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1. THE ALGEBRA Gla,b] OF DISCONTINUOUS FUNCTIONS

Fix a segment K = [a, b] and denote by G = G]a, b] the space of discontinuous ([1], p. 16) functions,
i.e., the functions z : K — C which have finite limits z(t — 0) = 11?10:0(7-) for all t € (a,b] and z(t +

0) = lim x(7) for all ¢ € [a,b). Denote by G the space of functions = : K — C such that for each

T—1+40

e > 0theset {t € K : |z(t)| > e} is finite. The inclusion Go C G is true. A function z : K — C is said
to be staircase, if a finite decomposition a = 19 < 7 < --- < T, = b exists such that on each interval
(Tk—1,7k), kK = 1,...,n, the function x identically equals a constant value ¢, € C. A staircase function
is discontinuous.

Theorem 1.1([1], p. 16). Ifx € Gla,b], then x is bounded and measurable, and the space Gla, b

is a Banach one with respect to the norm ||z|| = sup |x(t)| (moreover, Gla, b is a Banach algebra)
t€la,b]
and represents the closure of the space of staircase functions with respect to the sup-norm.

Theorem 1.2 (ibid., p. 17). The set T'(x) of all discontinuity points of a function x € Gla,b], is
at most countable.

Theorem 1.3 ([2]). For any function x € Gla,b] and any continuous function of bounded

b b
variation y € CBV|a, b the Riemann—Stieltjes integrals [z dy and [ ydux exist.

2. ALGEBRAS G7[a,b], T[a,b], AND BV[a, ]

We call an arbitrary finite or countable set "= {7y, 79,... } of pairwise different points 7, € K a
decomposition of the segment K; we denote the set of all decompositions of K by T(K). We also
include the empty set into the family T(K).

Fix T € T(K) and for any z € G and 75, € T introduce the notation: z;, = z(r, — 0) — z(7%), 2} =
z(7s + 0) — (7). Assume that z;, = 0 with 7, = a and z; = 0 with 7, = b. Denote by [z] ¢ the series

(and its sum, if the series converges) [z]r = Y (|z; | + |z ]); let GT = GT[a, b] stand for the family
T €T
of all x € G such that the series [x]7 converges. With respect to the natural operations of addition and

multiplication GT is an algebra over C.

If T'is a finite set, then the equality G = G is true, in particular, GY = G. Any function of bounded
variation belongs to G with any T' € T(K). Between the algebras BV and G” an algebra ' = T'[a, b]
exists, consisting of functions = € G such that the series [x]p(,) converges. Therefore, BV C T C

GT c G.
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76 RODIONOV

For any 7, € T two staircase functions are defined: £ (t) = —1 for t < 7, and &, (t) = 0 for t > 7y;
ni(t) = 0fort < 7 and ng(t) = 1fort > 7. Forany o € K and x € GT the functional series

t t
xp(t) = — Z :1:,;/ dé + Z x,j/ dny (2.1)

€T €T

converges on K absolutely and uniformly (because the series [z]r majorizes that composed of the
modules). Denote the sum of a series, as the series itself, by zp(t). For T =0 we put zp(t) = 0. In
accordance with [3] (p.336) the functions of the form (1) are said to be saltus functions. Ibid one
notes that xp € BV and Varxp = [x]r (we denote by Vary the overall variation of a function y on

the segment K'). Together with (1) the function 27 () = 2(t) — z7(t) is defined. It is continuous at any
pOiﬂt  €T.

Forany x € GT the inclusions z, 27 € GT are true and each operator

Pr:xz—ap and P72 — 27

is a projector in G7',
[fx € T (or BV), then for all T such that ' O T'(z) we have zp = T(z) and 2T = 7@ in addition,
T € C (or 27 € CBV). Denoting . = Tp() and x¢ = 27(®)  we establish that the representation

r =T 4 Tp(y) With z € BV coincides with the known decomposition of the function x into the sum

of a continuous component and a saltus function x = x¢ 4 .. Therefore, in I" (or in BV) the projectors
P.:x— xz.and P¢: x — x¢ are also defined.

3. TOPOLOGICAL PROPERTIES

With respect to the sup-norm the family of algebras {GT}TeT(K) contains both complete and
incomplete algebras.

Theorem 3.1. Algebras {G*[a,b],| - |7} and {T]a,b],| - |r} with the norms

|zll7 = [l + [«]7 = |27 + Varzr and ||z[lr = sup ||z = [|2°| + Var .
TET(K)

are commutative Banach algebras with the unit element.

Remark. The algebra BV|a, b] with the norm ||z||gy = |z(«)| + Var x is also a commutative Banach
algebra with the unit element, and for allz € BV and T' € T(K),

2]l < llzllr < flzlr < [lz]By-

4. THE ADJOINT MULTIPLICATION AND INTEGRAL IN G*a, b]

The projectors Pr : & — z7 and PT : & — 2T are endomorphisms of the space G, but not those of

the algebra G”'. They become so, if we introduce a new multiplication operation in G*'.

Definition 4.1. If 2,y € GT, then the function z = z - y = 2Ty” — zpyy is said to be the adjoint
product of functions = and y, and the binary operation “-” is said to be the adjoint multiplication in G,

Theorem 4.1. The space GT[a,b] endowed with the operation of the adjoint multiplication is
a commutative associative algebra (in general, without the unit element). It is a Banach one with
respect to the norm || - ||r.

Theorem 4.2. Each operator Pr:x — xp and PT : x — 27 represents an endomorphism of
the algebra GT with the adjoint multiplication. The image Im Pr (= Ker PT) and the kernel
Ker Pr (= Im P are bilateral ideals of the algebra. The operators Pr and P are continuous
orthogonal (with respect to the adjoint multiplication) projectors of the algebra.
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Definition 4.2. Let T € T(K) and =,y € GT. If the integral [z dy exists, then the function
K

t t t
[z-dy = [2Tdy" — [ zrdyrissaid to be the indefinite adjoint integral of the function x with respect
to that y.

t t
Theorem 4.3. Let z,y,z € GT. The existence of one of the integrals [ x -dyor [y -dx implies

t t
the existence of the other one and the equality [z -dy+ [y-dx =z -yl|.,. Let the integral w(t) =

t t t
[y-dz exist. Both integrals [z -dw and [(x-y)-dz either exist or not concurrently. If the
« «

t s t
integrals exist, then [ x(s) -d( [y- dz) = [(z-y) - de.

«

5. THE ADJOINT MULTIPLICATION AND INTEGRAL IN I'[a,b] AND IN BV]a, b]
Definition 5.1. If z,y € T" (or BV), then the function z =z oy = z°y° — z.y. is said to be the

“w_ "

adjoint product of the functions z and y, and the operation “o” is said to be the adjoint multiplication
inI (orin BV).

Theorem 5.1. The space ' (or BV) endowed with the operation of adjoint multiplication is
a commutative associative algebra with the unit element. It is a Banach one with respect to the

norm || - |lr (or || - [[Bv)-

Theorem 5.2. Each operator P, : x — x. and P¢: x — x€ represents an endomorphism of the
algebra T' (or BV) with the adjoint multiplication. The image Im P, (= Ker P¢) and the kernel
Ker P, (=Im P¢) are bilateral ideals of the algebra. The operators P. and P¢ are continuous
orthogonal (with respect to the adjoint multiplication) projectors.

t
Definition 5.2. Let 2,y € T' (or BV). If the integral [z dy exists, then the function [z ody =
K a

t t
[ x¢dy® — [ xcdy, is said to be the indefinite adjoint integral of the function = with respect to that y.

t t
Theorem 5.3. Let x,y,z € T (or BV). The existence of one of the integrals [z odyor [yodx

t t
implies the existence of the other one and the equality [xody+ [yodz =xzo y|: Let w(t) =
(63 (63

t t t
[ yodz exist. Both integrals [xodw and [(xovy)odz either exist or not concurrently. If the

« a a
t t

integrals exist, then [ x(s)o d( [yo dz) = [(zoy)odz.

e} e}

6. DISCONTINUOUS FUNCTIONS DEFINED ON AN INTERVAL

Fix an interval K = (a,b) (not necessarily bounded) and denote by G = G(a,b) the space (the
algebra) of discontinuous functions, i.e., the functions z : K — C which have finite limits x(¢ — 0)
and z(t +0) forall t € K. Let GP¢ = G{°°(a, b) stand for the algebra of functions z : K — C such that
for any segment [a, ] C K the contraction x : [a, 8] — C belongs to Go[a, 8]. The inclusion GIP¢ € G
is true. We call the functions x,y € G equivalent (x ~ y), if z — y € G{°°. Denote by H'°° the algebra
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of functions z : K — C such that for any [a, 5] C K the contraction z : [«, 5] — C is a saltus function.
Forany M C K the algebra H'°°[M] consists of x € H'°¢ such that T'(z) C M.

We call a finite or countable set T" = {71, 7o, . .. } of pairwise different points 7, € K a decomposition
of the interval K and denote the totality of all decompositions of K by T(K). Let G _ (T''°°) stand for

loc

the algebra of functions x : K — C such that for any segment [«, 5] C K the contraction x : [, 5] — C
belongs to the algebra G°[a, ] (respectively, I'[a, 8]), where S = T' N [a, A].

7. GENERALIZED DISCONTINUOUS FUNCTIONS

We call the space D = D(a,b) of finite functions of the space CBV'°“(a, b) the space of principal
functions. We say that a sequence of principal functions {¢,}, ¢, € D, converges to a principal

function ¢ € D (we write ¢, 2, ), if all functions ¢,, and ¢ have a common support [a, ] C K and

[Vaﬁr](wn — ) — 0. Let D’ stand for the space of linear continuous functionals ¢: D(a,b) — C, we

call its elements generalized functions. For any = € G(a,b) the generalized functions ¢ — (x,¢) =

[ e(t)z(t)dt and ¢ — (2, ) = [ ¢ dz are defined.
K K

Theorem 7.1. Let x € G(a,b). The equality (', ) = 0 is true for all ¢ € D(a,b) if and only if
T ~ const.

8. ADJOINT GENERALIZED FUNCTIONS

Fix a decomposition T € T(K). For any z € GL_ the linear continuous functional ¢ — (i,¢) =
(@,0) = [ - dxisdefined. Since ¢ is continuous, we have o7 = 0, therefore [ ¢ -dx = [ pda?, and
K K K

the identity (i, ¢) = 0 is true if and only if 27 ~ const. For T' = () we have & = 2.

For functions z from T''°° (or BV'°®) and ¢ € D the adjoint integral (9%, ¢) = [ ¢ odx exists which
K
generates the functional ¢ — (:Oc, ) in D'. Due to the continuity of ¢ the equality [ odx = [ pda®is
K K

true and the identity (%, ¢) = 0 takes place if and only if ¢ = const.

Theorem 8.1. Let o € K, Q € BV'°S; let A be a quadratic matrix of the order n with elements
Ajj € C. For an operator V: X" — T'°¢ such that X = {z € T°°: T(2) N T(Q) = 0}, (Vz)(t) =

t
z(t) — [ Az dQ, and for any y € T'°¢ the family of solutions to the equation [ podVz = [pody
« K K

has the form

a(t) = A0 [h(t) + / te_AQC(')dyc} Vh e HY[K\ T(Q)].

t
The totality of x(t) = eAQ°(®) {c + fe*AQc(')dyC}, c € C™, represents the family of all continuous
solutions to this equation.
AN EXAMPLE
The impulse equation 2’ = 6(¢)x written in terms of the traditional generalized functions (¢ € C*)
t
has the form — [z(t)¢'(t)dt = [ pzdf or [ @dVz =0, where (Vz)(t) = z(t) — [z df, 0(-) is the
K K «

K
Heaviside function, i.e., 8(t) = 0 with ¢ < 0, and 6(¢) = 1, otherwise. The saltus functions continuous

at zero (z € H!°¢), and only they, are solutions to the equation J@odVz =0.
K

In this paper we do not consider the solvability of the equation [ ¢ -dVz = [ ¢ - dy.
K K
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