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Phase-field modeling of solute trapping:
comparative analysis of parabolic
and hyperbolic models

The phase-field model of Wheeler, Boettinger and
McFadden is extended to the case of fast solidification in
which local non-equilibrium phenomena occur in the bulk
phases and within the diffuse solid– liquid interface. Such
an extension leads to the characteristic diffusion speeds of
atoms (both within the diffuse interface and inside the bulk
phases) and to the speed of the interface propagation. As a
result, the model is described by a system of hyperbolic
equations for the atomic diffusion transport as well as for
the phase-field. This model is applied to the problem of sol-
ute trapping, which is accompanied by the entrapment of
solute atoms beyond chemical equilibrium by a rapidly
moving interface. The model predicts the beginning of
complete solute trapping and diffusionless solidification at
a finite solidification velocity.

Keywords: Phase-field; Solute trapping; Rapid solidifica-
tion

1. Introduction

The term “solute trapping” has been introduced to describe
the process of non-equilibrium solute redistribution at the
solid– liquid interface, which is accompanied by the entrap-
ment of solute away from chemical equilibrium in solidifi-
cation [1, 2]. This process results in the deviation of the par-
tition coefficient for solute distribution at the interface
towards unity away from its equilibrium value, indepen-
dently of the sign of the chemical potential [3, 4].

Valuable advancements were made previously by Aziz
et al. [3–6] in describing nonequilibrium solute redistribu-
tion at the rapidly moving solid– liquid interface during
the solidification of binary melts. The nonequilibrium sol-
ute redistribution is characterized by the solute segregation
coefficient kðVÞ, which is dependent on the interface veloc-
ity V , and is evaluated by the following ratio

kðVÞinterface ¼
concentration in solid
concentration in liquid

ð1Þ

This segregation coefficient kðVÞ includes the kinetic
parameter in a form of the solute diffusion speed VDI at the
interface [3–6]. Quantitative analysis of such a function
kðVÞ shows reasonable agreement with experimental find-

ings [7] at small and moderate growth velocities of crystals
(see discussion in Ref. [8]). Many attempts have also been
made to describe solute trapping during rapid solidification
using phase-field model [9–14]. As a result of these inves-
tigations, the segregation coefficient kðVÞ is found to in-
crease monotonically and gradually as the velocity V in-
creases (see, e. g., Ref. [14]), following the predictions of
the continuous growth model [3, 4]. However, in contrast
to the results of natural experiments [2, 15–23] as well as
to predictions of molecular dynamic simulations [24],
numerical predictions based on the phase-field models
[9–14] were not able to reach the complete solute trapping
regime which occurs at kðVÞ ¼ 1 (see, for overview,
Ref. [25]). These model solutions are obtained for the para-
bolic type of diffusion equation (which assumes infinite
speed for atomic bulk diffusion), with the only diffusion
speed being VDI, i. e. the diffusion speed within the diffuse
interface. Therefore, to describe increasing kðVÞ up to
kðVÞ ¼ 1 at a finite V , one can suggest extending the model
by introducing the finite speed of atomic diffusion in bulk
phases. The main scope of the present article is to develop
such a phase-field model which takes into account both sol-
ute diffusion speeds within the diffuse interface and bulk
phases. This development is given in a form of extended
Wheeler–Boettinger–McFadden phase-field model (the
WBM-model) [9], previously adopted by Ahmad et al.
[12] to the problem of solute trapping. Such extension leads
to a model represented by a couple of partial differential
equations of hyperbolic type. To predict the complete sol-
ute trapping observable in experiments and predicted by
the sharp-interface model (see results and discussion in
Ref. [26]), the fully hyperbolic model is analyzed, and the
results compared with those of the parabolic phase-field
model [9, 12].

2. The model

To describe the evolution of the concentration C and the
phase-field variable u in an isothermal system at constant
temperature T , the following functional of the free energy
is used [27]

F ¼
Z
X

f C; u; J; _uð Þ þ 1
2
e2ujruj2

� �
dX ð2Þ
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where J is the atomic diffusion flux, _u � qu=qt the rate of
change of the phase field, t the time, X the volume of the
system, and eu a quantity proportional to the correlation
length of the phase field. The term jruj2 appears as in the
gradient theories of van der Vaals and Ginzburg–Landau
types. The free energy density f C; u; J; _uð Þ is defined as
the additive sum of an equilibrium part fe and a non-equilib-
rium contribution fne, such that

f C; u; J; _uð Þ ¼ fe C; uð Þ þ fne J; _uð Þ ð3Þ

2.1. Local non-equilibrium contribution
to the free energy density

The pure non-equilibrium contribution fne in Eq. (3) takes
into account the relaxation of J to its steady state and the
rate of change of the phase field _u. In the first approximation

fne J; _uð Þ ¼ �J

2
J2 þ �u

2
_u2 ð4Þ

where �J and �u are phenomenological coefficients propor-
tional to the relaxation time sD of J and the time su for the
relaxation of _u. The contribution (4) to the free energy is
considered as a kinetic contribution to the fast solidification
(in a manner of results summarized in Ref. [28]). In the lim-
it of the instant relaxation of J and _u the local non-equilib-
rium contribution to the free energy density disappears,
i. e., fne J; _uð Þ ! 0. In this case, Eq. (3) defines the free en-
ergy density as feðC; uÞ for the local equilibrium binary sys-
tem [12].

For the functional (2), the requirement that the free
energy monotonically decreases (dF=dt < 0) during the
relaxation of the entire system to equilibrium leads to the
following equations

sD €C þ _C ¼ r � MC fCCrC þ fCuru
� �� �

ð5Þ

su€uþ _u ¼ Muðe2uDu� fuÞ ð6Þ

where sD is the relaxation time for the diffusion flux, MC

the mobility of B-atoms, su the time scale for the relaxation
of the rate of change of the phase field _u, andMu is the mo-
bility of the phase field. Also, the following notation for de-
rivatives are accepted: _C � qC=qt, €C � q2C=qt2, fC �
qf=qC, fCu � q2f=qCqu, fCC � q2f=qC2, €u � q2u=qt2,
fu � qf=qu. Eqs. (5) and (6) represent a fully hyperbolic
system in which the free energy does not increase in time
and the atomic balance law is satisfied with the assumption
of positivity of the mobility coefficients [27].

2.2. Local equilibrium contribution to the free energy
density

To complete the definition of the system (5) and (6), let us
choose the concrete free energy density fe under condition
of local equilibrium. Following the WBM-model [12], the
local equilibrium free energy density fe is chosen as the
ideal solution of a binary system:

feðC; T ; uÞ ¼ ð1� CÞ fAðT ; uÞ þ CfBðT ; uÞ ð7Þ

þ RT

vm

�
ð1� CÞ lnð1� CÞ þ C lnC

�
þWgðuÞ

where R is the gas constant, vm the molar volume (constant
for A- and B-atoms), W the height of the energetic barrier
which is modeled by the double-well function

gðuÞ ¼ u2 1� uð Þ2 ð8Þ
The energy densities fAðT; uÞ and fBðT; uÞ of A and B
atoms, respectively, are derived using the dilute alloy ap-
proximation (see Appendix A)

fAðT ; uÞ ¼
RT

vm
FAðTÞ ð1� pðuÞÞ

FAðTÞ ¼ ln
1þ ð1=meÞ ðTA � TÞ
1þ ðke=meÞ ðTA � TÞ

ð9Þ

fBðT; uÞ ¼
RT

vm
FBðTÞ ð1� pðuÞÞ; FB ¼ � ln ke ð10Þ

Using a common tangent construction (see, e. g., Ref. [10]),
this approximation leads to straight lines of the solidus
TS ¼ TA þ meC=ke and the liquidus TL ¼ TA þ meC in the
phase diagram with the equilibrium coefficient ke for the
B-atom partitioning and the tangent me of the liquidus line.
The interpolation function pðuÞ is taken to be

pðuÞ ¼ 30
Zu

0

gðsÞ ds ¼ 6u5 � 15u4 þ 10u3 ð11Þ

with

1� pðuÞ ¼ pð1� uÞ; p0ð0Þ ¼ p0ð1Þ ¼ p00ð0Þ ¼ p00ð1Þ ¼ 0
(12)

The functions gðuÞ and pðuÞ (given by Eqs. (8) and (11), re-
spectively) are a feature of the specific choice of phase-
field model used here, which is described in Wang et al.
[29]. As a result of adaptation to an alloy [30], these func-
tions define the liquid state for u ¼ 1 and the solid state
for u ¼ 0.

3. Numerical solution

3.1. Parameters of the phase field and solute diffusion

The present computations use the model parameters intro-
duced in Refs. [9, 12, 30]. These are:
– the gradient energy factor e2u, the energetic barrier

height W , the capillary parameter d0, and the mobility
Mu of the phase field expressed in terms of the surface
energy r, the interfacial width d, and the field diffusion
parameter m:

e2u ¼ 2rd; W ¼ 9r
d
; d0 ¼

rvm
RTA

; Mu ¼
m

2rd
ð13Þ

– the diffusion coefficient of B-atoms (in the accepted di-
lute alloy approximation) within the diffuse interface
taking into account bulk diffusion coefficients DL and
DS in the liquid and solid, respectively:
DðuÞ ¼ DS þ pðuÞ ðDL � DSÞ ð14Þ

– the atomic mobility:

MCðT ;C; uÞ ¼
DðuÞ

fCCðT;C; uÞ
ð15Þ
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Note that the atomic mobility (15) is positive at fCC>0:
Also, to guarantee monotonic behavior of the free energy
and to give non-positive dissipation of the free energy in
the solidifying system, the phase field mobility from
Eq. (13) is also assumed to be positive.

3.2. Equations in the moving reference frame

The solute trapping problem is analyzed in one spatial di-
mension with a planar interface using the model parame-
ters (13)– (15). In this case, we use the following dimen-
sionless co-ordinate reference frame, x ! ðx� VtÞ=d and
t ! tm=d2, which is moving with the constant interface ve-
locity V with the origin x ¼ 0 placed at u ¼ 1=2. Then, the
governing equations (5) and (6) can be written in the fol-
lowing dimensionless form:
– the concentration field

V2

ðVB
DÞ

2

q2C
qx2

� V

V I
D

qC
qx

¼ q
qx

D̂ðuÞ qC
qx

� �

þHðTÞ q
qx

D̂ðuÞCð1� CÞ qpðuÞ
qu

qu
qx

� �
ð16Þ

– the phase field

V2

ðVB
u Þ

2

q2u
qx2

� V

V I
u

qu
qx

¼ q2u
qx2

� 9
2
qg
qu

þ 1
2

d

d0

T

TA
KðT;CÞ qpðuÞ

qu
ð17Þ

Equations (16) and (17) describe quasi-stationary phase-
field dynamics in which, using contributions to the free en-
ergy density given in Subsection 2.2, the following func-
tions are introduced

HðTÞ ¼ ln
1þ ð1=meÞ ðTA � TÞ
1þ ðke=meÞ ðTA � TÞ

� �
þ ln ke ð18Þ

KðT;CÞ ¼ ð1� CÞ ln 1þ ð1=meÞ ðTA � TÞ
1þ ðke=meÞ ðTA � TÞ

� �
� C ln ke

(19)

and, using the definition (14), the dimensionless diffusion
coefficient is

D̂ðuÞ ¼ DðuÞ=DL ¼ DS=DL þ pðuÞ ð1� DS=DLÞ ð20Þ

Equations (16) and (17) include the following interfacial
and bulk characteristic speeds: V I

D the diffusion speed with-
in the diffuse interface, V I

u the speed for phase field propa-
gation within the interface, VB

D the diffusion speed in the
bulk liquid, and VB

u the speed for propagation of the phase
field into the bulk phases. Using the analytical expressions
for these characteristic speeds from Table 1, within the
local equilibrium limits sD ! 0 and su ! 0, the bulk
speeds become infinite VB

D ! 1 and VB
u ! 1. In this

case, the system (16) and (17) transforms into the pre-
viously investigated case of solute trapping [12, 14] which
takes into account local non-equilibrium effects within the
diffuse interface only.

3.3. Methods of solution

The numerical solution is obtained for the specific case of a
Si-9 at.% As alloy with material parameters given in Ta-
ble 2 (see also data from Refs. [31] and [32]). Taking the
first integral from Eq. (16), we arrive at the following equa-
tion for solute diffusion

�DðuÞ dC
dx

þHðTÞ D̂ðuÞCð1� CÞ qpðuÞ
qu

qu
qx

þ V

V I
D

ðC �C0Þ ¼ 0
(21)

In this equation, the dimensionless diffusion parameter
�DðuÞ ¼ ðD̂ðuÞ � ðV=VB

DÞ
2Þ h½D̂ðuÞ � ðV=VB

DÞ
2� ð22Þ

is introduced with the Heaviside function

h½r� ¼ 1; r > 0
0; r � 0

	
ð23Þ

The definition of parameter (22) takes into account the
extremely fast propagation of the interface when
D̂ðuÞ � ðV=VB

DÞ
2 < 0. The latter inequality leads to the dif-

fusion field instability and abnormal increase of computed
values for concentrations which have no physical meaning.
Physically this instability leads to the fact that diffusion
has no time to act in the rapidly crystallizing local bulk of
the system in which the interface velocity V is equal or
greater than the diffusion speed VB

D in bulk liquid. There-
fore, instead of the difference D̂ðuÞ � ðV=VB

DÞ
2 appearing

after the first integration of Eq. (16), we introduce the diffu-
sion parameter (22) which exhibits suppression of the atom-
ic diffusion when D̂ðuÞ � ðV=VB

DÞ
2 < 0.
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Table 1. Analytical expressions for the characteristic speeds of
the atomic diffusion and the phase field propagation.

Parameter Expression

Speed of solute diffusion within the
diffuse interface

V I
D ¼ DL=d

Speed for phase field propagation within
the interface

V I
u ¼ m=d

Speed of solute diffusion in bulk liquid VB
D ¼ ðDL=sDÞ1=2

Speed for phase field propagation into
bulk phases

VB
u ¼ ðm=suÞ1=2

Table 2. Physical parameters of the Si-9 at.% As alloy used for
the phase-field modeling.

Parameter Value Reference

TA 1685 K [ 31]
me –400 K/at. frac. [14]
ke 0.3 [7, 32]
vm 1.2 · 10 – 5m3/mol – 1 [14]
DL 1:5 � 10�9 m2 s�1 [32]
DS 3 � 10�13 m2 s�1 [32]
r 0.477 m2 [31]
m 1:22 � 10�8 m2 s�1 [14]
d 1:875 � 10�9 m present work
su 1:0 � 10�11 s present work
sD 3:4 � 10�10 s from Table 1

V I
u ¼ m=d 6:51m s�1 from Table 1

VB
u ¼ ðm=suÞ1=2 34:9m s�1 from Table 1
V I
D ¼ DL=d 0:8m s�1 [25]

VB
D ¼ ðDL=sDÞ1=2 2:1m s�1 [25]
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Equations (21)– (23) are solved numerically by the
Runge–Kutta method simultaneously with the phase-field
Eq. (17) resolved by the relaxation method as follows:

qu
qg

¼ ½1� ðV=VB
u Þ

2� q
2u

qx2
þ V

V I
u

qu
qx

� q
qu

9
2
gðuÞ � 1

2
d

d0

T

TA
KðT ;CÞ pðuÞ

� �
ð24Þ

Here g is the effective “relaxation time”.
The origin x0 ¼ 0 of the moving reference frame is

placed in the point u ¼ 1=2 of the diffuse interface, there-
fore, the temperature T is relaxed by

1
TA

qT
qg

¼ 1
gV

qx0
qg

þ 1
gX

x0 ð25Þ

Here gV and gX are numeric parameters of relaxation. The
first term on the right hand side of Eq. (25) gives a feedback
from the temperature to the relative interface velocity in the
moving reference frame to reach qx0=qg ! 0. The second
term on the right hand side of Eq. (25) “attracts” the moving
interface to the point u ¼ 1=2 providing x0 ! 0. In limiting
cases qu=qg ! 0 and qT=qg ! 0, one obtains the station-
ary profiles of uðxÞ and CðxÞ in the moving reference frame.

Relaxation parameters gV and gX are used for optimizing
the relaxation process. For a given interface velocity V , the
relaxation takes about 105 � 103 iterations with the step
dg � 0:01 of the “relaxation time” depending on the initial
approximation and the value of V :

3.4. Initial and boundary conditions

The initial condition for u is taken as the diffuse step func-
tion u ¼ 0:5½1þ tanhf3x=ð2dÞg� and the temperature as
T < TA. Boundary conditions for the phase field are

uð1Þ ¼ 1; uð�1Þ ¼ 0 ð26Þ
Because Eq. (21) is a first order differential equation, it
does not require specific boundary conditions for the
concentration field. Therefore, we found the solution of
Eqs. (21)– (23) for �DðuÞ > 0 within the Cauchy problem.
The following three cases are specified in the numerical so-
lution.

(i) Let ðV=VB
DÞ

2 < DS=DL. Then, Eqs. (20) and (22)
give �DðuÞ > 0 for any x. Equation (21) is easily integrated
far from the interface with qpðuðxÞÞ=qx ! 0 to give the fol-
lowing solution

CðxÞ ¼ C0 þ A exp ð��xÞ for � > 0

Assuming that CðxÞ is finite as x ! �1 one finds
CðxÞ ¼ C0 at u ¼ 0: Thus, together with the initial condi-
tion Cju¼0 ¼ C0, Eq. (21) defines the Cauchy problem and
a profile of concentration for any x.

In the case of a very small value of �D, Eq. (21) is inte-
grated numerically in the following parametrical form

dx
ds

¼ �DðuðxðsÞÞ

dC
ds

¼ �HðTÞDðuÞCðxÞ ð1� CðxÞÞ dpðuðxÞÞ
dx

� V

V I
D

ðC � C0Þ

8>><
>>:

(27)

where s is some formal parameter.

(ii) Let V=VB
D > 1. Then, Eqs. (20) and (22) give

�DðuÞ � 0 for any x. Equation (21) is reduced to a qua-
dratic equation for CðxÞ with solution CðxÞ ¼ C0 when
qpðuðxÞÞ=qx ! 0. If qpðuðxÞÞ=qx 6¼ 0, the physically
meaningful root has a value between 0 and 1 and is
smoothly as with C ¼ C0 at qp=qx ¼ 0. This root deter-
mines the profile for CðxÞ.

(iii) In the intermediate case, DS=DL � ðV=VB
DÞ

2 � 1,
one finds �DðuÞ � 0 in some region x � xc, where CðxÞ is
again defined by the quadratic equation discussed in (ii).
To obtain the initial condition for CðxÞ in the region
x > xc, one can integrate Eq. (16) in a small e-vicinity of a
point xc:

�Dðuðxc þ eÞÞ qC
qx





x¼xcþe

þ ðV=V I
DÞ ðCðxc þ eÞ � Cðxc � eÞÞ

þHðTÞDðuðxÞÞCðxÞ ð1� CðxÞÞ qpðuðxÞÞ
qx




xcþe

xc�e
¼ 0 ð28Þ

Representing the derivative ðqC=qxÞjx¼xcþe by ½Cðxc þ eÞ�
CðxcÞ�=e and substituting it in Eq. (28), one finds the initial
condition for the Cauchy problem in x > xc.

4. Results of the modeling

We consider the specific case of a Si-9 at.% As alloy with
material parameters from Table 2. Numerical solutions for
the parabolic WMB-model [9, 12, 14] are obtained by solv-
ing Eqs. (21), (24), and (25) [together with Eqs. (14), (18)–
(20)] with the local equilibrium limits VB

D ! 1 and
VB
u ! 1. The fully hyperbolic extension of the WBM-

model is given by the governing equations (21) and (24)
(using Eqs. (18)– (20), the diffusion parameters (22) and
(23), the temperature relaxation term (25), and the condi-
tions of Section 3.4). The predictions of the parabolic
WBM-model and its hyperbolic extension are compared
for the obtained results of concentration fields (Fig. 1), the
solute trapping by the solute segregation coefficient on
a diffuse interface (Fig. 2), the “velocity– temperature” re-
lationship (Fig.3), and the kinetic phase diagrams (Fig. 4).

5. Discussion

5.1. Concentration profiles

The change in the concentration profile (for atoms of As
considered as a solute in the Si-9 at.% As alloy) as the inter-
face velocity increases is shown in Fig. 1. It is seen that, as
the velocity increases, the width of concentration profile
of the present hyperbolic extension of the WBM-model
shrinks faster than the parabolic WBM-model. With the
higher interface velocity, the small “hill” of the concentra-
tion profile is localized within the diffuse interface of the
hyperbolic model (see profile at V ¼ 2:8 m s�1). Note that
the position of the solute diffusion profiles at a given veloc-
ity depends on the chosen interfacial width d. This depen-
dence could be a subject of future modeling.

5.2. Solute segregation

In the context of a diffuse-interface description, solute seg-
regation has been defined as the ratio of concentrations in
the solid and at the maximum of concentration profile
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[12]. This definition has been analyzed and revised (see dis-
cussion in Ref. [14]). In particular, it has been suggested to
take the ratio of concentrations at some distance from the
“center” of the diffuse interface, which belongs to the solid
and liquid phases from both sides of the interface. In the
present work, to evaluate numerically the solute segre-
gation coefficient (1), we take the definition kðVÞ ¼
ðCju¼0:001Þ=ðCju¼0:999Þ, which is consistent, in principle,
with the one given in Ref. [14]. Therefore, using the com-
puted concentrations, in Fig. 1, the solute segregation coef-
ficient is computed as a function of interface velocity V at
the values of u ¼ 0:001 for the solid and u ¼ 0:999 for the
liquid phase, which actually establish the boundaries of the
diffuse interface.

As is shown in Fig. 2, the parabolic WBM-model pre-
dicts a gradual increase of the non-equilibrium solute segre-
gation coefficient kðVÞ in the entire region of the interface
velocity V investigated. These results reproduce previous
predictions obtained by the WBM-type model [12, 14]. By
contrast, the hyperbolic model predicts a more abrupt
change to the complete solute trapping, kðVÞ � 1, at a fixed
interface velocity as is clearly seen in Fig. 2. This result is

qualitatively consistent with experimental findings [2, 15–
23], results of molecular dynamic simulations [24], and out-
comes from the hyperbolic extension of the continuum
growth model [25].

5.3. Temperature and interface velocity

The temperature T as a function of the interface velocity V
differs substantially between both models. The gradual
shrinking of the concentration profile and the gradual in-
crease in the solute trapping function predicted by the para-
bolic WBM-model (see Figs. 1 and 2) leads to a smooth and
gradual behavior of the TðVÞ-function (see upper curves in
Fig. 3). In contrast, the hyperbolic WBM-model predicts
non-monotonic behavior of the TðVÞ-function with a clear
minimum in temperature at some value of the velocity.
The minimum in the TðVÞ-function is consistent with the
drastic shrinking of the solute diffusion profile up to the
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Fig. 1. Concentration profiles for different interface velocities (indi-
cated as “V” with dimensionality “m s– 1”) and the phase-field profile.
Calculations were carried out for Si-9 at.% As alloy and the constant
interface width d = 1.2 · 10– 9 m.

Fig. 2. Non-equilibrium solute segregation coefficient k(V) for
Si-9 at.% As alloy. Results of the modeling are summarized for the
parabolic WBM-model, and its extension to the hyperbolic model, at
various interfacial widths d.

Fig. 3. Dependence of temperature in the computational domain on in-
terface velocity. Results for the parabolic WBM-model and its exten-
sion to the hyperbolic model are shown for various solid– liquid inter-
face widths d in solidifying Si-9 at.% As alloy.

Fig. 4. Kinetic phase diagram with the linear approximation of liq-
uidus and solidus lines for Si–As alloys derived from the hyperbolic
model. Solid lines represent equilibrium lines of the liquidus and
solidus. Dashed lines give kinetic liquidus and solidus. (a) Shift of the
kinetic liquidus and solidus from their equilibrium positions at the in-
terface velocity V = 0.4 (m s– 1). (b) Confluence of the kinetic liquidus
and solidus in one line as a result of the complete solute trapping and
diffusionless solidification. Computations are made for the interfacial
width from Table 2.
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characteristic length LD ¼ 2D½1� ðV2=VB
DÞ

2�=V compar-
able with the interface width: LD / d. Therefore, as pre-
dicted by the hyperbolic model (see the lower curves in
Fig. 3), one can distinguish between:
– the regime with increasing undercooling to surmount

the resistance of the developed solute atmosphere
around the interface. This regime exists from the smal-
lest interface velocity up to the interface velocity at
which the TðVÞ-function is at minimum,

– the regime in which the system and, especially, the in-
terface are heating up with a decrease in undercooling
due to the absence of developed solute diffusion profile.
This regime exists from the velocity giving the mini-
mum of the TðVÞ-function up to highest velocity giving
complete solute trapping.

5.4. Kinetic phase diagrams

Figure 4 exhibits kinetic phase diagrams of the rapid solidi-
fication of the alloy in the coordinates “interface tempera-
ture–concentration” constructed using modeling results of
the hyperbolic extension of the WBM-model. We found
that the actual interval of solidification, as a distance be-
tween lines of liquidus and solidus, shrinks with the in-
crease in interface velocity V . This is clearly seen by com-
paring the solid lines for the equilibrium state with V = 0
(m s�1) and the dashed lines for kinetic liquidus and solidus
lines for V = 0.4 (m s�1), shown in Fig. 4a. With a higher
interface velocity, V � 1.5 (m s�1), the kinetic liquidus
and solidus lines merge into one line, shown as a dashed
line in Fig. 4b. This result indicates the equality of the solid
and liquid concentrations on both sides of the diffuse inter-
face: in the modeling we found

Cju¼0:001 ¼ Cju¼0:999

� initial ðnominalÞ alloy composition with kðVÞ � 1:

This result can be recognized as one of the main character-
istics of complete solute trapping that accompanies diffu-
sionless solidification.

Note that using the parabolic system of phase-field equa-
tions one can find that kinetic liquidus and solidus lines
only gradually approach each other as the velocity V in-
creases (see, e. g., kinetic diagram in Fig. 4 of Ref. [13]).
Chemically partitionless solidification is also predicted pre-
viously using a sharp-interface model in which solute trans-
port has been described by the hyperbolic equation (see,
e. g., kinetic diagram in Fig. 4 of Ref. [33]).

6. Conclusions

The phase-field parabolic model of Wheeler, Boettinger
and McFadden (WBM-model) [9, 12] has been extended
to the case of local non-equilibrium solidification. Four ki-
netic parameters were appearing in the model as main char-
acteristics of local non-equilibrium effects. These are the
characteristic speeds of atomic diffusion and phase field
propagation within and around the moving diffuse solid–
liquid interface (see Table 1). The model is described by a
system of hyperbolic partial differential equations for the
atomic diffusion transport and diffuse interface advance-

ment. The present model is applied to the solute trapping
problem. Modeling results have been analyzed by consider-
ing solute concentration profiles, the solute segregation
coefficient, “temperature–velocity” relationships, and ki-
netic phase diagrams. A comparison with the predictions
of the parabolic WBM-model has shown that the present
hyperbolic extension of WBM-model predicts that com-
plete solute trapping and diffusionless solidification begin
at the fixed interface velocity. At this critical point, the al-
loy solidifies as a supersaturated solid solution with the in-
itial chemical composition. Finally, to compare modeling
predictions with experimental data, the model can be gener-
alized to the non-ideal solution and concentrated binary
system.
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Appendix

A. Free energy density for a dilute system

A dilute alloy approximation has been previously used in
the phase-field model adopted for the problem of solute
trapping [14]. Following this advancement, we give details
of derivation for the contributions from atoms to the free
energy density in the dilute system approximation. Using
approximation of an ideal solution of A and B atoms, the
free energy density in a bulk liquid is

fLðcA; cB; TÞ ¼
RT

vm
ðcA ln cA þ cB ln cBÞ ð29Þ

and the free energy density in a bulk solid is

fSðcA; cB; TÞ ¼
RT

vm
ðcA ln cA þ cB ln cBÞ

þRT

vm
ðcAFAðTÞ þ cBFBðTÞÞ ð30Þ

where vm is the molar volume taken to be the same in both
phases and FA and FB describe contributions from atoms
of A-sort and B-sort, respectively. Taking Eqs. (29) and
(30) into account, one can define chemical potentials for
both phases as

lLA ¼ qfL
qcA

¼ RT

vm
ð1þ ln cAÞ

lSA ¼ qfS
qcA

¼ RT

vm
ð1þ ln cAÞ þ

RT

vm
FAðTÞ

ð31Þ

lLB ¼ qfL
qcB

¼ RT

vm
ð1þ ln cBÞ

lSB ¼ qfS
qcB

¼ RT

vm
ð1þ ln cBÞ þ

RT

vm
FBðTÞ

ð32Þ

Phase diagram for equilibrium coexistence of phases is de-
fined by the equality of chemical potentials:

lLA ¼ lSA; lLB ¼ lSB ð33Þ

In equilibrium, the condition (33) and definitions (31) and
(32) give

1þ ln cLA ¼ 1þ ln cSA þ FAðTÞ ð34Þ

1þ ln cLB ¼ 1þ ln cSB þ FBðTÞ ð35Þ

Assuming A-atoms as solvent and B-atoms as a solute, then
from Eq. (35) and definition of equilibrium partition coeffi-
cient

ke ¼
cS
cL

ð36Þ

the contribution FBðTÞ to the free energy from B-atoms is
obtained as follows

ln
cSB
cLB

¼ �FBðTÞ; FB ¼ � ln ke ð37Þ

Using the total mass balance cA þ cB ¼ 1, from Eqs. (34)
and (36) one gets

FAðTÞ ¼ ln
cLA
cSA

¼ ln
1� cLB
1� kecLB

ð38Þ

Assuming the straight line for the liquidus TL ¼ TA þ mecLB,
one can find equilibrium connection between concentration
and temperature as cLB ¼ �ð1=meÞ ðTA � TÞ. Substituting
the latter expression into Eq. (38), finally, we obtain the
contribution FAðTÞ to the free energy from A-atoms:

FAðTÞ ¼ ln
1þ ð1=meÞ ðTA � TÞ
1þ ðke=meÞ ðTA � TÞ ð39Þ

The present derivation for contributions (37) and (39) can
be merely extended to the cases of non-ideal solutions.
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