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Ïðåäèñëîâèå

Â îáùåì êóðñå ôóíêöèîíàëüíîãî àíàëèçà, êîòîðûé ÷èòàåòñÿ ñòó-
äåíòàì ìàòåìàòè÷åñêîãî ôàêóëüòåòà, âñåãäà íå äîñòàåò âðåìåíè íà
èçó÷åíèå íåêîòîðûõ ñïåöèôè÷åñêèõ ðàçäåëîâ, êîòîðûå ÿâëÿþòñÿ íåîòú-
åìëåìîé ÷àñòüþ ôóíêöèîíàëüíîãî àíàëèçà (ìàòðè÷íîå è ñïåêòðàëü-
íîå ïðåäñòàâëåíèå îïåðàòîðîâ, íåîãðàíè÷åííûå ëèíåéíûå îïåðàòîðû,
òåîðèÿ ðàñøèðåíèÿ ñèììåòðè÷åñêèõ îïåðàòîðîâ è ò. ï.). Âñå óñèëèÿ
íàïðàâëåíû íà òî, ÷òîáû ñêîëüêî-íèáóäü ïîäðîáíî èçó÷èòü îáùèå âî-
ïðîñû. Èçó÷àåòñÿ â îñíîâíîì òîëüêî òåîðèÿ ëèíåéíûõ îïåðàòîðîâ â
áàíàõîâûõ ïðîñòðàíñòâàõ. Ìåæäó òåì íåêîòîðûå èç îòìå÷åííûõ âû-
øå òåì ïðåäñòàâëÿþò çíà÷èòåëüíûé èíòåðåñ äëÿ òåîðèè è ïðèëîæå-
íèé ôóíêöèîíàëüíîãî àíàëèçà ê äðóãèì íàó÷íûì äèñöèïëèíàì, äëÿ
äàëüíåéøåé íàó÷íîé ðàáîòû ñòóäåíòîâ â ìàãèñòðàòóðå è àñïèðàíòóðå.
Äëÿ âîñïîëíåíèÿ óêàçàííûõ ïðîáåëîâ ñòóäåíòàì-ìàòåìàòèêàì ÷èòà-
åòñÿ ñïåöèàëüíûé êóðñ ¾Òåîðèÿ ëèíåéíûõ îïåðàòîðîâ â ãèëüáåðòîâûõ
ïðîñòðàíñòâàõ¿. Ïðåäëàãàåìîå âíèìàíèþ ÷èòàòåëåé ó÷åáíîå ïîñîáèå
äîëæíî ïîìî÷ü ýòèì ñòóäåíòàì óñâîèòü íàçâàííûé ñïåöêóðñ.

Äàííîå ïîñîáèå ïî ñâîåìó ñîäåðæàíèþ ÿâëÿåòñÿ ïðîäîëæåíèåì
êíèã [11; 13; 14], ïðàêòè÷åñêè íå ïåðåñåêàåòñÿ ñ íèìè, îäíàêî â íåì
èñïîëüçóåòñÿ òåðìèíîëîãèÿ è îáîçíà÷åíèÿ ýòèõ êíèã áåç äîïîëíèòåëü-
íûõ ññûëîê. Ïåðåä åãî ÷òåíèåì íàäî âñïîìíèòü ìíîãèå ðàçäåëû èç [13;
14], â îñîáåííîñòè ðàçäåë ¾Ãèëüáåðòîâû ïðîñòðàíñòâà¿, òåìû ¾Ñîïðÿ-
æåííûé îïåðàòîð¿ , ¾Ñîïðÿæåííîå ïðîñòðàíñòâî¿ , ¾Âïîëíå íåïðå-
ðûâíûå îïåðàòîðû¿, ¾Ñïåêòð ëèíåéíîãî îïåðàòîðà¿ è íåêîòîðûå äðó-
ãèå ðàçäåëû.

Åñëè óêàçàííûå âûøå êíèãè ÿâëÿþòñÿ îäíîâðåìåííî êóðñîì ëåê-
öèé, çàäà÷íèêîì è ðåøåáíèêîì, òî íàñòîÿùåå ó÷åáíîå ïîñîáèå ñîäåð-
æèò òîëüêî òåîðåòè÷åñêèé ìàòåðèàë, òàê êàê ïðàêòè÷åñêèå çàíÿòèÿ
ïî äàííîìó ñïåöêóðñó íå ïðåäóñìîòðåíû. Îäíàêî, â êíèãó âêëþ÷åíû
è íåêîòîðûå âîïðîñû, êîòîðûå îïóáëèêîâàíû òîëüêî â ïåðèîäè÷åñêèõ
èçäàíèÿõ. Ìíîãî â íåé òàêæå ìàòåðèàëà äëÿ êóðñîâûõ è âûïóñêíûõ
êâàëèôèêàöèîííûõ ðàáîò, à òàêæå ìàãèñòåðñêèõ äèññåðòàöèé.
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1. Ëèíåéíûå îïåðàòîðû
Ãèëüáåðòà�Øìèäòà

1.1. Ìàòðè÷íîå ïðåäñòàâëåíèå ëèíåéíîãî îãðàíè÷åííîãî
îïåðàòîðà â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Ïóñòü
H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî è {ek}∞k=1 � ïîëíàÿ ÎÍÑ
(áàçèñ) â íåì. Ðàññìîòðèì âñþäó îïðåäåëåííûé â H ëèíåéíûé îãðà-
íè÷åííûé îïåðàòîð A: A ∈ L(H), D(A) = H. Îáîçíà÷èì ÷åðåç gk

îáðàçû ek (k = 1, 2, ...): gk
.= Aek; íàéäåì êîýôôèöèåíòû Ôóðüå ajk

ýëåìåíòîâ gk:

ajk
.= (gk, ej) = (Aek, ej), j, k = 1, 2, ...

Êàê èçâåñòíî, ïðè ýòîì ñõîäÿòñÿ ðÿäû
∞∑

j=1

|ajk|2
(
= ‖gk‖2

)
, k = 1, 2, ... (1.1)

(ðàâåíñòâî Ïàðñåâàëÿ�Ñòåêëîâà [13, c. 90]). Òàêèì îáðàçîì, îïåðàòîð
A ïîðîæäàåò áåñêîíå÷íóþ ìàòðèöó

A = (ajk)∞j,k=1 =




a11 a12 a13 . . .

a21 a22 a23 . . .

a31 a32 a33 . . .

. . . . . . . . . . . .


 . (1.2)

Òàê êàê

ajk = (Aek, ej) = (ek, A∗ej) = (A∗ej , ek) = a∗kj ,

ãäå a∗jk � ýëåìåíòû ìàòðèöû A∗, ñîîòâåòñòâóþùåé ñîïðÿæåííîìó îïå-
ðàòîðó A∗, òî ñõîäÿòñÿ ðÿäû

∞∑

k=1

|ajk|2, j = 1, 2, ... (1.3)

Èòàê, âñÿêèé ëèíåéíûé îãðàíè÷åííûé îïåðàòîð â ñåïàðàáåëüíîì ãèëü-
áåðòîâîì ïðîñòðàíñòâå ïîðîæäàåò áåñêîíå÷íóþ ìàòðèöó (1.2), ïðè÷åì
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âûïîëíÿþòñÿ óñëîâèÿ (1.1) è (1.3). Ñòîëáöû ýòîé ìàòðèöû ïðåäñòàâ-
ëÿþò ñîáîé ñòîëáöû êîýôôèöèåíòîâ Ôóðüå îáðàçîâ Aek. Ñàì îïåðà-
òîð A ìîæíî âîññòàíîâèòü ïî åãî ìàòðèöå ñëåäóþùèì îáðàçîì.

Ïóñòü x ∈ H; ðàçëîæèì åãî â ðÿä Ôóðüå ïî èñõîäíîé ÎÍÑ:
x =

∞∑
k=1

xkek, xk = (x, ek); ïðè ýòîì
∞∑

k=1

|xk|2 = ‖x‖2. Òàê êàê îïåðàòîð

A íåïðåðûâåí, òî Ax =
∞∑

k=1

xkAek, à â ñèëó íåïðåðûâíîñòè ñêàëÿðíîãî
ïðîèçâåäåíèÿ

(Ax, ej) =
∞∑

k=1

xk(Aek, ej) =
∞∑

k=1

ajkxk
.= yj ;

yj � êîýôôèöèåíòû Ôóðüå ýëåìåíòà Ax. Cëåäîâàòåëüíî,

Ax =
∞∑

j=1

yjej , ãäå yj =
∞∑

k=1

ajkxk. (1.4)

Ðàâåíñòâà (1.4) ïðåäñòàâëÿþò ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ÷å-
ðåç åãî ìàòðèöó (1.2).

Ìîæíî äîêàçàòü è îáðàòíîå óòâåðæäåíèå åñëè ëèíåéíûé îïåðàòîð
A : H → H äîïóñêàåò ïðåäñòàâëåíèå (1.4), ïðè÷åì âûïîëíåíû óñëî-
âèÿ (1.1) è (1.3), òî îí îãðàíè÷åí.

Ïðåäñòàâëåíèå (1.4) âûãëÿäèò òî÷íî òàê æå, êàê è ïðåäñòàâëå-
íèå ëèíåéíîãî îïåðàòîðà â êîíå÷íîìåðíîì ïðîñòðàíñòâå. Òî÷íî òàê
æå, êàê è â êîíå÷íîìåðíîì ïðîñòðàíñòâå, âûãëÿäèò è ñâÿçü ìåæäó
ìàòðèöåé ñóììû è ïðîèçâåäåíèÿ äâóõ îïåðàòîðîâ. Åñëè ëèíåéíûì
îãðàíè÷åííûì îïåðàòîðàì A è B ñîîòâåòñòâóþò ìàòðèöû (ajk)∞j,k=1 è
(bjk)∞j,k=1. Òîãäà èõ ïðîèçâåäåíèþ AB ñîîòâåòñòâóåò ìàòðèöà (cjk)∞j,k=1,

ãäå cjk =
∞∑

i=1

ajibik.
1.2. Àáñîëþòíàÿ íîðìà îïåðàòîðà. Ïóñòü H � ñåïàðàáåëüíîå

ãèëüáåðòîâî ïðîñòðàíñòâî, A ∈ L(H), D(A) = H, {fk}∞k=1 è {ek}∞k=1 �
äâå ïîëíûå ÎÍÑ. Ðàññìîòðèì äâîéíîé ðÿä

∞∑

j,k=1

|(Afk, ej)|2 (1.5)

(áûòü ìîæåò è ðàñõîäÿùèéñÿ). Òàê êàê ñêàëÿðíûå ïðîèçâåäåíèÿ (Afk, ej)
ïðåäñòàâëÿþò ñîáîé êîýôôèöèåíòû Ôóðüå ýëåìåíòîâ Afk ïî ñèñòåìå
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{ek}∞k=1, òî ïðèìåíÿÿ äëÿ âñåõ k = 1, 2, ... ðàâåíñòâî Ïàðñåâàëÿ � Ñòåê-
ëîâà, ïðèäåì ê ðàâåíñòâó

∞∑

j,k=1

|(Afk, ej)|2 =
∞∑

k=1

‖Afk‖2. (1.6)

Îäíàêî, (Afk, ej) = (fk, A∗ej) = (A∗ej , fk), ïîýòîìó ñïðàâåäëèâî òàê-
æå ðàâåíñòâî

∞∑

j,k=1

|(Afk, ej)|2 =
∞∑

j=1

‖A∗ej‖2 (1.7)

Ñîïîñòàâëÿÿ ðàâåíñòâà (1.6) è (1.7), ïðèõîäèì ê âûâîäó, ÷òî ñóììà
ðÿäà (1.5) íå çàâèñèò îò âûáðàííûõ ñèñòåì, à çàâèñèò òîëüêî îò ñàìîãî
îïåðàòîðà A.

Âçÿâ fk = ek, k = 1, 2, ..., íàçîâåì àáñîëþòíîé íîðìîé îïåðàòîðà
A âûðàæåíèå

N(A) .=

√√√√
∞∑

j,k=1

|(Aek, ej)|2 =

√√√√
∞∑

j,k=1

|ajk|2 (1.8)

Èç ðàâåíñòâ (1.6) è (1.7), âèäèì, ÷òî N(A∗) = N(A), à òàê êàê
‖f1‖ = 1, òî èç (1.6) ñëåäóåò ‖Af1‖ 6 N(A) = N(A) · ‖f1‖, ò. å.
‖A‖ 6 N(A).

Óïðàæíåíèå 1.1. Äîêàæèòå, ÷òî àáñîëþòíàÿ íîðìà N(A) óäîâëå-
òâîðÿåò àêñèîìàì íîðìû.

Òåîðåìà 1.1. Ïóñòü H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàí-
ñòâî, A ∈ L(H), D(A) = H. Åñëè N(A) < +∞, òî îïåðàòîð A âïîëíå
íåïðåðûâåí.

Äîêàçàòåëüñòâî. Ïóñòü {ek}∞k=1 � ïîëíàÿ ÎÍÑ âH. Ñîãëàñíî îïðå-
äåëåíèþ àáñîëþòíîé íîðìû è ðàâåíñòâó (1.7)

(N(A))2 =
∞∑

k=1

‖A∗ek‖2.

Ñõîäèìîñòü ðÿäà â ïðàâîé ÷àñòè îçíà÷àåò, ÷òî äëÿ ëþáîãî íàòóðàëü-
íîãî n íàéäåòñÿ òàêîå íàòóðàëüíîå Nn ÷òî

∞∑

k=Nn+1

‖A∗ek‖2 <
1
n2

. (1.9)
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Äëÿ ëþáîãî x ∈ H Ax =
∞∑

k=1

(Ax, ek)ek (ðàçëîæåíèå Ax â ðÿä

Ôóðüå). Ââåäåì îïåðàòîðû Anx =
Nn∑
k=1

(Ax, ek)ek, n = 1, 2, ... Òàê êàê

R(An) = 〈{ek}Nn

k=1〉, n = 1, 2, ... êîíå÷íîìåðíû, òî îïåðàòîðû An

âïîëíå íåïðåðûâíû.
Ïóñòü x ïðîáåãàåò åäèíè÷íûé øàð BH[0, 1]. Ïðèìåíèâ òåîðåìó Ïè-

ôàãîðà [13, c.c. 85, 95] è íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî [13, c. 81],
ïîñëåäîâàòåëüíî ïîëó÷èì

‖Ax−Anx‖2 = ‖
∞∑

Nn+1

(Ax, ek)ek‖2 =
∞∑

Nn+1

|(Ax, ek)|2 =

=
∞∑

Nn+1

|(x,A∗ek)|2 6 ‖x‖2
∞∑

Nn+1

‖A∗ek‖2 <
1
n2

→ 0,

òî åñòü An ⇒ A. Â ñèëó ñëåäñòâèÿ 3.2 èç [14, c. 87] îïåðàòîð A âïîëíå
íåïðåðûâåí.

1.3. Îïåðàòîð Ãèëüáåðòà� Øìèäòà. Ïóñòü H = L2(R), ÿäðî
K : R2 → C îáëàäàåò ñâîéñòâîì

+∞∫∫

−∞
|K(t, s)|2dtds

.= K < +∞. (1.10)

ßäðî, îáëàäàþùåå òàêèì ñâîéñòâîì íàçûâàåòñÿ ÿäðîì Ãèëüáåðòà �
Øìèäòà. Ðàññìîòðèì ëèíåéíûé èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì Ãèëü-
áåðòà � Øìèäòà

(Ax)(t) =

+∞∫

−∞
K(t, s)x(s)ds. (1.11)

Îïåðàòîð (1.11) íàçûâàåòñÿ èíòåãðàëüíûì îïåðàòîðîì Ãèëüáåðòà �
Øìèäòà.

Ïîêàæåì, ÷òî óñëîâèå (1.10) îáåñïå÷èâàåò äåéñòâèå îïåðàòîðà â
ïðîñòðàíñòâå L2(R). Ïóñòü x ∈ L2(R). Òîãäà, ïðèìåíèâ íåðàâåíñòâî
Ãåëüäåðà (p=2), ïîëó÷èì
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+∞∫

−∞
|(Ax)(t)|2dt =

+∞∫

−∞

∣∣∣∣∣∣

+∞∫

−∞
K(t, s)x(s)ds

∣∣∣∣∣∣

2

dt 6

6
+∞∫

−∞
dt

+∞∫

−∞
|K(t, s)|2 ds ·

+∞∫

−∞
|x(s)|2 ds 6 K · ‖x‖2

Èòàê, îïåðàòîð A äåéñòâóåò â L2(R), îãðàíè÷åí, ïðè÷åì

‖A‖ 6

√√√√√
+∞∫∫

−∞
|K(t, s)|2dtds =

√
K.

Òåîðåìà 1.2. N(A) =

√
+∞∫∫
−∞

|K(t, s)|2dtds =
√K.

Äîêàçàòåëüñòâî. Ïóñòü {ek}∞k=1 � ïîëíàÿ ÎÍÑ â L2(R),
A = (ajk)∞j,k=1 � ìàòðèöà îïåðàòîðà A â ýòîì áàçèñå. Ðàññìîòðèì
ïðîñòðàíñòâî L2(R× R) = L2(R2) ôóíêöèé äâóõ ïåðåìåííûõ, ñóììè-
ðóåìûõ ñ êâàäðàòîì íà R× R. Íà ýòîì ïðîñòðàíñòâå ôóíêöèè

Ejk(t, s) = ek(t)ej(s) (j, k = 1, 2, ...)

îáðàçóþò ïîëíóþ ÎÍÑ. Ñ ó÷åòîì ýòîãî

ajk = (Aek, ej) =

+∞∫

−∞




+∞∫

−∞
K(t, s)ek(s) ds


 ej(t) dt =

=

+∞∫∫

−∞
K(t, s)E(t, s) dsdt = (K,Ejk)L2(R2 . (1.12)

Òàêèì îáðàçîì, ajk ïðåäñòàâëÿþò ñîáîé êîýôôèöèåíòû Ôóðüå ýëå-
ìåíòà K ∈ L2(R2) ïî ñèñòåìå {Ejk}∞j,k=1. Ñëåäîâàòåëüíî,

N2(A) =
∞∑

j,k=1

|ajk|2 = ‖K‖2L2(R2) =

+∞∫∫

−∞
|K(t, s)|2dtds.
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.
Â ñâÿçè ñ äîêàçàííîé òåîðåìîé íàçîâåì îïåðàòîð A ∈ L(H), ãäå H

� ïðîèçâîëüíîå ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî, îïåðàòîðîì
Ãèëüáåðòà � Øìèäòà, åñëè N(A) < +∞.

2. Ñïåöèàëüíûå âèäû îïåðàòîðîâ
2.1. Ïîëîæèòåëüíûå îïåðàòîðû. Êâàäðàòíûé êîðåíü. Íà-

ïîìíèì, îïåðàòîð A ∈ L(H) íàçûâàåòñÿ ñàìîñîïðÿæåííûì, åñëè
A∗ = A. Òàêèì îáðàçîì, ëèíåéíûé îãðàíè÷åííûé ñàìîñîïðÿæåí-
íûé îïåðàòîð A îáëàäàåò ñâîéñòâîì: (Ax, x) = (x, Ax) (ñì. [14, c.
71]). Ìíîæåñòâî S(H) ñàìîñîïðÿæåííûõ îïåðàòîðîâ îáðàçóåò ïîäïðî-
ñòðàíñòâî â L(H) [14, c. 72].

Ñàìîñîïðÿæåííûé îïåðàòîð A 6= 0 íàçûâàåòñÿ ïîëîæèòåëüíûì,
åñëè (Ax, x) > 0 äëÿ âñåõ x ∈ H. Åñëè A � ïîëîæèòåëüíûé îïåðàòîð,
òî ïèøåì òàêæå A > 0. Íåðàâåíñòâî A > B

(
B 6 A

)
ïîíèìàåòñÿ òàê:

A−B > 0.

Åñëè B � ñàìîñîïðÿæåííûé îïåðàòîð, òî B2 � ïîëîæèòåëüíûé
îïåðàòîð: (B2x, x) = (Bx, Bx) > 0.

Ëåãêî âèäåòü òàêæå, ÷òî äëÿ ëþáîãî îïåðàòîðà A ∈ L(H), A 6= 0
îïåðàòîðû A∗A è AA∗ ïîëîæèòåëüíû.

Èç òåîðåìû 4.12 [14, c. 101] ñëåäóåò, ÷òî ñïåêòð σ(A) ïîëîæèòåëü-
íîãî îïåðàòîðà A îáëàäàåò ñâîéñòâîì σ(A) ⊂ [0, +∞).

Î÷åâèäíî, ñóììà ïîëîæèòåëüíûõ îïåðàòîðîâ ïîëîæèòåëüíà. Ìå-
íåå î÷åâèäíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.1. Ïóñòü A > 0, B > 0, AB = BA. Òîãäà AB > 0.

Äîêàçàòåëüñòâî. Ñëåäóþùèì îáðàçîì îïðåäåëèì ïîñëåäîâàòåëü-
íîñòü {An}∞n=1 : A1

.=
A

‖A‖ , An+1 = An − A2
n, n = 1, 2, . . . Íåïî-

ñðåäñòâåííî èç îïðåäåëåíèÿ âèäèì, ÷òî îïåðàòîðû An ïåðåñòàíîâî÷-
íû ìåæäó ñîáîé è ñ îïåðàòîðîì B.

Èìåþò ìåñòî íåðàâåíñòâà (1 � òîæäåñòâåííûé îïåðàòîð)

0 6 An 6 1, n = 1, 2, . . . (2.1)
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Äåéñòâèòåëüíî, ïðè n = 1 îíè î÷åâèäíû. Äîïóñòèâ ñïðàâåäëèâîñòü
íåðàâåíñòâ (2.1) äëÿ íåêîòîðîãî n, ïîëó÷àåì (x ∈ H):

(
A2

n(1−An)x, x
)

=
(
(1−An)x, An

)
> 0,

÷òî îçíà÷àåò ïîëîæèòåëüíîñòü îïåðàòîðà A2
n

(
1 − An

)
. Òî÷íî òàê

æå äîêàçûâàåòñÿ ïîëîæèòåëüíîñòü îïåðàòîðà
(
1 − An

)2
An. Îòñþäà

An+1 = A2
n

(
1−An

)
+

(
1−An

)2
An > 0 è 1−An+1 = (1−An)+A2

n > 0.

Òàêèì îáðàçîì, íåðàâåíñòâà (2.1) âåðíû äëÿ n + 1. Ïî èíäóêöèè îíè
âåðíû äëÿ âñåõ n = 1, 2, . . .

Èç îïðåäåëåíèÿ îïåðàòîðîâ An èìååì A1 =
n∑

k=1

A2
k + An+1; îòñþäà

ââèäó (2.1)
n∑

k=1

A2
k = A1 − An+1 6 A1, ò. å.

n∑
k=1

(AkxAkx) 6 (A1xx).

Çíà÷èò, ÷èñëîâîé ðÿä
∞∑

k=1

‖Akx‖2 ñõîäèòñÿ è ‖Akx‖ → 0 ïðè k →∞. Èç

ñêàçàííîãî ñëåäóåò, ÷òî
(

n∑
k=1

A2
k

)
x = A1x − An+1x → A1x (n → ∞).

Êàê îòìå÷àëîñü âûøå, BAk = AkB (k = 1, 2, . . .), ïîýòîìó (x ∈ H)

(ABx, x) = ‖A‖(BA1xx) = ‖A‖ lim
n→∞

n∑

k=1

(BA2
kxx) =

= ‖A‖ lim
n→∞

n∑

k=1

(BAkxAkx) > 0.

Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû.
Ïîñëåäîâàòåëüíîñòü ñàìîñîïðÿæåííûõ îïåðàòîðîâ {An}∞n=1 íàçû-

âàåòñÿ îãðàíè÷åííîé ñâåðõó ñàìîñîïðÿæåííûì îïåðàòîðîì C, åñëè
An 6 C, n = 1, 2, ... Äëÿ òîãî, ÷òîáû ïîñëåäîâàòåëüíîñòü {An}∞n=1

áûëà îãðàíè÷åíà ñâåðõó, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâî-
âàëà êîíñòàíòà c òàêàÿ, ÷òî An 6 c1 : åñëè An 6 C, òî

(Anx, x) 6 (Cx, x) 6 ‖C‖(x, x) = (‖C‖x, x) òî åñòü An 6 ‖C‖1.

Íàîáîðîò, åñëè ñóùåñòâóåò òàêàÿ êîíñòàíòà c, òî ìîæíî ïîëîæèòü
C = c1.

Òåîðåìà 2.2. Âñÿêàÿ âîçðàñòàþùàÿ, îãðàíè÷åííàÿ ñâåðõó ïî-
ñëåäîâàòåëüíîñòü {An}∞n=1 ñàìîñîïðÿæåííûõ (ïîëîæèòåëüíûõ) îïå-
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ðàòîðîâ, ïåðåñòàíîâî÷íûõ ìåæäó ñîáîé è ñ îãðàíè÷èâàþùèì îïåðà-
òîðîì C, ñèëüíî ñõîäèòñÿ ê íåêîòîðîìó ñàìîñîïðÿæåííîìó
(ïîëîæèòåëüíîìó) îïåðàòîðó A.

Äîêàçàòåëüñòâî. Íàäî äîêàçàòü, ÷òî äëÿ ëþáîãî x ∈ H
Anx → Ax (n → ∞), ïðè÷åì îïåðàòîð A ñàìîñîïðÿæåííûé (ïîëî-
æèòåëüíûé).

Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {A2
n}∞n=1 ÿâ-

ëÿåòñÿ âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòüþ ïîëîæèòåëüíûõ îïåðàòî-
ðîâ: ââèäó ïåðåñòàíîâî÷íîñòè îïåðàòîðîâ An ïðè n > m, x ∈ H
(
A2

nx, x
)−(

A2
mx, x

)
=

(
(A2

n−A2
m)x, x

)
=

(
(An−Am)(An+Am)xx

)
> 0.

Â ñèëó òåîðåìû 2.1 è óñëîâèé íàñòîÿùåé òåîðåìû

A2
m 6 AmAn 6 A2

n 6 C2 (m < n), (2.2)

è çíà÷èò äëÿ ëþáîãî x ∈ H
(
A2

mx x
)

6
(
AmAnxx

)
6

(
A2

nx, x
)

6
(
C2xx

)
.

Âîçðàñòàþùàÿ, îãðàíè÷åííàÿ ñâåðõó ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü èìå-
åò ïðåäåë. Ïóñòü lim

n→∞
(
A2

nx, x
) .= α; òîãäà è lim

n,m→∞
(
AnAmx, x

)
= α.

Ïîýòîìó

‖Anx−Amx‖2 =
(
Anx−Amx, Anx−Amx

)
=

(
(An −Am)2x, x

)
=

=
(
A2

nx, x
)− 2

(
AnAmx, x

)
+

(
A2

mx, x
) → 0 (n,m →∞).

Èòàê, ïîñëåäîâàòåëüíîñòü {Anx}∞n=1 ôóíäàìåíòàëüíà. Ïóñòü Ax � åå
ïðåäåë. Â ñèëó íåïðåðûâíîñòè ñêàëÿðíîãî ïðîèçâåäåíèÿ A � ñàìîñî-
ïðÿæåííûé (ïîëîæèòåëüíûé) îïåðàòîð.

Ç à ì å ÷ à í è å 2.1. Òî÷íî òàê æå ìîæíî äîêàçàòü óòâåðæäå-
íèå: óáûâàþùàÿ, îãðàíè÷åííàÿ ñíèçó ïîñëåäîâàòåëüíîñòü ñàìîñîïðÿ-
æåííûõ (ïîëîæèòåëüíûõ) îïåðàòîðîâ, ïåðåñòàíîâî÷íûõ ìåæäó ñî-
áîé è ñ îãðàíè÷èâàþùèì îïåðàòîðîì, ñèëüíî ñõîäèòñÿ ê íåêîòîðîìó
ñàìîñîïðÿæåííîìó (ïîëîæèòåëüíîìó îïåðàòîðó).
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Ïîëîæèòåëüíûé îïåðàòîð B íàçûâàåòñÿ êâàäðàòíûì êîðíåì èç
ïîëîæèòåëüíîãî îïåðàòîðà A, åñëè B2 = A (ïèøåì B =

√
A).

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà ñóùåñòâîâàíèÿ êâàäðàòíîãî êîð-
íÿ èç ïîëîæèòåëüíîãî îïåðàòîðà.

Òåîðåìà 2.3. Êàæäûé ïîëîæèòåëüíûé îïåðàòîð A èìååò åäèí-
ñòâåííûé ïîëîæèòåëüíûé êâàäðàòíûé êîðåíü

√
A. Îïåðàòîð

√
A

ïåðåñòàíîâî÷åí ñ ëþáûì îïåðàòîðîì, êîòîðûé ïåðåñòàíîâî÷åí ñ A.

Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà A 6 1. Îïðåäåëèì ïîñëåäîâàòåëü-
íîñòü {Bn}∞n=1 ñëåäóþùèì îáðàçîì.

B0 = 0, Bn+1 = Bn +
1
2

(
A−B2

n

)
=

1
2
A + Bn

(
1− 1

2
Bn

)
. (2.3)

Òîãäà B1 = 1
2A, B2 = A − 1

8A2, ...; ñ ïîìîùüþ ìåòîäà ìàòåìàòè÷å-
ñêîé èíäóêöèè óáåæäàåìñÿ â òîì, ÷òî: a) Bn � ìíîãî÷ëåíû îò A, è
ñëåäîâàòåëüíî, ïåðåñòàíîâî÷íû ìåæäó ñîáîé è ñ ëþáûì îïåðàòîðîì,
ïåðåñòàíîâî÷íûì ñ A; á) Bn ñàìîñîïðÿæåííûå îïåðàòîðû (êàê ëèíåé-
íûå êîìáèíàöèè ñàìîñîïðÿæåííûõ îïåðàòîðîâ). Ïîêàæåì, ÷òî Bn 6 1
ïðè âñåõ n ∈ N.

Ïðè n = 0 ýòî íåðàâåíñòâî âåðíî; ïðåäïîëîæèì, ÷òî îíî âåðíî äëÿ
íåêîòîðîãî n. Òîãäà

1−Bn+1 = 1−Bn − 1
2

(
A−B2

n

)
=

1
2
(1−A) +

1
2
(1−Bn)2 > 0,

òàê êàê 1−A > 0 ïî óñëîâèþ, à 1−Bn > 0 ïî èíäóêòèâíîìó ïðåäïî-
ëîæåíèþ. Ïî èíäóêöèè Bn 6 1 ïðè âñåõ n ∈ N.

Ïîëîæèòåëüíîñòü Bn ïðè âñåõ n âèäíà òåïåðü èç âòîðîãî ïðåä-
ñòàâëåíèÿ â (2.3). Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {Bn}∞n=1 âîçðàñ-
òàþùàÿ. Èç ïåðâîãî ïðåäñòàâëåíèÿ (2.3) ïîëó÷àåì

Bn+1 −Bn = Bn −Bn−1 − 1
2
(B2

n −B2
n−1) =

= (Bn −Bn−1)(1− 1
2
(Bn + Bn−1)) > 0

åñëè Bn − Bn−1 >. Òàê êàê B1 − B0 = B1 > 0, òî ïî èíäóêöèè
Bn+1 −Bn > 0 ïðè âñåõ n ∈ N.
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Ïî òåîðåìå 2.2 ñóùåñòâóåò ñèëüíûé ïðåäåë B
.= lim

n→∞
Bn, ïðè÷åì

‖B‖ 6 1, òàê êàê ‖Bn‖ 6 ‖1‖ = 1, è B ïåðåñòàíîâî÷åí ñ ëþáûì
îïåðàòîðîì, ïåðåñòàíîâî÷íûì ñ A. Ïåðåéäåì ê ïðåäåëó â ðàâåíñòâå
(2.3).

B = B +
1
2
(A−B2) ⇒ A = B2 ⇒ B =

√
A.

Ïóñòü òåïåðü A � ïðîèçâîëüíûé ïîëîæèòåëüíûé îïåðàòîð. Ïîëà-
ãàåì A0

.= A
‖A‖ . Òîãäà A0 6 1 è ïî äîêàçàííîìó ñóùåñòâóåò B0 =

√
A0.

Î÷åâèäíî, B
.=

√
‖A‖ ·B0 =

√
‖A‖ · √A0 =

√
A.

Ñóùåñòâîâàíèå êîðíÿ êâàäðàòíîãî äîêàçàíî. Äîêàæåì åãî åäèí-
ñòâåííîñòü.

Ïðåäïîëîæèì, ÷òî B è C � äâà êâàäðàòíûõ êîðíÿ èç A. Òàê êàê
îíè îáà ïåðåñòàíîâî÷íû ñ A, òî BC = CB. Äëÿ ïðîèçâîëüíîãî x ∈ H
ïîëîæèì y = (B − C)x. Òîãäà

(By, y) + (Cy, y) = ((B + C)y, y) = ((B2 − C2)x, y) = (0, y) = 0 ⇒
⇒ (By, y) = 0, (Cy, y) = 0

(ñóììà íåîòðèöàòåëüíûõ ñëàãàåìûõ ðàâíà íóëþ â òîì è òîëüêî òîì
ñëó÷àå, êîãäà îáà ñëàãàåìûõ ðàâíû íóëþ). Ïî äîêàçàííîìó ñóùåñòâó-
þò

√
B è

√
C. Òàê êàê

√
B ñàìîñîïðÿæåííûé îïåðàòîð, òî

‖
√

By‖2 =(
√

By,
√

By)=(By, y)=0 ⇒
√

By=0 ⇒ By=
√

B(
√

By)=0;

àíàëîãè÷íî
√

Cy = 0. Òàêèì îáðàçîì, ïîëó÷àåì

‖Bx−Cx‖2 =((B−C)x, (B−C)x)=((B−C)2x, x)=((B−C)y, x)=(0, x)=0,

òî åñòü Bx = Cx. Îòñþäà, ââèäó ïðîèçâîëüíîñòè x, B = C.
2.2. Îðòîïðîåêòîðû. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî, H1

� åãî ïîäïðîñòðàíñòâî, H2 = H⊥1 � îðòîãîíàëüíîå äîïîëíåíèå H1. Òî-
ãäà H = H1 ⊕H2. Ýòî îçíà÷àåò, ÷òî ëþáîé ýëåìåíò H åäèíñòâåííûì
îáðàçîì ïðåäñòàâëÿåòñÿ â âèäå x = x′ + x′′, ãäå x′ ∈ H1, x

′′ ∈ H2,
ïðè÷åì x′ íàçûâàåòñÿ ïðîåêöèåé (îðòîãîíàëüíîé) íà ïîäïðîñòðàí-
ñòâî H1 [13, c. 85]. Îïåðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå ýëåìåíòó x åãî
ïðîåêöèþ x′ íàçûâàåòñÿ îðòîïðîåêòîðîì (ïðîñòî ïðîåêòîðîì, åñëè
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ÿñíî, ÷òî ðå÷ü èäåò îá îðòîãîíàëüíîé ïðîåöèè) íà ïîäïðîñòðàíñòâî
H1 : Px = x′. Åñëè íóæíî ïîä÷åðêíóòü, ÷òî ðå÷ü èäåò î ïðîåêòîðå
íà ïîäïðîñòðàíñòâî H1, òî ïèøåì PH1 .

Îðòîïðîåêòîð P : H → H îáëàäàåò ñâîéñòâàìè:
1) P � ëèíåéíûé îïåðàòîð;
2) P � îãðàíè÷åííûé îïåðàòîð è ‖P‖ = 1;
3) P 2 = P ;
4) P ∗ = P ;
5) P � ïîëîæèòåëüíûé îïåðàòîð.
6) P = PG âïîëíå íåïðåðûâåí òîãäà è òîëüêî òîãäà, ïîäïðîñòðàí-

ñòâî G êîíå÷íîìåðíî.
7) Ñïåêòð σ(PG) = {0, 1} ñîñòîèò èç ñîáñòâåííûõ çíà÷åíèé; ñîá-

ñòâåííîìó çíà÷åíèþ λ = 1 ñîîòâåòñòâóåò ñîáñòâåííîå ïîäïðîñòðàí-
ñòâî G, ñîáñòâåííîìó çíà÷åíèþ λ = 0 � ñîáñòâåííîå ïîäïðîñòðàíñòâî
G⊥.

Ëèíåéíîñòü ïðîåêòîðà î÷åâèäíà; èç ïðåäñòàâëåíèÿ x = x′ + x′′ è
òåîðåìû Ïèôàãîðà ñëåäóåò, ÷òî ‖Px‖ = ‖x′‖ 6 ‖x‖; ñëåäîâàòåëüíî
îïåðàòîð P îãðàíè÷åí è ‖P‖ 6 1; âçÿâ x ∈ H1, ïîëó÷àåì ðàâåíñòâî
Px = x, îòêóäà ñëåäóåò, ÷òî ‖P‖ = 1. Äàëåå,

P 2x = P (Px) = Px′ = x′ = Px

äëÿ ëþáîãî x ∈ H, çíà÷èò, P 2 = P . Ïóñòü òåïåðü

x = x′ + x′′, y = y′ + y′′, x′, y′ ∈ H1, x′′, y′′ ∈ H2.

Òîãäà (Px, y) = (x′, y′ + y′′) = (x′, y′) = (x, y′) = (x, Py) (òàê êàê
(x′, y′′) = (x′′, y′) = 0). Èç óæå äîêàçàííîãî ñëåäóåò, ÷òî äëÿ ëþáîãî
x ∈ H (Px, x) = (P 2x, x) = (Px, Px) > 0, òî åñòü P > 0. Ñâîéñòâî
6) ñðàçó ñëåäóåò èç ñâîéñòâ âïîëíå íåïðåðûâíîãî îïåðàòîðà. Ñâîé-
ñòâî 7) ñëåäóåò èç òåîðåìû î ðàçëîæåíèè ãèëüáåðòîâà ïðîñòðàíñòâà â
îðòîãîíàëüíóþ ñóììó ïîäïðîñòðàíñòâ è îïðåäåëåíèÿ îðòîïðîåêòîðà.

Óïðàæíåíèå 2.1. Íàéäèòå ðåçîëüâåíòíûé îïåðàòîð äëÿ îðòîïðî-
åêòîðà P.

Îêàçûâàåòñÿ, ñâîéñòâà 3) è 4) âïîëíå îïðåäåëÿþò îïåðàòîð îðòî-
ãîíàëüíîãî ïðîåêòèðîâàíèÿ.
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Òåîðåìà 2.4. Ïóñòü P � ëèíåéíûé îïåðàòîð íà H, D(P ) = H
è 1) P 2 = P, 2)P ∗ = P. Òîãäà ñóùåñòâóåò ïîäïðîñòðàíñòâî G òàêîå,
÷òî P = PG.

Äîêàçàòåëüñòâî. Äîêàæåì îãðàíè÷åííîñòü P.

‖Px‖2 = (Px, Px) = (x, P (Px)) = (x, P 2x) = (x, Px) 6 ‖x‖ · ‖Px‖ ⇒
⇒ ‖Px‖ 6 ‖x‖ ⇒ ‖P‖ 6 1.

Äàëåå, îáîçíà÷èì G = {x ∈ H : Px = x}. Î÷åâèäíî, ÷òî G � ëèíåéíîå
ìíîãîîáðàçèå â H. Ïóñòü x∗ � åãî ïðåäåëüíàÿ òî÷êà. Ýòî îçíà÷àåò,
÷òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {xn} ⊂ G, ñõîäÿùàÿñÿ ê x∗. Ïå-
ðåõîäÿ â ðàâåíñòâå Pxn = xn ê ïðåäåëó (ïî äîêàçàííîìó îïåðàòîð P

íåïðåðûâåí), ïîëó÷èì, ÷òî Px∗ = x∗, ò. å. x∗ ∈ G. Èòàê, G � ïîäïðî-
ñòðàíñòâî H.

Ïóñòü PG � îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà G, x ∈ H�
ïðîèçâîëüíûé ýëåìåíò è y

.= Px. Òîãäà Py = P 2x = Px = y, ò. å.
y = Px ∈ G, Ïóñòü òåïåðü z � ïðîèçâîëüíûé ýëåìåíò G. Òîãäà
(PGx, z) = (x, PGz) = (x, z)) è (Px, z) = (x, Pz) = (x, z). Âû÷òåì
èç ïåðâîãî ðàâåíñòâà âòîðîå. Â èòîãå ïîëó÷èì (PGx− Px, z) = 0 äëÿ
ëþáîãî z ∈ G. Ýòî îçíà÷àåò, ÷òî (PG − P )x = 0 äëÿ ëþáîãî x ∈ H,
ò. å. PG − P = 0, P = PG.

Ç à ì å ÷ à í è å 2.2. Èç ïðåäñòàâëåíèÿ H = G⊕G⊥ ñëåäóåò,
÷òî îïåðàòîð 1− PG åñòü îðòîïðîåêòîð íà G⊥.

Òåîðåìà 2.5. Ïóñòü G1, G2 � ïîäïðîñòðàíñòâà H, G = G1∩G1;
ïðîèçâåäåíèå îðòîïðîåêòîðîâ PG1 , PG2 ÿâëÿåòñÿ îðòîïðîåêòîðîì
òîãäà è òîëüêî òîãäà, êîãäà îíè ïåðåñòàíîâî÷íû, ò. å. êîãäà
PG1PG2 = PG2PG1 ; ïðè ýòîì PG1PG2 = PG.

Äîêàçàòåëüñòâî. Åñëè PG1PG2 � îðòîïðîåêòîð, òî

PG1PG2 = (PG1PG2)
∗ = P ∗G2

P ∗G1
= PG2PG1 .

Ýëåìåíò y = PG1PG2x = PG2PG1x ñîãëàñíî ïåðâîìó ðàâåíñòâó ïðè-
íàäëåæèò G1, ñîãëàñíî âòîðîìó � G2, çíà÷èò, y ∈ G; ýòèì äîêàçàíî,
÷òî PG1PG2 ⊂ PG. Îáðàòíîå âêëþ÷åíèå î÷åâèäíî.
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Ïðåäïîëîæèì, ÷òî PG1PG2 = PG2PG1

.= P. Òîãäà

P 2 = (PG1PG2)
2 = PG1PG2PG1PG2 = PG1PG1PG2PG2 = (PG1PG2)

2 =

= PG1PG2 = P

è
P ∗ = (PG1PG2)

∗ = P ∗G2
P ∗G1

= PG2PG1 = PG1PG2 = P.

Ïî òåîðåìå 2.4 P = PG1PG2 � îðòîïðîåêòîð.

Ñëåäñòâèå 2.1. Ïîäïðîñòðàíñòâà G1, G2 îðòîãîíàëüíû òîãäà
è òîëüêî òîãäà, êîãäà PG1PG2 = 0.

Ïóñòü G1, G2, ..., Gn � ïîäïðîñòðàíñòâàH è P = PG1+PG2+...+PGn
.

Òåîðåìà 2.6. Îïåðàòîð P � îðòîïðîåêòîð òîãäà è òîëüêî òî-
ãäà, êîãäà ïîäïðîñòðàíñòâà Gi (i = 1, 2, .., n) ïîïàðíî îðòîãîíàëüíû;
â ýòîì ñëó÷àå P = PG, ãäå G = G1 ⊕G2 ⊕ ...⊕Gn.

Äîêàçàòåëüñòâî. Åñëè ïîäïðîñòðàíñòâà G1, G2, ..., Gn ïîïàðíî îð-
òîãîíàëüíû, òî PGi

PGj
= 0 (i 6= j). Ïîýòîìó

P 2 =(PG1+PG2+...+PGn
)2 =P 2

G1
+P 2

G2
+...+P 2

Gn
=PG1+PG2+...+PGn =P.

Ðàâåíñòâî P ∗ = P î÷åâèäíî, ïîýòîìó ïî òåîðåìå 2.4 P îðòîïðîåêòîð.
Ïóñòü x ∈ H. Òîãäà y

.= Px =
n∑

k=1

PGk
x =

n∑
k=1

y′k, ãäå y′k ∈ Gk. Â

ñèëó åäèíñòâåííîñòè ïðåäñòàâëåíèÿ ýëåìåíòà y ∈ G â âèäå y =
n∑

k=1

y′k,

ãäå y′k ∈ Gk (k = 1, 2, ..., n) P = PG(= PG1⊕G2⊕...⊕Gn
).

Äîêàæåì âòîðóþ ïîëîâèíó òåîðåìû. Ïóñòü P � îðòîïðîåêòîð,
x ∈ H. Òàê êàê ‖P‖=1, òî äëÿ ëþáûõ äâóõ ðàçëè÷íûõ èíäåêñîâ i

è j (n > 2)

‖x‖2 > (Px, x) =
n∑

k=1

(PGk
x, x) > (PGix, x) + (PGj x, x) =

= (P 2
Gi

x, x) + (P 2
Gj

x, x) = (PGix, PGix) + (PGj x, PGj x),

ò. å. ‖PGix‖2 + ‖PGj x‖2 6 ‖x‖2. Ïóñòü â ýòîì ðàâåíñòâå x = PGj y, ãäå
y ïðîáåãàåò âñå ïðîñòðàíñòâî H. Òîãäà

‖PGiPGj y‖2 + ‖PGj y‖2 6 ‖PGj y‖2,
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îòêóäà PGiPGj y = 0. Ââèäó ïðîèçâîëüíîñòè y ∈ H ýòî îçíà÷àåò,
÷òîPGi

PGj
= 0. Ñîãëàñíî ñëåäñòâèþ 2.1 Gi⊥Gj .

Åñëè G = G1 ⊕ G2, ãäå G,G1, G2 � ïîäïðîñòðàíñòâà H, òî áóäåì
ïèñàòü òàêæå G2 = GªG1.

Òåîðåìà 2.7. Ïóñòü G1, G2 � ïîäïðîñòðàíñòâà H. Ðàçíîñòü
PG1 −PG2 åñòü îðòîïðîåêòîð òîãäà è òîëüêî òîãäà, êîãäà G2 ⊂ G1;
â ýòîì ñëó÷àå PG1 − PG2 = PG1ªG2 .

Äîêàçàòåëüñòâî. Ïóñòü ðàçíîñòü PG1 − PG2 åñòü îðòîïðîåêòîð íà
ïîäïðîñòðàíñòâî G (PG1−PG2 = PG). Òîãäà PG+PG2 = PG1 , è çíà÷èò,
G⊥G2 è G⊕G2 = G1. Îòñþäà ïîëó÷àåì, ÷òî G2 ⊂ G1 è G = G1ªG2.

Ïóñòü òåïåðü G2 ⊂ G1 è G = G1ªG2. Òîãäà G⊥G2 è G1 = G⊕G2.

Ïîýòîìó PG1 = PG + PG2 , ò. å. PG1 − PG2 = PG.

Òåîðåìà 2.8. Ïóñòü G1, G2 � ïîäïðîñòðàíñòâà H. Âêëþ÷åíèå
G2 ⊂ G1 ýêâèâàëåíòíî íåðàâåíñòâàì

PG1 > PG2 è ‖PG1x‖ > ‖PG2x‖ (x ∈ H). (2.4)

Äîêàçàòåëüñòâî. Çàìåòèì. ÷òî êàæäîå èç íåðàâåíñòâ (2.4)ýêâèâà-
ëåíòíî íåðàâåíñòâó (PG1x, x) > (PG2x, x). Ïóñòü G2 ⊂ G1. Ïî òåîðåìå
2.7 PG1 − PG2 ÿâëÿåòñÿ îðòîïðîåêòîðîì, ïîýòîìó
PG1 −PG2 > 0, PG1 > PG2 . Èç âêëþ÷åíèÿ G2 ⊂ G1 òàêæå ñëåäóåò, ÷òî
äëÿ ëþáîãî x ∈ H
PG2x = PG2PG1x, ñëåäîâàòåëüíî, ‖PG2x‖ = ‖PG2(PG1x)‖ 6 ‖PG1x‖.

Ïóñòü âûïîëíåíû íåðàâåíñòâà (2.4) è x ∈ G⊥1 . Òîãäà PG1x = 0, à
â ñèëó âòîðîãî íåðàâåíñòâà (2.4) è PG2x = 0, òî åñòü x ∈ G⊥2 . Èòàê,
äîêàçàíî, ÷òî G⊥1 ⊂ G⊥2 , à ýòî ýêâèâàëåíòíî âêëþ÷åíèþ G2 ⊂ G1.

Òåîðåìà 2.9. Âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü îðòîïðîåê-
òîðîâ {Pn}∞n=1 ñèëüíî ñõîäèòñÿ ê íåêîòîðîìó îðòîïðîåêòîðó P .

Äîêàçàòåëüñòâî. Íàäî äîêàçàòü, ÷òî äëÿ ëþáîãî x ∈ H
Pnx → Px (n → ∞). Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ÷èñëîâàÿ ïî-
ñëåäîâàòåëüíîñòü {‖Pnx‖2}∞n=1 òàêæå ÿâëÿåòñÿ âîçðàñòàþùåé:

‖Pnx‖2 = (Pnx, Pnx) = (P 2
nx, x) = (Pnx, x) > (Pmx, x) = (P 2

mx, x) =

= (Pmx, Pmx) = ‖Pmx‖2 ïðè n > m;
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êðîìå òîãî, îíà îãðàíè÷åíà: ‖Pnx‖2 6 ‖x‖2. Ñëåäîâàòåëüíî, ýòà ïî-
ñëåäîâàòåëüíîñòü ñõîäèòñÿ è ïîýòîìó ÿâëÿåòñÿ ôóíäàìåíòàëüíîé.

Ïóñòü n > m. Â ñèëó òåîðåì 2.8 è 2.7 ðàçíîñòü Pn − Pm ÿâëÿåòñÿ
îðòîïðîåêòîðîì. Ïî ýòîé ïðè÷èíå

‖Pnx− Pmx‖2 = ‖(Pn − Pm)x‖2 =
(
(Pn − Pm)x, (Pn − Pm)x

)
=

=
(
(Pn − Pm)x, x

)
= (Pnx, x)− (Pmx, x) = (Pnx, Pnx)− (Pmx, Pmx) =

= ‖Pnx‖2 − ‖Pmx‖2 → 0

ïðè n → ∞. Èòàê, ïîñëåäîâàòåëüíîñòü {Pnx}∞n=1 ôóíäàìåíòàëüíà,
çíà÷èò ñóùåñòâóåò y ∈ H òàêîé, ÷òî y = lim Pnx. Òàêèì îáðàçîì,
èìååì îïåðàòîð P : H → H, êîòîðûé êàæäîìó x ∈ H ñòàâèò â ñîîò-
âåòñòâèå y = lim Pnx, y = Px. Ýòîò îïåðàòîð,î÷åâèäíî ëèíåéíûé. Èç
íåðàâåíñòâà ‖Pnx‖ 6 ‖x‖ ïðè n →∞ ïîëó÷àåì, ÷òî îí îãðàíè÷åííûé.
Ïðè ëþáîì n è ëþáûõ x, y ∈ H (Pnx, Pny) = (Pnx, y) = (x, Pny) îò-
êóäà ïðè n → ∞ ñëåäóåò, ÷òî (Px, Py) = (Px, y) = (x, Py), òî åñòü
P 2 = P = P ∗. Ïî òåîðåìå 2.4 P � îðòîïðîåêòîð.

Òåîðåìà 2.10. Åñëè ïîñëåäîâàòåëüíîñòü îðòîïðîåêòîðîâ {Pn}∞n=1

ñëàáî ñõîäèòñÿ ê íåêîòîðîìó îðòîïðîåêòîðó P , òî îíà ñõîäèòñÿ ê íåìó
è ñèëüíî.

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî åñëè ïîñëåäîâàòåëüíîñòü
{yn} ⊂ H ñõîäèòñÿ ê ýëåìåíòó y ñëàáî è ñõîäèòñÿ ïîñëåäîâàòåëüíîñòü
íîðì: ‖yn‖ → ‖y‖, òî yn → y ñèëüíî.

Äåéñòâèòåëüíî,

‖yn− y‖2 = (yn−y, yn− y) = ‖yn‖2− (y, yn)− (yn, y)+‖y‖2 → 0, (2.5)

òàê êàê (yn, y) → (y, y) = ‖y‖2, (y, yn) → (y, y) = ‖y‖2.
Ñëàáàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè îïåðàòîðîâ îçíà÷àåò, ÷òî

äëÿ ëþáîãî x ∈ H (Pnx, x) → (Px, x), ò. å.

(P 2
nx, x) → (P 2x, x), (Pnx, Pnx) → (Px, Px),

èëè ‖Pnx‖ → ‖Px‖. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàëîñü ïîäñòà-
âèòü â (2.5) yn = Pnx, y = Px.
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2.3. Óíèòàðíûå è èçîìåòðè÷åñêèå îïåðàòîðû. Îïåðàòîð
U : H → H, D(U) = H, R(U) = H íàçûâàåòñÿ óíèòàðíûì, åñëè
äëÿ ëþáûõ x, y ∈ H èìååò ìåñòî ðàâåíñòâî

(Ux, Uy) = (x, y) (2.6)

Çàìåòèì, ÷òî â ýòîì îïðåäåëåíèè íè÷åãî íå ãîâîðèòñÿ î ëèíåéíîñòè
îïåðàòîðà U .

Îòìåòèì ñëåäóþùèå ñâîéñòâà óíèòàðíîãî îïåðàòîðà.
1o. Óíèòàðíûé îïåðàòîð îáëàäàåò îáðàòíûì, êîòîðûé òàêæå ÿâëÿ-

åòñÿ óíèòàðíûì îïåðàòîðîì.
Òàê êàê óíèòàðíûé îïåðàòîð U ïî îïðåäåëåíèþ ñþðúåêòèâåí, òî

äîñòàòî÷íî äîêàçàòü åãî èíúåêòèâíîñòü. Ïóñòü x 6= y. Ïðåäïîëîæèì,
÷òî âîïðåêè òðåáóåìîìó, Ux = Uy. Òîãäà

0 = (Ux−Uy, Ux−Uy) = (Ux, Ux)−(Ux, Uy)−(Uy, Ux)+(Uy, Uy) =

= (x, x)− (x, y)− (y, x) + (y, y) = (x− y, x− y) 6= 0,

ñëåäîâàòåëüíî U áèåêòèâåí, à ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò îïåðà-
òîð U−1 : H → H, D(U−1) = R(U) = H, R(U−1) = D(U) = H. Ïóñòü
x è y ïðîèçâîëüíû, ïîëîæèì x′ = U−1x, y′ = U−1y. Òîãäà èç îïðåäå-
ëåíèÿ (2.6) ñëåäóåò (x, y) = (Ux′, Uy′) = (x′, y′) = (U−1x,U−1y), ò. å.
óíèòàðíîñòü îïåðàòîðà U−1.

2o. Äëÿ ëþáûõ x è y âûïîëíÿåòñÿ ðàâåíñòâî (Ux, y) = (x,U−1y).
Â îáîçíà÷åíèÿõ ïðåäûäóùåãî ï.o

(Ux, y) = (Ux,Uy′) = (x, y′) = (x,U−1y).

3.o Óíèòàðíûé îïåðàòîð ëèíååí.
Ïóñòü x = αu + βv, y � ïðîèçâîëåí; Â ñèëó ñâîéñòâà 2o

(Ux, y) = (x, U−1y) = (αu + βv, U−1y) = α(u,U−1y) + β(v, U−1y) =

= α(Uu, y) + β(Uv, y) = (αUu + βUv, y).

Ââèäó ïðîèçâîëüíîñòè y U(αu + βv) = αUu + βUv, ò. å. U ëèíåéíûé
îïåðàòîð.

4o. Óíèòàðíûé îïåðàòîð îãðàíè÷åí; ‖U‖ = 1.
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Ïîäñòàâèâ â îïðåäåëåíèå (2.6) y = x, ïîëó÷èì

‖Ux‖2 = (Ux, Ux) = (x, x) = ‖x‖2,

îòêóäà ñëåäóåò, ÷òî ‖U‖ = 1.

5o Èç ëèíåéíîñòè è ñâîéñòâà 2o ñðàçó ñëåäóåò, ÷òî äëÿ óíèòàðíîãî
îïåðàòîðà ñîïðÿæåííûé îïåðàòîð ñîâïàäàåò ñ îáðàòíûì: U∗ = U−1,

ò. å. U∗U = UU∗ = I.

6o Åñëè U�óíèòàðíûé îïåðàòîð, òî è Uk ïðè ëþáîì öåëîì k òàêæå
ÿâëÿåòñÿ óíèòàðíûì îïåðàòîðîì:

(Ukx,Uky) = (Uk−1x,Uk−1y) = ... = (x, y)

ïðè k > 0; àíàëîãè÷íî ðàññóæäàåì è ïðè k < 0.
7o Åñëè ëèíåéíûé îïåðàòîð A îáëàäàåò ñâîéñòâàìè

D(A) = H = R(A), (Ax,Ax) = (x, x) (x ∈ H), (2.7)

òî îïåðàòîð A ÿâëÿåòñÿ óíèòàðíûì.
Ïóñòü y ∈ H è α ∈ C ïðîèçâîëüíû. Â ñèëó (2.7) è ëèíåéíîñòè A

(
A(x + αy), A(x + αy)

)
= (x + αy, x + αy),

(Ax,Ax) + α(Ay, Ax) + α(Ax,Ay) + |α|2(Ay, Ay) =

= (x, x) + α(y, x) + α(x, y) + |α|2(y, y).

Ïðèìåíèâ åùå ðàç (2.7), ïîëó÷èì

α(Ay,Ax) + α(Ax,Ay) = α(y, x) + α(x, y),

îòêóäà ââèäó ïðîèçâîëüíîñòè α ñëåäóåò, ÷òî (Ax,Ay) = (x, y).
8o Ñïåêòð σ(U) óíèòàðíîãî îïåðàòîðà U ëåæèò íà åäèíè÷íîé îêðóæ-

íîñòè {λ : |λ| = 1}.
Ïóñòü |λ| < 1. Òàê êàê U−λ·1 = U(1−λ·U−1), òî îïåðàòîð U−λ·1

íåïðåðûâíî îáðàòèì, ïîòîìó ÷òî ‖λ · U−1‖ = |λ| < 1. Åñëè |λ| > 1,
òî U − λ · 1 = −λ(1− 1

λU) è îïåðàòîð U − λ · 1 íåïðåðûâíî îáðàòèì,
ïîòîìó ÷òî ‖ 1

λU‖ = 1
|λ| < 1. Ñêàçàííîå îçíà÷àåò, ÷òî âîçìîæíî òîëüêî

âêëþ÷åíèå σ(U) ⊂ {λ : |λ| = 1} .
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9o Ïóñòü A � îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðàòîð. Òîãäà
îïåðàòîð U

.= eiA � óíèòàðíûé.
Â ñèëó ñâîéñòâà 7o äîñòàòî÷íî ïîêàçàòü. ÷òî äëÿ ëþáîãî x ∈ H

(Ux,Ux) = (x, x). Èìååì

(Ux,Ux) = (eiAx, eiAx) = (x, (eiA)∗eiAx) = (x, e−iAeiAx) = (x, x).

Ïóñòü Hi � ãèëüáåðòîâû ïðîñòðàíñòâà ñî ñêàëÿðíûìè ïðîèçâåäå-
íèÿìè (·, ·)i, i = 1, 2. Îïåðàòîð V : H1 → H2, D(V ) = H1, R(V ) = H2

íàçûâàåòñÿ èçîìåòðè÷åñêèì, åñëè äëÿ ëþáûõ x, y ∈ H1

(V x, V y)2 = (x, y)1. Åñëè H1 = H2 = H òî ïîëó÷àåì îïðåäåëåíèå óíè-
òàðíîãî îïåðàòîðà. Ñëåäóþùèå ñâîéñòâà èçîìåòðè÷åñêîãî îïåðàòîðà
äîêàçûâàþòñÿ òî÷íî òàê æå, êàê è äëÿ óíèòàðíîãî îïåðàòîðà.

1o. Èçîìåòðè÷åñêèé îïåðàòîð îáëàäàåò îáðàòíûì, êîòîðûé òàêæå
ÿâëÿåòñÿ èçîìåòðè÷åñêèì îïåðàòîðîì.

2.o Èçîìåòðè÷åñêèé îïåðàòîð ëèíååí.
3o. Èçîìåòðè÷åñêèé îïåðàòîð îãðàíè÷åí; ‖V ‖ = 1.
4o Åñëè ëèíåéíûé îïåðàòîð A : H1 → H2 îáëàäàåò ñâîéñòâàìè

D(A) = H1, R(A) = H2, (Ax,Ax)2 = (x, x)1 (x ∈ H), (2.8)

òî îïåðàòîð A ÿâëÿåòñÿ èçîìåòðè÷åñêèì.
Çàìåòèì, ÷òî îá èçîìåòðè÷åñêîì îïåðàòîðå óæå øëà ðå÷ü, êîãäà

ìû äîêàçûâàëè òåîðåìó Ðèññà�Ôèøåðà îá èçîìåòðè÷åñêîì èçîìîð-
ôèçìå ñåïàðàáåëüíûõ ãèëüáåðòîâûõ ïðîñòðàíñòâ [13, c. 91].

Â äàëüíåéøåì áóäåò ïîëåçíûì ñëåäóþùåå îïðåäåëåíèå. Ïóñòü
Ai � ëèíåéíûå îïåðàòîðû, äåéñòâóþùèå â ïðîñòðàíñòâàõ Hi, i = 1, 2,

òàê, ÷òî D(Ai) ⊂ Hi, R(Ai) ⊂ Hi, i = 1, 2; îïåðàòîðû A1 è A2 íàçû-
âàþòñÿ óíèòàðíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò èçîìåòðè÷åñêèé
îïåðàòîð V ; H1 → H2, ïåðåâîäÿùèé D(A1) â D(A2) è

D(A2) = VD(A1), A1 = V −1A2V.

2.4. Íîðìàëüíûå îïåðàòîðû. Îïåðàòîð A ∈ L(H) íàçûâàåòñÿ
íîðìàëüíûì, åñëè

A∗A = AA∗. (2.9)
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Òàê, íàïðèìåð, a) óíèòàðíûé îïåðàòîð íîðìàëåí, òàê êàê (ñì. ñâîé-
ñòâî 5o) U∗U = UU∗ = 1; á) ñàìîñîïðÿæåííûé îïåðàòîð A íîðìàëåí,
òàê êàê A∗ = A, è ñëåäîâàòåëüíî, âûïîëíÿåòñÿ ðàâåíñòâî (2.9).

Òåîðåìà 2.11. Ïóñòü A ∈ L(H). Òîãäà
1) äëÿ òîãî, ÷òîáû A áûë íîðìàëåí, íåîáõîäèìî è äîñòàòî÷íî.

÷òîáû äëÿ ëþáîãî x ∈ H âûïîëíÿëîñü ðàâåíñòâî ‖A∗x‖ = ‖Ax‖;
2) åñëè A íîðìàëåí, òî N (A) = N (A∗) = R(A)⊥;
3) åñëè A íîðìàëåí è Ax = λx ïðè íåêîòîðûõ x ∈ H è λ ∈ C, òî

A∗x = λx;
4) åñëè A íîðìàëåí è λ 6= µ � ñîáñòâåííûå çíà÷åíèÿ A, òî ñîîò-

âåòñòâóþùèå λ è µ ñîáñòâåííûå ïîäïðîñòðàíñòâà îðòîãîíàëüíû.
Äîêàçàòåëüñòâî.1. Ïóñòü x ∈ H è ‖A∗x‖ = ‖Ax‖. Òîãäà
‖Ax‖2 = (Ax,Ax) = (A∗Ax, x), ‖A∗x‖2 = (A∗x,A∗x) = (AA∗x, x);

âû÷òÿ èç ïåðâîãî ðàâåíñòâà âòîðîå, ïîëó÷èì â èòîãå(
(A∗A − AA∗)x, x

)
= 0, ÷òî ââèäó ïðîèçâîëüíîñòè x îçíà÷àåò:

A∗A−AA∗ = 0, ò. å. âûïîëíåíî ðàâåíñòâî (2.9).
2. Ïîêàæåì, ÷òî N (A∗) = R(A)⊥. Ïóñòü y ∈ N (A∗); ýòî çíà÷èò,

÷òî A∗y = 0; îòñþäà ñëåäóåò, ÷òî äëÿ ëþáîãî x ∈ H (x,A∗y) = 0,

(Ax, y) = 0, ò. å. y îðòîãîíàëåí Ax ïðè ëþáîì x ∈ H, ñëåäîâàòåëüíî
y ∈ R(A)⊥; ýòèì äîêàçàíî, ÷òî N (A∗) ⊂ R(A)⊥. Âñå ñîîòíîøåíèÿ
çäåñü îáðàùàþòñÿ, ò. å. èìååò ìåñòî ñëåäóþùàÿ öåïî÷êà èìïëèêàöèé:

y ∈ R(A)⊥ ⇒ (Ax, y) = 0 (∀x ∈ H) ⇒ (x,A∗y) = 0 (∀x ∈ H) ⇒
⇒ A∗y = 0 ⇒ y ∈ N (A∗) ⇒ R(A)⊥ ⊂ N (A∗).

Èòàê, ðàâåíñòâî N (A∗) = R(A)⊥ äîêàçàíî.
Èç äîêàçàííîãî âûøå óòâåðæäåíèÿ 1) ñëåäóåò:

x ∈ N (A) ⇒ Ax = 0 ⇒ A∗x = 0 ⇒ x ∈ N (A∗) ⇒ N (A) ⊂ N (A∗);

òî÷íî òàê æå äîêàçûâàåòñÿ è îáðàòíîå âêëþ÷åíèå N (A∗) ⊂ N (A), òî
åñòü íà ñàìîì äåëå èìååò ìåñòî ðàâåíñòâî N (A) = N (A∗).

3. Ïðèìåíèì äîêàçàííîå óòâåðæäåíèå 2) ê îïåðàòîðó A − λ1 :
N (A − λ1) = N (A∗ − λ1). Ýòî ðàâåíñòâî îçíà÷àåò, ÷òî åñëè x óäî-
âëåòâîðÿåò ðàâåíñòâó (A − λ1)x = 0, òî îí òàêæå óäîâëåòâîðÿåò è
ðàâåíñòâó (A∗ − λ1)x = 0.
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4. Ïóñòü Ax = λx, Ax = µx è λ 6= µ. Òîãäà

λ(x, y) = (λx, y) = (Ax, y) = (x,A∗y) = (x, µy) = µ(x, y) ⇒
⇒ (λ− µ)(x, y) = 0 ⇒ (x, y) = 0 ⇒ x⊥y.

3. Ñïåêòðàëüíîå ïðåäñòàâëåíèå
îãðàíè÷åííîãî îïåðàòîðà

3.1. Ñïåêòðàëüíàÿ ôóíêöèÿ. Íàïîìíèì îïðåäåëåíèå èíòåãðà-
ëà Ðèìàíà�Ñòèëòüåñà äëÿ ôóíêöèé ñî çíà÷åíèÿìè â áàíàõîâûõ ïðî-
ñòðàíñòâàõ. Ïóñòü çàäàíû áàíàõîâû ïðîñòðàíñòâà X ,Y,Z è äëÿ ëþ-
áûõ x ∈ X , y ∈ Y îïðåäåëåíî ïðîèçâåäåíèå (ñïðàâà) x · y ∈ Z. Ïóñòü
x(t) : J → X , y(t) : J → Y, z(t) : J → Z, τ = {tk}n

k=0 � ðàçáèåíèå
ïðîìåæóòêà J ⊂ R, ξk ∈ [tk−1, tk]. Ñîñòàâèì ñóììó

Sτ (x, y) =
n∑

k=1

x(ξk)(y(tk)− y(tk−1)) (∈ Z)

Ñòèëòüåñà x ïî y ïî ïðîìåæóòêó J. Ýëåìåíò I
.=

b∫
a

x(t) dy(t) ∈ Z
íàçûâàåòñÿ èíòåãðàëîì Ðèìàíà�Ñòèëòüåñà ôóíêöèè x(·) ïî ôóíêöèè
y(·) ïî ïðîìåæóòêó J = [a, b], åñëè

(∀ε > 0) (∃δ > 0)
(∀τ : d(τ) < δ

) (‖Sτ (x, y)− I‖Z < ε
)
.

Íåñîáñòâåííûé èíòåãðàë
+∞∫
−∞

x(t) dy(t) îïðåäåëÿåòñÿ îáû÷íûì îáðà-

çîì. Òàê îïðåäåëåííûé èíòåãðàë îáëàäàåò ìíîãèìè ñâîéñòâàìè îáû÷-
íîãî èíòåãðàëà Ðèìàíà�Ñòèëòüåñà (ñì. [11], áîëåå òî÷íûå ññûëêè ñì.
íèæå).

Îïåðàòîðíîçíà÷íàÿ ôóíêöèÿ P : R→ L(H) íàçûâàåòñÿ (àáñòðàêò-
íîé) ñïåêòðàëüíîé ôóíêöèåé, åñëè îíà îáëàäàåò ñëåäóþùèìè ñâîé-
ñòâàìè.

1. Ïðè êàæäîì t ∈ R P (t) � îðòîïðîåêòîð.
2. Äëÿ êàæäîãî x ∈ H lim

t→−∞
‖P (t)x‖ = 0, lim

t→+∞
‖P (t)x− x‖ = 0.
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3. Ïðè t > s P (t) > P (s) (P (·) � âîçðàñòàþùàÿ (â íåñòðîãîì ñìûñ-
ëå) îïåðàòîðíîçíà÷íàÿ ôóíêöèÿ).

Èç ñâîéñòâà 3 ñëåäóåò, ÷òî äëÿ êàæäîãî x ∈ H ñóùåñòâóþò ïðåäåëû
lim

t→α−0)
P (t)x .= P (α−)x è lim

t→α+0)
P (t)x .= P (α+)x (ïðåäåëû â ñìûñëå

ñèëüíîé ñõîäèìîñòè).
Ïóñòü ∆ îçíà÷àåò ïðîìåæóòîê (α, β]. Îáîçíà÷èì ÷åðåç P (∆) ðàç-

íîñòü P (β+)− P (α+).
Èç ñâîéñòâà 3 è òåîðåìû 2.7 ñëåäóåò, ÷òî P (∆) � îðòîïðîåêòîð,

ïðè÷åì, åñëè ∆1,∆2, ..., ∆n ïîïàðíî íå ïåðåñåêàþòñÿ, òî

P (∆j) · P (∆k) = 0 ïðè k 6= j.

Óòî÷íèì îïðåäåëåíèå èíòåãðàëà Ðèìàíà�Ñòèëòüåñà ïî ñïåêòðàëü-
íîé ôóíêöèè. Ïóñòü J

.= (a, b], ϕ : J → C, τ = {tk}n
k=0 � ðàçáèåíèå

J ,

Sτ =
n∑

k=1

ϕ(ξk)P (∆k) (3.1)

(â ïðèâåäåííîì âûøå îïðåäåëåíèè èíòåãðàëà Ðèìàíà�Ñòèëòüåñà ìû

ïîëîæèëè X = C,Y = Z = L(H)). Îïåðàòîð I
.=

b∫
a

ϕ(t) dP (t) íà-

çûâàåòñÿ èíòåãðàëîì Ðèìàíà�Ñòèëòüåñà ñêàëÿðíîé ôóíêöèè ϕ(·) ïî
ñïåêòðàëüíîé ôóíêöèè P (·), åñëè

(∀ε > 0) (∃δ > 0) (∀τ : d(τ) < δ) (‖Sτ − I‖L(H) < ε)

ò. å. åñëè Sτ ⇒ I ïðè d(τ) → 0. Îòìåòèì, ÷òî èíòåãðàë ïî ñïåêòðàëü-
íîé ôóíêöèè çàâåäîìî ñóùåñòâóåò, åñëè ϕ � íåïðåðûâíàÿ ôóíêöèÿ.
Ýòîò èíòåãðàë îáëàäàåò ìíîãèìè ñâîéñòâàìè îáû÷íîãî èíòåãðàëà Ðè-
ìàíà � Ñòèëòüåñà. Â ÷àñòíîñòè, äëÿ íåãî ñïðàâåäëèâà îáû÷íàÿ ôîðìó-
ëà âû÷èñëåíèÿ [11, c. 53] (ïî ïîâîäó îïðåäåëåíèÿ ïðîèçâîäíîé è èíòå-
ãðàëà Ðèìàíà îò ôóíêöèè ñî çíà÷åíèÿìè â áàíàõîâûõ ïðîñòðàíñòâàõ
ñì. [14, c. 123]). Íåñîáñòâåííûé èíòåãðàë îïðåäåëÿåòñÿ êàê îáû÷íî:

+∞∫

−∞
ϕ(t) dP (t) .= lim

a→−∞,b→+∞

b∫

a

ϕ(t) dP (t).
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(Ïðåäåë ïîíèìàåòñÿ â ñìûñëå ðàâíîìåðíîé ñõîäèìîñòè îïåðàòîðîâ â
ïðîñòðàíñòâå L(H)).

Ïðèìåð 1. Ïóñòü H � êîíå÷íîìåðíîå ãèëüáåðòîâî ïðîñòðàí-
ñòâî, A � äåéñòâóþùèé â íåì ñàìîñîïðÿæåííûé îïåðàòîð. Ïóñòü
λ1, λ2, ..., λp � çàíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ åãî ðàçëè÷íûå
ñîáñòâåííûå çíà÷åíèÿ (êàê èçâåñòíî, îíè âåùåñòâåííû), H1, H2, ..., Hp �
ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ïîäïðîñòðàíñòâà, P1, P2, ..., Pp �
îðòîïðîåêòîðû íà íèõ. Òîãäà

H = H1 ⊕H2 ⊕ ...⊕Hp, èëè, ÷òî òîæå ñàìîå 1 = P1 + P2 + ... + Pp.

(3.2)
Ïîëîæèì

P (t) =





0 äëÿ t < λ1,

P1 äëÿ λ1 6 t < λ2,

P1 + P2 äëÿ λ2 6 t < λ3,

. . . . . . . . . . . .

P1 + P2 + ... + Pp−1 äëÿ λp−1 6 t < λp,

1 äëÿ t > λp.

Îòìåòèì, ÷òî ñêà÷êè P (t) â òî÷êàõ λk ðàâíû Pk.

Ëåãêî âèäåòü, ÷òî P (·) îáëàäàåò âñåìè ñâîéñòâàìè ñïåêòðàëüíîé
ôóíêöèè. Óìíîæèâ îáå ÷àñòè ðàâåíñòâà (3.2) íà A (ñëåâà), ïîëó÷èì
A =

p∑
k=1

APk. Òàê êàê äëÿ ëþáîãî x ∈ H Pkx ∈ Hk, òî APkx = λkPkx;

ñëåäîâàòåëüíî, APk = λkPk è A =
p∑

k=1

λkPk =
+∞∫
−∞

t dP (t) (ñì. [11, c.

53]).
Ïðèìåð 2. Ïóñòü H � áåñêîíå÷íîìåðíîå ãèëüáåðòîâî ïðîñòðàí-

ñòâî, A � äåéñòâóþùèé â íåì âïîëíå íåïðåðûâíûé ñàìîñîïðÿæåííûé
îïåðàòîð. Êàê èçâåñòíî, ñïåêòð åãî âåùåñòâåí è ñîñòîèò èç íå áîëåå,
÷åì ñ÷åòíîãî ìíîæåñòâà ñîáñòâåííûõ ÷èñåë, åäèíñòâåííîé ïðåäåëü-
íîé òî÷êîé êîòîðîãî ÿâëÿåòñÿ íóëü. Ïîëàãàåì λ0 = 0, à îñòàëüíûå
ñîáñòâåííûå ÷èñëà çàíóìåðóåì â ïîðÿäêå óáûâàíèÿ èõ àáñîëþòíûõ
âåëè÷èí: |λ1| > |λ2| > |λ| > .... Ïóñòü Hk � ñîáñòâåííûå ïîäïðîñòðàí-
ñòâà, ñîîòâåòñòâóþùèå λk, k = 0, 1, 2, ... Êàê èçâåñòíî, Hk ïîïàðíî
îðòîãîíàëüíû è êîíå÷íîìåðíû (êðîìå H0, êîòîðîå ìîæåò áûòü äàæå
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íåñåïàðàáåëüíûì), H = Ho⊕H1⊕H2⊕ ... Ïóñòü Pk � îðòîïðîåêòîðû
íà Hk, k = 0, 1, 2, ... Êàê è â ïðåäûäóùåì ïðèìåðå (ñì. [11, c. 53])

A =
∞∑

k=1

λkPk =

+∞∫

−∞
t dP (t), (3.3)

ãäå P (t) =
∑

k:λk<t

Pk óäîâëåòâîðÿåò âñåì óñëîâèÿì ñïåêòðàëüíîé ôóíê-
öèè.

Ïðèìåð 3. Ïóñòü H = L2[−1, +1], (Ax)(t) = tx(t) (îïåðàòîð óìíî-
æåíèÿ íà íåçàâèñèìóþ ïåðåìåííóþ). Òàê êàê

‖Ax‖2 =

1∫

−1

|(Ax)(t)|2 dt =

1∫

−1

t2|x(t)|2 dt 6
1∫

−1

|x(t)|2 dt = ‖x‖2,

òî A � îãðàíè÷åííûé îïåðàòîð è ‖A‖ 6 1. Ïóñòü x̂n(t) =
√

2n+1
2 tn.

Òîãäà ‖x̂n‖ = 1 è

‖A‖2 = sup
‖x‖=1

‖Ax‖2 > ‖Ax̂‖2 =

1∫

−1

t2·2n + 1
2

t2n dt =
2n + 1
2n + 3

= 1− 2
2n + 3

.

Ââèäó ïðîèçâîëüíîñòè n ∈ N îòñþäà ñëåäóåò, ÷òî ‖A‖ > 1, è çíà÷èò,
‖A‖ = 1.

Ïðè ëþáîì λ /∈ [−1, 1] îïåðàòîð A − λ1 íåïðåðûâíî îáðàòèì, òàê
êàê

(Rλ(A)y)(t) = ((A− λ1)−1y)(t) =
1

t− λ
y(t) è

‖Rλ(A)‖ 6 max { 1
|λ− 1| ,

1
|λ + 1| }.

Cëåäîâàòåëüíî, ñïåêòð σ(A) îïåðàòîðà A ëåæèò â îòðåçêå [−1, 1]. Òàê
êàê äëÿ âñåõ λ ∈ [−1, 1] îïåðàòîð Rλ(A) îïðåäåëåí íà íåïëîòíîì â
L2[−1, 1] ìíîæåñòâå

{x ∈ L2[−1, 1] :
x(t)
t− λ

∈ L2[−1, 1]} ⊃ {x ∈ L2[−1, 1] : x(λ) = 0},

òî σ(A) = [−1, 1], ïðè÷åì ñïåêòð îñòàòî÷íûé, ñîáñòâåííûõ çíà÷åíèé
ó îïåðàòîðà A íåò.
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Òàê êàê

(Ax, y) =

1∫

−1

(Ax)(t)y(t) dt =

1∫

−1

tx(t)y(t) dt =

1∫

−1

x(t)ty(t) dt = (x,Ay),

òî îïåðàòîð A ñàìîñîïðÿæåííûé.
Íå èìåÿ ñîáñòâåííûõ ïîäïðîñòðàíñòâ, îïåðàòîð A, òåì íå ìåíåå,

èìååò èíâàðèàíòíûå ïîäïðîñòðàíñòâà. Ïîëàãàåì

Ht =





{0} äëÿ t 6 −1,

{x ∈ L2[−1, 1] : x(s) ≡ 0, åñëè t < s 6 1} äëÿ − 1 < t < 1,

H(= L2[−1, 1]) äëÿ t > 1.

Ëåãêî íåïîñðåäñòâåííî óáåäèòüñÿ, ÷òî ïðè âñåõ t Ht � ïîäïðîñòðàí-
ñòâà H è A(Ht) ⊂ Ht, ò. å. Ht � èíâàðèàíòíûå ïîäïðîñòðàíñòâà, ïðè-
÷åì Ht1 ⊂ Ht2 ïðè t2 > t1. Ïóñòü P (t) îçíà÷àåò îðòîïðîåêòîð íà Ht. Â
ñèëó îòìå÷åííûõ ñâîéñòâ Ht P (t) îáëàäàåò âñåìè ñâîéñòâàìè ñïåê-
òðàëüíîé ôóíêöèè, ïðè÷åì íà ýòîò ðàç ñïåêòðàëüíàÿ ôóíêöèÿ äàæå
íåïðåðûâíà.

Ñîñòàâèì èíòåãðàëüíóþ ñóììó (3.1), ïîëîæèâ a < −1, b = 1, ϕ(t) = t:

Sτ =
n∑

k=1

ξkP (∆k).

Äëÿ x ∈ L2[−1, 1]

(
P (∆k)x

)
(t) =

{
x(t) ïðè t ∈ (tk−1tk],

0 ïðè t /∈ (tk−1tk].

Ïîýòîìó

‖(A−Sτ )x‖2 = ‖Ax−Sτx‖2 =

1∫

−1

|tx(t)− (Sτx)(t)|2 dt =

=
n∑

k=1

tk∫

tk−1

|tx(t)− ξkx(t)|2 dt 6 d2(τ) · ‖x‖2.
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Òàêèì îáðàçîì, ‖A − Sτ‖ 6 d(τ). Ýòî îçíà÷àåò, ÷òî Sτ ⇒ A ïðè
d(τ) → 0, ò. å. èìååò ìåñòî ïðåäñòàâëåíèå

A =

+∞∫

−∞
t dP (t)

Íàøà áëèæàéøàÿ öåëü � ïîêàçàòü, ÷òî ëþáîé îãðàíè÷åííûé ñà-
ìîñîïðÿæåííûé îïåðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâåH èìååò òàêîå
ïðåäñòàâëåíèå.

3.2. Ñïåêòðàëüíîå ïðåäñòàâëåíèå îãðàíè÷åííîãî ñàìîñî-
ïðÿæåííîãî îïåðàòîðà. Çäåñü ìû ïîêàæåì, ÷òî ñàìîñîïðÿæåííûé
îãðàíè÷åííûé îïåðàòîð äîïóñêàåò ïðåäñòàâëåíèå âèäà (3.3).

Ïóñòü A � ñàìîñîïðÿæåííûé îïåðàòîð â H, òîãäà A2 > 0. Ïîëà-
ãàåì

|A| .=
√

A2, A+ .=
1
2
(|A|+ A

)
, A− .=

1
2
(|A| −A

)
. (3.4)

Èç äîêàçàòåëüñòâà òåîðåìû 2.3 ñëåäóåò, ÷òî îïåðàòîðû |A|, A+, A− ïå-
ðåñòàíîâî÷íû ñ A è ìåæäó ñîáîé, à íåïîñðåäñòâåííî èç îïðåäåëåíèé
âèäèì, ÷òî

A = A+ −A−, |A| = A+ + A−, |A|2 = A2, A+A− = A−A+ = 0.

Êðîìå òîãî, äëÿ ëþáîãî x ∈ H
∥∥∥|A|x

∥∥∥ = ‖Ax‖; òàê êàê A è |A|
ñàìîñîïðÿæåííûå, òî

∥∥|A|x∥∥2 = (|A|x, |A|x) = (|A|2x, x) = (A2x, x) = (Ax, Ax) = ‖Ax‖2

Ðàññìîòðèì ñíîâà
Ïðèìåð 3. Ïóñòü H = L2[−1, +1], (Ax)(t) = tx(t). Çäåñü

(A2x)(t) = t2x(t), (|A|x)(t) = |t|x(t),

(A+x)(t) =

{
0 ïðè − 1 6 t < 0,

tx(t) ïðè 0 6 t 6 0,

(A−x)(t) =

{
−tx(t) ïðè − 1 6 t < 0,

0 ïðè 0 6 t 6 0,
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Ïðèìåð 4. Ïóñòü H = R2
2, îïåðàòîð A â áàçèñå e1 =

(
1
0

)
,

e2 =

(
0
1

)
èìååò ìàòðèöó A =

(
1 − 3
−3 1

)
(â äàëüíåéøåì â ýòîì

ïðèìåðå îòîæäåñòâëÿåì îïåðàòîð è åãî ìàòðèöó â óêàçàííîì áàçèñå).

Ëåãêî âèäåòü, ÷òî A2 =

(
10 − 1
−1 10

)
. Ïóñòü B =

(
3 − 1
−1 3

)
;

òîãäà B > 0, B2 = A2 è â ñèëó åäèíñòâåííîñòè êâàäðàòíîãî êîðíÿ

|A| =
√

A2 = B; A+ = 1
2 (|A|+ A) =

(
2 − 2
−2 2

)
, A− = 1

2 (|A| −A) =

=

(
1 1
1 1

)
.

Çäåñü N (A+) = ∆ .= {(x, y) : y = x}, N (A−) = {(x, y) : y = −x}.
Îòìåòèì òàêæå, ÷òî σ(A) = σp(A) = {−2, 4}.
Ïðèìåð 5. Ïóñòü H = L2[−1, +1],

(Ax)(t) =

1∫

−1

sin π (t + s)x(s) ds, (Bx)(t) =

1∫

−1

cos π (t + s)x(s) ds,

(Cx)(t) =

1∫

−1

cos π (t− s)x(s) ds;

òîãäà A, B è C � ñàìîñîïðÿæåííûå âïîëíå íåïðåðûâíûå îïåðàòîðû,

σ(A) = σp(A) = σ(B) = σp(B) = {−1, 0, 1}, σ(C) = σp(C) = {0, 1}
è

(A2x)(t) = (A(Ax))(t) =

1∫

−1

sin π (t + s)(Ax)(s) ds =

=

1∫

−1

sin π (t + s)

1∫

−1

sin π (s + τ)x(τ) dτ ds =

=

1∫

−1

x(τ) dτ

1∫

−1

sin π (t + s)sin π (s + τ)︸ ︷︷ ︸
= 1

2

(
cos π(t−τ)−cosπ (2s+t+τ)

)
ds =

1∫

−1

cos π (t−τ)x(τ) dτ,
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(B2x)(t) = (B(Bx))(t) =

1∫

−1

cos π (t + s)(Bx)(s) ds =

=

1∫

−1

cos π (t + s)

1∫

−1

cos π (s + τ)x(τ) dτ ds =

=

1∫

−1

x(τ) dτ

1∫

−1

cos π (t + s)cos π (s + τ)︸ ︷︷ ︸
= 1

2

(
cos π(t−τ)+cosπ (2s+t+τ)

)
ds =

1∫

−1

cos π (t−τ)x(τ) dτ,

(C2x)(t) = (C(Cx))(t) =

1∫

−1

cos π (t− s)(Cx)(s) ds =

=

1∫

−1

cos π (t− s)

1∫

−1

cos π (s− τ)x(τ) dτ ds =

=

1∫

−1

x(τ) dτ

1∫

−1

cos π (t− s)cos π (s− τ)︸ ︷︷ ︸
= 1

2

(
cos π(t−τ)+cos π (2s−t−τ)

)
ds =

1∫

−1

cos π (t−τ)x(τ) dτ.

Òàêèì îáðàçîì, A2 = B2 = C2 = C > 0. Òàê êàê, î÷åâèäíî, îïåðàòîðû
A è B íå ÿâëÿþòñÿ ïîëîæèòåëüíûìè, òî â ñèëó åäèíñòâåííîñòè êâàä-
ðàòíîãî êîðíÿ èç ïîëîæèòåëüíîãî îïåðàòîðà |A| = |B| =

√
A2 = C.

(A+x)(t) =

1∫

−1

(
cos π (t− s) + sin π (t + s)

)
x(s) ds, (A−x)(t) =

=

1∫

−1

(
cos π (t− s)− sin π (t + s)

)
x(s) ds,
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(B+x)(t) =

1∫

−1

(
cos π (t− s) + cos π (t + s)

)
x(s) ds, (B−x)(t) =

=

1∫

−1

(
cos π (t− s)− sin π (t + s)

)
x(s) ds,

C+ = C, C− = 0.

Ïóñòü A � ñàìîñîïðÿæåííûé îïåðàòîð â H. Òîãäà èìååò ìåñòî
âêëþ÷åíèå N (A) ⊂ N (A+).. Äåéñòâèòåëüíî, ïóñòü x ∈ N (A); ýòî çíà-
÷èò, ÷òî Ax = 0. Íî òîãäà ïî äîêàçàííîìó âûøå è |A|x = 0. Ñëåäîâà-
òåëüíî, A+x = 1

2 (|A|+ A)x = 0, ò. å. x ∈ N (A+).
Ïóñòü P � îðòîïðîåêòîð íà ïîäïðîñòðàíñòâî N (A+). Ñâîéñòâà

ýòîãî îðòîïðîåêòîðà îòìå÷àþòñÿ ñëåäóþùåé ëåììîé.

Ëåììà 3.1. 1. Îðòîïðîåêòîð P ïåðåñòàíîâî÷åí ñ ëþáûì îãðà-
íè÷åííûì îïåðàòîðîì, ïåðåñòàíîâî÷íûì ñ A; â ÷àñòíîñòè ñ
A, |A|, A+, A−.

2. A− = PA− = −PA = P |A| > 0, A− = 0 òîãäà è òîëüêî òîãäà,
êîãäà A > 0.

3. A+ = (1 − P )A+ = (1 − P )A = (1 − P )|A| > 0; A+ = 0 òîãäà è
òîëüêî òîãäà, êîãäà A 6 0.

4. A = (1− 2P )|A|.

Äîêàçàòåëüñòâî. 1. Ïóñòü C ïåðåñòàíîâî÷åí ñ A : CA = AC.

Òîãäà è C∗A = AC∗; î÷åâèäíî òàêæå, ÷òî C ïåðåñòàíîâî÷åí è ñ
|A|, A+, A−. Äàëåå, äëÿ ëþáîãî x ∈ H Px ∈ N (A+), ïîýòîìó
A+CPx = CA+Px = 0. Çíà÷èò, CPx ∈ N (A+), PCPx = CPx,

PCP = CP. Àíàëîãè÷íî, äëÿ ñîïðÿæåííîãî îïåðàòîðà PC∗P = C∗P
èëè PCP = PC. Îòñþäà ïîëó÷àåì, ÷òî CP = PC.

2. Òàê êàê äëÿ âñåõ x ∈ H A+A−x = 0, òî A−x ∈ N (A+); çíà÷èò,
PA−x = A−x; îòñþäà PAx = P (A+ − A−)x = −PA−x = A−x. Äàëåå,
P |A|x = P (A+ + A−)x = PA−. Òàê êàê x ïðîèçâîëåí, òî ïîëó÷àåì
òðåáóåìîå. Ïóñòü A 6 0. Òîãäà ïî äîêàçàííîìó îäíîâðåìåííî âûïîë-
íÿþòñÿ íåðàâåíñòâà A− 6 0 è A− > 0, ò. å. A− = 0. Îáðàòíî, åñëè
A− = 0, òî A = |A|, ñëåäîâàòåëüíî, A > 0.

34



3. Òàê êàê äëÿ âñåõ x ∈ H PA+x = 0, òî PA+ = 0. Ïîýòî-
ìó (1 − P )A+ = A+; â ñèëó 2. PA− = −A−, P |A| = A− ïîýòîìó
(1−P )A = A + A− = A+, 0 6 (1−P )|A| = |A| −A− = A+. Ïîñëåäíåå
óòâåðæäåíèå äîêàçûâàåòñÿ òàê æå, êàê â 2.

4. (1− 2P )|A| = |A| − 2P |A| = |A| − 2A− = A+ −A− = A.

Òåîðåìà 3.1. Êàæäûé îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðà-
òîð A îáëàäàåò åäèíñòâåííîé ñïåêòðàëüíîé ôóíêöèåé P (·), òàê ÷òî
èìååò ìåñòî ïðåäñòàâëåíèå

A =

+∞∫

−∞
t dP (t) (3.5)

Äîêàçàòåëüñòâî. Ïóñòü m
.= inf
‖x‖=1

(Ax, x), M
.= sup
‖x‖=1

(Ax, x). Òîãäà

m(x, x) 6 (Ax, x) 6 M(x, x) äëÿ ëþáîãî x ∈ H.

Ââåäåì îáîçíà÷åíèÿ

At = A− t1, A+
t = (At)+, A−t = (At)−,

P (t) � îðòîïðîåêòîð íà ïîäïðîñòðàíñòâî N (A+
t ).

Ïîêàæåì, ÷òî P (·) ÿâëÿåòñÿ ñïåêòðàëüíîé ôóíêöèåé îïåðàòîðà A.

Íà÷íåì ñ äîêàçàòåëüñòâà èìïëèêàöèè

t > s =⇒ P (t) > P (s). (3.6)

Ïóñòü t > s. Ïî ëåììå 6.1 (ñâîéñòâî 1) îïåðàòîð P (t) ïåðåñòàíîâî÷åí
ñ ëþáûì îïåðàòîðîì, ïåðåñòàíîâî÷íûì ñ îïåðàòîðîì A, â ÷àñòíîñòè,
P (t)P (s) = P (s)P (t) è P (s)(1 − P (t)) = (1 − P (t))P (s). Ïî òåîðåìå
2.5 îïåðàòîð Q

.= P (s)(1− P (t)) ÿâëÿåòñÿ îðòîïðîåêòîðîì. Ïðè ýòîì
èìåþò ìåñòî ðàâåíñòâà

P (s)Q = Q, (1− P (t))Q = Q. (3.7)

Äåéñòâèòåëüíî, P (s)Q = P 2(s)(1−P (t)) = P (s)(1−P (t)) = Q; âòîðîå
ðàâåíñòâî äîêàçûâàåòñÿ àíàëîãè÷íî.
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Ïóñòü G � ïîäïðîñòðàíñòâî, íà êîòîðîå ïðîåêòèðóåò Q è x ∈ G.

Òîãäà Qx = x è

(Asx, x) = (AsQx, x) =
(
AsP (s)Qx, x

)
=

=
(
P (s)AsQx, x

) ëåììà 6.1 ñâ. 2= −(A−s Qx, x) = −(A−s x, x) 6 0,

(Atx, x) = (AtQx, x) =
(
At

(
1− P (t)

)
Qx, x

)
=

= ((1− P (t))AtQx, x) ëåììà 6.1 ñâ. 3= (A+
t Qx, x) = (A+

t x, x) > 0,

Òàêèì îáðàçîì,

((A− s1)x, x) 6 0, ((A− t1)x, x) > 0.

Âû÷èòàÿ èç ïåðâîãî íåðàâåíñòâà âòîðîå, ïîëó÷èì, ÷òî (t−s)(x, x) 6 0,

ò. å. (x, x) = 0, x = 0. Ýòî îçíà÷àåò, ÷òî G = {0},, ò. å. Q = 0. Ñëåäî-
âàòåëüíî, P (s) = P (s)P (t). Ýòî ðàâåíñòâî ýêâèâàëåíòíî âêëþ÷åíèþ
N (A+

s ) ⊂ N (A+
t ). Â ñèëó òåîðåì 2.7 è 2.8 P (t) > P (s). Ýòèì èìïëè-

êàöèÿ (3.6) äîêàçàíà.

Ïîêàæåì, ÷òî ïðè t < m P (t) = 0. Ïðåäïîëîæèì ïðîòèâíîå,
P (t) 6= 0. Òîãäà íàéäåòñÿ x ∈ H òàêîé, ÷òî P (t)x 6= 0. Ïîëîæèâ
y

.= P (t)x, ïîëó÷èì P (t)y = y. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî
ñ÷èòàòü òàêæå, ÷òî ‖y‖ = 1. Îòñþäà ïîëó÷àåì

(Ay, y)− t = (Ay, y)− t(y, y) =
(
(A− t · 1)y, y

)
=

=
(
(A− t · 1)P (t)y, y

) ëåììà 6.1 ñâ. 2= −(A−t y, y) 6 0,

ò. å. (Ay, y) 6 t < m, ÷òî ïðîòèâîðå÷èò îïðåäåëåíèþ m. Èòàê, ïðè
t < m P (t) = 0. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ïðè t > M P (t) = 1.

Òàêèì îáðàçîì äîêàçàíî, ÷òî P (t) � ñïåêòðàëüíàÿ ôóíêöèÿ.

Ïîêàæåì, ÷òî P (·) íåïðåðûâíà ñïðàâà â êàæäîé òî÷êå s ∈ [m,M ].
Âûøå áûëî ïîêàçàíî. ÷òî ïðè t > s èìååò ìåñòî ðàâåíñòâî
P (s)

(
1− P (t)

)
= 0, èëè P (s)

(
P (s)− P (t)

)
= 0, îòêóäà ïðè t → s + 0 â

ñèëó ìîíîòîííîñòè P (·) ñëåäóåò, ÷òî

P (s)
(
P (s)− P (s+)

)
= 0. (3.8)
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Èç ìîíîòîííîñòè P (·) ñëåäóåò, ÷òî (P (s) − P (s+)) 6 0. Ïðåäïîëî-
æèì, ÷òî (P (s) − P (s+)) < 0. Òîãäà äëÿ ëþáîãî x ∈ H, x 6= 0
((P (s) − P (s+))x, x) < 0, â ÷àñòíîñòè äëÿ x ∈ G0, x 6= 0, ãäå
G0 � ïîäïðîñòðàíñòâî, íà êîòîðîå ïðîåêòèðóåò P (s) − P (s+). Ïî-
ýòîìó 0 > ((P (s) − P (s+))x, x) = (x, x), ÷òî ïðîòèâîðå÷èò îïðåäåëå-
íèþ ñêàëÿðíîãî ïðîèâåäåíèÿ. Ñëåäîâàòåëüíî, P (s) − P (s+) = 0, ÷òî
è îçíà÷àåò íåïðåðûâíîñòü P (·) ñïðàâà.

Cëåäóþùèì ýòàïîì ÿâëÿåòñÿ äîêàçàòåëüñòâî íåðàâåíñòâà

sP (∆) 6 AP (∆) 6 tP (∆), ∆ = (s, t], s < t. (3.9)

Èìååì,

P (t)P (∆) = P (t)
(
P (t)− P (s)

)
= P (t)− P (s) = P (∆),

(
1− P (s)

)
P (∆) = P (∆)− P (s)

(
P (t)− P (s)

)
= P (∆).

Ñ ïîìîùüþ ýòèõ ðàâåíñòâ ïîëó÷àåì

(A− t · 1)P (∆) = AtP (∆) = AtP (t)P (∆) = −A−t P (∆) 6 0,

ò. å. AP (∆) 6 tP (∆);

(A− s · 1)P (∆) = AsP (∆) = As(1− P (s))P (∆) = A+
s P (∆) > 0,

ò. å. AP (∆) > sP (∆). Ýòèì íåðàâåíñòâà (3.9) äîêàçàíû.

Äîêàæåì ñïåêòðàëüíîå ïðåäñòàâëåíèå (3.5). Ïîëàãàåì a < m, b = M .
Ïóñòü τ = {tk}n

k=0 � ðàçáèåíèå (a, b] íà ïîëóèíòåðâàëû (tk−1, tk]. Ñî-
ãëàñíî íåðàâåíñòâàì (3.9)

tk−1P (∆k) 6 AP (∆k) 6 tkP (∆k) (k = 1, 2, ..., n).

Òàê êàê
n∑

k=1

P (∆k) = 1, òî ñëîæèâ âñå ýòè íåðàâåíñòâà, ïîëó÷èì

n∑

k=1

tk−1P (∆k) 6 A 6
n∑

k=1

tkP (∆k).
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Ïóñòü ξk ∈ (tk−1, tk] (k = 1, 2, ..., n). Òîãäà èç ïîñëåäíåãî íåðàâåíñòâà
ñëåäóåò

n∑

k=1

(tk−1 − ξk)P (∆k) 6 A −
n∑

k=1

ξkP (∆k) 6
n∑

k=1

(tk − ξk)P (∆k),

îòêóäà

−d(τ)1 6 A−
n∑

k=1

ξkP (∆k) 6 d(τ)1.

Îêîí÷àòåëüíî ïîëó÷àåì
∥∥∥∥∥A−

n∑

k=1

ξkP (∆k)

∥∥∥∥∥ 6 d(τ) → 0.

Ýòî îçíà÷àåò ñïðàâåäëèâîñòü ïðåäñòàâëåíèÿ (3.5).
Òàê êàê ñåìåéñòâî èíòåãðàëüíûõ ñóìì ðàâíîìåðíî ñõîäèòñÿ ê èí-

òåãðàëó Ñòèëòüåñà, òî èìåþò ìåñòî òàêæå è ñèëüíàÿ è ñëàáàÿ ñõîäè-
ìîñòè. Ïîýòîìó äëÿ ëþáîãî x ∈ H

Ax =

+∞∫

−∞
t dP (t)x è (Ax, x) =

+∞∫

−∞
t d

(
P (t)x, x

)
.

Çäåñü èíòåãðàë â ïðàâîé ÷àñòè � îáû÷íûé èíòåãðàë Ñòèëòüåñà ïî
ñêàëÿðíîé ôóíêöèè.

Åäèíñòâåííîñòü ñïåêòðàëüíîé ôóíêöèè áóäåò äîêàçàíà â ñëåäóþ-
ùåì ïóíêòå.

Ç à ì å ÷ à í è å 3.1. . Êàê áûëî âèäíî èç äîêàçàòåëüñòâà, äëÿ
îãðàíè÷åííîãî ñàìîñîïðÿæåííîãî îïåðàòîðà èíòåãðàë â (3.5) íà ñàìîì
äåëå ðàñïðîñòðàíÿåòñÿ íà êîíå÷íûé ïðîìåæóòîê (a, b] ⊃ [m,M ].

3.3. Ôóíêöèè îò îãðàíè÷åííîãî ñàìîñîïðÿæåííîãî îïåðà-
òîðà A Ïóñòü ϕ : [a, b] → P � íåïðåðûâíàÿ ôóíêöèÿ, ïðè÷åì èìååò
ìåñòî ñòðîãîå âêëþ÷åíèå [m,M ] ⊂ [a, b]. Ôóíêöèåé ϕ(A) íàçûâàåòñÿ

èíòåãðàë ϕ(A) =
+∞∫
−∞

ϕ(t) dP (t) ãäå P (·) � ñïåêòðàëüíàÿ ôóíêöèÿ îïå-

ðàòîðà A. Òàê, 1 =
+∞∫
−∞

dP (t), à åñëè A ïîëîæèòåëüíûé îïåðàòîð, òî
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√
A =

+∞∫
0

√
t dP (t). Îòìåòèì òàêæå, ÷òî An =

+∞∫
−∞

tn dP (t), à ñ ó÷åòîì
ñêàçàííîãî â êîíöå ïðåäûäóùåãî ïóíêòà

‖Ax‖2 = (Ax, Ax) = (A2x, x) =

+∞∫

−∞
t2 d(P (t)x, x); (3.10)

Çäåñü òàêæå èíòåãðàë â ïðàâîé ÷àñòè � îáû÷íûé èíòåãðàë Ñòèëòüåñà
ïî ñêàëÿðíîé ôóíêöèè.

Äàëåå,

At = A− t · 1 =

+∞∫

−∞
(s− t) dP (s), A+

t =

+∞∫

−∞
(s− t)+ dP (s) =

=

+∞∫

t

(s− t) dP (s), |A| =
+∞∫

−∞
|t| dP (t). (3.11)

Ïóñòü λ � ðåãóëÿðíîå ÷èñëî îãðàíè÷åííîãî ñàìîñîïðÿæåííîãî îïå-
ðàòîðà A, ñïåêòðàëüíàÿ ôóíêöèÿ êîòîðîãî P (·). Òîãäà ðåçîëüâåíòíûé
îïåðàòîð èìååò ïðåäñòàâëåíèå

Rλ(A) =

+∞∫

−∞

dP (t)
t− λ

.

Ïóñòü A � îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðàòîð. Êàê áûëî
ïîêàçàíî â 2.3, ï. 9o îïåðàòîð U

.= eiA ÿâëÿåòñÿ óíèòàðíûì. È åñëè
P (·) � ñïåêòðàëüíàÿ ôóíêöèÿ îïåðàòîðà A, ïðè÷åì [m,M ] ⊂ [0, 2π],

òî U =
2π∫
0

eit dP (t).

Çàâåðøèì äîêàçàòåëüñòâî òåîðåìû 3.1, äîêàæåì åäèíñòâåííîñòü
ñïåêòðàëüíîé ôóíêöèè. Ïóñòü íàðÿäó ñ P (·) ñóùåñòâóåò ñïåêòðàëüíàÿ
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ôóíêöèÿ Q(·), òàê ÷òî (ñì. (3.5), (3.11, (3.10))

A =

+∞∫

−∞
t dQ(t), At = A− t · 1 =

+∞∫

−∞
(s− t) dQ(s),

A+
t =

+∞∫

−∞
(s− t)+ dQ(s), ‖A+

t x‖2 =

+∞∫

−∞

(
(s− t)+

)2
d(Q(s)x, x) =

=

+∞∫

t

(s− t)2 d
(
Q(s)x, x

)
. (3.12)

Ïóñòü x ∈ N (A+
t ). Òîãäà ñîãëàñíî (3.12)

0 = ‖A+
t x‖2 =

+∞∫

t

(s− t)2 d
(
Q(s)x, x

)
;

òàê êàê èíòåãðèðóåìàÿ ôóíêöèÿ íåîòðèöàòåëüíà, à èíòåãðèðóþùàÿ �
âîçðàñòàþùàÿ, òî ïîñëåäíåå ðàâåíñòâî âîçìîæíî ëèøü â ñëó÷àå, åñëè
èíòåãðèðóþùàÿ ôóíêöèÿ íå çàâèñèò îò s (íàïîìíèì, ÷òî è ïîñëåäíåì
ðàâåíñòâå ðå÷ü èäåò îá îáû÷íîì èíòåãðàëå Ñòèëòüåñà îò ñêàëÿðíîé
ôóíêöèè ïî ñêàëÿðíîé). Ýòî çíà÷èò, ÷òî

(
Q(s)x, x

)
= (x, x) ïðè s > t;

â ÷àñòíîñòè
(
Q(t)x, x

)
= (x, x). Îòñþäà ñëåäóåò, ÷òî

‖Q(t)x− x‖2 =
(
Q(t)x− x, Q(t)x− x

)
=

=
(
Q(t)x, x

)− 2
()(

Q(t)x, x
)

+ (x, x) = 0, ò. å. Q(t)x = x.

Ñëåäîâàòåëüíî, îïåðàòîð Q(·) åñòü îðòîïðîåêòîð íà ïîäïðîñòðàíñòâî
N (A+

t ); òàê êàê îðòîïðîåêòîð ïîëíîñòüþ îïðåäåëÿåòñÿ ýòèì ïîäïðî-
ñòðàíñòâîì, òî Q(t) ≡ P (t).

.
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4. Íåîãðàíè÷åííûå ëèíåéíûå îïåðàòîðû

4.1. Çàìêíóòûå îïåðàòîðû. Îïåðàòîð A : H → H (íå îáÿçàòåëü-
íî ëèíåéíûé) íàçûâàåòñÿ çàìêíóòûì, åñëè èìååò ìåñòî èìïëèêàöèÿ

(
xn ∈ D(A) (n ∈ N), xn → x, Axn → y

)
=⇒ (

x ∈ D(A), y = Ax
)

(4.1)
Î÷åâèäíî, íåïðåðûâíûé îïåðàòîð çàìêíóò, íî îáðàòíîå óòâåðæäåíèå,
âîîáùå ãîâîðÿ, íå èìååò ìåñòà: çàìêíóòûé îïåðàòîð ìîæåò è íå áûòü
íåïðåðûâíûì. Åñëè îïåðàòîð òîëüêî çàìêíóò, òî èç ñõîäèìîñòè ïîñëå-
äîâàòåëüíîñòè {xn}∞n=1 ⊂ D(A) åùå íå ñëåäóåò ñõîäèìîñòü ïîñëåäîâà-
òåëüíîñòè {Axn}∞n=1. Îäíàêî, åñëè xn → x è x′n → x (xn, x′n ∈ D(A),
òî ïîñëåäîâàòåëüíîñòè {Axn}∞n=1 è {Ax′n}∞n=1 íå ìîãóò ñõîäèòüñÿ ê
ðàçëè÷íûì ïðåäåëàì.

Ïîíÿòèå çàìêíóòîñòè îïåðàòîðà ìîæåò áûòü ïåðåôîðìóëèðîâàíî
íà ñëåäóþùåì ãåîìåòðè÷åñêîì ÿçûêå. Ìíîæåñòâî ïàð

GA
.= {〈x,Ax〉 : x ∈ D(A)} ⊂ H ×H}

íàçûâàåòñÿ ãðàôèêîì îïåðàòîðà A. Î÷åâèäíû ñëåäóþùèå ïðîñòûå
ñâîéñòâà ãðàôèêà.

1. Äâà îïåðàòîðà ñîâïàäàþò òîãäà è òîëüêî òîãäà, êîãäà ñîâïàäàþò
èõ ãðàôèêè.

2. Ìíîæåñòâî S ⊂ H×H òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ãðàôèêîì
íåêîòîðîãî îïåðàòîðà, êîãäà èìååò ìåñòî èìïëèêàöèÿ

〈x, y〉 ∈ S, 〈x, y′〉 ∈ S =⇒ y = y′.

3.Îïåðàòîð A ëèíååí òîãäà è òîëüêî òîãäà , êîãäà åãî ãðàôèê GA

åñòü ëèíåéíîå ìíîãîîáðàçèå â H×H.

4. Îïåðàòîð A çàìêíóò òîãäà è òîëüêî òîãäà, êîãäà åãî ãðàôèê GA

çàìêíóò â H×H.

5. Åñëè îïåðàòîð A çàìêíóò, òî îïåðàòîð A− λ1 òàêæå çàìêíóò.
6. Åñëè îïåðàòîð A çàìêíóò è îïåðàòîð A−1 ñóùåñòâóåò, òî îïåðà-

òîð A−1 òàêæå çàìêíóò. (Ýòî ñâÿçàíî ñ òåì, ÷òî åñëè GA = {〈x,Ax〉},
òî GA−1 = {〈y, A−1〉} = {〈Ax, x〉}.)
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Ïóñòü îïåðàòîð A íå ÿâëÿåòñÿ çàìêíóòûì; òîãäà íå áóäåò çàìêíó-
òûì è åãî ãðàôèê GA; åñëè çàìûêàíèå clGA â H × H åñòü ãðàôèê
íåêîòîðîãî îïåðàòîðà, òî ýòîò îïåðàòîð íàçûâàåòñÿ çàìûêàíèåì îïå-
ðàòîðà A è îáîçíà÷àåòñÿ cl A. Ãîâîðÿò òàêæå, ÷òî A äîïóñêàåò çàìûêà-
íèå. Òàêèì îáðàçîì, Gcl A = clGA. Çàìûêàíèå cl A åñòü ìèíèìàëüíîå
çàìêíóòîå ðàñøèðåíèå îïåðàòîðà A.

4.2. Îáùåå îïðåäåëåíèå ñîïðÿæåííîãî îïåðàòîðà. Ïóñòü
A : H → H � ïðîèçâîëüíûé ëèíåéíûé îïåðàòîð (âîîáùå ãîâîðÿ
íå ïðåäïîëàãàåòñÿ íå òîëüêî åãî îãðàíè÷åííîñòü, íî è çàìêíóòîñòü).
Ïðåäïîëîæèì ëèøü, ÷òî D(A) ïëîòíî â H (A � ïëîòíî îïðåäåëåííûé
îïåðàòîð).

Îáîçíà÷èì

D∗ .= {y : ∃z ∈ H : (Ax, y) = (x, z)};
ìíîæåñòâî D∗ íå ïóñòî, òàê êàê ñîäåðæèò ïî êðàéíåé ìåðå 0. Çàìåòèì,
÷òî ýëåìåíò z îïðåäåëÿåòñÿ ïî ýëåìåíòó y îäíîçíà÷íî; äåéñòâèòåëüíî,
ïóñòü íàðÿäó ñ z ñóùåñòâóåò òàêæå ýëåìåíò z′ ∈ H òàêîé, ÷òî òàêæå
(Ax, y) = (x, z′); èç ýòèõ ðàâåíñòâ ñëåäóåò, ÷òî (x, z − z′) = 0 äëÿ âñåõ
x ∈ D(A), ÷òî â ñèëó ïëîòíîñòè D(A) îçíà÷àåò, ÷òî z − z′ = 0, z = z′.
Äëÿ íåïëîòíî îïðåäåëåííîãî îïåðàòîðà ðàâåíñòâî (Ax, y) = (x, z) âû-
ïîëíÿåòñÿ è äëÿ z + u, ãäå u ïðîáåãàåò (D(A))⊥.

Ýòîò ôàêò ïîçâîëÿåò îïðåäåëèòü ñîïðÿæåííûé îïåðàòîð A∗ ñëå-
äóþùèì îáðàçîì:

D(A∗) .= D∗, A∗y = z;

òàêèì îáðàçîì, ñîïðÿæåííûé îïåðàòîð A∗ ñóùåñòâóåò â òîì è
òîëüêî òîì ñëó÷àå, êîãäà clD(A) = H; ïðè ýòîì îí îáëàäàåò ñâîé-
ñòâîì: (Ax, y) = (x,A∗y), x ∈ D(A), y ∈ D(A∗); îäíàêî, ðàâåíñòâî
(Ax, y) = (x,By) îçíà÷àåò ëèøü, ÷òî B ⊂ A∗.

Îòìåòèì ïðîñòåéøèå ñâîéñòâà ñîïðÿæåííîãî îïåðàòîðà (îáëàñòè
îïðåäåëåíèÿ âñåõ íèæåñëåäóþùèõ îïåðàòîðîâ ïðåäïîëàãàþòñÿ ïëîò-
íûìè â H).

1) (λA)∗ = λ̄A∗;
2) åñëè A ⊂ B, òî B∗ ⊂ A∗;
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3) (A + B)∗ ⊃ A∗ + B∗;
4) (AB)∗ ⊃ B∗A∗;
5) (A + λ1)∗ = A∗ + λ̄1.

Îñòàíîâèìñÿ, íàïðèìåð, íà ñâîéñòâå 4):

(ABx, y) = (Bx, A∗y) = (x,B∗A∗y);

ýòî â ñèëó ñêàçàííîãî âûøå îçíà÷àåò òðåáóåìîå âêëþ÷åíèå.
Òåîðåìà 4.1. Ïóñòü îïåðàòîð A èìååò îáðàòíûé A−1 è D(A)

è D(A−1) ïëîòíû â H; òîãäà (A−1)∗ = (A∗)−1

Äîêàçàòåëüñòâî. Åñëè x ∈ D(A), y ∈ D((A−1)∗), òî

(x, y) = (A−1Ax, y) = (Ax, (A−1)∗y),

ò. å.
(A−1)∗y) ∈ D(A∗) è A∗(A−1)∗y = y. (4.2)

Ñ äðóãîé ñòîðîíû, åñëè x ∈ D(A−1), y ∈ D(A∗), òî

(x, y) = (AA−1x, y) = (A−1x,A∗y),

÷òî îçíà÷àåò

A∗y ∈ D((A−1)∗) è (A−1)∗A∗y = y. (4.3)

Èç ðàâåíñòâ (4.2) è (4.3) ñëåäóåò, ÷òî (A−1)∗ ÿâëÿåòñÿ îáðàòíûì ê A∗.
Ýòèì ðàâåíñâòî (A−1)∗ = (A∗)−1 äîêàçàíî.

Îïèøåì ñîïðÿæåííûé îïåðàòîð ñ ïîìîùüþ ïîíÿòèÿ ãðàôèêà îïå-
ðàòîðà. Äëÿ ýòîãî îïðåäåëèì â H

.= H × H ñêàëÿðíîå ïðîèçâåäåíèå(〈x1, y1〉, 〈x2, y2〉
)
H

.= (x1, x2) + (y1, y2) (÷åðåç 〈x, y〉 îáîçíà÷åí ýëåìåíò
H); ýòî ñêàëÿðíîå ïðîèçâåäåíèå ïîðîæäàåò íîðìó

‖〈x, y〉‖H =
√
‖x‖2 + ‖y‖2.

Îïðåäåëèì òàêæå îïåðàòîð U : H → H ðàâåíñòâîì: U〈x, y〉 = 〈iy,−ix〉.
Òàê êàê

(
U〈x, y〉, U〈x, y〉)

H
= (〈iy,−ix〉, 〈iy,−ix〉)H =

= (iy, iy) + (−ix,−ix) = (y, y) + (x, x) = ‖〈x, y〉)‖2,

òî â ñèëó ñâîéñòâà (2.7) U � óíèòàðíûé îïåðàòîð.
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Òåîðåìà 4.2. Ïóñòü A : H → H � ïëîòíî îïðåäåëåííûé ëèíåé-
íûé îïåðàòîð. Òîãäà A∗ � çàìêíóòûé ëèíåéíûé îïåðàòîð.

Äîêàçàòåëüñòâî. Ïîäåéñòâóåì íà âñå ýëåìåíòû ãðàôèêà
GA ⊂ H îïåðàòîðîì U è îáîçíà÷èì

BA
.= U(GA) = {〈iAx,−ix〉, x ∈ D(A)}, C

.= B⊥
A.

Ìíîæåñòâî C ñîñòîèò èç ïàð 〈y, z〉, óäîâëåòâîðÿþùèõ óñëîâèþ

(〈iAx,−ix〉, 〈y, z〉)H = 0 (x ∈ D(A)),

èç êîòîðîãî ñëåäóåò, ÷òî (Ax, y)− (x, z) = 0. Çíà÷èò,

y ∈ D(A∗), z = A∗y, 〈y, z〉 ∈ GA∗ .

Òàêèì îáðàçîì, GA∗ = B⊥
A. Òàê êàê îðòîãîíàëüíîå äîïîëíåíèå ëþáîãî

ìíîæåñòâà åñòü (çàìêíóòîå) ïîäïðîñòðàíñòâî, òî îòñþäà ïîëó÷àåì,
÷òî A∗ � çàìêíóòûé ëèíåéíûé îïåðàòîð.

Òåîðåìà 4.3. Ïóñòü A : H → H � ïëîòíî îïðåäåëåííûé ëèíåé-
íûé îïåðàòîð. Òîãäà, åñëè A äîïóñêàåò çàìûêàíèå cl A, òî A∗∗ = cl A;
åñëè ñàì îïåðàòîð A çàìêíóò, òî A∗∗ = A.

Äîêàçàòåëüñòâî. Èç äîêàçàòåëüñòâà ïðåäûäóùåé òåîðåìû ñëåäó-
åò, ÷òî H = cl BA ⊕ GA∗ . Ïîäåéñòâóåì íà îáå ÷àñòè ýòîãî ðàâåíñòâà
îïåðàòîðîì U . Â èòîãå

U(H) = H, U(BA) = {〈i(−ix),−i(iAx)〉} = {〈x,Ax〉} = GA,

ñëåäîâàòåëüíî, U(cl BA) = cl GA = GÃ, U(GA∗) = BA∗ , ò. å.
H = Gcl A ⊕ BA∗ . Îòñþäà âèäèì, ÷òî Gcl A = (BA∗)⊥, à èç äîêàçà-
òåëüñòâà ïðåäûäóùåé òåîðåìû ñëåäóåò, ÷òî (BA∗)⊥ = GA∗∗ . Çíà÷èò,
GA∗∗ = Gcl A, ò. å. A∗∗ = cl A. Â ÷àñòíîñòè, åñëè îïåðàòîð A çàìêíóò,
òî A = cl A è A∗∗ = A.

Ïëîòíî îïðåäåëåííûé îïåðàòîð A : H → H íàçûâàåòñÿ ñèììåò-
ðè÷åñêèì, åñëè îí îáëàäàåò ñâîéñòâîì (Ax, y) = (x,Ay) äëÿ ëþáûõ
x, y ∈ D(A).

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ñëåäóåò, ÷òî ïëîòíî îïðåäåëåí-
íûé îïåðàòîð áóäåò ñèììåòðè÷åñêèì â òîì è òîëüêî òîì ñëó÷àå, åñëè
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A ⊂ A∗. Òàê êàê ñîïðÿæåííûé îïåðàòîð çàìêíóò, òî îòñþäà ñëåäóåò,
÷òî ñèììåòðè÷åñêèé îïåðàòîð äîïóñêàåò çàìûêàíèå.

Ïëîòíî îïðåäåëåííûé îïåðàòîð íàçûâàåòñÿ ñàìîñîïðÿæåííûì, åñ-
ëè A∗ = A. Îòñþäà ñðàçó âèäèì, ÷òî ñàìîñîïðÿæåííûé îïåðàòîð çà-
ìêíóò.

4.3. Ñïåêòðàëüíîå ðàçëîæåíèå ñàìîñîïðÿæåííîãî îïåðà-
òîðà â îáùåì ñëó÷àå. Íà (íåîãðàíè÷åííûå) ñàìîñîïðÿæåííûå îïå-
ðàòîðû ðàñïðîñòðàíÿåòñÿ óòâåðæäåíèå òåîðåìû 3.1. À èìåííî, ñïðà-
âåäëèâà òåîðåìà.

Òåîðåìà 4.4. Êàæäûé ñàìîñîïðÿæåííûé îïåðàòîð A : H → H
îáëàäàåò åäèíñòâåííîé ñïåêòðàëüíîé ôóíêöèåé P (·), òàê ÷òî èìå-
åò ìåñòî ïðåäñòàâëåíèå

A =

+∞∫

−∞
t dP (t). (4.4)

Ýëåìåíò x ∈ D(A) òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò èíòå-
ãðàë

+∞∫

−∞
t2 d‖P (t)x‖2 (4.5)

Ïðè ýòîì óñëîâèè

Ax =

+∞∫

−∞
t dP (t)x. (4.6)

Âñÿêèé îïåðàòîð, îáëàäàþùèé ñâîéñòâàìè (4.4) � (4.6) ÿâëÿåòñÿ ñà-
ìîñîïðÿæåííûì.

Íèæåñëåäóþùàÿ òåîðåìà äîêàçûâàåòñÿ òî÷íî òàê æå, êàê è äëÿ
îãðàíè÷åííîãî îïåðàòîðà.

Òåîðåìà 4.5. Ñïåêòð ñàìîñîïðÿæåííîãî îïåðàòîðà âåùåñòâåí.
Ñîáñòâåííûå âåêòîðû ñàìîñîïðÿæåííîãî îïåðàòîðà, ñîîòâåòñòâó-
þùèå ðàçëè÷íûì ñîáñòâåííûì çíà÷åíèÿì, îðòîãîíàëüíû.

Ñïåêòðàëüíîå ïðåäñòàâëåíèå ðåçîëüâåíòíîãî îïåðàòîðà Rλ(A) ñà-
ìîñîïðÿæåííîãî îïåðàòîðà A èìååò òàêîé æå âèä, êàê è äëÿ ñëó÷àÿ
îãðàíè÷åííîãî îïåðàòîðà, à èìåííî, Rλ(A) =

+∞∫
−∞

dP (t)
t−λ .
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Ñëåäóþùàÿ òåîðåìà äàåò îïèñàíèå ñïåêòðà ñàìîñîïðÿæåííîãî îïå-
ðàòîðà â òåðìèíàõ ñïåêòðàëüíîé ôóíêöèè.

Òåîðåìà 4.6. Ïóñòü P (·) � ñïåêòðàëüíàÿ ôóíêöèÿ ñàìîñîïðÿ-
æåííîãî îïåðàòîðà A.

1. Âåùåñòâåííîå ÷èñëî λ0 òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ðåãó-
ëÿðíîé òî÷êîé îïåðàòîðà A, êîãäà ñïåêòðàëüíàÿ ôóíêöèÿ P (·) ïî-
ñòîÿííà â íåêîòîðîé îêðåñòíîñòè òî÷êè λ0.

2. Âåùåñòâåííîå ÷èñëî λ0 òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ñîá-
ñòâåííûì çíà÷åíèåì îïåðàòîðà A, êîãäà P (λ0)−P (λ0−) 6= 0. Â ýòîì
ñëó÷àå P (λ0) − P (λ0−) � îïåðàòîð ïðîåêòèðîâàíèÿ íà ñîáñòâåí-
íîå ïîäïðîñòðàíñòâî îïåðàòîðà A, ñîîòâåòñòâóþùåå ñîáñòâåííîìó
çíà÷åíèþ λ0.

Äîêàçàòåëüñòâî. Èç òåîðåìû 4.4 ñëåäóåò ðàâåíñòâî

‖(A− λ01)x‖2 =

+∞∫

−∞
(t− λ0)2 d(P (t)x, x) äëÿ x ∈ D(A). (4.7)

1. Ïóñòü ñïåêòðàëüíàÿ ôóíêöèÿ P (·) ïîñòîÿííà â ε-îêðåñòíîñòè
òî÷êè λ0. Òîãäà ðàâåíñòâî (4.7) ïðèíèìàåò âèä

‖(A−λ01)x‖2 =

λ0−ε∫

−∞
(t−λ0)2 d(P (t)x, x)+

+∞∫

λ0+ε

(t−λ0)2 d(P (t)x, x) >

> ε2




λ0−ε∫

−∞
d(P (t)x, x) +

+∞∫

λ0+ε

d(P (t)x, x)


 = ε2‖x‖2.

Èç íåðàâåíñòâà ‖(A − λ01)x‖2 > ε2‖x‖2 ñëåäóåò, ÷òî ðåçîëüâåíòíûé
îïåðàòîð Rλ(A) = (A− λ01)−1 îïðåäåëåí íà âñåì H è íåïðåðûâåí, òî
åñòü λ0 � ðåãóëÿðíàÿ òî÷êà îïåðàòîðà A.

Ïóñòü λ0 � ðåãóëÿðíàÿ òî÷êà îïåðàòîðà A. Ñîãëàñíî òåîðåìå 1.10
èç [14, c. 24] íàéäåòñÿ ÷èñëî m > 0 òàêîå, ÷òî

‖(A− λ01)x‖ > m‖x‖ äëÿ âñåõ x ∈ D(A). (4.8)

Äîïóñòèì, ÷òî ñïåêòðàëüíàÿ ôóíêöèÿ P (·) íå ÿâëÿåòñÿ ïîñòîÿííîé â
m-îêðåñòíîñòè òî÷êè λ0. Ýòî çíà÷èò, ÷òî ñóùåñòâóåò ïîëîæèòåëüíîå
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η < m òàêîå, ÷òî P
.= P (λ0 + η) − P (λ0 − η) 6= 0. Òàê êàê P � îðòî-

ïðîåêòîð, òî íàéäåòñÿ x ∈ D(A), x 6= 0, Px = x. Ïîäñòàâèì òàêîé x â
ïðàâóþ ÷àñòü (4.7) è ó÷òåì, ÷òî P (t)P = 0 ïðè t < λ0−η, P (t)P = P

ïðè t > λ0 + η. Òîãäà

‖(A− λ01)x‖2 =

λ0+η∫

λ0−η

(t− λ0)2 d(P (t)x, x) 6 η2

λ0+η∫

λ0−η

d(P (t)x, x) =

= η2‖Px‖2 = η2‖x‖2 < m2‖x‖2.

Ïîëó÷åííîå íåðàâåíñòâî ïðîòèâîðå÷èò (4.8). Ñëåäîâàòåëüíî, P (·) ïî-
ñòîÿííà â m-îêðåñòíîñòè òî÷êè λ0.

2. Ïóñòü λ0 � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A, à x0 � ñîîòâåò-
ñòâóþùèé åìó ñîáñòâåííûé âåêòîð. Â ñèëó (4.7)

0 = ‖(A− λ01)x0‖2 =

+∞∫

−∞
(t− λ0)2 d(P (t)x0, x0).

Â ñèëó èçâåñòíîãî ñâîéñòâà èíòåãðàëà Ðèìàíà�Ñòèëòüåñà ýòî ðà-
âåíñòâî âîçìîæíî ëèøü â òîì ñëó÷àå, êîãäà ñêàëÿðíàÿ ôóíêöèÿ(
P (t)x0, x0

)
ïîñòîÿííà ïðè t < λ0 è t > λ0, ò. å. êîãäà

(
P (t)x0, x0

)
=

(
0 ïðè t < λ0,

‖x0‖2 ïðè t > λ0

(òàê êàê P (−∞) = 0, P (+∞) = 1). Ýòî ðàâåíñòâî îçíà÷àåò, ÷òî

‖(P (λ0)− P (λ0−)
)
x0‖2 =

(
P (λ0)− P (λ0−)x0, x0

)
= ‖x0‖2 6= 0,

ïîýòîìó P (λ0) − P (λ0−) 6= 0. Èç ýòîãî æå ðàâåíñòâà ñëåäóåò, ÷òî
x0 = (P (λ0) − P (λ0−))x0, ò. å. x0 ïðèíàäëåæèò ïîäïðîñòðàíñòâó, íà
êîòîðîå ïðîåêòèðóåò îðòîïðîåêòîð P (λ0)− P (λ0−).

Ïóñòü P (λ0)− P (λ0−) 6= 0 è x =
(
P (λ0)− P (λ0−)

)
x 6= 0. Òîãäà

P (t)x = P (t)
(
P (λ0)−P (λ0−)

)
x =

(
P (λ0)−P (λ0−)

)
x = x ïðè t > λ0

è
P (t)x = P (t)

(
P (λ0)− P (λ0−)

)
x = 0 ïðè t < λ0.
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Ïîýòîìó

‖(A− λ01)x‖2 =

+∞∫

−∞
(t− λ0)2 d

(
P (t)x, x

)
= 0,

ò. å. x � ñîáñòâåííûé âåêòîð, ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷å-
íèþ λ0.

5. Òåîðèÿ ðàñøèðåíèé ñèììåòðè÷åñêèõ
îïåðàòîðîâ

5.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ è ïðèìåðû. Ïîñòàâèì çà-
äà÷ó îïèñàòü âñå ñèììåòðè÷åñêèå ðàñøèðåíèÿ ñèììåòðè÷åñêîãî îïå-
ðàòîðà, â ÷àñòíîñòè, âûÿñíèì óñëîâèÿ, ïðè êîòîðûõ äàííûé ñèììåò-
ðè÷åñêèé îïåðàòîð èìååò ñàìîñîïðÿæåííûå ðàñøèðåíèÿ.

Ïóñòü B � ñèììåòðè÷åñêîå ðàñøèðåíèå ñèììåòðè÷åñêîãî îïåðàòî-
ðà A. Òîãäà

A ⊂ B ⊂ B∗ ⊂ A∗. (5.1)

Ýòî îçíà÷àåò, ÷òî âñå ñèììåòðè÷åñêèå ðàñøèðåíèÿ îïåðàòîðà A ÿâëÿ-
þòñÿ ñóæåíèÿìè ñîïðÿæåííîãî îïåðàòîðà A∗. Ñèììåòðè÷åñêèé îïå-
ðàòîð A íàçûâàåòñÿ ìàêñèìàëüíûì, åñëè îí íå èìååò ñèììåòðè÷åñêèõ
ðàñøèðåíèé, îòëè÷íûõ îò A.

Åñëè A∗ = A, òî ñîãëàñíî (5.1) B = A. Ñëåäîâàòåëüíî, âñÿêèé
ñàìîñîïðÿæåííûé îïåðàòîð åñòü ìàêñèìàëüíûé ñèììåòðè÷åñêèé îïå-
ðàòîð.

Ïðåæäå ÷åì ïåðåéòè ê ðåøåíèþ ïîñòàâëåííîé çàäà÷è, ðàññìîòðèì
ðÿä ïðèìåðîâ.

Ïðèìåð 6. Ïóñòü H = L2[0, 1] .= L2, A, B, C : L2 → L2,

D(A) .= {x : x(·) àáñîëþòíî íåïðåðûâíà, x′ ∈ L2}, Ax
.= i x′,

D(B) .= {x ∈ D(A); x(0) = x(1)}, Bx
.= i x′,

D(C) .= {x ∈ D(A); x(0) = x(1) = 0}, Cx
.= i x′.
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Î÷åâèäíî, ÷òî D(C),D(B),D(A) ïëîòíû â L2 è

C ⊂ B ⊂ A, A∗ ⊂ B∗ ⊂ C∗. (5.2)

Äëÿ ëþáîãî y ∈ L2 íàéäåòñÿ x ∈ D(A) òàêîé, ÷òî

Ax = ix′ = y
(
x(t) = x(a)− i

t∫

0

y(s) ds
)
;

ñëåäîâàòåëüíî, R(A) = L2. Äàëåå, ïóñòü y ∈ R(B); òîãäà, âçÿâ â
êà÷åñòâå x ðåøåíèå çàäà÷è ix′ = y, x(0) = x(1), ïîëó÷èì, ÷òî

x(t) = x(0) − i
t∫
0

y(s) ds; îòñþäà
1∫
0

y(s) ds = 0, ò. å. y⊥〈1〉; ýòî îçíà-

÷àåò, ÷òî R(B) = 〈1〉⊥. Òî÷íî òàê æå óñòàíîâèì, ÷òî R(C) = 〈1〉⊥.

Òàêèì îáðàçîì,

R(A) = L2, R(B) = R(C) = 〈1〉⊥ (5.3)

Ïîêàæåì, ÷òî

A∗ = C, B∗ = B, C∗ = A. (5.4)

1. Ïóñòü x ∈ D(A), y ∈ D(C). Òîãäà

(Ax, y) =

1∫

0

i x′(t)y(t) dt =

1∫

0

i y(t) dx(t) =

= i (y(1)x(1)− y(0)x(0))−
1∫

0

i x(t)y′(t) dt =

1∫

0

x(t)iy′(t) dt = (x,Cy)

(òàê êàê y(0) = y(1) = 0). Ýòî çíà÷èò, ÷òî C ⊂ A∗.
2. Ïóñòü x, y ∈ D(B). Òî÷íî òàê æå, êàê è âûøå

(Bx, y) =

1∫

0

i x′(t)y(t) dt =

1∫

0

i y(t) dx(t) =

= i (y(1)x(1)− y(0)x(0))−
1∫

0

i x(t)y′(t) dt =

1∫

0

x(t)iy′(t) dt = (x, By)
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(òàê êàê x(0) = x(1), y(0) = y(1)). Ñëåäîâàòåëüíî, B ⊂ B∗.
3. Ïóñòü x ∈ D(A), y ∈ D(C). Òîãäà, êàê è âûøå â ï.1, óáåæäàåìñÿ,

÷òî (Cx, y) = (x,Ay), òî åñòü A ⊂ C∗.
Äîêàæåì ïðîòèâîïîëîæíûå âêëþ÷åíèÿ. Ïóñòü F îçíà÷àåò îäèí èç

îïåðàòîðîâ A, B èëè C,

x ∈ D(F ), y ∈ D(F ∗), g = F ∗y, G(t) =

t∫

0

g(s) ds.

Òîãäà

1∫

0

i x′(t)y(t) dt = (Fx, y) = (x, F ∗y) = (x, g) =

1∫

0

x(t)g(t) dt =

=

1∫

0

x(t) dG(t) = x(1)G(1)− x(0)G(0)︸ ︷︷ ︸
=0

+

1∫

0

i x′(t)iG(t)dt; =⇒

=⇒
1∫

0

i x′(t)(y(t)− iG(t)) dt− x(1)G(1) = 0.

Òàê êàê x ïðîáåãàåò ïëîòíîå ìíîæåñòâî, òî ïîñëåäíåå ðàâåíñòâî ýê-
âèâàëåíòíî ñèñòåìå ðàâåíñòâ





1∫
0

i x′(t)(y(t)− iG(t)) dt = (Fx, y − iG) = 0,

x(1)G(1) = 0.

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû ïîëó÷àåì, ÷òî

y − iG ∈ R(F )⊥ (5.5)

Åñëè F = A, òî G(1) = 0 (òàê êàê âîçìîæíî x(1) 6= 0) è â ñèëó

(5.3) y − G = 0; ýòî çíà÷èò, ÷òî y(t) =
t∫
0

g(s) ds, òî åñòü ôóíêöèÿ

y(·) àáñîëþòíî íåïðåðûâíà è y(0) = G(0) = 0, y(1) = G(1) = 0;
ñëåäîâàòåëüíî, y ∈ D(C), A∗ ⊂ C, è îêîí÷àòåëüíî, A∗ = C.

Åñëè F = B, òî òàêæå G(1) = 0 è â ñèëó (5.3) y − G = const;
îòñþäà ñíîâà ïîëó÷àåì àáñîëþòíóþ íåïðåðûâíîñòü y(·) è ðàâåíñòâî
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y(0) = y(1), òî åñòü y ∈ D(B), B∗ ⊂ B, ÷òî âìåñòå ñ ðàíåå äîêàçàí-
íûì îçíà÷àåò B∗ = B.

Íàêîíåö, åñëè F = C, òî âòîðîå ðàâåíñòâî ñèñòåìû âûïîëíÿåò-
ñÿ ïðè ëþáûõ G, òàê êàê x(1) = 0; à èç (5.3) è (5.5) ñíîâà ïîëó-
÷àåì, ÷òî y − G = const, ÷òî îçíà÷àåò àáñîëþòíóþ íåïðåðûâíîñòü
y(·), y ∈ D(A), C∗ ⊂ A, C∗ = A.

Òàêèì îáðàçîì, ðàâåíñòâà (5.4) äîêàçàíû.
Èç ñîîòíîøåíèé (5.4) è(5.2) ïîëó÷àåì, ÷òî C ⊂ B = B∗ ⊂ C∗,

ò. å. C çàìêíóòûé (C = A∗) ñèììåòðè÷åñêèé îïåðàòîð, B � åãî ñà-
ìîñîïðÿæåííîå ðàñøèðåíèå; Îïåðàòîð A òàêæå ÿâëÿåòñÿ çàìêíóòûì
ðàñøèðåíèåì îïåðàòîðà C, íî óæå íå ñèììåòðè÷åñêèì. Îòìåòèì, êðî-
ìå òîãî, ÷òî A∗∗ = A, C∗∗ = C.

Íàéäåì ñïåêòðû îïåðàòîðîâ A,B, C. Òàê êàê óðàâíåíèå Ax = λx(
i x′ = λx

)
èìååò íåíóëåâîå ðåøåíèå

(
x(t) = e−i λt

)
ïðè ëþáîì

λ ∈ C, òî ñïåêòð σ(A) îïåðàòîðà A ñîñòîèò èç ñîáñòâåííûõ çíà÷åíèé
(÷èñòî òî÷å÷íûé), êîòîðûå çàïîëíÿþò âñþ êîìïëåêñíóþ ïëîñêîñòü,
σ(A) = σp(A) = C.

Óðàâíåíèå Bx = λx (i x′ = λx, x(0) = x(1)) èìååò íåíóëåâûå
ðåøåíèÿ, åñëè λ � ðåøåíèå óðàâíåíèÿ e−i λ = 1 (â îáùåå ðåøåíèå
x(t) = ce−i λt óðàâíåíèÿ i x′ = λx íàäî ïîäñòàâèòü ãðàíè÷íûå óñëî-
âèÿ x(0) = x(1)); òàêèì îáðàçîì, σp(B) =

⋃
n∈Z

{2π n}. Ïðè λ /∈ σp(B)

ðåçîëüâåíòíûé îïåðàòîð RB(λ) èìååò ïðåäñòàâëåíèå

(RB(λ))(t) =

1∫

0

G(t, s)y(s) ds, (5.6)

ãäå

G(t, s) =
i

e−i λ − 1
·
{

e−i λ(t−s) ïðè s 6 t,

e−i λ(1+t−s) ïðè s > t
�

ôóíêöèÿ Ãðèíà çàäà÷è

x′ + i λx = −i y(t), x(0) = x(1), t ∈ [0, 1], y ∈ H, (5.7)

êîòîðàÿ ñîîòâåòñòâóåò óðàâíåíèþ Bx−λx = y. Êàê âèäíî èç ïðåäñòàâ-
ëåíèÿ (5.6) ðåçîëüâåíòíûé îïåðàòîð íåïðåðûâåí (äàæå âïîëíå íåïðå-
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ðûâåí), ïîýòîìó çíà÷åíèÿ λ /∈ σp(B) ðåãóëÿðíû. Ýòî îçíà÷àåò, ÷òî
σ(B) = σp(B) =

⋃
n∈Z

{2π n}.
Óðàâíåíèå Cx = λx, ýêâèâàëåíòíîå çàäà÷å i x′ = λx, x(0) = x(1) = 0

èìååò òîëüêî íóëåâîå ðåøåíèå, ñëåäîâàòåëüíî, σp(C) = ∅; óðàâíåíèå
æå Cx−λx = y ýêâèâàëåíòíî çàäà÷å x′+i λx = −i y(t), x(0) = x(1) = 0,

êîòîðàÿ èìååò ðåøåíèå

x(t) = −i

t∫

0

e−i λ(t−s)y(s) ds

òîëüêî äëÿ y ∈ M
.= 〈ei λ̄(1−t)〉⊥; êàê èçâåñòíî (ñì. [13, c. 85]), M �

ïîäïðîñòðàíñòâî â L2, çíà÷èò, M íå ÿâëÿåòñÿ ïëîòíûì â L2. Ñëåäîâà-
òåëüíî, ðåçîëüâåíòíûé îïåðàòîð îïðåäåëåí òîëüêî íà ìíîæåñòâå M.

Ïî ýòîé ïðè÷èíå êàæäîå êîìïëåêñíîå ÷èñëî ÿâëÿåòñÿ òî÷êîé îñòàòî÷-
íîãî ñïåêòðà, σ(C) = σr(C) = C.

Ïðèìåð 7. Íàðÿäó ñ îïåðàòîðàìè A, B, C èç ïðåäûäóùåãî ïðè-
ìåðà, ðàññìîòðèì òàêæå îïåðàòîðû

D(D) .= {x ∈ D(A); x(0) = 0}, Dx
.= i x′,

D(E) .= {x ∈ D(A); x(1) = 0}, Ex
.= i x′.

Î÷åâèäíî, C ⊂ D ⊂ A, C ⊂ E ⊂ A, R(D) = R(E) = L2; êàê è
âûøå ïîêàçûâàåòñÿ, ÷òî D∗ = E, E∗ = D, òî åñòü D∗∗ = D, E∗∗ = E;
D è E òàêæå ïðåäñòàâëÿþò ñîáîé (íåñèììåòðè÷íûå) çàìêíóòûå ðàñ-
øèðåíèÿ îïåðàòîðà C.

Ðåçîëüâåíòíûé îïåðàòîð (RD(λ)y)(t) = −i
1∫
0

e−i λ(t−s)y(s) ds íåïðå-

ðûâåí ïðè âñåõ λ ∈ C, ïîýòîìó σ(D) = ∅. Òî÷íî òàê æå σ(E) = ∅.

5.2. Äåôåêòíûå ïîäïðîñòðàíñòâà. Ïðåîáðàçîâàíèå Êýëè.
Ïóñòü A � ïëîòíî îïðåäåëåííûé â H ñèììåòðè÷åñêèé îïåðàòîð,
λ ∈ C, Imλ 6= 0. Îáîçíà÷èì

Rλ
.= R(A− λ1), Rλ

.= R(A− λ1), Nλ
.= R⊥

λ , Nλ

.= R⊥
λ

.

Î÷åâèäíî, Rλ è Rλ � ëèíåéíûå ìíîãîîáðàçèÿ â H (îíè ìîãóò áûòü
íåçàìêíóòûìè), Nλ è Nλ � ïîäïðîñòðàíñòâà H (êàê îðòîãîíàëüíûå
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äîïîëíåíèÿ, ñì. [13, c. 85]). Îíè íàçûâàþòñÿ äåôåêòíûìè ïîäïðî-
ñòðàíñòâàìè îïåðàòîðà A.

Òåîðåìà 5.1. Äåôåêòíûå ïîäïðîñòðàíñòâà Nλ è Nλ ÿâëÿþò-
ñÿ ñîáñòâåííûìè ïîäïðîñòðàíñòâàìè îïåðàòîðà A∗, îòâå÷àþùèìè
ñîáñòâåííûì çíà÷åíèÿì λ è λ ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî. Ïóñòü x ∈ Nλ, y ∈ D(A); òîãäà

(Ay − λy, x) = 0, (Ay, x) = λ(y, x) = (y, λx);

ýòî çíà÷èò, ÷òî x ∈ D(A∗) è A∗x = λx.

Îáðàòíî, åñëè A∗x = λx, òî äëÿ y ∈ D(A)

(Ay, x) = (y, λx), (Ay − λy, x) = 0,

ò. å. x ∈ Nλ. Òî÷íî òàê æå ðàññóæäàåì äëÿ Nλ.

Ïðåîáðàçîâàíèå Êýëè. Ïóñòü A � ïëîòíî îïðåäåëåííûé â H
ñèììåòðè÷åñêèé îïåðàòîð, λ ∈ C, Im λ 6= 0. Îïåðàòîð

V = (A− λ1)(A− λ1)−1

íàçûâàåòñÿ ïðåîáðàçîâàíèåì Êýëè îïåðàòîðà A. Ýòî îïðåäåëåíèå êîð-
ðåêòíî, òàê êàê íåâåùåñòâåííîå ÷èñëî λ íå ìîæåò áûòü ñîáñòâåííûì
çíà÷åíèåì ñèììåòðè÷åñêîãî îïåðàòîðà, ïîýòîìó îáðàòíûé îïåðàòîð
â ïðàâîé ÷àñòè ñóùåñòâóåò. Çàìåòèì òàêæå, ÷òî ñîìíîæèòåëè V ïå-
ðåñòàíîâî÷íû: (A − λ1)(A − λ1)−1 = (A − λ1)−1(A − λ1), òàê êàê
(A− λ1)(A− λ1) = (A− λ1)(A− λ1).

Òåîðåìà 5.2. 1. Îïåðàòîð V � èçîìåòðè÷åñêèé, D(V ) = Rλ,

R(V ) = Rλ.

2. Ìíîæåñòâî R(1 − V ) = {z : z = y − V y, y ∈ D(V )} ïëîòíî â
H.

3. Èçîìåòðè÷åñêèé îïåðàòîð V, îáëàäàþùèé ñâîéñòâîì 2 ÿâëÿ-
åòñÿ ïðåîáðàçîâàíèåì Êýëè íåêîòîðîãî ïëîòíî îïðåäåëåííîãî ñèì-
ìåòðè÷åñêîãî îïåðàòîðà.

Äîêàçàòåëüñòâî. 1. Ïóñòü y ∈ D(V ). Íåïîñðåäñòâåííî èç îïðåäå-
ëåíèÿ îïåðàòîðà V âèäèì, ÷òî y ∈ D(

(A− λ1)−1
)

= R(A− λ1) = Rλ;
çíà÷èò, D(V ) ⊂ Rλ. Åñëè y ∈ Rλ, òî îïåðàòîð (A−λ1)−1 îïðåäåëåí íà
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ýëåìåíòå y, ïðè÷åì z
.= (A− λ1)−1y ∈ D(A); çíà÷èò, îïðåäåëåí è ýëå-

ìåíò (A− λ1)z, ò. å. y ∈ D(V ), Rλ ⊂ D(V ). Òàêèì îáðàçîì, äîêàçàíî,
÷òî D(V ) = Rλ.

Ïóñòü x ∈ D(A), y
.= (A−λ1)x; òîãäà x = (A−λ1)−1y, (A−λ1)x =

= V y; çíà÷èò, y ∈ D(V ), R(V ) = R(A− λ1) = Rλ.

Ïîêàæåì, ÷òî V � èçîìåòðè÷åñêèé îïåðàòîð. Ïóñòü x ∈ D(A) è
y = (A− λ1)x. Òîãäà

(V y, V y) = ((A− λ1)x, (A− λ1)x) =

= (Ax, Ax)− λ(Ax, x)− λ(x,Ax) + |λ|2(x, x),

(y, y) = ((A−λ1)x, (A−λ1)x) = (Ax, Ax)−λ(Ax, x)−λ(x,Ax)+|λ|2(x, x);

òàê êàê (Ax, x) = (x,Ax), òî (V y, V y) = (y, y). Ñîãëàñíî ñâîéñòâó
4o V � èçîìåòðè÷åñêèé îïåðàòîð.

2. Èç ïîëó÷åííûõ âûøå âûðàæåíèé äëÿ y è V y ñëåäóåò, ÷òî
y − V y =

(
λ− λ

)
x; ýòî îçíà÷àåò, ÷òî R(1− V ) = D(A); òàê êàê D(A)

ïëîòíî â H, òî ýòèì óòâåðæäåíèå 2 òåîðåìû äîêàçàíî.
3. Ïóñòü èçîìåòðè÷åñêèé îïåðàòîð V óäîâëåòâîðÿåò óñëîâèþ 2 è

y � ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ y = V y. Òîãäà äëÿ ëþáîãî
z ∈ D(V ) (z − V z, y) = (z, y) − (V z, y) = (z, y) − (V z, V y) = 0 (òàê
êàê V � èçîìåòðè÷åñêèé îïåðàòîð). Òàê êàê y îðòîãîíàëåí ïëîòíîìó
â H ìíîæåñòâó R(1−V ), òî y = 0. Çíà÷èò 1 íå ÿâëÿåòñÿ ñîáñòâåííûì
çíà÷åíèåì îïåðàòîðà V, ò. å. ñóùåñòâóåò îïåðàòîð (1− V )−1.

Îïðåäåëèì îïåðàòîð A ðàâåíñòâîì

A
.= (λ1− λV )(1− V )−1. (5.8)

Íàäî äîêàçàòü äâà óòâåðæäåíèÿ: à) îïåðàòîð A ñèììåòðè÷åñêèé ñ
ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ; è á) ïðåîáðàçîâàíèå Êýëè îïåðàòîðà
A ñîâïàäàåò ñ îïåðàòîðîì V.

à) Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ (5.8) ñëåäóåò, ÷òî A(1− V ) =
= λ1 − λV, D(A) = D((1 − V )−1) = R(1 − V ); çíà÷èò, D(A) ïëîòíî
â H è äëÿ y ∈ D(V ) A(y − V y) = λy − λV y; ïóñòü x, y ∈ D(V ); òîãäà
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x− V x, y − V y ∈ D(A) è (V èçîìåòðè÷åñêèé îïåðàòîð!) è
(
A(x− V x), y − V y

)
= (λx− λV x, y − V y) =

= λ(x, y)− λ(V x, y)− λ(x, V y) + λ(V x, V y) =

= (λ + λ)(x, y)− λ(V x, y)− λ(x, V y), (x− V x, A(y − V y) =

= (x− V x, λy − λV y) = (λ + λ)(x, y)− λ(V x, y)− λ(x, V y).

Ðàâåíñòâî
(
A(x−V x), y−V y

)
=

(
x−V x, A(y−V y

)
îçíà÷àåò, ÷òî A �

ñèììåòðè÷åñêèé îïåðàòîð.
á) Èç îïðåäåëåíèÿ (5.8) ñëåäóåò: A(1 − V ) = λ1 − λV, îòêóäà

A − λ1 = (A − λ1)V, V = (A − λ1)(A − λ1)−1, ò. å. V � ïðåîá-
ðàçîâàíèå Êýëè îïåðàòîðà A.

Ñëåäñòâèå 5.1. Ïóñòü A1, A2 � ñèììåòðè÷åñêèå îïåðàòîðû ñ
ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ, à V1, V2 � èõ ïðåîáðàçîâàíèÿ Êýëè.
Îïåðàòîð A2 òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ðàñøèðåíèåì îïåðàòî-
ðà A1, êîãäà îïåðàòîð V2 ÿâëÿåòñÿ ðàñøèðåíèåì îïåðàòîðà V1.

Òåîðåìà 5.3. Äëÿ òîãî, ÷òîáû ñèììåòðè÷åñêèé îïåðàòîð A

áûë çàìêíóò, íåîáõîäèìî è äîñòàòî÷íî, ñòîáû åãî ïðåîáðàçîâàíèå
Êýëè V áûë çàìêíóòûì îïåðàòîðîì. Îïåðàòîð V çàìêíóò òîãäà è
òîëüêî òîãäà, êîãäà çàìêíóòû ëèíåéíûå ìíîãîîáðàçèÿ Rλ è Rλ.

Äîêàçàòåëüñòâî. Ïóñòü îïåðàòîð A çàìêíóò, xn ∈ D(A) è
yn

.= (A − λ1)xn → y. Òàê êàê îïåðàòîð V èçîìåòðè÷åí, òî è ïî-
ñëåäîâàòåëüíîñòü V yn ñõîäèòñÿ, V yn = (A − λ1)xn → z. Ðàññìîòðèì

ñèñòåìó





yn = (A− λ1)xn → y,

V yn = (A− λ1)xn → z.
Èç ýòîé ñèñòåìû íàõîäèì

xn =
yn − V yn

λ− λ
→ y − z

λ− λ
, Axn =

λyn − λV yn

λ− λ
→ λy − λz

λ− λ
;

òàê êàê A çàìêíóò, òî y − z ∈ D(A),

A(y − z) = λy − λz; (5.9)

èç ðàâåíñòâà (5.9) âûâîäèì

y =
A(y − z)− λ(y − z)

λ− λ
=

(A− λ1)(y − z)
λ− λ

∈ Rλ

(
= D(V )

)
,
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z = (A− λ1)−1(A− λ1)y = (A− λ1)(A− λ1)−1y = V y.

Òàêèì îáðàçîì, äîêàçàíî, ÷òî îïåðàòîð V è ëèíåéíîå ìíîãîîáðàçèå
Rλ çàìêíóòû. Íî òîãäà çàìêíóòî òàêæå è ìíîãîîáðàçèå Rλ, êàê èçî-
ìåòðè÷åñêèé îáðàç ïîäïðîñòðàíñòâà Rλ.

Ïðîâåäåííûå ðàññóæäåíèÿ ïðîõîäÿò è â îáðàòíóþ ñòîðîíó, òàê ÷òî
èç çàìêíóòîñòè V èëè Rλ ñëåäóåò çàìêíóòîñòü A.

5.3. Îáëàñòü îïðåäåëåíèÿ ñîïðÿæåííîãî îïåðàòîðà. Íà-
ïîìíèì íåêîòîðûå îïðåäåëåíèÿ èç ëèíåéíîé àëãåáðû, êîòîðûå ïîíà-
äîáÿòñÿ íàì íèæå.

Ïîäïðîñòðàíñòà L1, L2, . . . ,Ln ⊂ H íàçûâàþòñÿ ëèíåéíî íåçàâè-
ñèìûìè, åñëè èìååò ìåñòî èìïëèêàöèÿ

xk ∈ Lk, k = 1, 2, . . . , n,

n∑

k=1

xk = 0 =⇒ xk = 0, k = 1, 2, . . . , n.

Åñëè ïîäïðîñòðàíñòâà L1, L2, . . . ,Ln ëèíåéíî íåçàâèñèìû, òî ìíî-
æåñòâî âñåõ ñóìì

n∑
k=1

xk, xk ∈ Lk, k = 1, 2, . . . , n íàçûâàåòñÿ ïðÿìîé

ñóììîé ïîäïðîñòðàíñòâ L1, L2, . . . ,Ln è îáîçíà÷àåòñÿ
n∑

k=1

·
Lk. Î÷åâèä-

íî, ïðÿìàÿ ñóììà ïîäïðîñòðàíñòâ åñòü òàêæå ïîäïðîñòðàíñòâî.
Åñëè ïîäïðîñòðàíñòâà L1, L2, . . . ,Ln ëèíåéíî íåçàâèñèìû, òî ëþ-

áîé x ∈
n∑

k=1

·
Lk åäèíñòâåííûì ñïîñîáîì ïðåäñòàâëÿåòñÿ â âèäå

x =
n∑

k=1

xk, xk ∈ Lk, k = 1, 2, . . . , n.

Òåîðåìà 5.4. Åñëè A çàìêíóòûé ñèììåòðè÷åñêèé îïåðàòîð,
òî ïîäïðîñòðàíñòâà D(A), Nλ, Nλ ëèíåéíî íåçàâèñèìû è

D(A∗) = D(A) u Nλ u Nλ. (5.10)

Äîêàçàòåëüñòâî. Ïóñòü

x + y + z = 0, x ∈ D(A), y ∈ Nλ, z ∈ Nλ. (5.11)

Ïîäåéñòâóåì íà îáå ÷àñòè ðàâåíñòâà îïåðàòîðîì A∗ − λ1. Ïî òåîðåìå
5.1 (A∗ − λ1)z = 0, (A∗ − λ1)y = (λ− λ)y, à (A∗ − λ1)x = (A− λ1)x
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òàê êàê îïåðàòîð A � ñóæåíèå îïåðàòîðà A∗. Â èòîãå èìååì

(A− λ1)x + (λ− λ)y = 0. (5.12)

Ïåðâîå ñëàãàåìîå ïðèíàäëåæèò ïîäïðîñòðàíñòâó Rλ, âòîðîå � ïîä-
ïðîñòðàíñòâó Nλ; ýòè ïîäïðîñòðàíñòâà îðòîãîíàëüíû, ïîýòîìó ðàâåí-
ñòâî (5.12) âîçìîæíî ëèøü êîãäà îáà ñëàãàåìûõ ðàâíû íóëþ. Îòñþäà
y = 0, à òàê êàê íåâåùåñòâåííîå ÷èñëî λ íå ìîæåò áûòü ñîáñòâåííûì
çíà÷åíèåì ñèììåòðè÷åñêîãî îïåðàòîðà, òî è x = 0; èç (5.11) ñëåäóåò,
÷òî è z = 0. Ýòèì äîêàçàíà ëèíåéíàÿ íåçàâèñèìîñòü ïîäïðîñòðàíñòâ
D(A), Nλ, Nλ.

Îñòàëîñü äîêàçàòü ïðåäñòàâëåíèå (5.10). Ýòî îçíà÷àåò, ÷òî êàæäûé
ýëåìåíò u ∈ D(A∗) ìîæíî ïðåäñòàâèòü â ôîðìå

u = x + y + z, ãäå x ∈ D(A), y ∈ Nλ, z ∈ Nλ. (5.13)

Ïóñòü u ∈ D(A∗). Ïî ñàìîìó îïðåäåëåíèþ H = Rλ ⊕ Nλ, ò. å.
êàæäûé v ∈ H åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ â ôîðìå

v = v′ + v′′, ãäå v′ ∈ Rλ, v′′ ∈ Nλ. (5.14)

Ïðèìåíèì ïðåäñòàâëåíèå (5.14) ê ýëåìåíòó v = (A∗ − λ1)u. Òàê
êàê v′ ∈ Rλ, òî v′ = (A − λ1)x, ãäå x ∈ D(A). Ïîëîæèì òàêæå
v′′ = (λ− λ)y, y ∈ Nλ. Òîãäà èç ïðåäñòàâëåíèÿ (5.14) ñëåäóåò

(A∗ − λ1)u = (A− λ1)x + (λ− λ)y = (A∗ − λ1)(x + y), (5.15)

òàê êàê Ax ìîæíî çàïèñàòü êàê A∗x, à ïî òåîðåìå 5.1 A∗y = λy.

Èç ðàâåíñòâà (5.15) ñëåäóåò (A∗ − λ1)(u − x − y) = 0; ïîëîæèâ çäåñü
z

.= u− x− y, ïîëó÷àåì, ÷òî

(A∗ − λ1)z = 0,

÷òî ïî òåîðåìå 5.1 îçíà÷àåò z ∈ Nλ. Òàêèì îáðàçîì, ïðåäñòàâëåíèå
(5.13), à âìåñòå ñ íèì ïðåäñòàâëåíèå (5.10) äîêàçàíî.

Ñëåäñòâèå 5.2. Çàìêíóòûé ñèììåòðè÷åñêèé îïåðàòîð ÿâëÿ-
åòñÿ ñàìîñîïðÿæåííûì òîãäà è òîëüêî òîãäà, êîãäà îáà åãî äåôåêò-
íûõ ïîäïðîñòðàíñòâà ñîñòîÿò òîëüêî èç íóëÿ: Nλ = Nλ = {0}.

Äîêàçàòåëüñòâî. Ïî äîêàçàííîé òåîðåìå â ýòîì è òîëüêî ýòîì ñëó-
÷àå D(A∗) = D(A).
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5.4. Ôîðìóëà Íåéìàíà. Èíäåêñ äåôåêòà. Ïîëîæèì â ïðåä-
ñòàâëåíèè (5.10) λ = −i :

D(A∗) = D(A) u Ni u N−i;

ýòî ïðåäñòàâëåíèå îçíà÷àåò, ÷òî âñå x ∈ D(A∗) åäèíñòâåííûì ñïîñî-
áîì ðàçëàãàþòñÿ â ñóììó

x = x0 + x− + x+, ãäå x0 ∈ D(A), x− ∈ Ni, x+ ∈ N−i.

Òåîðåìà 5.5. Äëÿ ëþáîãî x ∈ D(A∗) èìååò ìåñòî ñëåäóþùàÿ
ôîðìóëà ôîí Íåéìàíà:

Im(A∗x, x) = ‖x+‖2 − ‖x−‖2.

Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå 5.1

(Ax0, x− + x+) = (x0, A∗(x− + x+)) = (x0,−ix− + ix+);

c ïîìîùüþ ýòîãî ðàâåíñòâà ïîëó÷àåì

(A∗x, x) = (Ax0 − ix− + ix+, x0 + x− + x+) =

= (Ax0, x0) + (x0,−ix− + ix+) + (−ix− + ix+, x0)−
− i‖x−‖2 + i‖x+‖2 − i(x−, x+) + i(x+, x−) =

= (Ax0, x0) + 2Re
(
(x0,−ix− + ix+) + i(x+, x−)

)
+ i

(‖x+‖2−‖x−‖2).

Ïåðâûå äâà ñëàãàåìûõ âåùåñòâåííû (íàïîìíèì, ÷òî (Ax0, x0) =
= (x0, Ax0) = (Ax0, x0)), òðåòüå ÷èñòî ìíèìîå. Ýòèì ôîðìóëà ôîí
Íåéìàíà äîêàçàíà.

Îáîçíà÷èì

E0 .= {x ∈ D(A∗) : Im(A∗x, x) = 0},

E+ .= {x ∈ D(A∗) : Im(A∗x, x) > 0},
E− .= {x ∈ D(A∗) : Im(A∗x, x) < 0}.

Ñëåäñòâèå 5.3. Ïóñòü x ∈ D(A∗). Òîãäà

x ∈ E+
(
x ∈ E−, x ∈ E0

)
,
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åñëè

‖x+‖2 − ‖x−‖2 > 0
(
‖x+‖2 − ‖x−‖2 < 0, ‖x+‖2 − ‖x−‖2 = 0

)
.

Òåîðåìà 5.6. Èìåþò ìåñòî âêëþ÷åíèÿ

D(A) ⊂ E0, Ni ⊂ E− ∪ {0}, N−i ⊂ E+ ∪ {0}.

Äîêàçàòåëüñòâî. Åñëè x ∈ D(A), òî x− = x+ = 0, ò. å.
‖x+‖2 − ‖x−‖2 = 0; åñëè x ∈ Ni, x 6= 0, òî x0 = x+ = 0, ò. å.
‖x+‖2 − ‖x−‖2 = −‖x−‖2 < 0; åñëè x ∈ N−i, x 6= 0, òî x0 = x− = 0,
ò. å. ‖x+‖2 − ‖x−‖2 = ‖x+‖2 > 0.

Ïóñòü X , Y � ëèíåéíûå ìíîãîîáðàçèÿ â H. ×èñëî n íàçûâàåòñÿ
ðàçìåðíîñòüþ Y ïî ìîäóëþ X (ïèøåì dimX Y = n), åñëè â Y èìååòñÿ
ðîâíî n âåêòîðîâ x1, x2, ..., xn òàêèõ. ÷òî

n∑

k=1

αkxk ∈ X =⇒ αk = 0, k = 1, 2, ..., n.

Î÷åâèäíî, åñëè Y = X u Z (Z � ëèíåéíîå ìíîãîîáðàçèå â H), òî
dimX Y = dimY − dimZ. Òàêèì îáðàçîì, èç ðàâåíñòâà (5.10) ñëåäóåò,
÷òî

dimD(A)D(∗) = dim Nλ u dim Nλ. (5.16)

Èç ðàâåíñòâà (5.16) âèäíî, ÷òî ñóììà dim Nλ u dim Nλ íå çàâèñèò îò
λ, òàê êàê ëåâàÿ ÷àñòü (5.16) îò λ íå çàâèñèò.

Ïóñòü S ⊂ H, Y � ìàêñèìàëüíîå ïîäïðîñòðàíñòâî â S∪{0}. Ñêà-
æåì, ÷òî S îïðåäåëÿåò ðàçìåðíîñòü n ïî ìîäóëþ X , åñëè dimX Y = n.

Òåîðåìà 5.7. Ìíîæåñòâî E+
(
E−

)
îïðåäåëÿåò ðàçìåðíîñòü

dim N−i

(
dim Ni

)
ïî ìîäóëþ D(A).

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 5.6 ýòà ðàçìåðíîñòü > m
.= dim N−i.

Åñëè m = +∞, òî äîêàçàòåëüñòâà íå òðåáóåòñÿ. Ïóñòü m < +∞. Ïðåä-
ïîëîæèì ïðîòèâíîå òîìó, ÷òî íóæíî äîêàçàòü, à èìåííî: â ìíîæåñòâå
E+ åñòü m + 1 ëèíåéíî íåçàâèñèìûõ âåêòîðîâ x1, x2, ..., xm+1 òàêèõ,
÷òî ëþáàÿ èõ íåíóëåâàÿ ëèíåéíàÿ êîìáèíàöèÿ ñîäåðæèòñÿ â E+\D(A).
Òàê êàê E+ ⊂ D(A∗), òî

xk = x0
k+x−k +x+

k , x0
k ∈ D(A), x−k ∈ Ni, x+

k ∈ N−i, k = 1, 2, ..., m+1;
59



èç îïðåäåëåíèÿ m ñëåäóåò, ÷òî x+
1 , x+

2 , ..., x+
m+1 ëèíåéíî çàâèñèìû.

Çíà÷èò, ñóùåñòâóåò íåíóëåâàÿ ëèíåéíàÿ êîìáèíàöèÿ

m+1∑

k=1

ckx+
k = 0,

m+1∑

k=1

|ck| > 0.

Îòñþäà
m+1∑

k=1

ckxk = x0+x−, x0 =
m+1∑

k=1

ckx0
k ∈ D(A), x− =

m+1∑

k=1

ckx−k ∈ Ni.

Ïîñëåäíèå ðàâåíñòâà íåâîçìîæíû, òàê êàê x0 +x− ïðèíàäëåæèò ëèáî
E0, ëèáî E−, â òî âðåìÿ êàê ïî ïðåäïîëîæåíèþ

m+1∑
k=1

ckxk ∈ E+.

Ýòèì òåîðåìå äîêàçàíà äëÿ ìíîæåñòâà E+; äëÿ E− ðàññóæäåíèÿ
àíàëîãè÷íû.

Ñëåäñòâèå 5.4. Ïóñòü α > 0, β ∈ R; òîãäà äåôåêòíûå ïîäïðî-
ñòðàíñòâà N−i è Ni îïåðàòîðîâ A è B = αA + β1 èìåþò ñîîòâåò-
ñòâåííî îäèíàêîâóþ ðàçìåðíîñòü.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäñòâèÿ íåïîñðåäñòâåííî âûòå-
êàåò èç òåîðåìû, òàê êàê D(A) = D(B) è ìíîæåñòâà E+ è E− äëÿ
îáîèõ îïåðàòîðîâ ñîâïàäàþò.

Ñëåäñòâèå 5.5. Äëÿ ëþáîãî λ ∈ C, Imλ > 0

dim Nλ = dim N−i, dim Nλ = dim Ni.

Äîêàçàòåëüñòâî. Ïóñòü λ = α+β i, β > 0, N′
i, N′

−i � äåôåêòíûå
ïîäïðîñòðàíñòâà îïåðàòîðà B = 1

β A− α
β 1. Òîãäà ñ ïîìîùüþ òåîðåìû

5.1 óñòàíàâëèâàåì, ÷òî

x ∈ N′
i ⇐⇒ B∗x = −i x ⇐⇒

(
1
β

A∗ − α

β
1
)

x =

= −i x ⇐⇒ A∗x = λx ⇐⇒ x ∈ Nλ;

ñëåäîâàòåëüíî, N′
i = Nλ; òî÷íî òàê æå äîêàçûâàåòñìÿ, ÷òî N′

−i = Nλ.

Óòâåðæäåíèå âûòåêàåò òåïåðü èç ïðåäûäóùåãî ñëåäñòâèÿ.
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Ïàðà ÷èñåë (m,n), m
.= dim Ni, n

.= dim N−i íàçûâàåòñÿ èíäåê-
ñîì äåôåêòà ñèììåòðè÷åñêîãî îïåðàòîðà A, à ñàìè ÷èñëà m è n � åãî
äåôåêòíûìè ÷èñëàìè.

Â ñèëó ñëåäñòâèÿ 5.5 ñëåäñòâèå 5.2 ìîæåò áûòü ïåðåôîðìóëèðî-
âàíî òàê: çàìêíóòûé ñèììåòðè÷åñêèé îïåðàòîð ÿâëÿåòñÿ ñàìîñî-
ïðÿæåííûì òîãäà è òîëüêî òîãäà. êîãäà åãî èíäåêñ äåôåêòà ðàâåí
(0, 0).

5.5. Îïèñàíèå çàìêíóòûõ ñèììåòðè÷åñêèõ ðàñøèðåíèé.
Êàæäîå çàìêíóòîå ðàñøèðåíèå ñèììåòðè÷åñêîãî îïåðàòîðà ÿâëÿåòñÿ
òàêæå ðàñøèðåíèåì çàìûêàíèÿ äàííîãî îïåðàòîðà, ïîýòîìó ìîæíî
ñ÷èòàòü èñõîäíûé îïåðàòîð óæå çàìêíóòûì.

Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé oïåðàòîp ñ ïëîòíîé îáëà-
ñòüþ îïðåäåëåíèÿ, Â � åãî çàìêíóòîå ñèììåòðè÷åñêîå ðàñøèðåíèå.
Îáîçíà÷èì ÷åðåç V è V̂ ïðåîáðàçîâàíèÿ Êýëè îïåðàòîðîâ A è Â ñî-
îòâåòñòâåííî; òîãäà

V ⊂ V̂ , D(V ) ⊂ D(V̂ ), R(V ) ⊂ R(V̂ ).

Ïîëîæèì
P

.= D(V̂ )ªD(V ), Q
.= R(V̂ )ªR(V );

íàïîìíèì, ýòî îçíà÷àåò, ÷òî D(V̂ ) = P ⊕ D(V ), R(V̂ ) = Q ⊕ R(V ),
òàê ÷òî P⊥D(V ), Q⊥R(V ) è ïîýòîìó P ⊂ Nλ, Q ⊂ Nλ.

Òåîðåìà 5.8. Âñÿêîå çàìêíóòîå ñèììåòðè÷åñêîå ðàñøèðåíèå Â

çàìêíóòîãî ñèììåòðè÷åñêîãî îïåðàòîðà A îïðåäåëÿåòñÿ íåêîòîðûì
èçîìåòðè÷åñêèì îïåðàòîðîì U,

D(U) = P ⊂ Nλ, R(U) = Q ⊂ Nλ;

ïðè ýòîì

D(Â) = {x′ : x′ = x+z−Uz}, x ∈ D(A), z ∈ P, Âx′ = Ax+λ z−λUz.

(5.17)
Äëÿ âñÿêîãî òàêîãî îïåðàòîðà U ðàâåíñòâà (5.17) îïðåäåëÿþò íåêî-
òîðîå çàìêíóòîå ñèììåòðè÷åñêîå ðàñøèðåíèå Â îïåðàòîðà A. Äå-
ôåêòíûìè ïîäïðîñòðàíñòâàìè îïåðàòîðà Â ÿâëÿþòñÿ

N̂λ = Nλ ªP, N̂λ = Nλ ªQ
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Äîêàçàòåëüñòâî. Îïðåäåëèì îïåðàòîð U ðàâåíñòâîì

Ux = V̂ x äëÿ x ∈ P. (5.18)

Ïðåîáðàçîâàíèå Êýëè V̂ èçîìåòðè÷åñêè îòîáðàæàåò D(V ) íà R(V ) è
D(V̂ ) íà R(V̂ ), ïîýòîìó V̂ èçîìåòðè÷åñêè îòîáðàæàåò P íà Q. Cîãëàñ-
íî îïðåäåëåíèþ (5.10) ýòî îçíà÷àåò, ÷òî U � èçîìåòðè÷åñêèé îïåðàòîð
ñ D(U) = P è R(U) = Q.

Îáðàòíî, ïóñòü çàäàí èçîìåòðè÷åñêèé îïåðàòîð U c
D(U) = P ⊂ Nλ è R(U) = Q ⊂ Nλ. Äëÿ y ∈ D(V ), z ∈ P

ïîëîæèì
V̂ (y + z) .= V y + Uz;

â èòîãå ïîëó÷èì èçîìåòðè÷åñêèé îïåðàòîð V̂ , êîòîðûé ÿâëÿåòñÿ ðàñ-
øèðåíèåì îïåðàòîðà V, ñëåäîâàòåëüíî, ïðåîáðàçîâàíèåì Êýëè íåêîòî-
ðîãî çàìêíóòîãî ñèììåòðè÷åñêîãî ðàñøèðåíèÿ îïåðàòîðà A. Îïèøåì
ýòî ðàñøèðåíèå ñ ïîìîùüþ îïåðàòîðà U.

Â ñèëó óòâåðæäåíèÿ 3) òåîðåìû 5.2 D(Â) ñîñòîèò èç âåêòîðîâ

x′ = (y + z)− V̂ (y + z) = (y + z)− (V y + Uz) = (y − V y) + (z − Uz)
(
y ∈ D(V ), z ∈ P

)
. Âåêòîðû x = y−V y, y ∈ D(V ) ïðîáåãàþò D(A).

Ñëåäîâàòåëüíî D(Â) îïðåäåëÿåòñÿ (5.17). Òàê êàê Â ⊂ A∗, z ∈ Nλ,

Uz ∈ Nλ, òî Â èìååò ïðåäñòàâëåíèå ñîãëàñíî (5.17).
Âèä äåôåêòíûõ ïðîñòðàíñòâ ñëåäóåò èç ñàìîãî îïðåäåëåíèÿ îïå-

ðàòîðà Â.

Â ñèëó ñëåäñòâèÿ 5.2 (ñì. òàêæå åãî ïåðåôîðìóëèðîâêó) ðàñøèðå-
íèå Â òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ñàìîìîïðÿæåííûì îïåðàòîðîì,
êîãäà P = Nλ, Q = Nλ. Äëÿ ñóùåñòâîâàíèÿ òàêîãî îïåðàòîðà U

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

dim Nλ = dim Nλ.

Òàêèì îáðàçîì ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 5.9. Ðàñøèðåíèå Â òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ

ñàìîñîïðÿæåííûì, êîãäà D(U) = Nλ, R(U) = Nλ.

Îïåðàòîð A èìååò ñàìîñîïðÿæåííûå ðàñøèðåíèÿ òîãäà è òîëüêî
òîãäà, êîãäà åãî èíäåêñ äåôåêòà èìååò âèä (n, n).
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Îïèøåì ñèììåòðè÷åñêèå ðàñøèðåíèÿ â òîì ñëó÷àå, êîãäà îáà äå-
ôåêòíûõ ïîäïðîñòðàíñòâà Nλ è Nλ êîíå÷íîìåðíû. Äëÿ òîãî. ÷òîáû
ñóùåñòâîâàëî ñàìîñîïðÿæåííîå ðàñøèðåíèå îïåðàòîðà A, îáà ýòè ïîä-
ïðîñòðàíñòâà äîëæíû èìåòü îäèíàêîâóþ ðàçìåðíîñòü. Ïóñòü
dim Nλ = dim Nλ = n è e1, e2, ..., en � îðòîíîðìèðîâàííûé áàçèñ
â Nλ, e′1, e

′
2, ..., e

′
n � îðòîíîðìèðîâàííûé áàçèñ â Nλ. Ïóñòü, äàëåå

z ∈ Nλ, ò. å. z =
n∑

k=1

ζkek; èçîìåòðè÷åñêèé îïåðàòîð U ñ D(U) = Nλ

è R(U) = Nλ çàäàåòñÿ ñ ïîìîùüþ îðòîãîíàëüíîé ìàòðèöû (ujk)n
j,k=1

ðàâåíñòâîì

Uz =
n∑

j=1

(
n∑

k=1

ujkζk

)
e′j .

Ïîýòîìó

D(Â) = {x̂ : x̂ = x+
n∑

k=1

ζkek−
n∑

j=1

(
n∑

k=1

ujkζk

)
e′j , x ∈ D(A)}, (5.19)

è

Âx̂ = Ax + λ ·
n∑

k=1

ζkek − λ ·
n∑

j=1

(
n∑

k=1

ujkζk

)
e′j . (5.20)

Åñëè
dim Nλ 6= {0}, dim Nλ 6= {0},

òî ïî òåîðåìå 5.8 îïåðàòîð A äîïóñêàåò íåòðèâèàëüíîå ðàñøèðåíèå Â.

Ïîýòîìó ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 5.10. 1. Çàìêíóòûé ñèììåòðè÷åñêèé îïåðàòîð ìàê-
ñèìàëåí òîãäà è òîëüêî òîãäà, êîãäà åãî èíäåêñ äåôåêòà åñòü (0, n)
èëè (n, 0).

2. Ðàñøèðåíèå Â ìàêñèìàëüíî òîãäà è òîëüêî òîãäà, êîãäà P = Nλ

èëè Q = Nλ.
3. Åñëè äåôåêòíûå ïîäïðîñòðàíñòâà Nλ è Nλ êîíå÷íîìåðíû è

èìåþò îäèíàêîâóþ ðàçìåðíîñòü, òî âñÿêîå ìàêñèìàëüíîå ðàñøèðå-
íèå ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.

5.6. Ñïåêòðû ñàìîñîïðÿæåííûõ ðàñøèðåíèé. ×èñëî λ íàçû-
âàåòñÿ òî÷êîé ðåãóëÿðíîãî òèïà îïåðàòîðà A, åñëè ñóùåñòâóåò òàêîå
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ïîëîæèòåëüíîå ÷èñëî k = k(λ), ÷òî äëÿ âñåõ x ∈ D(A) âûïîëíÿåòñÿ
íåðàâåíñòâî

‖(A− λ1)x‖ > k‖x‖. (5.21)
Êàê èçâåñòíî, íåðàâåíñòâî (5.21) îçíà÷àåò, ÷òî îáðàòíûé îïåðàòîð
(A−λ1)−1 ñóùåñòâóåò è îãðàíè÷åí, íî åãî îáëàñòü îïðåäåëåíèÿ ìîæåò
íå ñîâïàäàòü ñî âñåì ïðîñòðàíñòâîì H. Ìíîæåñòâî p(A) âñåõ òî÷åê
ðåãóëÿðíîãî òèïà îïåðàòîðà A íàçûâàåòñÿ åãî ïîëåì ðåãóëÿðíîñòè.
Âñÿêàÿ ðåãóëÿðíàÿ òî÷êà îïåðàòîðà A ÿâëÿåòñÿ, î÷åâèäíî, åãî òî÷êîé
ðåãóëÿðíîãî òèïà, ò. å. ρ(A) ⊂ p(A), à ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà
A íå ÿâëÿþòñÿ åãî òî÷êàìè ðåãóëÿðíîãî òèïà: p(A) ∩ σp(A) = ∅.

Òåîðåìà 5.11. Äëÿ ëþáîãî ëèíåéíîãî îïåðàòîðà p(A) � îòêðû-
òðîå ìíîæåñòâî.

Äîêàçàòåëüñòâî. Ïóñòü λ0 ∈ p(A), |λ − λ0| < δ < 1
2k(λ0) è

x ∈ D(A). Òîãäà

‖(A− λ1)x‖ > ‖(A− λ01)x‖− |λ− λ0| · ‖x‖ >
(
k(λ0)− δ

)‖x‖ >
1
2
k(λ0);

ýòî îçíà÷àåò, ÷òî âñå òî÷êè δ-îêðåñòíîñòè òî÷êè λ0 ïðèíàäëåæàò p(A),
ò. å. p(A) � îòêðûòîå ìíîæåñòâî.

Òåîðåìà 5.12. Åñëè A � ñèììåòðè÷åñêèé îïåðàòîð, òî
C \ R ⊂ p(A).

Äîêàçàòåëüñòâî. Ïóñòü λ = α + i β, β 6= 0, B
.= A− α1; îïåðà-

òîð B � ñèììåòðè÷åñêèé, D(B) = D(A); ïðè

‖(A− λ1)x‖2 = ‖Bx− i β x‖2 = (Bx− i β x,Bx− i β x) =

= (Bx, Bx)+i β
(
(Bx, x)−(x,Bx)

)
+β2(x, x) = ‖Bx‖2+β2‖x‖2 > β2‖x‖2.

Èç äîêàçàííîé òåîðåìû ñëåäóåò, ÷òî ïîëå ðåãóëÿðíîñòè ñèììåòðè-
÷åñêîãî îïåðàòîðà ìîæåò ñîäåðæàòü êðîìå ðåãóëÿðíûõ òî÷åê è òî÷êè
åãî ñïåêòðà. Ìíîæåñòâî ker σ(A) .= σ(A)\p(A) íàçûâàåòñÿ ÿäðîì ñïåê-
òðà îïåðàòîðà A. Êàê òîëüêî ÷òî áûëî îòìå÷åíî, ÿäðî ñïåêòðà åñòü
÷àñòü ñïåêòðà, âîîáùå ãîâîðÿ, ñî âñåì ñïåêòðîì íå ñîâïàäàþùàÿ.

ßäðî ñïåêòðà ñîäåðæèò âñå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà :
σp(A) ⊂ kerσ(A). Ïóñòü λ � ñîáñòâåííîé çíà÷åíèå ñèììåòðè÷åñêî-
ãî îïåðàòîðà A, Xλ � cîîòâåòñòâóþùåå åìó ñîáñòâåííîå ïîäïðîñòðàí-
ñòâî, Yλ

.= X⊥λ . Îáîçíà÷èì ÷åðåç Aλ ñóæåíèå îïåðàòîðà A íà Yλ. Åñëè
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λ íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì, òî ïîëàãàåì Aλ = A. Ñîãëàñíî
òàêîìó îïðåäåëåíèþ îïåðàòîðà Aλ îïåðàòîð (Aλ − λ1)−1 ñóùåñòâóåò.
Ìíîæåñòâî òåõ λ, ïðè êîòîðûõ ýòîò îïåðàòîð ÿâëÿåòñÿ íåîãðàíè÷åí-
íûì, ïðèíàäëåæèò ÿäðó ñïåêòðà îïåðàòîðà A. Íàçîâåì ìíîæåñòâî
òàêèõ λ íåïðåðûâíîé ÷àñòüþ ÿäðà ñïåêòðà. Òàêèì îáðàçîì, âñÿêàÿ
òî÷êà ker σ(A) ïðèíàäëåæèò ëèáî åãî òî÷å÷íîé ÷àñòè, ëèáî åãî íåïðå-
ðûâíîé ÷àñòè, ëèáî èì îáåèì.

Åñëè Â � ñèììåòðè÷åñêîå ðàñøèðåíèå ñèììåòðè÷åñêîãî îïåðàòîðà
A, òî ker σ(A) ⊂ ker σ(Â); ïðè ýòîì êàæäàÿ èç ÷àñòåé (òî÷å÷íàÿ è
íåïðåðûâíàÿ) ker σ(Â) ñîäåðæèò ñîîòâåòñòâóþùóþ ÷àñòü ker σ(A).

Ðàññìîòðèì ñëó÷àé êîíå÷íûõ äåôåêòíûõ ÷èñåë îïåðàòîðà A. Ðà-
âåíñòâà (5.19) è (5.20) óáåæäàþò íàñ â òîì, ÷òî â ðàññìàòðèâàåìîì
ñëó÷àå

dim (Aλ−λ1)D(Aλ)(Âλ − λ1)D(Âλ) < +∞;

ñëåäîâàòåëüíî, îïåðàòîðû

(Âλ − λ1)−1 è (Aλ − λ1)−1

îãðàíè÷åíû èëè íåîãðàíè÷åíû îäíîâðåìåííî. Ýòî îçíà÷àåò, ÷òî ïðè
ñèììåòðè÷åñêîì ðàñøèðåíèè ñèììåòðè÷åñêîãî îïåðàòîðà A c êîíå÷-
íûìè äåôåêòíûìè ÷èñëàìè íåïðåðûâíàÿ ÷àñòü ker σ(A) íå èçìåíÿ-
åòñÿ. Â ÷àñòíîñòè, ñïðàâåäëèâà

Òåîðåìà 5.13. Âñå ñàìîñîïðÿæåííûå ðàñøèðåíèÿ çàìêíóòîãî
ñèììåòðè÷åñêîãî îïåðàòîðà ñ êîíå÷íûìè äåôåêòíûìè ÷èñëàìè èìå-
þò îäíó è òó æå íåïðåðûâíóþ ÷àñòü ñïåêòðà.

Òåîðåìà 5.14. Ïðè ðàñøèðåíèè çàìêíóòîãî ñèììåòðè÷åñêîãî
îïåðàòîðà ñ êîíå÷íûì èäåêñîì äåôåêòà (m,m) äî ñàìîñîïðÿæåííî-
ãî îïåðàòîðà êðàòíîñòü êàæäîãî åãî ñîáñòâåííîãî çíà÷åíèÿ ìîæåò
óâåëè÷èòüñÿ íå áîëåå, ÷åì íà m; â ÷àñòíîñòè íîâûå ñîáñòâåííûå
çíà÷åíèÿ ìîãóò èìåòü êðàòíîñòü íå áîëåå m.

Äîêàçàòåëüñòâî. Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé îïåðà-
òîð ñ êîíå÷íûì èíäåêñîì äåôåêòà (m, m), Â � åãî ñàìîñîïðÿæåííîå
ðàñøèðåíèå, λ � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A êðàòíîñòè p. Îáî-
çíà÷èì ÷åðåç p+q åãî êðàòíîñòü êàê ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà
Â; ïðåäïîëîæèì, ÷òî q > m.
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Ïóñòü x1, x2, ..., xp, xp+1, ..., xp+q � ñîáñòâåííûå âåêòîðû îïåðàòîðà
Â òàêèå, ÷òî xk ∈ D(A) ïðè k = 1, 2, ..., p. Òàê êàê dimD(A)D(Â) = m,

à q > m, òî íàéäåòñÿ

x
.=

q∑

k=1

αkxp+k ∈ D(A),
q∑

k=1

|αk| > 0;

ýòî çíà÷èò, ÷òî x � ñîáñòâåííûé âåêòîð îïåðàòîðà A, ñîîòâåòñòâó-
þùèé λ è ëèíåéíî íåçàâèñèìûé ñ x1, x2, ..., xp; ñëåäîâàòåëüíî, êðàò-
íîñòü λ êàê ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà A áîëüøå p; ýòî ïðîòè-
âîðå÷èå ñ óñëîâèåì äîêàçûâàåò òåîðåìó.

Ïóñòü òåïåðü λ � ïðîèçâîëüíîå (áûòü ìîæåò è âåùåñòâåííîå) ÷èñ-
ëî. Ïî ïðåæíåìó ïîëàãàåì
Nλ =

(R(A − λ1)
)⊥ è íàçûâàåì Nλ äåôåêòíûì ïîäïðîñòðàíñòâîì

ñèììåòðè÷åñêîãî îïåðàòîðà A, à nλ
.= dim Nλ äåôåêòíûì ÷èñëîì îïå-

ðàòîðà A.

Ïðèâåäåì áåç äîêàçàòåëüñòâà ñëåäóþùóþ òåîðåìó.

Òåîðåìà 5.15. Âäîëü ñâÿçíîé êîìïîíåíòû ïîëÿ ðåãóëÿðíîñòè
p(A) äåôåêòíîå ÷èñëî nλ cèììåòðè÷åñêîãî îïåðàòîðà A íå èçìåíÿ-
åòñÿ.

Òàê êàê âåðõíÿÿ è íèæíÿÿ ïîëóïëîñêîñòè ïðèíàäëåæàò p(A), òî
èç ýòîé òåîðåìû êàê ÷àñòíûé ñëó÷àé ïîëó÷àåì ñíîâà ñëåäñòâèå 5.5.
Êðîìå òîãî èç ýòîé òåîðåìû âûòåêàåò åùå äâà ñëåäñòâèÿ.

Ñëåäñòâèå 5.6. Ïóñòü A � ñèììåòðè÷åñêèé îïåðàòîð. Åñëè
âåùåñòâåííîå ÷èñëî λ0 ∈ p(A), òî èíäåêñ äåôåêòà îïåðàòîðà A ðàâåí
(nλ0 , nλ0).

Äîêàçàòåëüñòâî. Îáå ïîëóïëîñêîñòè âìåñòå ñ íåêîòîðîé îêðåñòíî-
ñòüþ òî÷êè λ0 îáðàçóþò îäíó ñâÿçíóþ êîìïîíåíòó p(A), cëåäîâàòåëü-
íî, äåôåêòíîå ÷èñëî íå èçìåíÿåòñÿ.

Ñëåäñòâèå 5.7. Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé îïå-
ðàòîð ñ èíäåêñîì äåôåêòà (m,m). Åñëè äëÿ íåêîòîðîãî âåùåñòâåí-
íîãî λ0 nλ0 < m, òî λ0 � òî÷êà ñïåêòðà ëþáîãî ñàìîñîïðÿæåííîãî
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ðàñøèðåíèÿ Â îïåðàòîðà A. Åñëè, êðîìå òîãî, λ0 íå ÿâëÿåòñÿ ñîá-
ñòâåííûì çíà÷åíèåì îïåðàòîðà A, òî λ0 ïðèíàäëåæèò íåïðåðûâíîé
÷àñòè ÿäðà ñïåêòðà ñàìîñîïðÿæåííîãî ðàñøèðåíèÿ Â.

Äîêàçàòåëüñòâî. Âåùåñòâåííîå λ0 ∈ kerσ(A) ⊂ ker σ(Â) (â ïðî-
òèâíîì ñëó÷àå ïî òåîðåìå 5.15 áûëî áû nλ0 = m); Åñëè ïðè ýòîì λ0

íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A, òî îíî ïðèíàäëåæèò
íåïðåðûâíîé ÷àñòè ÿäðà ñïåêòðà ýòîãî îïåðàòîðà, à çíà÷èò íåïðåðûâ-
íîé ÷àñòè ÿäðà ñïåêòðà îïåðàòîðà Â.

Òåîðåìà 5.16. Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé îïåðà-
òîð ñ êîíå÷íûì èíäåêñîì äåôåêòà (m,m). Åñëè âåùåñòâåííîå
λ ∈ p(A), òî ñóùåñòâóåò ñàìîñîïðÿæåííîå ðàñøèðåíèå Â îïåðàòîðà
A, äëÿ êîòîðîãî λ åñòü ñîáñòâåííîå çíà÷åíèå êðàòíîñòè m.

Äîêàçàòåëüñòâî. Ïóñòü Nλ � ñîáñòâåííîå ïîäïðîñòðàíñòâî îïåðà-
òîðà A∗, ñîîòâåòñòâóþùåå ñîáñòâåííîìó çíà÷åíèþ λ. Ñîãëàñíî ñëåä-
ñòâèþ 5.6 dim Nλ = m. Ïîëàãàåì

D(Â) .= D(A) u Nλ, Âx
.= A∗x äëÿ x ∈ D(Â).

Òîãäà Â � ñèììåòðè÷åñêèé îïåðàòîð; ïðè ýòîì dimD(A)D(Â) = m,

ïîýòîìó Â � ñàìîñîïðÿæåííûé îïåðàòîð, äëÿ êîòîðîãî Nλ � cîá-
ñòâåííîå ïîäïðîñòðàíñòâî, ñîîòâåòñòâóþùåå ñîáñòâåííîìó çíà÷åíèþ
λ è êðàòíîñòü ïîñëåäíåãî ðàâíà m.

Òåîðåìà 5.17. Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé îïåðà-
òîð ñ êîíå÷íûì èíäåêñîì äåôåêòà (m,m). Åñëè âåùåñòâåííîå
λ /∈ σp(A), òî dimker(A∗ − λ1) 6 m.

Äîêàçàòåëüñòâî. Ïóñòü Nλ è Â � òå æå, ÷òî è â äîêàçàòåëüñòâå
ïðåäûäóùåé òåîðåìû. Òîãäà Â � ñèììåòðè÷åñêîå ðàñøèðåíèå îïåðà-
òîðà A, ïîýòîìó dimD(A)D(Â) 6 m.

Òåîðåìà 5.18. Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé îïå-
ðàòîð ñ èíäåêñîì äåôåêòà (m,m). Åñëè ñîïðÿæåííûé îïåðàòîð A∗

èìååò âåùåñòâåííîå ñîáñòâåííîå çíà÷åíèå, òî ñóùåñòâóåò ñàìîñî-
ïðÿæåííîå ðàñøèðåíèå Â îïåðàòîðà A, äëÿ êîòîðîãî λ òàêæå ÿâëÿ-
åòñÿ ñîáñòâåííûì çíà÷åíèåì.
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Äîêàçàòåëüñòâî. Ïóñòü Nλ � ñîáñòâåííîå ïîäïðîñòðàíñòâî îïåðà-
òîðà A∗, ñîîòâåòñòâóþùåå ñîáñòâåííîìó çíà÷åíèþ λ. Îïðåäåëèì îïå-
ðàòîð B ðàâåíñòâàìè

D(B) = D(A)uNλ, B(x1+x2) = Ax1+λ x2, x1 ∈ D(A), x2 ∈ Nλ.

Òîãäà B � ñèììåòðè÷åñêèé îïåðàòîð ñ ðàâíûìè äåôåêòíûìè ÷èñëà-
ìè; åãî ñàìîñîïðÿæåííîå ðàñøèðåíèå áóäåò òàêæå ðàñøèðåíèåì îïå-
ðàòîðà A, äëÿ êîòîðîãî λ � ñîáñòâåííîå çíà÷åíèå.

5.7. Ðàñøèðåíèÿ ïîëóîãðàíè÷åííîãî îïåðàòîðà. Ñèììåòðè-
÷åñêèé îïåðàòîð A íàçûâàåòñÿ ïîëóîãðàíè÷åííûì ñíèçó (ñâåðõó), åñëè
ñóùåñòâóåò òàêîå ÷èñëî m

(
M

)
, ÷òî äëÿ ëþáîãî x ∈ D(A) âûïîëíÿ-

åòñÿ íåðàâåíñòâî

(Ax, x) > m‖x‖2 (
(Ax, x) 6 M‖x‖2). (5.22)

Ïîëîæèòåëüíûé îïåðàòîð ïîëóîãðàíè÷åí ñíèçó (ïîëàãàåì â (5.22)
m = 0).

Èçó÷åíèå ïîëóîãðàíè÷åííîãî ñíèçó (ñâåðõó) îïåðàòîðà ìîæíî ñâå-
ñòè ê èçó÷åíèþ ïîëîæèòåëüíîãî îïåðàòîðà; äëÿ ýòîãî äîñòàòî÷íî ïå-
ðåéòè îò îïåðàòîðà A ê îïåðàòîðó B = A−m · 1 (

B = M · 1−A
)
.

Ïóñòü A � ïîëîæèòåëüíûé ñèììåòðè÷åñêèé îïåðàòîð, x ∈ D(A) è
λ < 0. Òîãäà

‖(A− λ1)x‖2 = ‖Ax‖2 − 2λ(Ax, x) + λ2‖x‖2 > ‖x‖2.
Ñëåäîâàòåëüíî, (−∞, 0) ⊂ p(A), è ñîãëàñíî ñëåäñòâèþ 5.6 îïåðàòîð A

èìååò ðàâíûå äåôåêòíûå ÷èñëà. Ýòî ñïðàâåäëèâî è äëÿ ïîëóîãðàíè-
÷åííîãî îïåðàòîðà.

Òåîðåìà 5.19. Ïóñòü A � ïîëîæèòåëüíûé çàìêíóòûé ñèì-
ìåòðè÷åñêèé îïåðàòîð ñ êîíå÷íûì èíäåêñîì äåôåêòà (m,m). Òîãäà
îòðèöàòåëüíàÿ ÷àñòü ñïåêòðà ëþáîãî åãî ñàìîñîïðÿæåííîãî ðàñøè-
ðåíèÿ ìîæåò ñîñòîÿòü ëèøü èç êîíå÷íîãî ÷èñëà îòðèöàòåëüíûõ
ñîáñòâåííûõ çíà÷åíèé, ñóììà êðàòíîñòåé êîòîðûõ íå ïðåâîñõîäèò
m.

Äîêàçàòåëüñòâî. Ïóñòü Â � ñàìîñîïðÿæåííîå ðàñøèðåíèå îïåðà-
òîðà A, à P (·) � åãî ñïåêòðàëüíàÿ ôóíêöèÿ. Îáîçíà÷èì ÷åðåç N ïîä-
ïðîñòðàíñòâî, íà êîòîðîå ïðîåêòèðóåò îïåðàòîð P (0−). Íà N ñïåêòð
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ïðîäîëæåíèÿ Â îòðèöàòåëåí, à íà N⊥ � íåîòðèöàòåëåí. Ïî ýòîé ïðè-
÷èíå äîñòàòî÷íî äîêàçàòü, ÷òî dim N 6 m.

Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü

dim N > m; (5.23)

òàê êàê dimD(A)D(Â) = m, òî èç (5.23) ñëåäóåò, ÷òî íàéäåòñÿ òàêîé
x ∈ N, x 6= 0, ÷òî x ∈ D(A). Ýòî ïðîòèâîðå÷èò ïîëîæèòåëüíîñòè
îïåðàòîðà A, òàê êàê îïåðàòîð Â íà ïîäïðîñòðàíñòâå N îòðèöàòåëåí.

Ñëåäñòâèå 5.8. Ïóñòü A � çàìêíóòûé ñèììåòðè÷åñêèé îïå-
ðàòîð ñ êîíå÷íûì èíäåêñîì äåôåêòà (m,m) è âûïîëíåíî îäíî èç
óñëîâèé (5.22). Òîãäà ÷àñòü ñïåêòðà ñàìîñîïðÿæåííîãî ðàñøèðåíèÿ
îïåðàòîðà A, ðàñïîëîæåííàÿ ëåâåå m (ïðàâåå M) ìîæåò ñîñòîÿòü
ëèøü èç êîíå÷íîãî ÷èñëà ñîáñòâåííûõ çíà÷åíèé, ñóììàðíàÿ êðàò-
íîñòü êîòîðûõ íå ïðåâîñõîäèò m.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïðèìåíèòü òåîðåìó 5.19 ê îïåðàòîðó
A−m1

(
M1−A

)
.

6. Îáûêíîâåííûå äèôôåðåíöèàëüíûå
îïåðàòîðû

6.1. Òîæäåñòâî Ëàãðàíæà è ôîðìóëà Ãðèíà. Çäåñü ìû ïðî-
èëëþñòðèðóåì íåêîòîðûå èç ïðèâåäåííûõ âûøå ðàññìîòðåíèé íà ïðè-
ìåðå êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé. Â ÷àñòíîñòè, äàäèì îïèñàíèå ñîïðÿæåííîãî îïåðàòîðà ê îïåðà-
òîðó, ñîîòâåòñòâóþùåìó íåêîòîðîé êðàåâîé çàäà÷å, â âèäå îïåðàòîðà,
òàêæå ñîîòâåòñòâóþùåãî íåêîòîðîé äðóãîé êðàåâîé çàäà÷å (êîòîðóþ
áóäåì íàçûâàòü ñîïðÿæåííîé êðàåâîé çàäà÷åé). Äëÿ ýòîé öåëè íàì
ïîíàäîáÿòñÿ íåêîòîðûå âñïîìîãàòåëüíûå ïîíÿòèÿ è óòâåðæäåíèÿ

Ïóñòü [a, b] ⊂ J, J � îòêðûòûé èíòåðâàë â R, x ∈ C(n)[a, b]. Ðàñ-
ñìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå âûðàæåíèå n-ãî ïîðÿäêà

Lx
.=

n∑

k=0

pn−kx(k) (6.1)

69



è ñîîòâåòñòâóþùåå åìó îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

Lx = 0, t ∈ [a, b] (6.2)

â ïðåäïîëîæåíèè, ÷òî

pn−k ∈ C(k)[a, b], k = 0, 1, . . . , n, p0(t) > 0, t ∈ [a, b]. (6.3)

Ïðèìåíèì îáîáùåííóþ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì (ñì. [26,
c. 130])

∫
uv(m+1)dt = uv(m) − u′v(m−1) + . . .

. . . + (−1)mu(m)v + (−1)m+1

∫
u(m+1)v dt

ïðè u = pn−ky, v = x, m = k − 1. Ýòî äàñò íàì ñëåäóþùèé ðåçóëüòàò:
∫

y Lx dt =
∫

pn y x dt +
n∑

k=1

(
pn−k y

)
x(k) dt =

∫
pn y x dt+

+
n∑

k=1




k−1∑

j=0

(−1)j
(
pn−ky

)(j)
x(k−j−1) + (−1)k

∫ (
pn−ky

)(k)
x dt


 =

=
∫ (

pn y x +
n∑

k=1

(−1)k
(
pn−ky

)(k)
x

)
dt+

+
n∑

k=1




k−1∑

j=0

(−1)j
(
pn−ky

)(j)
x(k−j−1)


 ;

Ïîëîæèì

L+y
.=

n∑

k=0

(−1)k
(
pn−ky

)(k)
,

Ψ(x, y) .=
n∑

k=1




k−1∑

j=0

(−1)j
(
pn−ky

)(j)
x(k−j−1)


 ;

çäåñü Ψ(x, y) � áèëèíåéíàÿ ôîðìà îòíîñèòåëüíî ôóíêöèé

x, x′, . . . x(n−1), (6.4)
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y, y′, . . . y(n−1), (6.5)

ñ ìàòðèöåé Λ, ýëåìåíòû ïîáî÷íîé äèàãîíàëè êîòîðîé ðàâíû (−1)k−1p0,

k = 1, 2, . . . , n (k � íîìåð ñòîëáöà), ýëåìåíòû, íàõîäÿùèåñÿ íèæå ïî-
áî÷íîé äèàãîíàëè ðàâíû íóëþ, òàê ÷òî detΛ 6= 0. Âûðàæåíèå

L+y
(
óðàâíåíèå L+y = 0

)
(6.6)

íàçûâàåòñÿ ôîðìàëüíî ñîïðÿæåííûì ê Lx â ñìûñëå Ëàãðàíæà äèô-
ôåðåíöèàëüíûì âûðàæåíèåì (óðàâíåíèåì). Â èòîãå èìååì

∫
y Lx dt =

∫
xL+y dt + Ψ(x, y),

èëè ∫
y Lx dt−

∫
xL+y dt = Ψ(x, y).

Ïðîäèôôåðåíöèðîâàâ ïîëó÷åííîå òîæäåñòâî, ïðèäåì ê ñëåäóþùåìó
òîæäåñòâó Ëàãðàíæà

yLx− xL+y =
d

dt
Ψ(x, y). (6.7)

Íåïîñðåäñòâåííûì ñ÷åòîì íåòðóäíî óáåäèòüñÿ â òîì, ÷òî
(
L+x

)+ = Lx (x ∈ C(n)[a, b]). (6.8)

Åñëè y � ðåøåíèå ôîðìàîëüíî ñîïðÿæåííîãî óðàâíåíèÿ (6.6)
L+y = 0, òî èç òîæäåñòâà (6.1) ïîëó÷àåì: yLx = d

dtΨ(x, y), ò. å. y �
ìíîæèòåëü âûðàæåíèÿ Lx. Ìîæíî ïîêàçàòü òàêæå îáðàòíîå: ëþáîé
ìíîæèòåëü âûðàæåíèÿ Lx ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîãî óðàâíå-
íèÿ. (Íàïîìíèì: óìíîæåíèå âûðàæåíèÿ Lx íà ìíîæèòåëü ïðåâðàùà-
åò ýòî âûðàæåíèå â òî÷íóþ ïðîèçâîäíóþ íåêîòîðîé ôóíêöèè, ñì.[24,
c. 205].)

Åñëè ïðîèíòåãðèðîâàòü òîæäåñòâî (6.7) â ïðåäåëàõ îò a äî b, òî
ïîëó÷èì ñëåäóþùóþ ôîðìóëó Ãðèíà

b∫

a

(
y(t)(Lx)(t)− x(t)(L+y)(t)

)
dt = Ψ(x, y)|ba, (6.9)
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ïðàâàÿ ÷àñòü êîòîðîé ïðåäñòàâëÿåò ñîáîé áèëèíåéíóþ ôîðìó îòíîñè-
òåëüíî ïåðåìåííûõ

x(a), x′(a), . . . x(n−1)(a), x(b), x′(b), . . . x(n−1)(b), (6.10)

y(a), y′(a), . . . y(n−1)(a), y(b), y′(b), . . . y(n−1)(b), (6.11)

ñ ìàòðèöåé V
.=

(
−Λ(a) 0
0 Λ(b)

)
. Íàïðèìåð, ïðè n = 2

Lx
.= x′′ + p(t)x′ + q(t)x, L+y

.= y′′ − (
p(t)y

)′ + q(t)y

(p0(t) ≡ 1, p1(t) ≡ p(t), p2(t) ≡ q(t)); òîæäåñòâî Ëàãðàíæà áóäåò
âûãëÿäåòü òàê:

yLx− xL+y =
d

dt

(
p(t)y(t)(t)x(t) + y(t)x′(t)− y′(t)x(t)

)
.

à ôîðìóëà Ãðèíà ïðèíèìàåò âèä

b∫

a

(
y(t)(Lx)(t)−x(t)(L+y)(t)

)
dt = p(b)y(b)x(b)+y(b)x′(b)−y′(b)x(b)−

− p(a)y(a)x(a)− y(a)x′(a) + y′(a)x(a) (6.12)

Åñëè èçâåñòíà ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé (ÔÑÐ) {uk}n
k=1

îäíîðîäíîãî óðàâíåíèÿ (6.2), òî ÔÑÐ {vk}k=1n óðàâíåíèÿ (6.6) íàõî-
äèòñÿ áåç êâàäðàòóð, à èìåííî (ñì. [24, c. 210])

vk = (−1)n−k W [u1, . . . , uk−1, uk, . . . , un]
W [u1, . . . , un]

, k = 1, 2, . . . , n.

Åñëè îêàçûâàåòñÿ, ÷òî L+y = Ly (y ∈ C(n)[a, b], âûïîëíåíû óñëî-
âèÿ (6.3)), òî äèôôåðåíöèàëüíîå âûðàæåíèå (6.1) íàçûâàåòñÿ ôîð-
ìàëüíî ñàìîñîïðÿæåííûì â ñìûñëå Ëàãðàíæà. Òàê êàê ìû ðàññìàò-
ðèâàåì äèôôåðåíöèàëüíûå âûðàæåíèÿ ñ âåùåñòâåííûìè êîýôôèöè-
åíòàìè, òî íåïîñðåäñòâåííî èç îïðåäåëåíèé âèäèì, ÷òî ôîðìàëüíî
ñàìîñîïðÿæåííûìè ìîãóò áûòü ëèøü äèôôåðåíöèàëüíûå âûðàæåíèÿ
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÷åòíîãî (n = 2m) ïîðÿäêà. Ïðè ýòîì ôîðìàëüíî ñàìîñîïðÿæåííîå
âûðàæåíèå äîëæíî èìåòü âèä (ñì. òàêæå [17, c. 19]).

(Lx)(t) =
(
p0(t)x(m)

)(m) +
(
p2(t)x(m−1)

)(m−1) + . . . + p2mx (6.13)

Òàê, íàïðèìåð, ïðè n = 2 Lx =
(
px′

)′ + qx. Ïðè n = 2 ëþáîå äèôôå-
ðåíöèàëüíîå âûðàæåíèå p0x

′′ + p1x
′ + p2x ïðèâîäèòñÿ ê òàêîìó âèäó

óìíîæåíèåì íà ìíîæèòåëü µ(t) .= 1
p0(t)

e

tR
a

p1(s)
p0(s)

ds

(ñì. [24, c. 241]).

Ïóñòü X (Y ) � 2n-âåêòîð-ñòîëáåö, êîîðäèíàòû êîòîðîãî � ïåðå-
ìåííûå (6.10)

(
(6.11)

)
. Óäîáíû áóäóò òàêæå âïîëíå ïîíÿòíûå ïðåä-

ñòàâëåíèÿ X = (X>
a , X>

b )>, Y = (Y >
a , Y >

b )>, êîòîðûå â äàëüíåéøåì
ïðèìåíÿþòñÿ è äëÿ äðóãèõ ôóíêöèé. Â ýòèõ îáîçíà÷åíèÿõ áèëèíåé-
íàÿ ôîðìà â ïðàâîé ÷àñòè ôîðìóëû Ãðèíà (6.9) çàïèøåòñÿ òàê:

Ψ(x, y)|ba = X>
b Λ(b)Yb −X>

a Λ(A)Ya = X>V Y. (6.14)

Â äàëüíåéøåì ïîíàäîáèòñÿ ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 6.1. Äëÿ ëþáûõ ξ, η ∈ Rn ñóùåñòâóåò n ðàç íåïðåðûâíî
äèôôåðåíöèðóåìàÿ íà [a, b] ôóíêöèÿ y òàêàÿ, ÷òî

y(i−1)(a) = ξi, y(i−1)(b) = ηi, i = 1, 2, . . . , n (èëè Ya = ξ, Yb = η).

Äîêàçàòåëüñòâî. Ïóñòü {ek}n
k=1 � ôèêñèðîâàííàÿ ôóíäàìåíòàëü-

íàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ 6.2, E =
(
e
(i−1)
k

)n

i,k=1
, Γ = (ei, ek) .=

=
b∫

a

ei(t)ek(t) dt, � ìàòðèöà Ãðàìà, det Γ 6= 0, detE(t) 6= 0 (t ∈ [a, b]).

Ïîëîæèì
c

.= −Γ−1E(b)Λ(b)η, g(t) .=
n∑

k=1

ckek(t)

è îïðåäåëèì ôóíêöèþ z êàê ðåøåíèå çàäà÷è Êîøè

(L+z)(t) = g(t) (t ∈ [a, b]), z(i)(a) = 0, i = 0, 1, . . . , n−1( èëè Za = 0).

Èç îïðåäåëåíèÿ g âèäèì, ÷òî (ek, g) = −
(
Ek(b)

)>
Λ(b)η (Ek �

k-ÿ ñòðîêà ìàòðèöû E), à èç ôîðìóëû Ãðèíà (6.9) ñ ó÷åòîì ïðåä-
ñòàâëåíèÿ (6.14) è íà÷àëüíûõ óñëîâèé �

(ek, g) = (ek, L+z) =
(
Ek(b)

)>
Λ(b)Zb.
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Ñðàâíèâàÿ äâà ïðåäñòàâëåíèÿ äëÿ (ek, g), ïðèõîäèì ê ðàâåíñòâó

E>(b)Λ(b)(η − Zb) = 0.

Ââèäó íåâûðîæäåííîñòè ìàòðèöû E>(b)Λ(b) ýòî îçíà÷àåò, ÷òî Zb = η.

Òàêèì îáðàçîì, ïîñòðîåíà n ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà
[a, b] ôóíêöèÿ z, îáëàäàþùàÿ ñâîéñòâàìè

z(i−1)(a) = 0, z(i−1)(b) = ηi (i = 1, 2, . . . , n).

Òî÷íî òàê æå ñòðîèòñÿ n ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà [a, b]
ôóíêöèÿ w, îáëàäàþùàÿ ñâîéñòâàìè

w(i−1)(a) = ξk, w(i−1)(b) = 0 (i = 1, 2, . . . , n).

Ôóíêöèÿ y = z + w � òðåáóåìàÿ.
6.2. Ñîïðÿæåííûé îïåðàòîð. Ëèíåéíîå äèôôåðåíöèàëüíûå âû-

ðàæåíèÿ Lx (ñì. (6.1)) è L+y îïðåäåëÿþò íåêîòîðûå ëèíåéíûå îïåðà-
òîðû, äåéñòâóþùèå â âåùåñòâåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå H .=
= L2[a, b]. Òî÷íåå, ïóñòü

D(
L

) .= {x ∈ H : x n ðàç íåïðåðûâíî äèôôåðåíöèðóåìà},

ïîëàãàåì Lx = Lx; ïóñòü äàëåå

D(
L+

) .= {y ∈ H : y n ðàç íåïðåðûâíî äèôôåðåíöèðóåìà},

ïîëàãàåì L+y = L+y. Îáîçíà÷èì ÷åðåç L0

(
L+

0

)
ñóæåíèå îïåðàòîðà

L
(
L+

)
íà ìíîæåñòâî

D(
L0

) .={x ∈ D(
L

)
: x(a)= . . . =x(n−1)(a)=x(b) = . . . = x(n−1)(b)=0}

(
D(

L+
0

) .={y ∈ D(
L+

)
: y(a)= . . . = y(n−1)(a)=y(b) = . . . =y(n−1)(b)=0}

)

Îïåðàòîðû L, L+, L0, L+
0 ïëîòíî îïðåäåëåíû (ñì. [13, c. 73]) è ïîýòî-

ìó ñîãëàñíî ï.4.2 îáëàäàþò ñîïðÿæåííûìè îïåðàòîðàìè.
Ïðèâåäåì âíà÷àëå äâà âñïîìîãàòåëüíûõ óòâåðæäåíèÿ.

Ëåììà 6.2. Ïóñòü g � íåïðåðûâíàÿ ôóíêöèÿ, g⊥N (L) (íàïîìíèì,
ýòî îçíà÷àåò, ÷òî (x, g) = 0 äëÿ ëþáîãî ðåøåíèÿ x óðàâíåíèÿ Lx = 0).
Òîãäà íàéäåòñÿ ôóíêöèÿ y ∈ D(

L0

)
òàêàÿ, ÷òî L+

0 y = g.
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Äîêàçàòåëüñòâî. Ñíà÷àëà íàéäåì ðåøåíèå çàäà÷è Êîøè

(L+y)(t) = g(t), y(i)(a) = 0, i = 0, 1, . . . , n− 1. (6.15)

Äàëåå, ïî ôîðìóëå Ãðèíà,

0 = (x, g) =
(
x, L+y

) (6.9)
=

(
Lx, y

)−Ψ(x, y)(b) + Ψ(x, y)(a);

ñ ó÷åòîì íà÷àëüíûõ óñëîâèé â (6.15) è ïðèíàäëåæíîñòè x ∈ N (L) ïî-
ëó÷àåì, ÷òî Ψ(x, y)(b) = 0 äëÿ âñåõ x ∈ N (L). Â ñèëó íåâûðîæäåííî-
ñòè ôîðìû Ψ(x, y)(b) îòñþäà ñëåäóåò, ÷òî y(i)(b) = 0, i = 0, 1, . . . , n−1,

ò. å. y ∈ D(
L+

0

)
è L+

0 y = g.

Ëåììà 6.3. Ïóñòü x0 ∈ H è
(
x0, L+

0 y
)

= 0 äëÿ ëþáîãî y ∈ D(
L+

0

)
.

Òîãäà x0 ∈ N (L) (ò. å Lx = 0).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî x0 /∈ N (L). (íàïîìíèì: òàê
êàê ðàçìåðíîñòü N (L) ðàâíà n, òî N (L) � ïîäïðîñòðàíñòâî â H).
Òîãäà ïî òåîðåìå îá àííóëÿòîðå (cì. [14, c. 53]) è â ñèëó òåîðåìû Ðèññà
îá îáùåì âèäå ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà â ãèëüáåðòîâîì
ïðîñòðàíñòâå (ñì. [14, c. 62]) íàéäåòñÿ ôóíêöèÿ g ∈ H òàêàÿ, ÷òî

(x, g) = 0 äëÿ ëþáîãî x ∈ N (L), (x0, g) = 1. (6.16)

Òàê êàê N (L)⊥ � ïîäïðîñòðàíñòâî (ñì. [13, c. 85]), òî íàéäåòñÿ ïî-
ñëåäîâàòåëüíîñòü {gk}∞k=1 ⊂ N (L)⊥ íåïðåðûâíûõ ôóíêöèé, ñõîäÿùà-
ÿñÿ â ñðåäíå êâàäðàòè÷åñêîì ê g è óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì
(6.16). Ïîýòîìó, íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî ñà-
ìà g � íåïðåðûâíàÿ ôóíêöèÿ. Ïî ëåììå 6.2 íàéäåòñÿ òàêàÿ ôóíêöèÿ
y ∈ D(

L0

)
, ÷òî L+

0 y = g. Â èòîãå ïîëó÷àåì
(
x0, L+

0 y
)

= (x0, g) = 1, ÷òî
ïðîòèâîðå÷èò óñëîâèþ íàñòîÿùåé ëåììû. Ñëåäîâàòåëüíî, x0 ∈ N (L).

Òåîðåìà 6.1. Åñëè âûïîëíåíû óñëîâèÿ (6.3), òî

L∗ = L+
0 ,

(
L+

0

)∗ = L,

Äîêàçàòåëüñòâî. Ïóñòü x ∈ D(
L, y ∈ D(

L+
0

)
). Òîãäà èç ôîðìóëû

Ãðèíà (6.9) èìååì

(Lx, y) =
(
x, L+

0

)
, (L+x, y) =

(
x, L0y

)
.
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Â ñèëó ñêàçàííîãî â ï. 4.2 ýòî îçíà÷àåò, ÷òî L+
0 ⊂ L∗, L0 ⊂

(
L+

)∗
.

Â ñèëó ñèììåòðèè ìîæíî îãðàíè÷èòüñÿ äîêàçàòåëüñòâîì ïåðâîãî
ïðîòèâîïîëîæíîãî âêëþ÷åíèÿ. Ïóñòü x ∈

(
D(

L+
0

))∗
. Ïî îïðåäåëå-

íèþ ñîïðÿæåííîãî îïåðàòîðà (ñì. ï. ??) íàéäåòñÿ ôóíêöèÿ f ∈ H
òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè y ∈ D(

L+
0

)
èìååò ìåñòî ðàâåíñòâî

(x, L+
0 ) = (f, y). Íå îãðàíè÷èâàÿ îáùíîñòè (ñì. äîêàçàòåëüñòâî ëåì-

ìû 6.3), ìîæíî ñ÷èòàòü, ÷òî f íåïðåðûâíà. Âîçüìåì â êà÷åñòâå x0

ëþáîå ðåøåíèå óðàâíåíèÿ Lx0 = f. Ñîãëàñíî ôîðìóëå Ãðèíà (6.9)

(x0, L+
0 y) = (L0x0, y) = (f, y).

Òàêèì îáðàçîì, ïîëó÷àåì ðàâåíñòâî (x − x0, L+
0 y) = 0 äëÿ ëþáîé

y ∈ D(
L+

0

)
. Ïî ëåììå 6.3 x−x0 ∈ N (L ⊂ D(L), à çíà÷èò è x = (x−x0)+

+ x0 ∈ D(L). Ýòèì äîêàçàíî âêëþ÷åíèå
(
L+

0

)∗ ⊂ L.

Ñëåäñòâèå 6.1. Ïðè óñëîâèÿõ òåîðåìû 6.1 L∗∗=L,
(
L+

0

)∗∗=L+
0 .

Ñëåäñòâèå 6.2. Ïðè óñëîâèÿõ òåîðåìû 6.1 îïåðàòîðû L, L+
0

çàìêíóòû.

6.3. Ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à. Ïóñòü lix, � ëèíåéíî íåçà-
âèñèìûå ëèíåéíûå ôîðìû, çàâèñÿùèå îò ïåðåìåííûõ (6.10):

lix
.=

n∑

k=1

(
αikxk−1(a) + βikxk−1(b)

)
, i = 1, 2, . . . , n (x ∈ Cn−1

[ a, b]).

(6.17)

Ðàññìîòðèì ïîëóîäíîðîäíóþ êðàåâóþ çàäà÷ó ñ äèôôåðåíöèàëüíûì
âûðàæåíèåì (6.1)

(Lx)(t) = f(t) (t ∈ [a, b]), lix = 0, i = 1, 2, . . . , n. (6.18)

Êðàåâàÿ çàäà÷à (6.18) îïðåäåëÿåò íåêîòîðûé ëèíåéíûé îïåðàòîð, äåé-
ñòâóþùèé â ãèëüáåðòîâîì ïðîñòðàíñòâåH. À èìåííî, îáîçíà÷èì ÷åðåç
Ll ñóæåíèå L íà ìíîæåñòâî

D(
Ll

) .= {x ∈ D(L) : lix = 0, i = 1, 2, . . . , n};

îïåðàòîð Ll òàêæå ïëîòíî îïðåäåëåí è äåéñòâóþåò â ïðîñòðàíñòâå
H. Ñîãëàñíî ï. ?? îïåðàòîð Ll îáëàäàåò ñîïðÿæåííûì îïåðàòîðîì
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L∗l
.= (Ll)∗. Íàøà áëèæàéøàÿ çàäà÷à ñîñòîèò â òîì, ÷òîáû íàéòè äëÿ

ýòîãî îïåðàòîðà îïèñàíèå òàêæå â âèäå íåêîòîðîé êðàåâîé çàäà÷è,
êîòîðóþ ìû è áóäåì íàçûâàòü ñîïðÿæåííîé êðàåâîé çàäà÷åé.

Ïóñòü ëèíåéíûå ôîðìû

lix, i = n + 1, n + 2, . . . , 2n,

îïðåäåëåííûå íà n − 1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíê-
öèÿõ, çàâèñÿùèå îò ïåðåìåííûõ (6.10) è èìåþùèå âèä (6.17) ïðè
i = n + 1, . . . , 2n òàêîâû, ÷òî ñèñòåìà {lix}2n

1 ëèíåéíî íåçàâèñèìà.
Ýòî ýêâèâàëåíòíî òîìó, ÷òî 2n× 2n-ìàòðèöà

A
.= (αik, βik), i = 1, 2, . . . , 2n; k = 1, 2, . . . , n

íåâûðîæäåííàÿ. Ââåäåì òàêæå ëèíåéíûå ôîðìû

l+i y, i = 1, 2, . . . , 2n,

âèäà (6.17), îïðåäåëåííûå íà n − 1 ðàç íåïðåðûâíî äèôôåðåíöèðóå-
ìûõ ôóíêöèÿõ, çàâèñÿùèå îò ïåðåìåííûõ (6.11) è òàêèå, ÷òî ñèñòåìà
{l+i }2n

i=1 ëèíåéíî íåçàâèñèìà, à áèëèíåéíàÿ ôîðìà (6.14) ìîæåò áûòü
ïðåäñòàâëåíà â âèäå

Ψ(x, y)|ba = l1x · l+2ny + l2x · l+2n−1y + . . . + lnx · l+n+1y+

+ ln+1x · l+n y + . . . + l2nx · l+1 y.

Ïîêàæåì, ÷òî òàêèå ôîðìû ñóùåñòâóþò. Ââåäåì 2n× 2n-ìàòðèöó
A+ .=

(
A>

)−1
V S2n, ãäå S2n = (δi,n−k+1)2n

i,k=1 (ýòî ìàòðèöà, ïåðåñòàâ-
ëÿþùàÿ ñòðîêè ñîìíîæèòåëÿ â îáðàòíîì ïîðÿäêå), S2

2n � åäèíè÷íàÿ
2n×2n-ìàòðèöà. Òîãäà èç (6.14) ïîëó÷àåì Ψ(x, y)|ba = X>A>(A+)S2nY

è liy (i = 1, 2, . . . , 2n) ïðåäñòàâëÿþò ñîáîé êîîðäèíàòû âåêòîðà A+S2nY.

C ó÷åòîì óêàçàííîãî ïðåäñòàâëåíèÿ ôîðìóëà Ãðèíà (6.9) çàïèøåò-
ñÿ â âèäå ñëåäóþùåé ôîðìóëû êðàåâûõ ôîðì (ñì. [15, c. 312])

b∫

a

(
y(t)(Lx)(t)− x(t)(L+y)(t)

)
dt =

2n∑

i=1

lix · l+2n−i+1y, (6.19)
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êîòîðàÿ ÿâëÿåòñÿ îñíîâîé äëÿ ïîñòðîåíèÿ ñîïðÿæåííûõ êðàåâûõ óñëî-
âèé â ñëó÷àå, êîãäà èñõîäíûå êðàåâûå óñëîâèÿ ñîñðåäîòî÷åíû òîëüêî
â äâóõ òî÷êàõ a è b.

Íàðÿäó ñ êðàåâîé çàäà÷åé (6.18) ðàññìîòðèì êðàåâóþ çàäà÷ó

(L+y)(t) = g(t) (t ∈ [a, b]), l+i y = 0, i = 1, 2, . . . , n, (6.20)

è îïðåäåëèì ëèíåéíûé îïåðàòîð L+
l+ êàê ñóæåíèå îïåðàòîðà L+ íà

ìíîæåñòâî

D(
L+

l+

) .= {y ∈ D(L+) : l+i y = 0, i = 1, 2, . . . , n}.

Îïåðàòîð L+
l+ òàêæå ïëîòíî îïðåäåëåí è ïîýòîìó îáëàäàåò ñîïðÿæåí-

íûì îïåðàòîðîì. Èç îïðåäåëåíèé è òåîðåìû 6.1 ñëåäóþò âêëþ÷åíèÿ

L+
0 ⊂

(
Ll

)∗ ⊂, L0 ⊂
(
L+

l+

)∗ ⊂ L. (6.21)

Ëåììà 6.4. Äëÿ ëþáîãî α ∈ R2n ñóùåñòâóåò n ðàç íåïðåðûâíî
äèôôåðåíöèðóåìàÿ íà [a, b] ôóíêöèÿ x, òàêàÿ, ÷òî

lix = αi, i = 1, 2, . . . , 2n.

Äîêàçàòåëüñòâî. Ñîãëàñíî ëåììå 6.1, ïðèìåíåííîé ê âûðàæåíèþ
Lx, íàéäåòñÿ n ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà [a, b] ôóíêöèÿ
x, òàêàÿ, ÷òî X = A−1α

(
X = (X>

a , X>
b )>

)
, ñì. îáîçíà÷åíèÿ ïåðåä

ëåììîé 6.1
)
. Ýòà ôóíêöèÿ îáëàäàåò íóæíûìè ñâîéñòâàìè, òàê êàê

(l1x, . . . , l2n)> = AX = α.

Ñëåäñòâèå 6.3. Äëÿ ëþáîãî β ∈ Rn ñóùåñòâóåò n ðàç íåïðå-
ðûâíî äèôôåðåíöèðóåìàÿ íà [a, b] ôóíêöèÿ x, òàêàÿ, ÷òî

lix = 0, i = 1, 2, . . . , n, lix = βi−n, i = n + 1, n+, 2, . . . , 2n.

Äîêàçàòåëüñòâî. Ïîëàãàåì â ëåììå 6.4 α> = (0, β).

Òåîðåìà 6.2. Åñëè âûïîëíåíû óñëîâèÿ (6.3), òî

L∗l = L+
l+ ,

(
L+

l+

)∗ = Ll,

è çíà÷èò, ñîãëàñíî ñêàçàííîìó âûøå, êðàåâàÿ çàäà÷à (6.20) ÿâëÿåò-
ñÿ ñîïðÿæåííîé ê êðàåâîé çàäà÷å (6.18) è íàîáîðîò, êðàåâàÿ çàäà÷à
(6.18) ÿâëÿåòñÿ ñîïðÿæåííîé ê êðàåâîé çàäà÷å (6.20).
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Äîêàçàòåëüñòâî. Ïóñòü x ∈ D(
Ll, y ∈ D(L+

l+). Òîãäà èç ôîðìóëû
êðàåâûõ ôîðì (6.19) ñëåäóåò

(
Llx, y

)
=

(
x, L+

l+

)
, ÷òî îçíà÷àåò âêëþ-

÷åíèå L+
l+ ⊂ (Ll)∗.

Äîêàæåì ïðîòèâîïîëîæíîå âêëþ÷åíèå. Ïóñòü y ∈ D
(
(Ll)∗

)
. Òî-

ãäà â ñèëó âêëþ÷åíèé (6.21) y ∈ D(
L+

)
. Äëÿ ïðîèçâîëüíîãî β ∈ Rn

îïðåäåëèì ôóíêöèþ x ñîãëàñíî ñëåäñòâèþ 6.3. Èç âêëþ÷åíèé (6.21)
è ôîðìóëû êðàåâûõ ôîðì (6.19) ïîëó÷àåì

(
x, (Ll)∗

)
=

(
x, L+y

)
=

(
Llx, y

)−β>Snl+y
(
l+ = (l+1 , l+2 , . . . , l+n )>.

Òàê êàê ïåðâîå ñêàëÿðíîå ïðîèçâåäåíèå ðàâíî òðåòüåìó, òî îòñþäà
ïîëó÷àåì, ÷òî β>Snl+y = 0. Ââèäó ïðîèçâîëüíîñòè β ∈ Rn ïîñëåäíåå
ðàâåíñòâî îçíà÷àåò l+y = 0, ò. å. y ∈ D(

L+
l+

)
. Ýòèì ïðîòèâîïîëîæíîå

âêëþ÷åíèå äîêàçàíî. Ñëåäîâàòåëüíî, L∗l = L+
l+ .

Âòîðîå ðàâåíñòâî äîêàçûâàåòñÿ òî÷íî òàê æå.
Çàìåòèì, ÷òî ñîïðÿæåííûå îäíîðîäíûå êðàåâûå óñëîâèÿ (ò. å. êðà-

åâûå óñëîâèÿ â ñîïðÿæåííîé çàäà÷å (6.20)) îïðåäåëÿþòñÿ ñ òî÷íîñòüþ
äî ýêâèâàëåíòíûõ. Áîëåå ôîðìàëüíî, êðàåâûå óñëîâèÿ

l̃iy = 0, i = 1, 2, . . . , n

íàçûâàþòñÿ ýêâèâàëåíòíûìè êðàåâûì óñëîâèÿì

l̂iy = 0, i = 1, 2, . . . , n,

åñëè

{y : l̃iy = 0, i = 1, 2, . . . , n} = {y : l̂iy = 0, i = 1, 2, . . . , n}

(ôóíêöèè y n−1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìû). Òàêèì îáðàçîì,
êðàåâûå óñëîâèÿ â çàäà÷å (6.20) ìîãóò áûòü çàìåíåíû ýêâèâàëåíòíû-
ìè, ïðè ýòîì ñîïðÿæåííûé îïåðàòîð íå èçìåíèòñÿ.

Ñëåäñòâèå 6.4. Ïðè óñëîâèÿõ òåîðåìû 6.2 îïåðàòîðû Ll, L+
l∗

çàìêíóòû.

Îáîçíà÷èì ÷åðåç La

(
L+

b

)
ñóæåíèå îïåðàòîðà L

(
L+

)
íà ìíîæå-

ñòâî
D(

La

) .= {x ∈ D(
L

)
: x(a) = . . . = x(n−1)(a) = 0}
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(
D(

L+
b

) .= {y ∈ D(
L+

)
: y(b) = . . . = y(n−1)(b) = 0}

)

Ñëåäñòâèå 6.5. Ïðè óñëîâèÿõ òåîðåìû 6.2 îïåðàòîðû La, L+
b

çàìêíóòû è
L∗a = L+

b ,
(
L+

b

)∗ = La.

Òàêèì îáðàçîì, ñîïðÿæåííîé ê çàäà÷å Êîøè

(Lx)(t) = f(t) (t ∈ [a, b]), x(k)(a) = 0, k = 1, 2, . . . , n

ÿâëÿåòñÿ çàäà÷à Êîøè

(L+y)(t) = g(t) (t ∈ [a, b]), y(k)(b) = 0, k = 1, 2, . . . , n.

Ðàññìîòðèì ðÿä ïðèìåðîâ. Ïóñòü ñíà÷àëà n = 2 (p0(t) ≡ 1,

p1(t) ≡ p(t), p2(t) ≡ q(t)).
1. Äëÿ ïåðèîäè÷åñêèõ êðàåâûõ óñëîâèé ôîðìóëà êðàåâûõ ôîðì

(6.19) ïðèìåò âèä
(
p(b) = p(a)

)

b∫

a

(
y(t)(Lx)(t)− x(t)(L+y)(t)

)
dt =

=
(
x(b)− x(a)

)(
p(a)y(b)− y′(a)

)
+

(
x′(b)− x′(a)

)
y(b)+

+
(
p(a)x(a) + x′(a)

)(
y(b)− y(a)

)
− x(b)

(
y′(b)− y′(a)

)
, (6.22)

Îòñþäà âèäèì, ÷òî ïåðèîäè÷åñêèå êðàåâûå óñëîâèÿ ÿâëÿþòñÿ ñàìîñî-
ïðÿæåííûìè: èñõîäíàÿ êðàåâàÿ çàäà÷à

(Lx)(t) = f(t), t ∈ [a, b], x(b)− x(a) = 0, x′(b)− x′(a) = 0,

ñîïðÿæåííàÿ

(L+y)(t) = g(t), t ∈ [a, b], y(b)− y(a) = 0, y′(b)− y′(a) = 0.

Íàéäåì ñîïðÿæåííûå êðàåâûå óñëîâèÿ äëÿ íåêîòîðûõ äðóãèõ äâóõ-
òî÷å÷íûõ çàäà÷.

2. Ïóñòü

(Lx)(t) = f(t), t ∈ [a, b], x(a) = 0, x(b) = 0.
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Çàïèøåì ôîðìóëó êðàåâûõ ôîðì (6.19) â âèäå

b∫

a

(
y(t)(Lx)(t)− x(t)(L+y)(t)

)
dt = x(a)

(
y′(a)− p(a)y(a)

)
+

+ x(b)
(
p(b)y(b)− y′(b)

)
− x′(a)y(a) + x′(b)y(b); (6.23)

ñëåäîâàòåëüíî, ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à

(L+y)(t) = g(t), t ∈ [a, b], y(a) = 0, y(b) = 0.

3. Ïóñòü

(Lx)(t) = f(t), t ∈ [a, b], x(a) = 0, x′(b) = 0.

Òåïåðü çàïèøåì ôîðìóëó êðàåâûõ ôîðì (6.19) â âèäå

b∫

a

(
y(t)(Lx)(t)− x(t)(L+y)(t)

)
dt = x(a)

(
y′(a)− p(a)y(a)

)
+

+ x′(b)y(b) + x(b)
(
p(b)y(b)− y′(b)

)
− x′(a)y(a); (6.24)

çíà÷èò, ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à

(L+y)(t) = g, t ∈ [a, b], y(a) = 0, p(b)y(b)− y′(b) = 0.

4. Íàêîíåö, ïóñòü

(Lx)(t) = f(t), t ∈ [a, b], x′(a) = 0, x′(b) = 0.

Ôîðìóëà êðàåâûõ ôîðì ïðèíèìàåò âèä

b∫

a

(
y(t)(Lx)(t)− x(t)(L+y)(t)

)
dt = −x′(a)y(a) + x′(b)y(b)+

+ x(b)
(
p(b)y(b)− y′(b)

)
+ x(a)

(
y′(a)− p(a)y(a)

)
, (6.25)

ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à:

(L+y)(t) = g(t), t ∈ [a, b], y′(a)− p(a)y(a) = 0, y′(b)− p(b)y(b) = 0.
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5. Ïðèìåðû 2�4 ïðåäñòàâëÿþò ñîáîé ÷àñòíûé ñëó÷àé ñëåäóþùåé
êðàåâîé çàäà÷è (Øòóðìà�Ëèóâèëëÿ):

(Lx)(t) = f(t), t ∈ [a, b], l1x
.= α11x(a) + α12x

′(a) = 0,

l2x
.= β21x(b) + β22x

′(b) = 0, ∆ .=

∣∣∣∣∣
α11 α12

β21 β22

∣∣∣∣∣ 6= 0

(ñì. (6.17)�(6.18)).
Ïðîäåìîíñòðèðóåì ïðåäëîæåííóþ âûøå ìåòîäèêó ïîñòðîåíèÿ ñî-

ïðÿæåííûõ êðàåâûõ óñëîâèé íà ïðèìåðå ýòîé çàäà÷è. Ìàòðèöó A

ìîæíî âûáðàòü òàê:

A =




α11 α12 0 0
0 0 β21 β22

1 0 1 0
0 1 0 1


 ;

ëåãêî íåïîñðåäñòâåííî âû÷èñëèòü, ÷òî detA = −∆ 6= 0. Íåñëîæíûå
âûêëàäêè ïðèâîäÿò ê ñëåäóþùåìó ðåçóëüòàòó:
(−∆)A+ = (−∆)

(
A>

)−1
V S2n =

=




−p(a)α12β22 + α11β22 α12β22 −p(b)α12β22 + α12β21 α12β22

−p(a)α12β21 + α11β21 α12β21 −p(b)α11β22 + α11β21 α11β22

p(a)α12 − α11 −α12 p(b)α12 − α11 −α12

p(a)β22 − β21 −β22 p(b)β22 − β21 −β22


 .

Ýòî îçíà÷àåò, ÷òî ñîïðÿæåííûå êðàåâûå óñëîâèÿ áóäóò âûãëÿäåòü òàê:

l+1 y =
(−p(a)α12β22 + α11β22

)
y(a) + α12β22y

′(a)+

+
(−p(b)α12β22 + α12β21

)
y(b) + α12β22y

′(b) = 0,

l+2 y =
(−p(a)α12β21 + α11β21

)
y(a) + α12β21y

′(a)+

+
(−p(b)α11β22 + α11β21

)
y(b) + α11β22y

′(b) = 0.

Ïåðåéäåì ê áîëåå ïðîñòûì, ýêâèâàëåíòíûì ýòèì, êðàåâûì óñëîâèÿì.
À èìåííî, ïîëîæèì

l̃+1 y
.=

α11

∆
l+1 y − α12

∆
l+2 y, l̃+2 y

.= −β21

∆
l+1 y +

β22

∆
l+2 y
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(îïðåäåëèòåëü ýòîãî ïðåîáðàçîâàíèÿ ðàâåí 1
∆ 6= 0). Òîãäà

l̃+1 y = α̃11y(a) + α̃12y
′(a), l̃+2 y = β̃21y(b) + β̃22y

′(b),

ãäå

α̃11 = α11 − p(a)α12, α̃12 = α12, β̃21 = β21 − p(b)β22, β̃22 = β22.

Ñëåäîâàòåëüíî, ñîïðÿæåííîé ê èñõîäíîé çàäà÷å áóäåò òàêæå êðàåâàÿ
çàäà÷à Øòóðìà�Ëèóâèëëÿ

(L+y)(t) = g(t), t ∈ [a, b], α̃11y(a)+ α̃12y
′(a) = 0, β̃21y(b)+ β̃22y

′(b) = 0.

6. Ïóñòü òåïåðü n ïðîèçâîëüíî. Ðàññìîòðèì äâóõòî÷å÷íóþ êðàå-
âóþ çàäà÷ó Âàëëå Ïóññåíà (èíòåðïîëÿöèîííóþ êðàåâóþ çàäà÷ó)

(Lx)(t) = f(t), t ∈ [a, b], x(i)(a) = 0, i = 0, 1, . . . , n− k − 1,

x(i)(b) = 0, i = 0, 1, . . . , k − 1, 1 < k < n (6.26)

(òàê íàçûâàåìàÿ çàäà÷à (n− k, k), ñì., íàïðèìåð, [10], [12]; ñì. òàêæå
[9]), ïðåäïîëîãàÿ, ÷òî âûïîëíåíû óñëîâèÿ (6.3). Â íàøèõ îáîçíà÷åíèÿõ
lix=x(i)(a), i=0, 1, . . . , n−k−1, lix=x(i−n+k−1)(b), i=n−k+1, . . . , n.

Íåïîñðåäñòâåííî èç ôîðìóëû Ãðèíà (6.9) âèäèì, ÷òî ñëåäóåò ïîëî-
æèòü l+i y = y(i)(a), i = 0, 1, . . . , k−1, l+i y = y(i−k+1)(b), i = k+1, . . . , n.

Îñòàëüíûå ëèíåéíûå ôîðìû îïðåäåëÿòñÿ ñîîòâåòñòâóþùåé ôîðìóëîé
êðàåâûõ ôîðì; íà âèä ñîïðÿæåííûõ êðàåâûõ óñëîâèé îíè íå âëèÿþò.
Òàêèì îáðàçîì, çàäà÷åé ñîïðÿæåííîé êðàåâîé çàäà÷å (6.26) ÿâëÿåòñÿ
êðàåâàÿ çàäà÷à

(L+y)(t) = g(t), t ∈ [a, b], y(i)(a) = 0, i = 0, 1, . . . , k − 1,

y(i)(b) = 0, i = 0, 1, . . . , n− k + 1, (6.27)

ò. å. çàäà÷à (k, n−k). Ïðè ýòîì çàäà÷à (6.26) ÿâëÿåòñÿ ñàìîñîïðÿæåí-
íîé, åñëè n = 2m, k = m, Lx îïðåäåëÿåòñÿ ðàâåíñòâîì (6.13).

7. Êâàçèäèôôåðåíöèàëüíûå îïåðàòîðû

7.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Â ïðåäûäóùåì ïàðàãðàôå
äëÿ îïèñàíèÿ îïåðàòîðà, ñîïðÿæåííîãî ê äèôôåðåíöèàëüíîìó, ìû
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ïîòðåáîâàëè, ÷òîáû êîýôôèöèåíòû ýòîãî îïåðàòîðà áûëè äîñòàòî÷-
íî ãëàäêèìè (ñì.(6.3)). Â ðåàëüíûõ óñëîâèÿõ ýòî òðåáîâàíèå ÿâëÿ-
åòñÿ îáðåìåíèòåëüíûì. Æåëàòåëüíî, ÷òîáû îïèñàíèå îïåðàòîðà, ñî-
ïðÿæåííîãî ê îïåðàòîðó, îïèñûâàþùåìó íåêîòîðóþ êðàåâóþ çàäà÷ó,
îñòàâàëîñü ñòîëü æå ïðîñòûì è ïðè ìåíåå îãðàíè÷èòåëüíûõ ïî ñðàâíå-
íèþ ñ (6.3) óñëîâèÿõ. Åñëè ýòè óñëîâèÿ íå âûïîëíÿþòñÿ, òî ôîðìàëü-
íî ñîïðÿæåííîå â ñìûñëå Ëàãðàíæà âûðàæåíèå (6.6) óæå íå ÿâëÿåòñÿ
îáûêíîâåííûì äèôôåðåíöèàëüíûì. Îíî ñòàíîâèòñÿ êâàçèäèôôåðåí-
öèàëüíûì. Ïî ýòîé ïðè÷èíå óäîáíî óæå ñ ñàìîãî íà÷àëà ðàññìàò-
ðèâàòü âìåñòî îáûêíîâåííûõ äèôôåðåíöèàëüíûõ âûðàæåíèé êâàçè-
äèôôåðåíöèàëüíûå.

Îáðàùàåì âíèìàíèå ÷èòàòåëÿ íà òîò ôàêò, ÷òî â ïðåäûäóùåì ïà-
ðàãðàôå ðàññìàòðèâàëèñü ëèøü äâóõòî÷å÷íûå êðàåâûå óñëîâèÿ, ò. å.
óñëîâèÿ, â êîòîðûå âõîäÿò çíà÷åíèÿ ðåøåíèÿ è åãî ïðîèçâîäíûõ ëèøü
â òî÷êàõ a è b. Ïðè ýòîì îêàçàëîñü, ÷òî ñîïðÿæåííûå êðàåâûå óñëîâèÿ
â îáùåì ñëó÷àå çàâèñÿò îò êîýôôèöèåíòîâ èñõîäíîãî äèôôåðåíöèàëü-
íîãî âûðàæåíèÿ (6.1). Êðîìå òîãî, íåïîñðåäñòâåííî ñ ïîìîùüþ êëàñ-
ñè÷åñêîé ôîðìóëû Ãðèíà (6.9) íåëüçÿ ïîëó÷èòü îïèñàíèå îïåðàòîðà,
ñîïðÿæåííîãî ê îïåðàòîðó, ñîîòâåòñòâóþùåìó ìíîãîòî÷å÷íîé (ò. å.
ñ êðàåâûìè óñëîâèÿìè, ñîñðåäîòî÷åíûìè áîëåå, ÷åì â äâóõ òî÷êàõ)
êðàåâîé çàäà÷å. Ýòè îáñòîÿòåëüñòâà òàêæå ïîáóæäàþò íàñ ïåðåéòè îò
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ âûðàæåíèé ê êâàçèäèôôåðåíöè-
àëüíûì. Íèæå ìû óâèäèì, ÷òî êâàçèäèôôåðåíöèàëüíîå âûðàæåíèå
ïðè î÷åíü øèðîêèõ ïðåäïîëîæåíèÿõ î åãî êîýôôèöèåíòàõ îáëàäàåò
ôîðìàëüíî ñîïðÿæåííûì â ñìûñëå Ëàãðàíæà êâàçèäèôôåðåíöèàëü-
íûì âûðàæåíèåì. Ìû ïîëó÷èì òàêæå àíàëîã ôîðìóëû êðàåâûõ ôîðì,
ïîçâîëÿþùèé ñòðîèòü ñîïðÿæåííûå êðàåâûå óñëîâèÿ ê ìíîãîòî÷å÷-
íûì êðàåâûì óñëîâèÿì. Ïðè ýòîì ñîïðÿæåííûå êðàåâûå óñëîâèÿ íå
áóäóò çàâèñåòü îò êîýôôèöèåíòîâ èñõîäíîãî êâàçèäèôôåðåíöèàëüíî-
ãî âûðàæåíèÿ.

È åùå îäíî çàìå÷àíèå. Ìû íå áóäåì ïðåäïîëàãàòü, ÷òî íàøè îïåðà-
òîðû, ñîîòâåòñòâóþùèå êðàåâûì çàäà÷àì, äåéñòâóþò â ãèëüáåðòîâîì
ïðîñòðàíñòâå L2[a, b]. Âìåñòî ýòîãî áóäåì ðàññìàòðèâàòü îïåðàòîðû,
äåéñòâóþùèå èç âåùåñòâåííîãî áàíàõîâà ïðîñòðàíñòâà Lq[a, b] â âåùå-
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ñòâåííîå áàíàõîâî ïðîñòðàíñòâî Lp[a, b], p > 1, 1
p + 1

q = 1 (ðàçóìååòñÿ,
ñëó÷àé p = q = 2 íå èñêëþ÷àåòñÿ). Çäåñü âàæíî, ÷òî îïåðàòîðû äåé-
ñòâóþò èç îäíîãî ðåôëåêñèâíîãî áàíàõîâà ïðîñòðàíñòâà â ñîïðÿæåí-
íîå åìó ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî. Ïðè ýòîì ñîïðÿæåííûé
îïåðàòîð áóäåò äåéñòâîâàòü òî÷íî òàê æå. Áîëåå òîãî, âîçìîæíû òàê
äåéñòâóþùèå ñèììåòðè÷åñêèå è ñàìîñîïðÿæåííûå îïåðàòîðû.

Íèæå ìû ìîòèâèðóåì íåîáõîäèìîñòü òàêîãî áîëåå øèðîêîãî ïîäõî-
äà. Ïðè òàêîì ïîäõîäå ¾ñêàëÿðíîå¿ ïðîèçâåäåíèå îêàçûâàåòñÿ ¾âíåø-
íèì¿. À èìåííî, ïîëàãàåì

〈x, y〉p .=

b∫

a

x(t)y(t) dt (〈y, x〉q = 〈x, y〉p, x ∈ Lp[a, b], y ∈ Lq[a, b])

(ïðè p = q = 2 ýòî ïðîèçâåäåíèå îêàçûâàåòñÿ îáû÷íûì ¾âíóòðåííèì¿
ïðîèçâåäåíèåì).

7.2. Êâàçèäèôôåðåíöèàëüíûå âûðàæåíèÿ. Ïóñòü I ⊆ R �
îòêðûòûé èíòåðâàë, An(I) � ìíîæåñòâî íèæíèõ òðåóãîëüíûõ ìàò-
ðèö P = (pik)n

0 , pik : I → R, òàêèõ, ÷òî p00 è pnn èçìåðèìû, ïî÷òè
âñþäó (ï.â.) êîíå÷íû è ï.â. îòëè÷íû îò íóëÿ, à 1/pii (i = 1, 2, . . . , n−1),
pik/pii (i = 1, 2, . . . , n, k = 0, 1, . . . , i−1)ëîêàëüíî ñóììèðóåìû â I.Åñëè
P ∈An(I), òî áóäåì ãîâîðèòü òàêæå, ÷òî ìàòðèöà P èëè åå ýëåìåíòû
óäîâëåòâîðÿþò óñëîâèÿì An(I).

Âñå ñîîòíîøåíèÿ ìåæäó èçìåðèìûìè ôóíêöèÿìè áóäåì ïðåäïîëà-
ãàòü âûïîëíÿþùèìèñÿ ï.â.; åñëè ïðîèçâåäåíèå f(·) · g(·) (f, g : I→R)
íåïðåðûâíî â îêðåñòíîñòè t0 ∈ I, a â t0 îäèí èç ñîìíîæèòåëåé (èëè
îáà) íå îïðåäåëåí, íî ñóùåñòâóåò ïðåäåë lim

t→t0
f(t)g(t)=C, òî ïîëàãàåì

(f · g)(t0) = C è ñ÷èòàåì ôóíêöèþ (fg)(·) íåïðåðûâíîé â òî÷êå t0.

Ïóñòü P∈An(I). Îïðåäåëèì êâàçèïðîèçâîäíûå k
Px (k = 0, 1, . . . , n)

ôóíêöèè x :I → R ðàâåíñòâàìè

0x
.=0
P x

.= p00x,

kx
.=k
P x

.= pkk
d

dt

(k−1

P x
)

+
k−1∑
ν=0

pkk

(ν

Px
)

(k = 1, 2, . . . , n).
(7.1)

Êâàçèäèôôåðåíöèàëüíûì âûðàæåíèåì (ÊäÂ) n-ãî ïîðÿäêà íàçû-
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âàåòñÿ âûðàæåíèå

(Lx)(t) .= (n
Px)(t), t ∈ I. (7.2)

Ìàòðèöà P íàçûâàåòñÿ ïîðîæäàþùåé äëÿ âûðàæåíèÿ (7.2). Íàðÿäó ñ
âûðàæåíèåì (7.2) ðàññìîòðèì òàêæå êâàçèäèôôåðåíöèàëüíîå óðàâ-
íåíèå (ÊäÓ)

(Lx)(t) = f(t), t ∈ I (f : I → R). (7.3)

Ðåøåíèåì óðàâíåíèÿ (7.3) íàçûâàåòñÿ âñÿêàÿ ôóíêöèÿ x : I → R,

èìåþùàÿ ëîêàëüíî àáñîëþòíî íåïðåðûâíûå êâàçèïðîèçâîäíûå k
Px

(k = 0, 1, . . . , n− 1) è ï.â. â I óäîâëåòâîðÿþùàÿ óðàâíåíèþ (7.3).

Òåîðåìà 7.1. Åñëè P ∈ An(I) è ôóíêöèÿ f(·)/pnn(·) ëîêàëüíî
ñóììèðóåìà â I, òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (7.3),
óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

(k
Px)(a) = γk (k = 0, 1, . . . , n− 1, a ∈ I, γk ∈ R). (7.4)

Äîêàçàòåëüñòâî. Çàäà÷à Êîøè (7.3), (7.4) ýêâèâàëåíòíà çàäà÷å

ż = A(t)z + f̂(t), z(a) = γ, (7.5)

ãäå z =Px
.=

(0

Px, . . . , n−1
P x

)>
, f̂ = (0, . . . , 0, f/pnn)>,

A =




−p10

p11

1
p11

0 . . . 0

−p20

p22
−p21

p22

1
p22

. . . 0

. . . . . . . . . . . . . . .

− pn−1,0

pn−1,n−1
− pn−1,1

pn−1,n−1
− pn−1,2

pn−1,n−1
. . .

1
pn−1,n−1

− pn0

pnn
− pn1

pnn
− pn2

pnn
. . . −pn−1,n

pnn




,

γ = (γ0, . . . , γn−1)>, > � çíàê òðàíñïîíèðîâàíèÿ. Ïðè óñëîâèÿõ òåî-
ðåìû ìàòðèöà A è âåêòîð f̂ óäîâëåòâîðÿþò óñëîâèÿì Êàðàòåîäî-
ðè. Ñëåäîâàòåëüíî,çàäà÷à (7.5), à ñ íåé è çàäà÷à (7.2),(7.4) èìååò
åäèíñòâåííîå ðåøåíèå, êîìïîíåíòû êîòîðîãî � êâàçèïðîèçâîäíûå k

Px

(k = 0, 1, . . . , n− 1)� ëîêàëüíî àáñîëþòíî íåïðåðûâíû.
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Ðàññìîòðèì ðÿä ïðèìåðîâ.
1. Îáûêíîâåííîå äèôôåðåíöèàëüíîå âûðàæåíèå (ÎÄÂ) (6.1) ïî-

ëó÷àåòñÿ èç ÊäÂ (7.2), åñëè pkk = 1 (k = 0, 1, . . . , n− 1), pnk = pn−k

(k = 0, 1, . . . , n), pik = 0 (i = 1, . . . , k − 1); â ýòîì ñëó÷àå êâàçèïðîèç-
âîäíûå äî ïîðÿäêà n− 1 âêëþ÷èòåëüíî ñîâïàäàþò ñ îáûêíîâåííûìè
ïðîèçâîäíûìè, à ïðîèçâîäíàÿ ïîðÿäêà n åñòü ïðîñòî Lx. Òàêèì îá-
ðàçîì, åñëè ïîäìàòðèöà P0 = (pik)n−1

0 ìàòðèöû P åñòü åäèíè÷íàÿ
ìàòðèöà, òî âûðàæåíèå (7.2) åñòü ÎÄÂ.

2. Âûðàæåíèå
n∑

k=0

(−1)k
(
pn−ky

)(k) (ñì. (6.6)), ôîðìàëüíî ñîïðÿ-
æåííîå ñ (6.1) ïîëó÷àåòñÿ èç (7.2) ïðè p00 =p0, pkk = 1 (k = 1, . . . , n),
pi0 = (−1)ipi/p0 (i = 1, . . . , n), pik = 0 (i = 1, . . . , n, 1 < k < i). Àíà-
ëîãè÷íî ìîæíî çàïèñàòü â âèäå ÊäÂ ôîðìàëüíî ñàìîñîïðÿæåííîå â
ñìûñëå Ëàãðàíæà âûðàæåíèå (6.13).

3. Â ðÿäå ðàáîò (ñì. , íàïðèìåð, [29; 30�32]) ðàññìàòðèâàåòñÿ âû-
ðàæåíèå

∑n
k=0 pkLkx, (L0x = ρx, Lkx = ρk

d

dt
Lk−1x (k = 1, . . . , n)),

êîòîðîå òàêæå ñîäåðæèòñÿ â (7.2). Çäåñü pkk = ρk (k = 0, 1, . . . , n− 1),
pnk = pk (k = 0, 1, . . . , n−1), pnn = ρnpn, pik = 0 (i = 1, . . . , n− 1, k < i).

4. Â ñòàòüå [32] èçó÷àåòñÿ ñèñòåìà óðàâíåíèé ïåðâîãî ïîðÿäêà

dxi

dt
=

i+1∑

k=1

αikxk (i = 1, . . . , n− 1),
dxn

dt
=

n∑

k=1

αnkxk,

(αi,i+1(t) > 0), êîòîðóþ ìîæíî çàïèñàòü â âèäå óðàâíåíèÿ (7.3) (áåç
äîïîëíèòåëüíûõ ïðåäïîëîæåíèé î ãëàäêîñòè êîýôôèöèåíòîâ), åñëè
ïîëîæèòü p00 = pnn = 1, pkk = 1/αk,k+1 (k = 1, . . . , n− 1), pik =
= −αi,k+1/αi,i+1 (i = 1, . . . , n− 1, 0 6 k < i), pnk = αn,k+1 (k =
= 0, 1, . . . , n− 1).

Âûøå, ïðè äîêàçàòåëüñòâå òåîðåìû 7.1, áûëî ïîêàçàíî, ÷òî è íà-
îáîðîò, êâàçèäèôôåðåíöèàëüíîå óðàâíåíèå (7.3) ìîæåò áûòü çàïèñàíî
â âèäå ñèñòåìû óêàçàííîãî òèïà.

5. Â ñòàòüå [7] ðàññìàòðèâàåòñÿ êâàçèäèôôåðåíöèàëüíîå óðàâíå-
íèå áîëåå ÷àñòíîãî âèäà, òàêæå îáëàäàþùåå ôîðìàëüíî ñîïðÿæåííûì
â ñìûñëå Ëàãðàíæà óðàâíåíèåì ïðè âåñüìà øèðîêèõ ïðåäïîëîæåíèÿõ
î êîýôôèöèåíòàõ.

Ïóñòü âåêòîð-ôóíêöèè p, q : I → Rn+1 òàêîâû, ÷òî ñêàëÿðíûå
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ôóíêöèè pk

p0
, qk

q0
(k = 1, 2, . . . , n) ëîêàëüíî ñóììèðóåìû â I. Îïðåäåëèì

êâàçèïðîèçâîäíûå x[k]p ñëåäóþùèì îáðàçîì:

x[0]q .= q0x, x[k]q = qkx−
(
x[k−1]q

)′
(k = 1, 2, . . . , n) (7.6)

è ðàññìîòðèì âûðàæåíèå

Qq
px

.=
n∑

k=1

(−1)kpn−kx[k]q . (7.7)

Òîãäà îáûêíîâåííîå äèôôåðåíöèàëüíîå âûðàæåíèå (6.1) çàïèøåòñÿ
â âèäå Lx ≡ Q

(1,0,...,0)
(p0,p1,...,pn)x, à åãî ôîðìàëüíî ñîïðÿæåííîå â ñìûñëå

Ëàãðàíæà âûðàæåíèå (6.6) � â âèäå L+y ≡ Q
(p0,p1,...,pn)
(1,0,...,0) y, à â îáùåì

ñëó÷àå ôîðìàëüíî ñîïðÿæåííûì â ñìûñëå Ëàãðàíæà ê âûðàæåíèþ
(7.7) áóäåò âûðàæåíèå Qp

qy.

Êâàçèïðîèçâîäíûå (7.6) è âûðàæåíèå (7.7) ïîëó÷àþòñÿ èç îáùèõ
îïðåäåëåíèé ïðè P =




q0 0 0 ... 0 0
− q1

q0
1 0 ... 0 0

q2
q0

0 1 ... 0 0
... ... ... ... ... ...

(−1)n−1 qn−1
q0

0 0 ... 1 0
(−1)n qn

q0
+ (−1)n pn

p0
(−1)n−1 pn−1

p0
(−1)n−2 pn−2

p0
... −p1

p0
1




Ïî-âèäèìîìó, îäíîé èç ïåðâûõ (åñëè íå ïåðâîé!) ðàáîò, â êîòîðûõ
ñèñòåìàòè÷åñêè èçó÷àþòñÿ ÊäÓ âèäà (7.3), ÿâëÿåòñÿ ðàáîòà Ä. Øèíà
(Øèí Äåí Þíà) [27].

7.3. Ôðàãìåíòû îáùåé òåîðèè ÊäÓ (7.3). Ïóñòü P ∈ An(I).
Îáîçíà÷èì ÷åðåç XP ìíîæåñòâî ôóíêöèé x : I → R, îáëàäàþùèõ
íåïðåðûâíûìè êóñî÷íî àáñîëþòíî íåïðåðûâíûìè íà I êâàçèïðîèç-
âîäíûìè k

Px (k = 0, 1. . . . , n − 1), à ôóíêöèÿ n
Px/pnn ëîêàëüíî ñóì-

ìèðóåìà. Â ñèëó òåîðåìû 7.1 ëèíåéíîå ïðîñòðàíñòâî XP èçîìîðôíî
R×Lloc(I), ãäå Lloc � ëèíåéíîå ïðîñòðàíñòâî ëîêàëüíî ñóììèðóåìûõ
íà I ôóíêöèé. Òàêèì îáðàçîì, äëÿ êàæäîé P ∈ An(I) XP ñîäåðæèò
äîñòàòî÷íî áîëüøîé çàïàñ ôóíêöèé.
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Íèæåñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî ñàìè ýëåìåíòû XP ìî-
ãóò áûòü î÷åíü ¾ïëîõèìè¿ ôóíêöèÿìè, ëèøü áû èõ êâàçèïðîèçâîä-
íûå îáëàäàëè íóæíîé ãëàäêîñòüþ. . Ïóñòü n = 2, I = R, a ∈ I, δi

(i = 1, 2, 3, 4) � ðàöèîíàëüíî íåçàâèñèìûå èððàöèîíàëüíûå ÷èñëà,
Q = {r1, r2, ...} � ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë, α(t) .=

∑
rk<t

(1/2k)

(çäåñü ñóììà ðàñïðîñòðàíÿåòñÿ íà òå k, äëÿ êîòîðûõ rk < t),
p00(t)

.= 1/α(t), p11(t)
.= 1/α(t−δ1), p10(t)

.= α(t−δ2), p22(t)
.= 1/α(t−δ3),

p21(t)
.= α(t − δ1)α(t − δ2)/α(t − δ3), p20(t) ≡ 0. Î÷åâèäíî, P ∈ A2(I).

Çäåñü ýëåìåíòû XP ðàçðûâíû âî âñåõ ðàöèîíàëüíûõ òî÷êàõ, êâàçè-
ïðîèçâîäíûå 0

Px è 1
Px àáñîëþòíî íåïðåðûâíû; ôóíêöèè (0Px)′ ðàçðûâ-

íû â òî÷êàõ ìíîæåñòâà (Q+ δ1)∪ (Q+ δ2). Ðåøåíèå çàäà÷è (7.2),(7.4)
ñ äàííîé ïîðîæäàþùåé ìàòðèöåé P, γ0 = γ1 = 0 è

f(t) =
α(t− δ4)
α(t− δ3)

∫ t

a

α(s− δ1)
α(s− δ2)

ds

èìååò âèä

x(t) = α(t) exp(−
∫ t

a

α(τ − δ1)α(τ − δ2)dτ)
∫ t

a

f(s)α(s− δ1)ds.

Çäåñü ôóíêöèÿ (1Px)′ ðàçðûâíà â òî÷êàõ ìíîæåñòâà
(Q+ δ3) ∪ (Q+ δ4).

Èç òåîðåìû 7.1 ñëåäóåò, ÷òî îäíîðîäíîå óðàâíåíèå

Lx = 0 (t ∈ I) (7.8)

èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé

{xk}n
1 , xk ∈ XP (k = 1, 2, . . . , n),

äëÿ êîòîðîé îïðåäåëèòåëü (àíàëîã âðîíñêèàíà)

WP
.= det(i−1

P xk)n
1

íå îáðàùàåòñÿ â íóëü íè â îäíîé òî÷êå èç I. ×àñòíîå ðåøåíèå íåîäíî-
ðîäíîãî óðàâíåíèÿ (7.2) ìîæåò áûòü íàéäåíî êâàçèäèôôåðåíöèàëü-
íûì àíàëîãîì ìåòîäà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, êîòîðûé
ïðèâîäèò ê ïðåäñòàâëåíèþ

x∗(t) =
∫ t

a

CP(t, s) (f(s)/pnn(s)) ds (t ∈ I), (7.9)
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ãäå x∗(·) � ðåøåíèå óðàâíåíèÿ (7.2), óäîâëåòâîðÿþùåå íà÷àëüíûì
óñëîâèÿì (7.4) ïðè γk = 0 (k = 0, 1, . . . , n− 1),

CP(t, s) =

∣∣∣∣∣∣∣∣∣∣∣∣

(0Px1)(s) . . . (0Pxn)(s)

. . . . . . . . .

(n−2
P x1)(s) . . . (n−2

P xn)(s)

x1(t) . . . xn(t)

∣∣∣∣∣∣∣∣∣∣∣∣

/
WP(s)

� ôóíêöèÿ Êîøè óðàâíåíèÿ (7.8). Íåïîñðåäñòâåííîé ïðîâåðêîé ñ ó÷å-
òîì îïðåäåëåíèé (7.1) óáåæäàåìñÿ â òîì, ÷òî CP(·, s) óäîâëåòâîðÿåò
îäíîðîäíîìó óðàâíåíèþ (7.8) ïðè âñåõ s ∈ I. Êðîìå òîãî, ëåãêî âè-
äåòü, ÷òî

(k
PCP)(t, s)

∣∣
t=s

= 0 (k = 0, 1, . . . , n− 2), (n−1
P CP)(t, s)

∣∣
t=s

= 1. (7.10)

Èç òåîðåìû 7.1 ñëåäóåò, ÷òî, êàê è â ñëó÷àå ÎÄÓ, óðàâíåíèå (7.8) è
íà÷àëüíûå óñëîâèÿ (7.10) îäíîçíà÷íî îïðåäåëÿþò ôóíêöèþ Êîøè.

Îáùåå ðåøåíèå óðàâíåíèÿ (7.2) äàåòñÿ îáû÷íîé ôîðìóëîé

x =
n∑

k=1

ckxk + x∗,

ãäå ci � ïðîèçâîëüíûå ïîñòîÿííûå, à x∗ îïðåäåëÿåòñÿ ôîðìóëîé Êîøè
(7.9).

Òàê êàê xk ∈ XP (k = 1, 2, . . . , n), òî îïðåäåëèòåëü WP ëîêàëü-
íî àáñîëþòíî íåïðåðûâåí. Åñëè åãî ïðîäèôôåðåíöèðîâàòü è ó÷åñòü
îïðåäåëåíèÿ (7.1), òî îêàæåòñÿ, ÷òî îí óäîâëåòâîðÿåò óðàâíåíèþ

dWP/dt = −
n−1∑

k=0

(pk+1, k(t)/pk+1, k+1(t)) WP ,

èç êîòîðîãî ïîëó÷àåì ñëåäóþùèé àíàëîã ôîðìóëû Îñòðîãðàäñêîãî�
Ëèóâèëëÿ:

WP(t) = WP(a)exp
∫ t

a

(
−

n−1∑

k=0

(pk+1, k(τ)/pk+1, k+1(τ))

)
dτ.
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Åñëè çàôèêñèðîâàòü ïåðâûå n ñòðîê ìàòðèöû P, òî óðàâíåíèå (7.8)
îäíîçíà÷íî âîññòàíàâëèâàåòñÿ ïî ôóíäàìåíòàëüíîé ñèñòåìå åãî ðåøå-
íèé ïî ôîðìóëå

Lx =
pnn

WP

∣∣∣∣∣∣∣∣∣∣∣∣

0
Px1 . . . 0

Pxn
0
Px

. . . . . . . . . . . .

n−1
P x1 . . . n−1

P xn
n−1
P x

(n−1
P x1)′ . . . (n−1

P xn)′ (n−1
P x)′

∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

7.4. Ôîðìàëüíî ñîïðÿæåííîå âûðàæåíèå (óðàâíåíèå). Ïóñòü
P ∈ A(I). Ïîëîæèì R .= P+ = (rik)n

0 ,

rik = (−1)i+k pn−k, n−i pn−i, n−i

pn−k, n−k
(i = 0, 1, . . . , n, k = 0, 1, . . . , i);

(7.11)
R� íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà. Î÷åâèäíî, ÷òî R+=(P+)+=P è
R ∈ An(I). Ïîýòîìó ìîæíî ãîâîðèòü î êâàçèïðîèçâîäíûõ k

Ry (k =
= 0, 1, . . . , n) è ðàññìàòðèâàòü âûðàæåíèå (óðàâíåíèå)

(L+y)(t) .= (−1)n(n
Ry)(t)

(
(L+y)(t) = g(t)

)
(7.12)

êîòîðîå íàçûâàåòñÿ ôîðìàëüíî ñîïðÿæåííûì (ñîïðÿæåííûì â ñìûñ-
ëå Ëàãðàíæà) âûðàæåíèþ (7.2)

(
óðàâíåíèþ (7.3)

)
, òàê êàê èìååò ìå-

ñòî òîæäåñòâî Ëàãðàíæà

yLx− xL+y = d[x, y]/dt, (7.13)

[x, y] .=
n∑

k=1

(−1)n−k (k−1
P x) (n−k

R y) = (Px)T H(Ry), (7.14)

H = ((−1)i−1 δi, n−k+1)n
1 . Äëÿ äîêàçàòåëüñòâà òîæäåñòâà (7.13) äîñòà-

òî÷íî ïðîäèôôåðåíöèðîâàòü áèëèíåéíóþ ôîðìó (7.14) è ó÷åñòü îïðå-
äåëåíèÿ (7.1) è (7.11). Ïðîèíòåãðèðîâàâ òîæäåñòâî (7.13), ïîëó÷èì
ñëåäóþùóþ ôîðìóëó Ãðèíà:

∫ b

a

(y(t)(Lx)(t)− x(t)(L+y)(t)) dt = (βPx)T N(βRy), (7.15)

ãäå βPx=((Px)T (a), (Px)T (b))T , N=diag(−H, H) ([a, b] ⊂ I, x ∈ XP ,

y ∈ XR).
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Êàê è â ñëó÷àå ÎÄÓ ìîæíî äîêàçàòü (ñì. [10, c.13]), ÷òî åñëè
{uk}n

k=1 � ÔÑÐ îäíîðîäíîãî óðàâíåíèÿ (7.8), òî ôóíêöèèè

vi =
1

pnn
· 1
WP

· ∂WP
∂(n−1
P ui)

(i = 1, 2, . . . , n)

îáðàçóþò ÔÑÐ îäíîðîäíîãî ñîïðÿæåííîãî óðàâíåíèÿ

L+y = 0, (7.16)

ïðè÷åì (ñð. [24, 27])

k
Rvi =

(−1)k

WP
· ∂WP
∂(n−k−1
P ui)

(t ∈ I, k = 0, 1, . . . , n− 1, i = 1, 2, . . . , n).

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî äëÿ ëþáîé P ∈ An(I) âûïîë-
íÿþòñÿ íåðàâåíñòâà pii(t) > 0 ï.â íà I, i = 0, 1, . . . , n. Èç (7.11) ñëå-
äóåò, ÷òî òîãäà è äëÿ R = P+ âûïîëíÿþòñÿ òàêèå æå íåðàâåíñòâà.
Êðîìå òîãî, íàì áóäåò óäîáíî ¾ïîãðóæàòü¿ ìíîæåñòâî XP

(
XR

)
â

ïðîñòðàíñòâî Lq[a, b] ïðè íåêîòîðîì q, 1 < q < +∞
(
Lp[a, b] ïðè

1
p + 1

q = 1
)
. Äëÿ ýòîãî íóæíî äîïîëíèòåëüíî ïîòðåáîâàòü, ÷òîáû

n
Px

pnn
∈ Lq[a, b]; èç (7.11) áóäåò ñëåäîâàòü , ÷òî òîãäà è

n
Ry

rnn
∈ Lp[a, b].

Ïðè ýòîì îêàæåòñÿ, ÷òî XP
(
XR

)
ïëîòíî â Lq[a, b]

(
Lp[a, b]

)
.

Ëèíåéíûå ÊäÂ Lx (ñì. (7.2)) è L+y (ñì. (7.12))îïðåäåëÿþò íåêîòî-
ðûå ëèíåéíûå îïåðàòîðû, äåéñòâóþùèå èç Lq[a, b] â Lp[a, b]. À èìåííî,
D(

L
)

= XP , D(
L+

)
= XR, Lx = Lx, L+y = L+y (x ∈ XP , y ∈ XR).

Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî íå îáÿçàòåëüíî q = p = 2.

Ïóñòü n = 2, [a, b] = [0, 1], P .= diag
(

3
√

t, 3
√

t, 3
√

t
)
(çäåñü R = P),

x(t) =
√

t − 3
√

t, x ∈ XP ⊂ Lq[0, 1] ⊂ L2[0, 1] (2 < q < 3, 1 < p < 2).
Ïðè ýòîì (Lx)(t) = 5

36
√

t
, Lx /∈ L2[0, 1].

Ñ ïîìîùüþ ¾âíåøíåãî¿ ïðîèçâåäåíèÿ 〈·, ·〉p ôîðìóëó Ãðèíà (7.15)
ìîæíî çàïèñàòü â âèäå:

〈y,Lx〉q − 〈x,L+y〉p = (βPx)T N(βRy) (x ∈ XP , y ∈ XR). (7.17)

×òî êàñàåòñÿ äâóõòî÷å÷íûõ êâàçèäèôôåðåíöèàëüíûõ êðàåâûõ çà-
äà÷, òî îòìåòèì, ÷òî óòâåðæäåíèÿ ï.ï. 6.1�6.3 îñòàþòñÿ â ñèëå, åñ-
ëè òîëüêî ïðîèçâåñòè î÷åâèäíûå èçìåíåíèÿ (ó÷åñòü íîâûå îïðåäåëå-
íèÿ îïåðàòîðîâ L, L+ è ñâÿçàííûõ ñ íèìè, çàìåíèòü ïðîñòðàíñòâî
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H = L2[a, b] ñìîòðÿ ïî îáñòîÿòåëüñòâàì íà Lq[a, b] èëè Lp[a, b], ñêà-
ëÿðíîå ïðîèçâåäåíèå � íà âíåøíåå, îáûêíîâåííûå ïðîèçâîäíûå � íà
êâàçèïðîèçâîäíûå, Ya (Yb) � íà Py(a) èëè Ry(a)

(
P

y(b) èëè Ry(b)
)

è ò. ä.) Â äàëüíåéøåì, èìåÿ ââèäó êâàçèäèôôåðåíöèàëüíûå êðàåâûå
çàäà÷è, ìû áóäåì ññûëàòüñÿ íà ýòè óòâåðæäåíèÿ, à òàêæå íà ïðèìåðû,
ïðèâåäåííûå â ï. 6.3, áåç äîïîëíèòåëüíûõ ðàçúÿñíåíèé.

7.5. Îáùàÿ ìíîãîòî÷å÷íàÿ êðàåâàÿ çàäà÷à. Â ñëó÷àå, åñëè
õîòÿ áû îäíî êðàåâîå óñëîâèå ñîñðåäîòî÷åíî â íåêîòîðîé âíóòðåííåé
òî÷êå c ∈ [a, b], òî ðàññóæäåíèÿ, ïðîâåäåííûå â ïðåäûäóùåì ïàðà-
ãðàôå, óæå íå ïðîõîäÿò. Ñîïðÿæåííàÿ ê òàêîé êðàåâîé çàäà÷å óæå
íå áóäåò êëàññè÷åñêîé â òîì ñìûñëå, ÷òî ñîïðÿæåííîé óðàâíåíèå íå
áóäåò óäîâëåòâîðÿòüñÿ íà âñåì [a, b], à ëèøü íà ïðîìåæóòêàõ, ìåæ-
äó òî÷êàìè ñîñðåäîòî÷åíèÿ êðàåâûõ óñëîâèé; âìåñòå ñî çíà÷åíèÿìè
ðåøåíèÿ â òî÷êàõ a è b, â åå êðàåâûå óñëîâèÿ âîéäóò îäíîñòîðîííèå
ïðåäåëû íåêîòîðûõ êâàçèïðîèçâîäíûõ â òî÷êå c.

Ñíà÷àëà ðàññìîòðèì íàèáîëåå îáùèå êëàññè÷åñêèå ìíîãîòî÷å÷íûå
êâàçèäèôôåðåíöèàëüíûå êðàåâûå óñëîâèÿ. Ïóñòü

lx
.=

ν+1∑

k=0

Mk

(
Px

)
(ak) = 0 (7.18)

(a = a0 < a1 < . . . < aν+1 = b, [a, b] .= I ⊂ J), ãäå ν > 1 �
÷èñëî âíóòðåííèõ òî÷åê, â êîòîðûõ ñîñðåäîòî÷åíû êðàåâûå óñëîâèÿ,
n × n-ìàòðèöû Mk òàêîâû, ÷òî ðàíã n × (ν + 2)n-ìàòðèöû M =
= (M0 . . . Mν+1) ðàâåí n. Îáîçíà÷èì ∆ .= {a1, . . . , aν+1} � ìíîæå-
ñòâî âíóòðåííèõ òî÷åê, â êîòîðûõ ñîñðåäîòî÷åíû êðàåâûå óñëîâèÿ,
γP : X → Rn(ν+2),

γPx
.=

((
p
Px

)>(a0),
(
Px

)>(a1), . . . ,
(Px

)>(aν+1)
)>

;

òàêèì îáðàçîì, lx = M(γPx); ïóñòü XP,γ
.= {x : x ∈ XP , γPx = 0},

XP,β
.= {x : x ∈ XP , βx = 0}, XP, l

.= {x : x ∈ XP , lx = 0}.

Ëåììà 7.1. Ìíîæåñòâà XP,β , XP,γ , XP, l ïëîòíû â Lq[a, b].

Äîêàçàòåëüñòâî. Â ñèëó âêëþ÷åíèé XP,γ ⊂ XP,β

(⊂ XP
)
, XP,γ ⊂

⊂ XP, l

(⊂ XP
)
äîñòàòî÷íî äîêàçàòü ëèøü ïëîòíîñòü ìíîæåñòâà XP,γ .
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Ïóñòü y ∈ Lq[a, b]. Ïî ëåììå 6.2 äëÿ ëþáîãî ε > 0 íàéäóòñÿ xi ∈ XP
òàêèå, ÷òî

(
Px

)
(ai) = 0,

(
Px

)
(ai+1) = 0,

ai+1∫

ai

|xi(t)− y(t)|q dt <
εq

ν + 1
(i = 0, 1, . . . , ν).

Ïîëîæèì x(t) .= xi(t) äëÿ t ∈ ii
.= [ai, ai+1), i = 0, 1, . . . , ν−1, x(t) .= xν(t)

äëÿ t ∈ Iν
.= [aν , b], f(t) .=n

P xi(t) äëÿ t ∈ Ii (i = 0, 1, . . . , ν). Î÷åâèäíî,
x ∈ XP,l è ‖x− y‖Lq [a,b] < ε.

Ëåììà 7.2. Äëÿ ëþáûõ δi ∈ Rn (i = 0, 1, . . . , ν + 1) ñóùåñòâóåò
ôóíêöèÿ x ∈ XP òàêàÿ, ÷òî

(
Px

)
(ai) = δi, i = 0, 1, . . . , ν + 1. (7.19)

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïðèìåíèòü ëåììó 6.2 íà êàæäîì èç
ìíîæåñòâ clIi, i = 0, 1, . . . , ν.

Ââåäåì ëèíåéíîå ïðîñòðàíñòâî X∆
R ôóíêöèé y, èìåþùèõ êóñî÷íî

àáñîëþòíî íåïðåðûâíûå êâàçèïðîèçâîäíûå k
Ry (k = 0, 1, . . . , n − 1),

êîòîðûå äîïóñêàþò êîíå÷íûå ðàçðûâû â òî÷êàõ ai ∈ ∆ è òàêèõ, ÷òî
n
Ry

rnn
∈ Lp[a, b]. Òàê êàê XR ⊂ X∆

R, òî X∆
R ïëîòíî â Lq[a, b].

Ââåäåì òàêæå ðÿä íîâûõ îáîçíà÷åíèé.

(
σi
Ry

)
(t) .=

(i

Ry
)
(t+)− (i

Ry
)
(t−) (i = 0, 1, . . . , n− 1);

σRy
.=

(
σ0
Ry, σ1

Ry, . . . , σn−1
R y

)>;

δRy
.=

((
Ry

)
(a),

(
σRy

)
(a1), . . . ,

(
σRy

)
(aν),

(
Ry

)
(b)

)>
;

M
.= diag (−H, . . . ,−H, H) � (ν + 2)n× (ν + 2)n-

áëî÷íî-äèàãîíàëüíàÿ ìàòðèöà; L+, ∆ � ðàñøèðåíèå îïåðàòîðà L+ íà
X∆
R ïî ôîðìóëå

(
L+, ∆y

)
(t) .=

(
L+y

)
(t), t ∈ cl Ii (i = 0, 1, . . . , ν),

êîòîðûå ïîçâîëÿþò ïåðåïèñàòü ôîðìóëó Ãðèíà (7.17) â íîâîì âèäå:

〈y,Lx〉q − 〈x,L+, ∆y〉p =
(
γPx

)T
M

(
δRy

) (
x ∈ XP , y ∈ X∆

R
)
. (7.20)
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Åñëè æå x ∈ XP, γ , y ∈ X∆
R, òî îòñþäà ñëåäóåò

〈y,Lγx〉q = 〈x,L+, ∆y〉p, (7.21)

ãäå Lγ � ñóæåíèå îïåðàòîðà L íà XP, γ .

Ëåììà 7.3. Äëÿ ëþáûõ ηi ∈ Rn (i = 0, 1, . . . , ν + 1) ñóùåñòâóåò
ôóíêöèÿ x ∈ X∆

R òàêàÿ, ÷òî

δRy = η =
(
η>0 , η>1 , . . . , η>ν+1

)>
. (7.22)

Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíî ðåøàåì çàäà÷è Êîøè äëÿ óðàâ-
íåíèÿ (L+y)(t) = g(t) :

(
Ry0

)
(a) = η0 (t ∈ cl I0),

(
Ryi

)
(ai) =

=
(
Ryi−1

)
(ai) + ηi (t ∈ cl Ii, i = 1, 2, . . . , ν − 1). Äëÿ íàõîæäåíèÿ

yν âîñïîëüçóåìñÿ óòâåðæäåíèåì òèïà ëåììû 6.1; íà÷àëüíûå óñëîâèÿ
áóäóò èìåòü âèä

(
Ryν

)
(aν) =

(
Ryν−1

)
(aν) + ην ,

(
Ryν

)
(b) = η + ν + 1.

Ôóíêöèÿ y(t) = yi(t) (t ∈ Ii, i = 0, 1, . . . , ν) � òðåáóåìàÿ.
Òåîðåìà 7.2.

(
Lγ

)∗ = L+, ∆,
(
L+, ∆

)∗ = Lγ .

Äîêàçàòåëüñòâî. Âêëþ÷åíèå L+, ∆ ⊂ (
Lγ

)∗ ñëåäóåò èç (7.21). Ïóñòü
g ∈ D

((
Lγ

)∗) Ïîëîæèì h
.=

(
Lγ

)∗
g (∈ Lp[a, b]) è ïóñòü y � ïðîèçâîëü-

íîå ðåøåíèå óðàâíåíèÿ
(
L+, ∆y

)
(t) = h(t)

(
y ∈ X∆

R
)
. Ñðàâíèâàÿ äâà

âûðàæåíèÿ äëÿ 〈x, h〉q, ïðèõîäèì ê âûâîäó, ÷òî L+, ∆(y − g) = 0, îò-
êóäà ñëåäóåò. ÷òî g ∈ X∆

R = D
((

L+, ∆
)
. Çíà÷èò,

(
Lγ

)∗ ⊂ L+, ∆, ò. å íà
ñàìîì äåëå çäåñü èìååò ìåñòî ðàâåíñòâî.

Èç ôîðìóëû (7.21) ñëåäóåò, ÷òî Lγ ⊂
(
L+, ∆

)∗
. Ïóñòü x ∈ D

((
L+, ∆

)∗)
.

Òàê êàê L+
β ⊂ L+, ∆, òî

(
L+, ∆

)∗ ⊂ (
L+

β

)∗
. Â ñèëó òåîðåìû 6.1 ïðà-

âàÿ ÷àñòü ýòîãî âêëþ÷åíèÿ åñòü îïåðàòîð L
(
L+

β � àíàëîã îïåðàòîðà
L+

0

)
. Çíà÷èò, x ∈ D(L). Îòñþäà è èç îïðåäåëåíèÿ îïåðàòîðà

(
L+, ∆

)∗
ñëåäóåò

〈Lx, y〉p = 〈(L+, ∆x, y
)〉p = 〈x,L+y〉q

(
y ∈ X∆

R
)
, (7.23)

à èç ôîðìóëû (7.20) �

〈Lx, y〉p = 〈x,L+, ∆y〉q +
(
γPx

)>
M

(
δRy

)
.
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Ñðàâíèâàÿ äâà ïîñëåäíèõ ðàâåíñòâà ïîëó÷àåì
(
γPx

)>
M

(
δRy

)
= 0.

Îòñþäà è èç ëåììû 7.3 â ñèëó ïðîèçâîëüíîñòè y ∈ X∆
R ñëåäóåò, ÷òî

γPx = 0, ò. å. x ∈ XP,γ = D(
Lγ

)
. Çíà÷èò,

(
L+, ∆

)∗ ⊂ Lγ . Ýòî âìå-
ñòå ñ ðàíåå óñòàíîâëåííûì ïðîòèâîïîëîæíûì âêëþ÷åíèåì çàâåðøàåò
äîêàçàòåëüñòâî òåîðåìû.

Ñëåäñòâèå 7.1. Îïåðàòîðû Lγ , L+, ∆ çàìêíóòû.

7.6. Ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à. Äëÿ ïîñòðîåíèÿ çàäà÷è, ñî-
ïðÿæåííîé ê êðàåâîé çàäà÷å (7.3), (7.18) ïîíàäîáèòñÿ ðÿä íîâûõ îáî-
çíà÷åíèé. Ïóñòü M̂ � òàêàÿ (ν + 1)n × (ν + 2)n-ìàòðèöà, ÷òî ðàíã
(ν + 2)n × (ν + 2)n-ìàòðèöû M̃

.=
(
M>, M̂>)> ðàâåí (ν + 2)n (òîãäà

lx =
(
γP

)
x); ïîëàãàåì l̃x

.= M̃
(
γPx

)
, l̂x

.= M̂
(
γPx

)
;

M̃+ .= S(ν+2)n

(
M̃−1

)>
M, (7.24)

M+
(
M̂+

)
� ïîäìàòðèöà, ñîñòîÿùàÿ èç ïåðâûõ (ν + 1)n

(
ïîñëåäíèõ

n ñòðîê
)
ìàòðèöû M̃+; òàêèì îáðàçîì, M̃+ =

((
M+

)>
,
(
M̂+

)>)>
;

ïîëàãàåì

l+y
.= M+

(
δRy

)
, l̃+y

.= M̃+
(
δRy

)
, l̂+

.= M̂+
(
δRy

)
.

Ýòè îáîçíà÷åíèÿ ïîçâîëÿþò ïåðåïèñàòü ôîðìóëó Ãðèíà (7.20) â
âèäå ñëåäóþùåé ôîðìóëû êðàåâûõ ôîðì:

〈y,Lx〉q − 〈x,L+, ∆y〉p = (l̃x)>S(ν+2)n(l̃+y) =

= (lx)>Sn(l̂+y) + (l̂x)>S(ν+1)n(l+y)
(
x ∈ XP , y ∈ X∆

R
)
. (7.25)

Îòñþäà äëÿ âñåõ x ∈ XP, l y ∈ X∆
R, l+

〈Lx, y〉p = 〈x,L+, ∆y〉q. (7.26)

Òî÷íî òàê æå, êàê ëåììà 6.1 ñ ïîìîùüþ ëåììû 7.2 äîêàçûâàåòñÿ ñëå-
äóþùåå óòâåðæäåíèå.

Ëåììà 7.4. Äëÿ ëþáîãî δ̃ ∈ R(ν+2)n ñóùåñòâóåò ôóíêöèÿ x ∈ XP
òàêàÿ, ÷òî l̃x = δ̃

Èç ëåììû 7.3 ïðè η =
(
M̃+

)−1
δ ñëåäóåò
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Ëåììà 7.5. Äëÿ ëþáîãî δ ∈ R(ν+2)n ñóùåñòâóåò ôóíêöèÿ y ∈ X∆
R

òàêàÿ, ÷òî l̃+y = δ

Òåîðåìà 7.3.
(
Ll

)∗ = L+, ∆
l+ ,

(
L+, ∆

l+

)∗ = Ll.

Äîêàçàòåëüñòâî. Èç ðàâåíñòâà (7.26) ñëåäóåò, ÷òî L+, ∆
l+ ⊂ (

Ll

)∗
.

Ïóñòü y ∈ D
((

Ll

)∗)
. Òàê êàê Lγ ⊂ Ll, òî

(
Ll

)+ ⊂ (
Lγ

)∗ = L+, ∆.

Äëÿ δ = 0 (δ ∈ Rn) è ïðîèçâîëüíîãî δ̂ ∈ R(ν+1) îïðåäåëèì x ñîãëàñíî
ëåììå 7.4

(
δ̃ =

(
δ>, δ̂>

)>)
. Òîãäà èç ôîðìóëû êðàåâûõ ôîðì (7.25)

ïîëó÷àåì

〈x,
(
Lγ

)∗
y〉q = 〈x, L+, ∆y〉q = 〈Ll, y〉p − δ̂>(ν+1)n

(
l+y

)
.

Îòñþäà è èç îïðåäåëåíèÿ
(
Ll

)∗ ââèäó ïðîèçâîëüíîñòè δ̂ ñëåäóåò, ÷òî
l+u = 0, ò. å. y ∈ XR, l+ = D(

L+, ∆
l+

)
,

(
Ll

)∗ ⊂ L+, ∆
l+ . Òàêèì îáðàçîì,

ïåðâîå ðàâåíñòâî äîêàçàíî.
Èç ðàâåíñòâà (7.26) âèäèì, ÷òî Ll ⊂

(
L+, ∆

l+

)∗
. Îñòàëîñü äîêàçàòü

ïðîòèâîïîëîæíîå âêëþ÷åíèå. Ïóñòü x ∈ D
((

L+, ∆
l+

)∗)
. Èìååò ìåñòî

öåïî÷êà èìïëèêàöèé:
(
y ∈ XR, γ

)
=⇒ (

δRy = 0
)

=⇒ (
l+y = 0

)
=⇒ (

XR, γ ⊂ XR, l∗+
)

=⇒
=⇒ (

L+
γ ⊂ L+, ∆

l+

)
=⇒

((
L+, ∆

l+

)∗ ⊂ L
)

=⇒ (
x ∈ D(L)

)
.

Çàìåíèâ âî âòîðîé ÷àñòè äîêàçàòåëüñòâà òåîðåìû 7.2 ññûëêè íà (7.20)
è ëåììó 7.3 ññûëêàìè íà (7.25) è ëåììó 7.5 ñîîòâåòñòâåííî,

Lγ , XP, γ , γPx, L+, ∆, X∆
R, M, δRy

íà
Ll, XP, l, lx, L+, ∆

l+ , X∆
R, l+ , Sn, l̂+y

ñîîòâåòñòâåííî, ïîëó÷èì, ÷òî
(
L+, ∆

l+

)∗ ⊂ Ll; ýòèì òåîðåìà ïîëíîñòüþ
äîêàçàíà.

Ñëåäñòâèå 7.2. Îïåðàòîðû Ll è L+, ∆
l+ çàìêíóòû.

Òåîðåìà 7.3 îçíà÷àåò, ñîïðÿæåííîé ê çàäà÷å (7.3), (7.18) áóäåò êðà-
åâàÿ çàäà÷à

(
L+, ∆y

)
(t) = g(t) (g ∈ Lp[a, b], t ∈ I), l+y = 0. (7.27)
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7.7. Êðàåâàÿ çàäà÷à, ñîïðÿæåííàÿ ê êëàññè÷åñêîé çàäà÷å
Âàëëå Ïóññåíà . Â êà÷åñòâå èëëþñòðàöèè ïîñòðîåíèé ïðåäûäóùèõ
ïóíêòîâ ðàññìîòðèì ìíîãîòî÷å÷íûå êðàåâûå óñëîâèÿ Âàëëå Ïóññåíà
(ñð. (6.26)).

Ñêàæåì, ÷òî ôóíêöèÿ x ∈ XP èìååò â òî÷êå t0 P-íóëü êðàòíîñòè
k, k 6 n − 1, åñëè

(i

Px
)
(t0) = 0, k = 0, 1, . . . , k − 1,

(k

Px
)
(t0) 6= 0; ÷èñ-

ëî íóëåé P-íóëåé ýòîé ôóíêöèè íà ïðîìåæóòêå J (â òî÷êå t0) áóäåì
îáîçíà÷àòü φP(x, J)

(
φP(x, t0)

)
. Â ýòèõ îáîçíà÷åíèÿõ êëàññè÷åñêèå îä-

íîðîäíûå êðàåâûå óñëîâèÿ Âàëëå Ïóññåíà äëÿ óðàâíåíèÿ (7.3) ïðèìóò
âèä

φP(x, ai) > µi

(
µi > 0, i = 0, 1, . . . , ν + 1,

ν+1∑

ß=0

µi = n

)
(7.28)

Çäåñü ñòðîêè ìàòðèöû M ïðåäñòàâëÿþò ñîáîé ïîïàðíî îðòîãîíàëüíûå
âåêòîðû (îäíà êîìïîíåíòà ðàâíà 1, îñòàëüíûå ðàâíû 0). Â êà÷åñòâå
ìàòðèöû M̂ âîçüìåì ìàòðèöó òàêîãî æå âèäà, äîïîëíÿþùóþ M äî
M̃. Òîãäà ìàòðèöà M̃ áóäåò îðòîãîíàëüíîé,

(
M̃−1

)> = M̃ ; â êàæäîé
ñòðîêå ìàòðèöû M̃+ îäèí ýëåìåíò áóäåò ðàâåí 1, îñòàëüíûå � 0. Â
èòîãå ïîëó÷èì, ÷òî ñîïðÿæåííûå ê (7.28) êðàåâûå óñëîâèÿ ïðèìóò
âèä:

φR(y, ai) > n− µi, i = 0, i = ν + 1, (7.29)
(
σk−1
R y

)
(ai) = 0, k = 1, . . . , n− µi, i = 1, . . . , ν. (7.30)

Îòñþäà âèäíî, ÷òî ðåøåíèÿ óðàâíåíèÿ
(
L+, ∆y

)
(t) = g(t) (t ∈ I, g ∈ Lp[a, b]), (7.31)

óäîâëåòâîðÿþùèå îäíîðîäíûì ñîïðÿæåííûì êðàåâûì óñëîâèÿì (7.30),
ôàêòè÷åñêè èìåþò â òî÷êàõ ai íåïðåðûâíûå êâàçèïðîèçâîäíûå äî ïî-
ðÿäêà n − µi − 1 âêëþ÷èòåëüíî (i = 1, . . . , ν). Â ñâÿçè ñ ýòèì ââåäåì
ñëåäóþùèå îïðåäåëåíèÿ è îáîçíà÷åíèÿ.

Ñêàæåì, ÷òî x (x ∈ X∆
P ) èìååò â òî÷êå ai P-äåôåêò δ (0 6 δ < n)

è çàïèøåì
(
defPx

)
(ai) = δ, åñëè n−δpPx èìååò ðàçðûâ â òî÷êå ai, à

âñå ìëàäøèå êâàçèïðîèçâîäíûå íåïðåðûâíû â ýòîé òî÷êå.
Ïóñòü ρ

.= (ρ1, . . . , ρν), 0 6 ρi 6 n. Îáîçíà÷èì

X∆, ρ
P

.= {x : x ∈ X∆
P ,

(
defPx

)
(ai) 6 ρi, i = 1, . . . , ν}.

98



Ýëåìåíòû ýòîãî ìíîæåñòà áóäåì íàçûâàòü (P,∆, ρ)-ñïëàéíàìè (ïî
àíàëîãèè ñ L-ñïëàéíàìè èç [3]). Î÷åâèäíî,

XP = X∆, 0
P ⊂ X∆, ρ

P ⊂ X∆, δ
P ⊂ X∆, n

P = X∆
P

(
ρi 6 δi, δ

.= (δ1, . . . , δν), 0 .= (0, . . . , 0), n
.= (n, . . . , n)

)
.

Èç âêëþ÷åíèÿ X∆
P, γ ⊂ X∆

P Ñëåäóåò, ÷òî X∆, ρ
P ïëîòíî â Lq[a, b].

Ïóñòü L+, ∆, µ � ñóæåíèå îïåðàòîðà L+, ∆ íà X∆, µ
R (µ .=

(
µ1, . . . , ν)

ñì. (7.29)
)

Ñîãëàñíî òåîðåìå 7.3 êðàåâîé çàäà÷åé, ñîïðÿæåííîé ê çàäà÷å Âàë-
ëå Ïóññåíà (7.3), (7.28), ÿâëÿåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

(
L+, ∆, µ

)
(t) = g(t) (t ∈ I, g ∈ Lp[a, b], ñð. ñ (7.31)) (7.32)

ñ êðàåâûìè óñëîâèÿìè (7.29). Êðàåâûå óñëîâèÿ çàäàíû òîëüêî â òî÷-
êàõ a = a0 è b = aν+1, ÷èñëî èõ ðàâíî 2n− µ0 − µν+1 > n.

7.8. Îáîáùåííûå ìíîãîòî÷å÷íûå êðàåâûå çàäà÷è. Èç ñêà-
çàííîãî âûøå âèäèì, ÷òî êðàåâûå çàäà÷è, ñîïðÿæåííûå ê ìíîãîòî-
÷å÷íûì êðàåâûì çàäà÷àì óæå íå ÿâëÿþòñÿ êëàññè÷åñêèìè. Â íèõ èñ-
õîäíîå óðàâíåíèå óäîâëåòâîðÿåòñÿ íå íà âñåì èñõîäíîì ïðîìåæóòêå
I, à ëèøü íà ÷àñòè÷íûõ ïðîìåæóòêàõ Ii (i = 0, 1, . . . , ν). Çàäà÷è òà-
êîãî ðîäà áóäåì íàçûâàòü îáîáùåííûìè êðàåâûìè çàäà÷àìè. Òàêèå
çàäà÷è ìîãóò âîçíèêíóòü íå òîëüêî â ñâÿçè ñ îïèñàíèåì ñîïðÿæåííûõ
îïåðàòîðîâ. Òàê íàçûâàåìûå èìïóëüñíûå êðàåâûå çàäà÷è (ñì. [1; 2];
ñì. òàêæå [18�21]) ÿâëÿþòñÿ çà÷àìè óêàçàííîãî òèïà. Ñþäà îòíîñÿò-
ñÿ òàêæå êðàåâûå çàäà÷è äëÿ òàê íàçûâàåìûõ óðàâíåíèé ïåðåìåííîé
ñòðóêòóðû (ñì. [28]).

Ðàññìîòðèì êàê èñõîäíóþ ïðîèçâîëüíóþ ìíîãîòî÷å÷íóþ çàäà÷ó
íà ìíîæåñòâå (P, ∆, ρ)-ñïëàéíîâ. Ââåäåì îáîçíà÷åíèÿ

(
αk
Px

)
(t) .=

((0

Px
)
(t), . . . ,

(n−k−1

P x
)
(t),

(
σn−k
P x

)
(t), . . . ,

(
σn−1
P x

)
(t)

)>

(1 6 k 6 n− 1);

θρ
Px

.=
((
Px

)>(a0),
(
αρ1
P x

)>(a1), . . . ,
(
αρν

P x
)>(aν),

(
Px

)>(aν+1)
)>

;

L∆, ρ � ðàñøèðåíèå îïåðàòîðà L íà êëàññ X∆, ρ
P ïî ôîðìóëå

(
L∆, ρx

)
(t) .=

(
Lx

)
(t), t ∈ cl Ii (i = 0, 1, . . . , ν).
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Êðàåâàÿ çàäà÷à, î êîòîðîé òîëüêî ÷òî øëà ðå÷ü èìååò âèä:
(
L∆, ρx

)
(t) = f(t) (t ∈ I, f ∈ Lp[a, b]), (7.33)

lx
.= Mθρ

Px = 0, (7.34)

ãäå M � çàäàííàÿ n× (ν + 2)n-ìàòðèöà ðàíãà n.

Ñ ïîìîùüþ ââåäåííûõ îáîçíà÷åíèé åùå ðàç ïåðåïèøåì ôîðìóëó
Ãðèíà (7.20). Òåïåðü ïðèäàäèì åé âèä:

〈L∆, ρx, y〉p − 〈x, L+, ∆, ρ′y〉q =
(
θρ
Px

)>
M

(
θρ′

Ry
)

(7.35)
(
x ∈ X∆, ρ

P , y ∈ X∆, ρ′

R , ρ′ .= (ρ′1, . . . , ρ
′
ν), ρ′i = n− rhoi

)
.

Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó, êîòîðóþ åñòåñòâåííî íàçâàòü
îáîáùåííîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ (7.33). ¾Íà÷àëüíûå¿ óñëî-
âèÿ â ýòîé çàäà÷å èìåþò âèä:

(
Px

)
(a) = ξ0,

(k

Px
)
(ai+) = ξik, k = n− ρi, . . . , n− 1, i = 1, . . . , ν.

(7.36)

Ëåììà 7.6. Ñóùåñòâóåò åäèíñòâåííûé (P, ∆, ρ)-ñïëàéí, óäî-
âëåòâîðÿþùèé çàäà÷å (7.33), (7.36).

Äîêàçàòåëüñòâî.Ïîñëåäîâàòåëüíî ðåøàåì çàäà÷è Êîøè:

(n

Px0

)
(t) = f(t) (t ∈ cl I0),

(
Px0

)
(a) = ξ0;

(n

Pxi

)
(t) = f(t) (t ∈ cl Ii),

(k

Pxi

)
(ai) =

(k

Pxi−1

)
(ai) (k = 0, 1, . . . , n− ρi − 1),

(k

Pxi

)
(ai) = ξik

(k = n− ρi, . . . , n− 1, i = 1, . . . , ν).

Íà êàæäîì øàãå ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî. Ïîëîæèì

x(t) .= xi(t) (t ∈ Ii, i = 1, . . . , ν).

Î÷åâèäíî, x ∈ X∆, ρ
P è ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (7.33), (7.36).

Ïóñòü x̃ � åùå îäíî òàêîå ðåøåíèå. Òîãäà

z
.= x̃− x ∈ XP ,

(n

Pz
)

= 0
(
Pz

)
(a) = 0.

Çíà÷èò z(t) ≡ 0, ò. å. x̃ = x.
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Ñëåäñòâèå 7.3.

dimN (
L∆, ρ

)
= n +

ν∑

i=1

ρi, dimN (
L+, ∆, ρ′) = n(ν + 1)−

ν∑

i=1

ρi

Îïðåäåëèì ìàòðèöû M̂, M̃ , M̃+ òàê æå, êàê â ï. 7.6. è ïîëîæèì

l̃x
.= M̃

(
θρ
Px

)
, l̃+y

.= M̃+
(
θρ
Ry

)
. (7.37)

Ïóñòü îïÿòü, êàê â ï. 7.6, ïîñëåäíèå (ν + 1)n êîìïîíåò l̃ îáðàçóþò
âåêòîð-ôóíêöèîíàë l̂, ïåðâûå (ν + 1)n êîìïîíåò l̃+ îáðàçóþò âåêòîð-
ôóíêöèîíàë l+, à ïîñëåäíèå n � âåêòîð-ôóíêöèîíàë l̂+; ïóñòü L∆, ρ

l

è L+, ∆, ρ′

l+ ñóæåíèÿ L∆, ρ è L+, ∆, ρ ñîîòâåòñòâåííî íà

X∆, ρ
P. l = .=

{
x ∈ X∆, ρ

P : lx = 0
}
, è X∆, ρ′

R. l+ = .=
{
y ∈ X∆, ρ′

R : l+y = 0
}
.

Èç ôîðìóëû (7.35) ïîëó÷àåì î÷åðåäíóþ ôîðìóëó êðàåâûõ ôîðì
(ñð. (7.25)):

〈L∆, ρx, y〉p − 〈x, L+, ∆, ρ′y〉q =
(
l̃x

)>
S(ν+2)n

(
l̃+y

)
=

(
lx

)>
Sn

(
l̂+y

)
+

+
(
l̂x

)>
S(ν+1)n

(
l+y

) (
x ∈ X∆, ρ

P , y ∈ X∆, ρ′

R
)
, (7.38)

êîòîðàÿ ïîçâîëÿåò äîêàçàòü àíàëîãè ëåìì 7.4 è 7.5 è ñëåäóþùóþ òåî-
ðåìó.

Òåîðåìà 7.4.
(
L∆, ρ

l

)∗ = L+, ∆, ρ′

l+ ,
(
L+, ∆, ρ′

l+

)∗ = L∆, ρ
l .

Äîêàçàòåëüñòâî ñëåäóåò äîêàçàòåëüñòâó òåîðåìû 7.3.

Ñëåäñòâèå 7.4. Îïåðàòîðû L∆, ρ
l è L+, ∆, ρ′

l+ çàìêíóòû.

Òàêèì îáðàçîì, êðàåâîé çàäà÷åé, ñîïðÿæåííîé çàäà÷å (7.33), (7.34)
ÿâëÿåòñÿ çàäà÷à

(
L+, ∆, ρ′

l+ y
)
(t) = g(t) (t ∈ I, g ∈ Lp[a.b]), l+y = 0. (7.39)
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7.9. Îáîáùåííàÿ çàäà÷à Âàëëå Ïóññåíà (ÎÇÂÏ). Ñîïðÿæåí-
íàÿ êðàåâàÿ çàäà÷à (7.39) èìååò â òî÷íîñòè òàêîé æå âèä, ÷òî è èñ-
õîäíàÿ çàäà÷à (7.33), (7.34) (P çàìåíÿåòñÿ íà R, ρ � íà ρ′, M � íà
M+). Òàêèì îáðàçîì, êëàññ ìíîãîòî÷å÷íûõ çàäà÷ âèäà (7.33), (7.34)
ïðè

P ∈ An(I), f ∈ Lp[a.b], 0 6 0 6 ρi 6 n

îáëàäàåò ñâîéñòâîì: âìåñòå ñ êàæäîé êðàåâîé çàäà÷åé îí ñîäåðæèò
òàêæå åå ñîïðÿæåííóþ. Áóäåì íàçûâàòü òàêèå êëàññû çàìêíóòûìè
îòíîñèòåëüíî ïåðåõîäà ê ñîïðÿæåííîé çàäà÷å èëè ïðîñòî çàìêíóòû-
ìè. Òîëüêî â çàìêíóòûõ êëàññàõ ìîæíî ãîâîðèòü î ñàìîñîïðÿæåííûõ
êðàåâûõ çàäà÷àõ (îïèñûâàþùèõ ñàìîñîïðÿæåííûå îïåðàòîðû).

Ïðèâåäåì ïðèìåðû çàìêíóòûõ êëàññîâ êðàåâûõ çàäà÷.
A. Êëàññ äâóõòî÷å÷íûõ çàäà÷ Âàëëå Ïóññåíà (êðàåâûå óñëîâèÿ

èìåþò âèä:

ϕP(x, a) > k, ϕP(x, b) > n− k (k = 1, . . . , n− 1)).

B. Êëàññ ðàñïàäàþùèõñÿ äâóõòî÷å÷íûõ çàäà÷ (êðàåâûå óñëîâèÿ
òàêîâû:

n−1∑

j=0

aij

(j

Px
)
(a) = 0 (i = 1, . . . , k),

n−1∑

j=0

bij

(j

Px
)
(b) = 0 (i = 1, . . . , n− k, k = 1, . . . , n− 1)).

C. Êëàññ ïðîèçâîëüíûõ äâóõòî÷å÷íûõ çàäà÷ âèäà
n∑

k=1

(
αik

(k−1

P x
)
(a) + βik

(k−1

P x
)
(b)

)
= 0 (i = 1, . . . , n).

D. Êëàññ îáîáùåííûõ ìíîãîòî÷å÷íûõ çàäà÷ (7.33), (7.34).
Âûøå, â ï.ï. 7.5�7.7 áûëî ïîêàçàíî, ÷òî êðàåâûå óñëîâèÿ (7.18)

è (7.28) íå îïðåäåëÿþò çàìêíóòûõ êëàññîâ. Åùå îäèí çàìêíóòûé
êëàññ îáðàçóåò îïðåäåëÿåìàÿ íèæå îáîáùåííàÿ çàäà÷à Âàëëå Ïóññåíà
(ÎÇÂÏ).
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Òàê áóäåì íàçûâàòü êðàåâóþ çàäà÷ó
(
L∆, ρx

)
(t) = f(t) (t ∈ I, f ∈ Lp[a.b])), (7.33)

ϕP(x, ai) > µi, i = 0, 1, . . . , ν + 1, (7.40)
ν+1∑

i=0

µi = n +
ν∑

i=1

ρi (7.41)

(
0 < µ0, µν+1 < n; µi, ρi > 0, 0 < µi + ρi 6 n, i = 1, . . . , ν

)
.

Êëàññè÷åñêàÿ çàäà÷à Âàëëå Ïóññåíà (7.3), (7.28) ïîëó÷àåòñÿ èç
(7.33), (7.40) ïðè ρi = 0 (i = 1, . . . , ν). Çàäà÷à (7.31), (7.29), ñîïðÿ-
æåííàÿ ê êëàññè÷åñêîé, � òîæå çàäà÷à âèäà (7.33), (7.40) ; â ýòîì
ñëó÷àå âìåñòî P íàäî âçÿòü R, ρ çàìåíèòü íà µ

.= (µ1, . . . , µν), âìåñòî
µ0 è µν+1 âçÿòü n−µ0 è n−µν+1, âìåñòî µi � 0 (i = 1, . . . , ν); óñëîâèå
(7.41) ïðè ýòîì òàêæå âûïîëíÿåòñÿ. ¾Íåêëàññè÷åñêàÿ¿ çàäà÷à Âàëëå
Ïóññåíà, ðàññìîòðåííàÿ Þ.Â. Ïîêîðíûì â [18; 19] (äëÿ îáûêíîâåííî-
ãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ), ïîëó÷àåòñÿ èç (7.33), (7.40) ïðè
µ0 + µν+1 = n. µi = ρi = 1 (i = 1, . . . , ν) (è ñîîòâåòñòâóþùåì P). Â
îáùåé ïîñòàíîâêå çàäà÷à (7.33), (7.40) âïåðâûå ââåäåíà â ðàáîòå [8] è
èçó÷àëàñü â ðàáîòå [9].

Òàê êàê êðàåâûå óñëîâèÿ (7.40) � ÷àñòíûé ñëó÷àé óñëîâèé (7.34),
òî ñîïðÿæåííûå êðàåâûå óñëîâèÿ îïðåäåëÿþòñÿ ïîñòðîåíèÿìè ï. 7.8.
À èìåííî, ôîðìàëüíî îíè ïðèìóò âèä:

ϕP(y, ai) > ρi, i = 0, 1, . . . , ν, ν+1
(
ρ0 = n−µ0, ρν+1 = n−µν+1

)
,

(7.42)
(
σk−1
R y

)
(ai) = 0, k = ρi, . . . , n− µi, i = 1, . . . , ν.

Ïîñëåäíåå ðàâåíñòâî îçíà÷àåò, ÷òî ôàêòè÷åñêè
(
defRy

)
(ai) 6 µi

(
6 ρ′ .= n− ρi

)
,

ò.å. y ∈ X+, ∆, µ
R

(
⊂ X+, ∆, ρ′

R
)
. Òàêèì îáðàçîì, çàäà÷åé ñîïðÿæåííîé

çàäà÷å (7.33), (7.40), ÿâëÿåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
(
L+, ∆, µy

)
(t) = g(t) (t ∈ I, g ∈ Lp[a.b])) (7.43)

103



ïðè êðàåâûõ óñëîâèÿõ (7.42). Ó÷èòûâàÿ îïðåäåëåíèÿ ρ0 è ρν+1 ìîæåì
ïåðåïèñàòü ðàâåíñòâî (7.41) â âèäå

ν+1∑

i=0

ρi = n +
ν∑

i=1

µi.

Ñëåäîâàòåëüíî, çàäà÷à (7.43), (7.42) åñòü ÎÇÂÏ, è êëàññ ÎÇÂÏ äåé-
ñòâèòåëüíî çàìêíóò.

Çàäà÷à (7.33), (7.40) áóäåò ñàìîñîïðÿæåííîé, åñëè n ÷åòíîå,

R = P, µ0 = µν+1 =
n

2
, µi = ρi (i = 1, . . . , ν).

Åñëè èñõîäíîå óðàâíåíèå Lx = f � îáûêíîâåííîå äèôôåðåíöèàëü-
íîå, òî êðàåâàÿ çàäà÷à (7.43), (7.42) âñå æå êâàçèäèôôåðåíöèàëüíàÿ.
Îäíàêî, åñëè êîýôôèöèåíòû èñõîäíîãî óðàâíåíèÿ äîñòàòî÷íî ãëàä-
êèå (ñì. (6.3)), òî çàäà÷à (7.43), (7.42) ìîæåò áûòü ïåðåïèñàíà êàê
ÎÇÂÏ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
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