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τ→t−0 x(τ) ¨ x(t + 0) _= lim
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R
(a, b) ℄ ®¡®-§ ç¨¬ ¯®¤¯à®áâà áâ¢® ¢ G , á®áâ®ïé¥¥ ¨§ ¥¯à¥àë¢ëå á«¥¢ [ á¯à ¢  ℄ ¯à¥àë¢¨áâëå äãªæ¨©. �¥à¥§ Glo0 _=Glo0 (a, b) ®¡®§ -ç¨¬ ¯à®áâà áâ¢® äãªæ¨© x : K → C â ª¨å, çâ® ¤«ï «î¡®£®®âà¥§ª  [α, β℄ ⊂ K áã�¥¨¥ x : [α, β℄ → C ¯à¨ ¤«¥�¨â G0 [α, β℄(£¤¥ G0 [α, β℄ | íâ® ¯à®áâà áâ¢® â ª¨å äãªæ¨© x : [α, β℄ → C ,çâ® ¯à¨ «î¡®¬ ε > 0 ¬®�¥áâ¢® {t ∈ [α, β℄ : |x(t)| > ε} á®-áâ®¨â ¨§ ª®¥ç®£® ç¨á«  â®ç¥ª). �®£« á® [1, . 19℄ ¤«ï «î¡ëå

x ∈ Glo0 ¨ t ∈ K á¯à ¢¥¤«¨¢® x(t − 0) = x(t + 0) = 0 , ¯®íâ®¬ãGlo0 ⊂ G . �®«¥¥ â®£®, á¯à ¢¥¤«¨¢® ãâ¢¥à�¤¥¨¥ ® â®¬, çâ® äãª-æ¨ï x ∈ G ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë3



x = x
L
+ x0 ¤¢ãå äãªæ¨© x
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¨ x0 ∈ Glo0 . �¨¬¬¥âà¨ç-®¥ ¯à¥¤áâ ¢«¥¨¥ x = x

R
+ x0 , £¤¥ x

R
∈ G

R
, x0 ∈ Glo0 , â ª�¥¨¬¥¥â ¬¥áâ®. Ǒà¨ íâ®¬ ®¯¥à â®àë P : x(t) → x

L
(t) _= x(t − 0) ¨Q : x(t) → x

R
(t) _=x(t + 0) ï¢«ïîâáï ¯à®¥ªâ®à ¬¨ ¢ G . �ë  -§ë¢ ¥¬ äãªæ¨¨ x, y ∈ G íª¢¨¢ «¥âë¬¨ ¨ ¯¨è¥¬ x ∼ y , ¥á«¨

x − y ∈ Glo0 . �ç¥¢¨¤®, Px ∼ x ∼ Qx ¤«ï «î¡ëå x ∈ G .�¥à¥§ BVlo _=BVlo(a, b) ®¡®§ ç¨¬ ¯à®áâà áâ¢® äãªæ¨©«®ª «ì® ®£à ¨ç¥®© ¢ à¨ æ¨¨,   ç¥à¥§ CBVlo _=CBVlo(a, b)| ¥£® ¯®¤¯à®áâà áâ¢®, á®áâ®ïé¥¥ ¨§ ¥¯à¥àë¢ëå äãªæ¨©.�ª«îç¥¨¥ BVlo ⊂ G å®à®è® ¨§¢¥áâ®.Ǒà®áâà áâ¢® D _=D(a, b) , á®áâ®ïé¥¥ ¨§ ä¨¨âëå äãªæ¨©¯à®áâà áâ¢  CBVlo,  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ ®á®¢ëå äãª-æ¨©. � ¥¬ ®¯à¥¤¥«¥® ¯®ïâ¨¥ áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨:£®¢®à¨¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© {ϕn} , ϕn ∈ D , áå®-¤¨âáï ª äãªæ¨¨ ϕ ∈ D (¨ ¯¨è¥¬ ϕn
D−→ϕ ), ¥á«¨ ã ¢á¥å äãª-æ¨© ϕn ¨ ϕ ¥áâì ®¡é¨© ®á¨â¥«ì [α, β℄ ⊂ K ¨ Var[α,β℄ (ϕn−ϕ)→

n
0 .�¥à¥§ D ′ ®¡®§ ç¨¬ ¯à®áâà áâ¢® «¨¥©ëå ¥¯à¥àë¢ëåäãªæ¨® «®¢ ℓ : D → C (¥¯à¥àë¢®áâì ®§ ç ¥â, çâ® áå®¤¨-¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ®á®¢ëå äãªæ¨© ϕn

D−→ϕ ¢«¥ç¥âáå®¤¨¬®áâì (ℓ, ϕn)−→
n

(ℓ, ϕ) ),   ¥£® í«¥¬¥âë  §®¢¥¬ ®¡®¡é¥-ë¬¨ äãªæ¨ï¬¨ (à á¯à¥¤¥«¥¨ï¬¨). �á«¨ x ∈ G , â® ¢ D ′ ®¯à¥-¤¥«¥ë «¨¥©ë¥ ¥¯à¥àë¢ë¥ äãªæ¨® «ë(x, ϕ) _= ∫
K

ϕ(t)x(t) dt ¨ ( _x, ϕ) _= ∫
K

ϕdx, (1.1)£¤¥ ¢â®à®© äãªæ¨® « § ¤  ç¥à¥§ ¨â¥£à « �¨¬  {�â¨«âì¥á (® áãé¥áâ¢ã¥â [2; 3℄) ¨  §ë¢ ¥âáï ®¡®¡é¥®© ¯à®¨§¢®¤®©.� ¥ ® à ¥ ¬   1.1. [4, â¥®à¥¬  8.2℄. �ãªæ¨ï x ∈ G ï¢«ï-¥âáï à¥è¥¨¥¬ ®¡®¡é¥®£® ãà ¢¥¨ï ( _x, ϕ) ≡ 0 â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  x ∼ onst . �¥¯à¥àë¢ ï äãªæ¨ï x ∈ C ï¢«ï¥â-áï à¥è¥¨¥¬ ®¡®¡é¥®£® ãà ¢¥¨ï ( _x, ϕ) ≡ 0 â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  x = onst . 4



Ǒãáâì X ⊆ G | ¯à®¨§¢®«ì®¥ ¬®�¥áâ¢®. Ǒà®¨§¢®«ìë¥®¯¥à â®à V : X → G ¨ äãªæ¨ï x ∈ X ¯®à®�¤ îâ ¢ D «¨¥©-ë© ¥¯à¥àë¢ë© äãªæ¨® « ( _V x,ϕ) _= ∫
K

ϕdVx , ¯®íâ®¬ã ¬®�-® áâ ¢¨âì ¢®¯à®á ® à §à¥è¨¬®áâ¨ ãà ¢¥¨ï ( _V x,ϕ) ≡ 0 . �á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.1 à ¢¥áâ¢® ( _V x,ϕ) = 0 á¯à ¢¥¤«¨¢®¯à¨ ¢á¥å ϕ ∈ D â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x ∈ X ¨ V x ∼ onst .� ª¨¬ ®¡à §®¬, ¯à®æ¥¤ãà  à¥è¥¨ï ãà ¢¥¨ï ( _V x,ϕ) ≡ 0 á¢®-¤¨âáï ª à¥è¥¨î á®¢®ªã¯®áâ¨ ãà ¢¥¨© {
V x = c+ r
x ∈ X

¯à¨¢á¥¢®§¬®�ëå ¯ à ¬¥âà å c ∈ C ¨ r ∈ Glo0 .Ǒà®¨§¢®«ìë¥ ®¯¥à â®à F : X → G ¨ â®çª  α ∈ K ¯®à®-�¤ îâ ®¢ë© ®¯¥à â®à V : X → G , (V x)(t) _= x(t)− t∫
α
(Fx)(s) ds ,¤«ï ª®â®à®£® ãà ¢¥¨¥ ( _V x,ϕ) ≡ 0 (á®£« á® (1.1) ®® à ¢®-á¨«ì® ãà ¢¥¨î ( _x, ϕ) ≡ (Fx,ϕ) ¨«¨ ¢ á¨¬¢®«¨ç¥áª®© § ¯¨á¨_x = Fx ) íª¢¨¢ «¥â® á®¢®ªã¯®áâ¨ ãà ¢¥¨©





x(t)− t∫
α
(Fx)(s) ds = c+ r(t)

x ∈ X

∀ c ∈ C ∀ r ∈ Glo0 . (1.2)Ǒà¥¤¯®«®�¨¬, çâ® ¯à¨ ¥ª®â®àëå c ¨ r ãà ¢¥¨¥ (1.2) à §-à¥è¨¬®, ¨ ¯ãáâì x ∈ X | ª ª®¥-¨¡ã¤ì ¥£® à¥è¥¨¥. � ª ª ª
Fx ∈ G , â® Fx | «®ª «ì® áã¬¬¨àã¥¬ ï äãªæ¨ï, ¯®íâ®¬ã¯¥à¢®®¡à § ï t∫

α
(Fx)(s) ds «®ª «ì®  ¡á®«îâ® ¥¯à¥àë¢ ,  â ª ª ª r(t − 0) = r(t+ 0) = 0 ¯à¨ ¢á¥å t ∈ K , â®

x(t − 0) = c+ t∫
α
(Fx)(s) ds = x(t + 0), (1.3)¯®íâ®¬ã ¥á«¨ x ¨ ¨¬¥¥â à §àë¢ë, â® ¢á¥ ®¨ ãáâà ¨¬ë¥. �á«¨¥¯à¥àë¢ãî äãªæ¨î, ª®â®à ï ¯®«ãç ¥âáï ¨§ x ãáâà ¥¨¥¬à §àë¢®¢, ®¡®§ ç¨âì ç¥à¥§ y , â® ¯à¨ ¢á¥å t ∈ K ¢ë¯®«¥ë5



à ¢¥áâ¢  y(t) = x(t− 0) = (Px)(t) . �¤¥áì ã¬¥áâ® ®â¬¥â¨âì, çâ®
y | íâ® ¥ ¯à®áâ® ¥¯à¥àë¢ ï äãªæ¨ï,   ¢ á®®â¢¥âáâ¢¨¨ á [5℄®  ï¢«ï¥âáï à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬®© (ª ª ¯¥à¢®®¡à § ï®â ¯à¥àë¢¨áâ®© äãªæ¨¨ Fx ¢ à ¢¥áâ¢¥ (1.3)). �àã£¨¬¨ á«®¢ -¬¨, y ∈ RD _=RD(a, b) . �â¬¥â¨¬ ¥é¥, çâ® á¯à ¢¥¤«¨¢  æ¥¯®çª ¢ª«îç¥¨© C(1) ⊂ RD ⊂ Liplo ⊂ AClo ⊂ C , £¤¥ C(1) , Liplo ,AClo ¨ C | á®®â¢¥âáâ¢¥® ¯à®áâà áâ¢  ¥¯à¥àë¢® ¤¨ää¥-à¥æ¨àã¥¬ëå, «®ª «ì® «¨¯è¨æ¥¢ëå, «®ª «ì®  ¡á®«îâ® ¥-¯à¥àë¢ëå ¨ ¥¯à¥àë¢ëå äãªæ¨©, ®¯à¥¤¥«¥ëå   (a, b) .�¬¥áâ® â ª�¥ ®â¬¥â¨âì, çâ® ¥á«¨ ¨áª âì «¨èì ¥¯à¥àë¢ë¥à¥è¥¨ï (â® ¥áâì x ∈ X ⊆ C ), â® (1.3) ¯à¥¢à é ¥âáï ¢ ãà ¢¥¨¥
x(t) − t∫

α
(Fx)(s) ds = c . �«¥¤®¢ â¥«ì®, x | à¥è¥¨¥ äãªæ¨®- «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _x = Fx (á¬. [6; 7℄), â®¥áâì x ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î x(t) − t∫

α
(Fx)(s) ds = x(α) ¯à¨«î¡®¬ α ∈ K , ¨, â ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï� ¥ ® à ¥ ¬   1.2. Ǒãáâì X ⊆ C , F : X → G | ¯à®¨§-¢®«ìë© ®¯¥à â®à. �¥¯à¥àë¢ ï äãªæ¨ï x ∈ X ï¢«ï¥âáï à¥-è¥¨¥¬ ®¡®¡é¥®£® ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ®  ï¢«ï¥âáï à¥è¥¨¥¬ äãªæ¨® «ì®-¤¨ää¥à¥-æ¨ «ì®£® ãà ¢¥¨ï _x = Fx .� ª¨¬ ®¡à §®¬, ¯à¨ ¯¥à¥å®¤¥ ®â äãªæ¨® «ì®-¤¨ää¥à¥æ¨- «ì®£® ª ®¡®¡é¥®¬ã ãà ¢¥¨î ®¢ëå ¥¯à¥àë¢ëå à¥è¥¨©¯®ï¢¨âìáï ¥ ¬®�¥â, ¢ â® �¥ ¢à¥¬ï, ª ª ¬ë ã¢¨¤¨¬ ¨�¥, ¬®-£ãâ ¯®ï¢¨âìáï ®¢ë¥ ¯à¥àë¢¨áâë¥ à¥è¥¨ï, ¢á¥ â®çª¨ à §àë¢ ª®â®àëå ãáâà ¨¬ë¥.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.1. Ǒãáâì X ⊆ G . �¯¥à â®à F :

X → G  §ë¢ ¥âáï á¨«ìë¬, ¥á«¨ ¬®�¥áâ¢® X â ª®¢®, çâ®Pz ∈ X ¤«ï «î¡®£® z ∈ X ,   á ¬ ®¯¥à â®à F â ª®¢, çâ® íª¢¨¢ -«¥â®áâì u ∼ v ¢«¥ç¥â íª¢¨¢ «¥â®áâì Fu ∼ Fv ¤«ï «î¡ëå
u, v ∈ X . �á«¨ F ¥ ï¢«ï¥âáï á¨«ìë¬, ®  §ë¢ ¥âáï á« ¡ë¬.� ¬¥â¨¬, çâ® ¢ [4℄ ¢ ®¯à¥¤¥«¥¨¥ á¨«ì®£® ®¯¥à â®à  ¬ë ¥6



¢ª«îç «¨ ¯¥à¢®¥ ãá«®¢¨¥. �ç¥¢¨¤®, á¨«ìë© ®¯¥à â®à ¢  áâ®-ïé¥© âà ªâ®¢ª¥ ï¢«ï¥âáï á¨«ìë¬ ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï [4℄.� ¥ ¬ ¬   1.1. Ǒãáâì X ⊆ G . �¯¥à â®à F : X → G ï¢-«ï¥âáï á¨«ìë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® x ∈ Xá¯à ¢¥¤«¨¢® Px ∈ X ¨ FPx ∼ Fx .�á«¨ F | á¨«ìë© ®¯¥à â®à, â® íª¢¨¢ «¥â®áâì Px ∼ x¢«¥ç¥â FPx ∼ Fx . � ¤àã£®© áâ®à®ë, ¥á«¨ u, v ∈ X â ª®¢ë, çâ®
u ∼ v , â® Pu = Pv ¨ Fu ∼ FPu = FPv ∼ Fv .�®¯ãáâ¨¬ ¤ «¥¥, çâ® ®¯¥à â®à F : X → G ¢ á®¢®ªã¯®áâ¨(1.2) | á¨«ìë©, â®£¤  ãà ¢¥¨¥ (1.3) ¯à¨¨¬ ¥â ¢¨¤

y(t)− t∫
α
(Fy)(s) ds = c (1.4)(¯®áª®«ìªã y = Px ∈ X ¨ Fy = FPx ∼ Fx ,   ¢ á®®â¢¥âáâ¢¨¨ á[1, . 19℄ ¯¥à¢®®¡à §ë¥ ®â íª¢¨¢ «¥âëå äãªæ¨© Fy ¨ Fx á®-¢¯ ¤ îâ). �«¥¤®¢ â¥«ì®, äãªæ¨ï y (®  �¥ Px ) ï¢«ï¥âáï à¥-è¥¨¥¬ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y = Fy¨, â ª¨¬ ®¡à §®¬, ¤®ª §   á«¥¤ãîé ï� ¥ ® à ¥ ¬   1.3. Ǒãáâì X ⊆ G , ®¯¥à â®à F : X → G| á¨«ìë©, x ∈ X , y = Px (¯®íâ®¬ã y ∈ X ). �«¥¤ãîé¨¥ãâ¢¥à�¤¥¨ï íª¢¨¢ «¥âë:1) x | à¥è¥¨¥ ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ;2) y ∈ C ∩ X ¨ y | à¥è¥¨¥ ãà ¢¥¨ï ( _y, ϕ) ≡ (Fy, ϕ) ;3) y ∈ C ∩ X ¨ y | à¥è¥¨¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨- «ì®£® ãà ¢¥¨ï _y = Fy ;4) y ∈ RD ∩ X ¨ y | à¥è¥¨¥ ãà ¢¥¨ï ( _y, ϕ) ≡ (Fy, ϕ) ;5) y ∈RD ∩ X ¨ y | à¥è¥¨¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨- «ì®£® ãà ¢¥¨ï _y = Fy .Ǒ à ¨ ¬ ¥ à 1.1. Ǒãáâì ¥¯à¥àë¢ ï äãªæ¨ï f : 
 → C§ ¤     ¯à®¨§¢®«ì®¬ ¬®�¥áâ¢¥ 
 ⊆ R × C ,  

X _= {x ∈ G(K) : (t, x(t)) ∈ 
 ¨ (t, (Px)(t)) ∈ 
 ∀ t ∈ K},7



£¤¥ ¨â¥à¢ « K _= (a, b) â ª®¢, çâ® a > inf(t,x)∈
 t ,   b 6 sup(t,x)∈
 t .�¯¥à â®à F : X → G(K) â ª®©, çâ® (Fx)(t) _= f(t, x(t)) , ï¢«ï-¥âáï á¨«ìë¬. �¥©áâ¢¨â¥«ì®, â ª ª ª P | ¯à®¥ªâ®à G(K) , â®¨¬¯«¨ª æ¨ï x ∈ X =⇒ Px ∈ X ®ç¥¢¨¤ . �«ï «î¡®£® t ∈ Klim
τ→ t−0(τ, x(τ)) = (

t, lim
τ→ t−0 x(τ)) = (

t, (Px)(t)), (1.5)á«¥¤®¢ â¥«ì®, ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f á¯à ¢¥¤«¨¢®lim
τ→ t−0 f ( τ, x(τ)) = f

( lim
τ→ t−0( τ, x(τ))) = f

(
t, (Px)(t)),¯®íâ®¬ã (Fx)(t) ∼ (PFx)(t) = (FPx)(t) , çâ® ¨ âà¥¡ã¥âáï. � ª¨¬®¡à §®¬, á¨«ìë© ®¯¥à â®à (Fx)(t) = f(t, x(t)) ¨ ¯à®¨§¢®«ì ïâ®çª  α ∈ K , ¢®-¯¥à¢ëå, ¯®à®�¤ îâ ®¯¥à â®à V : X → G(K) ,(V x)(t) _=x(t) − t∫

α
f(s, x(s)) ds , ¨ ãà ¢¥¨¥ ( _V x,ϕ) ≡ 0 , à ¢®-á¨«ì®¥ ãà ¢¥¨î ( _x, ϕ) ≡ (f(·, x), ϕ) ,   ¢®-¢â®àëå, ¢ á¨«ã â¥-®à¥¬ë 1.3 äãªæ¨ï x ∈ X ï¢«ï¥âáï à¥è¥¨¥¬ íâ®£® ãà ¢¥¨ïâ®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  íª¢¨¢ «¥â  ¥ª®â®à®¬ã ¥-¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¬ã à¥è¥¨î y ∈ X ®¡ëª®¢¥®£®¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y = f(t, y) .�á«¨ 
 § ¬ªãâ®,   X _= {x ∈ G(K) : (t, x(t)) ∈ 
 ∀ t ∈ K} ,â® ¢ á¨«ã (1.5) á¯à ¢¥¤«¨¢  ¨¬¯«¨ª æ¨ï x ∈ X =⇒ Px ∈ X , ¯®-íâ®¬ã ®¯¥à â®à F : X → G(K) , (Fx)(t) = f(t, x(t)) , | á¨«ìë©,¨ ¤«ï ¥£® á¯à ¢¥¤«¨¢® ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë 1.3. �á«¨ �¥ 
 ¥ï¢«ï¥âáï § ¬ªãâë¬, â® ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë 1.3 ¤«ï ®¯¥à â®à 

F : X → G(K) ¢ § ¢¨á¨¬®áâ¨ ®â K ¨ 
 ¬®�¥â ¡ëâì ª ª ¨áâ¨-ë¬, â ª ¨ «®�ë¬. � ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ ¯à¨¬¥à,¢ ª®â®à®¬ f(t, x) = x ,   
 ¯®®ç¥à¥¤® ¯à¨¨¬ ¥â § ç¥¨ï R
2 ,

{(t, x) ∈ R
2 : x > 0} ¨ {(t, x) ∈ R

2 : x > t} .Ǒ à ¨ ¬ ¥ à 1.2. Ǒãáâì K _=R , G _=G(K, R) | ¯à®áâà -áâ¢® ¯à¥àë¢¨áâëå äãªæ¨© á® § ç¥¨ï¬¨ ¢ R , X ⊆ G ,   ®¯¥-à â®à F : X → G â ª®¢, çâ® Fx _=x , (V x)(t) _= x(t) − t∫0 x(s) ds .8



�á«¨ x ∈ X | ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ãà ¢¥¨ï ( _V x,ϕ) ≡ 0¨«¨ ( _x, ϕ) ≡ (x, ϕ) , â® ¢ á¨«ã (1.2) x(t)− t∫0 x(s) ds = c+ r(t) ¤«ï¥ª®â®àëå c ∈ R ¨ r ∈ Glo0 . �«¥¤®¢ â¥«ì®, y(t)− t∫0 y(s) ds = c ,£¤¥ äãªæ¨ï y _=x−r ¥¯à¥àë¢  (¢ á¨«ã ãà ¢¥¨ï). �ç¥¢¨¤®,
y ï¢«ï¥âáï à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y = y , ¯®-íâ®¬ã y(t) = c et . Ǒ®áª®«ìªã x ∈ X , â® á¥¬¥©áâ¢® ¢á¥å à¥è¥¨©ãà ¢¥¨ï ( _x, ϕ) ≡ (x, ϕ) § ¢¨á¨â ®â ¨áå®¤®£® ¬®�¥áâ¢  X ¨¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ¯¥à¥á¥ç¥¨ï {

x(t) ∼ c et : c ∈ R
}
∩ X .�á«¨,  ¯à¨¬¥à, X = G , â®, ®ç¥¢¨¤®, F | á¨«ìë© ®¯¥à -â®à. �¥¬¥©áâ¢® à¥è¥¨© ¨¬¥¥â ¢¨¤ {

x(t) ∼ c et : c ∈ R
} , çâ®¯®¤â¢¥à�¤ ¥â ¨áâ¨®áâì ãâ¢¥à�¤¥¨ï â¥®à¥¬ë 1.3.Ǒà¥¤¯®«®�¨¬ ¤ «¥¥, çâ® X = {x ∈ G : x(t) > 0 ∀ t ∈ K} . �®-¯ãáâ¨¢ c < 0 , ¯®«ãç ¥¬ x(t − 0) = c et < 0 ,  , á ¤àã£®© áâ®à®ë,

x(t−0) = lim
τ→ t−0 x(τ) > 0 . Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â, çâ®

c > 0 . �®¯ãáâ¨¢ c = 0 , ¯®«ãç ¥¬, çâ® x ∈ Glo0 , ¯®íâ®¬ã,  ¯à¨-¬¥à, 1∫0 x(t) dt = 0 . � ¤àã£®© áâ®à®ë, 1∫0 x(t) dt > 0 (¯®áª®«ìªã
x(t) > 0 ¤«ï ¢á¥å t ∈ K ), á«¥¤®¢ â¥«ì®, c > 0 . � ª¨¬ ®¡à §®¬,á¥¬¥©áâ¢® à¥è¥¨© ¨¬¥¥â ¢¨¤ {

x(t) ∼ c et : c > 0, x(t) > 0} .(�ë ¢¨¤¨¬, çâ® ¤«ï ¤ ®£® á« ¡®£® ®¯¥à â®à  F ãâ¢¥à�¤¥¨¥â¥®à¥¬ë 1.3 ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬. �« ¡®áâì F ¨¬¥¥â ¬¥áâ® ¢á¨«ã á«¥¤ãîé¥£® ®¡áâ®ïâ¥«ìáâ¢ : ¥á«¨,  ¯à¨¬¥à, z(t) = t2 ¯à¨
t 6= 0 ¨ z(0) = 1 , â® z ∈ X , ®¤ ª® Pz 6∈ X , ¯®íâ®¬ã «î¡®©®¯¥à â®à X → G ï¢«ï¥âáï á« ¡ë¬.)Ǒãáâì,  ª®¥æ, X = {x ∈ G : x(t) > t ∀ t ∈ K} . Ǒà¥¤¯®«®-�¨¢ c < e−1 , ®¡ àã�¨¢ ¥¬ (α, β) â ª®©, çâ® 1 ∈ (α, β) ¨ c et < t¯à¨ ¢á¥å t ∈ (α, β) . �«¥¤®¢ â¥«ì®, ¤«ï t ∈ (α, β) á¯à ¢¥¤«¨¢®
x(t− 0) = c et < t ,  , á ¤àã£®© áâ®à®ë, x(t− 0) = lim

τ→ t−0 x(τ) > t .Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â, çâ® c > e−1 , ¯à¨ç¥¬ Px∈X ,ª®£¤  c > e−1 , ¨ Px 6∈ X , ª®£¤  c = e−1 . � ª¨¬ ®¡à §®¬, á¥-¬¥©áâ¢® à¥è¥¨© ¨¬¥¥â ¢¨¤ {
x(t) ∼ c et : c > e−1, x(t) > t

} ,9



  á¥¬¥©áâ¢®¬ ¢á¥å ¥¯à¥àë¢ëå à¥è¥¨© ï¢«ï¥âáï ¬®�¥áâ¢®{
x(t) = c et, c > e−1} . (�ë ¢¨¤¨¬, çâ® ¤«ï ¤ ®£® á« ¡®£® ®¯¥-à â®à  F ä®à¬ã«¨à®¢ª  â¥®à¥¬ë 1.3 ¥ ¢¥à , | ¢áïª ï äãª-æ¨ï x(t) ∼ et−1 , ¯à¨ ¤«¥� é ï X , ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥-¨ï ( _x, ϕ) ≡ (x, ϕ) , ®¤ ª® (Px)(t) = et−1 6∈ X . �àã£¨¬¨ á«®¢ -¬¨, áãé¥áâ¢ãîâ à¥è¥¨ï x ∈ X ãà ¢¥¨ï ( _x, ϕ) ≡ (x, ϕ) , ¤«ïª®â®àëå ¥â íª¢¨¢ «¥â®© ¨¬ ¥¯à¥àë¢®© äãªæ¨¨ y ∈ X ,ï¢«ïîé¥©áï à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y = y .�« ¡®áâì F ¨¬¥¥â ¬¥áâ® ¢ á¨«ã á«¥¤ãîé¥£® ®¡áâ®ïâ¥«ìáâ¢ :¥á«¨,  ¯à¨¬¥à, z(t) = t2 + t ¯à¨ t 6= 0 ¨ z(0) = 1 , â® z ∈ X ,®¤ ª® Pz 6∈ X , ¯®íâ®¬ã «î¡®© ®¯¥à â®à X → G | á« ¡ë©.)Ǒ à ¨ ¬ ¥ à 1.3. Ǒãáâì K _=R , X = G _=G(K, R) . �á«¨(Fx)(t) _= x(0) f(t) , £¤¥ äãªæ¨ï f ∈ G ä¨ªá¨à®¢   ¨ â ª®¢ ,çâ® f 6∈ Glo0 , â® ®¯¥à â®à F | á« ¡ë© ( ¯à¨¬¥à, ¥á«¨ u(t) = 0¯à¨ t 6= 0 ¨ u(0) = 1 ,   v(t) ≡ 0 , â® (Fu)(t) = f(t) , (Fv)(t) ≡ 0¨ u ∼ v , ®¤ ª® Fu 6∼ Fv ). �á«¨ (V x)(t) _= x(t) − t∫

α
(Fx)(s) ds ,( _V x,ϕ) ≡ 0 ¨«¨ ( _x, ϕ) ≡ (Fx,ϕ) , â® á®¢®ªã¯®áâì (1.2) ¨¬¥¥â ¢¨¤

x(t)− x(0) t∫
α

f(s) ds = γ + r(t) ∀ γ ∈ R ∀ r ∈ Glo0 .Ǒ®¤áâ ¢¨¢ ¢ à ¢¥áâ¢® t = 0 , ¨áª«îç¨¢ ¨§ ¥£® α ¨ ¢¢¥¤ï ®¡®-§ ç¥¨¥ c _=x(0) , ¯®«ãç ¥¬ ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ãà ¢¥¨ï( _x, ϕ) ≡ (Fx,ϕ) , | íâ® äãªæ¨¨
x(t) = c

(1 + t∫0 f(s) ds
)+ r(t)− r(0) (1.6)á ¯à®¨§¢®«ìë¬¨ ¯ à ¬¥âà ¬¨ c ∈ R ¨ r ∈ Glo0 . �â® á¥¬¥©áâ¢®áãé¥áâ¢¥® ®â«¨ç ¥âáï ®â á¥¬¥©áâ¢  à¥è¥¨© äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y(t) = y(0) f(t) , ¯®¨¬ ¥¬®£®ª ª à ¢¥áâ¢® ¯.¢. (â® ¥áâì ãà ¢¥¨ï y(t)− t∫

α
y(0) f(s) ds = y(α) ),¨ ¨¬¥îé¥£® ¢¨¤ y(t) = c

(1 + t∫0 f(s) ds
) , c ∈ R . �á«¨,  ¯à¨¬¥à,10



c = 1 ,   r â ª®¢ , çâ® r(0) = 1 , â® äãªæ¨ï x(t) = t∫0 f(s) ds+r(t)ï¢«ï¥âáï à¥è¥¨¥¬ ®¡®¡é¥®£® ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) , ¢ â®�¥ ¢à¥¬ï äãªæ¨ï y(t) _= (Px)(t) = t∫0 f(s) ds à¥è¥¨¥¬ äãªæ¨®- «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y(t) = y(0) f(t) ¥ ï¢«ï-¥âáï. (�ë ¢¨¤¨¬, çâ® ¨ ¤«ï ¤ ®£® á« ¡®£® ®¯¥à â®à  F ä®à-¬ã«¨à®¢ª  â¥®à¥¬ë 1.3 ¥ ¢¥à : ¯ãªâ 1 ¥ ¢«¥ç¥â ¯ãªâë 2{5.Ǒ®¤®¡®¥ ï¢«¥¨¥ ¬ë  ¡«î¤ «¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥, ®¤ -ª® §¤¥áì ¨¬¥¥âáï ¨ ®¡à â®¥ ï¢«¥¨¥: ¨§ ¯ãªâ®¢ 2 { 5 ¥ á«¥-¤ã¥â ¯ãªâ 1. Ǒãáâì,  ¯à¨¬¥à, x(t) = 1 + t∫0 f(s) ds ¯à¨ t 6= 0¨ x(0) = 0 , â®£¤  y(t) _= (Px)(t) = 1 + t∫0 f(s) ds | à¥è¥¨¥äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï _y(t) = y(0) f(t) ,¢ â® �¥ ¢à¥¬ï á ¬® x à¥è¥¨¥¬ ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ¥ï¢«ï¥âáï, | ¯à ¢ ï ç áâì à ¢  0 ¯à¨ ¢á¥å ϕ ,   «¥¢ ï | ¥â.)� ¬¥â¨¬, çâ® ¯à¨ f ∈ Glo0 ®¯¥à â®à (Fx)(t) _= x(0) f(t) ï¢«ï-¥âáï á¨«ìë¬ (§¤¥áì t∫
α

f(s) ds ≡ 0 , x(t) = γ + r(t) ¨ y(t) ≡ γ ).Ǒ à ¨ ¬ ¥ à 1.4. �á«¨ ¢ ãá«®¢¨ïå ¯à¨¬¥à  1.3 ¬®�¥áâ¢®
X ⊂ G á®áâ®¨â ¨§ ¥¯à¥àë¢ëå ¢ ã«¥ äãªæ¨©, â® ¯à¨ «î-¡®¬ f ∈ G ®¯¥à â®à F : X → G , (Fx)(t) _= x(0) f(t) , ï¢«ï¥âáïá¨«ìë¬. �¥©áâ¢¨â¥«ì®, â ª ª ª x(0−0) = x(0) , â® ®ç¥¢¨¤ë¨¬¯«¨ª æ¨ï x ∈ X =⇒ Px ∈ X ¨ à ¢¥áâ¢® FPx = Fx . � ª¨¬®¡à §®¬, ¢ á¨«ã â¥®à¥¬ë 1.3 äãªæ¨ï x ∈ X ï¢«ï¥âáï à¥è¥¨-¥¬ ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ® íª¢¨¢ «¥â  ¥ª®â®à®¬ã y(t) = c

(1 + t∫0 f(s) ds
) , c ∈ R . � ¬¥-â¨¬, çâ® ¤ ®¥ ãâ¢¥à�¤¥¨¥ á®£« áã¥âáï á ä®à¬ã«®© (1.6), ¯®-áª®«ìªã ¥¯à¥àë¢®áâì ¢ ã«¥ à¥è¥¨ï x ¢«¥ç¥â ¥¯à¥àë¢®áâì¢ ã«¥ äãªæ¨¨ r ¨ ¯®íâ®¬ã r(0) = r(0−0) = 0 .11



� ¤ «ì¥©è¥¬ ¢ § 2 ¨§ãç ¥âáï ¤®áâ â®ç® è¨à®ª¨© ª« áá ®¡-®¡é¥ëå ãà ¢¥¨©, ¢ ª®â®àë© ¯®¯ ¤ ¥â ãà ¢¥¨¥ ¨§ ¯à¨¬¥-à  1.3. � § 3 ¨áá«¥¤ã¥âáï ª« áá ãà ¢¥¨©, ¯à¥¤áâ ¢¨â¥«¥¬ ª®â®-à®£® ï¢«ï¥âáï ãà ¢¥¨¥ ¨§ ¯à¨¬¥à  1.4 (¯à¨ ¥ª®â®à®¬ f ∈ G ),  á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥-¨ï íâ®£® ª« áá  ï¢«ïîâáï ¨â¥£à®-¤¨ää¥à¥æ¨ «ìë¬¨.2. �¡ ®¤®¬ á¥¬¥©áâ¢¥ á« ¡ëå ®¯¥à â®à®¢� ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ ¬ë ¢ëïá¨«¨, çâ® ¤«ï á¨«ìëå ®¯¥à -â®à®¢ F : X → G à¥è¥¨ï ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) , § ¤ -®£® ¢ ®¡®¡é¥ëå äãªæ¨ïå, ¬®£ãâ ®â«¨ç âìáï ®â ¥¯à¥àë¢-ëå à¥è¥¨© «¨èì äãªæ¨ï¬¨ ¨§ ¯®¤¯à®áâà áâ¢  Glo0 . � ª¯®ª §ë¢ îâ ¯à¨¬¥àë, ¢ á«ãç ¥ á« ¡®£® ®¯¥à â®à  F á¨âã æ¨ï¯à¨æ¨¯¨ «ì® ¨ ï, §¤¥áì ¬®£ãâ ¯®ï¢¨âìáï ó®¢ë¥ à¥è¥¨ï� |¯à¥àë¢¨áâë¥ äãªæ¨¨ x , ¢á¥ â®çª¨ à §àë¢  ª®â®àëå ãáâà ¨¬ë¨ â ª¨¥, çâ® ¥¯à¥àë¢ ï äãªæ¨ï y _=Px à¥è¥¨¥¬ ãà ¢¥¨ï( _y, ϕ) ≡ (Fy, ϕ) ¥ ï¢«ï¥âáï. � ¥á«¨ ¢ ¯à¨¬¥à¥ 1.2 ¤ ®¥ ï¢«¥¨¥®á¨â ¤®áâ â®ç® ¨áªãááâ¢¥ë© å à ªâ¥à (§  áç¥â ¬ ¨¯ã«¨à®-¢ ¨ï ®¡« áâìî ®¯à¥¤¥«¥¨ï 
 ), â® ¢ ¯à¨¬¥à¥ 1.3 ®® ¢¥áì¬ áãé¥áâ¢¥® ¨ âà¥¡ã¥â ¨§ãç¥¨ï á ¡®«¥¥ ®¡é¨å ¯®§¨æ¨©.2.1. Ǒà¥¤áâ ¢«¥¨¥ ¯à¥àë¢¨áâëå à¥è¥¨©�®¥ç®¥ à §¡¨¥¨¥ T _= {τ1, . . . , τn} ( ¡®à ¯®¯ à® à §«¨çëåâ®ç¥ª ¨§ K ) ¨ ª¢ ¤à âë¥ ¬ âà¨æë f0, f1, . . . , fn ∈ Gm×m (¤àã-£¨¬¨ á«®¢ ¬¨, fk
ij ∈ G ¯à¨ ¢á¥å k = 1, . . . , n ¨ i, j = 1, . . . ,m )¯®à®�¤ îâ á« ¡ë© ª®¥ç®¬¥àë© ®¯¥à â®à(Fx)(t) = f0(t) + n∑

k=1 fk(t)x(τk),¤¥©áâ¢ãîé¨© ¨§ Gm×m ¢ Gm×m , ¨ ãà ¢¥¨¥ ( _x, ϕ) ≡ (Fx,ϕ) ,¤«ï ª®â®à®£® ¡ã¤¥¬ ¯à¨¬¥ïâì á¨¬¢®«¨ç¥áªãî § ¯¨áì_x(t) = f0(t) + n∑
k=1 fk(t)x(τk). (2.1)12



�á«¨ z | íâ® ¬ âà¨æ  ¨§ ¯à¥àë¢¨áâëå äãªæ¨©, â® ¯®¤ ®¡-®¡é¥ë¬¨ äãªæ¨ï¬¨ (z, ϕ) ¨ ( _z, ϕ) ¬ë ¯®¨¬ ¥¬ ¬ âà¨æëá ª®¬¯®¥â ¬¨ (zij , ϕ) ¨ ( _zij , ϕ) á®®â¢¥âáâ¢¥®. � ª¨¬ ®¡à -§®¬, ãà ¢¥¨¥ (2.1) | íâ® á¨áâ¥¬  ãà ¢¥¨© _xij(t) = (Fx)ij(t) ,
i, j = 1, . . . ,m , § ¤ ëå ¢ â¥à¬¨ å ®¡®¡é¥ëå ¯à¥àë¢¨áâëåäãªæ¨©. � ¬¥â¨¬ ¥é¥, çâ® ¯à¨ f0(t) ≡ 0 ãà ¢¥¨¥ (2.1) ¡ã¤¥¬ §ë¢ âì ®¤®à®¤ë¬,   ¨ ç¥ | ¥®¤®à®¤ë¬.�   ¬ ¥ ç    ¨ ¥ 2.1. Ǒãáâì A ∈ Gm×m ¨ X(t, τ) |¬ âà¨æ  �®è¨ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà -¢¥¨© _y(t) = A(t) y(t) (£¤¥ y | ¢¥ªâ®à ¤«¨ë m ). Ǒ®ª �¥¬,çâ® § ¬¥  ¯¥à¥¬¥®© x(t) = X(t, α) x̃(t) , ¢®§¬ãé¥¨ï f 0(t) == X(t, α) f̃ 0(t) ¨ ª®íää¨æ¨¥â®¢ fk(t) = X(t, α) f̃ k(t)X(α, τk) ,
k = 1, . . . , n , ¯à¨¢®¤¨â ®¡®¡é¥®¥ ¬ âà¨ç®¥ ãà ¢¥¨¥_x(t) = A(t)x(t) + f 0(t) + n∑

k=1 fk(t)x(τk) (2.2)ª ãà ¢¥¨î ¢¨¤  (2.1). ( �â®  ¡«î¤¥¨¥ ¤¥¬®áâà¨àã¥â ª ®-¨ç®áâì ãà ¢¥¨ï (2.1).) �¥©áâ¢¨â¥«ì®. Ǒãáâì x ∈ Gm×m |ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ãà ¢¥¨ï (2.2). �®£« á® â¥®à¥¬¥ 1.1 ¯à¨«î¡®¬ α ∈ K áãé¥áâ¢ãîâ ¬ âà¨æë c ¨ r(·) á ª®íää¨æ¨¥â ¬¨¨§ C ¨ Glo0 â ª¨¥, çâ® x(t) − t∫
α
(Fx)(s) ds = c + r(t) , £¤¥ ç¥à¥§(Fx)(·) ®¡®§ ç¥  ¯à ¢ ï ç áâì ãà ¢¥¨ï (2.2). �«¥¤®¢ â¥«ì®,á¯à ¢¥¤«¨¢® à ¢¥áâ¢® x(t)− t∫

α
A(s)x(s) ds = h(t) ¨«¨

X(t, α) x̃(t)− t∫
α

A(s)X(s, α) x̃(s) ds = h(t),£¤¥ h(t) _= c + r(t) + t∫
α

f0(s) ds + n∑
k=1 t∫

α
fk(s)x(τk) ds . Ǒ®áª®«ìªã

A(s)X(s, α) = ∂
∂sX(s, α) , â® ¯®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¯®-13



«ãç ¥¬, çâ® x̃(α) + t∫
α

X(s, α) d x̃(s) = h(t) , ¯®íâ®¬ã
x̃(t) = x̃(α) + t∫

α
d x̃ = x̃(α) + t∫

α
X(α, s)X(s, α) d x̃(s) == x̃(α) + t∫

α
X(α, s) d[ s∫

α
X(τ, α) d x̃(τ)] = x̃(α) + t∫

α
X(α, s) dh(s).�®ª § â¥«ìáâ¢® § ¬¥ç ¨ï § ¢¥àè ¥â æ¥¯®çª  à ¢¥áâ¢

∫
K

ϕd x̃ = ∫
K

ϕ(t)X(α, t) dh(t) = ∫
K

ϕ(t)[ f̃ 0(t) + n∑
k=1 f̃ k(t)x̃(τk)]dt,â® ¥áâì ( _̃x, ϕ) ≡ (F̃ x̃, ϕ) , £¤¥ (F̃ x̃)(t) _= f̃ 0(t) + n∑

k=1 f̃ k(t) x̃(τk) |®¯¥à â®à âà¥¡ã¥¬®£® ¢¨¤ .Ǒãáâì Tk _=T \ {τk} ¨ α ∈ K . �¨�¥ ¤®ª §ë¢ ¥âáï, çâ® ¢áïª®¥à¥è¥¨¥ x ãà ¢¥¨ï (2.1) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥
x(t)=χ

T
(t)[ r(t) +c0 + t∫

α
f0(s) ds

]+ n∑
k=1χ

Tk
(t)[E + t∫

τk

fk(s) ds
]
ck,(2.3)£¤¥ c0, c1, . . . , cn | ª®¬¯«¥ªá®§ çë¥ ¬ âà¨æë,   ¬ âà¨æ  r(·)á®áâ®¨â ¨§ í«¥¬¥â®¢ ¯à®áâà áâ¢  Glo0 . �¥à¥§ χ

S
(t) ®¡®§ ç¥-  å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®�¥áâ¢  S _= K \S , â® ¥áâì

χ
S
(t) _=χ

S
(t) = 1−χ

S
(t) , £¤¥ χ

S
(t) | å à ªâ¥à¨áâ¨ç¥áª ï äãª-æ¨ï ¬®�¥áâ¢  S . �¥à¥§ E ®¡®§ ç¥  ¥¤¨¨ç ï ¬ âà¨æ .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.1. � ª®¢ë ¡ë ¨ ¡ë«¨ ¬ âà¨æë

c0 ∈ C
m×m ¨ r ∈ (Glo0 )m×m, äãªæ¨ï

x0(t) _= χ
T
(t) [ r(t) + c0 + t∫

α
f0(s) ds

] (2.4)ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (2.1).14



�¥©áâ¢¨â¥«ì®, â ª ª ª χ
T
(τk) = 0 ¤«ï ¢á¥å k , â® x0(τk) = 0¨ (Fx0)(t) = f0(t) ,   ¯®áª®«ìªã x0(t) íª¢¨¢ «¥â  à¥£ã«ïà®¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ y0(t) _= c0 + t∫

α
f0(s) ds , â® ¤«ï ¢á¥å

ϕ ∈ D ¨¬¥¥¬ ( _x0, ϕ) = ( _y0, ϕ) = (f0, ϕ) = (Fx0, ϕ) .�   ¬ ¥ ç    ¨ ¥ 2.2. Ǒ®áª®«ìªã ¤«ï α, β ∈ K á¯à ¢¥¤-«¨¢® c0 + t∫
α

f0(s) ds = γ0 + t∫
β

f0(s) ds , £¤¥ γ0 _= c0 + β∫
α

f0(s) ds , â®á¥¬¥©áâ¢® äãªæ¨© (2.4) ¥ § ¢¨á¨â ®â ¢ë¡®à  â®çª¨ α .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.2. Ǒà¨ ª �¤®¬ k =1, . . . , n äã-ªæ¨ï xk(t) _= χ
Tk
(t) [ E + t∫

τk

fk(s) ds
] ï¢«ï¥âáï à¥è¥¨¥¬ ®¤®-à®¤®£® ãà ¢¥¨ï (2.1). � ª®¢ë ¡ë ¨ ¡ë«¨ ¬ âà¨æë c1, . . . , cn¨ äãªæ¨ï x0 ¢¨¤  (2.4), äãªæ¨ï x(t) _= x0(t) + n∑

k=1xk(t) ck (® �¥ (2.3)) ï¢«ï¥âáï à¥è¥¨¥¬ ¥®¤®à®¤®£® ãà ¢¥¨ï (2.1).�¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã χ
Tk
(τi) = δik ¯à¨ ¢á¥å i ¨ k ,â® xk(τi) = δikE ¨ (Fxk)(t) = n∑
i=1 f i(t)xk(τi) = fk(t) ,   â ªª ª xk(t) íª¢¨¢ «¥â  à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨

yk(t) _=E + t∫
τk

fk(s) ds , â® ( _xk, ϕ) = ( _yk, ϕ) = (fk, ϕ) = (Fxk, ϕ) .�â®à ï ç áâì ãâ¢¥à�¤¥¨ï ®ç¥¢¨¤  ¢ á¨«ã ãâ¢¥à�¤¥¨ï 2.1.�   ¬ ¥ ç    ¨ ¥ 2.3. �á¥ â®çª¨ à §àë¢  äãªæ¨¨ (2.3)ï¢«ïîâáï ãáâà ¨¬ë¬¨ ¨ á¯à ¢¥¤«¨¢® à ¢¥áâ¢®(Px)(t) = [
c0 + t∫

α
f0(s) ds

] + n∑
k=1 [

E + t∫
τk

fk(s) ds
]
ck. (2.5)� ª¨¬ ®¡à §®¬, ¢áïª ï äãªæ¨ï x ¢¨¤  (2.3) ï¢«ï¥âáï à¥è¥¨¥¬ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ¢¨¤  (2.1), ®¤ ª® Px ¬®�¥â ¥ ¡ëâì¥£® à¥è¥¨¥¬ (á¬. ¯à¨¬¥à 1.3, ¢ ª®â®à®¬ n = 1, τ1 = 0, f0 = 0 ,15



f1 = f ). � ¤àã£®© áâ®à®ë, ¥á«¨ ¥¯à¥àë¢ ï äãªæ¨ï y ¯à¥¤-áâ ¢¨¬  ¢ ¢¨¤¥ y = Px (¢ ¢¨¤¥ (2.5)), â®, ª ª ¬ë á¥©ç á ãáâ -®¢¨¬, ãà ¢¥¨î ( _x, ϕ) ≡ (Fx,ϕ) ã¤®¢«¥â¢®àïîâ ¥ ¯à®¨§¢®«ì-ë¥ ¯à¥àë¢¨áâë¥ äãªæ¨¨ x ∼ y ,   «¨èì â¥ ¨§ ¨å, ¤«ï ª®â®àëåá¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (2.3) (á¬. â®â �¥ ¯à¨¬¥à 1.3).� ¥ ® à ¥ ¬   2.1. �à ¢¥¨¥ (2.1), § ¤ ®¥ ¢ â¥à¬¨ å®¡®¡é¥ëå ¯à¥àë¢¨áâëå äãªæ¨©, à §à¥è¨¬®. �áïª®¥ ¥£® à¥è¥-¨¥ x ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ (2.3), â® ¥áâì áãé¥áâ¢ãîâ ¯®áâ®ï-ë¥ ¬ âà¨æë c0, c1, . . . , cn ¨ ¬ âà¨æ  r(·) á ª®¬¯®¥â ¬¨ ¨§Glo0 , ¯®à®�¤ îé¨¥ äãªæ¨î ¢¨¤  (2.3), á®¢¯ ¤ îéãî á x . �«ï
x á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (2.5) ¨ x(τk) = ck ¯à¨ ¢á¥å τk ∈ T .� ® ª   §   â ¥ « ì á â ¢ ®. � §à¥è¨¬®áâì ãà ¢¥¨ï ã�¥¤®ª §  . � ¬¥â¨¬ â ª�¥, çâ® á®£« á® § ¬¥ç ¨î 2.2 § ¢¨á¨-¬®áâì ®â α ∈ K ®á¨â ä®à¬ «ìë© å à ªâ¥à. Ǒãáâì x ∈ Gm×m| ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ãà ¢¥¨ï (2.1). � á®®â¢¥âáâ¢¨¨ á (1.2)áãé¥áâ¢ãîâ ¬ âà¨æë γ ∈ C

m×m ¨ r(·) á ª®¬¯®¥â ¬¨ ¨§ Glo0â ª¨¥, çâ® x(t) − t∫
α
(Fx)(s) ds = γ + r(t) , t ∈ K . �¢¥¤ï ®¡®§ -ç¥¨ï ck _=x(τk) ¨ y(t) _=x(t) − r(t) , § ¬¥ç ¥¬, çâ® Px = Py ¨

y(t) = γ + t∫
α

f0(s) ds+ n∑
k=1 t∫

α
fk(s) ds ck | ¥¯à¥àë¢ ï äãªæ¨ï(¯®íâ®¬ã Py = y ). �á«¨ c0 _= γ −

n∑
k=1 [

E + α∫
τk

fk(s) ds
]
ck , â®(Px)(t) = y(t) = [

c0 + t∫
α

f0(s) ds
]+ n∑

k=1 [
E + t∫

τk

fk(s) ds
]
ck,çâ® ¨ ¤®ª §ë¢ ¥â (2.5). �¡®§ ç¨¢ äãªæ¨¨, áâ®ïé¨¥ ¢ ª¢ ¤à â-ëå áª®¡ª å, ç¥à¥§ y0(t) ¨ yk(t) á®®â¢¥âáâ¢¥®, ¯®«ãç ¥¬

x(t) = r(t) + y(t) = r(t) + y0(t) + n∑
k=1 yk(t) ck.�â¢¥à�¤ ¥âáï, çâ® x = z , £¤¥ z(·) | äãªæ¨ï ¢¨¤  (2.3):

z(t) _= χ
T
(t)[ r(t) + y0(t) ] + n∑

k=1χ
Tk
(t) yk(t) ck.16



�¥©áâ¢¨â¥«ì®, ¤«ï à §®áâ¨ δ(t) _= x(t)− z(t) á¯à ¢¥¤«¨¢®
δ(t) = χ

T
(t)[ r(t) + y0(t) ] + n∑

k=1χ
Tk
(t) yk(t) ck,¯à¨ç¥¬ ¥á«¨ t 6∈ T , â® χ

T
(t) = 0 , χ

Tk
(t) = 0 ¨ δ(t) = 0 . �á«¨ �¥

t = τi ¤«ï ¥ª®â®à®£® i , â® yi(t) = yi(τi) = E ¨, á«¥¤®¢ â¥«ì®,
δ(τi) = r(τi) + y0(τi) + ∑

k: k 6=i

yk(τi) ck == (
r(τi) + y0(τi) + n∑

k=1 yk(τi) ck

)
− ci = x(τi)− ci = 0.� ª¨¬ ®¡à §®¬, δ(t) ≡ 0 . �¥®à¥¬  ¤®ª §  .�ãªæ¨ï (2.5) à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬ ,   ¢á¥ à §àë¢ëà¥è¥¨ï x ãà ¢¥¨ï (2.1), ¥á«¨ ®¨ ¨¬¥îâáï, | ãáâà ¨¬ë¥,¯à¨ç¥¬ x(τi−0) = x(τi+0) = (Px)(τi) ¨ x(τi) = ci . �«¥¤®¢ â¥«ì-®, ó¨¬¯ã«ìáë©� áª ç®ª äãªæ¨¨ x ¢ â®çª¥ τi ∈ T à ¢¥

x(τi − 0)− x(τi) = x(τi + 0)− x(τi) = (Px)(τi)− x(τi) == [
c0 + τi∫

α
f0(s) ds

] + ∑
k: k 6=i

[
E + τi∫

τk

fk(s) ds
]
ck,

(2.6)  ó¨¬¯ã«ìáë©� áª ç®ª ¢ «î¡®© ¤àã£®© â®çª¥ t ∈ K \T , ¥á«¨ ®¨¬¥¥âáï, à ¢¥ áª çªã äãªæ¨¨ r ∈ Glo0 .�   ¬ ¥ ç    ¨ ¥ 2.4. � ¬¥ç ¨¥ 2.1 ¯®§¢®«ï¥â áä®à¬ã-«¨à®¢ âì   «®£¨çë¥ ãâ¢¥à�¤¥¨ï ¤«ï ãà ¢¥¨ï (2.2).2.2. Ǒà¥¤áâ ¢«¥¨¥ ¥¯à¥àë¢ëå à¥è¥¨©�à¥¤¨ à¥è¥¨© (2.3) ãà ¢¥¨ï (2.1) ¬®£ãâ ®ª § âìáï äãªæ¨¨,¢®®¡é¥ ¥ ¨¬¥îé¨¥ à §àë¢®¢, | íâ® ¢ë¯®«¥® â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  χ
T
(t) r(t) ≡ 0 ¨  ©¤ãâáï ¬ âà¨æë c0, c1, . . . , cnâ ª¨¥, çâ® ¯à ¢ë¥ ç áâ¨ (2.6) à ¢ë ã«î ¯à¨ ¢á¥å i = 1, . . . , n :

[
c0 + τi∫

α
f0(s) ds

] + ∑
j: j 6=i

[
E + τi∫

τj

f j(s) ds
]
cj = 0. (2.7)17



�â® ãá«®¢¨¥ ¡ã¤¥¬  §ë¢ âì ãá«®¢¨¥¬ ¥¯à¥àë¢®© à §à¥è¨¬®-áâ¨ ãà ¢¥¨ï (2.1). �«ï ®¤®à®¤®£® ãà ¢¥¨ï (2.1) á¨áâ¥¬ (2.7) ®â®á¨â¥«ì® c0, c1, . . . , cn â ª�¥ ®¤®à®¤  ¨ ¯®íâ®¬ã à §-à¥è¨¬ , ¯à¨ç¥¬ ¨¬¥¥â ¨ ¥âà¨¢¨ «ìë¥ à¥è¥¨ï. � áá¬®âà¨¬á«ãç © m = 1 . �á«¨ x ∈ C | ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ®¤®à®¤®£®ãà ¢¥¨ï (2.1) (¯®íâ®¬ã Px = x ), â® x ¯à¥¤áâ ¢¨¬® ä®à¬ã«®©(2.5), ¢ ª®â®à®© f0 = 0 ,   ª®íää¨æ¨¥âë c0, . . . , cn íâ®£® ¯à¥¤-áâ ¢«¥¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ¥¯à¥àë¢®© à §à¥è¨¬®áâ¨(2.7). Ǒãáâì a0(t) _= 1 , aj(t) _= 1+ t∫
τj

f j(s) ds ¤«ï ¢á¥å j = 1, . . . , n ,  a(t) _= ( a0(t), . . . , an(t) ) , c _= (c0, . . . , cn) | ¢¥ªâ®àë ¯à®áâà -áâ¢  C
n+1 . �®£¤  ä®à¬ã«  (2.5) ¯à¨¨¬ ¥â ¢¨¤ x(t) = ( a(t), c )(£¤¥ (u, v) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ C

n+1 ),   ãá«®¢¨¥ (2.7)¯à¥¢à é ¥âáï ¢ á¨áâ¥¬ã ( a(τi) − ei, c ) = 0 , i = 1, . . . , n , £¤¥
ei _= (0, . . . , 1, . . . , 0) ∈ C

n+1 | ¡ §¨áë¥ ¢¥ªâ®àë. �á«¨ r | à £¬ âà¨æë íâ®© á¨áâ¥¬ë ¨ s _=n + 1− r , â® s > 1 ¨ áãé¥áâ¢ãîâ¢¥ªâ®àë h1, . . . , hs ∈ C
n+1 â ª¨¥, çâ® (hi, hj) = δij ,   ®¡é¥¥ à¥-è¥¨¥ á¨áâ¥¬ë (2.7) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ c = s∑

k=1λkhk ç¥à¥§ ¯à®-¨§¢®«ìë¥ ¯ à ¬¥âàë λ1, . . . , λs ∈ C . � ç áâ®áâ¨, ¤«ï «î¡ëå¤®¯ãáâ¨¬ëå i ¨ k á¯à ¢¥¤«¨¢® à ¢¥áâ¢® ( a(τi)− ei, hk ) = 0 .�¥¬ á ¬ë¬ x(t) = s∑
k=1λk (a(t), hk) ¤«ï ¥ª®â®àëå ª®áâ â

λ1, . . . , λs . Ǒ®ª �¥¬, çâ® äãªæ¨¨ (a(t), h1), . . . , (a(t), hs) «¨¥©-® ¥§ ¢¨á¨¬ë. �á«¨ íâ® ¥ â ª, â® áãé¥áâ¢ãîâ µ1, . . . , µs â ª¨¥,çâ® s∑
k=1 |µk |2 6= 0 ¨ s∑

k=1µk (a(t), hk) ≡ 0 . �«¥¤®¢ â¥«ì®,
(
ei,

s∑
k=1µkhk

) = s∑
k=1µk(ei, hk) = s∑

k=1µk(a(τi), hk) = 0¯à¨ ¢á¥å i = 1, . . . , n , ¯®íâ®¬ã ¢¥ªâ®à h _= s∑
k=1µkhk ¨¬¥¥â ¢¨¤

18



h = (ε, 0, . . . , 0) , ¯à¨ç¥¬ ε = (a(t), h) = s∑
k=1µk (a(t), hk) ≡ 0 , ®

| ε |2 = (h, h) = ∑
i,j
(µihi, µjhj) = ∑

i,j
µi µj (hi, hj) = s

∑
k

|µk |2 6= 0 .�â ª, ¯à¨ m = 1 à §¬¥à®áâì ¯à®áâà áâ¢  ¥¯à¥àë¢ëå à¥-è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï (2.1) à ¢  à §¬¥à®áâ¨ ¯à®áâà -áâ¢  à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨åãà ¢¥¨© (2.7), ¯à¨ç¥¬ ®¡é¥¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ ¨¬¥¥â ¢¨¤
x(t) = s∑

k=1λk (a(t), hk) ∀λ1, . . . , λs ∈ C ,£¤¥ h1, . . . , hs | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¯à®áâà áâ¢  à¥è¥-¨© ®¤®à®¤®© á¨áâ¥¬ë (2.7),   äãªæ¨¨ (a(t), h1), . . . , (a(t), hs)«¨¥©® ¥§ ¢¨á¨¬ë. �¥®¤®à®¤®¥ ãà ¢¥¨¥ (2.1) à §à¥è¨¬®â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à §à¥è¨¬  ¥®¤®à®¤ ï á¨áâ¥¬ (2.7), ¯à¨ íâ®¬ ®¡é¥¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ ãà ¢¥¨ï ¨¬¥¥â ¢¨¤
x(t) = x0(t) + s∑

k=1λk (a(t), hk) ∀λ1, . . . , λs ∈ C ,£¤¥ x0(t) | ç áâ®¥ à¥è¥¨¥, ¯®à®�¤¥®¥ ª ª¨¬-¨¡ã¤ì à¥è¥-¨¥¬ ¥®¤®à®¤®© á¨áâ¥¬ë (2.7).� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (2.7) ï¢«ï-¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ¤«ï ¥¯à¥àë¢®© à §à¥è¨¬®-áâ¨ ãà ¢¥¨ï (2.1) ¨ ¯à®¢¥àï¥âáï ¬¥â®¤ ¬¨ «¨¥©®©  «£¥¡àë.Ǒ à ¨ ¬ ¥ à 2.1. Ǒà¨ n = 1 ¢áïª®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ãà ¢¥¨ï (2.1) ¨¬¥¥â ¢¨¤ x(t) = t∫
τ1 f0(s) ds+ [

E+ t∫
τ1 f1(s) ds

]
c1 ,£¤¥ c1 | ¯à®¨§¢®«ì ï ¯®áâ®ï ï ¬ âà¨æ . �¥©áâ¢¨â¥«ì®,¥á«¨ x | ª ª®¥-¨¡ã¤ì ¥¯à¥àë¢®¥ à¥è¥¨¥ (¯®íâ®¬ã Px = x ),â® ¢ ¥£® ¯à¥¤áâ ¢«¥¨¨ (2.3) ¥®¡å®¤¨¬® χ

T
(t) r(t) ≡ 0 ,   ãá«®-¢¨¥ ¥¯à¥àë¢®© à §à¥è¨¬®áâ¨ ®§ ç ¥â, çâ® c0+ τ1∫

α
f0(s) ds = 0 ,¯®íâ®¬ã á®£« á® (2.5) x(t) = t∫

τ1 f0(s) ds+ [
E + t∫

τ1 f1(s) ds
]
c1 .19



Ǒ à ¨ ¬ ¥ à 2.2. Ǒãáâì ¢ ãà ¢¥¨¨ (2.1) n = 2 , m = 1 ,
f1(t) ≡ 1 , f2(t) = t , â®çª¨ τ1, τ2 ∈ R ¯à®¨§¢®«ìë. �¥¬¥©áâ¢®¢á¥å ¯à¥àë¢¨áâëå à¥è¥¨© ãà ¢¥¨ï ¤®¯ãáª ¥â ¯ à ¬¥âà¨ç¥-áª®¥ ¯à¥¤áâ ¢«¥¨¥ ¢¨¤  (2.3) ç¥à¥§ ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥
c0, c1, c2 ∈ C ¨ äãªæ¨¨ r ∈ Glo0 . �â®á¨â¥«ì® ¥¯à¥àë¢ëåà¥è¥¨© ®â¬¥â¨¬ á«¥¤ãîé¥¥. �á«®¢¨¥ (2.7) ¥¯à¥àë¢®© à §à¥-è¨¬®áâ¨ ®§ ç ¥â, çâ® c0, c1, c2 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥





c0 + τ1∫
α

f0(s) ds + [ 1 + 12(τ21 − τ22 ) ] c2 = 0 ,

c0 + τ2∫
α

f0(s) ds + [ 1 + τ2 − τ1) ] c1 = 0 .

(2.8)Ǒà¨ f0(t) ≡ 0 á¨áâ¥¬  à §à¥è¨¬ . �®«¥¥ â®£®, ¢® ¢á¥å á«ã-ç ïå, ªà®¬¥ ®¤®£®,   ¨¬¥® ª®£¤  τ1 = −12 ¨ τ2 = −32 , à £¬ âà¨æë á¨áâ¥¬ë à ¢¥ 2. � íâ®¬ ¨áª«îç¨â¥«ì®¬ á«ãç ¥ à £à ¢¥ 1 (¯®íâ®¬ã §¤¥áì ®¤  ¡ §¨á ï ¨ ¤¢¥ á¢®¡®¤ë¥ ¯¥à¥¬¥-ë¥). �¥¬ á ¬ë¬ c0 = 0 , ª®áâ âë c1, c2 ¯à®¨§¢®«ìë,   ®¡é¥¥¥¯à¥àë¢®¥ à¥è¥¨¥ ï¢«ï¥âáï ¤¢ã¯ à ¬¥âà¨ç¥áª¨¬ ¨ ¨¬¥¥â ¢¨¤
x(t) = c1 [ 2t + 3 ℄ + c2 [ 4t2 − 1 ℄ (çâ® á«¥¤ã¥â ¨§ ä®à¬ã«ë (2.5),¨¬¥îé¥© ¢¨¤ (Px)(t) = c0 + c1 [ 1 + t − τ1 ℄ + c2 [ 1 + 12 (t2 − τ22 ) ℄ ).Ǒà¨ (τ1, τ2) 6= (−12 ,−32) á¥¬¥©áâ¢® à¥è¥¨© ï¢«ï¥âáï ®¤®¯ à -¬¥âà¨ç¥áª¨¬ (§¤¥áì ®¤  á¢®¡®¤ ï ¨ ¤¢¥ ¡ §¨áë¥ ¯¥à¥¬¥ë¥),  ä®à¬ã«  x(t) = c

∣∣∣∣
1 + t − τ1 12 (t2 − τ21 )

t − τ2 1 + 12 (t2 − τ22 ) ∣∣∣∣ ®¯¨áë¢ ¥â ¢á¥¥¯à¥àë¢ë¥ à¥è¥¨ï ãà ¢¥¨ï _x(t) = x(τ1)+ t x(τ2) (ä®à¬ã«ã«¥£ª® ¯à®¢¥à¨âì ¥¯®áà¥¤áâ¢¥®© ¯®¤áâ ®¢ª®© ¢ ãà ¢¥¨¥).�á«¨ äãªæ¨ï f0 ¯à®¨§¢®«ì , â® ¯à¨ (τ1, τ2) 6= (−12 ,−32 ) á¥-¬¥©áâ¢® ¥¯à¥àë¢ëå à¥è¥¨© ®áâ ¥âáï ®¤®¯ à ¬¥âà¨ç¥áª¨¬.� ¯à¨¬¥à, ¥á«¨ τ1 = 1 , τ2 = √3 , â® ¯à¨ «î¡®¬ c ∈ C äãªæ¨ï
x(t) = c [ t2−1 ℄ − t√3 √3∫1 f0(s) ds + t∫1 f0(s) ds ã¤®¢«¥â¢®àï¥â ãà ¢-¥¨î _x(t) = x(1) + t x(√3) + f0(t) . �á«¨ �¥ (τ1, τ2) = (−12 ,−32) ,â® á¨áâ¥¬  (2.8) à §à¥è¨¬  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤ 20



−1/2∫

−3/2 f0(s) ds = 0 , ¯à¨ç¥¬ ¢ á«ãç ¥ à §à¥è¨¬®áâ¨ ®¡é¥¥ ¥¯à¥àë¢-®¥ à¥è¥¨¥ ¨¬¥¥â ¢¨¤ x(t) = t∫

−1/2 f0(s) ds+c1 [ 2t+3 ℄+c2 [ 4t2−1 ℄ .� ª«îç¨â¥«ì ï ç áâì ¯ à £à ä  ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î¢®¯à®á  ®¡ ®¤®¯ à ¬¥âà¨ç¥áª®¬ ¯à¥¤áâ ¢«¥¨¨ á¥¬¥©áâ¢  ¥-¯à¥àë¢ëå à¥è¥¨© ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ¢¨¤  (2.1) ¯à¨
m = 1 . (�áá«¥¤®¢ ¨¥ á«ãç ï m > 1 ¨ ¬®£®¯ à ¬¥âà¨ç¥áª®-£® ¯à¥¤áâ ¢«¥¨ï ¥¯à¥àë¢ëå à¥è¥¨© ®áâ ¢«ï¥¬ ç¨â â¥«î.)� §¡¨¥¨¥ T = {τ1, . . . , τn} ¨ äãªæ¨¨ b0, b1, . . . , bn : K → C¯®à®�¤ îâ äãªæ¨® «ì®¥ ãà ¢¥¨¥

x(t) + n∑
k=1 bk(t)x(τk) = b0(t) (2.9)¨ ®¯à¥¤¥«¨â¥«¨ � ¨ D(t) ¯®àï¤ª  n ¨ n+ 1 á®®â¢¥âáâ¢¥®:� _= ∣∣∣∣∣∣∣

1 + b1(τ1) . . . bn(τ1)... . . . ...
b1(τn) . . . 1 + bn(τn) ∣∣∣∣∣∣∣

, (2.10)
D(t) _= ∣∣∣∣∣∣∣∣∣

b0(t) b1(t) . . . bn(t)
b0(τ1) 1 + b1(τ1) . . . bn(τ1)... ... . . . ...
b0(τn) b1(τn) . . . 1 + bn(τn) ∣∣∣∣∣∣∣∣∣

. (2.11)� ¥ ¬ ¬   2.1. �¯à¥¤¥«¨â¥«¨ � ¨ D(t) ã¤®¢«¥â¢®àïîââ®�¤¥áâ¢ã D(t)+ n∑
k=1 bk(t)D(τk) = b0(t)� . �à ¢¥¨¥ (2.9) ¨¬¥-¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � 6= 0 .�â¨¬ à¥è¥¨¥¬ ï¢«ï¥âáï äãªæ¨ï x(t) _=D(t)/� , t ∈ K .
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� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¨ «î¡®¬ k á¯à ¢¥¤«¨¢®D(τk) = ∣∣∣∣∣∣∣∣∣

b0(τk) b1(τk) . . . bn(τk)
b0(τ1) 1 + b1(τ1) . . . bn(τ1)... ... . . . ...
b0(τn) b1(τn) . . . 1 + bn(τn) ∣∣∣∣∣∣∣∣∣

=
= ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 . . . −1 . . . 0
b0(τ1) 1 + b1(τ1) . . . bk(τ1) . . . bn(τ1)... ... . . . ... ...
b0(τk) b1(τk) . . . 1 + bk(τk) . . . bn(τk)... ... ... . . . ...
b0(τn) b1(τn) . . . bk(τn) . . . 1 + bn(τn)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.�ëç«¨ k -î áâà®ªã ¨§ ã«¥¢®© (§ ¬¥â¨¬, çâ® ã¬¥à æ¨î áâà®ª ¨áâ®«¡æ®¢ ¬ë ¢¥¤¥¬ ®â 0 ¤® n ). � ª¨¬ ®¡à §®¬,D(t) + n∑
k=1 bk(t)D(τk) =

= ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b0(t) 0 . . . 0 . . . 0
b0(τ1) 1 + b1(τ1) . . . bk(τ1) . . . bn(τ1)... ... . . . ... ...
b0(τk) b1(τk) . . . 1 + bk(τk) . . . bn(τk)... ... ... . . . ...
b0(τn) b1(τn) . . . bk(τn) . . . 1 + bn(τn)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= b0(t)�.�à ¢¥¨î (2.9) á®®â¢¥âáâ¢ã¥â á¨áâ¥¬  «¨¥©ëå  «£¥¡à ¨-ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® ¯¥à¥¬¥ëå x1, . . . , xn :




xi + n∑
j=1 bj(τi)xj = b0(τi)

i = 1, . . . , n
⇐⇒





n∑
j=1�ij xj = b0(τi)
i = 1, . . . , n

, (2.12)£¤¥ �ij | í«¥¬¥âë ®¯à¥¤¥«¨â¥«ï (2.10).22



Ǒà¨ � 6= 0 ®¤¨¬ ¨§ à¥è¥¨© ãà ¢¥¨ï (2.9) ï¢«ï¥âáï äãª-æ¨ï x(t) _=D(t)/� , ¯®íâ®¬ã ãà ¢¥¨¥ à §à¥è¨¬®. �á«¨ x1(·) ¨
x2(·) | ¤¢  à¥è¥¨ï ãà ¢¥¨ï, â® ¢¥ªâ®àë (x1(τ1), . . . , x1(τn))¨ (x2(τ1), . . . , x2(τn)) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (2.12), á«¥¤®¢ â¥«ì-®, x1(τj) = x2(τj) ¤«ï ¢á¥å j = 1, . . . , n , ¯®íâ®¬ã x1(·) = x2(·) .Ǒãáâì x | ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (2.9). �¤¨¬ ¨§à¥è¥¨© á¨áâ¥¬ë (2.12) ï¢«ï¥âáï ¢¥ªâ®à (x(τ1), . . . , x(τn)) , ¯®-íâ®¬ã á¨áâ¥¬  à §à¥è¨¬ . �á«¨ (x11, . . . , x1

n) ¨ (x21, . . . , x2
n) |¤¢  à¥è¥¨ï á¨áâ¥¬ë ¨ xk(·) _= b0(·) − n∑

j=1 bj(·)xk
j , k = 1, 2 , â®

xk(τi) = xk
i ¤«ï ¢á¥å i = 1, . . . , n , ¯®íâ®¬ã äãªæ¨¨ x1(·) ¨ x2(·)ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (2.9). � ª¨¬ ®¡à §®¬, x1(·) = x2(·) ,

x1
j = x1(τj) = x2(τj) = x2

j ¤«ï ¢á¥å j = 1, . . . , n , ¯®íâ®¬ã � 6= 0 .Ǒ à ¨ ¬ ¥ à 2.3. �à ¢¥¨¥ x(t)+sin t·x(0)+os t·x(π2 ) = 0¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©: x(t) = c (os t − sin t) , c ∈ C .�¤¥áì ®¯à¥¤¥«¨â¥«ì (2.10) à ¢¥ ã«î.� §¡¨¥¨¥ T = {τ1, . . . , τn} ¨ äãªæ¨¨ f0, f1, . . . , fn ∈ G(K)¯®à®�¤ îâ áª «ïà®¥ ãà ¢¥¨¥ ( _x, ϕ) ≡ (Fx,ϕ) ¢¨¤  (2.1),  ¯à®¨§¢®«ì ï â®çª  (τ0, x0) ∈ K × C ¯®à®�¤ ¥â äãªæ¨¨�ij(t) _= δij + t∫
τi

f j(s) ds ¯à¨ (i, j) 6= (0, 0) , �00(t) _=x0 + t∫
τ0 f0(s) ds¨ ®¯à¥¤¥«¨â¥«¨ �(t) ¨ D(t) ¯®àï¤ª  n ¨ n+1 á®®â¢¥âáâ¢¥®:�(t) _= ∣∣∣∣∣∣∣

�11(t) . . . �1n(t)... . . . ...�n1(t) . . . �nn(t) ∣∣∣∣∣∣∣
,

D(t) _=D(t; τ0, x0) _= ∣∣∣∣∣∣∣∣∣

�00(t) �01(t) . . . �0n(t)�10(t) �11(t) . . . �1n(t)... ... . . . ...�n0(t) �n1(t) . . . �nn(t) ∣∣∣∣∣∣∣∣∣

.� ¥ ® à ¥ ¬   2.2. 1. �¯à¥¤¥«¨â¥«¨ �(t) ¨ D(t) ã¤®¢«¥-â¢®àïîâ â®�¤¥áâ¢ã D(t)− n∑
k=1 [ t∫

τ0 fk(s) ds
]D(τk)=�00(t)�(τ0).23



2. � ¤ ç , á®áâ®ïé ï ¨§ áª «ïà®£® ãà ¢¥¨ï ( _x, ϕ)≡(Fx,ϕ)¢¨¤  (2.1) ¨  ç «ì®£® ãá«®¢¨ï x(τ0) = x0 , ¨¬¥¥â ¥¤¨áâ¢¥®¥¥¯à¥àë¢®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(τ0) 6= 0 .�â¨¬ à¥è¥¨¥¬ ï¢«ï¥âáï äãªæ¨ï x(t) _=D(t; τ0, x0)/�(τ0) .3. �«ï áª «ïà®£® ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ¢¨¤  (2.1) á«¥-¤ãîé¨¥ ãâ¢¥à�¤¥¨ï íª¢¨¢ «¥âë:a) ¯à®áâà áâ¢® ¥¯à¥àë¢ëå à¥è¥¨© ãà ¢¥¨ï ®¤®¬¥à®;b) �(t) 6≡ 0 ;) �(τk) 6= 0 ¯à¨ ¥ª®â®à®¬ k = 1, . . . , n .Ǒà¨ íâ®¬ ®¡é¥¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ ãà ¢¥¨ï ¨¬¥¥â ¢¨¤
x(t) _=D(t; τ0, c)/�(τ0) , c ∈ C , £¤¥ τ0 ∈ K | ¯à®¨§¢®«ì ï â®çª â ª ï, çâ® �(τ0) 6= 0 . � ç áâ®áâ¨, ®¡é¥¥ ¥¯à¥àë¢®¥ à¥è¥-¨¥ ®¤®à®¤®£® ãà ¢¥¨ï ¨¬¥¥â ¢¨¤ x(t) = c�(t) , c ∈ C .4. Ǒà¨ «î¡®¬ c ∈ C ¥¯à¥àë¢ ï äãªæ¨ï x(t) = c�(t) ï¢«ï-¥âáï à¥è¥¨¥¬ ®¤®à®¤®£® ãà ¢¥¨ï (2.1).� ® ª   §   â ¥ « ì á â ¢ ®. 1. �«ï ¢á¥å i = 1, . . . , n á¯à -¢¥¤«¨¢ë à ¢¥áâ¢  �i0(t) −�00(t) = −�00(τi) ,   ¯à¨ ¢á¥å j > 0¨¬¥¥¬ �ij(t) −�0j(t) = δij −�0j(τi) . �«¥¤®¢ â¥«ì®, ¢ëç¨â ï ¢®¯à¥¤¥«¨â¥«¥ D(t) ã«¥¢ãî áâà®ªã ¨§ ¢á¥å ®áâ «ìëå, ¯®«ãç ¥¬D(t) = ∣∣∣∣∣∣∣∣∣

�00(t) �01(t) . . . �0n(t)
−�00(τ1) 1−�01(τ1) . . . −�0n(τ1)... ... . . . ...
−�00(τn) −�01(τn) . . . 1−�0n(τn) ∣∣∣∣∣∣∣∣∣

=
= ∣∣∣∣∣∣∣∣∣

�00(t) −�01(t) . . . −�0n(t)�00(τ1) 1−�01(τ1) . . . −�0n(τ1)... ... . . . ...�00(τn) −�01(τn) . . . 1−�0n(τn) ∣∣∣∣∣∣∣∣∣

.Ǒ®®ç¥à¥¤® ã¬®�¨«¨   −1 ã«¥¢ãî áâà®ªã ¨ ã«¥¢®© áâ®«-¡¥æ. � ª¨¬ ®¡à §®¬, D(t) ¨¬¥¥â ¢¨¤ (2.11), £¤¥ b0(t) = �00(t)¨ bj(t) = −�0j(t) ¯à¨ j > 0 . �«¥¤®¢ â¥«ì®, ¢ á¨«ã «¥¬¬ë 2.124



¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® D(t)− n∑
k=1�0k(t)D(τk) = �00(t)� , £¤¥� _= ∣∣∣∣∣∣∣

1−�01(τ1) . . . −�0n(τ1)... . . . ...
−�01(τn) . . . 1−�0n(τn) ∣∣∣∣∣∣∣

= �(τ0) , (2.13)çâ® á¯à ¢¥¤«¨¢® ¢ á¨«ã à ¢¥áâ¢  δij −�0j(τi) = �ij(τ0) .2. � ¤ ç , á®áâ®ïé ï ¨§ áª «ïà®£® ãà ¢¥¨ï ( _x, ϕ)≡(Fx,ϕ)¢¨¤  (2.1) ¨  ç «ì®£® ãá«®¢¨ï x(τ0) = x0 , íª¢¨¢ «¥â  ¨â¥-£à «ì®¬ã ãà ¢¥¨î x(t)−x0 = t∫
τ0 f0(s)ds+ n∑

k=1 [ t∫
τ0 fk(s)ds

]
x(τk)¨«¨ x(t) − n∑

k=1�0k(t)x(τk) = �00(t) . Ǒ®á«¥¤¥¥ ãà ¢¥¨¥ ¨¬¥¥â¢¨¤ (2.9),   ¤«ï á®®â¢¥âáâ¢ãîé¥£® ¥¬ã ®¯à¥¤¥«¨â¥«ï (2.10) ¨¬¥-¥â ¬¥áâ® à ¢¥áâ¢® (2.13). � á¨«ã «¥¬¬ë 2.1 ¤ ®¥ ãà ¢¥¨¥,  ¢¬¥áâ¥ á ¨¬ ¨ ¨áå®¤ ï § ¤ ç , ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(τ0) 6= 0 , ¨ íâ¨¬ à¥è¥¨¥¬ï¢«ï¥âáï äãªæ¨ï x(t) _=D(t)/�(τ0) , t ∈ K .3. b) =⇒ a) . �á«¨ �(t) 6≡ 0 , â® áãé¥áâ¢ã¥â τ0 ∈ K â ª®¥, çâ®�(τ0) 6= 0 . � ª ª ª x ∈ C , â® ãà ¢¥¨¥ ( _x, ϕ) ≡ (Fx,ϕ) íª¢¨¢ -«¥â® á®¢®ªã¯®áâ¨ ãà ¢¥¨© x(t)− t∫
τ0 (Fx)(s) ds = c , c ∈ C ,  ª �¤®¥ ¨§ ¨å íª¢¨¢ «¥â® § ¤ ç¥ { ( _x, ϕ) ≡ (Fx,ϕ)
x(τ0) = c

, ¨¬¥î-é¥© ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x(t) = D(t; τ0, c)/�(τ0) . � ª¨¬ ®¡à -§®¬, á¥¬¥©áâ¢® X ¢á¥å ¥¯à¥àë¢ëå à¥è¥¨© ¨áå®¤®£® ãà ¢¥-¨ï ( _x, ϕ) ≡ (Fx,ϕ) ¨¬¥¥â ¢¨¤ X = {D(t; τ0, c)/�(τ0), c ∈ C
} ,¯à¨ç¥¬ ¤«ï «î¡ëå ª®áâ â c1, c2 ∈ C ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®D(t; τ0, c1)−D(t; τ0, c2) = (c1−c2)�(t) , ¯®íâ®¬ã dimX = 1 .

a) =⇒ b) . �á«¨ ¯à®áâà áâ¢® ¥¯à¥àë¢ëå à¥è¥¨© ¥®¤®-à®¤®£® ãà ¢¥¨ï (2.1) ®¤®¬¥à®, â® â ª®¢ë¬ �¥ ï¢«ï¥âáï ¨¯à®áâà áâ¢® X0 ¥¯à¥àë¢ëå à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï.25



�¥¬ á ¬ë¬ X0 ¨¬¥¥â ¢¨¤ X0 = {
c ξ(t), c ∈ C

} , £¤¥ ¥¯à¥àë¢ ïäãªæ¨ï ξ(·) â ª®¢ , çâ® ξ(t) 6≡ 0 . � ä¨ªá¨àã¥¬ τ0 ∈ K â ª®¥,çâ® ξ(τ0) 6= 0 . � �¤ ï ¨§ äãªæ¨© c ξ(·) ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬à¥è¥¨¥¬ ãà ¢¥¨ï x(t)− n∑
k=1 [ t∫

τ0 fk(s) ds
]
x(τk) = c ξ(τ0) , ¯®íâ®-¬ã ¢ á®®â¢¥âáâ¢¨¨ á ¯ãªâ®¬ 2 â¥®à¥¬ë á¯à ¢¥¤«¨¢® �(τ0) 6= 0 .

b) ⇐⇒ c) . Ǒà¥¤¯®«®�¨¬, çâ® �(t) 6≡ 0 , ® �(τk) = 0 ¤«ï¢á¥å k = 1, . . . , n . Ǒ®«®�¨¢ x0 = 1 ¨ f0(t) ≡ 0 , ¯®«ãç ¥¬ à ¢¥-áâ¢  D(t) = �(t) ¨ �(t)− n∑
k=1 [ t∫

τ0 fk(s) ds
]�(τk) = �(τ0) , ¯®íâ®¬ã�(t) = �(τ0) ¤«ï ¢á¥å t, τ0 ∈ K . �«¥¤®¢ â¥«ì®, �(t) ≡ onst ,¯à¨ç¥¬ �(t) ≡ 0 ,   ®¡à â ï ¨¬¯«¨ª æ¨ï âà¨¢¨ «ì .�á«¨ f0 = 0 , â® D(t; τ0, x0) = x0�(t) , ¯®íâ®¬ã x(t) = c�(t)| ®¡é¥¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï (2.1).4. �«ãç © �(t) 6≡ 0 ¬ë ã�¥ ®¡áã¤¨«¨,   á«ãç © �(t) ≡ 0âà¨¢¨ «¥.�   ¬ ¥ ç    ¨ ¥ 2.5. �®£« á® § ¬¥ç ¨î 2.1 ¤«ï ãà ¢-¥¨ï (2.2) «¥£ª® áä®à¬ã«¨à®¢ âì   «®£ â¥®à¥¬ë 2.2: ¢ íâ®¬á«ãç ¥ í«¥¬¥âë ®¯à¥¤¥«¨â¥«¥© �(t) ¨ D(t) ¯à¥®¡à §ãîâáï ¢á®®â¢¥âáâ¢¨¨ á § ¬¥®©, ¯à¥¤«®�¥®© ¢ § ¬¥ç ¨¨.�   ¬ ¥ ç    ¨ ¥ 2.6. Ǒà¨ τ0 â ª¨å, çâ® �(τ0) 6= 0 ,  -ç «ì ï § ¤ ç  ( _x, ϕ) ≡ (Fx,ϕ) , x(τ0) = x0 ¨¬¥¥â ¥¤¨áâ¢¥®¥¥¯à¥àë¢®¥ à¥è¥¨¥, ¯®íâ®¬ã ¢ á®®â¢¥âáâ¢¨¨ á [8, .16℄ ®  ï¢«ï-¥âáï ª®àà¥ªâ® ¯®áâ ¢«¥®©. �  ¯¥à¥áâ ¥â ¡ëâì â ª®¢®©, ¥á«¨�(τ0) = 0 . � íâ®¬ á«ãç ¥ § ¤ ç  «¨¡® ¢®®¡é¥ ¥ ¨¬¥¥â ¥¯à¥àë¢-ëå à¥è¥¨©, «¨¡® ¨¬¥¥â ¨å ¡¥áª®¥ç® ¬®£®. �¤ ª® ¢ ª« áá¥¯à¥àë¢¨áâëå äãªæ¨© ¤  ï § ¤ ç  ¢á¥£¤  à §à¥è¨¬ . � ª¨¬®¡à §®¬, ¯à®æ¥¤ãà  à¥£ã«ïà¨§ æ¨¨, ¯à¥¤«®�¥ ï ¢ [8℄, ¯®§¢®«ï-¥â   ®á®¢ ¨¨ ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  ‖x−Px‖ , § ¤ ®£®  ¬®�¥áâ¢¥ äãªæ¨© ¢¨¤  (2.3) â ª¨å, çâ® r(·) = 0 ,  å®¤¨âì¯á¥¢¤®à¥è¥¨ï ¨ ®à¬ «ìë¥ à¥è¥¨ï § ¤ ç¨ (¢ ª« áá¥ ¯à¥àë-¢¨áâëå äãªæ¨©). 26



3. �¡ ®¤®¬ á¥¬¥©áâ¢¥ á¨«ìëå ®¯¥à â®à®¢Ǒà®¨§¢®«ìë¥ äãªæ¨¨ Q ∈ BVlo ¨ f ∈ G ¨ â®çª  α ∈ K¯®à®�¤ îâ ®¯¥à â®à F : X → G , (Fx)(t) _= f(t) + t∫
α

x dQ , £¤¥ç¥à¥§ X ®¡®§ ç¥® ¯®¤¯à®áâà áâ¢® X ⊆ G , á®áâ®ïé¥¥ ¨§ â¥å
x ∈ G , çâ® ¯à¨ ¢á¥å β ∈ K áãé¥áâ¢ã¥â ¨â¥£à « β∫

α
x dQ . �á«¨, ¯à¨¬¥à, Q ¥¯à¥àë¢ , â® X = G . �¥à¥§ 〈α, β〉 ®¡®§ ç¨¬®âà¥§®ª [α, β℄ ¯à¨ α 6 β ,   ¨ ç¥ 〈α, β〉 | íâ® ®âà¥§®ª [β, α℄ .�®£« á® [9, .117℄ äãªæ¨ï x ∈ X â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ®  ¥¯à¥àë¢  ¢ ª �¤®© â®çª¥ à §àë¢  äãªæ¨¨ Q . �àã£¨¬¨á«®¢ ¬¨, T (x)∩T (Q) = ∅ , £¤¥ T (u) ®¡§ ç ¥â ¬®�¥áâ¢® â®ç¥ªà §àë¢  äãªæ¨¨ u ∈ G (§ ¬¥â¨¬, çâ® ¢ á®®â¢¥âáâ¢¨¨ á [1, . 17℄¯¥à¥á¥ç¥¨¥ T (u) ∩ 〈α, β〉 | ¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ¬®�¥áâ¢®).Ǒ®ª �¥¬, çâ® F : X → G | á¨«ìë© ®¯¥à â®à. �á«¨ x ∈ X¨ z _=x−Px , â® z ∈ Glo0 , ¯à¨ç¥¬ z(t) = x(t)−x(t−0) = 0 = z(t−0)¤«ï «î¡®£® t ∈ T (Q) , ¯®íâ®¬ã ¨â¥£à « β∫

α
z dQ áãé¥áâ¢ã¥â ¨à ¢¥ 0 . �¥©áâ¢¨â¥«ì®, áã�¥¨¥ Q : 〈α, β〉 → C ¯à¥¤áâ ¢¨¬®¢ ¢¨¤¥ áã¬¬ë Q = q + θ (á¬. [10, . 206℄), £¤¥ q ∈ CBV〈α, β〉 ,  

θ : 〈α, β〉 → C | äãªæ¨ï áª çª®¢, ¨¬¥îé ï ¢¨¤
θ(t) _= ∑

τk∈T

[
−Q−

k

t∫
α

dξk +Q+
k

t∫
α

dηk

]
,

∑
τk∈T

(|Q−
k |+ |Q+

k |) < ∞,

T _=T (Q)∩〈α, β〉, Q−
k _=Q(τk −0)−Q(τk), Q+

k _=Q(τk +0)−Q(τk),
ξk(t) _= {

−1 , t < τk0 , t > τk
, ηk(t) _= { 0 , t 6 τk1 , t > τk

.�á«¨ θk(t) _= Q−
k

t∫
α

dξk − Q+
k

t∫
α

dηk , â® θ(t) = − ∑
τk∈T

θk(t) | à ¢-®¬¥à®   〈α, β〉 áå®¤ïé¨©áï äãªæ¨® «ìë© àï¤. �®£« á®[9, .102℄ ¤«ï «î¡®© äãªæ¨¨ u , ¥¯à¥àë¢®© ¢ â®çª¥ τk , á¯à -¢¥¤«¨¢® β∫
α

u dξk = u(τk) β∫
α

dξk ¨ β∫
α

u dηk = u(τk) β∫
α

dηk , ¯®íâ®¬ã27



β∫
α

u dθk = u(τk) θk(β) . Ǒ®áª®«ìªã z(τk) = 0 , â® β∫
α

z dθ = 0 ,   â ªª ª z ∈ Glo0 ¨ q ∈ CBV〈α, β〉 , â® β∫
α

z dq = 0 (á¬. [4℄). � ª¨¬ ®¡-à §®¬, (FPx)(t)=f(t)+ t∫
α
Px dQ=f(t)+ t∫

α
x dQ=(Fx)(t) ¤«ï ¢á¥å

t ∈ K ,   ¨¬¯«¨ª æ¨ï x ∈ X =⇒ Px ∈ X ®ç¥¢¨¤ .Ǒ®áª®«ìªã F | á¨«ìë© ®¯¥à â®à, â® ¢ á¨«ã â¥®à¥¬ë 1.3¯à®æ¥¤ãà  à¥è¥¨ï ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) á¢®¤¨âáï ª ¯®-¨áªã à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬ëå à¥è¥¨© ¨â¥£à®-¤¨ää¥à¥-æ¨ «ì®£® ãà ¢¥¨ï _y = Fy . �àã£¨¬¨ á«®¢ ¬¨, ¥á«¨ x ∈ X |ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ¨ y _=Px , â®
y ∈ RD ∩ X = RD ¨ _y = Fy ¯®çâ¨ ¢áî¤ã. �á«¨ z _=Fy , â®

v(t) _=(
y(t)
z(t)) = (

y(α)
f(t) )+ t∫

α
d

( 0
Q(s) s0)

·
(

y(s)
z(s)) ,

v(t)− t∫
α

dQ · v = b(t), t ∈ 〈α, β〉, (3.1)£¤¥ Q(s) _=( 0
q(s) s0) , b(t) _=(

y(α)
f(t)+∫ t

α
y dθ

) . �¡®§ ç¨¬ ç¥à¥§ C(t, τ)¬ âà¨æã �®è¨ ãà ¢¥¨ï (3.1). �®£« á® [11℄ ®  áãé¥áâ¢ã-¥â ¨ á¯à ¢¥¤«¨¢ë â®�¤¥áâ¢ : C(t, τ) − t∫
τ

dQ(s) · C(s, τ) = E ;
C(t, τ)− t∫

τ
C(t, s) · dQ(s)=E ; C(t, s)C(s, τ)=C(t, τ) ; C(t, t)=E .�à®¬¥ â®£®, C : 〈α, β〉2 → C

2×2 ¥¯à¥àë¢ , ¨¬¥¥â ®£à ¨ç¥-®¥ ¨§¬¥¥¨¥ ¯® ª �¤®© ¯¥à¥¬¥®©,   ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬(3.1) ï¢«ï¥âáï äãªæ¨ï v(t) = C(t, α) b(α) + t∫
α

C(t, τ) · d b(τ) . �ç áâ®áâ¨, äãªæ¨¨ y ¨ z ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢¥¨©
y(t)= C11(t, α) y(α) + C12(t, α) f(α) + t∫

α
C12(t, τ) d[

f(τ)+ τ∫
α

y dθ)],28



z(t)= C21(t, α) y(α) + C22(t, α) f(α) + t∫
α

C22(t, τ) d[
f(τ)+ τ∫

α
y dθ

]
,¯à¨ç¥¬ ¢ ¯¥à¢®¥ ãà ¢¥¨¥ ¢å®¤¨â «¨èì äãªæ¨ï y . �à®¬¥ â®£®,¯à®¨â¥£à¨à®¢ ¢ ¨â¥£à « t∫

α
C12(t, τ) df(τ) ¯® ç áâï¬, ¯®«ãç ¥¬

y(t) = C11(t, α) y(α) − t∫
α

f(τ) dτC12(t, τ) + t∫
α

C12(t, τ) y(τ) dθ(τ)(¢ á¨«ã à ¢¥áâ¢  C(t, t) = E á¯à ¢¥¤«¨¢® C12(t, t) = 0 ). Ǒãáâì
b0(t) _= C11(t, α) y(α) − t∫

α
f(τ) dτC12(t, τ) , bk(t) _= C12(t, τk) θk(t) .�ãªæ¨ï θk(t) ®£à ¨ç¥  (®  ¯®áâ®ï  ¯à¨ t < τk ¨ ¯à¨

t > τk ¨ à §àë¢  à §¢¥ çâ® ¢ â®çª¥ τk ),   lim
t→τk

C12(t, τk) = 0 , ¯®-íâ®¬ã lim
t→τk

bk(t) = 0 = bk(τk) , á«¥¤®¢ â¥«ì®, ¢á¥ bk : 〈α, β〉 → C| ¥¯à¥àë¢ë¥ äãªæ¨¨. � ¬¥â¨¬, çâ® äãªæ¨ï b0 â®�¥ ¥¯à¥-àë¢ . �ç¥¢¨¤ ï ®æ¥ª  (ç¥à¥§ sup-®à¬ë)
|bk(t) y(τk)| 6 ‖y‖〈α,β〉 · ‖C12‖〈α,β〉2 · (|Q−

k |+ |Q+
k |), t ∈ 〈α, β〉,®§ ç ¥â, çâ® äãªæ¨® «ìë© àï¤ ∑

τk∈T
bk(t) y(τk)  ¡á®«îâ® ¨à ¢®¬¥à®   〈α, β〉 áå®¤¨âáï. �«¥¤®¢ â¥«ì®,

t∫
α

C12(t, τ) y(τ) dθ(τ) = −
∑

τk∈T
bk(t) y(τk), t ∈ 〈α, β〉,  y |〈α,β〉 ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î y(t) + ∑

τk∈T
bk(t) y(τk) = b0(t) .10. �á«¨ ard T < ∞ , â® y(t) ¯à¨ t ∈ 〈α, β〉 ã¤®¢«¥â¢®àï¥âãà ¢¥¨î (2.9),   í«¥¬¥âë �ij ®¯à¥¤¥«¨â¥«ï (2.10) ¨¬¥îâ ¢¨¤�ij = δij + C12(τi, τj) [Q−

j

τi∫
α

dξj − Q+
j

τi∫
α

dηj

]
.Ǒãáâì α < β , ¨ ¯à¥¤¯®«®�¨¬, çâ® α 6 τ1 < . . . < τn 6 β , £¤¥

n _= ardT . �®£¤ , ®ç¥¢¨¤®, �ii = 1 , �ij = 0 ¯à¨ i < j ¨, á«¥¤®-¢ â¥«ì®, � = 1 . �â¨ �¥ à ¢¥áâ¢  ¨¬¥îâ ¬¥áâ® ¨ ¢ â®¬ á«ãç ¥,29



ª®£¤  β < α ¨ β 6 τn < . . . < τ1 6 α . � ª¨¬ ®¡à §®¬, ¢ á®®â¢¥â-áâ¢¨¨ á «¥¬¬®© 2.1 áã�¥¨¥ y : 〈α, β〉 → C ¯à¨ ¤«¥�¨â ¬®�¥-áâ¢ã X〈α, β〉 _= {Dc(·)|〈α,β〉, c ∈ C
} , £¤¥ Dc(t) | ®¯à¥¤¥«¨â¥«ì¢¨¤  (2.11), ¯®áâà®¥ë© ¯® à §¡¨¥¨î {τ1, . . . , τn} (¥§ ¢¨á¨-¬® ®â ¯®àï¤ª  τi1 < . . . < τin ) ¨ äãªæ¨ï¬ b0(t), . . . , bn(t) . �á¥íâ¨ äãªæ¨¨, ªà®¬¥ b0(t) , § ¢¨áïâ «¨èì ®â ¨áå®¤ëå ¯ à ¬¥âà®¢ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) ,   äãªæ¨ï b0(t) § ¢¨á¨â ¥é¥ ®â ¢¥«¨-ç¨ë y(α) (®â ª®áâ âë c ∈ C ), çâ® ¨ ®âà �¥® ¢ ®¡®§ ç¥¨¨Dc(t) . � ª¨¬ ®¡à §®¬, ¥á«¨ ard(T (Q)∩〈α, β〉) < ∞ , â® á¥¬¥©áâ¢®

X〈α, β〉 ï¢«ï¥âáï ®¡é¨¬ à¥è¥¨¥¬ ¨â¥£à®-¤¨ää¥à¥æ¨ «ì®£®ãà ¢¥¨ï _x(t) = f(t) + t∫
α

x dQ (¯à¨ t ∈ 〈α, β〉 ),   ¤«ï áã�¥¨ï
y |〈α,β〉 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® y(t) = Dc(t) ¯à¨ c = y(α) .� á¨«ã ¢â®à®£® â®�¤¥áâ¢  ¤«ï ¬ âà¨æë C(t, τ) á¯à ¢¥¤«¨¢®à ¢¥áâ¢® C12(t, τ)= t∫

τ
C11(t, s) ds , ¯®íâ®¬ã b0(t)− C11(t, α) y(α) == −

t∫
α

f(τ) dτ

[ t∫
τ

C11(t, s) ds
] = t∫

α
C11(t, τ) f(τ) dτ , á«¥¤®¢ â¥«ì®,

y(t) = Dy(α)(t) =
= ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

C11(t, α)y(α)+ t∫
α

C11(t, τ)f(τ)dτ b1(t) . . . bn(t)
C11(τ1, α)y(α)+ τ1∫

α
C11(τ1, τ)f(τ)dτ 1+b1(τ1) . . . bn(τ1)... ... . . . ...

C11(τn, α)y(α)+ τn∫
α

C11(τn, τ)f(τ)dτ b1(τn) . . . 1+bn(τn)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï� ¥ ® à ¥ ¬   3.1. �á«¨ äãªæ¨ï Q ∈ BVlo(K) ¨¬¥¥â  ®âà¥§ª¥ 〈α, β〉 ⊂ K «¨èì ª®¥ç®¥ ç¨á«® â®ç¥ª à §àë¢ , â® ¢áï-ª®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ ¨â¥£à®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï30



_y(t) = f(t) + t∫
α

y dQ ¯à¨ t ∈ 〈α, β〉 ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥
y(t) = Rn(t, α) y(α) + t∫

α
Rn(t, τ) f(τ) dτ, t ∈ 〈α, β〉, (3.2)£¤¥ ç¥à¥§ Rn(t, τ) ®¡®§ ç¥ ®¯à¥¤¥«¨â¥«ì ¯®àï¤ª  n+ 1 :

Rn(t, τ) _= ∣∣∣∣∣∣∣∣∣

C11(t, τ) b1(t) . . . bn(t)
C11(τ1, τ)χ〈α,τ1〉(τ) 1 + b1(τ1) . . . bn(τ1)... ... . . . ...
C11(τn, τ)χ〈α,τn〉(τ) b1(τn) . . . 1 + bn(τn) ∣∣∣∣∣∣∣∣∣

=
= ∣∣∣∣∣∣∣∣∣

C11(t, τ) C12(t, τ1)θ1(t) . . . C12(t, τn) θn(t)
C11(τ1, τ)χ〈α,τ1〉(τ) 1 . . . C12(τ1, τn)θn(τ1)... ... . . . ...
C11(τn, τ)χ〈α,τn〉(τ) C12(τn, τ1)θ1(τn) . . . 1 ∣∣∣∣∣∣∣∣∣

.�¥£ª® § ¬¥â¨âì, çâ® äãªæ¨ï Rn(t, τ) , (t, τ) ∈ 〈α, β〉2 , ®£à -¨ç¥ , ¥¯à¥àë¢  ¯® t ¯à¨ ä¨ªá¨à®¢ ®¬ τ ¨ ï¢«ï¥âáï ªã-á®ç® ¥¯à¥àë¢®© äãªæ¨¥© ¯® τ ¯à¨ ä¨ªá¨à®¢ ®¬ t .20. �á«¨ ¬®�¥áâ¢® â®ç¥ª à §àë¢  ã Q   ®âà¥§ª¥ 〈α, β〉áç¥â®, â® ä®à¬ã«  (3.2) â ª�¥ ¨¬¥¥â ¬¥áâ®. �®«ì ï¤à  Rn(t, τ)¢ íâ®¬ á«ãç ¥ ¢ë¯®«ï¥â ¯à¥¤¥«ì ï äãªæ¨ï ¯®á«¥¤®¢ â¥«ì®-áâ¨ {Rn(t, τ) }∞n=1 ¢ sup-®à¬¥. �¥¯à¥àë¢®áâì ¯® t ã ¯à¥¤¥«ì-®© äãªæ¨¨ á®åà ¨âáï,   ¯® ¯¥à¥¬¥®© τ ®  ï¢«ï¥âáï ¯à¥-àë¢¨áâ®©. �ë ¯à¨¢®¤¨¬ íâ¨ ãâ¢¥à�¤¥¨ï ¡¥§ ¤®ª § â¥«ìáâ¢ .30. �«ï § ¤ ç¨, á®áâ®ïé¥© ¨§ ¨â¥£à®-¤¨ää¥à¥æ¨ «ì®£®ãà ¢¥¨ï _y(t) = f(t) + t∫
α

y dQ ¨  ç «ì®£® ãá«®¢¨ï y(α) = y0 ,á¯à ¢¥¤«¨¢  ¯à®æ¥¤ãà  ¯à®¤®«�¥¨ï à¥è¥¨ï á ¯à®¨§¢®«ì®£®®âà¥§ª  〈α, β〉   ¢¥áì ¨â¥à¢ « K .40. �¥®à¥¬ë 1.3 ¨ 3.1 ¯®§¢®«ïîâ ¤ âì ¯®«®¥ ®¯¨á ¨¥ ¢á¥å¯à¥àë¢¨áâëå à¥è¥¨© ãà ¢¥¨ï ( _x, ϕ) ≡ (Fx,ϕ) .31
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