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On the Limiting Angular Velocity of the Rotation of the
Stellar Systems

B. P. Kondratyev
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Abstract. We proved: for any rotating stationary inhomogeneous gravitating
stellar system of arbitrary form with continuous density distribution is always
fulfilled the important inequality 0% < 27G pmax-

In 1900 H. Poincare (see, e.g., Poincare 2000) proved the existence of im-
portant limit of angular velocity for fluid gravitating figures

0% < 21G p, (1)

where p is the average density of configuration. Fulfilment of the inequality
guarantees a direction of total gravity inside the rotating mass and nonnegativity
of the hydrostatic pressure.

For stellar systems the similar inequality have been derived by K. F. Ogorod-
nikov (1958) and L. P. Osipkov (1999). They came from the virial theorem. In
particular, the main Osipkov’s inequality (20) includes three structured parame-
ters and, in addition, flattening of model. Thereby, its result is in strong degrees
model dependent. Here we consider this problem, leaning on equations of mo-
tion themselves a stars. Is it taken into account possible anisotropy of velocity
dispersion in stellar systems,

We shall consider in the inertial cartesian system Ozyz a configuration
of N gravitating stars with mass m;. The internal potential of the system is

well known
=G 2
Z IT] . T-l ( )

Let us define the function

S = Z ms(zid; + yil), (3)

which represents a moving of the system particles in planes Ozy. For stationary

configuration

ds
———ZmZ £2 4+ 97 + ¥ + yigh] =0 (4)

or, with account of the motion equations of star,

dS Dy dyp
Zml [m +yl+:rza +J18“ =0 (5)

346



Limiting Angular Velocity of Rotation of Stellar Systems 347

Now we introduce the angular velocity of the rotation of the configuration
and reject peculiar chaotic star velocities; then from (5) one has the following

inequality
2]
QQZml CL‘ +7Jz +th {xz +yzatp]S0- (6)

In the left part of the formula (6) we transform the second sum, using the
expression (2) for the potential. Obviously, the force components on unit of the
mass in testing point r; are

O _ Y m;(z; — x;)

O 7 gl
(7)
9y _ ey m;(yi — yj)
Oyi ; ]7“]' - 7‘,"3
)
mims; m — i)+ Y (U — Y4
Zmz [mz +'yz :| _GZZ 14707 1 ]) 3J (y'L yj)] (8)
|7" — 14
By virtue of symmetry, the indexes ¢ and j here we may interchange
N
Ay } mim; [z; (T ) 45 (y5 = )]
mi | B +y —=~—G j 1T 5 \Us 9
; Zl: 25%’ ZZ |T2~7‘J|3 ( )
and take the half-sum of the expressions (8) and (9). Then
2 2
mim; )+m—m
Zmz [mz (P+ za J—__GZZ [ 3 :] (10)
]
As a result, we shall get the following inequality
2 2
miim; ~w') + (v — u)
Pr< 3 ZZ [ : B ] ) (11)

where [ is the inertia moment of the system with respect to rotational axis.
Before this we had discrete masses. Under continuous distribution of the
matter in stellar configuration instead of (11) we have

a PP [ T — 11) +{y—~w) ] dx dy dzdzy dyy dz
wr<s | / (12)

W [e-et -+ -]

Write here the notations R; = /27 +47, R = /2% + y? and take into consid-
eration, that R; always less R—then each pair of material points is taken into
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account only once, consequently,

2 2
QZI<G/ / [),01 T_ml) ( _'yl) ] 23/2dVd‘/1<
(&= 21)® + (= 1) + (2 — 21)7]

Ri<R
+oo

: pllz — z1)% + (y — y1)*) . = (13
QGpmax_Zo (/ [(z - 171) +(y — '!/1) +(z— 21)2]3/2 dV dz dyl) dz

27erm&x/ pR2dV dzy dy; = 20Gpmax].

Thus, for any rotating stationary inhomogeneous gravitating stellar system
with arbitrary figure is always fulfilled the important inequality

02 < 270G pmax (14)

(Pmax is density maximum ), which extends the known Poincare’s inequality (1)
on equilibrium figures with possible anisotropy of velocity dispersion.

The Poincare’s inequality (1) is realized only for figures with isotropic pres-
sure and in right its part is average density. In the inequality (14) enters namely
maximal density pmax.

If system has an axial symmetry and differential rotation, it be possible to
define some average angular velocity through the angular moment L

0= (15)

»\«m

and for it the similar criterion is
Q% < 21Gpmex.- (16)

This inequality is valid for stellar systems with continuous density distribu-
tion.

As well known, for figures with isotropic pressure the Poincare’s inequality
was improved by Crudeli ? < 7Gp. However, for stellar systems because of ve-
locity dispersion anisotropy the Crudeli argument do not pass; so the inequality
(14) it is impossible to improve, rejecting factor 2 in right its part. For instance,
for the uniform collisionless Freeman ellipsoid (Kondratyev 2003), which has at
most fast rotation 22 = 241, in prolate spheroid limit will be fulfilled the rela-
tion 4; = wGp, and here we have just that case of the formula (14) Q% = 27Gp,
which fall outside Crudeli limit, but does not break the limit (14).
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