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On Controllability of Ergodic System
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Zaitsev V. A. , , , -t-. •

We consider a topological dynamical system (Cl,fl). fi
is a metric complete separable space, / f is a flow on п that is
one-parameter group of transformation which continuous with
respect to (t,ui) G i x f i . We will denote by 7(0;) the trajectory
of motion t —> flu, 7(0;) is the completion of 7(0;) by metric of
the space ft. The set E С ft is said to be invariant if f*E С Е
for all £ € Ж and E is said to be minimal if it is invariant,
compact and 7(0;) = E for any из € E.

To each pair (А,со), where A = (Ao,Ai,... ,Ar) : £1 —>
Mn,m, m = n(r + 1) and vector и = (ui,...,ur) we associate
the equation .

x = Ao(fluj)x + uiA^f^x + ••• + UrAr{fu)x, x 6 E n .

We suppose that A satisfies the following condition: for
each fixed LJ0 € ft, the function t -» |А(/*а?о)| is Lebesgue mea-
surable, bounded on E and for any e > 0 and N > 0 there exists
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6 > 0 such that р(и,и0) < б imply max|t|<j/v/t

 + |A(/Su>) -
A(/SCJO)| ds < e, where p is the metric in £l.

We will identify (1) and (A,w).
Let U С Шг be convex, compact and 0 £ f/. We will call

the set U = {и : К —»[/}, where ti is Lebesgue measurable, the
set of permissible controls. Let the equation (A, u>) be fixed. To
each permissible control и = u(t) we associate Cauchy function
Xu(t,s,u) of the equation (1).

Let us consider the matrix equation

X = Aoif^X + uxAxи
1и)Х + ••• + игАг(/1ш)Х, (2)

which is corresponding to the equation (1). For any # > 0 we
will construct the attainable set ЭЙ(О>) = {X G Mn : X -
XU(T?,0,W), U(-) € £/} of the equation (2).

Definition 1. The equation (1) is called
a) local attainable if there exists д > 0 and e > 0 such

that

B e (^o(t?,0,w)C© t f (w), .-, . , (3)

where Be(I) = {H G Mn : |Я - /| ^ e}, / is identity matrix.
b) uniformly local attainable if there exists д > 0 and

e > 0 such that for all UQ € j{u) the inclusion (3) holds;

Theorem 1. Let ^(uto) be minimal. Then (A,u;o) *5 local at-
tainable if and only if it is uniformly local attainable.
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Now, let the phase space $1 of the dynamical system (fi, / ')
be compact on Borel cr-algebra ЯЗ of Q, a probabilistic Borel
measure f.i is given, let it be invariant over flow / ' : /i(fio) —
/х(/~*П0), (£, по) e К х 03. Recall that the dynamical system is
said to be ergodic if measure of any invariant set is null ore one.

We will denote by a the set of uniformly local attainable
equations, by OQ the set of local attainable equations. ' ' *

T h e o r e m 2. Let the dynamical system be ergodic and а$ ф 05.
Then Э is compact if and only if jj,(a) — ц{°о) (and hence a =
a0 = П).

We consider whole spectrum A I ( C J , « ) , . . . , An(u>,u) of
equation (1) Lyapunov exponents.

' i l l . ,'" I • , ' ' Л •"

Definition 2. The equation (A,u>o) possesses uniformly local
controllability of Lyapunov exponents if there is S > 0 such that
for any fl = (/?i,... i0n), \0\ ^ 8 and UJ £ 7(^0) there exist a
permissible control и : Ш x 7(CJO) —> U that imply \J(UJ,U) =
AJ(W,0) + /3J, j = l , . . . , n .

Definition 3. The matrix AQ(JHUJO) is said to be diagonalizable
if we can reduce the equation ^ •!'' >Mix.пы/ч/- Jf^'u'i'

x = А0{}1и0)х

by Lyapunov transformation to an equation with the diagonal
matrix.

Theorem 3. Let Aoif1^) be diagonalizable and (A, UQ) be uni-
formly local attainable. Then (A,u>o) possesses uniformly local
controllability of Lyapunov exponents.
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T h e o r e m 4. Let the dynamical system be ergodic, сто be not
empty, Э be compact and Ao(ftu>) be diagonalizable for all u> e
п. Then (A, w) possesses uniformly local controllability of Lya-
punov exponents for all u> € U. • • .. .• - . ,
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