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r > 0 ; mes | ¬¥à  �¥¡¥£    R . �ãªæ¨ï f : R → U  §ë¢ ¥â-áï í«¥¬¥â à®©, ¥á«¨ áãé¥áâ¢ãîâ â®çª¨ xj ∈ U ¨ ¥¯¥à¥á¥ª î-é¨¥áï ¨§¬¥à¨¬ë¥ (¯® �¥¡¥£ã) ¬®�¥áâ¢  Tj ⊆ R , j ∈ N , â ª¨¥,çâ® mes R \

⋃

j
Tj = 0 ¨ f(t) = xj ¤«ï ¢á¥å t ∈ Tj . �¡®§ ç¨¬â ªãî äãªæ¨î ç¥à¥§ f(.) = ∑

j
xjχTj

(.) (£¤¥ χT (.) | å à ªâ¥-à¨áâ¨ç¥áª ï äãªæ¨ï ¬®�¥áâ¢  T ⊆ R ). �«ï «î¡ëå äãªæ¨©
fj : R → U , j ∈ N , ®¯à¥¤¥«¨¬ äãªæ¨î ∑

j
fj(.)χTj

(.) : R → U ,á®¢¯ ¤ îéãî á äãªæ¨¥© fj(.)   ¬®�¥áâ¢¥ Tj , j ∈ N (®¡®-§ ç¥¨¥ ∑

j
fj(.)χTj

(.) ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¥ â®«ìª® ¢ á«ãç ¥,ª®£¤  ¯à®áâà áâ¢® U = (H, ‖.‖) ®à¬¨à®¢ ®¥, ® ¨ ¢ á«ãç ¥¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  U , ®¤ ª® ¨ª ª¨å «¨¥©ëå ®¯¥à -æ¨©  ¤ â ª¨¬¨ äãªæ¨ï¬¨ ¯à®¨§¢®¤¨âìáï ¥ ¡ã¤¥â). �ãªæ¨ï34



f : R → U ¨§¬¥à¨¬ , ¥á«¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â í«¥¬¥-â à ï äãªæ¨ï fε : R → U â ª ï, çâ® ess sup
t∈R

ρ(f(t), fε(t)) < ε .Ǒãáâì M(R,U) | íâ® ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå äãªæ¨© f :
R → U (äãªæ¨¨, á®¢¯ ¤ îé¨¥ ¯à¨ ¯®çâ¨ ¢á¥å (¯.¢.) t ∈ R ,®â®�¤¥áâ¢«ïîâáï). Ǒãáâì x0 ∈ U . �«ï p > 1 ®¡®§ ç¨¬

Mp(R,U) .= {

f ∈ M(R,U) : sup
ξ∈R

ξ+1
∫

ξ

ρ p(f(t), x0) dt < +∞
}

.�  ¬®�¥áâ¢¥ Mp(R,U) ¤«ï ¢á¥å l > 0 ®¯à¥¤¥«ïîâáï ¬¥âà¨ª¨
D

(S)
p, l (f, g) = ( sup

ξ∈R

1
l

ξ+l
∫

ξ

ρ p(f(t), g(t)) dt
)1/p

, f, g ∈ Mp(R,U) .�á«¨ l1 > l , â®
(

l
l1 )1/p

D
(S)
p, l (f, g) 6 D

(S)
p, l1(f, g) 6

(1 + l
l1 )1/p

D
(S)
p, l (f, g) ,¯®íâ®¬ã áãé¥áâ¢ã¥â ¯à¥¤¥«

D(W )
p (f, g) = lim

l→+∞
D

(S)
p, l (f, g) = inf

l>0 D
(S)
p, l (f, g), f, g ∈ Mp(R,U) ,ª®â®àë© ï¢«ï¥âáï ¯®«ã¬¥âà¨ª®©   Mp(R,U) .Ǒãáâì Mp(R,U) , p > 1 , | ¯à®áâà áâ¢® � àæ¨ª¥¢¨ç , â®¥áâì ¬®�¥áâ¢® â ª¨å äãªæ¨© f ∈ M(R,U) , çâ® ρ(f(.), x0) ¯à¨- ¤«¥�¨â Lplo(R, R) ¨ lim

b→+∞

12b b
∫

−b

ρ p(f(t), x0) dt < +∞ . �  ¬®-�¥áâ¢¥ Mp(R,U) ¢¢®¤¨âáï ¯®«ã¬¥âà¨ª 
D

(B)
p (f, g) = ( lim

b→+∞

12b b
∫

−b

ρ p(f(t), g(t)) dt
)1/p

, f, g ∈ Mp(R,U).�á«¨ ¤«ï äãªæ¨© f, g ∈ Mp(R,U) ®¯à¥¤¥«¨âì ®â®è¥¨¥ íª¢¨-¢ «¥â®áâ¨: f ∼ g â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  D
(B)
p (f, g) = 0 ,â® ä ªâ®à-¯à®áâà áâ¢® (Mp(R,U) / ∼ ,D

(B)
p ) áâ ®¢¨âáï ¯®«-ë¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬ [17℄. �¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥35



Mp(R,U) ⊆ Mp(R,U) ¨ D
(B)
p (f, g) 6 D

(W )
p (f, g) 6 D

(S)
p, l (f, g) ¤«ï¢á¥å äãªæ¨© f, g ∈ Mp(R,U) (¨ ¢á¥å l > 0 ).�á«¨ U = (H, ‖.‖) | ¡  å®¢® ¯à®áâà áâ¢® (®¡®§ ç ¥¬

ρ(x, y) = ‖x−y‖ , x, y∈H ), â®   Mp(R,H) ®¯à¥¤¥«¥ë ®à¬ë
‖f‖

(S)
p, l = ( sup

ξ∈R

1
l

ξ+l
∫

ξ

‖f(t)‖pdt
)1/p

, l > 0 ,¨ ¯®«ã®à¬  ‖f‖
(W )
p = lim

l→+∞
‖f‖

(S)
p, l , f ∈ Mp(R,H) ,     ¯à®-áâà áâ¢¥ Mp(R,H) | ¯®«ã®à¬ 

‖f‖
(B)
p = ( lim

b→+∞

12b b
∫

−b

‖f(t)‖p dt
)1/p

, f ∈ Mp(R,H) .� á«ãç ¥ H = C (¨«¨ R ) ¯®« £ ¥¬ ‖h‖ = |h| , h ∈ C . �¤ «ì¥©è¥¬ (¡¥§ ¯®ïá¥¨©) ç¥à¥§ H ¡ã¤¥â ®¡®§ ç âìáï ¡  -å®¢® ¯à®áâà áâ¢®, ¯à¨ íâ®¬ ã¤®¡® áç¨â âì ¡  å®¢® ¯à®áâà -áâ¢® H = (H, ‖.‖) ª®¬¯«¥ªáë¬. �á«¨ ¡  å®¢® ¯à®áâà áâ¢®
H ¢¥é¥áâ¢¥®¥, â® ¬®�® à áá¬®âà¥âì ¥£® ª®¬¯«¥ªá¨ä¨ª æ¨î
H+ iH (á ®à¬®© ‖h1+ ih2‖ = sup

ϕ∈ [0,2π) ‖h1 osϕ−h2 sinϕ‖ ), ®â®-�¤¥áâ¢«ïï ¯à®áâà áâ¢® H á ¢¥é¥áâ¢¥ë¬ ¯®¤¯à®áâà áâ¢®¬.�®�¥áâ¢® T ⊆ R  §ë¢¥âáï ®â®á¨â¥«ì® ¯«®âë¬, ¥á«¨áãé¥áâ¢ã¥â a > 0 â ª®¥, çâ® [ ξ, ξ + a℄ ∩ T 6= ∅ ¤«ï ¢á¥å ξ ∈ R .�¨á«® τ ∈ R  §ë¢ ¥âáï (ε,D(S)
p, l ) -¯®çâ¨ ¯¥à¨®¤®¬ äãªæ¨¨

f ∈ Mp(R,U) , £¤¥ ε > 0 , p > 1 , ¥á«¨ D
(S)
p, l (f(.), f(. + τ)) < ε .�ãªæ¨ï f ∈ Mp(R,U) ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã Sp(R,U) ¯.¯.¯® �â¥¯ ®¢ã äãªæ¨© ¯®àï¤ª  p > 1 , ¥á«¨ ¤«ï «î¡®£® ε > 0¬®�¥áâ¢® (ε,D(ρ)

p, 1) -¯®çâ¨ ¯¥à¨®¤®¢ f ®â®á¨â¥«ì® ¯«®â®.�ãªæ¨ï f ∈ Mp(R,U) ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã Wp(R,U)¯.¯. ¯® �¥©«î äãªæ¨© ¯®àï¤ª  p > 1 , ¥á«¨ ¤«ï «î¡®£® ε > 0áãé¥áâ¢ã¥â äãªæ¨ï fε ∈ Sp(R,U) â ª ï, çâ® D
(W )
p (f, fε) < ε .�ãªæ¨ï f ∈ Mp(R,U) ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã Bp(R,U)36



¯.¯. ¯® �¥§¨ª®¢¨çã äãªæ¨© ¯®àï¤ª  p > 1 , ¥á«¨ ¤«ï «î-¡®£® ε > 0 áãé¥áâ¢ã¥â äãªæ¨ï fε ∈ Sp(R,U) , ¤«ï ª®â®-à®© D
(B)
p (f, fε) < ε . �¬¥¥¬ Sp(R,U) ⊆ Wp(R,U) ⊆ Bp(R,U)¨ Sp1(R,U) ⊆ Sp2(R,U) , Wp1(R,U) ⊆ Wp2(R,U) , Bp1(R,U) ⊆

Bp2(R,U) ¤«ï ¢á¥å p1 > p2 > 1 . �á«¨ f, g ∈ Wp(R,U) , â®
D

(W )
p (f, g) = D

(B)
p (f, g) , p > 1 .�  ¯à®áâà áâ¢¥ U ®¯à¥¤¥«¨¬ ¥é¥ ®¤ã ¬¥âà¨ªã ρ ′(x, y) == min {1, ρ(x, y)} , x, y ∈ U ; «¥£ª® ¯à®¢¥à¨âì, çâ® (U , ρ ′) | ¯®«-®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. Ǒãáâì S(R,U) .= S1(R, (U , ρ ′)) ,

W (R,U) .= W1(R, (U , ρ ′)) , B(R,U) .= B1(R, (U , ρ ′)) . �¯à ¢¥¤«¨¢ëá«¥¤ãîé¨¥ ¢«®�¥¨ï S1(R,U) ⊆ S(R,U) , W1(R,U) ⊆ W (R,U) ,
B1(R,U) ⊆ B(R,U) ¨ S(R,U) ⊆ W (R,U) ⊆ B(R,U) . �«ï ¢á¥å
f, g ∈ M(R,U) = M1(R, (U , ρ ′)) = M1(R, (U , ρ ′)) ®¡®§ ç¨¬

D
(S)
l (f, g) = sup

ξ∈R

1
l

ξ+l
∫

ξ

ρ ′(f(t), g(t)) dt, l > 0 ,

D(W )(f, g) = lim
l→+∞

D
(S)
l (f, g) ,

D(B)(f, g) = lim
b→+∞

12b b
∫

−b

ρ ′(f(t), g(t)) dt .�á«¨ f, g ∈ W (R,U) , â® D(W )(f, g) = D(B)(f, g) .Ǒ®á«¥¤®¢ â¥«ì®áâì τj ∈ R , j ∈ N ,  §ë¢ ¥âáï f -¢®§¢à -é îé¥© ¤«ï äãªæ¨¨ f ∈ B(R,U) , ¥á«¨
D(B)(f(.), f(.+ τj)) → 0 (1.1)¯à¨ j → +∞ . �á«¨ äãªæ¨ï f ∈ B(R,U) ¯à¨ ¤«¥�¨â ª ª®¬ã-«¨¡® ¨§ à áá¬ âà¨¢ ¥¬ëå ¯à®áâà áâ¢ ¯.¯. äãªæ¨© Sp(R,U) ,

Wp(R,U) , Bp(R,U) , S(R,U) ¨«¨ W (R,U) , â® f -¢®§¢à é îé¨¥¯®á«¥¤®¢ â¥«ì®áâ¨ | íâ® â¥ ¨ â®«ìª® â¥ ¯®á«¥¤®¢ â¥«ì®áâ¨
τj ∈ R , j ∈ N , ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï (1.1) ¯à¨ § ¬¥¥ ¯®-«ã¬¥âà¨ª¨ D(B)   (¯®«ã)¬¥âà¨ªã D

(S)
p, l (¤«ï «î¡®£® l > 0 ),37



D
(W )
p , D

(B)
p , D

(S)
l (â ª�¥ ¤«ï «î¡®£® l > 0 ) ¨«¨ D(W ) á®®â-¢¥âáâ¢¥®.�«ï äãªæ¨© f ∈ B(R,U) ç¥à¥§ Mod f ®¡®§ ç ¥âáï ¬®-�¥áâ¢® ç¨á¥« λ ∈ R â ª¨å, çâ® e iλτj → 1 (£¤¥ i2 = −1 )¯à¨ j → +∞ ¤«ï «î¡®© f -¢®§¢à é îé¥© ¯®á«¥¤®¢ â¥«ì®-áâ¨ τj ∈ R . �á«¨ D(B)(f(.), y(.)) 6= 0 ¤«ï ¢á¥å ¯®áâ®ïëåäãªæ¨© y(t) ≡ y ∈ U , t ∈ R , â® Mod f | áç¥âë© ¬®¤ã«ì(£àã¯¯  ¯® á«®�¥¨î). � ¯à®â¨¢®¬ á«ãç ¥ Mod f = {0} . �á«¨

f ∈ B(R,U) ¨ τj ∈ R , j ∈ N , | â ª ï ¯®á«¥¤®¢ â¥«ì®áâì, çâ®¤«ï ¢á¥å λ ∈ Mod f ¨¬¥¥¬ e iλτj → 1 ¯à¨ j → +∞ , â® τj |
f -¢®§¢à é îé ï ¯®á«¥¤®¢ â¥«ì®áâì.�«ï «î¡®© äãªæ¨¨ f ∈ B1(R,H) ¨ ç¨á«  λ ∈ R áãé¥-áâ¢ã¥â áà¥¤¥¥ § ç¥¨¥ M( e−iλtf) = lim

b→+∞

12b b
∫

−b

e−iλtf(t) dt .�¡®§ ç¨¬ ç¥à¥§ �{f} ¬®�¥áâ¢® ¯®ª § â¥«¥© �ãàì¥ äãªæ¨¨
f ∈ B1(R,H) , â® ¥áâì ¬®�¥áâ¢® â¥å ç¨á¥« λ ∈ R , ¤«ï ª®â®àëå
M (e−iλtf) 6= 0 . �«ï äãªæ¨¨ f ∈ B1(R,H) ¬®�¥áâ¢® (¬®¤ã«ì)Mod f á®¢¯ ¤ ¥â á ¬®¤ã«¥¬ ¯®ª § â¥«¥© �ãàì¥ λ ∈ �{f} , â® ¥áâìá  ¨¬¥ìè¨¬ ¬®¤ã«¥¬ (£àã¯¯®© ¯® á«®�¥¨î) ¢ R , á®¤¥à� é¨¬¬®�¥áâ¢® �{f} .�á«¨ f ∈ W1(R, R) ¨ f(t) > 0 ¯à¨ ¯.¢. t ∈ R , â® á¯à ¢¥¤«¨¢®à ¢¥áâ¢® M(f) = ‖f‖

(W )1 . � «®£¨ç®, ¥á«¨ f ∈ B1(R, R) ¨
f(t) > 0 ¯à¨ ¯.¢. t ∈ R , â® M(f) = ‖f‖

(B)1 .�á«¨ �j ⊆ R | ¯à®¨§¢®«ìë¥ ¬®¤ã«¨ (¨¤¥ªá j ¬®�¥â ¯à¨- ¤«¥� âì «î¡®¬ã ¥¯ãáâ®¬ã ¨¤¥ªá®¬ã ¬®�¥áâ¢ã), â® ç¥à¥§
∑

j �j (¨«¨ ç¥à¥§ �1 + · · · + �n ¤«ï ª®¥ç®£® ç¨á«  ¬®¤ã«¥©�j , j = 1, . . . , n ) ®¡®§ ç ¥âáï áã¬¬  ¬®¤ã«¥©, ®¯à¥¤¥«ï¥¬ ïª ª  ¨¬¥ìè¨© ¬®¤ã«ì ¢ R , á®¤¥à� é¨© ¢á¥ ¬®�¥áâ¢  �j .Ǒãáâì f ∈ B(R,U) , fj ∈ B(R,Uj) , j ∈ N , £¤¥ Uj | (¯®«-ë¥) ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ . �®£¤  Mod f ⊆
∑

j
Mod fj ¢ â®¬¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢áïª ï fj -¢®§¢à é îé ï ¤«ï ¢á¥å

j ∈ N ¯®á«¥¤®¢ â¥«ì®áâì τk ∈ R , k ∈ N , ï¢«ï¥âáï f -¢®§-¢à é îé¥©. � ç áâ®áâ¨, ¥á«¨ fj ∈ B(R,Uj) , j = 1, 2 , â® ¢ª«î-ç¥¨¥ Mod f1 ⊆ Mod f2 ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 38



¢áïª ï f2 -¢®§¢à é îé ï ¯®á«¥¤®¢ â¥«ì®áâì τk ∈ R , k ∈ N ,ï¢«ï¥âáï f1 -¢®§¢à é îé¥©.�á«¨ f, fj ∈ B(R,U) , j ∈ N , ¨ D(B)(f, fj) → 0 ¯à¨ j → +∞ ,â® Mod f ⊆
∑

j
Mod fj .�«ï «î¡®© äãªæ¨¨ f ∈ Wp(R,U) , p > 1 , ¨ «î¡®£® ε > 0áãé¥áâ¢ã¥â äãªæ¨ï fε ∈ S1(R,U) ∩ L∞(R,U) ⊆ Sp(R,U) â -ª ï, çâ® D

(W )
p (f, fε) < ε ¨ Mod fε ⊆ Mod f . � «®£¨ç®, ¥á«¨

f ∈ Bp(R,U) , â® ¤«ï «î¡®£® ε > 0  ©¤¥âáï äãªæ¨ï fε ¨§
S1(R,U) ∩ L∞(R,U) ⊆ Sp(R,U) â ª ï, çâ® D

(B)
p (f, fε) < ε ¨Mod fε ⊆ Mod f . �«¥¤ãîé ï «¥¬¬  ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¯®á«¥¤-¨å ãâ¢¥à�¤¥¨© ¨   «®£¨ç®© «¥¬¬ë (á¬.,  ¯à., [8℄) ¤«ï ¯.¯.¯® �â¥¯ ®¢ã äãªæ¨©.� ¥ ¬ ¬   1.1. Ǒãáâì (U , ρ) ¨ (V, ρV ) | (¯®«ë¥) ¬¥-âà¨ç¥áª¨¥ ¯à®áâà áâ¢  ¨ F : U → V | â ª ï äãªæ¨ï, çâ®¤«ï ¥ª®â®à®© ª®áâ âë C > 0 ¨ ¢á¥å u1, u2 ∈ U á¯à ¢¥¤«¨-¢® ¥à ¢¥áâ¢® ρV(F(u1),F(u2)) 6 Cρ(u1, u2) . �®£¤  ¤«ï «î¡®©äãªæ¨¨ f ∈ B(R,U) ¨¬¥¥¬ F(f(.)) ∈ B(R,V) ¨ ModF(f(.)) ⊆Mod f(.) . �á«¨ f ∈ Bp(R,U) , â® F(f(.)) ∈ Bp(R,V) . � «®£¨ç-® ¤«ï «î¡®© äãªæ¨¨ f ∈ W (R,U) ¨¬¥¥¬ F(f(.)) ∈ W (R,V) .�á«¨ f ∈ Wp(R,U) , â® F(f(.)) ∈ Wp(R,V) .� « ¥ ¤ á â ¢ ¨ ¥ 1.1. Ǒãáâì f ∈ B(R,U) , x ∈ U . �®-£¤  ρ(f(.), x) ∈ B(R, R) ¨ Mod ρ(f(.), x) ⊆ Mod f(.) . �á«¨

f ∈ W (R,U) , â® ρ(f(.), x) ∈ W (R, R) .�«ï ¡  å®¢  ¯à®áâà áâ¢  (H, ‖.‖) ¨ ç¨á¥« a > 0 ®¯à¥¤¥«¨¬äãªæ¨¨ H ∋ h → FH(a;h) = {

h , ¥á«¨ ‖h‖ 6 a ,
a‖h‖−1h , ¥á«¨ ‖h‖ > a .

�«ï¢á¥å h1, h2 ∈ H ¨¬¥¥¬ ‖FH(a;h1) − FH(a;h2)‖ 6 2 ‖h1 − h2‖ ,¯®íâ®¬ã «¥¬¬  1.2 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 1.1.� ¥ ¬ ¬   1.2. �á«¨ f ∈ B(R,H) , â® ¤«ï «î¡®£® a > 0äãªæ¨ï FH(a; f(.)) ¯à¨ ¤«¥�¨â ¬®�¥áâ¢ã39



B(R,H) ∩ L∞(R,H) ⊂ B1(R,H)¨ ModFH(a; f(.)) ⊆Mod f(.) . �á«¨ f ∈ W (R,H) , â®
FH(a; f(.)) ∈ W (R,H) ∩ L∞(R,H) ⊂ W1(R,H) .�«ï ¨§¬¥à¨¬®£® ¬®�¥áâ¢  T ⊆ R ¨á¯®«ì§ã¥¬ ®¡®§ ç¥¨ï

κB(T ) = ‖χT ‖
(B)1 , κW (T ) = ‖χT ‖

(W )1 ; 0 6 κB(T ) 6 κW (T ) 6 1 .�«ï h ∈ (H, ‖.‖) ®¡®§ ç¨¬ sgnh = {

‖h‖−1h , ¥á«¨ h 6= 0 ,0 , ¥á«¨ h = 0 .� ¥ ¬ ¬   1.3. Ǒãáâì f ∈ B(R,H) . Ǒà¥¤¯®«®�¨¬, çâ®
κB({t ∈ R : ‖f(t)‖ < δ}) → 0 ¯à¨ δ → +0 . �®£¤  á¯à ¢¥¤«¨¢ë¢ª«îç¥¨ï sgn f(.) ∈ B1(R,H) ¨ Mod sgn f(.) ⊆ Mod f(.) (¡®«¥¥â®£®, κB({t ∈ R : f(t) = 0}) = 0 ). �á«¨ �¥ f ∈ W (R,H) ¨
κW ({t ∈ R : ‖f(t)‖ < δ}) → 0 ¯à¨ δ → +0 , â® á¯à ¢¥¤«¨¢®¢ª«îç¥¨¥ sgn f(.) ∈ W1(R,H) (¨ κW ({t ∈ R : f(t) = 0}) = 0 ).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì f ∈ B(R,H) (¤«ï äã-ªæ¨© f ∈ W (R,H) ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï   «®£¨ç®).�«ï ¢á¥å j ∈ N ¯®«®�¨¬ fj(t) .= jFH(j−1; f(t)) , t ∈ R . � á¨«ã«¥¬¬ë 1.2 fj ∈ B1(R,H) ¨ Mod fj ⊆ Mod f . � ¤àã£®© áâ®à®ë,¨§ ãá«®¢¨ï «¥¬¬ë ¯®«ãç ¥¬, çâ® κB({t ∈ R : f(t) = 0}) = 0¨ ‖sgn f(.) − fj(.)‖(B)1 → 0 ¯à¨ j → +∞ . Ǒ®íâ®¬ã á¯à ¢¥¤«¨¢®sgn f(.) ∈ B1(R,H) ¨ Mod sgn f(.) ⊆ ∑

j
Mod fj(.) ⊆ Mod f(.) . ��«ï äãªæ¨© f1, f2 ∈ B(R,H) ¨¬¥¥¬ f1 + f2 ∈ B(R,H) ¨Mod (f1 + f2) ⊆ Mod f1 +Mod f2 . �á«¨ �¥ f1, f2 ∈ W (R,H) , â®

f1+f2 ∈ W (R,H) . �«ï äãªæ¨© f ∈ B(R,H) , g ∈ B(R, C) á¯à -¢¥¤«¨¢® gf ∈ B(R,H) , ¯à¨ íâ®¬ Mod gf ⊆ Mod f +Mod g . �á«¨
f ∈ W (R,H) , g ∈ W (R, C) , â® gf ∈ W (R,H) . Ǒ®á«¥¤¨¥ ãâ¢¥à-�¤¥¨ï ®§ ç îâ, çâ® ¯à®áâà áâ¢  B(R,H) ¨ W (R,H) ï¢«ï-îâáï á®®â¢¥âáâ¢¥® B(R, C) - ¨ W (R, C) - ¬®¤ã«ï¬¨.�«¥¤ãîé ï «¥¬¬  ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï ¯.¯. ¯® �¥©«î ¨¯.¯. ¯® �¥§¨ª®¢¨çã äãªæ¨© (¨ á®®â¢¥âáâ¢ãîé¥£® ãâ¢¥à�¤¥¨ï¤«ï ¯.¯. ¯® �â¥¯ ®¢ã äãªæ¨© [8℄).40



� ¥ ¬ ¬   1.4. Ǒãáâì f ∈ W (R,H) (á®®â¢¥âáâ¢¥®
f ∈ B(R,H) ). �®£¤  ¤«ï «î¡ëå ε, δ > 0  ©¤¥âáï ª®¥ç®¥ ¬®-�¥áâ¢® â®ç¥ª xj ∈ U , j = 1, . . . , N , â ª¨å, çâ®

κW ({t ∈ R : f(t) /∈
N
⋃

j=1Uδ(xj)}) < ε(á®®â¢¥âáâ¢¥® κB({t ∈ R : f(t) /∈
N
⋃

j=1Uδ(xj)}) < ε ).� « ¥ ¤ á â ¢ ¨ ¥ 1.2. Ǒãáâì f ∈ W (R,H) (á®®â¢¥âáâ-¢¥® f ∈B(R,H) ). � ©¤ãâáï â®çª¨ xj ∈U , j∈N, â ª¨¥, çâ®(1) mes {t ∈ R : f(t) /∈
⋃

j∈N

xj} = 0 ,(2) ¤«ï «î¡®£® δ > 0 ¯à¨ N → +∞

κW ({t ∈ R : f(t) /∈
N
⋃

j=1Uδ(xj)}) → 0 (1.2)(á®®â¢¥âáâ¢¥® κB({t ∈ R : f(t) /∈
N
⋃

j=1Uδ(xj)}) → 0 ).2. � ¢®¬¥à ï  ¯¯à®ªá¨¬ æ¨ï ¯®çâ¨¯¥à¨®¤¨ç¥áª¨å ¯® �¥©«î äãªæ¨©Ǒãáâì W (R) | ¬®�¥áâ¢® ¨§¬¥à¨¬ëå ¯®¤¬®�¥áâ¢ T ⊆ R , ¤«ïª®â®àëå χT ∈ W1(R, R) . �«ï ¬®�¥áâ¢ T ∈ W (R) ¯®«®�¨¬ModT
.= ModχT . �á«¨ T ∈ W (R) , â® â ª�¥ R \T ∈ W (R)¨ ModR \T = ModT . � ª ª ª ¤«ï «î¡ëå äãªæ¨© f1, f2 ¨§

W (R, C) ¨¬¥¥¬ f1f2 ∈ W (R, C) ¨ Mod f1f2 ⊆ Mod f1 +Mod f2 ,â® á¯à ¢¥¤«¨¢  á«¥¤ãîé ï «¥¬¬ .� ¥ ¬ ¬   2.1. �á«¨ T1, T2 ∈ W (R) , â® T1 ∪ T2 ∈ W (R) ,
T1 ∩ T2 ∈ W (R) , T1\T2 ∈ W (R) ¨ ¢á¥ ¬®¤ã«¨ ModT1 ∪ T2 ,ModT1 ∩ T2 , ModT1\T2 á®¤¥à� âáï ¢ ModT1 +ModT2 .�á«¨ T ∈ W (R) , â® κW (T ) = κB(T ) .�«ï ¯à®¨§¢®«ì®£® ¬®¤ã«ï � ⊆ R ®¡®§ ç¨¬ ç¥à¥§ M

(W )(�)á®¢®ªã¯®áâì ¯®á«¥¤®¢ â¥«ì®áâ¥© {Tj}j∈N ¥¯¥à¥á¥ª îé¨åáï41



¨§¬¥à¨¬ëå (¯® �¥¡¥£ã) ¬®�¥áâ¢ Tj ∈ W (R) , j ∈ N , ¤«ï ª®-â®àëå ModTj ⊆ � , mes R \
⋃

j∈N

Tj = 0 ¨ κW (R \
⋃

j6n
Tj) → 0¯à¨ n → +∞ . �®�® â ª�¥ áç¨â âì, çâ® ¢ M

(W )(�) á®¤¥à� â-áï á®®â¢¥âáâ¢ãîé¨¥ ª®¥çë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ {Tj}j=1,...,N ,ª®â®àë¥ ¢á¥£¤  ¬®�® ¤®¯®«¨âì ¤® áç¥âëå ¯®á«¥¤®¢ â¥«ì®-áâ¥©, ¤®¡ ¢«ïï ¯ãáâë¥ ¬®�¥áâ¢ .�á«¨ {Tj}j∈N ∈ M
(W )(�) ¨ J ⊆ N | ¯à®¨§¢®«ì®¥ ¥¯ãáâ®¥¬®�¥áâ¢®, â® ⋃

j∈J
Tj ∈ W (R) ¨ Mod ⋃

j∈J
Tj ⊆

∑

j∈J
ModTj . �á«¨,ªà®¬¥ â®£®, κW (Tj) = 0 ¤«ï ¢á¥å j ∈ J , â® κW ( ⋃

j∈J
Tj) = 0 .� ¥ ¬ ¬   2.2. Ǒãáâì {Tj} ∈ M

(W )(R) ¨ fj ∈ W (R,U) ,
j ∈ N . �®£¤  ∑

j
fj(.)χTj

(.) ∈ W (R,U) ¨Mod ∑

j
fj(.)χTj

(.) ⊆ ∑

j
Mod fj +∑

j
ModTj . (2.1)�¥¬¬  2.2 ¢ëâ¥ª ¥â ¨§ â®£®, çâ® ¯à®áâà áâ¢® W (R,H) ¥áâì

W (R, C) - ¬®¤ã«ì, ¨ ¨§ â¥®à¥¬ë �à¥è¥ (®¡ ¨§®¬¥âà¨ç¥áª®¬ ¢«®-�¥¨¨ ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  ¢ ¡  å®¢® ¯à®áâà áâ¢®).�   ¬ ¥ ç    ¨ ¥ 2.1. � ãá«®¢¨ïå «¥¬¬ë 2.2 ¤«ï ¨¤¥ª-á®¢ j , ¤«ï ª®â®àëå κW (Tj) = 0 (¢ íâ®¬ á«ãç ¥ ModTj = {0} ),¬®�® ¢ë¡¨à âì ¯à®¨§¢®«ìë¥ äãªæ¨¨ fj ∈ M(R,U) ¨ ¨áª«î-ç¨âì íâ¨ ¨¤¥ªáë ¯à¨ áã¬¬¨à®¢ ¨¨ ¢ ¯à ¢®© ç áâ¨ (2.1).�á«¨ {Tj} ∈ M
(W )(R) ¨ xj ∈ U , j ∈ N , â® (¢ á¨«ã «¥¬¬ë 2.2)

∑

j
xjχTj

(.) ∈ W (R,U) (¨ Mod ∑

j
xjχTj

(.) ⊆ ∑

j
ModTj ). �ãªæ¨ï

∑

j
xjχTj

(.)  §ë¢ ¥âáï í«¥¬¥â à®© ¯.¯. ¯® �¥©«î äãªæ¨¥©.� ¥ ® à ¥ ¬   2.1. Ǒãáâì f ∈ W (R,U) . �«ï «î¡®£® ε>0 ©¤ãâáï ¯®á«¥¤®¢ â¥«ì®áâì {Tj}j∈N ∈ M
(W )(Mod f) ¨ â®çª¨

xj ∈ U , j ∈ N , â ª¨¥, çâ® ρ(f(t), xj) < ε ¤«ï ¢á¥å t ∈ Tj .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1 (® à ¢®¬¥à®©  ¯¯à®ªá¨¬ æ¨¨¯.¯. ¯® �¥©«î äãªæ¨© í«¥¬¥â àë¬¨ ¯.¯. ¯® �¥©«î äãªæ¨-42



ï¬¨) ¯à¨¢¥¤¥® ¢ ª®æ¥ íâ®£® ¯ à £à ä . Ǒà¨ ¤®ª § â¥«ìáâ¢¥íâ®£® ãâ¢¥à�¤¥¨ï ¢ �ãî à®«ì ¨£à ¥â â¥®à¥¬  2.2.� ¥ ® à ¥ ¬   2.2. Ǒãáâì f ∈ W (R, R) . �®£¤   ©¤¥âáï¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ¬®�¥áâ¢® Yf ⊂ R â ª®¥, çâ® ¤«ï ¢á¥å
λ ∈ R \Yf á¯à ¢¥¤«¨¢® κW ({t ∈ R : f(t) = λ}) = 0 , {t ∈ R :
f(t) > λ} ∈ W (R) ¨ Mod {t ∈ R : f(t) > λ}⊆Mod f (ªà®¬¥ â®£®,
{t ∈ R : f(t) < λ} ∈ W (R) ¨ Mod {t ∈ R : f(t) < λ} ⊆ Mod f ).�àã£®¥ (¡®«¥¥ á«®�®¥) ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1 ¡ë«® ¯®-«ãç¥® ¢ [1; 2℄. �® ®¯¨à ¥âáï   á«¥¤ãîéãî â¥®à¥¬ã 2.3 (á¬.[18; 1; 2℄). �¡®§ ç¨¬ ç¥à¥§ A (W ) á®¢®ªã¯®áâì â ª¨å á¥¬¥©áâ¢
F äãªæ¨© f ∈ W (R, R) , çâ® ¤«ï «î¡®£® ε > 0 ¬®�®  ©â¨ç¨á«  l = l(ε, F) > 0 ¨ τ0 = τ0(ε, F) > 0 â ª¨¥, çâ®sup

f ∈F

sup
τ ∈ [0,τ0℄ D

(S)
l (f(.), f(.+ τ)) < ε .� ¥ ® à ¥ ¬   2.3. � ä¨ªá¨àã¥¬ F ∈ A (W ) , �>0 , T>0 ,

ε ∈ (0, 1℄ . �®£¤  áãé¥áâ¢ã¥â ¯¥à¨®¤¨ç¥áª ï á ¯¥à¨®¤®¬ T äãª-æ¨ï g(.) ∈ C(R, R) , § ¢¨áïé ï ®â F , � , T , ® ¥ ®â ç¨á« 
ε , ¤«ï ª®â®à®© ‖g‖L∞(R,R) < � , ¨ ç¨á«  δ = δ(ε,�) > 0 ¨
l = l(ε,�, F) > 0 â ª¨¥, çâ® ¤«ï ¢á¥å λ ∈ R ¨ ¢á¥å f ∈ Fsup

ξ∈R

mes { t ∈ [ ξ, ξ + l℄ : |f(t)+g(t)−λ| < δ } < εl .� «®£¨ç®¥ â¥®à¥¬¥ 2.3 ãâ¢¥à�¤¥¨¥ ¤«ï ¯.¯. ¯® �¥§¨ª®¢¨çãäãªæ¨© ¯à¨¢¥¤¥® ¢ [3℄. � á«¥¤ãîé¥¬ ¯ à £à ä¥ ¤«ï ¯.¯. ¯® �¥-§¨ª®¢¨çã äãªæ¨© áä®à¬ã«¨à®¢ ë â ª�¥   «®£¨ â¥®à¥¬ 2.1¨ 2.2 (¤®ª § â¥«ìáâ¢  ª®â®àëå ¥¯®áà¥¤áâ¢¥® ¯¥à¥®áïâáï ¨  íâ®â á«ãç ©). �â¬¥â¨¬, çâ®   «®£  â¥®à¥¬ë 2.2 ¤«ï ¯.¯. ¯®�â¥¯ ®¢ã äãªæ¨© ¥ áãé¥áâ¢ã¥â. � [8℄ á®¤¥à�¨âáï ¯à¨¬¥à ¯.¯.¯® �®àã äãªæ¨¨ f : R → (−1, 1) â ª®©, çâ® ¤«ï ¢á¥å λ ∈ (−1, 1)¨¬¥¥¬ sgn (f(.) − λ) /∈ S1(R, R) ¨ ¯à¨ íâ®¬ ¤«ï ª �¤®£® b > 0¬®�¥áâ¢® {t ∈ [−b, b℄ : f(t) = λ} ª®¥ç®.�«ï ¯.¯. ¯® �â¥¯ ®¢ã äãªæ¨© ãâ¢¥à�¤¥¨¥ ® à ¢®¬¥à-®©  ¯¯à®ªá¨¬ æ¨¨ í«¥¬¥â àë¬¨ ¯.¯. ¯® �â¥¯ ®¢ã äãªæ¨-ï¬¨ ¯®«ãç¥® ¢ [8; 10℄. �®«¥¥ á¨«ìë¥ ãâ¢¥à�¤¥¨ï (¢ â®¬ ç¨á«¥43



¯.¯. ¢ à¨ â â¥®à¥¬ë �ã§¨ ) á®¤¥à� âáï ¢ [15; 19; 20℄ (¢ ¤¢ãå¯®á«¥¤¨å à ¡®â å ¯.¯. ¯® �â¥¯ ®¢ã äãªæ¨¨ à áá¬ âà¨¢ îâáïâ ª�¥   ®â®á¨â¥«ìëå ª®¬¯ ªâ å �®à ).�¥¬¬  2.3 ¥®¡å®¤¨¬  ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.2.� ¥ ¬ ¬   2.3. Ǒãáâì f ∈ W (R, R) . �®£¤  ¬®�¥áâ¢®ç¨á¥« λ ∈ R , ¤«ï ª®â®àëålim
δ→+0 κW ({t ∈ R : |f(t)− λ| < δ}) > 0 , (2.2)¥ ¡®«¥¥ ç¥¬ áç¥â®.� ® ª   §   â ¥ « ì á â ¢ ®. �«ï ¢á¥å λ ∈ R ¨ δ > 0 ®¡®-§ ç¨¬ T (λ; δ) .= {t ∈ R : |f(t) − λ| < δ} . � ª ª ª äãªæ¨ï(0,+∞) ∋ δ → κW (T (λ; δ)) ∈ [0, 1℄ ¥ ã¡ë¢ ¥â, â® áãé¥áâ¢ã¥â ç¨-á«® bW (f ;λ) > 0 â ª®¥, çâ® κW (T (λ; δ)) ↓ bW (f ;λ) ¯à¨ δ → +0 .�ë¡¥à¥¬ ¯à®¨§¢®«ìë¥ ç¨á«  β, γ > 0 . Ǒãáâì λj , j = 1, . . . ,N ,| (ª ª¨¥-«¨¡®) à §ë¥ ç¨á«  ¨§ ®âà¥§ª  [−β, β℄ , ¤«ï ª®â®àëå

bW (f ;λj) > γ . Ǒ®«®�¨¬ ε = min { 12 , 14 min
i6=j

|λi − λj| } ¨ ®¯à¥¤¥-«¨¬ äãªæ¨î
R ∋ t → G(t) = 





1 , ¥á«¨ |t| 6 ε ,2− ε−1|t| , ¥á«¨ ε < |t| 6 2ε ,0 , ¥á«¨ |t| > 2ε .�§ «¥¬¬ë 1.1 á«¥¤ã¥â, çâ® gj(.) .= G(f(.) − λj) ∈ W1(R, R) ,
j = 1, . . . , N . Ǒ®íâ®¬ã áãé¥áâ¢ã¥â áà¥¤¥¥ § ç¥¨¥ M(gj) ¨
γ 6 bW (f ;λj) 6 κW (T (λj ; ε)) 6 M(gj) , j = 1, . . . ,N . � ¤àã£®©áâ®à®ë, N

∑

j=1M(gj) 6 κW ({t ∈ R : |f(t)| 6 β + 1}) 6 1 . �«¥¤®-¢ â¥«ì®, N 6 γ−1 . �ë¡¨à ï â¥¯¥àì ç¨á«  β = n ¨ γ = n−1 ,
n ∈ N , ¯®«ãç ¥¬, çâ®   ª �¤®¬ ®âà¥§ª¥ [−n, n℄ áãé¥áâ¢ã¥â ¥¡®«¥¥ n ç¨á¥« λ , ¤«ï ª®â®àëå bW (f ;λ) > n−1 . �âáî¤  á«¥¤ã¥â,çâ® áãé¥áâ¢ã¥â ¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ¬®�¥áâ¢® ç¨á¥« λ ∈ R ,¤«ï ª®â®àëå bW (f ;λ) > 0 .� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 2.2. Ǒãáâì Yf | ¬®�¥á-â¢® ç¨á¥« λ ∈ R , ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (2.2).44



� á¨«ã «¥¬¬ë 2.3 íâ® ¬®�¥áâ¢® ¥ ¡®«¥¥ ç¥¬ áç¥â®. �§ «¥¬-¬ë 1.3 á«¥¤ã¥â, çâ® ¤«ï ¢á¥å λ ∈ R \Yf á¯à ¢¥¤«¨¢® ¢ª«îç¥-¨¥ sgn (f(.) − λ) ∈ W1(R, R) ¨ Mod sgn (f(.) − λ) ⊆ Mod f(.) .�®«¥¥ â®£®, κW ({t ∈ R : f(t) = λ}) = 0 . �¯à¥¤¥«¨¬ äãªæ¨î
F(t) = 1 − |t − 1| , ¥á«¨ 0 6 t 6 2 , ¨ F(t) = 0 ¯à¨ t ∈ R \[0, 2℄ .�§ «¥¬¬ë 1.1 ¯®«ãç ¥¬, çâ® F(± sgn (f(.) − λ)) ∈ W1(R, R) ¨Mod F(± sgn (f(.)− λ)) ⊆ Mod f(.) . Ǒ®íâ®¬ã
{t ∈ R : f(t) > λ} ∈ W (R) , Mod {t ∈ R : f(t) > λ} ⊆ Mod f(.)¨ {t ∈ R : f(t) < λ} ∈ W (R) , Mod {t ∈ R : f(t) < λ} ⊆ Mod f(.) .� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 2.1. Ǒãáâì xj ∈ U , j ∈ N , |â®çª¨, ®¯à¥¤¥«ï¥¬ë¥ ¢ á«¥¤áâ¢¨¨ 1.2 ¤«ï äãªæ¨¨ f ∈ W (R,U) .�«ï ¢á¥å j ∈ N ¢ á¨«ã á«¥¤áâ¢¨ï 1.1 ¨¬¥¥¬ ρ(f(.), xj) ∈ W (R, R)¨ Mod ρ(f(.), xj) ⊆ Mod f(.) . �§ â¥®à¥¬ë 2.2 ¯®«ãç ¥¬, çâ® ¬®�-® ¢ë¡à âì ç¨á«  εj ∈ [ ε/2, ε ℄ , j ∈ N , â ª, çâ® T ′

j
.= {t ∈ R :

ρ(f(t), xj) < εj} ∈ W (R) ¨ ModT ′
j ⊆ Mod ρ(f(.), xj) ⊆ Mod f(.) .Ǒ®«®�¨¬ T1 = T ′1 ¨ Tj = T ′

j \
⋃

k<j

T ′
k ¯à¨ j > 2 . �®�¥áâ¢ 

Tj , j ∈ N , ¥ ¯¥à¥á¥ª îâáï ¨ ⋃

j6N
Tj = ⋃

j6N
T ′

j ¤«ï ¢á¥å N ∈ N .� á¨«ã «¥¬¬ë 2.1 Tj ∈ W (R) , ModTj ⊆ Mod f . �à®¬¥ â®£®,
ρ(f(t), xj) < εj 6 ε ¤«ï ¢á¥å t ∈ Tj , j ∈ N , ¨ ¤«ï ª �¤®£®
N ∈ N ¨ ¯.¢. t ∈ R \

⋃

j6N
Tj ¨¬¥¥¬ ρ(f(t), xj) > εj > ε/2 ¤«ï ¢á¥å

j=1, . . . , N . �«¥¤®¢ â¥«ì® (á¬. á«¥¤áâ¢¨¥ 1.2), mes R \
⋃

j∈N

Tj=0¨ (á¬. (1.2) ¯à¨ δ = ε/2 ) κW (R \
⋃

j6N
Tj) → 0 ¯à¨ N → +∞ , â®¥áâì {Tj} ∈ M

(W )(Mod f) .3. � ¢®¬¥à ï  ¯¯à®ªá¨¬ æ¨ï ¯®çâ¨¯¥à¨®¤¨ç¥áª¨å ¯® �¥§¨ª®¢¨çã äãªæ¨©� ¯ à £à ä¥ ¯à¨¢¥¤¥ë ãâ¢¥à�¤¥¨ï ¤«ï ¯.¯. ¯® �¥§¨ª®¢¨çãäãªæ¨©,   «®£¨çë¥ á®®â¢¥âáâ¢ãîé¨¬ ãâ¢¥à�¤¥¨ï¬ ¨§ ¯à¥-¤ë¤ãé¥£® ¯ à £à ä . Ǒà¨¢¥¤¥ë¥ ¢ § 2 ¤®ª § â¥«ìáâ¢  ¥¯®áà¥-45



¤áâ¢¥® ¯¥à¥®áïâáï ¨   á«ãç © ¯.¯. ¯® �¥§¨ª®¢¨çã äãªæ¨©,¯à¨ íâ®¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ã�® ¨á¯®«ì§®¢ âì â¥ �¥ á ¬ë¥«¥¬¬ë ¨§ § 1, ãâ¢¥à�¤¥¨ï ª®â®àëå áä®à¬ã«¨à®¢ ë ¯ à ««¥«ì-® ª ª ¤«ï ¯.¯. ¯® �¥©«î, â ª ¨ ¤«ï ¯.¯. ¯® �¥§¨ª®¢¨çã äãªæ¨©.�¡®§ ç¨¬ ç¥à¥§ B(R) ¬®�¥áâ¢® ¨§¬¥à¨¬ëå ¯®¤¬®�¥áâ¢
T ⊆ R , ¤«ï ª®â®àëå χT ∈ B1(R, R) . �«ï ¬®�¥áâ¢ T ∈ B(R)(ª ª ¨ ¤«ï ¬®�¥áâ¢ T ∈ W (R) ) ¯®«®�¨¬ ModT

.= ModχT .� ¥ ¬ ¬   3.1. �á«¨ T1, T2 ∈ B(R) , â® T1 ∪ T2 ∈ B(R) ,
T1∩T2 ∈ B(R) , T1\T2 ∈ B(R) ¨ ¬®¤ã«¨ ModT1∪T2 , ModT1∩T2¨ ModT1\T2 á®¤¥à� âáï ¢ ModT1 +ModT2 .Ǒãáâì � ⊆ R | ¯à®¨§¢®«ìë© ¬®¤ã«ì ¨ M

(B)(�) | á®¢®-ªã¯®áâì ¯®á«¥¤®¢ â¥«ì®áâ¥© {Tj}j∈N ¥¯¥à¥á¥ª îé¨åáï ¬®-�¥áâ¢ Tj ∈ B(R) â ª¨å, çâ® ModTj ⊆ � , mes R \
⋃

j∈N

Tj = 0 ¨
κB(R \

⋃

j6n
Tj) → 0 ¯à¨ n → +∞ .�á«¨ {Tj}j∈N ∈ M

(B)(�) ¨ J ⊆ N , J 6= ∅ , â® ⋃

j∈J
Tj ∈ B(R)¨ Mod ⋃

j∈J
Tj ⊆

∑

j∈J
ModTj . �á«¨, ªà®¬¥ â®£®, κB(Tj) = 0 ¤«ï¢á¥å j ∈ J , â® â ª�¥ κB( ⋃

j∈J

Tj) = 0 .�«¥¤ãîé ï «¥¬¬    «®£¨ç  «¥¬¬¥ 2.2.� ¥ ¬ ¬   3.2. Ǒãáâì {Tj} ∈ M
(B)(R) ¨ fj ∈ B(R,U) ,

j ∈ N . �®£¤  ∑

j
fj(.)χTj

(.) ∈ B(R,U) ¨Mod ∑

j
fj(.)χTj

(.) ⊆ ∑

j
Mod fj +∑

j
ModTj . (3.1)� ãá«®¢¨ïå «¥¬¬ë 3.2 ¤«ï ¨¤¥ªá®¢ j : κB(Tj) = 0 ¬®�®¢ë¡¨à âì ¯à®¨§¢®«ìë¥ äãªæ¨¨ fj ∈ M(R,U) (¨ ¯à¨ áã¬¬¨à®-¢ ¨¨ ¢ ¯à ¢®© ç áâ¨ (3.1) íâ¨ ¨¤¥ªáë ¨áª«îç îâáï).�ãªæ¨ï ∑

j xjχTj
(.) , £¤¥ xj ∈ U , j ∈ N , ¨ {Tj} ∈ M

(B)(R) , §ë¢ ¥âáï í«¥¬¥â à®© ¯.¯. ¯® �¥§¨ª®¢¨çã äãªæ¨¥©.46



� ¥ ® à ¥ ¬   3.1. Ǒãáâì f ∈ B(R,U) . �®£¤  ¤«ï «î¡®-£® ε > 0  ©¤¥âáï í«¥¬¥â à ï ¯.¯. ¯® �¥§¨ª®¢¨çã äãªæ¨ï
fε(.) = ∑

j xjχTj
(.) â ª ï, çâ® {Tj} ∈ M

(B)(Mod f) ¨ess sup
t∈R

ρ(f(t), fε(t)) < ε .�¥®à¥¬  3.1 ¤®ª §ë¢ ¥âáï   «®£¨ç® â¥®à¥¬¥ 2.1. Ǒà¨ íâ®¬¯à¨ ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§ã¥âáï â¥®à¥¬  3.2, ¤®ª § â¥«ìáâ¢® ª®-â®à®© ¢ á¢®î ®ç¥à¥¤ì   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2.2 ¨®¯¨à ¥âáï   «¥¬¬ã 3.3� ¥ ® à ¥ ¬   3.2. Ǒãáâì f ∈ B(R, R) . �®£¤   ©¤¥âáï¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ¬®�¥áâ¢® Y ′
f ⊂ R â ª®¥, çâ® ¤«ï ¢á¥å

λ ∈ R \Y ′
f ¨¬¥¥¬ κB({t ∈ R : f(t) = λ}) = 0 ,

{t ∈ R : f(t) > λ} ∈ B(R) , {t ∈ R : f(t) < λ} ∈ B(R) ,Mod {t ∈ R : f(t) > λ} ⊆ Mod f , Mod {t ∈ R : f(t) < λ} ⊆ Mod f .� ¥ ¬ ¬   3.3. Ǒãáâì f ∈ B(R, R) . �®£¤  ¬®�¥áâ¢®ç¨á¥« λ ∈ R , ¤«ï ª®â®àëå lim
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