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Ò å î ð å ì à. Ïóñòü îòîáðàæåíèå G íåïðåðûâíî, è ïðè ëþáîì ξ ∈ Ξ, σ ∈ Σ îòîáðàæåíèå

G(ξ, σ, ·) íà ìíîæåñòâå B

(
x0,

1
α
ρ(G(ξ, σ0, x0), V ))

)
α−íàêðûâàåò ìíîæåñòâî V (çäåñü B(x, r)

� çàìêíóòûé øàð â ìåòðè÷åñêîì ïðîñòðàíñòâå X ñ öåíòðîì â òî÷êå x, ðàäèóñà r). Òîãäà

îïðåäåëåííîå ðàâåíñòâîì (1) ìíîãîçíà÷íîå îòîáðàæåíèå M̃ : Ξ×Σ → 2X óäîâëåòâîðÿåò óñëîâèÿì
(C1) � (C3).

ËÈÒÅÐÀÒÓÐÀ
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Abstract: For a given function G and a set V the inclusion G(ξ, σ, x) ∈ V with parameters ξ, σ and an
unknown variable x is considered. A compact, upper semi-continuous, continuous for any ξ with respect to σ at
a given point σ0 dependence of a solutions set on parameters is constructed for the case when G is α−covering
with respect to x function.

Keywords: α−covering; inclusion; control problem.
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Êëþ÷åâûå ñëîâà: óïðàâëÿåìàÿ ñèñòåìà; ñîãëàñîâàííîñòü; óïðàâëåíèå ñïåêòðîì; áèëèíåéíàÿ ñèñòåìà.

Àííîòàöèÿ: Ïîëó÷åíû íîâûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ãëîáàëüíîé óïðàâëÿåìîñòè ñïåêòðà

ñîáñòâåííûõ çíà÷åíèé ñòàöèîíàðíûõ áèëèíåéíûõ óïðàâëÿåìûõ ñèñòåì, â ÷àñòíîñòè, ñèñòåì ñ íåïîëíîé

îáðàòíîé ñâÿçüþ.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó óïðàâëåíèÿ

ẋ = A(t)x+B(t)u, y = C∗(t)x, (t, x, u, y) ∈ R1+n+m+k, (1)

â êîòîðîé óïðàâëåíèå ñòðîèòñÿ â âèäå u = U(t)y. Çàìêíóòàÿ ñèñòåìà ïðèíèìàåò âèä

ẋ = (A(t) +B(t)U(t)C∗(t))x, x ∈ Rn. (2)
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Íàðÿäó ñ ñèñòåìîé ñ íåïîëíîé îáðàòíîé ñâÿçüþ (2) ðàññìîòðèì áèëèíåéíóþ ñèñòåìó

ẋ = (A(t) + u1(t)A1(t) + . . .+ ur(t)Ar(t))x, x ∈ Rn. (3)

Ýòà ñèñòåìà èìååò áîëåå îáùèé âèä ïî ñðàâíåíèþ ñ ñèñòåìîé (2). Âñå êîýôôèöèåíòû ñèñòåì
ïðåäïîëàãàåì îãðàíè÷åííûìè, êóñî÷íî íåïðåðûâíûìè ôóíêöèÿìè. Ðàññìîòðèì çàäà÷ó î ñòàáèëèçàöèè
ñèñòåìû (3). Â ñòàöèîíàðíîì ñëó÷àå îíà çàêëþ÷àåòñÿ â ïîñòðîåíèè (ñòàöèîíàðíîãî) óïðàâëåíèÿ,
êîòîðîå ïåðåìåùàåò ñïåêòð ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ñèñòåìû â ëåâóþ ïîëóïëîñêîñòü.
Â íåñòàöèîíàðíîì ñëó÷àå ðå÷ü èäåò î çàäà÷å óïðàâëåíèÿ õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè
Ëÿïóíîâà. Â ðàáîòå [1] áûëî ââåäåíî ïîíÿòèå ñîãëàñîâàííîñòè äëÿ ñèñòåìû (1). Ñèñòåìà (1)
íàçûâàåòñÿ ñîãëàñîâàííîé íà [t0, t0 + ϑ], åñëè ñóùåñòâóåò l > 0 òàêîå, ÷òî äëÿ âñÿêîé G ∈ Mn

íàéäåòñÿ êóñî÷íî íåïðåðûâíîå óïðàâëåíèå U : [t0, t0 + ϑ] →Mm,k òàêîå, ÷òî ðåøåíèå ìàòðè÷íîé
çàäà÷è Êîøè Ż = A(t)Z +B(t)U(t)C∗(t)X(t, t0), Z(t0) = 0 óäîâëåòâîðÿåò óñëîâèþ Z(t0 + ϑ) = G,
ïðè ýòîì |U(t)| 6 l|G|, t ∈ [t0, t0 +ϑ]; çäåñü X(t, s) � ìàòðèöà Êîøè ñèñòåìû ẋ = A(t)x. Ñâîéñòâî
ñîãëàñîâàííîñòè ñèñòåìû (1) ÿâëÿåòñÿ îáîáùåíèåì ïîíÿòèÿ ïîëíîé óïðàâëÿåìîñòè äëÿ ñèñòåìû
ñ íàáëþäàòåëåì. Åñëè C(t) ≡ I, òî åñòü îáðàòíàÿ ñâÿçü ïîëíàÿ: u = U(t)x, òî ñîãëàñîâàííîñòü
ñèñòåìû (1) ýêâèâàëåíòíà ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (1). Íà îñíîâå ñâîéñòâà ñîãëàñîâàííîñòè
â ðàáîòàõ Å.Ë. Òîíêîâà, Ñ.Í. Ïîïîâîé, Å.Ê. Ìàêàðîâà áûë ïîëó÷åí ðÿä ðåçóëüòàòîâ î ëîêàëüíîé
óïðàâëÿåìîñòè ïîêàçàòåëåé Ëÿïóíîâà ñèñòåìû (2), ëîêàëüíîé äîñòèæèìîñòè è ëîêàëüíîé ëÿïóíîâñêîé
ïðèâîäèìîñòè ñèñòåìû (2) (ñì. îáçîð ðåçóëüòàòîâ â ðàáîòå [2]). Äàëåå, â ðàáîòå [3] îïðåäåëåíèå
ñîãëàñîâàííîñòè áûëî îáîáùåíî äëÿ áèëèíåéíîé ñèñòåìû (3). Îïðåäåëåíèå äëÿ ñèñòåìû (3) òàêîå
æå, òîëüêî âìåñòî ìàòðèöûB(t)U(t)C∗(t) è óïðàâëåíèÿ U(t) ∈Mm,k çàïèñàíà ìàòðèöà

∑r
i=1 ui(t)Ai(t)

è ñòðîèòñÿ óïðàâëåíèå u(t) ∈ Rr ñîîòâåòñòâåííî.
Ïðåäïîëîæèì òåïåðü, ÷òî ñèñòåìû (2) è (3) ñòàöèîíàðíû

ẋ = (A+BUC∗)x, x ∈ Rn, (4)

ẋ = (A+ u1A1 + . . .+ urAr)x, x ∈ Rn. (5)

Ðàññìîòðèì çàäà÷ó îá óïðàâëåíèè ñïåêòðîì â ñèñòåìàõ (4) è (5). Áóäåì ãîâîðèòü, ÷òî ñïåêòð
ñîáñòâåííûõ çíà÷åíèé ñèñòåìû (4) (èëè (5)) ãëîáàëüíî óïðàâëÿåì, åñëè äëÿ ëþáîãî ìíîãî÷ëåíà
p(λ) = λn + γ1λ

n−1 + . . . + γn, ãäå γi ∈ R, ñóùåñòâóåò âåùåñòâåííîå ïîñòîÿííîå óïðàâëåíèå
Û ∈ Mm,k (ñîîòâåòñòâåííî û ∈ Rr) òàêîå, ÷òî õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí χ(A + BÛC∗;λ)
(ñîîòâåòñòâåííî, χ(A+

∑r
i=1 ûiAi;λ)) ñîâïàäàåò ñ p(λ).Î÷åâèäíî, åñëè ñïåêòð ãëîáàëüíî óïðàâëÿåì,

òî ñèñòåìà ñòàáèëèçèðóåìà ñ ïîìîùüþ ñòàöèîíàðíîãî óïðàâëåíèÿ.
Äëÿ ñèñòåìû ñ ïîëíîé îáðàòíîé ñâÿçüþ, òî åñòü ñèñòåìû (4) ñ ìàòðèöåé C = I, èçâåñòåí

êëàññè÷åñêèé ðåçóëüòàò îá óïðàâëÿåìîñòè ñïåêòðà: ñïåêòð ãëîáàëüíî óïðàâëÿåì òîãäà è òîëüêî
òîãäà, êîãäà ïàðà (A,B) âïîëíå óïðàâëÿåìà, ÷òî â ñâîþ î÷åðåäü ðàâíîñèëüíî óñëîâèþ
rank [B,AB, . . . , An−1B] = n. Îòìåòèì çäåñü òàêæå, ÷òî êîãäà ìàòðèöà A öèêëè÷åñêàÿ, òî åñòü
â åå æîðäàíîâîé íîðìàëüíîé ôîðìå ðàçëè÷íûì êëåòêàì Æîðäàíà ñîîòâåòñòâóþò ðàçëè÷íûå
ñîáñòâåííûå çíà÷åíèÿ (ýòî èìååò ìåñòî, â ÷àñòíîñòè, êîãäà ìàòðèöà A èìååò ôîðìó Õåññåíáåðãà,
ñì. íèæå), òî òîãäà óñëîâèå rank [B,AB, . . . , An−1B] = n ðàâíîñèëüíî òîìó, ÷òî ìàòðèöûB,AB, . . . , An−1B
ëèíåéíî íåçàâèñèìû (ñð. ñ òåîðåìîé 1).

Å.Ë. Òîíêîâûì áûë ïîñòàâëåí âîïðîñ î âçàèìîñâÿçè ñâîéñòâà ñîãëàñîâàííîñòè è óïðàâëÿåìîñòè
ñïåêòðà, à òàêæå âîïðîñ î êðèòåðèÿõ óïðàâëÿåìîñòè ñïåêòðà äëÿ ñèñòåìû ñ íåïîëíîé îáðàòíîé
ñâÿçüþ (4) è äëÿ áèëèíåéíîé ñèñòåìû (5). Çäåñü óñòàíîâëåíû íîâûå íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ãëîáàëüíîãî óïðàâëåíèÿ ñïåêòðîì, â ñëó÷àå êîãäà êîýôôèöèåíòû ñèñòåì (4) è (5) èìåþò
ñïåöèàëüíûé âèä. Ýòè óñëîâèÿ ðàâíîñèëüíû óñëîâèÿì, óêàçàííûì â ðàáîòå [4], íî èìåþò áîëåå
ïðîñòóþ ôîðìóëèðîâêó. Òàêæå óñòàíîâëåíà âçàèìîñâÿçü ìåæäó ñâîéñòâîì ñîãëàñîâàííîñòè è
ãëîáàëüíîé óïðàâëÿåìîñòè ñïåêòðà.
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Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû ñèñòåì (4) è (5) èìåþò ñëåäóþùèé âèä: ìàòðèöà A èìååò
ôîðìó Õåññåíáåðãà, òî åñòü ýëåìåíòû íàääèàãîíàëè íå ðàâíû íóëþ, à ýëåìåíòû, ðàñïîëîæåííûå
âûøå íàääèàãîíàëè, ðàâíû íóëþ; ïåðâûå p−1 ñòðîê ìàòðèöû B è ïîñëåäíèå n−p ñòðîê ìàòðèöû
C ðàâíû íóëþ; ïåðâûå p−1 ñòðîê è ïîñëåäíèå n−p ñòîëáöîâ ìàòðèö Al, l = 1, . . . , r ðàâíû íóëþ;
p ∈ {1, . . . , n}. Â ýòèõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâû òåîðåìû.

Ò å î ð å ì à 1.
1. Ñèñòåìà (4) ñîãëàñîâàííà.
2. Ñïåêòð ñèñòåìû (4) ãëîáàëüíî óïðàâëÿåì.
3. Ìàòðèöû C∗B, C∗AB, . . . , C∗An−1B ëèíåéíî íåçàâèñèìû.
Èìåþò ìåñòî èìïëèêàöèè 1 =⇒ 2 ⇐⇒ 3.

Ò å î ð å ì à 2.
1. Ñèñòåìà (5) ñîãëàñîâàííà.
2. Ñïåêòð ñèñòåìû (5) ãëîáàëüíî óïðàâëÿåì.
3. Ðàíã (n× r)-ìàòðèöû

{
Sp (AjA

i−1)
}n

i=1
,
r

j=1
ðàâåí n.

Èìåþò ìåñòî èìïëèêàöèè 1 =⇒ 2 ⇐⇒ 3.
Èç ýòèõ òåîðåì âûòåêàþò î÷åâèäíûå ñëåäñòâèÿ î ñòàáèëèçàöèè ñèñòåì (4) è (5).
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Abstract: new necessary and su�cient conditions of global controllability of eigenvalue spectrum have been
obtained for stationary bilinear control systems, in particular, for systems with an incomplete feedback.

Keywords: control system; consistency; control over spectrum; bilinear system.
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