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Abstract—For a bilinear stationary control system, we obtain necessary and sufficient condi-
tions for the solvability of the spectrum control problem for the case in which the coefficients
have a special form.
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Let R” be a Euclidean space of dimension n; let e,...,e, be a canonical basis in R"
li.e., e, = col(1,0,...,0), ..., e, = cal(0,...,0,1)]; let My, , be the space of real m x n ma-
trices; let M, := M, ; let I = [e1,...,e,] € M, be the unit matrix; let * be the operation of
transposition of a vector or a matrix [if z € R" is a column vector, then z* € R™" is a row vector];
let Jy := I; let J; be the first unit superdiagonal [i.e., J; := Z;:ll eief ., € My]; let Jy = JE keN
(ie., Jy = 0 € M, for k > n); let x(A4;A) be the characteristic polynomial of a matrix A; and let
Sp A be the trace of a matrix A.

Consider the linear control system
i=AM)z+Blu,  y=C'tz,  (hz,uy) € RxR" xR xR, (1)

Let the control in system (1) be constructed by the linear incomplete feedback principle in the form
u = Uy. Then system (1) becomes the homogeneous system

& = (A(t) + B)UC*(t))=. (2)
Along with system (2), consider the bilinear control system
&= (A(t) + u A (t) + ugda(t) + - + u, Ax(2))z, u € R (3)

Any system of the form (2) can be represented in the form (3) if we set r := mk, take the coefficients
of the matrix U for u;, | = 1,...,7, and take the matrices b;(t)c}(t) € M, for the matrices A;(t),
.1 =1,...,r, where the b;(t), i = 1,...,m, are the columns of the matrix B(t) and the c;(t),
j=1,...,k, are the columns of the matrix C(t),

&= (A(t) + 3 0) uy(bilt)e (t))) z.

i=1 j=1

Systems of the form (2) were studied in [1-8], and systems of the form (3), in [7, 9-11]. The con-
sistericy property was introduced in [1] for system (2) and in [9] for system (3). This property was
analyzed in [1, 4, 5, 7, 9]. The consistency property was used in the proof of the local controllability
of Lyapunov exponents of system (2) in [2-6], the stability of Lyapunov exponents of system (2)
in 3], the local attainability and local Lyapunov reducibility of system (3) in [9-11], and the local
controllability of Lyapunov exponents in [10] and Izobov exponents of system (3) in [11].

In the present paper, we consider stationary systems of the form (2) and (3),

t = (A+ BUC")z, z € R", (4)
t=(A+ud + - +ud)z, z € R™. (5)
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In the case of stationary systems, the asymptotic behavior of a system is characterized by the
spectrum of the system matrix. We consider the problem on the global control of the spectrum.

Definition 1. We say that the spectrum control problem for the matriz A+ u Ay + -+ + u, A,
of system (5) is solvable if, for any polynomial p(A) = A™ + 1, A" + .- - + v, of degree n with real
coefficients +y;, there exists a constant control u = col(uy,...,u,) € R" that ensures the relation

XA+ u A+ A A) = Xy Ay, (6)
for the characteristic polynomial x of the coefficient matrix of the system.

This problem is also referred to as the eigenvalue assignment problem [12, p. 159]. For C = I,
the spectrum control problem for system (4) is solvable if and only if system (1) is completely
controllable [13, 14]. A survey of known sufficient and necessary solvability conditions in this
problem for system (4) can be found in [12, pp. 179-181]. New solvability conditions for this
problem for system (4) were obtained in [15]; in contrast to the conditions given in [12], they are

both necessary and sufficient. In the present paper, the results obtained for system (4) in [15]
are generalized to system (5).

Let the coefficients of system (5) have the following form: the matrix A has the Hessenberg
form, and the first p — 1 rows and the last n — p columns in the matrices 4;, [ =1,...,r, are zero;
ie.,

A':{aij}Zj:l) ai,i+17é0a i=1,...,n-1 a'ijzoﬁ J>i+1
Al:{a"lij Zj:l’ CLijZO, i=1,...,p—-1, j=1)"')n; (7)
a’«lijzoa ?lzla“')'n'a ]=p+1)')n) l=1,...,7"; pE{l,...,n}.

By A" + ay A" + - + o, we denote the characteristic polynomial of the matrix A.
For the matrix A = {a;;}}';_;, we construct the matrix S just as in [15]. Namely, we first
construct the matrix

_ 1 n 1. 1 . . . T, __ s s
S1={s;}ij=1y S =1 s8;;:=0, j=2,...,n s;:=0a15 1=2,...,n, j=1...,n
Further, for each [ = 2,...,n and for the matrix 5,., = {32;1}%:1, we construct the matrix

= [ql ; toq ol w1 ol e el em () 5= Lo -l .
S, = {si;}ij=1 with entries 57, :=1, 8y, 1= 55, :=0,7=2,...,n,and s;; 1= 8,7y ,1,3,5 = 2,...,n.

Set 8 = S,5,-1---51. All matrices S; and S are lower triangular and nonsingular. Next, we
construct the matrices H; := SA;S™', i = 1,...,r, and H := SAS™'. Then the matrices H;,

i=1,...,r, have the same form as A4;,7 = 1,...,r; i.e., the first p—1 rows and the last n—p columns
of the matrices H;, ¢ = 1,...,7, are zero. The matrix H has the following form [15, Lemma 3]:
H= Jl -+ en&y where £ = (“O‘n: frs —al) € R™. We have

XA+ u Ay + A uAp A) = x(H+u Hy + -+ upHp X)), (8)

Let us construct the matrix G := 7 | o;_1J;;, where o = 1.

Let hj. € R™ be the jth column of the matrix H;, ¢ = 1,...,r. For the matrices H;, =
[Pi AL, ... ALl i =1,...,7, we construct the nxr matrices P, = [h],...,h]], ..., Po = [h},..., A7)
Then we construct the n X r matrix Q = JyGP, + J,GPy + -+« + J,1GP,.

Theorem 1. Let system (5) with the matrices (7) be given, and let

M AT g = x (A A+ A ),

Then coefficients vy; of the characteristic polynomial of the matric A + u1 Ay + -+ + u,. A, can be
expressed via the coefficients of system (5), (7) as follows:

v =a—Qu, (9)

where v = col(y,...,vn) and a = col(ay,...,qn).
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Theorem 2. The spectrum control problem for system (5) with the matrices (7) s solvable if
and only if the rows of the matriz @ are linearly independent; in addition, the control u bringing
x(A + 1(1341 + o+ urAnA) to a given polynomial p(A) with coefficients v; can be found from
system (9).

Theorem 2 obviously follows from Theorem 1. Indeed, if the rows of the matrix ¢ are linearly
independent, then for any v the linear system (9) is solvable for u, and the solution u of this system
ensures relation (6). If the rows of the matrix Q are linearly dependent, then system (9) is not
necessarily solvable for any 7; consequently, the spectrum control problem is unsolvable. It remains
to prove Theorem 1.

Remark 1. It follows from Theorem 2 that the condition 7 > n is a necessary solvability
condition in the spectrum control problem for system (5).

Remark 2. Of the matrices F;, ¢ = 1,...,n, the last n — p matrices are zero; therefore, for @
one can take the matrix Q = Jy)GP + J,GP, + -+ + J,_1GP,.

Proof of Theorem 1. To prove the desired assertion, we need Lemma 4 in [15].

Let system (5) be a given system with the matrices (7), and let relation (6) hold. For the
matrices A and A;, ¢ = 1,...,r, we construct matrices H and H;, i =1,...,r. By virtue of (8), we
obtain x(H + wiHy + - +u.H; A) = A" + y A" + -« 4+ ,. Therefore, by Lemma 4 in [15],
we obtain the relations

v =0y — Splun Hy + - + v, H,)J;, 1 G
= oy — (un Sp(H1Ji-1G) + -+ + u, Sp(H, i1 (),  i=1,...,n. (10)

Relations (10) can be represented in the vector form v = o — Tu. Here T € M, ,. and

T:“Sp(Hjjl_lG)“, i=1,...,'n, j=1,...,?".

It remains to show that T' = ). We introduce the mapping vec: M, — R™, which “expands”
the matrix F' € M,,, F = {fi;},4,5 =1,...,n, by rows in the column vector

VeC F 1= col(F11, -y fimy e v fatr- oo Fan) € R™.
Obviously, Sp(F}Fy) = (vec Fy)*(vec Fy) = (vec Fy)*(vec Fy). Consider the first row of the ma-

trix T. Then for all [ =1,...,r, we have Sp(H,JuG) = (vec(JoG))*(vec(H})). For the second row
of the matrix T', we have the relation

Sp(H,J1G) = (vec(S1G))*(vec(H)), I=1,...,r€
and so on; for the ith row of the matrix T' (¢ = 1,...,n), we have

Sp(H,J;i_1G) = (vee(J;—1G))* (vec(H])), l=1,...,m

Let us construct the matrices

(vec(JoG))*
- | (vee(hG) | . M,.., N= HVGC(HT>) .. vee(H) || € Mz
(vec(j,;_'lG))*
Then T = LN.
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Consider the matrices J;G. We have

1 0 0 ... 0
aq 1 0 0
JOG= Qg Qi 1 0|
Op-1 Qp-a Qp-z ... 1
(0%} 1 0
Qn-1
(6%} Qi 0 0 0
J1G= RTINS | Jn—1G= . .
Cp_1 Qpa ... 1 '
0 o ... 0 0 -0

We expand these matrices by rows in column vectors, transpose them into rows, and form the
matrix L. Then one can note that the resulting matrix has the block form

L =||[%G), (RGL ., Uar G || € Mae.
Now consider the matrix N. We have

hi hy P,

h% 2 hg 2 P2

vec(Hy) = eR™, ..., vec(H})= ER" = N= € Mpa, .

P

L

h,, h;,

Consequently, T' = LN = JoGP, + JJ,GP; + -+ + J,_1GPF, = Q. The proof of Theorem 1 is
complete.
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