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Abstract
We consider the two-particle discrete Schrodinger operator Я with a periodic
potential perturbed by an exponentially decreasing interaction potential. This
operator can be considered as the Hamiltonian of the two-magnon states of
ferromagnets with periodically arranged impurities. The operator H can be
naturally decomposed in the direct integral of spaces that is related to the
analogous direct integral for the periodic operator. We show that the essential
spectrum of Я in the cell coincides with the band spectrum of the corresponding
periodic operator. It is proved that for sufficiently small coupling constants
there exists a unique quasi-level (an eigenvalue or a resonance) near the non-
degenerate stationary points of eigenvalues of the periodic Schrodinger operator
with respect to the chosen component of the quasimomentum. The asymptotic
behavior of these quasi-levels for the coupling constant tending to zero is
investigated. We obtain the simple sufficient condition when a quasi-level is
an eigenvalue.

PACS numbers: 03.65.Ge, 02.70.Hm, 76.60.+g

1. Introduction

We consider the Hamiltonian on /2(Z2) given by

H = H0 + V(n) + W(n[-n2) (1)

withn = {щ,пг> eZ2, where

(H0f)(ni,ri2) = f{lll + 1, П2) + V(«l - 1. Пг) + t(ni,n2 + 1) + Ф(П\,П2 - 1),
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V(n) is a real function periodic in n b n2 with period T > 0 (if V{n) is periodic in rij with
period Tj > 0, j = 1, 2, then we set T = Г]Г2), and W(m) is a real function satisfying the
estimate

|W(n,)| ^ Се-"1"'1, а > 0. (2)

We now discuss the physical interpretation of H. A two-magnon state for fercomagnets
(or antiferromagnets) may by written in the form

(see [1]). Here 1/r(nj, П2) are amplitudes, S+. is the atomic spin creation operator for the atom
located at the lattice position tij, and |0) is the ground state. The state Ф is the eigenvector of the
Heisenberg Hamiltonian [1]. By means of the Bethe ansatz, it can be proved (see [1]) that the
function i/r(«i, m) satisfies the discrete Schrodinger equation of the form #01// = A.i/r, X e R.
Consider now a ferromagnet with periodically arranged impurities. In this case, under some
conditions (see [2]), the Schrodinger equation has the form (Ho + V(n))tjf = ki/r, where
V(n) = U(n\) + U(ni) for a certain periodic function U. Further, in our approach, we have
the infinity sum in (3). Therefore instead of boundary conditions (see [1]), we introduce
the potential W{ri[ - n%) describing the interaction between the one-magnon states. So,
we obtain the Hamiltonian of the form (1). Note that within this context, the function
i/(n\,ri2) is symmetric and, consequently, the function W(ni) should be even. A notion of
the quasimomentum (the system momentum) may be rigorously introduced by means of the
direct integral decomposition (see section 3).

The spectral properties and the eigenvalues of H with V = 0 were investigated in [3, 4]
for zero-range interactions. In the continuous case, the eigenvalues of the similar Hamiltonian
were studied in [5] also for delta potentials.

The aim of this paper is to investigate the spectrum and the asymptotic behavior of quasi-
levels (i.e., eigenvalues and resonances) of the operator H in the cell. We also obtain the
simple sufficient condition when a quasi-level is an eigenvalue.

We denote by a (A) and cress(A) the spectrum and the essential spectrum of the operator
A, respectively.

2. Periodic operator

Let ш 1 с Z 2 and let co2 be a measurable subset of R'". We denote by 12(щ) ® L2(a>2) the
Hilbert space of all measurable in к functions <p(n, k) defined on co\ x u>i such that

<p(n,k)<p(n,k)dk < o o .

We apply the direct integral construction (see [6]) to our case. Let us introduce the
following unitary operator:

Щ : /2(Z2) -»• /2(^o) ® L2(tt*0), ф) (-»• ̂  J2 expHOfc, m)T]<p{n + Tin). (4)
msZ2

Here fi0 = [0,1, • • •» T - I ] 2 is the cell of periods and Q*Q = [-ж/Т, я/Т)2 is the cell
in the reciprocal lattice. A vector к is called a quasimomentum. We have

{U0<p)(n + Tm, k) = exp[i(fc, m)T](U0<p){n, k) (5)

thus (Uo<p)(n, k) is a Bloch function.
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The direct integral is introduced as

/$25

It is easy to show that UQHVUQ1 = {#у(&)Ь6п; where the operators Яу(&) = Яо(&) + V(n)
act on /2(^o) similar to the operator Hv (if either (n\ ± 1, пг) or (n\, пг ± 1) does not belong
to £2o then we use (5)). Clearly, Hy(k) is the matrix depending analytically with respect to k.

Consider the eigenvectors of the operator Щ(к) of the form

fm(n,k) = -exp i(fc + -y-,nj , me UQ

corresponding to the eigenvalues

, ... „Г /, 2лгт,\ / 2тгт2\1
Xm{k) = 2 I cos I kx + -y-\ + cos [k2 + - ~ 1 .

These vectors form the orthogonal basis in 12(UQ). Therefore the Green function (the matrix
of the resolvent Ro(k, Л) = [Щ{к) — Л]"1 of Щ(к)) is given by

, n _ ! V exp[i(k+ 2тт/л/T,n-m)]

where n, m € ^o-
We use the notation jRy(X) = (tfy-A)""1 and Лу(Л, А.) = [Ну(к)-Х]~1 for the resolvent

of operators Hv and Hy(k), respectively. Denote by Gy(n,m,X) and Gv(n,m,k,k) the
Green functions of these operators. From the resolvent identity

Gv(n,m,k,X) = [\ + RQ{k,k)VY{G0{n-m,k,X) (7)

it follows that Gv(n, m, k, A) is analytic in (k, X) in a complex neighborhood of any point
(ifco, A-o) e R2 x С С С 2 х С such that A.o $ o(Hv{k0)). (In the case \Q e cr[H0(ko)] we use
the change X i-> A. + А.', У н> У + Л' such that Xo + A/ ^ ст[Яо(Ло)].)

Note that according to (7) and (6) the Green function Gv(n,m, k, X) can be naturally

extended in n, m to Z 2 x Z 2 and, in addition,

Gv(n + Tfi, m, k, X) = Gv(n, m - Т/л, к, X) = exp[i(/c, /j,)T]Gv(n, m, k, A). (8)

Lemma 1. If X $ <г(Яу), then

Gv(n, m, k,X)=Yl exp[-i(A, /j,)T]Gv(n + Гд, т, X) (9)

у \ 2
Gv(n,m,X)=[— / Gv(n,m,k,X)dk. (10)

Proof. Using (2) and (8), we get for и e £2o, м е Z
T f (

= — / exp[i(*.

T \
x ^ Gv(n,m,k,X)—-^exp[-i(fc, v)T]<p(m + Tv)jdk

veZ2

mefi
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Consequently, we have (10). Therefore

/ T \2 Г
Gv(n + ixT,m,k,\) = ( — } / exp[i(.k,n)T]Gv(n,m,k,b.)dk,

\ 2 л 7 Jni
This proves (9). D

3. Two-body interaction

Now we pass to the new cell £2 = Z x ST2o by means of the unitary operator

U : /2(Z2) - * 12(Q) ® L2(fi*) =

(p(n) t-» — ) > exp(—iK/xT)(p[n + (и, /л)Т].

Here Q* — [—л/ T, n/ T) and к е fi* is the quasimomentum.
It is easily seen that operators

#(/c) = ЯО(АГ) + У(и) + W(n\ — n2)

from the decomposition UHU~] — {Н{к)}кеа> act on /2(f2) analogously to the operator Я
taking into account (for #о(к)) the Bloch property

(U(p)[n + (T, T), к] = exp(kr)^(ri, к).

We use the following notation:

{#v(K)}«cen' = UHVU~\ {Н'(к)]кеа. = UHU~\

R'vte, A.) = [ # y W - я ] ~ ' ' л ' (« . л.) = [#'(*) - А.]"1.

Denote by G'v (п,т,к,Х) the Green function of the operator H'v (к).
The following equality can be proved in the same way as formula (9):

G'Y(n, m, к, X) = y~,exp(--i/c/ir)Gi/[« + fJ>T(l, 1), m, A]. (11)

Lemma 2. The spectrum of Hv (к) can be represented as

cr[Hv(K)]= [j a[Hv(k)]. (12)

Proof. Let us choose the cell in the reciprocal lattice for Hv (k) of the form

<u* = [~n/T < kx < n/T\ -Tt/T ^h+кг^ л/Т).

We have (see (4))

(U0<p)(n, k) = — Y) exp[-i(fcim, + k2m2)T]f[n + T(mum2)]
at '—^at

(v, v) + ГО*, 0)]

2n

K T \ l/1 }

— j £exP ( -kv7>[« + T(v, v) + Т(ц, 0)]
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where a = k\, p, = mi — m2, к — k\ + k2, v = m2. Thus UQ is unitarily equivalent to the
product of operators U'U, where the unitary operator

V : LZ(Q. x П*) -» L2(fi0 x Ц )

is defined by

(U'(p)(n, а, к) = { — \ ^2 ех.р(~^1л>Т)ф + T{/t, 0), к].

Hence the operators Ну(к\, к — k\) where k\ ~ a & [—л/Т, л/Т) form the decomposition
of the operators H'v (к) in the direct integral

/ Lz(Q.u)&h.
J[-x/T,x/T)

Denote by Xn(k\,ic — k\) the «th eigenvalue of Hv(k\, к ~k\) counted in the increasing order
with their multiplicities. It follows from the perturbation theory that Xn(k] ,к — k\) depends
continuously on k[. From this and [6] (theorem XIII.85) we get (12). D

Lemma 3, Suppose X $ а (Ну). Then

G'v(n,m,K,k) = — Gv[n,m,(k],K~k]),k]<ik]. (13)
2л J^IT

Proof. Using (11), (10) and the Bloch property of Gy(n, m, k, A), we have

~) f Gvln
w Jut

n/T / j \ 1/2

( i r / ) G ( n , m, k, X)dk2— dk.

Gy[n, m, (k\, к — i
1-я IT

Lemma 4. The function W(ni — n2), as a multiplication operator, is the relatively compact
perturbation ofH'v(ic).

Proof. The function Gv[n, m, {к\,к - k\), i] depends analytically on ku hence its Fourier
coefficients

exponentially decrease as |/t| -» oo. Using (13) and (2), we obtain

/

Л-/Т

G^[n + (Д4Т, 0), m + (vT, 0), (fc,, к - Л,), i] dfc

дел vea ntsi 0 тьаао ""'/7'

where a', a" > 0. Thus W(/H — «2)^V (f i i) is the Hilbert-Schmidt operator. П

5
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Theorem 1. The following relations

[j cr[H'v(k)]

are valid.

Proof. It follows from lemmas 1, 3 and chapter XIII.4 of [6]. D

4. Quasi-levels

We will treat the case where ко = XN(k\o,K — kw) is a non-degenerate eigenvalue of
Hy(k\0, к — k]0) corresponding to a normalized eigenvector ijrN[n, (&m, к - k\o)]. It can
be assumed that k^ and \(гц depend analytically on k\ in some complex neighborhood of /fc10

(see [6]). In what follows, we suppose that

dkN(kw, K-kw) 32XN(kl0,K -ki0) , _

—a*; = 0 > at? ф0-
Further, we assume that the number of points k\ Ф кю such that км (fcj, к — k\) = ko for some
M is finite and at these points

K -kj)

In particular, the above conditions hold if the boundary point of some band of the spectrum
of HV(K) is determined by k^(k] ,к — к\).

Set£ — ki — kw-

Lemma 5. (see [7]). Let U be a sufficiently small complex neighborhood of'ко. Then for any
к e U there exist two solutions §j = §ДА.), j = 1,2 of the equation

such that %i (ко) = ^(^o) and%\(k) ф ^(k) i/кф ко. Moreover, there exists the function
t-2 = £t(£i) analytically depending on к e U such that /х'(0) = — 1.

Assume that | j (k) > 0 if к > ко. In the following, we often use the parameter £i = £i (A.)
instead of Я. Respectively, we use the notation G'v(n, т,к, £i) instead of Gy (и, от, /c, A),etc,

Let U be a sufficiently small complex neighborhood of zero. Then the functions
£ДА), j = 1,2, generate the analytic covering V over f/ [8] of two sheets. These functions
form the unique analytic function § denned on V and £ is the analytic continuation of §] (or
&)• Further, sgn(Imf) corresponds to a certain sheet of V.

The following lemmas 6 and 7 give the different representations of the Green function
G'v(n,m,K, | 0 -

In the following lemma 6, we extend analytically the function G'v(n, m, ic, £,) to С/ \ {0}

in ffi where U is a neighborhood of zero. We set VW = VlWIsgnW (only for W).

Lemma 6. Let Ubea sufficiently small complex neighborhood of zero. Then, for t-\ eU\ [0],
we have

_, , . s ifN[n, (кю,к k]0)]fN[m, (k]o,Kk]Q)] .
G ' v ( и , w, <f, f i ) = . 2 + «(и, т, к, t i ) ,

%\Ъ2ки(к\О,к-к\о)1Щ
where */\W(n)\g(n, m, K, ^iWW(m) is the 12(Q x Q)-valued analytic function in

б
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For a proof, see the similar result (lemma 2) in [7] for the one-particle periodic (non-
discrete) Schr6dinger operator.

Corollary 1. The operator-valued function *J\W\R'V{K, l-))y/W extends to a complex
neighborhood of zero as a meromorphic function with respect to the parameter §j. Moreover,
this function takes its values in the set of Hilbert-Schmidt operators (see the proof of
lemma 4).

Remark 1. From the resolvent identity

[1 + </\W\RV(K, i;i)Vwrl = 1 - I/W\R'(K, |,)VW (14)

and Fredholm theorems [6,9] we deduce that the operator-valued function */\W\R'(K, t-\ )\/W
is meromorphic in f j in a neighborhood of zero and takes its values in the set of Hilbert-Schmidt
operators.

Remark 2. Suppose that V{n) = U{n\) + U{n2). Then we have \f/(ki,K - k\) =
^•N, (ki) + ̂ N2 (K ~ &io) where Л#, (^i) (Хц2 (к — k\o)) are eigenvalues of the one-dimensional
Schrodinger operator ho(ki) + U(n\) (ho(ic — k\) + £/(«2), respectively) in the cell [0, T - 1].
Here ho(k)(ijr)(n) = f(n + 1) + rfr(n - 1).

We put k\j = fcio + §}, j = 1, 2.

Lemma 7. Let §1 ф 0 be a sufficiently small complex number. Then the following equality
holds:

G'v(n,m,ic,%\) = 1 U'K " * ! " ' ' ' ' " — 0 ( Щ - m i )

Here ?>(?) й f/ге Heaviside function and у satisfies the bound:

\y(n, m, K, f s ) | < Cexp(—c\n\ - mil), a > 0.

The proof of the analogous result (for the periodic continuous SchrSdinger operator) is
given in [10].

We say that the pole of the operator-valued function -/\W~\R'(K, ^I)VW with respect to £1
(and also the corresponding value Л = кц(к\а + !• i, к — k\o — t-\)) is the quasi-level of H'(j<),

By virtue of (14) and analytic Fredholm theorem [9], a sufficiently small £1 ф 0 is a
quasi-level if and only if there exists a nontrivial solution of the equation

<p = -ViwTK'vOe, b)VW(p (15)

Thus a quasi-level is an eigenvalue or a resonance.
Let £1 ф 0 be a quasi-level. The number

dim ker[l + y/\W~\R'v(K> t i ) V ^ ]

is called the multiplicity of £1.
Let s > 0 be a (small) parameter. Now we introduce the operator Я^(к) = Щ(к) + sW

where Яд (к) is taken from the decomposition UHQU~1 — {Щ(к)}кеа*-

Theorem 2. Suppose that
2 Ф 0. (16)

we have the following.
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(a) For all sufficiently small e > 0 there exists a unique quasi-level к = к^{к\\,к — k\\) of
H'(K) of the multiplicity one.

(b) The following formula holds:

S2W2

(c) In addition to that, if

kio к - km)/dkd2lN(kio, к - km)/dk2 • WN < 0,

then the quasi-level is the eigenvalue.

Proof. Using lemma 6, we rewrite (15) in the form

iBipN[n, {kio, к - кю)] x^-n—г, r ^ T / ч л , * л / \ мол
^ 9 2 A ( A o , A: - kl0)/dkf ^

where <pw — V W I ^ A I , ^ = S/W^M, and A (§i) is the operator with the matrix -\/\W~\g'fw.
Set / = [1 - eA(£i)]<p for a sufficiently small s. Then, by (18), / = C<PN where С = const.
Hence equation (15) has a nontrivial solution for £i ф 0 if and only if there exists a solution
of the algebraic equation

iefnfiAfo)]^,,^}

Э2ХКЛ * *)/9fc? '
It follows from lemma 6 that the operator-valued function A(§ 0 is analytic in a neighborhood
of zero. By virtue of the Rouche theorem, there exists a unique solution (quasi-level) %\ of
(19). Using (19) and the expansion of [1 — eA(^i)]"1 in the Taylor series, we obtain the
following formula:

id2XN(k10,K~kl0)/dk2

W(tli ~ п^)\Ып, (кю, к - kl0)}A + О(ег)
)

(20)

By (20) and (16), we have £| Ф 0. Further, from the equality cp = C(l - eA(£i)) Vw it
follows that the quasi-level multiplicity is equal to unity.

Now we prove the last statement of the theorem. Suppose that ц> ф 0 belongs to 12{U)
and satisfies (15). Then the function

f = -SR'V{K, b)</W<p = -SR'V(K, ^)Wf (21)

satisfies the equation H'e{ic)f = kf where Л = kN(kw + £i, к - кю - | i ) . (Obviously,
(p = *J\W~\f). Therefore it will suffice to prove that f e 12{CI). By lemma 7, we have

1r(n) = —

фм[т, (fen,к — k\\)]^JW{m\ — m2)(p(m)

idkN(k\2,K ~k

x Y^ ~tNlm, {ku, ic - /ci2)]-v/W(mi - m2)<p{m)

— e 2_\ y(n, m, %{)^/W(mi — m2)<p(m). (22)

men
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Suppose m ^ 0. Using lemma 7, the Cauchy inequality and (2), we obtain

i_ - m2)<p(m)

\yifi, m, £ i ) 2 C, J^ exp(~2<r|«, -

= C\ I 2_j exp[—2cr(mi - n\) -

exp[—2cr(n) — mi) + am}] = Ci(exp(2(rni)

. +exp[(2<7 - a

m i <0

expf-2cr(n, -mi) -

ехр[-(2ст +а)п\]

1 -exp[-(2tr

+ exp(-2ornj)
l-exp(2ar-a)

exp[~(2a + a)] \

l-exp[-(2a+a)]/
(23)

This expression decreases exponentially as «i -»• oo. Evidently, the analogous result is true
for « i ^ O .

We note that from the equality

m, /c, kN(k)]V(m)irN{m, к)

and (6) it follows that

(24)

|Imfe2l|n2l) (25)

for к belonging to some complex neighborhood of ô e QJ.
Let «i ^ 0 and let |f 11 < S < a/2 where a is taken from (2). From (25) and (2) we get

y, к -

^ exp[(25-a')mi]

1/2

= c
- exp(25 - a)

. _

(26)

By virtue of (22), (23), and (26) we obtain

[n, (ки, к - ku)]

-m2)<p(m) (27)

for щ > 0 where JJ+ e / 2 (й П {ni > 0}). Similarly,

- тг)<р{т) + Ц-in) (28)
m&Q.

for ni < 0 and ?j_ e /2(fi П {«i < 0}).
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[,к -k\)] = -—exp{i[(fci,K -k\),n]}

Using (6), we rewrite (24) as

[

у л у л exp[i(2n [л/Т, n)] exp[-i((fci, к - k{) + 2jrfi/T, m)]

£&>£&> 2[cos(Ai +27ГДЦ/71) + cos(/c - h +2тг[*2/Т)] - M * i . « - kx)

xV{m)fN[m,{ki,K -Jq)].

Therefore, \т)гц\ decreases exponentially (increases exponentially) as щ -> со or
n\ -» —со in the case \m.n\k\ > 0 (in the case lmn\k\ < 0, respectively). Now the
last statement of the theorem is the consequence of (20), (27), (28), lemma 5 and the equalities

1,2. •

Remark 3. Under the conditions of theorem 2, the eigenfunction -ф{п) of the operator H'(K)
satisfies the estimate

for n e Z.

Remark 4. In the case V = 0,

~mi

where g(w) = w~ s/w2 — 1. (This function is inverse of w = \{z+ 1/z).) The formula (17)
can be rewritten as

/ fi2 ш \
Л = ± 4COS(A:/2) + - i — + O(e3),

V 8 cos (/c/2)/
where Wo = X)n sz ^ ( n i ) - (Here ±4 cos (к/2) are the boundary points of the spectrum of

ВД.)
Remark 5. Suppose that

d2kN{kw, к - Ш/дк] • WN > 0 .

Then Im f i < 0 and £i is the resonance. In addition, if

U \ ~ mi)<p(m) ф0, j = 1,2,
men

then the solution TJr(n) of (21) (the metastable state) increases exponentially as \n\ | ->• oo (see
the proof of theorem 2).

5. Concluding remarks

Let H{,(K) be the Hamiltonian of the pairs of the interacting one-magnon states in a
ferromagnet with periodically placed impurities; here к is a lattice quasimomentum and s
is a coupling constant for the magnon-magnon interaction. Let us consider the periodic
discrete Schrodinger operator Ну (к) (the Hamiltonian without the interaction) where к is a
periodic quasimomentum. Let A.no(&) be an eigenvalue of Hv(k) such that (k\o, к - km)
is a non-degenerate stationary point of Xno(k) with respect to k\. Then for any sufficiently
small в there exist the unique quasi-levels (the eigenvalue or the resonance) of Е'е{к) in some
neighborhood of Ло = Ka{k\o, к-fcio). We obtain the asymptotic formula for this quasi-levels
as e ~> 0. We also find the simple condition when a quasi-level is an eigenvalue.

10
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