(4.1)(â.¥. áãé¥áâ¢ã¥â ¥¢ëà®�¤¥ ï ¬ âà¨æ  S ∈ Mn â ª ï, çâ®
Ã = S−1AS ), ª®â®à ï  §ë¢ ¥âáï ¬ âà¨æ¥© �à®¡¥¨ãá . �àã-£¨¬¨ á«®¢ ¬¨, ®¯¥à â®à A ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¨¬¥¥â ¢¨¤ (4.1).� à ªâ¥à¨áâ¨ç¥áª¨© ¨ ¬¨¨¬ «ìë© ¬®£®ç«¥ë ¬ âà¨æë Ã ¨
A ¥áâì χ(Ã) = χ(A) = λn + a1λn−1 + · · · + an. �â®â �¥ ¬®-£®ç«¥ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ ¥âà¨¢¨ «ìë¬ ¨¢ à¨ âë¬¬®£®ç«¥®¬ ¬ âà¨æ Ã ¨ A.� áá¬®âà¨¬ á¨áâ¥¬ã A = (A,B,C), £¤¥ A | ¬ âà¨æ  �à®-¡¥¨ãá  (¡ã¤¥¬ áç¨â âì, çâ® ¬ë ã�¥ ¯à®¨§¢¥«¨ ¥¢ëà®�¤¥-ãî § ¬¥ã ª®®à¤¨ â). Ǒ®áâà®¨¬ ¯® ¬ âà¨æ¥ A ¬ âà¨æã G =
n∑

i=1 ai−1J∗
i−1 ∈Mn, a0 .= 1 :

G = ∥∥∥∥∥∥∥∥∥

1 0 . . . 0
a1 1 . . . 0... . . . . . . ...
an−1 . . . a1 1∥∥∥∥∥∥∥∥∥ .�   ¬ ¥ ç    ¨ ¥ 4.1. � ª ã¯à ¢«ïâì ¯®ª § â¥«ï¬¨ á¨-áâ¥¬ë (A,B,C), £¤¥ B = b ∈ Mn,1, C = I ∈ Mn? �¥®¡å®¤¨-¬ë¬ (¨ ¤®áâ â®çë¬) ï¢«ï¥âáï ãá«®¢¨¥ rank[b,Ab, . . . , An−1b℄ = n(¨«¨ det[b,Ab, . . . , An−1b℄ 6= 0 ). Ǒà®¨§¢¥¤¥¬ ¥¢ëà®�¤¥®¥ ¯à¥-®¡à §®¢ ¨¥ x = Sy, £¤¥

S−1 = ∥∥∥∥∥∥∥∥∥

ξ

ξA...
ξAn−1∥∥∥∥∥∥∥∥∥ , ξ = e∗n[b,Ab, . . . , An−1b℄−128



¨ ¯à¨¤¥¬ ª á¨áâ¥¬¥ _y = Ãy + b̃u, Ã = S−1AS, b̃ = S−1b.�¤¥áì Ã | ¬ âà¨æ  �à®¡¥¨ãá  (4.1), b̃ = en. �«ï «î¡®£®
γ = (γ1, . . . , γn), ¯®áâà®¨¢ ã¯à ¢«¥¨¥ u = Ũy = ŨS−1x = Ux,£¤¥ Ũ = (an − γn, . . . , a1 − γ1) ∈M1,n, ¯®«ãç¨¬, çâ® χ(A+ bU) =
χ(Ã+ b̃Ũ) = λn + γ1λn−1 + · · ·+ γn.� áá¬®âà¨¬ B ∈ Mn,m, C ∈ Mn,k. Ǒãáâì ξi ∈ R

m∗, i =1, . . . , n | áâà®ª¨ ¬ âà¨æë B, ψj ∈ R
k∗, j = 1, . . . , n | áâà®ª¨¬ âà¨æë C.� ¥ ¬ ¬   4.1. � ¢¥áâ¢® C∗EijB = 0 ¢ë¯®«¥® ¤«ï¢á¥å 1 6 j < i 6 n â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   ©¤¥âáï ®¬¥à

i0 ∈ {1, . . . , n} â ª®©, çâ® ξi = 0 ¤«ï ¢á¥å i = 1, . . . , i0 − 1 ¨
ψj = 0 ¤«ï ¢á¥å j = i0 + 1, . . . , n, â.¥. ¬ âà¨æë B ¨ C ¨¬¥îâ¢¨¤

B = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0... ...0 . . . 0
bi01 . . . bi0m... ...
bn1 . . . bnm

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, C = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥

c11 . . . c1k... ...
ci01 . . . ci0k0 . . . 0... ...0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

. (4.2)
� ® ª   §   â ¥ « ì á â ¢ ®. �®áâ â®ç®áâì ®ç¥¢¨¤ . �®-ª �¥¬ ¥®¡å®¤¨¬®áâì. Ǒãáâì ξs | ¯¥à¢ ï á¢¥àåã ¥ã«¥¢ ïáâà®ª  ¬ âà¨æë B, â.¥. ξs 6= 0, ξi = 0, i = 1, . . . , s − 1 , ¨ ¯ãáâì

ψp | ¯¥à¢ ï á¨§ã ¥ã«¥¢ ï áâà®ª  ¬ âà¨æë C, â.¥. ψp 6= 0,
ψj = 0, j = p + 1, . . . , n. �á«¨ p 6 s, â® ¯à¨ i0 = s ¯®«ãç ¥¬âà¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥. �á«¨ �¥ p > s, â® C∗EpsB = ψ∗

pξs 6= 0,çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �¥¬¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 4.2. �¬¥¥â á¬ëá« ®â¬¥â¨âì, çâ® ãá«®-¢¨¥ C∗EijB = 0, ¢ë¯®«¥®¥ ¤«ï ¢á¥å i, j, ã¤®¢«¥â¢®àïîé¨å¥à ¢¥áâ¢ ¬ 1 6 j < i 6 n, íª¢¨¢ «¥â® á«¥¤ãîé¨¬ã ãá«®-¢¨î: ¤«ï «î¡®© áâà®£® ¨�¥© âà¥ã£®«ì®© ¬ âà¨æë H ¨¬¥¥â¬¥áâ® à ¢¥áâ¢® C∗HB = 0. 29



� ¥ ® à ¥ ¬   4.1. Ǒãáâì A ¨¬¥¥â ¢¨¤ (4.1), D ∈Mn :
D = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0 0 . . . 0... ... ... ...0 . . . 0 0 . . . 0
dk1 . . . dkk 0 . . . 0... ... ... ...
dn1 . . . dnk 0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

. (4.3)
Ǒãáâì χ(A+D) = λn+γ1λn−1+ · · ·+γn | å à ªâ¥à¨áâ¨ç¥áª¨©¬®£®ç«¥ ¬ âà¨æë A+D. �®£¤  γi = ai − SpDJi−1G ¤«ï ¢á¥å
i = 1, . . . , n.� ® ª   §   â ¥ « ì á â ¢ ®. �ã¤¥¬ áç¨â âì, çâ® k < n(á«ãç © k = n âà¨¢¨ «¥). �®ª § â¥«ìáâ¢® ¡ã¤¥¬ ¯à®¢®¤¨âì ¨-¤ãªæ¨¥© ¯® à §¬¥à®áâ¨ n. Ǒ®ª �¥¬, çâ® ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë¢¥à® ¤«ï n = 2 (¥á«¨ n = 1, â® ¤®ª §ë¢ âì ¥ç¥£®). � áá¬®âà¨¬¬ âà¨æë A, D ¨ G :

A = ∥∥∥∥
0 1

−a2 −a1∥∥∥∥ , D = ∥∥∥∥
d11 0
d21 0∥∥∥∥ , G = ∥∥∥∥

1 0
a1 1∥∥∥∥ .� à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A+D ¥áâì χ(A+D) =

λ2+(a1−d11)λ+(a2−d11a1−d21). � «¥¥, SpDG = d11, SpDJ21G =
d11a1+d21. � ª¨¬ ®¡à §®¬, ãâ¢¥à�¤¥¨¥ ¢¥à® ¤«ï n = 2. Ǒà¥¤-¯®«®�¨¬, çâ® ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å à §-¬¥à®áâ¥© ¬¥ìè¨å, ç¥¬ n. Ǒ®ª �¥¬, çâ® ®® ¡ã¤¥â ¢ë¯®«¥®¨ ¤«ï n.Ǒãáâì ¬ âà¨æë Â ¨ D̂ ¯®«ãç¥ë ¨§ ¬ âà¨æ A ¨ D á®®â¢¥â-áâ¢¥® ¢ëç¥àª¨¢ ¨¥¬ n -© áâà®ª¨ ¨ n -£® áâ®«¡æ , ¬ âà¨æë Ã¨ D̃ | ¢ëç¥àª¨¢ ¨¥¬ (n− 1) -© áâà®ª¨ ¨ n -£® áâ®«¡æ , ¬ âà¨-æë A ¨ D | ¢ëç¥àª¨¢ ¨¥¬ (n−1) -© ¨ n -© áâà®ª ¨ (n−1) -£®¨ n -£® áâ®«¡æ®¢. Ǒ® ¬ âà¨æ ¬ Â, Ã ¨ A ¯®áâà®¨¬ á®®â¢¥â-áâ¢ãîé¨¥ ¬ âà¨æë Ĝ, G̃, G. �®£¤  Â, Ã, D̂, D̃, Ĝ, G̃ ∈ Mn−1,30



A,D,G ∈Mn−2, Â = Jn−11 , A = Jn−21 , Ĝ = In−1, G = In−2,
Ã = ∥∥∥∥∥∥∥∥∥

0 1 . . . 0... . . . . . . ...0 . . . 0 1
−an . . . . . . . −a2∥∥∥∥∥∥∥∥∥ , G̃ = ∥∥∥∥∥∥∥∥∥

1 0 . . . 0
a2 1 . . . 0... . . . . . . ...
an−1 . . . a2 1∥∥∥∥∥∥∥∥∥ ,

D = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0 0 . . . 0... ... ... ...0 . . . 0 0 . . . 0
dk1 . . . dkk 0 . . . 0... ... ... ...
dn−2,1 . . . dn−2,k 0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

,

D̂ = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0 0 . . . 0... ... ... ...0 . . . 0 0 . . . 0
dk1 . . . dkk 0 . . . 0... ... ... ...
dn−2,1 . . . dn−2,k 0 . . . 0
dn−1,1 . . . dn−1,k 0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

,

D̃ = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0 0 . . . 0... ... ... ...0 . . . 0 0 . . . 0
dk1 . . . dkk 0 . . . 0... ... ... ...
dn−2,1 . . . dn−2,k 0 . . . 0
dn1 . . . dnk 0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

.
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�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¢¥ªâ®à 
dn−1 = ol(dn1, . . . , dnk, 0, . . . , 0︸ ︷︷ ︸

n−k−1 ) ∈ R
n−1,

dn = ol(dn1, . . . , dnk, 0, . . . , 0︸ ︷︷ ︸
n−k

) ∈ R
n¨ ¬ âà¨æë D′ = en−1n−1 (

dn−1)∗ ∈ Mn−1, D′′ = enn (dn)∗ ∈ Mn. (� -ª¨¬ ®¡à §®¬, ¬ âà¨æ  D′ ¯®«ãç ¥âáï ¨§ ¬ âà¨æë D′′ ¢ëç¥àª¨¢ -¨¥¬ ¯¥à¢®© áâà®ª¨ ¨ n -£® áâ®«¡æ . �ç¥¢¨¤®, çâ® SpD′Jn−1
p =SpD′′Jn

p+1 .) � áª« ¤ë¢ ï ®¯à¥¤¥«¨â¥«ì ¯® n -¬ã áâ®«¡æã, ¯®«ã-ç¨¬ det(A+D − λIn) = (−a1 − λ) · det(Â+ D̂ − λIn−1)− det(Ã++D̃ − λIn−1 + λEn−1
n−1,n−1). Ǒ® ¯à¥¤¯®«®�¥¨î ¨¤ãªæ¨¨ ¨¬¥¥¬det(Â+ D̂ − λIn−1) = (−1)n−1(λn−1 − Sp D̂ · λn−2 − . . .

− Sp D̂Jn−1
p−2 · λn−p − · · · − Sp D̂Jn−1

n−2 ).� «¥¥,det(Ã+ D̃ − λIn−1 + λEn−1
n−1,n−1) = det(Ã+ D̃ − λIn−1) ++ λ · det(A+D − λIn−2) = (−1)n−1(λn−1 + (a2 − Sp D̃G̃)λn−2 ++ (a3 − Sp D̃Jn−11 G̃)λn−3 + · · · + (ap − Sp D̃Jn−1

p−2 G̃)λn−p + . . .+ (an − Sp D̃Jn−1
n−2 G̃)) + λ · (−1)n−2(λn−2 − SpD · λn−3 − . . .

− SpDJn−2
p−3 · λn−p − · · · − SpDJn−2

n−3 ).� ª¨¬ ®¡à §®¬,det(A+D − λIn) = (−1)n(a1 + λ)(λn−1 − Sp D̂ · λn−2 −Sp D̂Jn−11 ·λn−3−· · ·−Sp D̂Jn−1
n−2 )+(−1)n(λn−1+(a2−Sp D̃G̃)λn−2++ (a3 − Sp D̃Jn−11 G̃)λn−3 + · · ·+ (an − Sp D̃Jn−1

n−2 G̃))−(−1)n(λn−1−SpD ·λn−2−SpDJn−21 ·λn−3−· · ·−SpDJn−2
n−3λ) =32



= (−1)n[
λn + (a1 − Sp D̂)λn−1 ++ (a2 − Sp D̃G̃− a1 Sp D̂ − Sp D̂Jn−11 + SpD)λn−2 ++(a3−Sp D̃Jn−11 G̃−a1 Sp D̂Jn−11 −Sp D̂Jn−12 +SpDJn−21 )λn−3+. . .+ (an−1 − Sp D̃Jn−1

n−3 G̃− a1 Sp D̂Jn−1
n−3 − Sp D̂Jn−1

n−2 + SpDJn−2
n−3 )λ++ (an − Sp D̃Jn−1

n−2 G̃− a1 Sp D̂Jn−1
n−2 )].�®íää¨æ¨¥â ¯à¨ λn−1 à ¢¥ a1 − Sp D̂. �â® á®¢¯ ¤ ¥â á

γ1, ¯®áª®«ìªã Sp D̂ = dkk = SpDG. � «¥¥, ª®íää¨æ¨¥âë ¯à¨
λn−1−p ¤«ï ¢á¥å p = 1, . . . , n− 1 à ¢ë ap+1 −�p, £¤¥�p = Sp D̃Jn−1

p−1 G̃+ a1 Sp D̂Jn−1
p−1 + Sp D̂Jn−1

p − SpDJn−2
p−1 . (4.4)�¥®¡å®¤¨¬® ¤®ª § âì, çâ® �p = SpDJn

p G, £¤¥ �p ®¯à¥-¤¥«¥® à ¢¥áâ¢®¬ (4.4). Ǒãáâì T = G̃ − In−1 ∈ Mn−1, S =
T + a1In−1 ∈Mn−1. �¬¥¥¬ Sp D̃Jn−1

p−1 G̃ = Sp D̃Jn−1
p−1 +Sp D̃Jn−1

p−1 T.� ¬¥â¨¬, çâ® (n − 1) -ï áâà®ª  ¬ âà¨æë D̃ ¥ ¤ ¥â ¢ª« ¤ ¢ Sp D̃Jn−1
p−1 T, ¯®áª®«ìªã (n − 1) -© áâ®«¡¥æ ¬ âà¨æë T ã«¥-¢®©. Ǒ®íâ®¬ã Sp D̃Jn−1

p−1 T = Sp D̂Jn−1
p−1 T. �ç¨âë¢ ï â¥¯¥àì, çâ®

a1 Sp D̂Jn−1
p−1 = Sp D̂Jn−1

p−1 a1In−1, ¯®«ãç¨¬�p = Sp D̃Jn−1
p−1 + Sp D̂Jn−1

p−1 S + Sp D̂Jn−1
p − SpDJn−2

p−1 .� áè¨à¨¬ ¬ âà¨æã D ¤® ¬ âà¨æë D
+
, ¯à¨¯¨á ¢ ª ¥© (n−1) -îã«¥¢ãî áâà®ªã ¨ (n− 1) -© ã«¥¢®© áâ®«¡¥æ. �®£¤  SpDJn−2

p−1 =SpD+
Jn−1

p−1 . �«¥¤®¢ â¥«ì®, Sp D̃Jn−1
p−1 − SpDJn−2

p−1 = Sp D̃Jn−1
p−1 −SpD+

Jn−1
p−1 = SpD′Jn−1

p−1 = SpD′′Jn
p . � ª¨¬ ®¡à §®¬, �p =Sp D̂Jn−1

p−1 S + Sp D̂Jn−1
p + SpD′′Jn

p . � «¥¥, GD′′ = Genn · (dn)∗ =
enn · (dn)∗ = D′′, ¯®íâ®¬ã SpD′′Jn

p = SpGD′′Jn
p = SpD′′Jn

p G. �¥-¯¥àì à áè¨à¨¬ ¬ âà¨æë D̂, S ∈ Mn−1 ¤® ¬ âà¨æ D̂+, S+ ∈ Mná®®â¢¥âáâ¢¥®, ¯à¨¯¨á ¢ ª ¨¬ n -î ã«¥¢ãî áâà®ªã ¨ n -© ã«¥-¢®© áâ®«¡¥æ. �ç¥¢¨¤®, çâ® Sp D̂Jn−1
p−1 S = Sp D̂+Jn

p−1S+. � «¥¥,33



Jn
p−1S+ = Jn

p S
′, £¤¥ S′ ∈Mn ¯®«ãç¥  ¯à¨¯¨áë¢ ¨¥¬ ª ¬ âà¨æ¥

S ∈Mn−1 ¯¥à¢®© ã«¥¢®© áâà®ª¨ ¨ n -£® ã«¥¢®£® áâ®«¡æ , â.¥.
S′ = ∥∥∥∥∥∥∥∥∥

0 0 . . . 0
a1 0 . . . 0... . . . . . . ...
an−1 . . . a1 0∥∥∥∥∥∥∥∥∥ .�«¥¤®¢ â¥«ì®, Sp D̂Jn−1

p−1 S = Sp D̂+Jn
p S

′. � «¥¥, Sp D̂Jn−1
p =Sp D̂+Jn

p , ¨, ãç¨âë¢ ï, çâ® S′ + In = G,   D̂+ + D′′ = D, ¯®-«ãç ¥¬ �p = Sp D̂+Jn
p S

′ + Sp D̂+Jn
p + SpD′′Jn

p G = Sp D̂+Jn
p G +SpD′′Jn

p G = SpDJn
p G. �¥®à¥¬  ¤®ª §  .� ¥ ® à ¥ ¬   4.2. Ǒãáâì A | ¬ âà¨æ  �à®¡¥¨ãá  ¨

C∗EijB = 0 ¤«ï ¢á¥å 1 6 j < i 6 n (â.¥. B ¨ C ¨¬¥îâ ¢¨¤(4.2)). �®£¤  á¨áâ¥¬  A = (A,B,C) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®-¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢  ¢ â®¬ ¨ â®«ìª®â®¬ á«ãç ¥, ¥á«¨ ¬ âà¨æë
C∗Ji−1GB, i = 1, . . . , n (4.5)«¨¥©® ¥§ ¢¨á¨¬ë.� ® ª   §   â ¥ « ì á â ¢ ®. �§ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã-¥â, çâ® ¬ âà¨æ  BUC∗ ¨¬¥¥â ¢¨¤ (4.3) ¬ âà¨æë D ¨§ â¥®à¥¬ë4.1 (â.¥. ¡«®çë© ¢¨¤ ∥∥∥∥

0 0
D1 0∥∥∥∥ ,£¤¥ ¯à ¢ë© ¢¥àå¨© ã£«®¢®© í«¥¬¥â ¬ âà¨æë D1  å®¤¨âáï  £« ¢®© ¤¨ £® «¨). � ª¨¬ ®¡à §®¬, χ(A+BUC∗) = λn+γλn−1+

· · · + γn, £¤¥ γi = ai − SpBUC∗Ji−1G = ai − SpUC∗Ji−1GB,
i = 1, . . . , n. �â® á¨áâ¥¬  n ãà ¢¥¨© á mk ¥¨§¢¥áâë¬¨
{upq} (p = 1, . . . ,m; q = 1, . . . , k). �¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¥ªâ®à-®¬ ¢¨¤¥:

a− P ∗v = γ. (4.6)34



�¤¥áì a = ol(a1, . . . , an) ∈ R
n, γ = ol(γ1, . . . , γn) ∈ R

n, P =[veC∗J0GB, . . . , veC∗Jn−1GB℄ ∈ Mmk,n, v = veU∗ ∈ R
mk.�á«¨ ¬ âà¨æë (4.5) «¨¥©® ¥§ ¢¨á¨¬ë, â® rankP = n. �®£¤ 

P ∗P ¥¢ëà®�¤¥ , ¨ ¤«ï «î¡®£® γ á¨áâ¥¬  (4.6) à §à¥è¨¬  ¨à¥è¥¨¥ ¨¬¥¥â ¢¨¤
v = P (P ∗P )−1(a− γ). (4.7)� ª¨¬ ®¡à §®¬, ¯®ª § â¥«¨ á¨áâ¥¬ë (A,B,C) £«®¡ «ì® ã¯à -¢«ï¥¬ë. �á«¨ �¥ rankP < n, â® ¤«ï ¢¥ªâ®à  γ = a − β, £¤¥

β 6∈ ImP ∗ á¨áâ¥¬  (4.6) ¥à §à¥è¨¬ , â.¥. £«®¡ «ì®© ã¯à ¢«ï¥-¬®áâ¨ ¯®ª § â¥«¥© ¥â. �¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 4.3. �§ â¥®à¥¬ë 4.2 á«¥¤ã¥â, çâ® á¢®©-áâ¢® £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© áãé¥áâ¢¥® § ¢¨-á¨â ª ª ®â ª®íää¨æ¨¥â®¢ ¬ âà¨æ B ¨ C, â ª ¨ ®â ª®íää¨æ¨-¥â®¢ ¬ âà¨æë A, ¢ ®â«¨ç¨¥ ®â á¨áâ¥¬ ã¯à ¢«¥¨ï ¡¥§  ¡«î-¤ â¥«ï (â.¥. ª®£¤  C = I, B = b ), £¤¥ ¢ �® â®«ìª®, çâ®¡ë (¢¥ª®â®à®¬ ¡ §¨á¥) b = en,   ¬ âà¨æ  A ¡ë«  ¬ âà¨æ¥© �à®¡¥-¨ãá , ® ¥¢ �® § ç¥¨¥ ª®íää¨æ¨¥â®¢ ai ¬ âà¨æë A (á¬.§ ¬¥ç ¨¥ 4.1). � áá¬®âà¨¬, ª ¯à¨¬¥àã, á¨áâ¥¬ã A = (A,B,C),£¤¥
A = ∥∥∥∥∥∥∥∥

0 1 0 00 0 1 00 0 0 1
−a4 −a3 −a2 −a1∥∥∥∥∥∥∥∥ , B = ∥∥∥∥∥∥∥∥

0 00 11 d1 d− 1∥∥∥∥∥∥∥∥ , C = ∥∥∥∥∥∥∥∥

1 0
c 10 00 0∥∥∥∥∥∥∥∥ ,

d, c | ¯à®¨§¢®«ìë¥ ç¨á« . Ǒ®áâà®¨¬ ¬ âà¨æã G ¯® ¬ âà¨æ¥
A. � «¥¥ ¯®áâà®¨¬ ¬ âà¨æë C∗Ji−1GB, i = 1, . . . , 4 ¨ ¬ âà¨æã
P = [veC∗J0GB, . . . , veC∗J3GB℄ :

P = ∥∥∥∥∥∥∥∥

0 0 1 a1 + 10 1 a1 + d a2 + a1d+ d− 10 1 c+ a1 + 1 c(a1 + 1)1 ∗ ∗ ∗

∥∥∥∥∥∥∥∥35



(§¢¥§¤®çª®© ®¡®§ ç¥ë ª®íää¨æ¨¥âë, § ç¥¨¥ ª®â®àëå ¥áã-é¥áâ¢¥®). � ª¨¬ ®¡à §®¬, detP = −a1 − a2. �âáî¤  á«¥¤ã-¥â, çâ® ¥á«¨ ª®íää¨æ¨¥âë ¬ âà¨æë A á¢ï§ ë á®®â®è¥¨¥¬
a1+a2 = 0, â® £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© ¥â,   ¥á«¨
a1+a2 6= 0, â® ¯®ª § â¥«¨ £«®¡ «ì® ã¯à ¢«ï¥¬ë, ¢ â® ¢à¥¬ï ª ª¯®ª § â¥«¨ á¨áâ¥¬ë (A, en, I) £«®¡ «ì® ã¯à ¢«ï¥¬ë ¯à¨ «î¡®¬§ ç¥¨¨ ª®íää¨æ¨¥â®¢ ai.�¥®à¥¬  4.2 ¤ ¥â ªà¨â¥à¨© ã¯à ¢«¥¨ï ¯®ª § â¥«ï¬¨ �ï¯ã-®¢  ¢ á«ãç ¥, ª®£¤  A | ¬ âà¨æ  �à®¡¥¨ãá ,   B ¨ C ¨¬¥îâ¢¨¤ (4.2) ¨ ã¯à ¢«¥¨¥, ¯à¨¢®¤ïé¥¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®-ç«¥ ¬ âà¨æë A+BUC∗ ª § ¤ ®¬ã ¬®£®ç«¥ã,  å®¤¨âáï ¯®ä®à¬ã«¥ (4.7).� « ¥ ¤ á â ¢ ¨ ¥ 4.1. Ǒãáâì A | ¬ âà¨æ  �à®¡¥¨ã-á . �®¯ãáâ¨¬, çâ® ¨§ ¬ âà¨æ B ¨ C ¬®�® ¢ëç¥àªãâì ¥-áª®«ìª® áâ®«¡æ®¢, â ª çâ® ¯®«ãç¥ë¥ ¬ âà¨æë B̃ ¨ C̃ ¨¬¥îâ¢¨¤ (4.2). �®£¤  ¥á«¨ ¬ âà¨æë C̃∗Ji−1GB̃, i = 1, . . . , n «¨¥©®¥§ ¢¨á¨¬ë, â® ¯®ª § â¥«¨ �ï¯ã®¢  á¨áâ¥¬ë (A,B,C) £«®-¡ «ì® ã¯à ¢«ï¥¬ë.� « ¥ ¤ á â ¢ ¨ ¥ 4.2. Ǒãáâì á¨áâ¥¬  A = (A,B,C) ¯à¨-¢®¤¨¬  ª á¨áâ¥¬¥ Ã = (Ã, B̃, C̃) (â. ¥. áãé¥áâ¢ã¥â S ∈ Mnâ ª ï, çâ® Ã = S−1AS, B̃ = S−1B, C̃ = S∗C ), £¤¥ Ã |¬ âà¨æ  �à®¡¥¨ãá ,   B̃ ¨ C̃ ¨¬¥îâ ¢¨¤ (4.2). �®£¤  á¨áâ¥-¬  A ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § -â¥«¥© �ï¯ã®¢  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¬ âà¨æë
C̃∗Ji−1GB̃, i = 1, . . . , n «¨¥©® ¥§ ¢¨á¨¬ë.Ǒ à ¨ ¬ ¥ à 4.1. � áá¬®âà¨¬ «¨¥©®¥ ãà ¢¥¨¥ n -£® ¯®-àï¤ª  á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨
z(n) + a1z(n−1) + a2z(n−2) + · · ·+ anz == βp1v(n−p)1 + βp+1,1v(n−p−1)1 + · · ·+ βn1v1 + . . .+ βpmv

(n−p)
m + · · ·+ βnmvm, z ∈ R, 1 6 p 6 n, (4.8)36



£¤¥ v = (v1, . . . , vm) ∈ R
m | ¢¥ªâ®à ã¯à ¢«¥¨ï. Ǒà¥¤¯®«®�¨¬,çâ®  ¡«î¤¥¨î ¤®áâã¯ë «¨¥©ë¥ ª®¬¡¨ æ¨¨ ¢ëå®¤  ¨ ¥£®¯¥à¢ëå p− 1 ¯à®¨§¢®¤ëå:

y1 = c11z + · · ·+ cp1z(p−1),
. . . . . . . . . . . . . . . . . . . . . . . . . .

yk = c1kz + · · · + cpkz
(p−1), (4.9)

y = (y1, . . . , yk) ∈ R
k | ¢¥ªâ®à  ¡«î¤¥¨ï. �ã¤¥¬ áâà®¨âì ã¯à -¢«¥¨¥ v = V y, «¨¥©® § ¢¨áïé¥¥ ®â  ¡«î¤ â¥«ï. Ǒ® á¨áâ¥¬¥(4.8), (4.9) ¯®áâà®¨¬ ¬ âà¨æë A ∈Mn, K ∈Mn,m, C ∈Mn,k :

A = ∥∥∥∥∥∥∥∥∥∥

0 1 0 . . . 00 0 1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 0 0 . . . 1
−an −an−1 −an−2 . . . −a1

∥∥∥∥∥∥∥∥∥∥

, K = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0... ...0 . . . 0
βp1 . . . βpm... ...
βn1 . . . βnm

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

,

C = ∥∥∥∥∥∥∥∥∥∥∥∥∥∥

c11 . . . c1k... ...
cp1 . . . cpk0 . . . 0... ...0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

.Ǒ®ª �¥¬, çâ®, ¯®«®�¨¢ z = x1, v = u,  ¡«î¤ ¥¬ãî á¨áâ¥¬ã(4.8), (4.9) ¬®�® § ¯¨á âì ¢ ¢¨¤¥ ¬ âà¨ç®© á¨áâ¥¬ë_x = Ax+Bu, y = C∗x, (x, y, u) ∈ R
n+k+m, (4.10)£¤¥ B = G−1K,   G ¯®áâà®¥  ¯® ¬ âà¨æ¥ A. Ǒ®áª®«ìªã ¬ âà¨-æ  G ¨�ïï âà¥ã£®«ì ï á ¥ã«¥¢ë¬¨ ¤¨ £® «ìë¬¨ í«¥-¬¥â ¬¨, â® G−1 â ª�¥ ¨�ïï âà¥ã£®«ì ï ¬ âà¨æ , ¯®íâ®-¬ã ¬ âà¨æ  B ¨¬¥¥â â ª®© �¥ ¢¨¤, ª ª ¨ ¬ âà¨æ  K, â.¥.37



bij = 0, i = 1, . . . , p − 1, j = 1, . . . ,m. � «¥¥, G = {gik}n
i,k=1,

gik = {0 , k > i; ai−k, k 6 i}, ¯®íâ®¬ã βij = n∑
k=1 gikbkj =

i∑
k=1 ai−kbkj = i∑

k=p

ai−kbkj. �§ á¨áâ¥¬ë (4.10) ¨¬¥¥¬
z = x1,_z = _x1 = x2,�z = _x2 = x3,...

z(p−1) = _xp−1 = xp,

z(p) = _xp = xp+1 + m∑
j=1 bpjuj,

z(p+1) = _xp+1 + m∑
j=1 bpj _uj = xp+2 + m∑

j=1 bp+1,juj + m∑
j=1 bpj _uj,...

z(s) = xs+1 + s∑
i=p

m∑
j=1 biju(s−i)

j ,...
z(n−1) = xn + n−1∑

i=p

m∑
j=1 biju(n−1−i)

j ,

z(n) = −a1xn − a2xn−1 − · · · − anx1 + n∑
i=p

m∑
j=1 biju(n−i)

j .�ëà � ï xi, i = 1, . . . , n ¨§ íâ¨å ãà ¢¥¨© ¨ ¯®¤áâ ¢«ïï ¢ ¯®-á«¥¤¥¥ ãà ¢¥¨¥, ¯®«ãç¨¬
z(n) + a1z(n−1) + · · ·+ anz = n∑

s=p

an−s

s∑

i=p

m∑

j=1 biju(s−i)
j . (4.11)�¡®§ ç¨¬ ¯à ¢ãî ç áâì à ¢¥áâ¢  (4.11) ç¥à¥§ κ. Ǒ®¬¥ï¢ ¢(4.11) ¯®àï¤®ª áã¬¬¨à®¢ ¨ï n∑

s=p

s∑
i=p

  n∑
i=p

n∑
s=i

, ¯®«ãç¨¬ κ =38



n∑
i=p

n∑
s=i

m∑
j=1 an−sbiju

(s−i)
j . �¤¥« ¥¬ § ¬¥ã ¨¤¥ªá  α = n − (s − i),â®£¤  κ = n∑

i=p

n∑
α=i

m∑
j=1aα−ibiju

(n−α)
j . �®¢  ¯®¬¥ï¢ ¯®àï¤®ª áã¬-¬¨à®¢ ¨ï n∑

i=p

n∑
α=i

  n∑
α=p

α∑
i=p

, ¯®«ãç¨¬
κ = m∑

j=1 n∑

α=p

α∑

i=p

aα−ibiju
(n−α)
j = m∑

j=1 n∑

α=p

βαju
(n−α)
j ,çâ® á®¢¯ ¤ ¥â á ¯à ¢®© ç áâìî à ¢¥áâ¢  (4.8). Ǒ®íâ®¬ã  ¡«î-¤ ¥¬ ï á¨áâ¥¬  (4.8), (4.9) íª¢¨¢ «¥â  á¨áâ¥¬¥ (4.10). � ª¨¬®¡à §®¬, ¯® â¥®à¥¬¥ 4.2 á¨áâ¥¬  (4.8), (4.9) ®¡« ¤ ¥â á¢®©áâ¢®¬£«®¡ «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã®¢  (â.¥. ¤«ï «î-¡®£® γ ∈ R

n  ©¤¥âáï ¬ âà¨æ  V ∈ Mm,k â ª ï, çâ® § ¬ªãâ ïã¯à ¢«¥¨¥¬ v = V y á¨áâ¥¬  (4.8), (4.9) ¨¬¥¥â å à ªâ¥à¨áâ¨ç¥-áª¨© ¬®£®ç«¥ λn + γ1λn−1 + · · · + γn ) â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ¬ âà¨æë C∗Ji−1K, i = 1, . . . , n «¨¥©® ¥§ ¢¨á¨¬ë, ¨ ¢íâ®¬ á«ãç ¥ ¨áª®¬®¥ ã¯à ¢«¥¨¥ ¨¬¥¥â ¢¨¤
V = [ve−1(P (P ∗P )−1(a− γ))℄∗,£¤¥ P = [veC∗J0K, . . . , veC∗Jn−1K℄.�¯¨á®ª «¨â¥à âãàë1. Ǒ®¯®¢  �. �., �®ª®¢ �. �. �¯à ¢«¥¨¥ ¯®ª § â¥«ï¬¨ �ï¯ã®¢ á®£« á®¢ ëå á¨áâ¥¬. I. // �¨ää¥à¥æ. ãà ¢¥¨ï. 1994. �. 30,ò 10. �. 1687{1696.2. Ǒ®¯®¢  �. �., �®ª®¢ �. �. �¯à ¢«¥¨¥ ¯®ª § â¥«ï¬¨ �ï¯ã®¢ á®£« á®¢ ëå á¨áâ¥¬. II. // �¨ää¥à¥æ. ãà ¢¥¨ï. 1994. �. 30,ò 11. �. 1949{1957.3. Ǒ®¯®¢  �. �., �®ª®¢ �. �. �¯à ¢«¥¨¥ ¯®ª § â¥«ï¬¨ �ï¯ã®¢ á®£« á®¢ ëå á¨áâ¥¬. III. // �¨ää¥à¥æ. ãà ¢¥¨ï. 1995. �. 31,ò 2. �. 228{238.4. Ǒ®¯®¢  �. �., �®ª®¢ �. �. � ¢®¯à®áã ® à ¢®¬¥à®© á®£« á®¢ -®áâ¨ «¨¥©ëå á¨áâ¥¬ // �¨ää¥à¥æ. ãà ¢¥¨ï. 1995. �. 31, ò 4.�. 723{724. 39
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