
�§¢¥áâ¨ï �áâ¨âãâ  ¬ â¥¬ â¨ª¨ ¨ ¨ä®à¬ â¨ª¨. ��¥¢áª. 2006. ò1(35)��� 517.958 : 530.145.6© �.�. �¬¥â ¨ huburin�otf.pti.udm.ru�� ������� �Ǒ������� ����������� ����������� �����������Ǒ�����������«îç¥¢ë¥ á«®¢ : ãà ¢¥¨¥ �à¥¤¨£¥à , ¥«®ª «ìë© ¯®â¥æ¨ «,á®¡áâ¢¥®¥ § ç¥¨¥, à¥§® á,  á¨¬¯â®â¨ª .Abstrat. We investigate the one-dimensional Shr�odinger operator witha potential that is a sum of a loal potential and a two-rank operator. Weprove that this Shr�odinger operator has the unique level in the neighbor-hood of zero. The asimptoti behaviour of this level is investigated.1. �¢¥¤¥¨¥� áá¬ âà¨¢ ¥âáï ®¤®¬¥à®¥ ãà ¢¥¨¥ �à¥¤¨£¥à 
−d2ψ
dx2 + V ψ = Eψ (1.1)á ¥«®ª «ìë¬ ¯®â¥æ¨ «®¬

V = εW (x) + λ1(·, ϕ1)ϕ1 + λ2(·, ϕ2)ϕ2, (1.2)£¤¥ ε, λ1, λ2 | ¢¥é¥áâ¢¥ë¥ ¯ à ¬¥âàë, W (x) | ¢¥é¥áâ¢¥- ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ®æ¥ª¥ ¢¨¤  | W (x) |6 Ce−α|x| ,£¤¥ α > 0 | ¥ª®â®à ï ª®áâ â . Ǒà¥¤¯®« £ ¥¬, çâ® ϕ1(x) ¨
ϕ2(x) «¨¥©® ¥§ ¢¨á¨¬ë ¨ ¤«ï ¨å ¢ë¯®«¥ë   «®£¨çë¥¥à ¢¥áâ¢  |ϕj(x)| 6 Ce−aj |x| , aj > 0 . � ¤ «ì¥©è¥¬ äãªæ¨¨,ã¤®¢«¥â¢®àïîé¨¥ ¥à ¢¥áâ¢ã â ª®£® ¢¨¤ , ¬ë ¡ã¤¥¬  §ë¢ âìíªá¯®¥æ¨ «ì® ã¡ë¢ îé¨¬¨. Ǒ®â¥æ¨ «ë ¢¨¤  (1.2) ¢®§¨ª -îâ,  ¯à¨¬¥à, ¢ â¥®à¨¨ ¯á¥¢¤®¯®â¥æ¨ «  [1℄.98



�¢¥¤¥¬ ®¡®§ ç¥¨ï H0 = −d2/dx2 , Hs = H0+ Vs , H = H0++εW (x)+Vs , £¤¥ Vs = λ1(·, ϕ1)ϕ1+λ2(·, ϕ2)ϕ2 . �¡®§ ç¨¬ ç¥à¥§
R0(E) = (H0 − E)−1 ¨ Rs(E) = (Hs − E)−1 à¥§®«ì¢¥âë ®¯¥à -â®à®¢ H0 ¨ Hs . �¤à® à¥§®«ì¢¥âë R0(E) , ª ª ¨§¢¥áâ®, ¨¬¥¥â¢¨¤ G0(x, y, k) = −(2ik)−1 eik |x−y| , £¤¥ k = √

E (à §à¥§ ¢ë¡¨à ¥¬¢¤®«ì ¯®«ã®á¨ [ 0,∞) ). �¥à¥§ σ(A) [ ç¥à¥§ σess(A) ℄ ®¡®§ ç ¥â-áï á¯¥ªâà [ áãé¥áâ¢¥ë© á¯¥ªâà ℄ ®¯¥à â®à  A . � ¤ «ì¥©è¥¬ï¤à  à¥§®«ì¢¥â R0(k) ¨ Rs(k) , ¢®®¡é¥ £®¢®àï, ¯à®¤®«� ¥¬ ¯®¯ à ¬¥âàã k ¢ ª®¬¯«¥ªáãî ®ªà¥áâ®áâì ã«ï, á®åà ïï ¤«ï á®-®â¢¥âáâ¢ãîé¨å ¨â¥£à «ìëå ®¯¥à â®à®¢ â¥ �¥ ®¡®§ ç¥¨ï. � -ä¨ªá¨àã¥¬
ε0 ∈ ( 0, min{ α2 , a1, a2 }). (1.3)�à®¢¥¬ ®¯¥à â®à  ¡ã¤¥¬  §ë¢ âì ¥£® á®¡áâ¢¥®¥ § ç¥¨¥ ¨«¨à¥§® á; ¯à¨ íâ®¬ ¯®¤ à¥§® á®¬ k ∈ C ¡ã¤¥¬ ¯®¨¬ âì â ª¨¥

k á Imk ∈ [−ε0, 0) (¨«¨ á®®â¢¥âáâ¢ãîé¨¥ E = k2 ) , ¤«ï ª®â®àëå¢ ª« áá¥ äãªæ¨© ψ(x) â ª¨å, çâ® |ψ(x)| 6 Ce ε0 |x| , áãé¥áâ¢ã-¥â ¥ã«¥¢®¥ à¥è¥¨¥ ãà ¢¥¨ï ψ(x) = −
∫
R

G0(x, y, k)V ψ(y) dy .� ¬¥â¨¬, çâ® à¥§® áë ®â¢¥ç îâ ¢â®à®¬ã (¥ä¨§¨ç¥áª®¬ã) «¨-áâã à¨¬ ®¢®© ¯®¢¥àå®áâ¨ ¤«ï äãªæ¨¨ k = √
E . �á«®¢¨¥(1.3) ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ¨¥ à áá¬ âà¨¢ ¥¬ëå ¨â¥£à «®¢.(�á«®¢¨¥ ¬ «®áâ¨ ε0 ä¨§¨ç¥áª¨ ¤®¯ãáâ¨¬®, ¯®áª®«ìªã ¢à¥¬ï�¨§¨ á®áâ®ï¨© ¬¨ªà®ç áâ¨æ, ¯à®¯®àæ¨® «ì®¥ ε−10 , ¤®«�®¡ëâì ¤®áâ â®ç® ¢¥«¨ª®.)�«ãç © ®¤®£® á« £ ¥¬®£® ¢ ¢ëà �¥¨¨ ¤«ï Vs (â® ¥áâì á«ã-ç © á¥¯ à ¡¥«ì®£® ¯®â¥æ¨ « ) ¨áá«¥¤®¢  ¢ à ¡®â¥ [2℄. �«ãç ©

n á« £ ¥¬ëå ¤«ï ε = 0 à áá¬ âà¨¢ «áï ¢ ¥¤ ¢¥© à ¡®â¥ [3℄. � áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã¥âáï  á¨¬¯â®â¨ª  ãà®¢¥© ¯à¨ ¬ «®¬
ε ¨ ä¨ªá¨à®¢ ëå λ1 ¨ λ2 .2. �áá«¥¤®¢ ¨¥ ãà®¢¥© ®¯¥à â®à  �à¥¤¨£¥à � ¤ «ì¥©è¥¬ ¯¨è¥¬ R0 ¢¬¥áâ® R0(E) . �¨�¥ ¯à¨¢¥¤¥® ãâ¢¥à-�¤¥¨¥, áä®à¬ã«¨à®¢ ®¥, ® ¥ ¤®ª § ®¥ ¢ [4℄.99



� ¥ ¬ ¬   2.1. Ǒà¥¤¯®«®�¨¬, çâ®� = (1 + λ1 (R0(E)ϕ1, ϕ1) ) (1 + λ2 (R0(E)ϕ2, ϕ2) )−
−λ1λ2 (

R0(E)ϕ1, ϕ2) (
R0(E)ϕ2, ϕ1) 6= 0.�®£¤  ¤«ï à¥§®«ì¢¥âë Rs(E) á¯à ¢¥¤«¨¢  ä®à¬ã« 

ψ(x) = Rs(E)ϕ(x) = R0(x)−
−λ1 (R0ϕ,ϕ1) (1+λ2(R0ϕ2,ϕ2))+λ2(R0ϕ,ϕ2) (R0ϕ2,ϕ1)(1+λ1(R0ϕ1,ϕ1)) (1+λ2(R0ϕ2,ϕ2))−λ1λ2(R0ϕ1,ϕ2) (R0ϕ2,ϕ1) R0ϕ1−

−λ2 (R0ϕ,ϕ2) (1+λ1(R0ϕ1,ϕ1))+λ1(R0ϕ,ϕ1) (R0ϕ1,ϕ2)(1+λ1(R0ϕ1,ϕ1)) (1+λ2(R0ϕ2,ϕ2))−λ1λ2(R0ϕ1,ϕ2) (R0ϕ2,ϕ1) R0ϕ2. (2.1)� ® ª   §   â ¥ « ì á â ¢ ®. �à ¢¥¨¥ (Hs −E)ψ = ϕ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥(H0−E)ψ = ϕ− λ1(ψ,ϕ1)ϕ1 − λ2(ψ,ϕ2)ϕ2 . (2.2)Ǒà¨¬¥ïï ª ãà ¢¥¨î (2.2) ®¯¥à â®à R0(E) â ¬, £¤¥ ® áãé¥-áâ¢ã¥â (â® ¥áâì ¯à¨ E /∈ [0,∞) ), ¯®«ãç ¥¬ íª¢¨¢ «¥â®¥ ¨â¥-£à «ì®¥ ãà ¢¥¨¥
ψ(x) = R0(E)ϕ − λ1 (ψ,ϕ1)R0(E)ϕ1 − λ2 (ψ,ϕ2)R0(E)ϕ2 . (2.3)� ¬¥â¨¬, çâ® ¢ (2.3)

ψ(x) = ϕ̃(x)− C1ϕ̃1(x)− C2ϕ̃2(x), (2.4)£¤¥ Ci = (ψ,ϕi) , ~ϕi = λiR0(E)ϕi , ~ϕ = R0(E)ϕ . � ©¤¥¬ ¥¨§-¢¥áâë¥ C1 ¨ C2 . Ǒ®¤áâ ¢«ïï ¢ëà �¥¨¥ (2.4) ¤«ï ψ(x) ¢ (2.3),¯®«ãç ¥¬ «¨¥©ãî á¨áâ¥¬ã
{
C1 = ( ~ϕ,ϕ1)− C1( ~ϕ1, ϕ1)− C2( ~ϕ2, ϕ1)
C2 = ( ~ϕ,ϕ2)− C1( ~ϕ1, ϕ2)− C2( ~ϕ2, ϕ2) , (2.5)á«¥¤®¢ â¥«ì®, Ci = �i(ϕ)� , £¤¥� = ∣∣∣∣
1 + λ1 (R0(E)ϕ1, ϕ1) λ2 (R0(E)ϕ2, ϕ1)
λ1 (R0(E)ϕ1, ϕ2) 1 + λ2 (R0(E)ϕ2, ϕ2) ∣∣∣∣ ,100



�1(ϕ) = ∣∣∣∣
(ϕ,ϕ1) λ2 (R0(E)ϕ2, ϕ1)(ϕ,ϕ2) 1 + λ2 (R0(E)ϕ2, ϕ2) ∣∣∣∣ ,�2(ϕ) = ∣∣∣∣
1 + λ1 (R0(E)ϕ1, ϕ1) (ϕ,ϕ1)
λ1 (R0(E)ϕ1, ϕ2) (ϕ,ϕ2) ∣∣∣∣ .�¥¬¬  ¤®ª §  .�¢¥¤¥¬ ®¡®§ ç¥¨ï bj = (ϕj ,√W ) , j = 1, 2 ,
d1 = 12i ∫

R

W (x)dx, (2.6)
a11 = 12i [− ∫

R2 √Wϕϕ1 dxdy++λ22 ( ∣∣ ∫
R

ϕ2 dx∣∣2 ∫

R2 |x− y|
√
Wϕϕ1 dxdy++ ∫

R2 √Wϕϕ1 dxdy ∫

R2 |x− y|ϕ2ϕ2 dxdy−
−

∫

R2 ϕ2ϕ1 dxdy ∫

R2 |x− y|
√
Wϕϕ2 dxdy−

−
∫

R2 √Wϕϕ2 dxdy ∫

R2 |x− y|ϕ2ϕ1 dxdy ) ]
, (2.7)

a12 = 12i [− ∫

R2 √Wϕϕ2 dxdy++λ12 ( ∣∣ ∫
R

ϕ1 dx∣∣2 ∫

R2 |x− y|
√
Wϕϕ2 dxdy++ ∫

R2 √Wϕϕ2 dxdy ∫

R2 |x− y|ϕ1ϕ1 dxdy−
−

∫

R2 ϕ1ϕ2 dxdy ∫

R2 |x− y|
√
Wϕϕ1 dxdy−

−
∫

R2 √Wϕϕ1 dxdy ∫

R2 |x− y|ϕ1ϕ2 dxdy ) ]
, (2.8)

c1 = −λ12i ∣∣ ∫
R

√
Wϕ1 dx ∣∣2 − λ22i ∣∣ ∫

R

√
Wϕ2 dx ∣∣2+101



+λ1λ24i ∫

R2 |x− y|ϕ1√W ϕ1√W dxdy
∣∣ ∫

R

√
Wϕ2 dx ∣∣2++λ1λ24i ∫

R2 |x− y|ϕ2√W ϕ2√W dxdy
∣∣ ∫

R

√
Wϕ1 dx ∣∣2−

−λ1λ24i ∫

R2 |x− y|ϕ2√W ϕ1√W dxdy
∫

R2 ϕ1√W ϕ2√W dxdy−

−λ1λ24i ∫

R2 |x− y|ϕ1√W ϕ2√W dxdy
∫

R2 ϕ2√W ϕ1√W dxdy.(2.9)� ¥ ® à ¥ ¬   2.1. Ǒãáâì � 6= 0 . �«ï ¢á¥å ¤®áâ â®ç®¬ «ëå ε áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ãà®¢¥ì ®¯¥à â®à  H ¢®ªà¥áâ®áâ¨ ã«ï, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢  ä®à¬ã« 
k = ε

(
d1 + λ1a11b1+λ2a12b22ic1 )+O(ε2).� ® ª   §   â ¥ « ì á â ¢ ®. Cãé¥áâ¢®¢ ¨¥ ãà®¢ï ®¯¥-à â®à  H íª¢¨¢ «¥â® áãé¥áâ¢®¢ ¨î ¥ã«¥¢®£® à¥è¥¨ï ¨-â¥£à «ì®£® ãà ¢¥¨ï:

ψ(x) = −εR0W (x)ψ(x)++ λ1ε ((R0Wψ,ϕ1)(1+λ2(R0ϕ2,ϕ2))−λ2(R0Wψ,ϕ2)(R0ϕ2,ϕ1))R0ϕ1(1+λ1(R0ϕ1,ϕ1))(1+λ2(R0ϕ2,ϕ2))−λ1λ2(R0ϕ1,ϕ2)(R0ϕ2,ϕ1) ++ λ2ε ((R0Wψ,ϕ2)(1+λ1(R0ϕ1,ϕ1))−λ1(R0Wψ,ϕ1)(R0ϕ1,ϕ2))R0ϕ2(1+λ1(R0ϕ1,ϕ1))(1+λ2(R0ϕ2,ϕ2))−λ1λ2(R0ϕ1,ϕ2)(R0ϕ2,ϕ1) . (2.10)�¬®�¨¬ (2.10)   √
W (x) ¨ ¯¥à¥©¤¥¬ ª äãªæ¨ï¬ ϕ(x) == √

W (x)ψ(x) ¨ ϕi(x) = √
W (x)ϕi(x) , â®£¤  ãà ¢¥¨¥ (2.10)¯à¨¬¥â ¢¨¤

ϕ(x) = −ε
√
W (x)R0(E)√W (y)ϕ(y)++λ1ε �1(ϕ)� √
W (x)R0(E)√W (y)ϕ1(y)++λ2ε �2(ϕ)� √
W (x)R0(E)√W (y)ϕ2(y). (2.11)102



�¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 
√
W (x)R0(E)√W (y)ϕ(y) = −

√
W2ik (ϕ,√W ) +K(k)ϕ,

√
W (x)R0(E)√W (y)ϕ(y) = −

√
W2ik (ϕ,√W ) +K1(k)ϕ, (2.12)£¤¥ K(k) ¨ K1(k) | ®¯¥à â®àë,   «¨â¨ç¥áª¨ § ¢¨áïé¨¥ ®â k¢ ®ªà¥áâ®áâ¨ ã«ï (¯®¤à®¡®¥ ¤®ª § â¥«ìáâ¢® á¬. ¢ [1℄).�ëà �¥¨¥ (2.11) á ãç¥â®¬ (2.12) ¯à¨¬¥â ¢¨¤

ϕ(x) = ε
√
W2ik (ϕ,√W )− εK(k)ϕ++λ1ε �1(ϕ)� (

−
√
W2ik (ϕ1,√W ) +K1(k)ϕ1 )++λ2ε �2(ϕ)� (

−
√
W2ik (ϕ2,√W ) +K1(k)ϕ2 )

. (2.13)�¯¥à â®à®§ ç ï äãªæ¨ï
L(k) = λ1�1(·)� K1(k)ϕ1 + λ2�2(·)� K1(k)ϕ2 −K(k) (2.14)ï¢«ï¥âáï   «¨â¨ç¥áª®© ¯®á«¥ ã¬®�¥¨ï ç¨á«¨â¥«ï ¨ § ¬¥- â¥«ï   k2 . �¢¥¤¥¬ ®¢ãî ¥¨§¢¥áâãî äãªæ¨î �(x) == (1−εL(k))ϕ(x) . Ǒà¨ ãá«®¢¨¨ | ε | < 1/‖L(k)‖ áãé¥áâ¢ã¥â ®¡à â-ë© ®¯¥à â®à (1 − εL(k))−1 . �á¯®«ì§ãï (2.14), § ¯¨è¥¬ ãà ¢¥-¨¥ (2.13) ¢ ¢¨¤¥�(x)= ε
√
W2ik ((1−εL(k))−1�,√W )−λ1ε2ik �1((1−εL(k))−1�� √

W (ϕ1,√W )−
−λ2ε2ik �2((1−εL(k))−1�� √

W (ϕ2,√W ). (2.15)�§ íâ®£® ãà ¢¥¨ï ¢¨¤®, çâ® �(x) = C
√
W (x) , £¤¥ C | ¥-ª®â®à ï ª®áâ â , ¥ § ¢¨áïé ï ®â k . Ǒ®¤áâ ¢¨¢ ¢ (2.15) ¢ëà -�¥¨¥ ¤«ï �(x) , ¯®«ãç¨¬ ¯®á«¥ á®ªà é¥¨ï

k = ε2i ((1− εL(k))−1√W,
√
W

)
−

−λ1ε2i �1((1−εL(k))−1�� (ϕ1,√W )− λ2ε2i �2((1−εL(k))−1�� (ϕ2,√W ).103



� §«®�¨¢ ®¯¥à â®à (1− εL(k))−1 ¯® áâ¥¯¥ï¬ ε , ¯®«ãç¨¬
k = ε2i (√W,

√
W )− λ1ε2i �1(√W )� (ϕ1,√W )−

−λ2ε2i �2(√W )� (ϕ2,√W ) +O(ε2), (2.16)�«ï à áªàëâ¨ï ¥®¯à¥¤¥«¥®áâ¥© ¢¨¤  00 ¢ ¯à ¢®© ç áâ¨ (2.16)¯à¥¤áâ ¢¨¬ äãªæ¨î G0(x, y, k) ¢ ¢¨¤¥
G0(x, y, k) = − 12ik eik|x−y| = − |x−y|2 − 12ik +O(k).� ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥¬ ®¡®§ ç¥¨ï (2.6){(2.9). �¬¥¥¬ k2� == kc1 +O(k2) , k2�1(ϕ) = ka11 +O(k2) , k2�2(ϕ) = ka12 +O(k2) .� ¨â®£¥ ãà ¢¥¨¥ (2.16) ¯à¨¨¬ ¥â ¢¨¤
k = εd1 + λ1ε(a11+O(k))b12i(c1+O(k)) + λ2ε(a12+O(k))b22i(c1+O(k)) +O(ε2).Ǒ®«®�¨¬ A = d1 + λ1a11b1+λ2a12b22ic1 , â®£¤  k = Aε+O(ε) + εO(k) .� ª¨¬ ®¡à §®¬, ¥á«¨ F (k) = A+O(ε) , â® k = Aε+O(ε2) = εF (k).�ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï íâ®£® ãà ¢¥¨ï ¢®ªà¥áâ®áâ¨ ã«ï ¢ëâ¥ª ¥â ¨§ ¯à¨æ¨¯  á�¨¬ îé¨å ®â®¡à �¥-¨©, â ª ª ª ¢ á¨«ã ¬ «®áâ¨ ε ®â®¡à �¥¨¥ εF (k) ¯¥à¥¢®¤¨âªàã£ S = {| k |6 δ} ¢ á¥¡ï,   ¢á«¥¤áâ¢¨¥   «¨â¨ç®áâ¨ F (k) ¢ªàã£¥ S ¨¬¥¥¬ | εF ′(k) |6 q < 1 . � ª¨¬ ®¡à §®¬, ª ®â®¡à �¥¨î
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