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1. Èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà

Îïðåäåëåíèå 1.1 Ôóíêöèÿ w = f(z) íàçûâàåòñÿ ðåãóëÿðíîé (àíàëèòè÷åñêîé) â îá-

ëàñòè G , åñëè îíà äèôôåðåíöèðóåìà (ðàçëàãàåòñÿ â ðÿä Òåéëîðà) â íåêîòîðîé îêðåñò-

íîñòè êàæäîé òî÷êè îáëàñòè G .

Òåîðåìà 1.1. Ïóñòü D - îáëàñòü â êîìïëåêñíîé ïëîñêîñòè, γ - êóñî÷íî-ãëàäêàÿ

îãðàíè÷åííàÿ êðèâàÿ, ôóíêöèÿ f(ς, z)

1) íåïðåðûâíà ïî (ς, z) ïðè ς ∈ γ, z ∈ D,

2) ðåãóëÿðíà ïî z â îáëàñòè D ïðè êàæäîì ôèêñèðîâàííîì ς ∈ γ.

Òîãäà ôóíêöèÿ

F (z) =

∫
γ

f(ς, z) dς (1)

ðåãóëÿðíà â îáëàñòè D.

Â ñëó÷àå íåîãðàíè÷åííîé êðèâîé äëÿ ñïðàâåäëèâîñòè òåîðåìû íåîáõîäèìî äîáàâèòü

åùå îäíî îãðàíè÷åíèå:

Òåîðåìà 1.2. Ïóñòü D - îáëàñòü â êîìïëåêñíîé ïëîñêîñòè, γ - êóñî÷íî-ãëàäêàÿ

íåîãðàíè÷åííàÿ êðèâàÿ, ôóíêöèÿ f(ς, z)

1) íåïðåðûâíà ïî (ς, z) ïðè ς ∈ γ, z ∈ D,

2) ðåãóëÿðíà ïî z â îáëàñòè D ïðè êàæäîì ôèêñèðîâàííîì ς ∈ γ,

3) èíòåãðàë (1) ñõîäèòñÿ ðàâíîìåðíî ïî z ∈ G, ãäå G - ëþáàÿ çàìêíóòàÿ ïîäîáëàñòü

îáëàñòè D .

Òîãäà ôóíêöèÿ F (z) ðåãóëÿðíà â îáëàñòè D .

Îêàçûâàåòñÿ èíòåãðàë (1) ìîæíî äèôôåðåíöèðîâàòü ïîä çíàêîì èíòåãðàëà:

Òåîðåìà 1.3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåì 1 èëè 2. Òîãäà

F ′(z) =

∫
γ

∂

∂z
f(ς, z) dς (2)

Íàèáîëåå óïîòðåáèòåëüíû ñëåäóþùèå âèäû èíòåãðàëà (1).

1. Èíòåãðàë òèïà Êîøè.

Ïóñòü ôóíêöèÿ f(t) íåïðåðûâíà íà îãðàíè÷åííîé êóñî÷íî-ãëàäêîé êðèâîé γ. Èç

òåîðåìû 1 ñëåäóåò, ÷òî ôóíêöèÿ

F (z) =

∫
γ

f(t)

t− z
dt

íàçûâàåìàÿ èíòåãðàëîì òèïà Êîøè, ðåãóëÿðíà â êàæäîé îáëàñòè, íå ñîäåðæàùåé

òî÷åê êðèâîé γ.

1



2. Ïðåîáðàçîâàíèå Ëàïëàñà.

Ïóñòü ôóíêöèÿ f(t) îïðåäåëåíà íà ïîëóîñè [0,∞). Ïðåîáðàçîâàíèåì Ëàïëàñà ýòîé

ôóíêöèè íàçûâàåòñÿ ôóíêöèÿ

F (s) =

∞∫
0

e−stf(t) dt.

Åñëè f(t) íà ëþáîì êîíå÷íîì èíòåðâàëå èìååò ëèøü êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà

ïåðâîãî ðîäà è |f(t)| ≤ Ceαt, t ≥ 0, òî F (z) ðåãóëÿðíà â ïîëóïëîñêîñòè Re(z) > α.

3. Ïðåîáðàçîâàíèå Ôóðüå.

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f(t) îïðåäåëÿåòñÿ ðàâåíñòâîì

F (z) =

∞∫
−∞

e−iztf(t) dt.

Åñëè

|f(t)| ≤ C1e
−αt, t ≥ 0; |f(t)| ≤ C2e

βt, t ≤ 0,

ãäå α > 0, β > 0, òî F (z) ðåãóëÿðíà â ïîëîñå −α < Im(z) < β.

4. Ïðåîáðàçîâàíèå Ìåëëèíà.

Ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèè f(t) îïðåäåëÿåòñÿ ðàâåíñòâîì

F (z) =

∞∫
0

tz−1f(t) dt, (zt = ez ln(t)).

Åñëè f(t) íåïðåðûâíà ïðè t > 0 è

|f(t)| ≤ C1t
α, 0 < t ≤ 1, |f(t)| ≤ C2t

β, 1 ≤ t < ∞,

ãäå α < β, β > 0, òî F (z) ðåãóëÿðíà â ïîëîñå −α < Re(z) < −β.
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2. Îñíîâíûå ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà

Ðàññìàòðèâàþòñÿ êîìïëåêñíîçíà÷íûå ôóíêöèè, îïðåäåëåííûå íà äåéñòâèòåëüíîé îñè.

Îïðåäåëåíèå 2.1 Ôóíêöèÿ f(t) íàçûâàåòñÿ îðèãèíàëîì, åñëè îíà óäîâëåòâîðÿåò

óñëîâèÿì:

1. íà ëþáîì êîíå÷íîì èíòåðâàëå ôóíêöèÿ f(t) íåïðåðûâíà êðîìå, áûòü ìîæåò, êî-

íå÷íîãî ÷èñëà òî÷åê ðàçðûâà ïåðâîãî ðîäà,

2. f(t) = 0 ïðè t < 0,

3. ñóùåñòâóþò òàêèå ÷èñëà C è α , ÷òî ïðè t ≥ 0 âûïîëíÿåòñÿ íåðàâåíñòâî

|f(t)| ≤ Ceαt.

Åå ïðåîáðàçîâàíèå Ëàïëàñà

F (p) =

∞∫
0

e−ptf(t) dt

íàçûâàåòñÿ èçîáðàæåíèåì ôóíêöèè f(t).

Ñâÿçü ìåæäó îðèãèíàëîì è èçîáðàæåíèåì îáîçíà÷àåòñÿ òàê:

f(t) 
 F (p) èëè F (p) 
 f(t). (3)

Îïðåäåëåíèå 2.2 ×èñëî

α0 = inf{α : |f(t)| ≤ Ceαt}

íàçûâàåòñÿ ïîêàçàòåëåì ðîñòà ôóíêöèè f(t).

Èç ïðåäûäóùåãî ïàðàãðàôà ñëåäóåò, ÷òî ôóíêöèÿ F (p) ÿâëÿåòñÿ ðåãóëÿðíîé â ïîëó-

ïëîñêîñòè Re(p) > α0. Ëåãêî äîêàçàòü, ÷òî

lim
Re(p)→+∞

F (p) = 0.

Ïðèìåð 2.1. Ôóíêöèÿ Õåâèñàéäà

θ(t) =

{
0, t < 0,

1, t ≥ 0

ÿâëÿåòñÿ îðèãèíàëîì (C = 1, α = 0 ) è åå èçîáðàæåíèå F (p) = 1/p. Ñëåäîâàòåëüíî,

θ(t) 
 1

p
. (4)

Äëÿ ôóíêöèè f(t), óäîâëåòâîðÿþùåé óñëîâèÿì 1) è 3), ôóíêöèÿ θ(t) · f(t) ÿâëÿåòñÿ

îðèãèíàëîì. Îáû÷íî â ýòîì ïðîèçâåäåíèè ìíîæèòåëü θ(t) îïóñêàþò, ñ÷èòàÿ ôóíêöèþ

f(t) ðàâíîé íóëþ ïðè t < 0 . Òîãäà ðàâåíñòâî (4) ìîæíî ïåðåïèñàòü â âèäå

1 
 1

p
. (5)
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Ïðåîáðàçîâàíèå Ëàïëàñà îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.

1. Ëèíåéíîñòü.

Åñëè f(t) 
 F (p) è g(t) 
 G(p), òî äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë λ è µ

λf(t) + µg(t) 
 λF (p) + µG(t). (6)

2. Ïîäîáèå.

Åñëè f(t) 
 F (p), òî äëÿ ëþáîãî α > 0

f(αt) 
 1

α
F
( p
α

)
. (7)

3. Äèôôåðåíöèðîâàíèå îðèãèíàëà

Åñëè f(t), f ′(t), . . . , f (n)(t) - îðèãèíàëû è f(t) 
 F (p), òî

f (n)(t) 
 pnF (p)− pn−1f(0)− pn−2)f ′(0)− · · · − fn−1(0), (8)

ãäå f (k)(0) = lim
t→+0

f (k)(t), k = 0, 1, . . . , n− 1.

4. Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ.

Åñëè f(t) 
 F (p), òî

F (n) 
 (−1)nf(t). (9)

5. Èíòåãðèðîâàíèå îðèãèíàëà.

Åñëè f(t) 
 F (p), òî
t∫

0

f(τ) dτ 
 F (p)

p
. (10)

6. Èíòåãðèðîâàíèå èçîáðàæåíèÿ.

Åñëè f(t) 
 F (p), è f(t)
t
- îðèãèíàë, òî

f(t)

t



∞∫
p

F (τ) dτ (11)
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7. Çàïàçäûâàíèå îðèãèíàëà.

Åñëè f(t) 
 F (p), è f(t) = 0 ïðè t < τ , òî

f(t− τ) 
 e−pτF (p). (12)

8. Èçîáðàæåíèå ïåðèîäè÷åñêîé ôóíêöèè.

Åñëè f(t) 
 F (p), è f(t) ïåðèîäè÷åêàÿ ôóíêöèÿ ñ ïåðèîäîì T , òî

F (p) =

T∫
0

e−ptf(t) dt

1− e−Tp
. (13)

9. Ñìåùåíèå èçîáðàæåíèÿ.

Åñëè f(t) 
 F (p) è λ êîìïëåêñíîå ÷èñëî, òî

eλtf(t) 
 F (p− λ). (14)

10. Èçîáðàæåíèå ñâåðòêè.

Îïðåäåëåíèå 2.3 Câåðòêîé ôóíêöèé íàçûâàåòñÿ ôóíêöèÿ, êîòîðàÿ îáîçíà÷à-

åòñÿ (f ∗ g) è îïðåäåëÿåòñÿ ðàâåíñòâîì

(f ∗ g)(t) =
t∫

0

f(τ)g(t− τ) dτ.

Åñëè f(t) 
 F (p) è g(t) 
 G(p), òî

(f ∗ g)(t) 
 F (p)G(p). (15)
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3. Âîññòàíîâëåíèå îðèãèíàëà ïî èçîáðàæåíèþ

1. Ôîðìóëà îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà � ôîðìóëà Ìåë-

ëèíà.

Òåîðåìà 3.1. Ïóñòü ôóíêöèÿ f(t) � îðèãèíàë, F (p) � åãî èçîáðàæåíèå. Åñëè

ôóíêöèÿ f(t) íåïðåðûâíà â òî÷êå t è èìååò â ýòîé òî÷êå êîíå÷íûå îäíîñòîðîííèå

ïðîèçâîäíûå, òî

F (p) =

∞∫
0

e−ptf(t) dt

Èíòåãðàë áåðåòñÿ âäîëü ëþáîé ïðÿìîé Re(p) = b > α0 , ãäå α0 � ïîêàçàòåëü ðîñòà

ôóíêöèè è ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ.

2. Óñëîâèÿ ñóùåñòâîâàíèÿ îðèãèíàëà.

Òåîðåìà 3.2. Ïóñòü ôóíêöèÿ F (p) ðåãóëÿðíà â ïîëóïëîñêîñòè Re(p) > α0 è

óäîâëåòâîðÿåò óñëîâèÿì:

1. Èíòåãðàë
+∞∫
−∞

|F (b+ iσ)| dσ ñõîäèòñÿ ïðè ëþáîì b > α ;

2. M(R) = max
p∈ΓR

|F (p)| → 0 ïðè R → ∞ , ãäå ΓR � äóãà îêðóæíîñòè |p| = R,

Re(p) ≥ b > α.

Òîãäà F (p) � èçîáðàæåíèå ôóíêöèè

f(t) =
1

2πi

b+i∞∫
b−i∞

eptF (p) dp, (16)

ãäå b > α, èíòåãðàë ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ.

3. Òåîðåìû ðàçëîæåíèÿ.

Òåîðåìà 3.3. Ïóñòü ôóíêöèÿ F (p) ðåãóëÿðíà â òî÷êå p = ∞ , F (∞) = 0 è

ïóñòü ðÿä Ëîðàíà â îêðåñòíîñòè òî÷êè p = ∞ èìååò âèä

F (p) =
∞∑
n=1

an

pn
. (17)

Òîãäà îðèãèíàëîì ôóíêöèè ÿâëÿåòñÿ ôóíêöèÿ

f(t) =
∞∑
0

an+1

n!
. (18)

Ñïðàâåäëèâà îáðàòíàÿ òåîðåìà:
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Òåîðåìà 3.4. Åñëè f(t) = θ(t)g(t) � îðèãèíàë, ãäå g(t) öåëàÿ ôóíêöèÿ ýêñïîíåí-

öèàëüíîãî òèïà, òî åå èçîáðàæåíèå åñòü ôóíêöèÿ, ðåãóëÿðíàÿ â áåñêîíå÷íî óäà-

ëåííîé òî÷êå.

Òåîðåìà 3.5. Ïóñòü ìåðîìîðôíàÿ ôóíêöèÿ F (p) ðåãóëÿðíà â ïîëóïëîñêîñòè

Re(p) > α è óäîâëåòâîðÿåò óñëîâèÿì:

1. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü îêðóæíîñòåé

Cn : |p| = Rn, R1 < R2 < · · · , < Rn → ∞ (n → ∞)

òàêàÿ, ÷òî max
p∈Cn

|F (p)| → 0 (n → ∞);

2. Ïðè ëþáîì a > α èíòåãðàë
∞∫

−∞
|F (a+ iσ)| dσ ñõîäèòñÿ. Òîãäà F (p) � èçîáðà-

æåíèå îðèãèíàëà

f(t) =
∑
(pk)

Res
p=pk

[F (p)ept], (19)

ãäå ñóììà áåðåòñÿ ïî âñåì ïîëþñàì ôóíêöèè F (p).

3. Åñëè

F (p) =
An(p)

Bm(p)
,

ãäå An(p), Bm(p) � ìíîãî÷ëåíû ñòåïåíè m è n ñîîòâåòñòâåííî, íå èìåþùèå

îáùèõ íóëåé è n < m , òî

f(t) =
l∑

k=1

1

(mk − 1)!

dmk−1

dpmk−1
{F (p)ept(p− pk)

mk}|p=pk , (20)

ãäå p1, p2, . . . , pl � ðàçëè÷íûå íóëè ìíîãî÷ëåíà Bm(p), mk � êðàòíîñòü íóëÿ

pk .

4. Êðàòêàÿ òàáëèöà ïðåîáðàçîâàíèé Ëàïëàñà.

�� Îðèãèíàë f(t) Èçîáðàæåíèå F (p)

1. 1 1
p

2. tn n!
pn+1

3. eλt 1
p− λ
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4. tneλt n!
(p− λ)n+1

5. cos(ωt)
p

p2 + ω2

6. sin(ωt) ω
p2 + ω2

7. eλt cos(ωt)
p− λ

(p− λ)2 + ω2

8. eλt sin(ωt) ω
(p− λ)2 + ω2

9. t sin(ωt)
2ωp

(p2 + ω2)2

10. t cos(ωt)
p2 − ω2

(p2 + ω2)2

11. sh(ωt) ω
p2 − ω2

12. ch(ωt)
p

p2 − ω2

13. 1√
πt

1√
p

14. 2
√

t
π

1√
p3

15. 2ntn−1/2

(2n− 1)!!
√
π

1
pn+1/2

16. tβ, (β > −1)
Γ(β + 1)

pβ+1
(Re(p) > 0)

17. δh(t) =


1
h
, t ∈ (0, h)

0, t /∈ [0, h]

1− e−ph

ph

18. tβ−1eat (β > 0)
Γ(β)

(p− a)β

19. eat − ebt

a− b
1

(p− a)(p− b)

20. aeat − bebt

a− b

p

(p− a)(p− b)

21.
(b− c)eat + (c− a)ebt + (a− b)ect

(a− b)(b− c)(c− a)
1

(p− a)(p− b)(p− c)

22.
1− cos(ωt)

ω2
1

p(p2 + ω2)

23.
ωt− sin(ωt)

ω3
1

p2(p2 + ω2)

24.
sin(ωt)− ωt cos(ωt)

2ω3
1

(p2 + ω2)2
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�� Îðèãèíàë f(t) Èçîáðàæåíèå F (p)

25.
t sin(ωt)

2ω

p

(p2 + ω2)2

26.
sin(ωt) + ωt cos(ωt)

2ω

p2

(p2 + ω2)2

27. t cos(ωt)
p2 − ω2

(p2 + ω2)2

28.
cos(at)− cos(bt)

b2 − a2
p

(p2 + a2)(p2 + b2)

29. a
2
√
πt3

e−
a2

4t e−a
√
p (a ≥ 0)

30. erfc a
2
√
t

1
p

e−a
√
p (a ≥ 0)

Çäåñü

Γ(β + 1) =

+∞∫
0

e−xxβ dx - Ãàììà-ôóíêöèÿ

è

erfc(x) =
2
√
π

+∞∫
x

e−x2

dx.

Áîëåå ïîäðîáíûå òàáëèöû ñì. â ñïèñêå ëèòåðàòóðû.

5. Ïðèìåðû

Çàäà÷à � 1. Íàéòè èçîáðàæåíèå îðèãèíàëà

f(t) =


sin(t), 0 < t < π

4 ;

cos(t), π
4 ≤ t < π

2 ;

0, t ≥ π
2 .

Èçîáðàæåíèå èùåì íåïîñðåäñòâåííî ïî îïðåäåëåíèþ èçîáðàæåíèÿ

F (p) =

∫ +∞

0

e−ptf(t) dt =

∫ π/4

0

e−pt sin(t) dt+

∫ π/2

π/4

e−pt cos(t) dt =

=
1

p2 + 1

(
1−

√
2e−

π
4
p + e−

π
2
p
)
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Çàäà÷à � 2. Íàéòè îðèãèíàë f(t) ïî èçîáðàæåíèþ F(p)

F (p) =
1

p4 − 16
+ e

− 1
p2 − 1.

Ïðåäñòàâèì èçîáðàæåíèå â âèäå

F (p) =
1

8

(
1

p2 − 4
− 1

p2 + 4

)
+

∞∑
n=1

(−1)n
1

n!p2n
.

Èñïîëüçóÿ òåîðåìû ðàçëîæåíèé è òàáëèöó èçîáðàæåíèé, ïîëó÷èì

f(t) =
1

8

(
1

4
(sh(2t)− sin(2t)) +

∞∑
n=1

(−1)n
t2n−1

n!(2n− 1)!

)
.

Çàäà÷à � 3. Ðåøèòü çàäà÷ó Êîøè

x′(t) + ax(t) = t2 − sin(2t), x(0) = 1.

Ïóñòü X(t) - èçîáðàæåíèå ôóíêöèè x(t). Òîãäà, ïåðåõîäÿ ê èçîáðàæåíèÿì â äàííîì

óðàâíåíèè, ïîëó÷èì

pX(p)− 1 + aX(p) =
2

p3
− 2

p2 + 4
.

Îòñþäà

X(p) =
1

p+ a

(
1 +

2

p3
− 2

p2 + 4

)
.

Ðàçëîæèì ïðàâóþ ÷àñòü íà ñóììó ïðîñòåéøèõ äðîáåé:

X(p) =
1

p+ a
+

2

ap3
− 2

a2p2
+

2

a3p
− 2

a3(p+ a)
−

− 2

a2 + 4

(
1

p+ a
+

a

p2 + 4
− p

p2 + 4

)
.

Ïîëüçóÿñü òàáëèöåé ïðåîáðàçîâàíèÿ Ëàïëàñà, ïîëó÷èì

x(t) = e−at +
1

a
t2 − 2

a2
t+

2

a3
− 2

a3
e−at−

− 2

a2 + 4

(
e−at +

a

2
sin(2t)− cos(2t)

)
.
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Çàäà÷à � 4. Ðåøèòü çàäà÷ó Êîøè

x′′(t)−2x′(t)+3x(t) = e2t
(
4t2 + t+ 3− 12 cos(3t)

)
, x(0) = 2, x′(0) = 0.

Ïåðåõîäèì ê èçîáðàæåíèÿì:(
p2X(p)− 2p

)
− 2 (pX(p)− 2) + 3X(p) =

6

(p− 2)3
+

1

(p− 2)2
+

3

p− 2
− 12

p− 2

(p− 2)2 + 9
.

Îòñþäà

X(p) =
1

p2 − 2p+ 3

[
2(p−2)+

6

(p− 2)3
+

1

(p− 2)2
+

3

p− 2
−12

p− 2

(p− 2)2 + 9

]
.

Ðàçëàãàÿ íà ñóììó ïðîñòåéøèõ äðîáåé, ïîëó÷èì:

X(p) =
2

(p− 2)3
− 1

(p− 2)2
+

1

p− 2
+

p− 2

(p− 2)2 + 9
− 3

(p− 2)2 + 9
.

Èñïîëüçóÿ òàáëèöû ïðåîáðàçîâàíèé Ëàïëàñà, ïîëó÷èì îðèãèíàë:

x(t) = e2t
(
t2 − t+ 1 + cos(3t)− sin(3t)

)
.

Çàäà÷à � 5. Ðåøèòü çàäà÷ó Êîøè

x′′′(t) + x′′(t) + 6x′(t) + 8x(t) = (2t− 6) sin(2t) + 4(t+ 1) cos(2t) + 8,

x(0) = 1, x′(0) = 0, x′′(0) = 4.

Ïåðåõîäèì ê èçîáðàæåíèÿì:

(p3X(p)− p2 − 4) + (p2X(p)− p) + 6(pX(p)− 1) =

= −6
2

p2 + 4
+ 4

4p

(p2 + 4)2
+ 4

p

p2 + 4
+ 4

p2 − 4

(p2 + 4)2
+

8

p
.

Îòñþäà

X(p) =
p(p2 + 4)2(p2 + p+ 10) + p(p2 + 4)(4p− 12) + 4p3 + 16p2 − 16p+ 8(p2 + 4)2

p((p2 + 4)2)(p3 + p2 + 6p+ 8)
.

Ðàçëàãàÿ íà ñóììó ïðîñòåéøèõ äðîáåé, ïîëó÷èì:

X(p) = 2
2p

(p2 + 4)2
+

1

p
.
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Ïåðåõîäÿ ê îðèãèíàëàì, ïîëó÷èì

x(t) = t sin(2t) + 1.

Çàäà÷à � 6. Ðåøèòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

x′(t) + y(t) = 0, y′(t)− x(t) = 0, x(0) = 1, y(0) = 1.

Ïåðåõîäèì ê èçîáðàæåíèÿì:

pX(p) + Y (p) = 1, pY (p)−X(p) = 1.

Ðåøåíèå ñèñòåìû èìååò âèä:

X(p) =
p− 1

p2 + 1
, Y (p) =

p+ 1

p2 + 1
.

Íàõîäèì îðèãèíàëû:

x(t) = cos(t)− sin(t), x(t) = cos(t) + sin(t).

Çàäà÷à � 7. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà

y(t) = sin(3t) +

∫ t

0

sh(t− s)y(s)ds,

Ïóñòü f(t) = sin(3t) K(t) = sh(t).

Òîãäà f(t) 
 F (p) = 3
p2 + 9

, K(t) 
 G(p) = 1
p2 − 1

. Èíòåãðàë â óðàâíåíèè

ÿâëÿåòñÿ ñâåðòêîé ôóíêöèé K(t) è y(t) . Èçîáðàæåíèå ñâåðòêè ðàâíÿåòñÿ ïðîèçâåäåíèþ

èçîáðàæåíèé. Ïîýòîó, ïåðåõîäÿ ê èçîáðàæåíèÿì â óðàâíåíèè, ïîëó÷èì:

Y (p) = F (p) +G(p) ∗ Y (p),

îòêóäà

Y (p) =
F (p)

1−G(p)
=

3(p2 − 1)

(p2 + 9)(p2 − 2)
=

3

11

(
10

3

3

p2 + 9
+

1√
2

√
2

p2 − 2

)
.

Ïåðåõîäèì ê îðèãèíàëàì:

y(t) =
10

11
sin(3t) +

3

11
√
2

sin(t).
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Çàäà÷à � 8. Íàéòè ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
= a2

∂2u

∂x2
, t > 0, −1 < x < 1

u(0,x) = x− 1, u(t,1) = 1,
∂u

∂x
(t,0) = −a2.

Ïåðåõîäèì ê èçîáðàæåíèÿì:

pU(p, x)− (x− 1) = a2U(p, x), U(p, 1) =
1

p
,

∂U

∂x
(p, 0) = −a2

p
.

Áóäåì èñêàòü ðåøåíèå ýòîé çàäà÷è â âèäå

U(p, x) = −a2

p
(x− 1) + V (p, x),

Òîãäà äëÿ V (p, x) ïîëó÷èì çàäà÷ó:

∂2V

∂x2
− a2

p
V = 0, V (p, 1) =

1

p
,

∂V

∂x
(p, 1) = 0

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä V (p, x) = Ae
√

p

a
x + Be−

√
p

a
x . Äëÿ îïðåäåëåíèÿ

è èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì ñèñòåìó

Ae
√

p

a +Be−
√

p

a =
1

p
,

√
p

a
(A−B) = 0.

Îòñþäà

A = B =
1

p

1

e
√

p

a + e−
√
p

a

Òàêèì îáðàçîì,

U(p, x) = −a2

p
(x− 1) +

1

p

1

e
√

p

a + e−
√
p

a

(
e

√
p

a
x + e−

√
p

a
x
)

Èñïîëüçóÿ ãåîìåòðè÷åñêèé ðÿä
1

1− q
=

∞∑
n=0

qn,

ðàçëîæèì ôóíêöèþ U(p, x) â ðÿä:

U(p, x) = −a2

p
(x− 1) +

1

p

1

1 + e−2
√

p

a

(
e

√
p

a
(x−1) + e−

√
p

a
(x+1)

)
=

= −a2

p
(x− 1) +

1

p

∞∑
n=0

(−1)n
(
e−

√
p

a
(−x+1+2n) + e−

√
p

a
(x+1+2n)

)
.

Ïåðåõîäèì ê îðèãèíàëàì:

u(t, x) = −a2(x− 1) +
∞∑
n=0

(−1)n
(
erfc

(
−x+ 2n+ 1

2a
√
t

)
+ erfc

(
x+ 2n+ 1

2a
√
t

))
,
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ãäå

erfc(s) =
2
√
π

∞∫
s

e−x2

dx.

Çàäà÷à � 9. Ðåøèòü çàäà÷ó î êîëåáàíèè ñòðóíû (0 < x < L) ñ

çàêðåïëåííûìè êîíöàìè ïðè çàäàííîì íà÷àëüíîì îòêëîíåíèè è

íà÷àëüíîé ñêîðîñòè:

∂2u

∂t2
= a2

∂2u

∂x2
t > 0, 0 < x < L

u(t, 0) = u(t, L) = 0, u(0, x) = u0(x) = sin

(
π

L
x

)
,

∂u

∂t
(0, x) = u1(x) = 2 sin

(
2π

L
x

)
.

Ïåðåõîäèì ê èçîáðàæåíèÿì:

p2U(p, x)− pu0(x)− u1(x) = a2Uxx(p, x), U(p, 0) = U(p, L) = 0.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä:

U0(p, x) = C ch

(
p

a
x

)
+D sh

(
p

a
x

)
.

×àñòíîå ðàåøåíèå èùåì â âèäå

V (p, x) = c sin

(
π

L
x

)
+ d sin

(
2π

L
x

)
.

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå, ïîëó÷èì

c =
p

p2 +

(
aπ

L

)2 , d =
2

p2 +

(
2aπ

L

)2 .

Òàêèì îáðàçîì, îáùåå ðåøåíèå çàäà÷è èìååò âèä

U(p, x) = U0(p, x) + V (p, x) =

= C ch

(
p

a
x

)
+D sh

(
p

a
x

)
+

p

p2 +

(
aπ

L

)2 sin

(
π

L
x

)
+

2

p2 +

(
2aπ

L

)2 sin

(
2π

L
x

)
.

Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò C = D = 0. Òàêèì îáðàçîì,

U(p, x) =
p

p2 +

(
aπ

L

)2 sin

(
π

L
x

)
+

2

p2 +

(
2aπ

L

)2 sin

(
2π

L
x

)
.

Ïåðåõîäèì ê îðèãèíàëàì

u(t, x) = cos

(
aπ

L
t

)
sin

(
π

L
x

)
+

(
L

aπ

)
sin

(
2aπ

L
t

)
sin

(
2π

L
x

)
.
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6. Âàðèàíòû êîíòðîëüíûõ ðàáîò

Çàäà÷à � 1. Íàéòè èçîáðàæåíèå îðèãèíàëà

f(t) =



0, t<0;

f1(t), t<1;

f2(t), 1<t<2;

f3(t), 2<t<3;

f4(t), t>3;

� âàð. f1(t) f2(t) f3(t) f4(t)

1. t-1 0 t-2 0

2. 0 t-1 3-t 0

3. 0 -b b b

4. t-1 1 t-2 0

5. 2b -b -b 0

6. t t-2 2-t 0

7. -2b -1 t-2 b

8. t 1-t t-2 -1

9. -1 1 1 -1

10. t -1 3-t t-2

� âàð. f1(t) f2(t) f3(t) f4(t)

11. 1-t -2b t-2 3-t

12. -b -1 -b 3

13. -t t-2 3-t 3-t

14. -t t-1 -1 2t-1

15. t-1 -t 3-t -t

16. 2-t 0 3-t 3-t

17. 0 3t-1 -t 4t

18. 1-t t-6 4t -t

19. 3-t -2 -t 2-t

20. t-2 3-t t-2 t
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Çàäà÷à � 2. Íàéòè îðèãèíàë f(t) ïî èçîáðàæåíèþ F(p)

� âàð. F(p) � âàð. F(p)

1.
3p− 2

(p− 1)(p2 − 6p+ 10)
2.

2− p

(p− 1)(p2 − 4p+ 5)

3.
2

(p+ 1)(p2 + 2p+ 2)
4.

2− p

(p)(p2 − 2p+ 5)

5.
2p+ 3

(p− 1)(p2 − p+ 1)
6.

2− 3p

(p− 2)(p2 − 4p+ 5)

7.
1− p

(p)(p2 + 3p+ 3)
8.

5p

(p+ 2)(p2 − 2p+ 2)

9.
1

(p− 2)(p2 + 2p+ 3)
10.

5

(p− 1)(p2 + 4p+ 5)

11.
e−p/2

(p2 + 1)(p2 + 2)
12.

p

(p1 + 1)(p2 − 2)

13.
1

(p3)(p2 − 4)
14.

1

(p)(p3 + 1)

15.
3p+ 2

(p+ 1)(p2 + 4p+ 5)
16.

1

(p)(p2 + p+ 1)

17.
p

(p2 + 1)(p2 + 4)
18.

p+ 5

(p+ 1)(p2 − 2p+ 5)

19.
1

(p2)(p2 + 1)
20.

p+ 3

(p)(p2 + 2p+ 3)

Çàäà÷à � 3. Ðåøèòü çàäà÷ó Êîøè

x′(t) + nx(t) = f(t), x(0) = n,

ãäå n - íîìåð âàðèàíòà.

� f(t) � f(t) � f(t) � f(t)

1. 1 + t cos(2t) 2. t− t sin(2t) 3. et + 2t2 4. t6 − 2

5. t8 − ch(t) 6. t8 + et sin(t) 7. t4 + 2t sin(3t) 8. t5 − tet

9. t2 + sh(t) 10. 1− ch(t) 11. 2t2 − sh(t) 12. t7 + t2e−2t

13. tet + 1 14. t7 − sin(3t) 15. t5 + ch(t) 16. t3 − 2e−3t

17. t− cos(2t) 18. t3 + te−2t 19. t6 + cos(−2t) 20. t4 − et cos(t)
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Çàäà÷à � 4. Ðåøèòü çàäà÷ó Êîøè

x′′(t) + ax′(t) + bx(t) = f(t), x(0) = x0, x′(0) = x1.

� âàð. a b f(t) x0 x1

1. -3 -4 1 0 -1

2. 0 -4 t 1 1

3. 2 -3 −t -1 0

4. -2 -3 t2 2 0

5. -6 8 et -2 3

6. 2 -8 −et 3 1

7. -2 -8 sin(t) -3 6

8. -8 12 cos(t) 4 5

9. 4 -12 sin(2t) -4 -2

10. -4 -12 cos(2t) 3 0

� âàð. a b f(t) x0 x1

11. -2 1 0 -1 0

12. 0 -1 5t 0 1

13. -3 2 −t2 2 3

14. 0 1 tet -1 -2

15. 0 4 −tet 1 -3

16. -11 30 −t2e−t 2 -4

17. -1 -6 t sin(t) -2 0

18. 1 -6 −t cos(2t) 3 0

19. -5 4 sh(t) 0 1

20. 3 -4 ch(t) -1 0

Çàäà÷à � 5. Ðåøèòü çàäà÷ó Êîøè

x′′′(t) + ax′′(t) + bx′(t) + cx(t) = f(t),

x(0) = x0, x′(0) = x1, x′′(0) = x2.

� âàð. a b c f(t) x0 x1 x2

1. -2 1 0 2t 0 -1 0

2. -1 0 0 −3t 0 1 -1

3. 1 0 0 0 -1 -1 2

4. 2 1 0 sh(t) 0 1 2

5. -3 3 -1 ch(t) 2 0 -1

6. 1 -1 1 −t2 0 0 2

7. -1 -1 1 −t -2 1 0

8. 0 -3 2 2 1 -1 2

9. 3 0 2 te−t -1 0 2

10. 0 -3 2 tet 0 2 -1

� âàð. a b c f(t) x0 x1 x2

11. 2 -4 4 e−t -1 1 2

12. -2 -4 4 et 3 1 0

13. -6 12 -4 sin(t) 0 -2 1

14. 6 12 -4 cos(t) -1 -1 2

15. -1 -5 3 −t2 1 0 -1

16. -5 3 3 t2 1 -1 0

17. -4 4 0 −t 0 2 1

18. 4 4 0 t -2 0 1

19. -5 7 -3 1 -1 1 2

20. -7 15 -3 0 1 -1 0
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Çàäà÷à � 6. Ðåøèòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

x′(t) + ay(t) = 0, y′(t) + cx(t) = 0, x(0) = b, y(0) = d.

� âàð. a b c d

1. -2 1 2 1

2. -1 2 -1 2

3. 1 -1 -4 3

4. 2 1 -2 4

5. -3 3 3 5

6. 1 -1 -1 6

7. -1 -1 1 7

8. -2 -3 2 8

9. 3 4 -3 9

10. 4 -3 -4 10

� âàð. a b c d

11. -2 1 2 11

12. -1 -1 4 12

13. 1 3 -9 13

14. 2 1 -8 14

15. -3 3 3 15

16. 1 -1 -1 16

17. -1 -1 1 17

18. 4 -3 -4 18

19. 3 4 -3 19

20. 9 -3 -1 20

Çàäà÷à � 7. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà

y(t) = a+ bt+

∫ t

0

ec(t−s)y(s)ds,

� âàð. a b c

1. -2 1 2

2. -1 2 -1

3. 1 3 -4

4. 2 4 -2

5. -3 5 3

6. 1 6 -1

7. -1 7 1

8. -2 8 2

9. 3 9 8

10. 4 10 -5

� âàð. a b c

11. 2 11 2

12. -1 12 1

13. -2 13 2

14. 3 14 3

15. -1 15 1

16. 1 7 16

17. 2 8 17

18. -3 18 6

19. -10 19 -2

20. 1 20 4
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Çàäà÷à � 8. Íàéòè ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
= a2

∂2u

∂x2
, t > 0, −L < x < L

u(0,x) = bx+ c, u(t,L) = u0,
∂u

∂x
(t,0) = 0.

� âàð. L b c u0

1. 1 1 0 0

2. 2 2 1 1

3. 3 -3 4 0

4. 4 4 3 4

5. 5 -5 4 9

6. 6 6 -4 16

7. 7 3 3 25

8. 8 -1 6 36

9. 9 -2 -10 49

10. 10 4 3 64

� âàð. L b c uo

11. 11 -4 -3 0

12. 12 2 2 4

13. 13 0 -2 -4

14. 14 -1 6 2

15. 15 -4 1 3

16. 16 6 0 6

17. 17 8 -5 -6

18. 18 -3 9 -20

19. 19 -4 -3 4

20. 20 9 2 -6

Çàäà÷à � 9. Ðåøèòü çàäà÷ó î êîëåáàíèè ñòðóíû (0 < x < L) ñ

çàêðåïëåííûìè êîíöàìè ïðè çàäàííîì íà÷àëüíîì îòêëîíåíèè è

íà÷àëüíîé ñêîðîñòè:

∂2u

∂t2
= a2

∂2u

∂x2
t > 0, 0 < x < L

u(t,0) = u(t,L) = 0, u(0,x) = u0,
∂u

∂t
(0,x) = u1(x).

� âàð. L u0 u1

1. 1 sin(πx) 0

2. 2 2 sin(πx
2
) 0

3. 3 −2 sin(2πx
3
) 0

4. 4 −3 sin(3πx
4
) 0

5. 5 3 sin(2πx
5
) 0

6. 6 −4 sin(5πx
6
) 0

7. 7 4 sin(2πx
7
) 0

8. 8 5 sin(3πx
8
) 0

9. 9 −5 sin(πx
9
) 0

10. 10 6 sin(3πx
10

) 0

� âàð. L u0 u1

11. 11 0 2 sin(πx
11
)

12. 12 0 3 sin(3πx
12

)

13. 13 0 4 sin(4πx
13

)

14. 14 0 5 sin(5πx
14

)

15. 15 0 6 sin(7πx
15

)

16. 16 0 7 sin(3πx
16

)

17. 17 0 8 sin(2πx
17

)

18. 18 0 −2 sin(5πx
18

)

19. 19 0 5 sin(πx
19
)

20. 20 0 −3 sin(πx
20
)
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