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ẋ = {x,H} w 	az

7�8�9;:�7�8=<�7�>&?A@B:�7�>DCE:�F�>;GÂH.JKJKL�G�M=O0P�G�QER�GNS5O�R.U�P�V�R'P.W



Ã«Ä�Å¥Æ�Ä.ÇNÈNÉ§Ê0c�d�Ä#_BÊ0c�ÅN]5_aËBÄ.ËB]�Ì�Í�]5_a]5Î5É�ÏDÅNÏaÐBÏad�cNÑ R.U�Ò

t�jÉ ¿j°O½£´aÊB´a¼j´aÀ º3»£¿�½�¾�¹�¹ÔÓ
µaÂr¹
jË:ÊB´a¿@µ
H(x)

�{�T¼�¹Ô�kÊB´�Âçº3»£¿�½�¾�¹�¹��(µ�rk¹jÂr¹�¼@µ©³O½£´�¸a½�¹ w ±B´�´�¸�|)°
È´a±B´a¼¶É @´a½
µ:jË�¿j´.z�¼@µa³k³JÆµR¹�±¶µR®'ÊÎÃ�»¶µa³k³k´a¿j´a±B´�Âr¿j´aÈ´�´�¸a¼@µ�rk¹j°©¿@µ ³O¹jÂrÃ
@°O½�Ê�¹�¯j°k³O½�¹j°Áj¹j³OÊ�²(�=�3´�~
³J@°�tj¿�¹j°(É
±ajÉ
®'ÊB³YÉ8³O¹jÂrÃ
@°O½�Ê�¹�¯j°k³O½�¹jÂr¹�Âr¿j´aÈ´�´�¸a¼@µ�rk¹�É�Âr¹ª�

�'Æµa³k³3»£¼@µR±�¿j°O¿�¹�ÀÁÊ�¹�Ã@µ w 	az t@´aÃ�»B³O½
µa°OÊ%¼@µa³OÅ�¹�¼j°O¿�¹j°��
Õ�Ö{×{Ø�Ù Ø"Ú-Ø¶FDE{Ø�Û@7 ��¹j³OÊB°kÂr»Û¿@µ)Ã�»¶µa³k³k´a¿j´a±B´�ÂèÂr¿j´aÈ´�´�¸a¼@µ�rk¹�¹ P ±�¹'tÆµ

ẋ = µ(x){x,H}, wÜ� z
È�t@°

µ(x)
�Ýrk¿@µR½£´�´aÃ�¼j°�t@°J@°O¿�¿@µRÉ�¿@µä±B³k°kÂ P º3»£¿�½�¾�¹�É`ÄÞ¿@µ�rk²{±¶µR®'ÊÁ½£´a¿jº(´a¼jÂr¿j´�~fÈOµaÂr¹
jË:ÊB´a¿j´a±B´aÀª�

�Á¿j´�v¢¹�ÊB°JjË
µ(x)

¿@µ�rk²{±¶µR®'Ê�Ã�¼�¹�±B´0tjÉ'|�¹jÂ{�
Þ(°OÈk½£´�±�¹'t@°OÊ�ËjÄ�¯�ÊB´¢Ê�¼@µa°O½�ÊB´a¼�¹�¹Á¼j°OÅ)°O¿�¹�À wÜ� z«Ãj´�³J@°�r:µaÂi°O¿�²ç±�¼j°kÂi°O¿�¹

dτ = µ(x)dt
w �5z

³k´a±�Ã@µatÆµR®'Ê%³TÊ�¼@µa°O½�ÊB´a¼�¹�É�Âr¹ w 	azJ�

¬ Í ¬ Ísß�³�·�¼I±�À�±�¸ à£á§¼I¸ âjÀ�±�¸ àu¸äã�À�³�¼I½#À^¸�±�»�À�¶K³�·N¹=½
årµa³k³kÂi´aÊ�¼�¹jÂär:µatÆµk¯�»�´©½
µk¯j°O¿�¹�¹ »£¼@µR±�¿j´a±B°OÅ)°O¿�¿j´aÈ´*tj¹�¿@µaÂr¹�¯j°k³O½�¹ ¿j°k³O¹jÂiÂi°OÊ�¼�¹�¯�¿j´aÈ´.Å¢µR¼@µ

Ãj´¢µa¸�³k´Rj®'Ê�¿j´�Å)°O¼j´0�¶´a±¶µRÊB´aÀ8È´a¼�¹�r´a¿�Êaµ:jË�¿j´aÀ8Ã
@´�³O½£´�³OÊ�¹ª��� ÊaµR½£´�Â ³Jj»£¯@µa°'³O½£´a¼j´�³OÊ�Ë¢ÊB´a¯�½�¹ä½£´a¿'~
ÊaµR½�ÊaµÛ¼@µR±�¿@µ%¿�»:j®)�j�d±�¹�v�°O¿�¹j°¢Å¢µR¼@µ+±ÛÃ�¼j´�°O½�¾�¹�ÉK��¿@µ%ÈYÆµR±�¿�²�°¢´�³O¹ªÄ`³O±�É'r:µR¿�¿�²�°¢³�Å¢µR¼j´�Â{Ä`´aÃ�¹'~
³O²{±¶µa°OÊB³YÉ8»£¼@µR±�¿j°O¿�¹�É�Âr¹

{
Ṁ = M × ω,
γ̇ = γ ×ω,

M = Jω −D(γ,ω)γ, J = I +DE,
D = ma2 > 0, E = ||δij ||,

w �Kz

È�t@°
ω

�"±B°O½�ÊB´a¼ »£ÈY@´a±B´aÀ ³O½£´a¼j´�³OÊ�¹ªÄ
γ

�"´a¼�Ê ±B°O¼�Ê�¹�½
µ:j¹ªÄ
I = diag(I1, I2, I3)

�"ÊB°O¿�r´a¼
¹�¿j°O¼�¾�¹�¹ Å¢µR¼@µ ´aÊ�¿j´�³O¹�ÊB°JjË�¿j´ °OÈ´è¾j°O¿�Ê�¼@µ
Ä

m
� Â�µa³k³µ Å¢µR¼@µ
Ä

a
� °OÈ´ ¼@µatj¹�»B³��1� °O½�ÊB´a¼

M¹jÂi°k°OÊ ³kÂr²�³J>½�¹�¿j°OÊ�¹�¯j°k³O½£´aÈ´ Âi´�Âi°O¿�Êaµ Å¢µR¼@µ ´aÊ�¿j´�³O¹�ÊB°JjË�¿j´èÊB´a¯�½�¹ç½£´a¿�ÊaµR½�Êaµ
�T�(µR½çÃj´a½
µ�r:µR¿j´
�'�����UÇ(µRÃ
j²{Èk¹�¿�²�Â � 	����ÄKtÆµR¿�¿@µRÉ8³O¹j³OÊB°kÂ�µ�´�¸RÆµatÆµa°OÊ�¯j°OÊ�²{¼�ËBÂrÉ8Ãj°O¼�±�²�Âr¹Á¹�¿�ÊB°OÈk¼@µ:ÆµaÂr¹

H = 1
2

(M ,ω), N = (M ,M ),

C = (M ,γ), K1 = (γ,γ) = 1

¹8¹�¿�±¶µR¼�¹@µR¿�Ê�¿j´aÀ©Âi°O¼j´aÀÁ³3Ã
@´aÊ�¿j´�³OÊ�Ë�® w ¹�¿�ÊB°OÈk¼�¹�¼�»£®�|�¹jÂ Âr¿j´�v¢¹�ÊB°J@°kÂ�z

µ(M ,γ) = 1/
√

1−D(γ, J−1γ)
w �5z

}DµR½�¹jÂ ´�¸a¼@µ�r´�Â{Ä-r:µatÆµk¯@µ.´©½
µk¯j°O¿�¹�¹èÅ¢µR¼@µ�Ç(µRÃ
j²{Èk¹�¿@µ�¹�¿�ÊB°OÈk¼�¹�¼�»B°kÂ�µ.Ãj´�x�À
@°O¼�»5æ'ç'½£´�¸a¹ � 	�	(���
}g°OÃj°O¼�Ë+r:µR½�¼j°OÃ�¹jÂ ±�¿�»£Ê�¼�¹8Å¢µR¼@µ�Èk¹�¼j´�³OÊaµRÊR�N}g´aÈ�tÆµ¢»£¼@µR±�¿j°O¿�¹�É w �Kz«Âi´�v¢¿j´+´�¸�´�¸�|�¹�Ê�Ëj·

{
Ṁ = (M +K)× ω,
γ̇ = γ × ω,

wÜ� z

È�t@°
K

� Ãj´�³OÊB´É
¿�¿�²{À%±B°O½�ÊB´a¼%Âi´�Âi°O¿�Êaµ(Èk¹�¼j´�³OÊaµRÊaµ
�'�����¢����µR¼�½£°k°O± � 	 � �@Ãj´a½
µ�r:µ:gÄ¶¯�ÊB´d³O¹j³OÊB°kÂ�µ wÜ� z
ÊaµR½�v�°d¹�¿�ÊB°OÈk¼�¹�¼�»B°kÂ�µ+Ãj´�x�À
@°O¼�»5æ'ç'½£´�¸a¹�³(ÊB°kÂèv�°(¹�¿�ÊB°OÈk¼�¹�¼�»£®�|�¹jÂ Âr¿j´�v¢¹�ÊB°J@°kÂ w �5z«¹#t@´aÃ�»B³�~
½
µa°OÊ+¹�¿�ÊB°OÈk¼@µ:j²

H = 1
2

(M ,ω), N = (M +K,M +K),

C = (M +K,γ), K1 = (γ,γ) = 1.

w 4"z
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�«´aÈYÆµa³O¿j´ � � ��ÄÞ³O¹j³OÊB°kÂr² w �Kz�¹ wÜ� z�É
±ajÉ
®'ÊB³YÉ©½£´a¿jº(´a¼jÂr¿j´�~fÈOµaÂr¹
jË:ÊB´a¿j´a±�²�Âr¹ ³dÈOµaÂr¹
jË:ÊB´a¿�¹@µa~
¿j´�Â

H
�B�T¼j´�Âi°�ÊB´aÈ´�Ä¶´a½
µ�rk²{±¶µa°OÊB³YÉ`Ä£¯�ÊB´3Ã�¼�¹�±B´0tjÉ'|�¹�ÀÛÂr¿j´�v¢¹�ÊB°JjË¢³k´a±�Ã@µatÆµa°OÊ�³{¹�¿�ÊB°OÈk¼�¹�¼�»£®�|�¹jÂ{�

��½£´�¸a½�»#�T»¶µa³k³k´a¿@µ�@°OÈk½£´�±�²{Ã�¹j³µRÊ�Ë+±¢½£´�´a¼5tj¹�¿@µRÊaµa�
L = (M +K)µ, γ

·

{Li, Lj} = εijk(Lk −D det J((L,γ)µ2 − (γ,J−1K))γk), {Li,γj} = εijkγk, {γi,γj} = 0.wÜ� z
�T¼�¹B�kÊB´�Â

C
¹
K1
É
±ajÉ
®'ÊB³YÉ+º3»£¿�½�¾�¹�É�Âr¹%�(µ�rk¹jÂr¹�¼@µ
����¿�¹+¼@µa³k³JÆµR¹�±¶µR®'Ê)ºdµ�r´a±B´�°�Ã�¼j´�³OÊ�¼@µR¿j³OÊ�±B´

R3(M) × S2(γ)
¿@µ�¯j°OÊ�²{¼j°���Âi°O¼�¿�²�°�³O¹jÂrÃ
@°O½�Ê�¹�¯j°k³O½�¹j°(j¹j³OÊ�² M4

c = {C = c, K1 = 1} ���@°�tj»B°OÊd´aÊBÂi°OÊ�¹�Ê�ËjÄ�¯�ÊB´3³O½£´�¸a½
µ wÜ� zªÃ�¼�¹
D = 0

³k´a±�Ã@µatÆµa°OÊd³k´3³O½£´�¸a½£´aÀB�T»¶µa³k³k´a¿@µT±3½£´Bµ:jÈ°k¸a¼j°
e(3)∗

���T¼�¹�±B´0tjÉ'|�¹�À�Âr¿j´�v¢¹�ÊB°JjË w �5z�´�¸a¼@µ�|¢µa°OÊB³YÉ�±Û½£´a¿j³OÊaµR¿�Ê�»B�I}DµR½�¹jÂ ´�¸a¼@µ�r´�Â{ÄÞ»£¼@µR±�¿j°O¿�¹�É w �Kz
¹ wÜ� z�³OÊaµR¿j´a±�É
ÊB³YÉ ÈOµaÂr¹
jË:ÊB´a¿j´a±�²�Âr¹ ¸�°(r�r:µaÂi°O¿�²Ó±�¼j°kÂi°O¿�¹ª� � ´R@°k°ÛÊB´aÈ´�Är³O¹j³OÊB°kÂ�µ w �Kz(Ã�¼�¹

D =
= 0

³k´a±�Ã@µatÆµa°OÊ©³)»£¼@µR±�¿j°O¿�¹�É�Âr¹�t�jÉ.±B´Rj¯�½
µ�x�À
@°O¼@µ
ÄgµÛ³O¹j³OÊB°kÂ�µ wÜ� z�Ã�¼�¹
D = 0

�«t�jÉ.³Jj»£¯@µRÉ
�Ó»£½£´a±B³O½£´aÈ´aæK� ´RjË:ÊB°O¼�¼@µ � 4����

�«»at@°kÂ ¼@µa³k³kÂ�µRÊ�¼�¹�±¶µRÊ�Ë j¹�Å�Ë ³Jj»£¯@µRÀ ¼@µ�rOj¹�¯�¿�²��è³k´�¸�³OÊ�±B°O¿�¿�²��Erk¿@µk¯j°O¿�¹�ÀèÊB°O¿�r´a¼@µ
I
ÄrÃ�¼�¹

�kÊB´�Â�»£Ãj´a¼¶ÉKt@´a¯�¹jÂ�ÈYÆµR±�¿�²�°�Âi´�Âi°O¿�Ê�² ¹�¿j°O¼�¾�¹�¹
I1 < I2 < I3

���3´�ÂrÃj´a¿j°O¿�Ê�² Èk¹�¼j´�³OÊaµRÊaµ
K =

= (k1, k2, k3)
¹8Ã@µR¼@µaÂi°OÊ�¼

D
Âi´aÈk»£Ê+´�¸a¼@µ�|¢µRÊ�ËB³YÉ8±¢¿�»:jËj�

ê�f¥ëíì{îTïTð£kñ¤pk-ò«knm&oD¨

ó Í®`Í*¯�³�¸�»�¸�ô�À�¾'õ�¸�ÀÔã�À�³�¸�°�á§¸�ô�À�¾'õ�¸�ÀE³�À�öjÀ�±�¸ à
��Ã�¹�Å)°kÂè½�¼�¹�Ê�¹�¯j°k³O½�¹j°)Ãj°O¼�¹j´0tj¹�¯j°k³O½�¹j°¢¼j°OÅ)°O¿�¹�ÉÁ¿@µ�½
µ�vpt@´�Â »£¼j´a±�¿j°d¹�¿�ÊB°OÈk¼@µ:Æµ%Ã
@´�|¢µat@°OÀ

�
= c ∈ R �¶�(jÉy�kÊB´aÈ´�´aÈk¼@µR¿�¹�¯�¹jÂ ¹�¿�ÊB°OÈk¼@µ:j²

H
¹
N
¿@µ¢³O¹jÂrÃ
@°O½�Ê�¹�¯j°k³O½£´�°)Âr¿j´aÈ´�´�¸a¼@µ�rk¹j° M4

c

H̃ := H|M4
c
Ñ := N |M4

c

¹Á´aÃ�¼j°�t@°Jj¹jÂè´aÊB´�¸a¼@µ�v�°O¿�¹j°�Âi´�Âi°O¿�Êaµ

H̃ × Ñ :M4
c → R2(h, n).

wÜÁ z

�«´aÈYÆµa³O¿j´�ÊB°k´a¼j°kÂi°�Þ3¹�»£±�¹
�jÉ.æK��¼�¿j´RjË�tÆµ
Ä£¿j°k´�³k´�¸a²�°'Ãj´a±B°O¼5�
¿j´�³OÊ�¹Û»£¼j´a±�¿�É%´aÊB´�¸a¼@µ�v�°O¿�¹�É wÜÁ z
¸a»atj»£Ê�´�¸�÷ª°�tj¹�¿j°O¿�¿�¹�É�Âr¹�tj±�»
Âi°O¼�¿�²��äÊB´a¼j´a±j���(µ)´�³k´�¸a²��yv�°(³J@´ÉK�8³O»K|)°k³OÊ�±�»£®'Ê¢ÊB´a¯�½�¹ªÄ�È�t@°3¼@µR¿�È
tj¹jº(º(°O¼j°O¿�¾�¹@µ:Æµä´aÊB´�¸a¼@µ�v�°O¿�¹�É wÜÁ zTÂi°O¿�Ë�Å)°ptj±�».�`�I�3´�³O½£´RjË�½�»�Âr¿j´aÈ´�´�¸a¼@µ�rk¹j° M4

c

³O¹jÂD@°O½�Ê�¹�¯j°�~
³O½£´�°�Äi¿j°OÃj´0tj±�¹�v¢¿�²�°8ÊB´a¯�½�¹ ±B°O½�ÊB´a¼�¿�²��ÎÃj´R@°OÀ w 	az(¹ wÜ� zd¿@µa�¶´0tjÉ
ÊB³YÉ ¹�r8³k´�´aÊ�¿j´aÅ)°O¿�¹�É

dH̃ = 0
�

}DµR½�¹jÂè´�¸a¼@µ�r´�Â{Ä@´�³k´�¸a²�°3ÊB´a¯�½�¹Á´aÊB´�¸a¼@µ�v�°O¿�¹�É wÜÁ z�j¹j¸�´¢¿j°OÃj´0tj±�¹�v¢¿�²�°�Äjj¹j¸�´¢¼@µR¿�ÈOµ¢´0tj¹�¿ªÄjÈ�t@°

dÑ = 2λdH̃
w 	��5z

t�jÉ�¿j°O½£´aÊB´a¼j´aÈ´
λ ∈ R �I�1rk±B°k³OÊ�¿j´�Äg¯�ÊB´8±B´ä±�ÊB´a¼j´�Âç³Jj»£¯@µa°+´�³k´�¸a²�°�ÊB´a¯�½�¹ ¿j°�¹�r´Rj¹�¼j´a±¶µR¿�² � �����

Ç3°O¼j°(rÁ½
µ�vptj»£® ¹�r8¿�¹'� Ã�¼j´0�¶´0tj¹�ÊÎ¾j°JÆµRÉ Ê�¼@µa°O½�ÊB´a¼�¹�É ÊB´a¯j°O½è¼@µR¿�ÈOµ ´0tj¹�¿ªÄ�Ã�¼�¹�¯j°kÂ ½£´��º(º3¹�¾�¹'~
°O¿�Ê

λ
É
±ajÉ�°OÊB³YÉ.¹�¿�ÊB°OÈk¼@µ:@´�Âí�kÊB´aÀ.Ê�¼@µa°O½�ÊB´a¼�¹�¹ªÄDµÛ³µaÂr¹�Ê�¼@µa°O½�ÊB´a¼�¹�É�r:µaÂr½�¿�»£Êaµ
�I�htÆµ:jË�¿j°OÀ�Å)°kÂ

ÊaµR½�¹j°.½�¼�¹�Ê�¹�¯j°k³O½�¹j°.Ãj°O¼�¹j´0tj¹�¯j°k³O½�¹j°.¼j°OÅ)°O¿�¹�É ¸a»at@°kÂ ¿@µ�rk²{±¶µRÊ�Ëíø(ùNú�ûpú�ü'ý(þ0ø5úKÿ�ú�û�ù��"ý(ø5û���ùNú����
ÿ�ú@�

�(jÉ ³Jj»£¯@µRÉ Å¢µR¼@µÎÇ(µRÃ
j²{Èk¹�¿@µ ³�Èk¹�¼j´�³OÊaµRÊB´�Â ¸a»at@°kÂ ¼@µ�rOj¹�¯@µRÊ�Ëètj±¶µ�Ê�¹�Ã@µ�½�¼�¹�Ê�¹�¯j°k³O½�¹'�
Ãj°O¼�¹j´0tj¹�¯j°k³O½�¹'�Á¼j°OÅ)°O¿�¹�Àª�£�(jÉä¼j°OÅ)°O¿�¹�À���ý®ù
	������ûpú����

λ 6= 0
Ä't�jÉ�	�û���ù������ûpú����

λ = 0
�

�T¼�¹�Ê�¹�¯j°k³O½�¹j°ä¼j°OÅ)°O¿�¹�ÉÎÃj°O¼�±B´aÈ´�Ê�¹�Ã@µ©¿@µa�¶´0tj¹jÂ ³J@°�tj»£®�|�¹jÂ ´�¸a¼@µ�r´�Â{���d¹�½£³O¹�¼�»B°kÂ
λ 6= 0¹Á¼j°OÅ¢µa°kÂè»£¼@µR±�¿j°O¿�¹j° w 	��5zJ���(jÉ#�kÊB´aÈ´�¿@µa�¶´0tj¹jÂ ÊB´a¯�½�¹ªÄ@È�t@°Dr:µR±�¹j³O¹jÂr²

dN − 2λdH, dC,
¹
dK1
Ä

¹è´aÈk¼@µR¿�¹�¯�¹�±¶µa°kÂ ¹'� ¿@µ M4
c

�-Ó`¼@µatj¹j°O¿�Ê�² Ã�¼j´�|)°ä±�²{Ã�¹j³O²{±¶µRÊ�Ë ±.½£´�´a¼5tj¹�¿@µRÊaµa�
M ,γ

����@°�tj»B°OÊ
´aÊBÂi°OÊ�¹�Ê�ËjÄÆ¯�ÊB´�±�t@´RjË%½�¼�¹�Ê�¹�¯j°k³O½�¹'�©¼j°OÅ)°O¿�¹�ÀÁÃj°O¼�±B´aÈ´%Ê�¹�Ã@µ¢±B°O½�ÊB´a¼@µ

M +K
¹
γ
¿j°(r:µR±�¹j³O¹jÂr²(�
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}DµR½�»£¼@µR±�¿j°O¿�¹j° w 	��5z3³OÊaµR¿j´a±�¹�ÊB³YÉÔ�k½�±�¹�±¶µ:@°O¿�Ê�¿j´©»B³J@´a±�¹�®
Jω + K = λω

�I��t@´RjËÁ½�¼�¹�Ê�¹�¯j°k³O½�¹'�
¼j°OÅ)°O¿�¹�À+±�ÊB´a¼j´aÈ´(Ê�¹�Ã@µ

M+K
Ã@µR¼@µ:�@°J@°O¿

γ
�5}g´aÈ�tÆµ(¹�r w 4"zr³J@°�tj»B°OÊRÄB¯�ÊB´

M+K = cγ
�5� °O½�ÊB´a¼

»£ÈY@´a±B´aÀ©³O½£´a¼j´�³OÊ�¹
ω
¹jÂÎ¿j°3½£´R�j¹�¿j°µR¼j°O¿ª�

�T¼�¹è´aÊB´�¸a¼@µ�v�°O¿�¹�¹ Âi´�Âi°O¿�Êaµ wÜÁ z�½
µ�vpt@´�°ä½�¼�¹�Ê�¹�¯j°k³O½£´�°Á¼j°OÅ)°O¿�¹j°äÃj°O¼j°��¶´0tj¹�Ê ±.ÊB´a¯�½�»B�=x�ÊB´
´�¸R@°OÈk¯@µa°OÊ%´aÃ�¹j³µR¿�¹j°(½�¼�¹�Ê�¹�¯j°k³O½�¹'�8Ê�¼@µa°O½�ÊB´a¼�¹�Àª���«²{Ã�¹�Å)°kÂ^tj±B°(³O¹j³OÊB°kÂr²





Jω +K = λω,

c = (λ−D)(γ,ω),

n = λ2((ω,ω)− (γ,ω)2) + c2,

2h = (Jω,ω)−D(γ,ω)2,

w 	�	az





M = cγ −K,

n = c2,

2h = (J−1M ,M ) +
D(J−1M ,γ)2

1−D(γ,J−1γ)
.

w 	 � z

� t@°k³OË
h, n, c

� rk¿@µk¯j°O¿�¹�É8¹�¿�ÊB°OÈk¼@µ:@´a±
H,N,C
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λ 6= 0
úKÿ�ý0ý(û
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h, n, c, λ
ÄÞÈ�t@°)³O¹j³OÊB°kÂ�µ w 	�	az�³k´a±BÂi°k³OÊ�¿@µÛ´aÊ�¿j´�³O¹�ÊB°JjË�¿j´

ω,γ
���(jÉ©´aÃ�¹j³µR¿�¹�É�Ê�¼@µa°O½�ÊB´a¼�¹�À�±�ÊB´a¼j´aÈ´

Ê�¹�Ã@µ
Ä�¿j°k´�¸0�¶´0tj¹jÂi´�¹j³k³J@°�t@´a±¶µRÊ�Ë%³k´a±BÂi°k³OÊ�¿j´�³OÊ�Ë%³O¹j³OÊB°kÂr² w 	 � z«´aÊ�¿j´�³O¹�ÊB°JjË�¿j´
ω,γ

���«´a±BÂi°k³OÊ�¿j´�³OÊ�Ë
´�¸�°O¹'�8³O¹j³OÊB°kÂ ´�¸�³O»KvptÆµa°OÊB³YÉ8±�Ã@µR¼@µRÈk¼@µaº(°#,R¸a¹jº3»£¼�½
µR¾�¹j´a¿�¿�²�°(½�¼�¹�±�²�°-R�

�T¼�¹�Ê�¹�¯j°k³O½�¹j°¢¼j°OÅ)°O¿�¹�É�Ãj°O¼�±B´aÈ´ÛÊ�¹�Ã@µ%Ã�¼j°�t@³OÊaµR±ajÉ
®'ÊÁ³k´�¸�´aÀ.��ý®ùKÿ/�"�ý0"�û�"�1 ý2	�ù��3�ý0"�ú��8±B´�~
½�¼�»£È�¿j°OÃj´0tj±�¹�v¢¿j´aÈ´'±B°O½�ÊB´a¼@µ{»£ÈY@´a±B´aÀ)³O½£´a¼j´�³OÊ�¹

ω
�J�d±�¹�v�°O¿�¹�Éd±�t@´RjË�¿�¹'�1t@´aÃ�»B³O½
µR®'Ê'¿@µRÈYjÉKtj¿�»£®

¹�¿�ÊB°O¼�Ã�¼j°OÊaµR¾�¹�®)�{��¿�¹©Ã�¼j°�t@³OÊaµR±ajÉ
®'Êä³k´�¸�´aÀ�ÊaµR½�¹j°Dtj±�¹�v�°O¿�¹�É`ÄÆ½£´aÈ�tÆµÛ³O½£´a¼j´�³OÊ�ËÛÊB´a¯�½�¹�½£´a¿�ÊaµR½�Êaµ
¹8±B°O½�ÊB´a¼8»£ÈY@´a±B´aÀ©³O½£´a¼j´�³OÊ�¹ÁÃj´�³OÊB´É
¿�¿�²ç±¢¿j°OÃj´0tj±�¹�v¢¿j´aÀ�³O¹j³OÊB°kÂi°(½£´�´a¼5tj¹�¿@µRÊR�

�d¹�¿@µaÂr¹�¯j°k³O½�¹�¿j°k³O¹jÂiÂi°OÊ�¼�¹�¯�¿�²{À�Å¢µR¼¢Ç(µRÃ
j²{Èk¹�¿@µT³«Èk¹�¼j´�³OÊaµRÊB´�Â.¹)¸�°(r Èk¹�¼j´�³OÊaµRÊaµ1t@´aÃ�»B³O½
µa°OÊ
±�¼@µ�|)°O¿�¹j°.³Á¿j°OÃj´0tj±�¹�v¢¿j´aÀ ÊB´a¯�½£´aÀ ½£´a¿�ÊaµR½�Êaµ
�T��t@´RjËÎÊaµR½�¹'� ¼j°OÅ)°O¿�¹�À ±B°O½�ÊB´a¼�²

ω
¹
M + K±B°O¼�Ê�¹�½
µ:jË�¿�²(�

�T¼�¹�Ê�¹�¯j°k³O½�¹j°�¼j°OÅ)°O¿�¹�É(±�ÊB´a¼j´aÈ´�Ê�¹�Ã@µ{´aÃ�¹j³µR¿�² ±�¼@µa¸�´aÊB° � � ����}DµaÂ8Ãj´a½
µ�r:µR¿@µ�³O±�É'rkËT�kÊ�¹'�3¼j°OÅ)°�~
¿�¹�Àä³�tj±�¹�v�°O¿�¹j°kÂ ³O±B´�¸�´0tj¿j´aÈ´¢Èk¹�¼j´�³OÊaµRÊaµ
��}DµR½�v�°T±�²{±B°�t@°O¿�² »£¼@µR±�¿j°O¿�¹�É%¹ÛÃ�¼j´a¹
�j®T³OÊ�¼�¹�¼j´a±¶µR¿�²
tj±�¹�v�°O¿�¹�É8ÊB´a¯�½�¹Á½£´a¿�ÊaµR½�Êaµ
�

ó Í ¬ Í54�À�ã�°�á§¼I¸ â£±�½#ÀÔ»�°Iô�õ�¸
årµa³k³kÂi´aÊ�¼�¹jÂÓ¿j°OÃj´0tj±�¹�v¢¿�²�°�ÊB´a¯�½�¹ ±B°O½�ÊB´a¼�¿j´aÈ´ÎÃj´RjÉ wÜ� zJ��årµ�r´�¸�÷ª°kÂ ±B³k°ÁÊaµR½�¹j°�ÊB´a¯�½�¹ ¿@µ

ÊB´a¯�½�¹8Ãj°O¼�±B´aÈ´�¼j´0tÆµ
Äj±¢½£´aÊB´a¼�²��
ω 6= 0

Ä�¹äÊB´a¯�½�¹Á±�ÊB´a¼j´aÈ´¢¼j´0tÆµ
ÄjÈ�t@°
ω = 0

�
� Ø������76Þ798 ��üKø5ú:��ý®ù
	������ù�� � �1ú';�����ú�ù��	��"�1<$ � ø���= � �� Bú';�"�ú'&

n = c2
ú1ù��"+�<��û���>�ù���=íý0�

"�ú��yÿ/��ÿ�ý0"�û�� wÜÁ z=ù��*	�ý0"("�?���@�$BA�ùNú
c2 < (K,K)

��>C�ý � ú�"�ý0"�ú�ý1û���ü'ý(øD	�û���ù������ù�� � �2�+	)����ý(ûpþ��
��ø(ù�?*=E"���þ0û���@GF�	;ø���= � �� sú';:"�ú'&�ù��"+�/��û���>�ù���=íý0"�ú�� wÜÁ z=ù��*	�ý0"*ý � ú�"�ú�H�ýI$

� µaÂi°OÊ�¹jÂ.ÊaµR½�v�°�ÄB¯�ÊB´TÊB´a¯�½�¹¢±�ÊB´a¼j´aÈ´3¼j´0tÆµ'@°(v)µRÊ(¿@µ'´0tj¿j´�Â�³k´a±BÂi°k³OÊ�¿j´�Â�»£¼j´a±�¿j° ¹�¿�ÊB°OÈk¼@µ:@´a±
H
¹
N
Äjµ�¹jÂi°O¿�¿j´�·

h = 0, n = (K,K)
�
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V Í®`Í5W�¸=²�X-³�õn·
Y�¸�°I±�±�½#À^õ�³�¸�¼I½#À
�(jÉ�´aÃ�¹j³µR¿�¹�É%¸a¹jº3»£¼�½
µR¾�¹j´a¿�¿j´aÀ+tj¹@µRÈk¼@µaÂiÂr² ´aÊB´�¸a¼@µ�v�°O¿�¹�É wÜÁ zD¿@µRÀ't@°kÂ�¿@µa¸�´a¼�²

h, n
ÄB½£´aÈ�tÆµ

³k´a±BÂi°k³OÊ�¿@µ(j¹j¸�´)³O¹j³OÊB°kÂ�µ w 	�	azJÄBj¹j¸�´)³O¹j³OÊB°kÂ�µ w 	 � zJ����ÊBÂi°OÊ�¹jÂ{Ä£¯�ÊB´d¼j°µ:jË�¿�²�°�tj±�¹�v�°O¿�¹�É%±B´�rÂi´�vp~
¿�² j¹�Å�Ëä±8´�¸RÆµa³OÊ�¹

n > c2
ÄÞÃj´��kÊB´�Âr»�¿@µÛ¸a¹jº3»£¼�½
µR¾�¹j´a¿�¿j´aÀ�tj¹@µRÈk¼@µaÂiÂi°+¸a»at@°OÊ8Ã�¼�¹j³O»£ÊB³OÊ�±B´a±¶µRÊ�Ë

´aÈk¼@µR¿�¹�¯�¹�ÊB°JjË�¿@µRÉÁÃ�¼¶É�Â�µRÉ
n = c2

�
Z Ø¶=�×{Ø����EÛ@7�[ ú+\]?(ùNø��H�ú���"�"��%� � ú��*�Üù���ÿ�ÿ/�!��û���>�ù���=íý0"�ú�� wÜÁ z1þ)��þ0û���ú�û ú';:��>C�ý � ú�"�ý0"�ú��
1)
"��>���ù��+ø(ùNú+	�1^&

σ

n(λ) = λ2

(
k2

1

(J1 − λ)2
+

k2
2

(J2 − λ)2
+

k2
3

(J3 − λ)2
−

c2

(D − λ)2

)
+ c2, n > c2,

2h(λ) =
k2

1J1

(J1 − λ)2
+

k2
2J2

(J2 − λ)2
+

k2
3J3

(J3 − λ)2
−

Dc2

(D − λ)2
.

w 	�5z

2)
��û�ù�ý�;�ø��

σ0
��ùNú

c = 0

n = 2Dh−D(I−1K,K),
� � ý

n ∈ [0, D2(I−1K, I−1K)],

3)
��?5ü��

σi
F�ý(þ_��ú

ki = 0
F

n = 2Jih− Dc2

Ii
− Ji

∑

j 6=i

k2
j

Ij − Ii
,
� � ý

n > c2 + J2
i


∑

j 6=i

k2
j

(Ij − Ii)2
− c2

I2
i


 ,

4)
��û�ù�ý�;�ø��

τ
"��:��ù`�Kÿ/�� 

n = c2 F
5)

û���üKø5ú
T0 h = 0, n = (K,K)

��ùNú
c2 6 (K,K).
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λ
�I�(µa¸�´a¼�½�¼�¹�±�²��

σ
Äª´aÊ�¼j°(r´a½

σ0
¹.j»£¯�¹

σ1, σ2, σ3
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´aÊ�¼j°(rk½£°

τ
���T¼j´�´�¸a¼@µ�r(ÊB´a¯�½�¹

T0
³k´�³OÊB´a¹�Ê+¹�r3¿j°OÃj´0tj±�¹�v¢¿�²��ÁÊB´a¯j°O½8±�ÊB´a¼j´aÈ´�¼j´0tÆµ
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σ
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´aÊ�¼j°(rk½
µ
σ0
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n = c2
��x�ÊB´%@°OÈk½£´äÃj´a¿�É
Ê�Ë8³J@°�tj»£®�|�¹jÂ ´�¸a¼@µ�r´�Â{���ç½
µ�vpt@´aÀ�¿j°OÃj´0tj±�¹�vp~

¿j´aÀ ÊB´a¯�½£°�Ãj°O¼�±B´aÈ´8¼j´0tÆµ8¹jÂi°k°OÊÁÂi°k³OÊB´
Jω + K = λω

t�jÉ�¿j°O½£´aÊB´a¼j´aÈ´
λ ∈ R Ä`Ãj´��kÊB´�Âr».±8¿�¹'�

³OÃ�¼@µR±B°�t�j¹�±�² ³O¹j³OÊB°kÂ�µ w 	�	az«¹8º(´a¼jÂr»:j² w 	�5zJ�
aDb^cBd^edgfgh�ikj�l�fgm�bnfgh�b^o�h+p�qsr`t-årµa³k³kÂi´aÊ�¼�¹jÂ ½�¼�¹�Ê�¹�¯j°k³O½�¹j°ä¼j°OÅ)°O¿�¹�ÉÎÃj°O¼�±B´aÈ´�Ê�¹�Ã@µ
�n�1r

³O¹j³OÊB°kÂr² w 	�	azdÃ�¼�¹
λ 6= D

Ãj´Rj»£¯@µa°kÂ ¿@µa¸�´a¼ ½�¼�¹�±�²��
σ
�-��t@´RjË.½�¼�¹�Ê�¹�¯j°k³O½�¹'� ¼j°OÅ)°O¿�¹�À Ãj°O¼�±B´�~

È´©Ê�¹�Ã@µ
ω
¹
γ
¿j°(r:µR±�¹j³O¹jÂr²(�-�3´��kÊB´�Âr» »B³J@´a±�¹j°ä³k´a±BÂi°k³OÊ�¿j´�³OÊ�¹ ³O¹j³OÊB°kÂr² w 	�	az
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n > c2
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c = 0
t�jÉ

λ = D
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σ0
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σi
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λ = Ji
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¿@µ)Ã�¼¶É�Âi´aÀ
n = c2
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λ ∈ (J1, J2)

¹
λ ∈ (J2, J3)
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D = 0
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vBwyx%z+{Iz
I = diag(3, 6.5, 10),K = (0.8, 0.7, 0.5), D = 2, c = 0

vBwyx%z�|*z
I = diag(3, 6.5, 10),K = (0.8, 0.7, 0.5), D = 5, c = 0.3

�3°k³J@´�v¢¿j´¢±�¹'t@°OÊ�Ë�¹�r w 	�	azJÄ
¯�ÊB´)½
µ�vpt@´aÀ8ÊB´a¯�½£°3½�¼�¹�±�²��
σ
´aÊ�±B°O¯@µa°OÊ+´0tj¿@µ�½�¼�¹�Ê�¹�¯j°k³O½
µRÉ8Ê�¼@µa~

°O½�ÊB´a¼�¹�É`� x�ÊB´©Ãj°O¼jÂ�µR¿j°O¿�Ê�¿j´�°Û±�¼@µ�|)°O¿�¹j°%±B´a½�¼�»£ÈÛÃj´�³OÊB´É
¿�¿j´aÈ´�±B°O½�ÊB´a¼@µÁ»£ÈY@´a±B´aÀ ³O½£´a¼j´�³OÊ�¹
ω =

= −(J− λE)−1K
��� ÊaµR½£´�Âè³Jj»£¯@µa°3¼j°OÅ)°O¿�¹j°3±�²{Ã�¹j³O²{±¶µa°OÊB³YÉÁÉ
±�¿j´�·

γ =
(γ,ω)

(ω,ω)
ω + (ξ1 cos(|ω|t)− ξ2 sin(|ω|t))

√
1− (γ,ω)2

(ω,ω)
,

w 	(�Kz

È�t@°
ξ1

¹
ξ2

� tj±¶µ)´a¼�ÊB´aÈ´a¿@µ:jË�¿�²��Á´a¼�Êaµ
Ä�¯�ÊB´
[ξ1, ξ2] = ω/|ω| ���«²{¼@µ�v�°O¿�¹�Éyt�jÉ

(γ,ω)
¹
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µ
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ω
�
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dN = β1dK1 + β2dC + β3dH,
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È�t@°
β1 = −D2(γ,ω)2, β2 = −2D(γ,ω), β3 = 2λ

�n��Ã�¼j°�t@°Jj¹jÂ>Â�µRÊ�¼�¹�¾�»
G = d2N − β1d

2K1 −
−β2d

2C−β3d
2H.
�d±�»
Âi°O¼�¿j´�°�Ã�¼j´�³OÊ�¼@µR¿j³OÊ�±B´�Äa´a¼�ÊB´aÈ´a¿@µ:jË�¿j´�° Èk¼@µatj¹j°O¿�ÊaµaÂ w 4"zÞ¹dÊ�¼@µR¿j³O±B°O¼j³µ:jË�¿j´�°

±B°O½�ÊB´a¼�¿j´�Âr»äÃj´Rj® wÜ� zJÄ
¿@µRÊ:É
¿�»£ÊB´�¿@µ�±B°O½�ÊB´a¼�²

r1 =

(
(λ−D)(γ,ω)ω + bγ

ω − (γ,ω)γ

)
, r2 =

(
γ × ω

0

)
,
È�t@°

b = D(γ,ω)2 − λ(ω,ω).

�'¸�´�rk¿@µk¯�¹jÂè¯j°O¼j°(r
Ĝ
´aÈk¼@µR¿�¹�¯j°O¿�¹j°

G
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< r1, r2 >
���«´aÈYÆµa³O¿j´ � �
Ä�ÊB´�Â � Ä�ÈYÆµR±¶µ+�a��Ä�½�¼�¹�Ê�¹�¯j°k³O½
µRÉ

´a½�¼�»Kv¢¿j´�³OÊ�Ë3»B³OÊB´aÀ�¯�¹�±¶µRÉ`ÄB°k³Jj¹
det Ĝ > 0

ÄR¹)¿j°O»B³OÊB´aÀ�¯�¹�±¶µRÉ`ÄB°k³Jj¹
det Ĝ < 0

�"��t@´RjËT½�¼�¹�Ê�¹�¯j°k³O½�¹'�
Ãj°O¼�¹j´0tj¹�¯j°k³O½�¹'�Á¼j°OÅ)°O¿�¹�À8Ãj°O¼�±B´aÈ´�Ê�¹�Ã@µ)Ãj´Rj»£¯@µa°kÂ

det Ĝ =
2((ω,ω)− (γ,ω)2)2

(1−D(γ, J−1γ)) det J
m(λ,γ,ω),

È�t@°�º3»£¿�½�¾�¹�É
m(λ,γ,ω)

Ã�¼�¹
λ 6= D, J1, J2, J3

r:µR±�¹j³O¹�Ê%ÊB´RjË�½£´%´aÊ�Ãj°O¼�±B´aÈ´ÛµR¼�Èk»
Âi°O¿�Êaµ�¹©³k´a±�Ã@µa~
tÆµa°OÊd³ ±�²{¼@µ�v�°O¿�¹j°kÂ w 	�5zJ�Kx�ÊB´�t@´a½
µ�rk²{±¶µa°OÊ�Ãj°O¼�±�²{À�Ã�»£¿�½�Ê3ÊB°k´a¼j°kÂr²(�.�T¼�¹

λ = D, c = 0
º3»£¿�½�¾�¹�É

m(λ,γ,ω) = 2D(γ,ω)2 det I > 0
�N��@°�t@´a±¶µRÊB°JjË�¿j´�ÄÆ±�Ã�¼j´�´�¸a¼@µ�r°d´aÊ�¼j°(rk½
µ

σ0
@°(v)µRÊ%»B³OÊB´aÀ�¯�¹�±�²�°

½�¼�¹�Ê�¹�¯j°k³O½�¹j°�´a½�¼�»Kv¢¿j´�³OÊ�¹ª��� ½�¼�¹�Ê�¹�¯j°k³O½�¹'�8ÊB´a¯�½
µa�`Äj´aÊ�±B°O¯@µR®�|�¹'�Ûj»£¯�»
σi
Ä
¹jÂi°k°kÂ

m(λ,γ,ω) = 2J2
i Iiω

2
i

∏

j 6=i
(Ij − Ii).

��ÊB³O®�tÆµ
det Ĝ > 0

t�jÉ
i = 1, 3

¹
det Ĝ < 0

t�jÉ
i = 2

�
�3³k³J@°�tj»B°kÂ ½�¼�¹�Ê�¹�¯j°k³O½�¹j°(¼j°OÅ)°O¿�¹�Éä±�ÊB´a¼j´aÈ´�Ê�¹�Ã@µ
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dN = 2c dC − c2dK1.

��Ã�¼j°�t@°Jj¹jÂ
G = d2N − 2c d2C + c2d2K1
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Âi°O¼�¿j´�°3Ã�¼j´�³OÊ�¼@µR¿j³OÊ�±B´+Ãj´a¼j´�vpt@°O¿j´�±B°O½�ÊB´a¼@µaÂr¹

r1 =

(
ω − (γ,ω)γ

D(γ,ω)(ω − (γ,ω)γ)

)
, r2 =

(
γ × ω

0

)
.
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< r1, r2 >
��}g´aÈ�tÆµ

det Ĝ = 4((ω,ω)− (γ,ω)2)2(c+D(γ,ω))2 > 0.
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µ
τ
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c +D(γ,ω)
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