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1. NOTATION AND DEFINITIONS

Let e,...,e, be the canonical basis in the space R" [ie., e; = col(1,0,...,0), ..., e, =
col(0,...,0,1)]; let M, be the space of real m x n matrices; let M, := Mpn;let I =[er,...,e,] €
M, be the identity matrix; let * be the operation of transposition of a vector or a matrix; let
Jg := I; let J; be the matrix whose first superdiagonal is all ones and whose other entries are zero

(e, Jy = v el € M,); let Jy, := JF, k € N (thus, Jy = 0 € M, for k > n); let x(4;)) be
the characteristic polynomial of a matrix A; and let Sp A be the trace of a matrix A.
Consider the linear stationary control system

iz = Az + Bu, (z,u) € R® x R™, (1)
y = C*z, y € R, (2)

specified by a matrix (4, B,C) € My nims. Let the control in system (1), (2) be constructed by
the principle of linear incomplete feedback in the form v = Uy, where U € M, is a constant
matrix. The corresponding closed system has the form

T = (A+ BUC")z, r € R™ (3)

In the present paper, we consider the spectrum control problem for the matrix A + BUC* of
system (3). This problem can be stated in different ways.

(i) There are given matrices A, B, and C (possibly, complex). For an arbitrary set {u;}%,
of complex numbers, construct a matrix (possibly, complex) control U such that the eigenvalues
A\j(A + BUC*) of the matrix A + BUC™ coincide with the numbers ;.

(ii) There are given real matrices A, B, and C. For an arbitrary set {u;}}-, of complex numbers
closed with respect to complex conjugation, construct a real matrix U such that \;(A+BUC*) = pu;,
i=1,...,n.

We assume that A, B, and C are real matrices and solve this problem in the second setting; all
obtained assertions and proofs hold for the first setting as well.

Definition 1. We say that the spectrum control problem for the matrix A + BUC™ is solvable
if, for any polynomial p(A) = A" +y A""L ... 4+, of degree n with real coefficients -y;, there exists
a real matrix U € M, such that the characteristic polynomial x(A + BUC*;)\) of the matrix
A + BUC* coincides with p()).

This problem is also referred to as the eigenvalue placement problem [1, p. 159] or the modal
control problem [2, p. 435]. If C = I, then the spectrum control problem is solvable if and only
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SPECTRUM CONTROL IN LINEAR SYSTEMS WITH INCOMPLETE FEEDBACK 1349

if system (1) is completely controllable [3, p. 320; 4]. This problem with m < n and k < n was

studied by numerous authors. A detailed review of known necessary and sufficient conditions for
the solvability of this problem can be found in [1, Chap. III, Sec. 7]. In the present paper, we obtain

new conditions for the solvability of this problem for system (3) with coefficients of the form (4)
(see below), which are necessary and sufficient conditions. These results generalize those in [5, 6].

2. RESULTS
Let the coefficients of system (3) have the following form:
A'—"{Cbij}zj=1, ai,i+17é0, i=1,...,n—1; CLij:'O, i>i41;
B = {b;;}, C={cy}, t=1,...,n, 7=1,....,m, l=1,...,k

bij=03 1=1,...,p-1, J=1....m
cg=0, i=p+1,...,n, I=1,...,k pe{l,...,n}

(4)

Let A"+ a A"t + - oy, i= x(A; A). Set ap := 1. We remove the last row from the matrix A and

*
denote the resulting matrix by @ € M,,_, . Let us construct the matrix 5; = €1 ||, Then S e M,

is & lower triangular matrix, and detS; # 0. For each [ = 2,...,n — 1, on the basis of the maitrix

_ [l : = [l Coel - —
811 = {8 }}j=1, we construct the matrix S; = {s};}7,-, as follows: s}, := 1, s}, := sk =0,

j=2,...,m; s =871, 1,475 =2,...,n Then the S are lower triangular nonsingular matrices

foral I =1,...,n—1. Let S = 8,_1---5;. Then S is a lower triangular nonsingular matrix as
well. Let us construct the matrix N
G = Zai—l‘]i*—l'
i=1

Theorem 1. Let system (3) with matrices of the form (4) be given, and let
A+ AN = x(A + BUCH; ).

Then the coefficients -y; of the characteristic polynomial of the matriz A+ BUC* can be expressed
via the coefficients of system (3), (4) as follows:

v = a; — Sp(SBUC*S™1J,_,G),  i=1,...,n. (5)

Theorem 2. The spectrum control problem for system (3) with matrices of the form (4) is
solvable if and only if the matrices

c*S'J,GSB, C*S"'J,GSB, ..., C*S7'J,_,GSB (6)

are linearly independent.

Proof of Theorem 2. We prove Theorem 2 as a corollary of Theorem 1 and explicitly write
out a control reducing the characteristic polynomial to a given form. Let

PA) = A"+ 7 A"y

be a given polynomial with real coefficients ;. The problem is to construct U such that
x(A + BUC*;A) =p(}), i.e., such that relations (5) hold:

Yi = Qg — Sp(SBUC*S—lJi_lG) =0y — Sp(UC*S_IJZ_lGSB), g = 1, NP 8

It is a system of n linear equations for the mk unknown entries uy, p = 1,...,m, ¢ =1,...,k,
of the matrix U. We introduce the mapping vec : M, — R*", which “expands” the matrix
H={hy},i=1,...,k j=1,...,m, by rows into the column vector

vec H = CO].(hll,. o >h1m> - :hkla e 7h'km)-
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Obviously, for any matrices Hy, H, € My, ,,, one has Sp(HjH,) = (vec Hy)*(vec Hy). Then the
system of linear equations (5) can be rewritten in the vector form

a— Pv=-. (7)
Here
P =[vecC*S ' J,GSB,...,vecC*S™ ' J,_1GSB| € Mymn, a = col(ay,...,a,) € R?,

v =col(7,...,7m) € R", v =vecU* € R*™,
If the matrices (6) are linearly independent, then rank P = n. Then P*P is nonsingular, so
that system (7) is solvable for any v and, in particular, has the solution v = P(P*P) "} a — 7).
Therefore, the spectrum control problem is solvable, and the corresponding control has the form
U = (vec~'v)*. If the matrices (6) are linearly dependent, then rank P < n and system (7) is

unsolvable whenever v = & — 3, where 8 ¢ Im P*; consequently, the spectrum control problem
is unsolvable. The proof of the theorem is complete.

Remark 1. It follows from Theorem 2 that a necessary condition for the solvability of the
spectrum control problem for system (3) with matrices (4) is that mk > n. If the matrices (6)
are linearly independent and mk = n, then the control U ensuring that x(A + BUC*; A) = p(}) is
unique; if the matrices (6) are linearly independent and mk > n, then such a control is nonunique.

If only I < n of the matrices (6) are linearly independent, then the spectrum control problem
is unsolvable. Nevertheless, the spectrum can be partly controlled; namely, one can ensure that
x(A + BUC*;\) = p()) for any v = (11,...,7,) in the [-dimensional linear manifold o — Im P*
in R™.

Corollary 1. If the matrices (6) are linearly independent, then system (3), (4) is stabilizable in
the class of constant matriz controls U; i.e., for any 2 > 0, there exists a constant matriz U such
that the eigenvalues \; of the matrizc A+ BUC* satisfy the conditions ReA\; < —x < 0,i=1,...,n.

Remark 2. Theorems 1 and 2 hold for system (3) with coeflicients of the form (4). Such
systems do not exhaust all possibly systems of the form (3). Nevertheless, the class of such systems
is sufficiently large; in particular, it contains the following important class of systems. Consider
a plant described by a linear ordinary differential equation of order n with constant coefficients in
which a linear combination of m signals and their derivatives of order < n — p is supplied to the
input and & distinct linear combinations of the plant state z and its derivatives of order < p—1 are
measured (see [6]). Let us construct a linear incomplete feedback control. By using the standard
substitution z = 21, 2 = g, ..., 2"V = x,, we pass from an equation of order n to a system of
differential equations. Then the coefficients of the resulting system of equations have exactly the
forEn] (4). The corresponding result, Theorem 2 for an ordinary differential equation, was obtained
in [6].

3. PROOF OF THEOREM 1

Let @' € M,,_; be the matrix obtained from S; by removing the last row and the last column.
We introduce the matrix A4, := S; AS; .

Lemma 1. The matriz Ay has the form A, = ; here 0 € R, and the last row

0 | &
*

* *

contains numbers such that x(A; ) = x(A1; N).

In this lemma, we claim the following. If we multiply the matrix A by S; on the left and by S;*
on the right, then the rectangular “support block” @ € M,,1,, of the matrix A is shifted right and
down along the diagonal; the last row and the last column of the matrix @ are lost, and the first
column (of height n—1) consisting of zeros and the first row e} (of length n) are added; the last row
of the matrix A changes so as to ensure that the characteristic polynomial is preserved. Lemma 1 is
well stated, since the last row of the matrix A; can be uniquely reconstructed from its characteristic
polynomial. This is a consequence of the following auxiliary assertion.
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Lemma 2. Let P = 1 ? be matrices such that the characteristic polynomials

andRzHQ'
(]

of these matrices coincide, x(P;A) = x(R; ). Then the last rows of these matrices coincide.

Proof. Let £ = (p1,...,p,) € R™ and ¥ = (ry,...,r,) € R*. Consider the matrix \I — P.
By A;, i =1,...,n, we denote the principal diagonal minors of this matrix, A; = X - ayy, Ay =
(A —a11)(A— ag2) — a12021, . ... A, = det(A] — P). Note that, for all i = 1,...,n, the degree of the
polynomial A; is equal exactly to 4, and the leading coefficient of A\’ is equal to unity. We expand
det(AI — P) with respect to the last row; then we obtain

x(P; )\) = ()\ ——pn)An-—l - (_pn—l)(—an—-l,n)An—Z + (—pn—z)("‘an—1,n)(“an—2,n—1)An—s RuRE
+ (—l)n—2(_p2)(_an—l.n) oo (—ags)AL + (—1)”_1(—191)(—(1”_.11,1) ++ o (—a12)
=\~ pn)An—l = Prn-10n-1,nBn-2 — Pn—20n-1,n0n-2n-10p_3 — ***
= P28p—-1n" " agz Ay — PiQp-1n - Q12

Likewise,

X(R: )‘) = (>\ - rrn)An—-l - Tn~1a'n—1,nAn—-2 - Tn—2an—1,nan—2,n—1An—3 — e
— Telp—-1,n" " a3y — T10p—1,n " A12.

The characteristic polynomials of the matrices coincide. Let us subtract the first polynomial from
the second one; then we obtain

(pn - 7‘17.)An—-1 + (pn—l - Tn—l)an—l,nAn~2 +
+ (p2 = T2)@n-1,n - Q31 + (P1 — T1)Cp-t1n - - G212 = 0.

The left-hand side is a polynomial of degree < n — 1 in A, the right-hand side is zero, and con-
sequently, all coefficients of A1, i = 1,...,n, are zero. Since the coefficient of A"~! is zero, and
of the polynomials Ay,...,A,_; only the polynomial A,_; has degree n — 1, i.e., contains the
monomial A"!, it follows that the coefficient of A,,_; is zero; consequently, p, = r,. We proceed
in a similar way. Since a1 7 0 and all polynomials A; have distinct degrees, we have p; = r; for

alli=1,...,n. The proof of the lemma is complete.
Proof of Lemma 1. Since S; = l el , we have QST! = || ¢ | I | € Mypo14, 0 € R,
I
I M, Therefore, AS7' = |2\l . 57t = -9—1—-1-’ Since §; = ||-2—L 9| it follows
* Xk k X ok %
that
! /
ok % ¥k & * K K

The proof of the lemma is complete.

The matrix A; in Lemma 1 has the form of the matrix A in (4). (All entries lying above
the superdiagonal are zero, and the superdiagonal consists of nonzero entries.) In the matrix A;,
we remove the last row and add the first row ef. Then we obtain the matrix S;. We construct
the matrix Ay = 934,55 = S35,4579;" and use Lemma 1. As a result, the “support block”
is again shifted right and down along the diagonal, the characteristic polynomial is preserved,

!
the matrix A; has the form 4; = O 1@ ; here 0 € R™™!, and the matrix Q| € M, is
* ok ok
obtained from the matrix S, by removing the last row and the last column. By using Lemma 1
n — 1 times, we obtain the matrix A,_; = Sy_1---S1AS; .- S;1, = U , 0 € R1,
* ok %
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I € M,,_q; moreover, X(A,—1; ) = x(4; A). Consequently, the last row of the matrix A,_; contains
the coefficients «; of the characteristic polynomial of the matrix A, and the matrix A,_; is the

companion matrix for the polynomial x(A;\). We set A = SAS-', where S = S,_,---5,, and
@ = (-0, —Qn_1,...,—a;) € R™. Then the following assertion holds.

Lemma 3. The matriz A has the form
A=J + enlo. (8)

Now let us construct the matrices B := SB and C* = C*S~!. We have
x(A 4+ BUC*; \) = x(S§(A + BUC*)S™ 1 \) = x(A + BUC*; \). (9)

Further, we use the following lemma, whose proof will be given below.
Lemma 4. Let A have the form (8), let D € M,, and let

0|0
B

D= F € Mp_pi1pi (10)

here p € {1,...,n}. Let x(A + D;X) = A+ A"+ 4y, Then v = a; — Sp(DJ;—1G) for
alli=1,...,n.

Since S is a lower triangular matrix, it follows that the matrices B and C have the same form
as B and C} i.e., the first p — 1 rows of the matrix B and the last n — p rows of the mafrix C are
zero. This implies that the matrix BUC* has the form (10) of the matrix D, that is, the block form

0 0
F
follows from Lemma 4 that if x(4 + BUC*; \) = A" + 11 A""! + -+ 4+ 7, then the relations

, where the right upper corner entry of the matrix F' lies on the main diagonal. Then it

v = o — Sp(BUC*J;_1G) = o; — Sp(SBUC*S™1J,_, G)

hold for all 4 = 1,...,n. By virtue of relation (9), relations (5) are true, which completes the proof
of Theorem 1. It remains to prove Lemma 4.

4. PROOF OF LEMMA 4
Let us prove preliminarily an auxiliary assertion.

Lemma 5. Let

0 | 0
H H,eMy: Hi=| # | 0|, H=|—"t—"t1l0
— 0| H | 0
& |0
hot oo hgp
be two given matrices, where H = € My —pp, € = (hn1y... hnp) € RP”,
h'n—-l,l hn—-l,p
pe{l,...,n—1}. Then
Sp(H,J,G) = Sp(HyJ,G) forall s=0,...,n—p—1, (11)
Sp(HlJSG)=Sp(H2JSG)+Zan_¢hi,n_s forall s=n—-p,...,n—1; (12)
i=p
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i.e.,

Sp(H1JoG) = Sp(HaJoG), ..., Sp(Hi1Jyp-1G) = Sp(HaJpp1G),
SP(Hy Jp—p@) = Sp(Hadn—pG) + (Qoltnp + Crhnorp+ -+ + Ginpliny).

Sp(H1Jn-p41G) = Sp(Hadp—pt1 G) + (q0hnp1 + Q1hn_1po1 + o+ Gpphppo1)y .-,
Sp(HyJpayG) = Sp(Hadp-1G) + (Giohm + G-t s + - + Cnplinn)-

Proof. We represent the matrix H; as the sum H, = H' + H”, where

0 | 0 0] 0
H=|Hg ol H=|0o]o0]|-
0 | o0 €10

Then Sp(H,J,G) = Sp(H'J,G) +8p(H"J,G). First, we find Sp(H"J,G). Note that Jye; = ey, for
k+i<mnand Jte; =0 € R" for k + ¢ > n; in addition, Sp(eiej) = 0,5, where 0;; is the Kronecker
delta. The matrix H” can be represented in the form H” = 37"_, h,;eqej. We have

n—1 14
Sp(H"J,G) = Sp(GH"J,) = Sp (Z ot Y hngenc JS)
k=0 Jj=1

P n—1 P
= Sp (Z P (hz: osz,j_‘en) (e;st)> = Sp <Z hnjaoene;f+5> =21,
;=0

J=1 j=1

Ifs<n-p-1,then j+s < n~—1 since j < p. Therefore, Sp(e,ef,,) = 0 for any j < p;
consequently, »n = 0. If s € {n —p,...,n— 1}, then j + s coincides with n for § = n — s, and
Splene},,) = 0 for the remaining j € {1,...,p}\{n — s}. Therefore, 3, = hy 0. Thus, we have
Sp(H"J,G) =0 foral s=0,...,n—p—1, (14)
Sp(H"J,G) = hyp-sap forall s=n-—p,...,n—1. (15)

Now consider the matrices Hy and H'. The matrix H' can be represented in the form

H’:nzhliMP-
YRV R

i=p j=1
where Fj; = ¢;e} and
n—-1 p
Hy, = E E hijPi-f-l,j+l-
g=p =1

Let us clarify how different Sp(F;;J,G) and Sp(Piy1 ;41J5G) are for various values of s. We have

n—1 n—1 n-1
My = Sp(PzJJsG) = Sp(GPUJS) = Sp <Z aszeie’j’f]S) = Sp <Z ak8k+ie;+s) = Zak5k+i)j+5.

k=0 k=0 k=0

Ifse€{0,...,5—35—1}, then j+ s < i < k+14; consequently, s, =0. If s € {i — j,...,n—j}, then
0<s—~i+j<n-—1i1<n-—1 Then the relation ¥ + 7 = j + s is true for ¥ = s — 7 + j; therefore,
2y = Og_iyj. £ 5 € {n—7+1,...,n—1}, then j+s > n; consequently, ejJ, = 0, whence we obtain
st = 0. Further,

n—1 n—1
sty 2= Sp(Pip1,j+1J5G) = Sp(GPit1,41J5) = Sp (Z oI €i11€540 ']a) =) 0Bt rsti

k=0 k=0
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Ifsed{0,...,i—j—1}, then j+s+1 < i+1 < k+17+1; consequently, 53 = 0. If s €
{z—y,...,n~g-—1} then 0 € s —1+j < n-1—1 < n-1. In this case, the relation
k+i+1=j+s+1holds for k =s— i+ j; therefore, 53 = as_iy;. f s€ {n—j,...,n— 1}, then
j + s+ 1> n; consequently, e}, J, = 0, whence we obtain sz = 0. Thus, we have

Sp(Pi; JsG) = Sp(Pit1,j+1J:G) =0, s€{0,...,i—j—1},
Sp(P; JsG) = Sp(Fis1,i+1J:G) = 05_i44. se{i—j....,n—75—1}, (16)
Sp(Fi5J; G) = an-i, Sp(Pit J+1Js G) =0, s=n-j,

( )

Sp(Pi;JsG) = Sp(Fip1,j+14:G) =0,  se{n—j+1....,n—1}.

Therefore, Sp(P;;J,G) and Sp(Pii1 4+1J5G) are different only for s =n — j.

Lets€{0,....,n—p—1} Thens<n—-p—-1<n—-j-1foral je {l,...,p}. By virtue of
the first two rows in (16), we have

n~-1 p n-1 p
DD hig Sp(PygJiG) = 0 Y by Sp(Prsr i1 J:G);
i=p j=1 i=p j=1

consequently, Sp(H'J,G) = Sp(H,J,G), and, by (14), we obtain (11).

Now let s € {n—p,...,n—1}. The value s =n — j gets in this interval as j runs from 1 to p.
By (16), we have

P P
Z hij SP(PijJsG) = Z h'ij Sp(Pi+l,j+1JsG) + hi,n—-san—-i

j=1
n—-1 p n~1
= ZZhUSp (PyJeG) =D his Sp(Prrrjur JuG) + D Bine 5O
i=p j=1 i=p j=1 i=p

Hence it follows that Sp(H'J,G) = Sp(HyJ,G) + Z h,1 n-sCQn_;. By adding the last relation to
formula (15), we obtain (12). The proof of Lemma 5 is complete.

Let us proceed with the proof of Lemma 4. Consider the index &k of the row in which the right
upper corner entry of the left lower block F' of the matrix D is located. Let us make the proof by
induction on k changing from 7 to 1. The basis of induction is the following: let k& = n. Then

D= ’_O_ v = (dn1, ... ,dnn) € R™™; consequently,
n

X(A+D;0) = A"+ (1 = dun) XN 4+ 4 (@ ~ d)-
Hence we have v; = a; — dp n—s41. Further,

n—-1
Sp(DJ;_1G) = Sp(GDJ;—;) = Sp (Z ayJy deene J2_>

k=0 J=1

= Sp (Z dnJ (Zakaen> 6 -]z 1)) = Sp (E dmaoen JAi— l>

j=1

= E dn_']cs n,j+i—-1 — 'n.'n. i+l

foralli=1,...,n.

DIFFERENTIAL EQUATIONS Vol. 45 No.9 2009



SPECTRUM CONTROL IN LINEAR SYSTEMS WITH INCOMPLETE FEEDBACK 1355

The proof of the basis is complete. The inductive assumption is the following: let the assertion
of the lemma hold for any k € {p+1....,n}. Let us show that it holds for k¥ = p as well. Consider
the matrix D in (10). By the inductive assumption, p < n. We introduce the following notation:

dy ... dyp
L=\ ... ... . |l€Mupp  0=(dns... dny) € R,

dn—l,l s dn—l,p
’lp: (dnlv-’adnp"o'v"'ao) ERn*-

0 | 0
Then D=| 1 | 0 |- Werepresent D in the form D = D'+ D", where
o 0

0] 0 0 | 0
D=\ L | o D=1 0 | o
0] O o | O
Let D := JfD:“O 0” €M,andD:=DJ = ||-2 10 [0 H € M,. Further, we set
L o 0| L | 0
K = L‘ € M, where ¢ = (—ap,...,—a;) € R*™. Then A= J, + K. The matrix A + D
0

is a matrix of the form (4). For the matrix A + D, we construct the matrix T by analogy with
the construction of the matrix 5, for A; namely, from A 4+ D, we remove the last row and add

|1p 0

the first row e}, Then T = I + D = y Ip € My, I,_, € M,_,. Hence it follows that

n—p
T-! =1 - D. We multiply the matrix T~ by the matrix (A 4+ D) on the right and the matrix T
on the left. We have

(A+D)T'=(A+D)I-D)=A+D—- AD - DD.

The first p rows of the mafrix D are zero, and the last n — p columns of the matrix D are zero;
therefore, DD = 0. Further, AD = (J, + K )D JD + KD, but J,D = D'; consequently,

D-AD=D-D'-KD=D"~KD. Therefore, (A+ D)T~* = A+ D" - KD =A'+K1, where
K, = H——g—” €EM,and ( =9 — (,05 € R™. Next, we have

T(A+D)T™*=(I+D)A+K,)=A+K, + DA+ DK,.

Since p < n, it follows that the last column of the matrix D is zero; and since the first n — 1 rows
of the matrix K, are zero, we have DK, = 0. Further,

DA =D(J; + K)=DJ, + DK.

We have DJ, = D and DK =0, since the first n— 1 rows of the matrix K are zero. Consequently,
T(A+D)YT ! = =A+K,+D. Set A:= A+ K. Then

o~

T(A+D)T'=A+D
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Further, A= Ji + K + Ky, ie., the matrix A has the same form as the matrix A and differs

from it only by the last row. Let @ = (—8n....,—a1) € R™ be the last row of the matrix A.
Thenp=p+(=p+9¢ - <pD By multiplying both sides of the last relation by —1, we obtain
~p = —p — P + pD. We rewrite this relation in terms of coordinates starting from the last
coordinate. We obtain

by =g, e, an——p = Qn-p;

n
62n——p—H = On—pt+1 — dnp - CVldn—l,p -t t:\fn—-pdpp = Qp—pt1 — Z an—idips vy
On, = Otp — Gp1 — aldn—l,l — alp_91 —*++ — an—pdpl = 0n — Z Qtp— il -
i=p

Let ~
A"+ ATy = x (A + D).

The matrices A + D and A + D are similar; therefore,
x(A+ D;)) = x(A+ D; \).

By the inductive assumption, the assertion of Lemma 4 holds for the matrix A + D since the right

upper corner entry of the left lower block || 0 L || of the matrix D lies on the diagonal in the
(p + 1)st row. Consequently,

v =& - Sp(DAKG), ..., u=08n—Sp(DJn1G). (18)

The matrix D has the form of the matrix H;; and D has the form of the matrix H; in Lemma, 5.
Therefore, by (13), we have the relations

Sp(DJoG) = Sp(DJ@B), ..., Sp(DJy_ps@) = Sp(DJyp1G),
SP(D']n—pG) = Sp(ﬁJn—-pG) + (Oéodnp + aldn-—l,p SRR o Oén—-pdpp)? sy (19)
Sp(D'Jn—lG) = Sp(ﬁ']n—lG) + (C\fodnl + aldn—l,l +ee 4t an—-pdpl)-
By substituting (17) and (19) into (18), we obtain
=8 — Sp(DJG) = ay — Sp(DLG), ...,
Yr—p = On—p = SP(DJp—p-1G) = ap_p — Sp(DJp—p-1G),

Tn—-p+1 = 62n—jo-l—l - Sp(ﬁJn—pG) - (an~p+1 - Zan-idip> (SP DJn pG Zan i zp)

i=p jz=p

= Op—p+1 Sp(D‘]n—:DG)a )

Yn = an - SP(BJn—IG) - (an - Z an—idﬂ) - (SP(DJT:-—IG) - Z an—-z’dil)

i=p iz=p

= ap, — Sp(DJ,,-1G).

The proof of Lemma 4 is complete.
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