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DISCONJUGACY OF A SECOND ORDER LINEAR DIFFERENTIAL
EQUATION AND PERIODIC SOLUTIONS

V. YA. DERR

ABSTRACT. The present paper is devoted to a new criterion for disconjugacy of a second order
linear differential equation. Unlike most of the classical sufficient conditions for disconjugacy,
our criterion does not involve assumptions on the smallness of the coefficients of the equation.
We compare our criterion with several known criteria for disconjugacy, for which we provide
detailed proofs, and discuss the applications of the property of disconjugacy to the problem
of factorization of linear ordinary differential operators, and to the proof of the generalized

Rolle’s theorem.

1. INTRODUCTION

A linear differential equation
1) (La)(t) = o" +p(t)a’ +q(t)r =0, T:=(a,b) C R,

having locally integrable coefficients p, ¢ : I — R, is called disconjugate on an interval J C [
(open or closed) if any of its solutions  # 0 can not have two zeros in J. The property
of disconjugacy became a subject of intense study in early 1950s (see, e.g., [I] — [13]), in
particular, due to the exceptional role that it plays in the qualitative theory of second order
linear differential equations. Traditionally (see, e.g., the literature cited above), most of the
sufficient conditions for disconjugacy, formulated for differential equation () written in the
form 2" + Q(t)x = 0 (or (P(t)z’) + Q(¢t)z = 0), include some kind of ‘smallness’ assumption
on the coefficient (). In the present paper (which also may serve as a brief introduction to the
theory of disconjugacy for second order linear differential equations) we obtain a new sufficient
condition for disconjugacy for a differential equation of the general form (), that does not
involve any assumptions on the smallness of the coefficients.

The paper is organized as follows. In Sections 2-4 we formulate and prove several known
criteria for disconjugacy, and discuss the applications of the property of disconjugacy to the
problem of factorization of linear ordinary differential operators, and to the proof of the gener-
alized Rolle’s theorem. Section 5 is devoted to our new criterion for disconjugacy.

2. PRELIMIARIES

2.1. Cauchy’s and Green’s functions.

Definition 1. A function C': I X [«a,t] = R is called Cauchy’s function of equation () if

(LC)(-,s) =0 for almost allt > s, C(s,s)=0, %21 (s eI.
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We note that Cauchy’s function always exists and is unique.

Definition 2. A function G : [a,b]?> — R is called Green’s function of boundary value problem
(2) (Lx)(t)=f(t) (tel), z(a)=0,2(b)=0 (a,bel),

provided that it satisfies the following conditions: 1) G is continuous on [a, b]?;
2) aca(;s) is absolutely continuous in the trianglesa < s <t <band a <t < s < b, and
OG(s+,s)  0G(s—,s)
ot ot

INLG)(-,8) =0 t#s;
4) G(a,s) =0, G(b,s) = 0.

If the boundary value problem (2)) has the unique solution x, then it has the unique Green’s

function, and x admits presentation

x(t) = /bG(t,s)f(s) ds.
Also, one has the following identity
oun-{ EHE -
C(t,a)C(b,s)
<

S

<t
s<b

)

NN

)

C(ba ot

which implies that if C(t,s) > 0, for a < s <t < b, then G(¢,s) < 0 for (¢,s) € (a,b).

2.2. Disconjugacy and Sturm theorems. We will need the following results due to Sturm:

Separation of zeros theorem and Comparison theorem (see, e.g., [14, p. 252], [I5l p. 81]).

Theorem 1 (Separation of zeros). Let a, b € I, suppose that z is a solution of equation (I
such that x(a) = x(b) = 0, x(t) # 0 for any t € (a,b). Then any other solution of (), linearly
independent with ., has only one zero in (a,b).

Proof. Suppose that y is a solution of equation () linearly independent with  and such that
y(t) # 0 on (a,b). Since y(a) # 0, y(b) # 0 (due to linear independence of z and y), y(t) # 0 on
[a, b]. Define h(t) :== —W (t)/y(t), where Wronskian W of {z,y} is continuous and nowhere zero
on [a,b]. Then h(t) # 0 on [a, b]. Without loss of generality h(t) > 0 on [a,b]. Since h = (z/y)’,
we have f; h(t)dt > 0 and, at the same time,

/bh(t)dtzﬂ—ﬂz)zo.

The latter implies that y(t*) = 0 at some ¢* € (a,b). If y(t.) = 0 at some ¢, # t*, then, as we

have already proved,  would have a zero in (a,b), which contradicts to our assumptions. [

=
~—~
~—

Let a € I, z be a solution of equation () such that z(a) = 0. A point p1(a) > a (p—(a) < a)
is called right (left) conjugate point of a if

2(pe(@) =0, () £0 i (a,p4(@) (in (p—(a),a).
If 2(t) # 0 on (a, B) (respectively, (o, a)), we define p1(a) =8 (p—(a) = a)
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Corollary 1. Suppose that p4(t) # B, p—(t) # « for allt € I. Then functions p+ are strictly
increasing. Furthermore, p4 (p—(t))= p—(p+(t))=1t (t € I), i.e., the functions ps+ are the
inverses of each other and map continuously any interval in I to an interval in I.

Proof. Let to > t1, x(t1) = y(t2) =0 (z and y are solutions of (). Suppose that pi(t2) <
p+(t1). The equality here, meaning that x(p4 (t2)) = y(p+(t1)) = 0, contradicts to the definition
of a conjugate point. Meanwhile, the strict inequality contradicts to Theorem [I] (since y would
have two zeros between two consecutive zeros of x.) Consequently, py(t2) > py(t1).

The proof for function p_ is similar. The proof of the second statement follows from the

definition of conjugate points and properties of strictly monotone functions. O

Remark 1. Note that if py(a) = 8 or p_(a) = « for a certain a, then functions pt might not

be monotone on interval I, but only on («,b) (or on (a, 3)), where

b=inf{t: py(t) = p} (a =sup{t: p_(t) = a}).
For instance, equation
" Asinht 1

_ = > = (=
(3) . Acoshi —1° +Acosht—1x 0 (422, I'=(-00,+))
has a solution 4 b oh
—cosha . sinh a
z(t) = Acosha — 1 sinht + Acosha — 1(COSht —4)

which satisfies 2:(a) = 0, 2’(a) = 1. Therefore, we obtain

t:
=0 oo it t>In L.

{ In A=S if —oco<it<lnd,
Analogously,
() = lnl‘i;Ae; if InA<b<+oo,
P8 = —0o if t<In A
The same situation holds for equation
2(2t —b) 4
(4) x”_t2+(t—b)2xl+t2+(t—b)

bt=b) . 1 b(t—b) - 1
{m it < 1b, _(t):{ (D) if > 1,

;=0 (b>0);

here t) =
=1 o t>1b; —oo if < 1.

Definition 3. We say that a differential equation (D) is disconjugate on an open interval J C I

if any of its non-trivial solutions has at most one zero in J. If the latter is the case, we say that

J is an interval of disconjugacy of equation ().

Thus, J is an interval of disconjugacy of equation () if and only if p4(a) ¢ J for any a € J.
It follows from the above representation of functions p4 that the intervals for disconjugacy

of equation (@) are

n
1— Ae®
while for equation the intervals for disconjugacy of equation () are

A—e® 1 1
[a,l 76),ifCL<1nZ; [a, +00), ifa}lnz,

b.

1 1
),lf(l<§b, [a,+00), 1fa>§
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Definition 4. We denote by T(J) the class of linear differential operators L such that the

corresponding homogeneous equation Lz = 0 is disconjugate on interval J C I.

Let (a,b) C I, suppose that a, — a+, b, — b— (a, — —o0, b, — 400 in the case
a=a=-00, b= =400). Then

5 T((a.b) = F_’ﬁ;([am ba]) = fjs((am ).

As follows from the definition of the property of disconjugacy and the definition of Cauchy’s
function, if equation () is disconjugate on interval J = [a,b) C I, then C(¢,s) > 0 in the
triangle @ < s < t < b. The disconjugacy of equation () on an interval [a,b] implies the
existence of the unique solution of problem (2]), so the Green’s function of this problem satisfies
G(t,s) <0 on (a,b)?.

Theorem 2 (Comparison theorem). Let
Liy=y"+p0)y +at)y=0, i=12  q)<q®) (Eel).
]f Ly € ‘I(J), then Ly € S(J)

Proof. Let Ly € %(J). Suppose that Ly ¢ T(J). Then there exist a solution z of equation
Lz = 0, and points a,b € J, a < b, z(a) = x(b) =0, x(t) > 0 (¢t € (a,b)). Let us define the
solution y of equation Loy = 0 by initial values y(a) = 0, y'(a) = 2'(a) (> 0). Since Ly € T(J),
then y(b) > 0. Let h := y —x. Then 0 = Loy — Lix = Loh — (@1 — ¢2)z, h(a) = 0,h'(a) = 0.
Also, note that h(b) > 0. Thus, function h is a solution to problem

(L2h)(t) = (q1(t) — g2(t))(t), h(a) = h'(a) =0,
h(t) = / Ca(t, 5)(q1(s) — q2(s))x(s) ds < 0,

since Cauchy’s functions Cs(t, s) of equation Loy = 0 is positive for all a < s <t < b, z(s) > 0,
(q1(s) — g2(s)) <0 for all a < s < ¢ < b. The inequality h(b) < 0 contradicts to the inequality
h(b) > 0 obtained previously, so Ly € T(J). O

2.3. Properties of class T(J).
Theorem 3. Let a, b € I. Then T((a,b)) = T((a,b]) = Z([a,b)).

Proof. Tt suffices to check inclusion T((a,b)) C T([a,b)), the rest follows by symmetry.

Let L € T((a,b)). Suppose that L ¢ T([a,b)). Then there exist a solution v of equation (I)
such that v(a) = v(c) =0 (a < ¢ < b), v(t) > 0 in (a,c) (note that v has at least two zeros in
[a,b), and at most one zero in (a,b)). By definition, ¢ = py(a) ((a = p—(c)). Let us choose
c1 € (e,b) so that v(t) < 01in (¢, ¢1). We put a; = p_(c1). According to Corollary[lla < a1 < c.
Let = be the corresponding solution of equation (@), i.e., z(c1) = x(a1) = 0, z(t) > 0 in
(a1,c1). Since L € Z([a1,c1]), there exists the unique solution y of equation () that satisfies
y(a1) = y(c1) = 1. We have y(t) > 0 on [a1,c;1] (as a continuous function taking the same
values at the endpoints of the interval, function y can have only even number of zeros, hence,

due to disconjugacy, none of them). We note that y is linearly independent with v and with z.



DISCONJUGACY OF SECOND ORDER LINEAR DIFFERENTIAL EQUATION 5

According to Theorem [Ml y has exactly one zero in both intervals (a,a;) and (¢, ¢1), that is, y

has two zeros in (a, b). The latter contradicts to disconjugacy of equation () on (a,b). (]

Theorem 4. 1. If there exists a solution of equation (1) that is nowhere zero on [a,b] C I
((a,b) C I), then L € T([a,b]) (L € Z((a,b))).

2. If L € ¥([a,b], [a,b] C I) (L € %([a,b)), [a,b) C I), then there exists a solution of
equation () that is nowhere zero on [a,b] ((a,b)).

Proof. 1. The statement follows immediately from Theorem [

2. Let J = [a,b], [a,b] C I. Let us determine solutions y;(t) and y2(¢) by initial conditions
y1(a) =0, yi(a) =1 and y2(b) =0, y4(b) = —1. Since L € Z([a, b]), one has y1 (¢t) > 0if ¢t € (a, b],
and yo(t) > 0 if ¢ € [a,b). The solution y; (t) + y2(t) is the one required. If L € ¥([a,b)), then
the required solution is y;. O

It is possible that there are no solutions preserving sign on [a,b). For instance, consider

2

d
L:—E+1e$([0 m)).

Then any solution of equation Lz = 0 has precisely one zero in [0, 7).

3. APPLICATIONS OF DISCONJUGACY

Below we prove two theorems which demonstrate the role of the property of disconjugacy in
the theory of differential equation (). These are the Factorization theorem (on representation
of a linear ordinary differential operator L as the product of linear differential operators of the
first order, see, e.g., [1],[3]) and the generalized Rolle’s Theorem (see, e.g., [I6 p. 63]).

Theorem 5 (Factorization theorem). Suppose J = [a,b] C I or J = (a,b) C I. One has
L € (J), if and only if there exist functions h;,i = 0,1,2 such that hj,h1 are absolutely
continuous, hy is summable on J, h;(t) > 0, ho(t)h1(t)ha(t) =1 on J, and
d d

(6) (Lx)(t) = hat )dthl( )dt ho(t)z(t) (t€J, ' is absolutely continuous on J).

Proof. Necessity. Let L € T(J). According to Theorem [4 there exists a solution y of equation
(@) such that y(¢) > 0 on J. Let u be a solution of equation () linearly independent with y and
such that w(t) := [y, u](t) > 0. Let us consider the following linear differential operator of the

second order
~ wdt y2dt x

Since functions y,u form a fundamental system of solutions of both equation (@) and equation
Lz = 0, the top coefﬁcient in L is equal to %%% =1, then Lz = Lz. These conditions are
satisfied if hg = =, h; = hy =

Sufficiency. Suppose that we have 1dent1ty (G). Then function y(t) := 4= (t) >0(ted)isa
solution of equation () satisfying the conditions of Theorem [l This implies that L € T(J). O

w 3

Theorem 6 (Generalized Rolle’s theorem). Let J = [a,b] C I or J = (a,b) C I, L € ZT(J).
Suppose that function w has absolutely continuous on J first derivative, and function Lu is
continuous. If there exist m (m > 2) geometrically distinct zeros of u in J, then Lu has at least

— 2 geometrically distinct zeros in J.
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Proof. According to Theorem [B] one has representation (@). Function hou has m geometrically
distinct zeros in J. By Rolle’s theorem both functions %hou and hlﬁhou have at least m — 1
geometrically distinct zeros in J. Again, by Rolle’s theorem function Lu has at least m — 2

geometrically distinct zeros in J. The proof is complete. O

4. CRITERIA FOR DISCONJUGACY

4.1. Basic criteria. Below we formulate some known criteria for disconjugacy based on The-
orems [2 and @l

Criterion 1. Let I = (—o0, +00), p(t) = p = const, q(t) = q = const. Then differential
equation () having constant coefficients p(t) = p, q(t) = q is disconjugate on I if and only if

the roots of its characteristic equation N> + pA +q = 0 are real.

t is a solution

Proof. Let v be a real root of the characteristic equation. Then function z(t) := e”
of equation (II) nowhere vanishing on I. According to the first statement of Theorem [, equation
([ is disconjugate on I.

Conversely, let ([Il) be disconjugate on I. Suppose that the characteristic equation has roots
v 4 §i,6 # 0. Then solution x(t) = € cos 6t of equation () has infinitely many zeros in I,

which contradicts to its disconjugacy on I. O

Let us consider equation

(7) "+ gx’ +q(t)z =0 (t€I:=(0,400)), wherep= const.

Criterion 2. Ifq(t) < %, then equation (@) is disconjugate on I := (0, +00).

2
Proof. Euler equation z + 22’ + (pé%)x = 0 is disconjugate on I by Theorem [ since it has

solution x(t) = "%, which is nowhere equal to zero on I (let us also take into account (@l)).

According to Theorem 2] equation (@) is also disconjugate on this interval. d
The next sufficient condition of disconjugacy is due to A.M. Lyapunov [12].
Criterion 3. Let p(t) =0, ¢(t) >0 and fabq(t)dt < 32 Then L € Z([a, b]).

Proof. Suppose that equation (I]) possesses a non-trivial solution y(¢) having two zeros in [a, b].

Since y can not have multiple roots, we may assume, without loss of generality, that

(8) y(a) = y(b) = 0.

Function gy, as a solution of boundary value problem (), (8]), satisfies the following integral

equation

b
(9) y(t) = / G(t, 5)q(s)y(s)ds,

where
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is Green’s function of equation y”" = 0 with boundary conditions (). It is immediate that for

t#s

(10) IG(t, s)| < W
Let 521[2;)52] ly(s)| = ly(t*)|.- Then @) and ([IQ)
b b
o)) = | [ G atslus)ds| < [ 16 ) s)lats)ds <

b — S)s—a S
| [ ==t

b—a [°
b —a s| < 1 /q(s)ds

(b—a)?
4
the conditions of the theorem. O

b—a (b
since (b —s)(s —a) < for s €[a,b]. Therefore, 1<Ta/ q(s)ds, which contradicts to

Corollary 2. If p(t) =0, and [’ q;(t)dt < 52, then L € T([a, b]).
Here q.(t) := q(t) if q(t) > 0, q4(t) := 0 if q(t) < 0.

Proof. As we have already proved, Ly := 5722 + ¢+ € %([a,b]). At the same time, since g(t) <
q+(t), one has L € T([a,b]). O

Remark 2. We note that the constant 4 is the formulation of Criterion [3lis sharp.

The latter follows from the next example. Suppose that function v is twice continuously
differentiable on [0, 1] and

1 1
()=t (0<t<;-0), v)=1-t if t>7+9,
,, . 1 1
v(t) >0, v'(t)<0 if 5—6<t<§+5.
Define
_’U”(t) X
o() = oy it e (0,1),

0, ift=0,t=1.

Clearly, ¢ is continuous, ¢(t) >0 on [0,1]; L:= ;—; + q(t) ¢ %([0,1]), since equation Ly = 0 has
solution y = v(t) which has two zeros in [0, 1]. However,

! v / v 2 v /
_ = J— + - 2 — ,
v v v v

3+6 A

s 1-26

so the value of integral

1 1448 N ’
/ Q(t)dtz—/2 (”—) dt = — 2~
0 15 \V v

can be made arbitrarily close to 4 by choosing sufficiently small 6.

1
2
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4.2. Semi-effective criteria. Criteriondlis an example of a non-effective criterion of discon-
jugacy, i.e., a criterion formulated in terms of solutions of equation (IJ) rather than in terms of
the coefficients of this equation.

Let us now formulate a necessary and sufficient condition of disconjugacy of equation ()
belonging to Valle-Poussin [2]; this criterion may be called semi-effective [10], i.e., it is effective
as a necessary condition, but non-effective as a sufficient condition. Although this criterion is
not expressed in terms of the coefficients of equation (), it can be used to obtain sufficient

conditions of disconjugacy formulated in terms of the coefficients.

Theorem 7. Let [a,b] C I. One has L € %([a,b]) if and only if there exists function v having

first derivative absolutely continuous on [a,b] and such that
(11) v(t) >0 (a<t<b), Lv <0 a.e onla,b].

Proof. Necessity follows from Theorem [l Let us show that the conditions of the theorem are
sufficient. In the case v(a) = 0 let us put v(¢t) = v(t) + eu(t), where € > 0, and u(t) is the
solution of equation () with initial conditions u(a) = 1, u/(a) = 0. For ¢ sufficiently small we
have v(t) > 0 on [a, b]. Hence we may assume, without loss of generality, that v(¢) > 0 on [a, b].

Let us consider equation

V" + pU/
—Z

(12) Mz := 2" + px’ — =0.

According to Theorem @l M € %([a,b]) (since equation (I2)) has solution v positive on [a, b]).
By our assumptions v (t) + p(t)v'(t) + q(t)v(t) < 0, i.e., —% > q(t), a.e. on [a,b)].

The statement of the theorem now follows from Theorem (I
The proof of the next statement follows the same argument.

Theorem 8. If there exists function v having first derivative absolutely continuous on [a,b)

ans such that
(13) v(t) >0 (a<t<b), Lv<0 ae on (ab),
then L € Z([a,b)).

4.3. Effective criteria. By choosing a particular ‘test’ function v, one can obtain an effective

criterion for disconjugacy.
Criterion 4. If q(t) <0 on[a,b] C I (or on (a,b) C I), then L € Z([a,b]) (resp., L € T((a,b))) .
Proof. We put v(t) =1 and then use Theorem [1 (Theorem [S]). O

Criterion 5. Suppose that p(t) = O(t —a) if t — a+, p(t) = O(b—1t) if t — b— (in particular,
p(H) =0). If

v w(t —a) 2
t t < —,
o cot ———=p(t) +q(t) CEE
then L € ([a,b)).
Proof. Let us choose v(t) = sin % and then use Theorems [§ and O
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Criterion 6. Suppose that we have inequality

b+a (b—t)(t — a)

(14) pol |5 - 1) =D <o
or inequality
(15) b= aessup Ip(t)] + (b—a)? essup |q(t)] < 1.
te(a,b) te(a,b)
Then L € T([a,b)).
Proof. Indeed, we take v(t) = W and then refer to Theorems Bl and [8 (]

Let us note that inequality ([I5) implies inequality (). Let P(t,\) := A% + p(t)\ + q(t) be

the ‘characteristic’ polynomial.

Criterion 7. If there exists v € R such that P(t,v) <0 (t € (—00,+0)), then equation (1)

is disconjugate on (—00, +00).

Proof. One has v(t) := e** > 0 and (Lv)(t) = ' P(t,v) < 0 on (—00,400). The rest follows
from Theorem [7] O

Let us now formulate criteria that can be obtained from Theorem [0 (Theorem [R]) using a
‘test’ function depending on coefficients of equation ().

1°. Let us consider equation
(16) Lz :=a"+ P2’ +Qz =0

having constant coefficients P and @, in assumption that it is disconjugate on [a,b). Let v be
the solution of boundary value problem Lv = —1, w(a) = v(b) = 0, let C(t, s) be Cauchy’s
function of equation (I6). Then

Ct,s) >0 (a<s<t<b) and v(t)—/bM(t,s)ds>0 (t € (a,b)),

where
Cl.Y) Clsa) o ocic,
M(t,s) =4 ~ Cba) >0, (ts)e ((a,b) % (a,b)).
O(taa) ! C(b,S)
= a<t<s<b
C(b,a)

Since (Lv)(t) = =1+ (p(t) — P)v'(t) + (q(t) — Q)v(t), inequality (Lv)(t) < 0 is satisfied if
b b
(17) (p(t) - P) / % ds + (q(t) — Q) / M(t,s)ds)ds <1, te€ (a,b).

a
As a result, we get the following statement.

Criterion 8. If (I7), then (1) is disconjugate on [a,b).

The special choice of coefficients P and ) can lead to criteria for disconjugacy that are more

subtle than the ones formulated above.
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2°. Consider the particular case @ = 0. We have
(1 _ efP(bft))(l _ efP(sfa))

T (<0

M(t,s) = Pt —Pb—

(1 —e P(t a))(l —e P(b s))
P — e Poa) (s >1).

It is immediate that

o(t) = (1—ePED)(t —a— L(1— e Pl-2)) N
B P(1 — e P=a))
(L—e P N0t = 31— P0) 200 — (1 —e ")
P(1 — e~ Plb-a)) T P(l+ePEY)

P ((b _ t)efP(tfa) _ (t _ a)efP(bft)) + e—P(—t) _ ,—P(t—a)
’U/(t) = )
P (1 _ e—P(b—a))

|P(b—a) + e Pl-a) 1|

!/
|U (t)| g P(l _ e—P(b—a))

Since condition Lv < 0 is now equivalent to inequality (p(t) — P)v'(t) + q(t)v(t) < 1, we get

the following criterion.

Criterion 9. If

2(45 — (1 —e P

(b—a)+e Pl-a) 1 +
P(1+ e P%3%))

()P = ot

<1

(a <t <b), then equation (1) is disconjugate on [a,b).

3°. If we take, instead of auxiliary equation (IT), equation Lz =2 + p(t)z’ = 0, and take
as v the solution of problem Lv = —1, w(a) = v(b) = 0, we obtain the following criterion.

Criterion 10. If ¢(t) f; M(t,s)ds <1, te (a,b), where

ftb e— JE P du gy . fas e J7 p(w) du g s
fb e= J7p() du gy
f; e [T P du gy . fsb o= I p() dp gy

f: e= TP dp gy

(s <),

M(t,s) =

(t < S)a

then equation () is disconjugate on [a,b).

5. A NEW CRITERION FOR DISCONJUGACY

1. In what follows, we derive a second order criterion for disconjugacy on the whole real axis

R. Let us consider differential equation
(18) Lz :=a"+pz' +qz =0

having constant coefficients p and ¢q. As was shown before (see Criterion [I), disconjugacy of
equation (I8) on R is equivalent to inequality p* — 4q > 0.
We associate to equation (I8]) a point £ = (p,q) in the (p, ¢)-plane II. Let

N:={(p,q) :p°—4¢ 20}, O:=R*\N,  Ms(y):={(p,q) : ¢ <" £7p}.
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Then according to Criterion [I]
L e%((~o0, +00)) <= L € M.
Let us now consider differential equation
(19) Lz :=z2" + p(t)’ +q(t)z =0

with locally integrable coefficients on (—oo, +00). Every equation of form (I9) gives rise to a
‘curve’ G = {t : (p(t),q(t))} in plane II (we use quotation marks since this curve is determined

up to a set of measure zero), more precisely, it determines a motion DGy, along this curve.

Now, the inclusion G, C 91 is neither necessary nor sufficient for the disconjugacy of equation
(@) on R : for instance, equation x” — %x’ + %x = 0, despite the above inclusion, possesses a
2

solution u(t) = e sin %, which has two zeros on each interval [2km, 2(k + 1)7] (k € Z), i.e.,
this equation is not disconjugate. At the same time, equation

21

' +t'+ =+ )z=0
4 2
2

having solution u(t) = e=T > 0 (t € R), is disconjugate on R by Theorem B, however G, C O.
The same is true for a more general equation

2(t) 1
PO w)e=0. Fw>o e

(20) 4 p(t)e + (

t
-3 / p(s)d

it has a solution x = e Jo > 0, t € R. Another example confirming that G, C D is
neither necessary nor sufficient for disconjugacy is given by equation

sin ¢
i
2+sint
which is disconjugate on R by Theorem [§ but G, N # @, G (O # @.

Nevertheless, we have the following result.

(21) 2 +

)

Theorem 9. Suppose that one of the following conditions is satisfied:
1) We have p(t) = p = const, G, C N.
2) G, CN, Gy, is a line or line segment.
3) We have G, C M4 () (respectively, G, C M_()) for a certain v = 0.
4) The function p is differentiable, p'(t) = 0 (p/(t) < 0) on R, and G, C M.
5) The function p is differentiable, p'(t) =0 (p/(t) <0) on R, and

o) <P Ly (g <20 L),

6) Suppose that function r : R — R is continuous, function p is differentiable and one of the

/

following conditions is satisfied:

(22) pt)=2r(t) (p'(t) < -2r(t) (t €R)

(23) pP(t) —4p'(t) +r(t) O (p*(t) +4p'(t) +r(t) < 0) (t €R)
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and also q(t) < @ +r(t) (t € R).
Then equation (I9) is disconjugate on R.

Proof. 1) Let us define v(t) := e~ 2" > 0. Then (Lv)(t) = e~ 2! (q(t) — 1p?) < 0 (t € R). We
now apply Theorem [§] to complete the proof.

2) The equation of such a line is either ¢(t) = ¢ = const < 0 for any p(t), or p = p(¢t),
q=—7>+kp(t), where |k| <~ (v > 0) (if K = £~ then the line is tangent to the parabola
q = 1p?). In the first case the disconjugacy of equation (IJ) on R follows from Theorem[2l In the
second case the function v(t) := e > 0 (t € R) satisfies condition (Lv)(t) = e ¥ (k?* —4?) <
0 (t € R). Theorem B now concludes the proof.

3) We put v(t) := e 7" (accordingly, v(t) := €7') and use Theorems [2 and éﬂ

4) Let p/'(t) > 0, Loz := 2" + p(t)a’ + @x. We put v(t) := exp (—%/ p(s) ds) . Then
v(t) >0, and ’

t
1 7%/ p(s)ds
(L2v)(t) = _§p/(t) e J0 <0, teR.

It follows that equation Loz = 0 is disconjugate on real line. The disconjugacy of equation (I9])
now follows from Theorem

If p’(t) < 0 then we put y(¢) = 2(—t) and obtain equation y” — p(t)y’ 4+ ¢(t)y = 0 of the form
considered above.

5) Suppose that p’(t) >0. Then equation (20) has solution

v(t)=exp (—%/Otp(S)dS) > 0,

hence it is disconjugate on R. Again, the disconjugacy of equation (I9) now follows from
Theorem 2l In the case p/(t) <0 we follow the same argument as in the previous paragraph.
6) Suppose that the first inequality (22)) is satisfied. Let us consider the differential operator

(24) Low == 2" +p(t)z' + (@ + r(t)) .

t
We put v(t) := exp (—%/ p(s) ds) . Then v(t) > 0 and
0

(Law)(t) = (—%p/(t) + r(t)) e%/o PO 0 teRr

Consequently, Ly € T((—o0, +00)). The disconjugacy of (I9) now follows from Theorem
If the second inequality (22)) holds, we put y(t) := x(—t) thus obtaining an equation

y" —pt)y +q(t)y =0,
and a differential operator

2
Loy :=y" —p(t)y' + (1?7@ + T(t)) Y,

for which we put v(t) := e2JoP(*)ds The rest of the argument is the same as above.
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Suppose that the first inequality (23) holds. We define v(t) := e~ Jo ()45 (> 0). Then

2 -1 p(s)ds
(Lav)(t) = <p2(t) - %p/(t) —p*(t) + pT(t) + T(t)) e /0 ’ <0, teR

Therefore, we have Ly € T((—o00, +00)), so it suffices to apply Theorem [2lto complete the proof.
In the case the second inequality (23) is satisfied, the argument is the same as above. g

We note that inequality (23 is satisfied (in fact, as an identity), e.g., in the case when
R (1 — 026%)

r(t) = —R?, t) = -
(t PO = —

Then equation Lox = 0 has solution
t R (1 — C2€%>
z(t)y=e Jo 1+c’e> > 0.
2. Finally, let us consider equation
(25) Lz :=2" +pt)r + q(t)x =0 (t € (a,+00))

with coefficients continuous on (a, +00). The substitution ¢ — a + ? transforms equation (ZI))
into equation

(26) Lr:=2" +pla+t3)2 +qla+t)z =0 (t€ (—o0,+0)).

Now, the disconjugacy of equation (20) on R is equivalent to the disconjugacy of equation (2I])
on (a,+00). Hence, by applying the criteria for disconjugacy for equation ([20) derived in the

previous sections, we obtain the respective criteria for disconjugacy of equation ([ZI]) on (a, +0).

3. We now apply Theorem [0 to the problem of existence of periodic solutions of equation
@9 (cf. [17]-[20])
The absence of a non-trivial periodic solution of a linear homogeneous equation of second

order is equivalent to the existence of unique solution to periodic boundary value problem

(27) (Lz)(t) »= 2" + p(t)’ + q(t)z = f(1),
(p(t+T) =p(t), ¢t +T) = q(t), F(t+T) = [f(t), T >0),
(28) z(a) =x(a+T), 2'(a)=2"(a+T)

for all @ € R and any right-hand side f.

N.N. Yuberev was the first who observed the relationship between the existence of unique
solution to the boundary value problem (21, (28), and the disconjugacy of equation Lz = 0 on
interval [a,a + T] for any a € R (see [2I], 22]). The next theorem can be easily derived from
[211, 22]. We give a new proof of this result.

Theorem 10. Let q(t) # 0, q(t) > 0 (q(t) < 0), t € R,. Suppose that functions p,q
are integrable and T -periodic, and equation Lxr = 0 is disconjugate on R. Then the boundary
value problem (27), (28) is uniquely solvable for any right-hand side f or, equivalently, the
homogeneous equation Lx = 0 does not have non-trivial T-periodic solutions.
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We note that the conditions of Theorem [I0 are more restrictive than the conditions of
Yuberev-Tonkov-Hohryakov theorem, since the disconjugacy of the second order linear differ-
ential equation on R implies its disconjugacy on any interval [a,a + T, while the converse is
not true. However, the conditions of Theorem [[0 can be verified easily, which justifies these
restrictions.

We note also that the condition of the constant sign for the coeflicient ¢ can not be omitted.
For instance, equation (ZI) having 2m-periodic coefficients is disconjugate on R (the latter
follows from Theorem [ if we put v(t) =2 +sin t > 0 (¢t € R)), however it has a 2m-periodic
solution u(t) = v(t) = 2 + sin t.

Proof of Theorem[Ill. Let us suppose that equation Lz = 0 has a T-periodic solution u. Since
this solution can not have zeros due to the disconjugacy of the latter equation, we may assume
without loss of generality that u(t) > 0 (t € R). Let {tx}72,, 0 <1 < t2 < ... be the sequence
of points of global minima of function u, let m := u(t;) > 0. We note that on each interval of
length T there can be only finitely many of such points, as follows from the finiteness of the total
variation of function u being a continuously differentiable function. We define z(t) := u(t) — m.
Then

(29) zt) 20 (teR), z(tx)=0, k=12,...

(Lz)(t) = (Lu)(t) — mq(t)) = —mg(t) and function z, being a solution of boundary value
problem

(30) (Lz)(t) = =mq(t), t € [tr,tn], uts) =0, u(tn) =0

has presentation (we assume that n > 1 is sufficiently large, so that between each two points
t1 and ¢, on distinct period intervals there would exist at least one point ¢ € (t1,15))

tn

(1) = m/(—Gn(t,s))q(s) ds>0 (<0) (t€ (b)),

where G, is the Green function of problem (B0). As is well known (see, e.g., [I0]) G, (t,s) <0
for (t,s) € (t1,tn)?. The inequality z(t) > 0 (z(t) < 0) for t € (t1,t,) contradicts to Z9). This
completes the proof. O

Theorems [ and [0 now give us the following result.

Corollary 3. Suppose that q(t) # 0, q(t) > 0 (q(t) < 0), t € R, where p,q are locally
integrable T-periodic functions, and equation Lz = 0 satisfies one of conditions 1) — 6) of
Theorem [ Then the homogeneous equation Lx = 0 does not have non-trivial T-periodic

solutions.
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