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¯®ïâ¨¥ ¯à®¨§¢®¤®© ¯à¨á®¥¤¨¥®© ®¡®¡é¥®© äãªæ¨¨ (¯à¨-á®¥¤¨¥®£® à á¯à¥¤¥«¥¨ï) ¨ ¨áá«¥¤ãîâáï ¢®¯à®áë à §à¥è¨¬®-áâ¨ à §«¨çëå â¨¯®¢ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á â ª®© ¯à®-¨§¢®¤®©. � ª« áá ¬ ãà ¢¥¨© ®â®áïâáï: ¨¬¯ã«ìáë¥ ãà ¢¥-¨ï, á¨£ã«ïàë¥ ãà ¢¥¨ï, äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì-ë¥ ãà ¢¥¨ï, ãà ¢¥¨ï á à §àë¢®© ¯à ¢®© ç áâìî ¨ ¤à.1. �«£¥¡à  G[a, b℄ ¯à¥àë¢¨áâëå äãªæ¨©� ä¨ªá¨àã¥¬ ®âà¥§®ª K _= [a, b℄ ¨ ç¥à¥§ G _=G(K) _=G[a, b℄ ®¡®-§ ç¨¬ ¯à®áâà áâ¢® ¯à¥àë¢¨áâëå (á¬. [2, . 16℄) äãªæ¨©, â.¥.äãªæ¨© x : K → C , ®¡« ¤ îé¨å ª®¥çë¬¨ ¯à¥¤¥« ¬¨
x(t − 0) _= lim

τ→t−0 x(τ) ¯à¨ ¢á¥å t ∈ (a, b℄ ¨ x(t + 0) _= lim
τ→t+0x(τ)¯à¨ ¢á¥å t ∈ [a, b) . Ǒà®áâà áâ¢® G ,  ¤¥«¥®¥ ¥áâ¥áâ¢¥®©®¯¥à æ¨¥© ã¬®�¥¨ï äãªæ¨©, ï¢«ï¥âáï  «£¥¡à®©  ¤ ¯®«¥¬

C , ¨ ¢ ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬  §ë¢ âì G ª ª ¯à®áâà áâ¢®¬,â ª ¨  «£¥¡à®©. �¥à¥§ G
L
®¡®§ ç¨¬ ¯®¤¯à®áâà áâ¢® (¯®¤ «£¥-¡àã) ¢ G , á®áâ®ïé¥¥ ¨§ â¥å äãªæ¨©, çâ® x(t − 0) = x(t) ¯à¨

t ∈ (a, b℄ ¨ x(a+0) = x(a) . �¨¬¬¥âà¨ç®¥ ¯®¤¯à®áâà áâ¢® (¯®¤- «£¥¡à ) G
R

á®áâ®¨â ¨§ â¥å äãªæ¨©, çâ® x(t + 0) = x(t) ¯à¨
t ∈ [a, b) ¨ x(b − 0) = x(b) . �ãªæ¨¨ ¨§ G

L
¡ã¤¥¬  §ë¢ âì ¥-¯à¥àë¢ë¬¨ á«¥¢ ,   äãªæ¨¨ ¨§ G

R
{ ¥¯à¥àë¢ë¬¨ á¯à ¢ ¯à¥àë¢¨áâë¬¨ äãªæ¨ï¬¨. �¥à¥§ G0 ®¡®§ ç¨¬ ¯à®áâà áâ¢®( «£¥¡àã) â ª¨å äãªæ¨© x : K → C , çâ® ¯à¨ «î¡®¬ ε > 0 ¬®-�¥áâ¢® {t ∈ K : |x(t)| > ε} ª®¥ç®. �¥â ¨ª ª¨å ®£à ¨ç¥¨©¤«ï â®£®, çâ®¡ë áç¨â âì, çâ® äãªæ¨¨ x ¢¥é¥áâ¢¥®§ çë, â.¥.

x : K → R , { ç¨â â¥«ì ¬®�¥â â ª ¨ ¯®áâã¯ âì, ®¤ ª® ¬ë ¡ã¤¥¬¢¥áâ¨ ¨§«®�¥¨¥ ¤«ï ª®¬¯«¥ªá®§ çëå äãªæ¨©, ®âáâã¯ ï ®âíâ®£® ¯à¨æ¨¯  «¨èì ¢ ¨áª«îç¨â¥«ìëå á«ãç ïå. �â¬¥â¨¬ ¥é¥,çâ® ¢ [2℄ ¤ ¥âáï ®¯à¥¤¥«¥¨¥ ¯à¥àë¢¨áâëå äãªæ¨©, ¤¥©áâ¢ãî-é¨å ¨§ K ¢ ¯à®¨§¢®«ì®¥ ¡  å®¢® ¯à®áâà áâ¢®.�ãªæ¨ï x : K → C  §ë¢ ¥âáï áâã¯¥ç â®©, ¥á«¨ áãé¥-áâ¢ã¥â ª®¥ç®¥ à §¡¨¥¨¥ a = τ0 < τ1 < . . . < τn = b â ª®¥, çâ®  ª �¤®¬ ¨â¥à¢ «¥ (τk−1, τk) , k = 1, . . . , n, äãªæ¨ï x â®�¤¥-4



áâ¢¥® à ¢  ª®áâ â¥ ck ∈ C . �ç¥¢¨¤®, ¢áïª ï áâã¯¥ç â ïäãªæ¨ï ï¢«ï¥âáï ¯à¥àë¢¨áâ®©. �®«¥¥ â®£®, á¯à ¢¥¤«¨¢ � ¥ ® à ¥ ¬   1.1. ([2, . 16℄). �«ï äãªæ¨¨ x : [a, b℄ → Cá«¥¤ãîé¨¥ ãâ¢¥à�¤¥¨ï íª¢¨¢ «¥âë:1) x ∈ G[a, b℄ ;2) x ï¢«ï¥âáï à ¢®¬¥àë¬ (  [a, b℄ ) ¯à¥¤¥«®¬ ¯®á«¥¤®¢ -â¥«ì®áâ¨ áâã¯¥ç âëå äãªæ¨©;3) ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥ ª®¥ç®¥ à §¡¨¥¨¥
a = τ0 < τ1 < . . . < τn = b , çâ® ¯à¨ ¢á¥å k = 1, . . . , n á¯à ¢¥¤«¨¢®sup

τ,s∈ (τk−1,τk) |x(s)− x(τ)| < ε.�à¥âì¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ®§ ç ¥â, çâ® ª®«¥¡ ¨¥ äãª-æ¨¨ x   ª �¤®¬ ¨â¥à¢ «¥ (τk−1, τk) ¥ ¯à¥¢ëè ¥â ε .� « ¥ ¤ á â ¢ ¨ ¥ 1.1. � ¢®¬¥àë© ¯à¥¤¥« ¯®á«¥¤®¢ -â¥«ì®áâ¨ ¯à¥àë¢¨áâëå äãªæ¨© ¥áâì äãªæ¨ï ¯à¥àë¢¨áâ ï.� « ¥ ¤ á â ¢ ¨ ¥ 1.2. �á«¨ x ∈ G[a, b℄ , â® x ®£à ¨ç¥-  ¨ ¨§¬¥à¨¬ ,   á ¬® ¯à®áâà áâ¢® G[a, b℄ ¡  å®¢® ¯® ®à-¬¥ ‖x‖ _= sup
t∈ [a,b℄ |x(t)| (¡®«¥¥ â®£®, G[a, b℄ ï¢«ï¥âáï ¡  å®¢®© «£¥¡à®©) ¨ ï¢«ï¥âáï § ¬ëª ¨¥¬ ¯à®áâà áâ¢  áâã¯¥ç âëåäãªæ¨© ®â®á¨â¥«ì® sup -®à¬ë.� ª ª ª x ∈ G(K) , â® ¢ â®¯®«®£¨¨ à ¢®¬¥à®© áå®¤¨¬®-áâ¨ áãé¥áâ¢ã¥â áª®«ì ã£®¤® ¡«¨§ª ï ª x áâã¯¥ç â ï äãªæ¨ï

y : K → C , ª®â®à ï, ®ç¥¢¨¤®, ®£à ¨ç¥ , ¯®íâ®¬ã ¨ x ®£à ¨-ç¥ . Ǒ®áª®«ìªã ¢áïª ï áâã¯¥ç â ï äãªæ¨ï ¨§¬¥à¨¬ , â® ¨ x¨§¬¥à¨¬  (ª ª ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨§¬¥à¨¬ëå äãªæ¨©).� ª®¥æ, ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì {xn}, xn ∈ G(K) , äã¤ ¬¥-â «ì  ¯® sup -®à¬¥, â® ®  à ¢®¬¥à® (  K ) áå®¤¨âáï ¢ á¥-¡¥ ¨, á«¥¤®¢ â¥«ì®, à ¢®¬¥à® áå®¤¨âáï ª ¥ª®â®à®© äãªæ¨¨
x : K → C , ¯à¨ç¥¬ ¢ á¨«ã á«¥¤áâ¢¨ï 1.1 á¯à ¢¥¤«¨¢® x ∈ G(K) .5



� ¥ ¬ ¬   1.1. ([2, . 17℄). �á«¨ x ∈ G[a, b℄ ¨ ε > 0 , â®ª �¤®¥ ¨§ ¬®�¥áâ¢
{

t ∈ (a, b℄ : |x(t−0)−x(t)| > ε
} ¨ {

t ∈ [a, b) : |x(t+0)−x(t)| > ε
}á®áâ®¨â ¨§ ª®¥ç®£® ç¨á«  â®ç¥ª.� « ¥ ¤ á â ¢ ¨ ¥ 1.3. �®�¥áâ¢® T (x) , á®áâ®ïé¥¥ ¨§¢á¥å â®ç¥ª à §àë¢  äãªæ¨¨ x ∈ G , ¥ ¡®«¥¥ ç¥¬ áç¥â®.� á¨«ã «¥¬¬ë 1.1 â®çª¨ ¬®�¥áâ¢  T (x) (íâ® ®¡®§ ç¥¨¥¯à¨¬¥ï¥¬   ¯à®âï�¥¨¨ ¢á¥© à ¡®âë) ¯¥à¥áç¨âë¢ îâáï á«¥-¤ãîé¨¬ ®¡à §®¬: á ç «  ¬ë ã¬¥àã¥¬ ¢á¥ â®çª¨ ¬®�¥áâ¢

{

t ∈ (a, b℄ : |x(t−0)−x(t)| > 1} ¨ {

t ∈ [a, b) : |x(t+0)−x(t)| > 1},  § â¥¬, ¤¢¨£ ïáì ¯®  âãà «ì®¬ã àï¤ã n = 1, 2, . . . , ã¬¥àã¥¬â®çª¨ ¬®�¥áâ¢
{

t ∈ (a, b℄ : 1
n+1 6 |x(t− 0)− x(t)| < 1

n

} ¨
{

t ∈ [a, b) : 1
n+1 6 |x(t+ 0)− x(t)| < 1

n

}

.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 1.1. �á«¨ x : [a, b℄ → C { ªãá®ç®¥¯à¥àë¢ ï äãªæ¨ï, â® x ∈ G[a, b℄ .�ë  §ë¢ ¥¬ äãªæ¨î x ªãá®ç® ¥¯à¥àë¢®©   ®âà¥§ª¥(¨ ¯¨è¥¬ x ∈ KC[a, b℄ ), ¥á«¨ ®  ¨¬¥¥â   ¥¬ â®«ìª® ª®¥ç®¥¬®�¥áâ¢® â®ç¥ª à §àë¢  ¨ ¯à¨â®¬ ¢á¥ ®¨ ¯¥à¢®£® à®¤ . �¥¬á ¬ë¬ x ∈ G[a, b℄ .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 1.2. �á«¨ x : [a, b℄ → C ¨¬¥¥â®£à ¨ç¥®¥ ¨§¬¥¥¨¥, â.¥. x ∈ BV[a, b℄ , â® x ∈ G[a, b℄ .� á®®â¢¥âáâ¢¨¨ á [3, . 206℄ ã äãªæ¨¨ ®£à ¨ç¥®© ¢ à¨ -æ¨¨ ¬®�¥áâ¢® â®ç¥ª à §àë¢  ¥ ¡®«¥¥ ç¥¬ áç¥â®, ¯à¨ç¥¬ ¢á¥à §àë¢ë ¯¥à¢®£® à®¤ . �«¥¤®¢ â¥«ì®, BV[a, b℄ ⊂ G[a, b℄ .6



� â ¢ ¥ à � ¤ ¥  ¨ ¥ 1.3. �á«¨ x ∈ G[a, b℄ , â® x ¨â¥-£à¨àã¥¬  ¯® �¨¬ ã ¨, á«¥¤®¢ â¥«ì®, ¨â¥£à¨àã¥¬  ¯® �¥¡¥£ã.�¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã ¢áïª ï äãªæ¨ï x ∈ G[a, b℄ ®£à -¨ç¥  ¨ ¨¬¥¥â ¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ¬®�¥áâ¢® â®ç¥ª à §àë¢ ,â® x ¨â¥£à¨àã¥¬  ¯® �¨¬ ã.�á«¨ x ∈ G[a, b℄ , â® á®£« á® [4℄ ¯¥à¢®®¡à § ï y(t) _= t
∫

a
x(s)ds¥áâì äãªæ¨ï à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬ ï, â.¥. y ∈ RD[a, b℄ .�®«¥¥ â®£®, ¢ à ¡®â¥ ¯®ª § ®, çâ® RD ≈ R × G

L
≈ R × G

R
¨KC(1) ⊂ RD ⊂ Lip , â.¥. ¯à®áâà áâ¢® à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥-¬ëå äãªæ¨© § ª«îç¥® ¬¥�¤ã ¯à®áâà áâ¢®¬ ªãá®ç® £« ¤ª¨å¨ «¨¯è¨æ¥¢ëå äãªæ¨©. �«¥¤ã¥â ¥é¥ ®â¬¥â¨âì, çâ® ¬®¤ã«ì «î-¡®© ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ â ª�¥ ï¢«ï¥âáï à¥-£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¥©. � ª®¥æ, RD ï¢«ï¥âáï§ ¬ëª ¨¥¬ ¯à®áâà áâ¢  ªãá®ç® «¨¥©ëå äãªæ¨© ¯® «¨¯-è¨æ¥¢®© ®à¬¥ (®¤®¬¥à®© ®à¬¥ ��¥«ì¤¥à ).� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ® ¤¨ £à ¬¬ AC → CBV → C → KC

ց ցBV → G → R → L , (1.1)£¤¥ C,AC,CBV,R ¨ L { ¯à®áâà áâ¢  ¥¯à¥àë¢ëå äãªæ¨©, ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨©, ¥¯à¥àë¢ëå äãªæ¨© ®£à -¨ç¥®© ¢ à¨ æ¨¨, ¨â¥£à¨àã¥¬ëå ¯® �¨¬ ã ¨ ¨â¥£à¨àã¥¬ëå¯® �¥¡¥£ã äãªæ¨© á®®â¢¥âáâ¢¥®. �âà¥«ª¨ ®§ ç îâ ®â®è¥-¨¥ ¢ª«îç¥¨ï ¯à®áâà áâ¢. �á¥ ¢ª«îç¥¨ï ¢ ¤¨ £à ¬¬¥ (1.1)áâà®£¨¥. Ǒà¨¢¥¤¥¬ ¯®¤â¢¥à�¤ îé¨¥ ¯à¨¬¥àë.Ǒ à ¨ ¬ ¥ à 1.1. Ǒãáâì äãªæ¨ï x : [0, 1℄ → R â ª®¢ ,çâ® x(0) = 0 , x(t) = t{1t } ¯à¨ t 6= 0 (¢ëà �¥¨¥ {σ} ®¡®-§ ç ¥â ¤à®¡ãî ç áâì ç¨á«  σ ). �  ª �¤®¬ ¯®«ã¨â¥à¢ «¥
t ∈ ( 1

k+1 , 1k ℄ , k = 1, 2, . . . , ¨¬¥¥¬ x(t) = 1 − kt , á«¥¤®¢ â¥«ì-®, x ¥¯à¥àë¢  á«¥¢ , à §àë¢  á¯à ¢  ¢ â®çª å τk = 1
k+1 ,â.¥. T (x) = {12 , 13 , . . . } , ¨ ¨¬¥¥â ¥®£à ¨ç¥®¥ ¨§¬¥¥¨¥ (â.ª.7



áª çª¨ äãªæ¨¨ ®¡à §ãîâ £ à¬®¨ç¥áª¨© àï¤). � ª¨¬ ®¡à §®¬,
x ∈ G[0, 1℄ , ®¤ ª® x 6∈ BV[0, 1℄ . �à®¬¥ â®£®, x 6∈ KC[0, 1℄ .Ǒ à ¨ ¬ ¥ à 1.2. Ǒãáâì äãªæ¨ï x : [0, 1℄ → R â ª®-¢ , çâ® x(0) = 0, x(t) = (−1)[1/t℄ ¯à¨ t 6= 0 (¢ëà �¥¨¥ [σ℄®¡®§ ç ¥â æ¥«ãî ç áâì ç¨á«  σ ). �  ª �¤®¬ ¯®«ã¨â¥à¢ «¥
t ∈ ( 1

k+1 , 1k ℄ , k = 1, 2, . . . , ¨¬¥¥¬ x(t) = (−1)k , á«¥¤®¢ â¥«ì®,äãªæ¨ï x à §àë¢  ¢ ã«¥ ¨ ¢ â®çª å τk = 1
k+1 . � ª¨¬ ®¡à -§®¬, x ∈ R[0, 1℄ , ®¤ ª® x 6∈ G[0, 1℄ (â.ª. ¥â ¯à¥¤¥«  x(0 + 0) ).Ǒà¥àë¢¨áâë¥ äãªæ¨¨ ¬®�® ¨â¥£à¨à®¢ âì ¥ â®«ìª® ¢á¬ëá«¥ �¨¬  , ® ¨ ¢ ¡®«¥¥ à áè¨à¨â¥«ì®¬ á¬ëá«¥: ¢ á¬ëá«¥�¨¬  {�â¨«âì¥á , ¢ á¬ëá«¥ Ǒ¥àà® {�â¨«âì¥á  [5℄, ¢ ª¢ §¨¨-â¥£à «ì®¬ á¬ëá«¥ [6; 7℄. Ǒà¨¢¥¤¥¬ ä®à¬ã«¨à®¢ªã ¤«ï ¨â¥£à -«  �¨¬  {�â¨«âì¥á  [8℄.� ¥ ® à ¥ ¬   1.2. �«ï «î¡ëå x ∈ G[a, b℄ ¨ y ∈ CBV[a, b℄¨â¥£à «ë �¨¬  {�â¨«âì¥á  b

∫

a
xdy ¨ b

∫

a
y dx áãé¥áâ¢ãîâ ¨á¯à ¢¥¤«¨¢ë ®æ¥ª¨

∣

∣

b
∫

a
xdy

∣

∣ 6 ‖x‖ ·Var
K
y ¨ ∣

∣

b
∫

a
xdy

∣

∣ 6 sup
t∈(a,b) |x(t)| ·VarK

y.� « ¥ ¤ á â ¢ ¨ ¥ 1.4. �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì ¯à¥àë-¢¨áâëå äãªæ¨© {xn} , xn ∈ G[a, b℄ , áå®¤¨âáï ¯® sup -®à¬¥ ª(¯à¥àë¢¨áâ®©) äãªæ¨¨ x ∈ G[a, b℄ ,   äãªæ¨ï y ∈ CBV[a, b℄ ,â® lim
n

b
∫

a
xndy = b

∫

a
xdy .� « ¥ ¤ á â ¢ ¨ ¥ 1.5. �á«¨ x ∈ G[a, b℄ ,   ¯®á«¥¤®¢ â¥«ì-®áâì {yn} ¨ äãªæ¨ï y â ª®¢ë, çâ® yn, y ∈ CBV[a, b℄ ¨Var

K
(yn − y) →

n
0 , â® lim

n

b
∫

a
xdyn = b

∫

a
xdy .� « ¥ ¤ á â ¢ ¨ ¥ 1.6. �á«¨ x ∈ G[a, b℄ , y ∈ CBV[a, b℄ ,

z(t) _= t
∫

α
xdy , â® z ∈ CBV[a, b℄ (â®çª  α ¨§ [a, b℄ ä¨ªá¨à®¢  ).� ç áâ®áâ¨, ¥á«¨ y ∈ AC[a, b℄ , â® z ∈ AC[a, b℄ .8



� ¯®¬¨¬, çâ® äãªæ¨¨ x, y, z ¤¥©áâ¢ãîâ ¨§ [a, b℄ ¢ C . �«ï¯à®¨§¢®«ì®£® à §¡¨¥¨ï a = τ0 < τ1 < . . . < τn = b ¨¬¥¥¬
n
∑

k=1 ∣

∣z(τk)− z(τk−1)∣∣ = n
∑

k=1 ∣

∣

τk
∫

τk−1 xdy ∣

∣ 6 ‖x‖ · Var
K

y .�á«¨ t, t+�t ∈ [a, b℄ (¬®�® áç¨â âì, çâ® �t > 0 ), â®
∣

∣z(t+�t)− z(t)∣∣ = ∣

∣

t+�t
∫

t
xdy

∣

∣ 6 ‖x‖ · Var[t,t+�t℄ y −→�t→0 0 .� ª®¥æ, ¥á«¨ y ∈ AC[a, b℄ , â® ¢¥é¥áâ¢¥®§ ç ï ¥ã¡ë¢ î-é ï äãªæ¨ï v(t) = Var
s∈[a,t℄ y(s) â ª�¥  ¡á®«îâ® ¥¯à¥àë¢   [a, b℄ (  «®£¨ç®¥ ãâ¢¥à�¤¥¨¥ ¤«ï ¢¥é¥áâ¢¥®§ çëå äãª-æ¨© y ¬®�®  ©â¨ ¢ [9, . 344℄), ¯®íâ®¬ã ¤«ï «î¡®£® ε > 0áãé¥áâ¢ã¥â â ª®¥ δ > 0 , çâ® ª ª®¢  ¡ë ¨ ¡ë«  ª®¥ç ï á¨áâ¥-¬  ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï ¨â¥à¢ «®¢ (ak, bk), k = 1, . . . , n ,â ª ï, çâ® n

∑

k=1(bk − ak) < δ , ¢ë¯®«¥® n
∑

k=1(v(bk) − v(ak)) < ε .�«ï íâ®© �¥ á¨áâ¥¬ë ¨â¥à¢ «®¢ á¯à ¢¥¤«¨¢  æ¥¯®çª 
n
∑

k=1 ∣

∣z(bk)− z(ak)∣∣ = n
∑

k=1 ∣

∣

bk
∫

ak

xdy
∣

∣ 6 ‖x‖ ·
n
∑

k=1 Var[ak,bk℄ y == ‖x‖ ·
n
∑

k=1(v(bk)− v(ak)) < ε ‖x‖.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 1.4. Ǒãáâì A { ª¢ ¤à â ï ¬ -âà¨æ  ¯®àï¤ª  n á í«¥¬¥â ¬¨ Aij ∈ C , q ∈ CBV[a, b℄ . �«ï
α ∈ [a, b℄ ¨ ¢¥ªâ®à-äãªæ¨© x, y ∈ Gn [a, b℄ á¯à ¢¥¤«¨¢®
y(t) = x(t)− t

∫

α
Axdq ⇐⇒ x(t) = y(t)− t

∫

α

[

d eA(q(t)−q(s)) ]

y(s)
⇐⇒ x(t) = eAq(t) [

e−Aq(α) y(α) + t
∫

α
e−Aq(·) dy ]

. (1.2)9



� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ z _= e−Aq(·) x , â®
y(t) = eAq(t) z(t)− t

∫

α
AeAq(·)z dq = eAq(t) z(t)− t

∫

α

[

d eAq(·) ] z == eAq(α) z(α) + t
∫

α
eAq(·) dz ,

z(t)− z(α) = t
∫

α
dz = t

∫

α
e−Aq(s) d( s

∫

α
eAq(·) dz) = t

∫

α
e−Aq(·) dy .�®§¢à é ïáì ª ¨áå®¤®© ¯¥à¥¬¥®© x (á ãç¥â®¬ x(α) = y(α) ),¯®«ãç ¥¬ âà¥âì¥ à ¢¥áâ¢®,   ¢â®à®¥ ¯®«ãç ¥âáï ¨§ ¥£® ¨â¥£à¨-à®¢ ¨¥¬ ¯® ç áâï¬.2. �«£¥¡àë G0[a, b℄ , G

L
[a, b℄ ¨ G

R
[a, b℄� ¥ ¬ ¬   2.1. �«ï äãªæ¨¨ x : [a, b℄ → C á«¥¤ãîé¨¥ãâ¢¥à�¤¥¨ï íª¢¨¢ «¥âë:a) x ∈ G0 ;b) x ∈ G ¨ x(t− 0) = 0 ¤«ï ¢á¥å t ∈ (a, b℄ ;) x ∈ G ¨ x(t+ 0) = 0 ¤«ï ¢á¥å t ∈ [a, b) ;d) x ∈ G ¨ t

∫

τ
x(s)ds = 0 ¤«ï ¢á¥å τ, t ∈ [a, b℄ ;e) x ∈ G ¨ t

∫

τ
xdy = 0 ¤«ï ¢á¥å τ, t ∈ [a, b℄ ¨ «î¡ëå y ∈ CBV .� ® ª   §   â ¥ « ì á â ¢ ®. � ¢®á¨«ì®áâì ãâ¢¥à�¤¥¨©

a)− d) ¯®ª §   ¢ [2, . 19℄,   ¨¬¯«¨ª æ¨ï e) ⇒ d) âà¨¢¨ «ì .
a) ⇒ e) . � ä¨ªá¨àã¥¬ â®çª¨ τ, t ∈ [a, b℄ (áç¨â ¥¬ τ < t ),äãªæ¨î y ∈ CBV ¨ ε > 0 . �®çª¨ τ ¨ t ¨ ¢á¥ â®çª¨ ª®¥ç-®£® ¬®�¥áâ¢  {

s ∈ [τ, t℄ : |x(s)| > ε
} ¯®à®�¤ îâ â ª®¥ à §-¡¨¥¨¥ τ = s0 < s1 < . . . < sn = t , çâ® |x(s)| < ε ¤«ï ¢á¥å

s ∈ (sk−1, sk), k = 1, . . . , n . �«¥¤®¢ â¥«ì®,
∣

∣

t
∫

τ
xdy

∣

∣ 6
n
∑

k=1 ∣

∣

sk
∫

sk−1 xdy ∣

∣ 6 ε
n
∑

k=1 Var[sk−1,sk℄ y = ε Var[τ,t ℄ y ,10



¯®íâ®¬ã ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ ε > 0 á¯à ¢¥¤«¨¢® t
∫

τ
xdy = 0 .Ǒ à ¨ ¬ ¥ à 2.1. Ǒà¨¬¥à®¬ ¯à¥àë¢¨áâ®© äãªæ¨¨ ¨§ G0á«ã�¨â äãªæ¨ï �¨¬  , â.¥. äãªæ¨ï x : [0, 1℄ → R â ª ï,çâ® x = 1

n ¢ ª �¤®© ¥ à ¢®© ã«î à æ¨® «ì®© â®çª¥
r = m

n (m 6= 0) , £¤¥ m
n { ¥á®ªà â¨¬ ï à æ¨® «ì ï ¤à®¡ì,¨ x = 0 ¢® ¢á¥å ®áâ «ìëå â®çª å ®âà¥§ª  [0, 1℄ . �â  äãªæ¨ïà §àë¢  ¢® ¢á¥å ¥âà¨¢¨ «ìëå à æ¨® «ìëå â®çª å,   ¢ ¨à-à æ¨® «ìëå â®çª å ®  ¥¯à¥àë¢ .� ¥ ¬ ¬   2.2. Ǒà®áâà áâ¢  G0 , G

L
¨ G

R
§ ¬ªãâë¢ G ®â®á¨â¥«ì® sup -®à¬ë ¨, á«¥¤®¢ â¥«ì®, ¡  å®¢ë.�®à¬ã«¨à®¢ª  «¥¬¬ë á®¢¯ ¤ ¥â á ãâ¢¥à�¤¥¨ï¬¨ ¨§ [2, . 20℄,®¤ ª® â ¬ ç¥à¥§ G

L
®¡®§ ç¥® ¥áª®«ìª® ¨®¥ ¯®¤¯à®áâà -áâ¢®: ®® á®áâ®¨â ¨§ â¥å äãªæ¨©, çâ® x(t−0) = x(t) ¯à¨ t ∈ (a, b℄¨ x(a) = 0 (  «®£¨ç® ®¯à¥¤¥«ï¥âáï ¯à®áâà áâ¢® G

R
). �â® �¥§ ¬¥ç ¨¥ ®â®á¨âáï ª ¯à¨¢®¤¨¬®© ¨�¥ «¥¬¬¥.� ¥ ¬ ¬   2.3. �ãªæ¨ï x ∈ G ¥¤¨áâ¢¥ë¬ ®¡à §®¬¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë x = x

L
+ x0 ¤¢ãå äãªæ¨© x

L
∈ G

L¨ x0 ∈ G0 . �¨¬¬¥âà¨ç®¥ ¯à¥¤áâ ¢«¥¨¥ x = x
R
+ x0 , £¤¥

x
R
∈ G

R
, x0 ∈ G0 , â ª�¥ ¨¬¥¥â ¬¥áâ®.�   ¬ ¥ ç    ¨ ¥ 2.1. � ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  «¥¬¬ë2.3 ãáâ  ¢«¨¢ ¥âáï, çâ® G

L
∩G0 = {0} . � ª¨¬ ®¡à §®¬, «¥¬¬ë2.2 ¨ 2.3 ¯®§¢®«ïîâ ¯à¥¤áâ ¢¨âì ¯à®áâà áâ¢® G ¢ ¢¨¤¥ ¯àï¬®©áã¬¬ë ¤¢ãå § ¬ªãâëå ¯®¤¯à®áâà áâ¢: G = G

L
⊕ G0 (¨á¯®«ì-§ã¥¬ ®¯à¥¤¥«¥¨¥ ¯àï¬®© áã¬¬ë «¨¥©ëå ¯à®áâà áâ¢ ¨§ [10,. 120℄) ¨«¨ G = G

R
⊕G0 . Ǒà¨ íâ®¬ ®¯¥à â®àë P,Q : G → G ,P : x(t) → x

L
(t) _= {

x(a+ 0), t = a
x(t− 0), t ∈ (a, b℄ ,Q : x(t) → x

R
(t) _= {

x(t+ 0), t ∈ [a, b)
x(b− 0), t = b

,11



®¡« ¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:ImP = G
L
, KerP = G0 , ImQ = G

R
, KerQ = G0 ,P2 = P, PQ = P, QP = Q, Q2 = Q. (2.1)Ǒà®¥ªâ®àë P ¨ Q ¥¯à¥àë¢ë ¯® sup -®à¬¥, çâ® á«¥¤ã¥â ¨§®ç¥¢¨¤ëå ¥à ¢¥áâ¢

‖Px‖ 6 ‖x‖ ¨ ‖Qx‖ 6 ‖x‖ ∀x ∈ G. (2.2)� ç áâ®áâ¨, ‖Px‖ = ‖Qx‖ ¤«ï ¢á¥å x ∈ G . �¥©áâ¢¨â¥«ì®, ¢á®®â¢¥âáâ¢¨¨ á (2.1) ¨ (2.2) á¯à ¢¥¤«¨¢® ‖Px‖ = ‖PQx‖ 6 ‖Qx‖¨   «®£¨ç® ‖Qx‖ 6 ‖Px‖ .�   ¬ ¥ ç    ¨ ¥ 2.2. �á«¨ x ∈ G0 ,   y ∈ G , â® xy == yx ∈ G0 . �¥©áâ¢¨â¥«ì®, ¥á«¨ y(t) ≡ 0 , â® ãâ¢¥à�¤¥¨¥ ®ç¥-¢¨¤®, ¥á«¨ �¥ y(t) 6≡ 0 , â® ‖y‖ > 0 , ¯®íâ®¬ã ¤«ï «î¡®£® ε > 0¬®�¥áâ¢® {

t ∈ K : |x(t) y(t)| > ε
}

⊆
{

t ∈ K : |x(t)| >
ε
‖y‖

} ª®-¥ç®, â.¥. xy ∈ G0 . � ª¨¬ ®¡à §®¬, G0 ï¢«ï¥âáï ¤¢ãáâ®à®¨¬¨¤¥ «®¬ ¢ G , ¯à¨ç¥¬ ¥á«¨ äãªæ¨¨ x, y ∈ G áç¨â âì íª¢¨¢ -«¥âë¬¨ (x ∼ y) ¯à¨ x − y ∈ G0 , â® ¢ á®®â¢¥âáâ¢¨¨ á § ¬¥ç -¨¥¬ 2.1 á¯à ¢¥¤«¨¢® G
L
≈ G/G0 ≈ G

R
. �àã£¨¬¨ á«®¢ ¬¨, ¢ ª -�¤®¬ ª« áá¥ íª¢¨¢ «¥â®áâ¨ ¨¬¥îâáï à®¢® ®¤  ¥¯à¥àë¢ ïá«¥¢  ¨ à®¢® ®¤  ¥¯à¥àë¢ ï á¯à ¢  ¯à¥àë¢¨áâë¥ äãªæ¨¨( x ∼ Px ∼ Qx ). � ¬¥â¨¬ â ª�¥, çâ® ®¯¥à â®àë P ¨ Q ï¢«ïîâ-áï í¤®¬®àä¨§¬ ¬¨  «£¥¡àë G ,   ¨å ï¤à® KerP = KerQ = G0ï¢«ï¥âáï ¤¢ãáâ®à®¨¬ ¨¤¥ «®¬ íâ®©  «£¥¡àë.�   ¬ ¥ ç    ¨ ¥ 2.3. Ǒà®¨§¢®«ìë© «¨¥©ë© ¥¯à¥-àë¢ë© äãªæ¨® « � : G

L
→ C ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ ¢¢¨¤¥ ¨â¥£à «  �ãè¨ª {�â¨«âì¥á  [2, . 38℄, â.¥. áãé¥áâ¢ã¥â â -ª ï äãªæ¨ï Q ®£à ¨ç¥®© ¢ à¨ æ¨¨, çâ® �(x) = ∫

K

xdQ ¤«ï«î¡®© x ∈ G
L
. � ¬ �¥ ¯à¨¢®¤¨âáï ®¡é¨© ¢¨¤ «¨¥©®£® ¥-¯à¥àë¢®£® äãªæ¨® «  ¢ ¯à®áâà áâ¢¥ G . � ¬¥â¨¬, çâ® â -ª®¥ ¯à¥¤áâ ¢«¥¨¥ ®âî¤ì ¥ ¥¤¨áâ¢¥® ¢®§¬®�®¥, ¢ ç áâ®-áâ¨, áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥¨¥ äãªæ¨® «  � ç¥à¥§ ¨â¥£à «Ǒ¥àà® {�â¨«âì¥á  (á¬.,  ¯à¨¬¥à, [11℄).12



3. �«£¥¡àë GT [a, b℄ , �[a, b℄ ¨ BV[a, b℄Ǒà®¨§¢®«ì®¥ ª®¥ç®¥ ¨«¨ áç¥â®¥ ¬®�¥áâ¢® T _= {τ1, τ2, . . . }¯®¯ à® à §«¨çëå â®ç¥ª τk ∈ K ¡ã¤¥¬  §ë¢ âì à §¡¨¥¨¥¬®âà¥§ª  K ,   á®¢®ªã¯®áâì ¢á¥å à §¡¨¥¨© K ®¡®§ ç¨¬ ç¥à¥§
T(K) . Ǒãáâ®¥ ¬®�¥áâ¢® ¬ë â ª�¥ ¢ª«îç ¥¬ ¢ T(K) { ®® ï¢«ï-¥âáï  ¨¬¥ìè¨¬ í«¥¬¥â®¬ ç áâ¨ç®£® ¯®àï¤ª    T(K) , § -¤ ®£® ¥áâ¥áâ¢¥ë¬ ®¡à §®¬: à §¡¨¥¨¥ T ¯à¥¤è¥áâ¢ã¥â à §-¡¨¥¨î S , ¥á«¨ T ⊆ S .�«¥¬¥âë ¨§ T(K) á«¥¤®¢ «® ¡ë  §ë¢ âì σ -à §¡¨¥¨ï¬¨,¯®¤ç¥àª¨¢ ï ¨å áç¥â®áâì, ®¤ ª® ¢ íâ®¬ ¥â  ¤®¡®áâ¨.� ä¨ªá¨àã¥¬ T ∈ T(K) ¨ ¤«ï «î¡®© äãªæ¨¨ x ∈ G ¢¢¥¤¥¬®¡®§ ç¥¨ï:
x−k _=x(τk − 0)− x(τk), x+k _=x(τk + 0)− x(τk) ∀ τk ∈ T. (3.1)�ë ¯®« £ ¥¬ x−k = 0 ¯à¨ τk = a ¨ x+k = 0 ¯à¨ τk = b .�¥à¥§ ⌈x⌉

T
®¡®§ ç¨¬ àï¤ (¨ ¥£® áã¬¬ã, ¥á«¨ àï¤ áå®¤¨âáï)

⌈x⌉
T
_= ∑

τk∈T
(|x−k |+ |x+k |), (3.2)  ç¥à¥§ GT _=GT [a, b℄ ®¡®§ ç¨¬ á®¢®ªã¯®áâì ¢á¥å â¥å äãªæ¨©

x ∈ G , çâ® àï¤ ⌈x⌉
T
áå®¤¨âáï. Ǒ®áª®«ìªã T { ¥ ¡®«¥¥ ç¥¬ áç¥â-®¥ ¬®�¥áâ¢®, â® àï¤ ⌈x⌉

T
âà ªâã¥âáï ¥áâ¥áâ¢¥ë¬ ®¡à §®¬:

|x−1 |+|x+1 |+|x−2 |+|x+2 |+. . . . �â®á¨â¥«ì® ¥áâ¥áâ¢¥ëå ®¯¥à æ¨©á«®�¥¨ï ¨ ã¬®�¥¨ï GT ï¢«ï¥âáï  «£¥¡à®©  ¤ C . �¥©áâ¢¨-â¥«ì®, ¥á«¨ λ ∈ C, x, y ∈ GT , u = λx , v = x + y, w = xy , â®á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 
u−k = λx−k , u+k = λx+k , v−k = x−k + y−k , v+k = x+k + y+k ,

w−
k = x(τk − 0) y(τk − 0)− x(τk) y(τk),

w+
k = x(τk + 0) y(τk + 0)− x(τk) y(τk), (3.3)¯®íâ®¬ã w−

k = x(τk−0) y−k +x−k y(τk), w+
k = x(τk+0) y+k +x+k y(τk) ,

⌈u⌉
T
= |λ| ·⌈x⌉

T
<∞ , ⌈v⌉

T
6 ⌈x⌉

T
+⌈y⌉

T
<∞ , ⌈w⌉

T
6 ‖x‖·⌈y⌉

T
++⌈x⌉

T
· ‖y‖ <∞ . � ª¨¬ ®¡à §®¬, u, v,w ∈ GT .13



�á«¨ T { ª®¥ç®¥ ¬®�¥áâ¢®, â® á¯à ¢¥¤«¨¢® à ¢¥áâ¢®GT = G , ¢ ç áâ®áâ¨, G∅ = G . �áïª ï äãªæ¨ï ®£à ¨ç¥-®© ¢ à¨ æ¨¨ ¯à¨ ¤«¥�¨â GT , ª ª®¢® ¡ë ¨ ¡ë«® T ∈ T(K) .�¥©áâ¢¨â¥«ì®, ¥á«¨ x ∈ BV ¨ S _=T ∩ T (x) , â® x−k = x+k = 0¤«ï «î¡®£® τk ∈ T\S , ¯®íâ®¬ã ⌈x⌉
T
= ⌈x⌉

S
6 ⌈x⌉

T (x) < ∞ ,á«¥¤®¢ â¥«ì®, x ∈ GT . � ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® T á¯à ¢¥¤-«¨¢ë ¢ª«îç¥¨ï BV ⊂ GT ⊆ G ,   ¯®áª®«ìªã «î¡ ï ¥¯à¥àë¢- ï äãªæ¨ï, ¨¬¥îé ï ¥®£à ¨ç¥®¥ ¨§¬¥¥¨¥, ¯à¨ ¤«¥�¨âGT , â® ¯¥à¢®¥ ¢ª«îç¥¨¥ { áâà®£®¥. �®«¥¥ â®£®, ¬¥�¤ã BV ¨GT § ª«îç¥® ¯à®áâà áâ¢® � _=�[a, b℄ , á®áâ®ïé¥¥ ¨§ â¥å äãª-æ¨© x ∈ G , çâ® àï¤ ⌈x⌉
T (x) áå®¤¨âáï. Ǒà¨¬¥à®¬ äãªæ¨¨ ¨§ G ,¥ ¯à¨ ¤«¥� é¥© � , á«ã�¨â äãªæ¨ï ¨§ ¯à¨¬¥à  1.1. � ª �¥,ª ª íâ® á¤¥« ® ¤«ï ¯à®áâà áâ¢ GT (á¬. (3.3)), ¤®ª §ë¢ ¥âáï,çâ® � { íâ®  «£¥¡à . �¥©áâ¢¨â¥«ì®, ¥á«¨ T _=T (x) ∪ T (y) , â®

T (u) ⊆ T (x) , T (v) ⊆ T , T (w) ⊆ T , ⌈u⌉
T (u) = |λ| ⌈x⌉

T (x) <∞ ,
⌈v⌉

T (v) = ⌈v⌉
T

6 ⌈x⌉
T
+ ⌈y⌉

T
= ⌈x⌉

T (x) + ⌈y⌉
T (y) <∞,

⌈w⌉
T (w) = ⌈w⌉

T
6 ‖x‖⌈y⌉

T
+⌈x⌉

T
‖y‖ = ‖x‖⌈y⌉

T (y)+⌈x⌉
T (x)‖y‖ <∞.� ¬¥â¨¬, çâ® KC ⊂ � , â.¥. ¨¬¥¥â ¬¥áâ® ¤¨ £à ¬¬  ¢ª«îç¥¨ï¯®¤ «£¥¡à  «£¥¡àë G ¯à¥àë¢¨áâëå äãªæ¨©:CBV → C → KC

ց ցBV → � →
{GT

}

T∈T(K) → G . (3.4)�â®á¨â¥«ì® à¥è¥âª¨ ¯à®áâà áâ¢ { GT } ¢ § ¢¨á¨¬®áâ¨ ®â¯ à ¬¥âà  T ∈ T(K) ¬®�® áª § âì á«¥¤ãîé¥¥. � §®¢¥¬ à §-¡¨¥¨ï T ¨ S íª¢¨¢ «¥âë¬¨ (T ∼ S) , ¥á«¨ ¨å á¨¬¬¥âà¨-ç¥áª ï à §®áâì ª®¥ç , â.¥. ard (T�S) < ∞ . �¥ä«¥ªá¨¢®áâì¨ á¨¬¬¥âà¨ç®áâì ®ç¥¢¨¤ë,   âà §¨â¨¢®áâì á«¥¤ã¥â ¨§ «¥£ª®¯à®¢¥àï¥¬®£® â®�¤¥áâ¢  T�S = (T�R)� (R�S) . �ç¥¢¨¤®, ¢á¥ª®¥çë¥ à §¡¨¥¨ï íª¢¨¢ «¥âë ¬¥�¤ã á®¡®©.14



� ¥ ¬ ¬   3.1. Ǒãáâì T, S ∈ T(K) .1. �á«¨ S ⊆ T , â® GT ⊆ GS .2. GT = GS â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  T ∼ S .3. �á«¨ U = T ∪ S , â® GT ∩GS = GU .4. �á«¨ V = T ∩ S , â® GT ∪GS ⊆ GV .� ® ª   §   â ¥ « ì á â ¢ ®. 1. �á«¨ x ∈ GT ¨ S ⊆ T , â®
x ∈ GS , ¯®áª®«ìªã ⌈x⌉

S
6 ⌈x⌉

T
<∞ .2. Ǒãáâì à §¡¨¥¨¥ T�S ª®¥ç®. �¯à ¢¥¤«¨¢® â®�¤¥áâ¢®

T�S = Q∪R , £¤¥ Q _=T\S , R _=S\T , á«¥¤®¢ â¥«ì®, ®ç¥¢¨¤®¥à ¢¥áâ¢® ⌈x⌉
T
+ ⌈x⌉

R
= ⌈x⌉

S
+ ⌈x⌉

Q
¨ ª®¥ç®áâì ¬®�¥áâ¢ Q¨ R ®§ ç îâ, çâ® àï¤ë ⌈x⌉

T
¨ ⌈x⌉

S
áå®¤ïâáï ¨«¨ à áå®¤ïâáï®¤®¢à¥¬¥®.�¡à â®. �á«¨ T ¨ S ¥ íª¢¨¢ «¥âë, â®, ¯® ªà ©¥© ¬¥à¥,®¤® ¨§ à §¡¨¥¨© Q ¨«¨ R ¡¥áª®¥ç®. �®¯ãáâ¨¬, çâ® íâ® Q .�®£¤  äãªæ¨ï x , ã ª®â®à®© x(τk) = 1
k ¯à¨ τk ∈ Q ¨ x(t) = 0¯à¨ t ∈ K\Q , ¯à¨ ¤«¥�¨â GS , ® ¥ ¯à¨ ¤«¥�¨â GT . �¥©-áâ¢¨â¥«ì®, ¢ª«îç¥¨¥ x ∈ G0 ®ç¥¢¨¤®, ¯®íâ®¬ã ¢ á¨«ã «¥¬-¬ë 2.1 á¯à ¢¥¤«¨¢® x(τk−0) = 0 ¯à¨ τk ∈ S∩(a, b℄ ¨ x(τk+0) = 0¯à¨ τk ∈ S ∩ [a, b) . �à®¬¥ â®£®, x(τk) = 0 ¤«ï ¢á¥å τk ∈ S , á«¥-¤®¢ â¥«ì®, x−k = x+k = 0 ¤«ï ¢á¥å τk ∈ S , ¯®íâ®¬ã x ∈ GS . �¤àã£®© áâ®à®ë, ⌈x⌉

T
> ⌈x⌉

Q
= 2 ∞

∑

k=1 1
k , ¯®íâ®¬ã x 6∈ GT .3. �ª«îç¥¨ï T ⊆ U ¨ S ⊆ U ¢«¥ªãâ ¢ª«îç¥¨ï GU ⊆ GT¨ GU ⊆ GS , á«¥¤®¢ â¥«ì®, GU ⊆ GT ∩GS .�á«¨ �¥ x ∈ GT∩GS , â® x ∈ GT ¨ x ∈ GS , ¯®íâ®¬ã ⌈x⌉

T
<∞¨ ⌈x⌉

S
<∞ ,   ¯®áª®«ìªã ⌈x⌉

U
6 ⌈x⌉

T
+ ⌈x⌉

S
<∞ , â® x ∈ GU .4. Ǒ®áª®«ìªã V ⊆ T ¨ V ⊆ S , â® GT ⊆ GV ¨ GS ⊆ GV ,¯®íâ®¬ã GT ∪GS ⊆ GV . �¥¬¬  ¤®ª §  .�ãªæ¨ï �¥¢¨á ©¤  θ(t) _= { 0 , t 6 01 , t > 0 ¨ ¯à®¨§¢®«ì ï â®-çª  τ ∈ K ¯®à®�¤ îâ áâã¯¥ç âë¥ äãªæ¨¨ ξτ (t) _= − θ(τ − t)¨ ητ (t) _= θ(t− τ) . � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥15



®¡®§ ç¥¨ï: ¥á«¨ τ = 0 ∈ K , â® ξ(·) _= ξ0(·) ¨ η(·) _= η0(·) ,   ¥á«¨
τ = τk ∈ T , â® ξk(·) _= ξτk

(·) ¨ ηk(·) _= ητk
(·) . �àã£¨¬¨ á«®¢ ¬¨,

ξk(t) = {

−1 , t < τk0 , t > τk
, ηk(t) = { 0 , t 6 τk1 , t > τk

.�¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï ¢áïª®© äãªæ¨¨ x : K → C , ¥-¯à¥àë¢®© ¢ â®çª¥ τ ∈ K , ¨ ¤«ï «î¡ëå α, β ∈ K áãé¥áâ¢ãîâ¨â¥£à «ë �¨¬  {�â¨«âì¥á  β
∫

α
xdξτ ¨ β

∫

α
xdητ , ¯à¨ç¥¬

β
∫

α
xdξτ = x(τ) β

∫

α
dξτ ¨ β

∫

α
xdητ = x(τ) β

∫

α
dητ . (3.5)� ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬ ¨¬¥âì ¤¥«® ¢ ®á®¢®¬ á ¨â¥£à « -¬¨ �¨¬  {�â¨«âì¥á  ¨ ®£®¢ à¨¢ âì  §¢ ¨¥ ¨â¥£à «  ¡ã¤¥¬«¨èì ¢ ¨áª«îç¨â¥«ìëå á«ãç ïå.�   ¬ ¥ ç    ¨ ¥ 3.1. �«ï «î¡®£® α ∈ K ¨ ¤«ï «î¡®©äãªæ¨¨ x ∈ GT äãªæ¨® «ìë© àï¤

x
T
(t) _=x

T
(t, α) _= −

∑

τk∈T
x−k

t
∫

α
dξk + ∑

τk∈T
x+k t

∫

α
dηk (3.6) ¡á®«îâ® ¨ à ¢®¬¥à®   K áå®¤¨âáï, ¯®áª®«ìªã

∑

τk∈T

∣

∣ x−k

t
∫

α
dξk

∣

∣+ ∑

τk∈T

∣

∣x+k t
∫

α
dηk

∣

∣ 6 ⌈x⌉
T
<∞.�ã¬¬ã àï¤  ¡ã¤¥¬ ®¡®§ ç âì â ª �¥, ª ª ¨ á ¬ àï¤, { ç¥à¥§

x
T
(t) . � á«ãç ¥ T = ∅ ¯®« £ ¥¬ x

T
(t) ≡ 0 . � á®®â¢¥âáâ¢¨¨ á [9,. 336℄ äãªæ¨¨ ¢¨¤  (3.6) ¡ã¤¥¬  §ë¢ âì äãªæ¨ï¬¨ áª çª®¢.� ¬ �¥ ®â¬¥ç ¥âáï, çâ® x

T
∈ BV ¨Var x

T
= ⌈x⌉

T
. (3.7)�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ ç¥à¥§ Var y ®¡®§ ç ¥¬ ¯®«ãî ¢ à¨ æ¨îäãªæ¨¨ y   ®âà¥§ª¥ K . � àï¤ã á (3.6) ®¯à¥¤¥«¥  äãªæ¨ï

xT (t) _=xT (t, α) _= x(t)− x
T
(t), (3.8)16



â ª�¥ § ¢¨áïé ï ®â ¯ à ¬¥âà  α . � ¤ «ì¥©è¥¬ ¬ë áç¨â ¥¬,çâ® â®çª  α ∈ K ä¨ªá¨à®¢  , ¯®íâ®¬ã § ¢¨á¨¬®áâì ®â α ¢®¡®§ ç¥¨¨ äãªæ¨© x
T
¨ xT ç é¥ ¢á¥£® ¡ã¤¥â ®âáãâáâ¢®¢ âì.� ¬¥â¨¬ â ª�¥, çâ® àï¤ (3.6) á«¥¤®¢ «® ¡ë ¯¨á âì

− ∑

τk∈T∩(a,b℄ x−k t
∫

α
dξk + ∑

τk∈T∩[a,b)x+k t
∫

α
dηk,¯®¤ç¥àª¨¢ ï ¥£® ¥§ ¢¨á¨¬®áâì ®â «¥¢®£® áª çª  äãªæ¨¨ x ¢â®çª¥ a ¨ ®â ¯à ¢®£® áª çª  ¢ â®çª¥ b , ®¤ ª® ¢ á®®â¢¥âáâ¢¨¨ áá®£« è¥¨¥¬ ¢ (3.1) ¬ë ¯®« £ ¥¬ x−k = 0 ¯à¨ τk = a ¨ x+k = 0¯à¨ τk = b ¨ ¢ ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥¬ § ¯¨áì (3.6).�   ¬ ¥ ç    ¨ ¥ 3.2. Ǒ®áª®«ìªã x

T
∈ BV ⊂ GT , â® ¨

xT ∈ GT . �®«¥¥ â®£®, ¢ á®®â¢¥âáâ¢¨¨ á [9, . 336℄ á¯à ¢¥¤«¨¢ë à -¢¥áâ¢  (x
T
)−k = x−k ¨ (x

T
)+k = x+k , ¯®íâ®¬ã (xT )−k = (xT )+k = 0 .Ǒ®á«¥¤¥¥ à ¢¥áâ¢® ®§ ç ¥â, ¢ ç áâ®áâ¨, çâ® xT ¥¯à¥àë¢ ¢ ª �¤®© â®çª¥ à §¡¨¥¨ï T . � ª¨¬ ®¡à §®¬,

⌈x
T
⌉

T
= ⌈x⌉

T
<∞, ⌈xT ⌉

T
= 0,(x

T
)

T
= x

T
, (x

T
)T = 0, (xT )

T
= 0, (xT )T = xT .

(3.9)�à®¬¥ â®£®, «¥£ª® ¯®ª § âì, çâ® ¥á«¨ x, y ∈ GT ¨ x, y ∈ GS , â®(x
T
)

S
= x

T∩S
, (x

T
)S = x

T\S
, (xT )

S
= x

S\T
, (xT )S = xT∪S .(3.10)�¥©áâ¢¨â¥«ì®, á®£« á® «¥¬¬¥ 3.1 á¯à ¢¥¤«¨¢® x, y ∈ GT∪S ,¯®íâ®¬ã ¢á¥ äãªæ¨¨ ¢ ä®à¬ã« å ®¯à¥¤¥«¥ë. �á«¨ z _=x

T
,

Q _=T\S , P _=T ∩ S , R _=S\T , â® x
T
= x

Q
+ x

P
¨ (x

T
)

S
= z

S
== z

P
+ z

R
= (x

Q
+ x

P
)

P
+ (x

T
)

R
= (x

P
)

P
= x

P
= x

T∩S
. �áâ «ìë¥ä®à¬ã«ë (3.10) «¥£ª® ¢ë¢®¤ïâáï ¨§ ¯¥à¢®©.�   ¬ ¥ ç    ¨ ¥ 3.3. �¤®¢à¥¬¥® ¬ë ¢ëïá¨«¨, çâ®ª �¤ë© ¨§ ®¯¥à â®à®¢ P

T
: x → x

T
¨ P T : x → xT ï¢«ï¥âáï¯à®¥ªâ®à®¬ ¢ GT . �§ãç¥¨î á¢®©áâ¢ íâ¨å ®¯¥à â®à®¢ ¯®á¢ïé¥ë17



¯®á«¥¤ãîé¨¥ ¯ à £à äë à ¡®âë, §¤¥áì �¥ ®â¬¥â¨¬ «¨èì, çâ®®¡à § ImP T á®áâ®¨â ¨§ äãªæ¨©, ¥¯à¥àë¢ëå ¢ ª �¤®© â®çª¥
τk ∈ T ,   ï¤à® KerP T á®áâ®¨â ¨§ äãªæ¨© áª çª®¢ ¢¨¤ 

z(t) _= −
∑

τk∈T
gk

t
∫

α
dξk + ∑

τk∈T
hk

t
∫

α
dηk,

∑

τk∈T
(|gk|+ |hk|) <∞,¯à¨ç¥¬ ¥á«¨ τk = a , â® gk = 0 ,   ¥á«¨ τk = b , â® hk = 0 . �â¨ �¥¯à®áâà áâ¢  ï¢«ïîâáï á®®â¢¥âáâ¢¥® ï¤à®¬ ¨ ®¡à §®¬ ¤àã£®£®®¯¥à â®à , â.¥. KerP

T
= ImP T ¨ ImP

T
= KerP T .�   ¬ ¥ ç    ¨ ¥ 3.4. �á«¨ x ∈ � [ ¨«¨ ¥á«¨ x ∈ BV ℄,â® ¤«ï ¢á¥å T , â ª¨å, çâ® T ⊇ T (x) , á¯à ¢¥¤«¨¢® x

T
= x

T (x) ¨
xT = xT (x) , ¯à¨ç¥¬ xT ∈ C [ á®®â¢¥âáâ¢¥® xT ∈ CBV ℄. �¢¥¤ï®¡®§ ç¥¨ï xc _=x

T (x) ¨ xc _=xT (x) , ®¡ àã�¨¢ ¥¬, çâ® ¯à¥¤áâ -¢«¥¨¥ (3.8) ¯à¨ x ∈ BV á®¢¯ ¤ ¥â á ¨§¢¥áâë¬ à §«®�¥¨¥¬�¥¡¥£  äãªæ¨¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨   áã¬¬ã ¥¯à¥àë¢®©äãªæ¨¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨ ¨ äãªæ¨¨ áª çª®¢: x = xc+xc .�¤¥áì äãªæ¨ï áª çª®¢ ¯®¨¬ ¥âáï ¢ á¬ëá«¥ [3, . 206℄. � ª¨¬®¡à §®¬, ¢ ¯à®áâà áâ¢¥ � [ ¨«¨ ¢ BV ℄ â ª�¥ ®¯à¥¤¥«¥ë ¯à®-¥ªâ®àë Pá : x → xá ¨ P á : x → xá , ¨ ¨å á¢®©áâ¢  ¨¤¥â¨çëá¢®©áâ¢ ¬ ®¯¥à â®à®¢ P
T
¨ P T . �à®¬¥ â®£®, ¢ BV ¨¬¥¥â ¬¥áâ®à ¢¥áâ¢® Var x = Var xc +Varxc .�®à¬ã«ë (3.3) ¯®à®�¤ îâ à ¢¥áâ¢  u

T
= λx

T
, v

T
= x

T
+y

T
,

uT = λxT , vT = xT + yT ,   ¤«ï â®£® çâ®¡ë  ©â¨ ä®à¬ã«ë ¤«ï
w

T
¨ wT , á«¥¤ã¥â ¤®ª § âì àï¤ ¢á¯®¬®£ â¥«ìëå ãâ¢¥à�¤¥¨©.� ¥ ¬ ¬   3.2. Ǒà¨ k 6= m á¯à ¢¥¤«¨¢ë ä®à¬ã«ë

t
∫

α
dξk

t
∫

α
dξm = τk

∫

α
dξm

t
∫

α
dξk + τm

∫

α
dξk

t
∫

α
dξm,

t
∫

α
dξk

t
∫

α
dηm = τk

∫

α
dηm

t
∫

α
dξk + τm

∫

α
dξk

t
∫

α
dηm,

t
∫

α
dηk

t
∫

α
dηm = τk

∫

α
dηm

t
∫

α
dηk + τm

∫

α
dηk

t
∫

α
dηm18



¨ ¯à¨ ¢á¥å k
[ t
∫

α
dξk

]2 = −
(1 + 2ξk(α)) t

∫

α
dξk,

[ t
∫

α
dηk

]2 = (1− 2ηk(α)) t
∫

α
dηk,

t
∫

α
dξk

t
∫

α
dηk = −ηk(α) t

∫

α
dξk − ξk(α) t

∫

α
dηk.� ® ª   §   â ¥ « ì á â ¢ ®. �¥¢ ï ç áâì ¯¥à¢®© ä®à¬ã«ëà ¢ 

t
∫

α

[ t
∫

α
dξk

]

dξm = t
∫

α

[ t
∫

s
dξk + s

∫

α
dξk

]

dξm(s) == t
∫

α

[ s
∫

α
dξm

]

dξk(s) + t
∫

α

[ s
∫

α
dξk

]

dξm(s).� ¯®á«¥¤¥¬ à ¢¥áâ¢¥ ¬ë ¯®¬¥ï«¨ ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï ã¯¥à¢®£® á« £ ¥¬®£®. �¡¥ ¯®¤ëâ¥£à «ìë¥ äãªæ¨¨ ¥¯à¥àë¢ë¢ â®çª å τk ¨ τm á®®â¢¥âáâ¢¥®, ¨  ¬ ®áâ ¥âáï «¨èì á®á« âìáï  ä®à¬ã«ë (3.5).�â®à ï ¨ âà¥âìï ä®à¬ã«ë ¤®ª §ë¢ îâáï   «®£¨ç®. Ǒ®-á«¥¤¨¥ âà¨ ä®à¬ã«ë ¯à®¢¥àïîâáï ¥¯®áà¥¤áâ¢¥®, ®¯¨à ïáì  â®�¤¥áâ¢  ξ2k = −ξk , η2k = ηk ¨ ξkηk = 0 á®®â¢¥âáâ¢¥®.� ¥ ¬ ¬   3.3. Ǒãáâì T ∈ T(K), α ∈ K ¨ ®£à ¨ç¥ ïäãªæ¨ï x : K → C ¥¯à¥àë¢  ¢ ª �¤®© â®çª¥ τk ∈ T . �«ï«î¡®© äãªæ¨¨ áª çª®¢
y(τ) _= −

∑

τk∈T
y−k

τ
∫

α
dξk + ∑

τk∈T
y+k τ

∫

α
dηk,

∑

τk∈T
(|y−k |+ |y+k |) <∞,áãé¥áâ¢ã¥â ¨â¥£à « t

∫

α
xdy (¯à¨ ¢á¥å t ∈ K ), ¨ ® à ¢¥ äãª-æ¨¨ áª çª®¢

z(t) _= −
∑

τk∈T
x(τk) y−k t

∫

α
dξk + ∑

τk∈T
x(τk) y+k t

∫

α
dηk. (3.11)19



� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ ard T < ∞ ¨«¨ ¥á«¨ xâ®�¤¥áâ¢¥® à ¢  ã«î, â® ãâ¢¥à�¤¥¨¥ ®ç¥¢¨¤®, ¢ ¯à®â¨¢-®¬ á«ãç ¥ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® M _= sup
t∈K

|x(t)| > 0 . �«ï «î-¡®£® r > 1 ç¥à¥§ Tr ®¡®§ ç¨¬ ª®¥ç®¥ à §¡¨¥¨¥ {τ1, . . . , τr} ,á®áâ®ïé¥¥ ¨§ ¯¥à¢ëå r â®ç¥ª à §¡¨¥¨ï T ,   ç¥à¥§ yr { áâã-¯¥ç âãî äãªæ¨î y
Tr
. �®£« á® ä®à¬ã«¥ (3.7) á¯à ¢¥¤«¨¢®Var (yr − y) = ⌈y⌉

T\Tr
→
r
0 , á«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® ε > 0áãé¥áâ¢ã¥â N1 â ª®¥, çâ® r > N1 ¢«¥ç¥â Var (yr − y) < ε3M .� á¨«ã à ¢¥áâ¢ (3.5) ¤«ï «î¡®£® r áãé¥áâ¢ãîâ ¨â¥£à «ë

zr(t) _= t
∫

α
xdyr , ¯à¨ç¥¬ zr = z

Tr
, á«¥¤®¢ â¥«ì®, ¯®á«¥¤®¢ â¥«ì-®áâì {zr} ï¢«ï¥âáï ¯®á«¥¤®¢ â¥«ì®áâìî ç áâ¨çëå áã¬¬ à ¢-®¬¥à® áå®¤ïé¥£®áï àï¤  (3.11) (áã¬¬  ª®â®à®£® à ¢  z ). �¥¬á ¬ë¬ áãé¥áâ¢ã¥â N2 , çâ® ¤«ï «î¡ëå r > N2 ¨ «î¡ëå t ∈ Ká¯à ¢¥¤«¨¢  ®æ¥ª  ∣

∣ z(t)− zr(t)∣∣ < ε3 ¨«¨ ∣

∣ z(t)− t
∫

α
xdyr

∣

∣ < ε3 .Ǒãáâì r _= 1 +max {N1, N2} , ¨ § ä¨ªá¨àã¥¬ t ∈ K (¡¥§ ®£à -¨ç¥¨ï ®¡é®áâ¨ áç¨â ¥¬, çâ® t > α ). Ǒ®áª®«ìªã áãé¥áâ¢ã¥â¨â¥£à « t
∫

α
xdyr , â® áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï «î¡®£® à §-¡¨¥¨ï α = s0 < s1 < . . . < sn = t , ¢ ª®â®à®¬ max

i
(si − si−1) < δ ,¨ ¤«ï «î¡®£®  ¡®à  ç¨á¥« γi ∈ [si−1, si℄, i = 1, . . . , n , ¢ë¯®«¥®

∣

∣

t
∫

α
xdyr −

n
∑

i=1x(γi) [yr(si)− yr(si−1)℄ ∣∣ < ε3 .� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢  æ¥¯®çª  ¥à ¢¥áâ¢
∣

∣ z(t)− n
∑

i=1x(γi) [y(si)− y(si−1)℄ ∣∣ 6
∣

∣ z(t)− t
∫

α
xdyr

∣

∣++ ∣

∣

t
∫

α
xdyr −

n
∑

i=1x(γi) [yr(si)− yr(si−1)℄ ∣∣++ n
∑

i=1 |x(γi)| · ∣∣[yr(si)− y(si)℄− [yr(si−1)− y(si−1)℄∣∣ <20



< ε3 + ε3 +M · Var (yr − y) < ε,¯®íâ®¬ã áãé¥áâ¢ã¥â ¨â¥£à « t
∫

α
xdy ¨ ® à ¢¥ z(t) , â.¥. áã¬¬¥áå®¤ïé¥£®áï àï¤  (3.11). �«ãç © t < α á¨¬¬¥âà¨ç¥.� « ¥ ¤ á â ¢ ¨ ¥ 3.1. �á«¨ x ∈ G ¨ y ∈ BV â ª®¢ë,çâ® T (x) ∩ T (y) = ∅ , â® áãé¥áâ¢ã¥â ¨â¥£à « t

∫

α
xdy ¨

t
∫

α
xdy = t

∫

α
xdyc − ∑

τk∈T (y) x(τk) y−k t
∫

α
dξk + ∑

τk∈T (y) x(τk) y+k t
∫

α
dηk.�â¢¥à�¤¥¨¥ á¯à ¢¥¤«¨¢® ¢ á¨«ã â¥®à¥¬ë 1.2.� ¥ ¬ ¬   3.4. � ª®¢ë ¡ë ¨ ¡ë«¨ äãªæ¨¨ x, y ∈ GT ,¨â¥£à «ë t

∫

α
xT dy

T
, t

∫

α
yT dx

T
, t

∫

α
x

T
dyT ¨ t

∫

α
y

T
dxT áãé¥áâ¢ãîâ¨ á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

(

xy
)

T
(t) = x

T
(t) y

T
(t) + t

∫

α
xT dy

T
+ t

∫

α
yT dx

T
,

(

xy
)

T (t) = xT (t) yT (t) + t
∫

α
x

T
dyT + t

∫

α
y

T
dxT .

(3.12)� ® ª   §   â ¥ « ì á â ¢ ®. �®à¬ã«ë ¨§ «¥¬¬ë 3.2 ¨¬¥îâ¡®«¥¥ ª®¬¯ ªâë© ¢¨¤ ( δkm { á¨¬¢®« �à®¥ª¥à ):
t
∫

α
dξk

t
∫

α
dξm = −δkm

t
∫

α
dξk + τk

∫

α
dξm

t
∫

α
dξk + τm

∫

α
dξk

t
∫

α
dξm,

t
∫

α
dξk

t
∫

α
dηm = τk

∫

α
dηm

t
∫

α
dξk + τm

∫

α
dξk

t
∫

α
dηm,

t
∫

α
dηk

t
∫

α
dηm = δkm

t
∫

α
dηk + τk

∫

α
dηm

t
∫

α
dηk + τm

∫

α
dηk

t
∫

α
dηm.21



� á«¥¤ãîé¥© æ¥¯®çª¥ à ¢¥áâ¢ ä¨£ãà¨àãîâ  ¡á®«îâ® ¨ à ¢-®¬¥à®   K áå®¤ïé¨¥áï äãªæ¨® «ìë¥ àï¤ë, ¯®íâ®¬ã ¢á¥®¯¥à æ¨¨ ª®àà¥ªâë,   áã¬¬¨à®¢ ¨¥ ¢¥¤¥âáï ¯® à §¡¨¥¨î T(¨ ¬ë ¡ã¤¥¬ ¯¨á âì ∑

k

¢¬¥áâ® ∑

τk∈T
):

σ _=x
T
(t) y

T
(t) == [

−∑

k

x−k

t
∫

α
dξk +∑

k

x+k t
∫

α
dηk

][

−∑

m
y−m

t
∫

α
dξm +∑

m
y+m t

∫

α
dηm

] == ∑

k,m

x−k y
−
m

[ τk
∫

α
dξm

t
∫

α
dξk + τm

∫

α
dξk

t
∫

α
dξm

]

− ∑

k

x−k y
−
k

t
∫

α
dξk−

−
∑

k,m

x−k y
+
m

[ τk
∫

α
dηm

t
∫

α
dξk + τm

∫

α
dξk

t
∫

α
dηm

]

−

− ∑

k,m

x+k y−m[ τk
∫

α
dξm

t
∫

α
dηk + τm

∫

α
dηk

t
∫

α
dξm

]++ ∑

k,m

x+k y+m[ τk
∫

α
dηm

t
∫

α
dηk + τm

∫

α
dηk

t
∫

α
dηm

]+∑

k

x+k y+k t
∫

α
dηk.Ǒà¨¢¥¤ï ¯®¤®¡ë¥ ç«¥ë, ¨¬¥¥¬ à ¢¥áâ¢ 

σ = −∑

k

x−k [y(τk)− yT (τk)℄ t
∫

α
dξk +∑

k

x+k [y(τk)− yT (τk)℄ t
∫

α
dηk−

−∑

k

x−k y
−
k

t
∫

α
dξk +∑

k

x+k y+k t
∫

α
dηk−

−∑

m
y−m [x(τm)− xT (τm)℄ t

∫

α
dξm +∑

m
y+m [x(τm)− xT (τm)℄ t

∫

α
dηm == σ1 − ∑

k

[x−k y−k + x−k y(τk) + x(τk)y−k ℄ t
∫

α
dξk+22



+∑

k

[x+k y+k + x+k y(τk) + x(τk)y+k ℄ t
∫

α
dηk = σ1 + (

xy
)

T
(t),£¤¥ ç¥à¥§ σ1 ®¡®§ ç¥  äãªæ¨ï

σ1 _= ∑

k

x−k y
T (τk) t

∫

α
dξk − ∑

k

x+k yT (τk) t
∫

α
dηk++∑

k

y−k x
T (τk) t

∫

α
dξk − ∑

k

y+k xT (τk) t
∫

α
dηk.Ǒà¨¢¥¤ï ¥é¥ à § ¯®¤®¡ë¥ ç«¥ë (¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãª-æ¨© xT ¨ yT ¢ â®çª å τk ∈ T á¯à ¢¥¤«¨¢  «¥¬¬  3.3), ¯®«ãç ¥¬

σ1 = t
∫

α
yT d

[

∑

k

x−k ξk −
∑

k

x+k ηk

]+ t
∫

α
xT d

[

∑

k

y−k ξk − ∑

k

y+k ηk

] == −
t
∫

α
yT dx

T
−

t
∫

α
xT dy

T
.�¤®¢à¥¬¥® ¬ë ¤®ª § «¨ áãé¥áâ¢®¢ ¨¥ ¨â¥£à «®¢.�à ¢¨¢ ï  ç «® ¨ ª®¥æ æ¥¯®çª¨ ¤«ï σ , ¯®«ãç ¥¬ ¯¥à¢®¥à ¢¥áâ¢® (3.12). �â® ª á ¥âáï ¢â®à®£®, â® ¢ á¨«ã ä®à¬ã«ë ¨â¥-£à¨à®¢ ¨ï ¯® ç áâï¬ ¨ ®ç¥¢¨¤ëå à ¢¥áâ¢ x

T
(α) = y

T
(α) = 0¤«ï ¥£® ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® á«®�¨âì «¥¢ë¥ ¨ ¯à ¢ë¥ ç -áâ¨ ä®à¬ã« (3.12) ¨ ¯®«ãç¨âì â®�¤¥áâ¢®.�   ¬ ¥ ç    ¨ ¥ 3.5. �®§¢à é ïáì ªä®à¬ã« ¬ (3.3), ¬ë¬®�¥¬ â¥¯¥àì áª § âì, çâ® ¥á«¨ λ ∈ C, x, y ∈ GT , u = λx, v == x+ y, w = xy , â® u, v,w ∈ GT ¨

u
T
= λx

T
, uT = λxT , v

T
= x

T
+ y

T
, vT = xT + yT ,

w
T
(t) = x

T
(t) y

T
(t) + t

∫

α
xT dy

T
+ t

∫

α
yT dx

T
,

wT (t) = xT (t) yT (t) + t
∫

α
x

T
dyT + t

∫

α
y

T
dxT .23



�   ¬ ¥ ç    ¨ ¥ 3.6. Ǒãáâì x, y ∈ � [ ¨«¨ x, y ∈ BV ℄,
w = xy ¨ T â ª®¢®, çâ® T ⊇ T (x) ∪ T (y) , â®£¤  xT , yT , wT ∈ C[ á®®â¢¥âáâ¢¥® xT , yT , wT ∈ CBV ℄, ¯®íâ®¬ã ¥¯à¥àë¢ë¥ á®áâ -¢«ïîé¨¥ xc, yc, wc íâ¨å äãªæ¨© (á¬. § ¬¥ç ¨¥ 3.4) á¢ï§ ëá®®â®è¥¨¥¬

wc(t) = (xy)c(t) = xc(t) yc(t) + t
∫

α
xcdy

c + t
∫

α
ycdx

c,  ¤«ï äãªæ¨© áª çª®¢ xc, yc, wc á¯à ¢¥¤«¨¢® â®�¤¥áâ¢®
wc(t) = (xy)c(t) = xc(t) yc(t) + t

∫

α
xcdyc + t

∫

α
ycdxc.� « ¥ ¤ á â ¢ ¨ ¥ 3.2. Ǒãáâì T ∈ T(K) ¨ x, y ∈ GT .�á«¨ áãé¥áâ¢ã¥â ®¤¨ ¨§ ¨â¥£à «®¢

∫

K

x
T
dy

T
,

∫

K

y
T
dx

T
,

∫

K

xdy
T
,

∫

K

y
T
dx,

∫

K

x
T
dy,

∫

K

ydx
T
, (3.13)â® áãé¥áâ¢ãîâ ®áâ «ìë¥ ¨â¥£à «ë (3.13),   ¯¥à¢ ï ä®à¬ã« (3.12) ¯à¨¨¬ ¥â ¢¨¤

(

xy
)

T
(t) = t

∫

α
xdy

T
+ t

∫

α
ydx

T
. (3.14)�á«¨ áãé¥áâ¢ã¥â ®¤¨ ¨§ ¨â¥£à «®¢

∫

K

xT dyT ,
∫

K

yT dxT ,
∫

K

xdyT ,
∫

K

yT dx,
∫

K

xT dy,
∫

K

ydxT , (3.15)â® áãé¥áâ¢ãîâ ®áâ «ìë¥ ¨â¥£à «ë (3.15),   ¢â®à ï ä®à¬ã« (3.12) ¯à¨¨¬ ¥â ¢¨¤
(

xy
)

T (t) = x(α) y(α) + t
∫

α
xdyT + t

∫

α
ydxT . (3.16)24



�®ª �¥¬ ä®à¬ã«ã (3.16). �á«¨,  ¯à¨¬¥à, áãé¥áâ¢ã¥â ¨â¥-£à « ∫

K

xT dyT , â® áãé¥áâ¢ãîâ ¨â¥£à «ë t
∫

α
xT dyT ¨ t

∫

α
yT dxT ,¯à¨ç¥¬ t

∫

α
xT dyT + t

∫

α
yT dxT = xT (t)yT (t) − xT (α)yT (α) . � á¨«ã«¥¬¬ë 3.4 áãé¥áâ¢ãîâ ¨â¥£à «ë t

∫

α
xdyT ¨ t

∫

α
ydxT ,   á ãç¥â®¬¯®á«¥¤¥£® à ¢¥áâ¢  ¢â®à®¥ â®�¤¥áâ¢® (3.12) âà áä®à¬¨àã¥âáï¢ (3.16). �®à¬ã«  (3.14) ¤®ª §ë¢ ¥âáï   «®£¨ç® (§¤¥áì ¯à¨¬¥-ï¥¬ à ¢¥áâ¢  x

T
(α) = y

T
(α) = 0 ).� « ¥ ¤ á â ¢ ¨ ¥ 3.3. Ǒãáâì T ∈ T(K) ¨ x, y ∈ GT .�á«¨ áãé¥áâ¢ã¥â ¨â¥£à « ∫

K

xdy , â® áãé¥áâ¢ã¥â ¥é¥ âà¨ -¤æ âì ¨â¥£à «®¢: ¨â¥£à « ∫

K

ydx ¨ ¨â¥£à «ë (3.13) ¨ (3.15).�ãé¥áâ¢®¢ ¨¥ ¨â¥£à «  ∫

K

ydx å®à®è® ¨§¢¥áâ®. Ǒ®áª®«ìªãáãé¥áâ¢ã¥â ¨â¥£à « ∫

K

xdy , â® ¢ á®®â¢¥âáâ¢¨¨ á [14, . 117℄ ®¤ ¨§ äãªæ¨© x ¨«¨ y ¥¯à¥àë¢  ¢® ¢áïª®© â®çª¥ t ∈ K , â.¥.
T (x) ∩ T (y) = ∅ . �á«¨ S _=T ∩ T (y) , â®, ®ç¥¢¨¤®, y

T
= y

S
,  äãªæ¨ï x ¥¯à¥àë¢  ¢ ª �¤®© â®çª¥ τk ∈ S . � á¨«ã «¥¬¬ë 3.3áãé¥áâ¢ã¥â ¨â¥£à « ∫

K

xdy
S
,   ¢¬¥áâ¥ á ¨¬ ¨ ¨â¥£à «ë ∫

K

xdy
T
,

∫

K

xdyT ¨ ¤àã£¨¥ ¨â¥£à «ë (3.13) ¨ (3.15).� « ¥ ¤ á â ¢ ¨ ¥ 3.4. �«ï «î¡ëå x, y ∈ GT á¯à ¢¥¤«¨¢®(x
T
y

T
)

T
= x

T
y

T
, (x

T
y

T
)T = 0, (xT yT )

T
= 0, (xT yT )T = xT yT .�â¢¥à�¤¥¨¥ ¥¬¥¤«¥® á«¥¤ã¥â ¨§ ä®à¬ã« (3.12) ¨ (3.9).� « ¥ ¤ á â ¢ ¨ ¥ 3.5. �á«¨ x, y ∈ GT ¨ áãé¥áâ¢ã¥â ¨-â¥£à « ∫

K

xdy , â® á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
t
∫

α
xdy = t

∫

α
xdyT − ∑

τk∈T
x(τk) y−k t

∫

α
dξk + ∑

τk∈T
x(τk) y+k t

∫

α
dηk .25



�â¢¥à�¤¥¨¥ á«¥¤ã¥â ¨§ «¥¬¬ë 3.3.�   ¬ ¥ ç    ¨ ¥ 3.7. Ǒãáâì x, y ∈ � [ ¨«¨ x, y ∈ BV ℄.�á«¨ áãé¥áâ¢ã¥â ®¤¨ ¨§ ¨â¥£à «®¢
∫

K

xcdyc,
∫

K

ycdxc,
∫

K

xdyc,
∫

K

ycdx,
∫

K

xcdy,
∫

K

ydxc, (3.17)â® áãé¥áâ¢ãîâ ®áâ «ìë¥ ¨â¥£à «ë (3.17) ¨
(

xy
)

c
(t) = t

∫

α
xdyc + t

∫

α
ydxc.�á«¨ áãé¥áâ¢ã¥â ®¤¨ ¨§ ¨â¥£à «®¢

∫

K

xcdyc,
∫

K

ycdxc,
∫

K

xdyc,
∫

K

ycdx,
∫

K

xcdy,
∫

K

ydxc, (3.18)â® áãé¥áâ¢ãîâ ®áâ «ìë¥ ¨â¥£à «ë (3.18) ¨
(

xy
)c(t) = x(α) y(α) + t

∫

α
xdyc + t

∫

α
ydxc.�á«¨ áãé¥áâ¢ã¥â ¨â¥£à « ∫

K

xdy , â® áãé¥áâ¢ã¥â ¥é¥ âà¨ ¤æ âì¨â¥£à «®¢: ¨â¥£à « ∫

K

ydx ¨ ¨â¥£à «ë (3.17) ¨ (3.18).�   ¬ ¥ ç    ¨ ¥ 3.8. Ǒãáâì x, y ∈ � [ ¨«¨ x, y ∈ BV ℄.�®£¤  (xcyc)c = xcyc, (xcyc)c = 0, (xcyc)c = 0, (xcyc)c = xcyc .4. �®¯®«®£¨ç¥áª¨¥ á¢®©áâ¢ 4.1. Ǒ®«®â  GT [a, b℄Ǒ®áª®«ìªã GT = G ¯à¨ ard T <∞ , â® GT { ¯®«®¥ ¯à®áâà -áâ¢®, ®¤ ª®, ª ª ¯®ª §ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à, ¯à¨ áç¥â®¬ T¯à®áâà áâ¢® GT ¥ § ¬ªãâ® ¢ G ¯® ®à¬¥
‖x‖ _= sup

t∈K
|x(t)|. (4.1)26



Ǒ à ¨ ¬ ¥ à 4.1. �ãªæ¨ï x ∈ G[0, 1℄ â ª ï, çâ® x(0) = 0¨ x(t) = t{1t } ¯à¨ t 6= 0 , ï¢«ï¥âáï ¯à¥¤¥«ì®© (¯® ®à¬¥ (4.1))¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à¥àë¢¨áâëå äãªæ¨©
xn(t) _= { 0 , t ∈ [0, 1n ℄

t{1t } , t ∈ ( 1n , 1℄ , n = 1, 2, . . . .Ǒ®áª®«ìªã äãªæ¨¨ xn ¨¬¥îâ ª®¥ç®¥ ç¨á«® â®ç¥ª à §àë¢ , â®
xn ∈ GT ¤«ï «î¡®£® T . � ç áâ®áâ¨, xn ∈ GT ¤«ï T _=T (x) , ¢ â®¢à¥¬ï ª ª x 6∈ GT (á¬. ¯à¨¬¥à 1.1), á«¥¤®¢ â¥«ì®, ¯à®áâà áâ¢®GT ¥ ï¢«ï¥âáï ¯®«ë¬ ¯® ®à¬¥ (4.1).� ª¨¬ ®¡à §®¬, à¥è¥âª  ¯à®áâà áâ¢ {GT

}

T∈T(K) á®¤¥à�¨âª ª ¯®«ë¥, â ª ¨ ¥¯®«ë¥ ¯à®áâà áâ¢ . �¨�¥ ¬ë ¯®ª �¥¬,çâ® ¯à®áâà áâ¢® GT ¡ã¤¥â ¯®«ë¬, ¥á«¨ ¢¢¥áâ¨ ®à¬ã
‖x‖

T
_= ‖xT ‖+ ⌈x⌉

T
= ‖xT ‖+Var x

T
. (4.2)Ǒà®¢¥àª   ªá¨®¬ ®à¬ë (4.2) ¥ á®áâ ¢«ï¥â âàã¤ . �®«¥¥ ¢ �®â®, çâ® ®à¬  (4.1) ¢å®¤¨â ¢ á¥¬¥©áâ¢® (4.2), { íâ® ¨¬¥¥â ¬¥áâ®¯à¨ T = ∅ . � ¬¥â¨¬ â ª�¥, çâ® ¢ á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬3.1 äãªæ¨ï xT § ¢¨á¨â ®â ¢ë¡®à  â®çª¨ α ∈ K , â.¥. xT (·) == xT (·, α) , ¯®íâ®¬ã ¨ ®à¬  (4.2) § ¢¨á¨â ®â α , â.¥. ‖·‖

T
= ‖·‖α

T
.� ¥ ¬ ¬   4.1. Ǒãáâì T, S ∈ T(K) .1. �á«¨ S ⊆ T , â® GT ⊆ GS ¨ ¤«ï «î¡®£® x ∈ GT ¨¬¥¥â¬¥áâ® ¥à ¢¥áâ¢® ‖x‖

S
6 ‖x‖

T
.2. �«ï «î¡®£® x ∈ GT á¯à ¢¥¤«¨¢® ‖x‖ 6 ‖x‖

T
.3. �á«¨ T ∼ S , â® GT = GS ¨ ¢ ¯à®áâà áâ¢¥ GT (= GS)®à¬ë ‖ · ‖

T
¨ ‖ · ‖

S
íª¢¨¢ «¥âë.4. �«ï «î¡ëå α, β ∈ K ®à¬ë ‖ · ‖α

T
¨ ‖ · ‖β

T
íª¢¨¢ «¥âë.� ® ª   §   â ¥ « ì á â ¢ ®. 1. �ª«îç¥¨¥ GT ⊆ GS ¤®ª -§ ® ¢ «¥¬¬¥ 3.1. Ǒãáâì x ∈ GT . � á¨«ã ¯à¥¤áâ ¢«¥¨ï (3.8)¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

xS (t) = xT (t) + x
T\S

(t), (4.3)27



á«¥¤®¢ â¥«ì®, |xS(t)| 6 |xT (t)|+⌈x⌉
T\S

¤«ï ¢á¥å t ∈ K , ¨ ¯®íâ®-¬ã |xS (t)| + ⌈x⌉
S

6 |xT (t)| + ⌈x⌉
T

6 ‖x‖
T
. Ǒ®áª®«ìªã ¯®á«¥¤ïï®æ¥ª  á¯à ¢¥¤«¨¢  ¯à¨ ¢á¥å t ∈ K , â® ‖x‖

S
6 ‖x‖

T
.2. �¥à ¢¥áâ¢® ‖x‖ 6 ‖x‖

T
á«¥¤ã¥â ¨§ ¯à¥¤ë¤ãé¥£® ¯ãªâ ¯à¨ S = ∅ .3. � ¢¥áâ¢® GT = GS ¤®ª § ® ¢ «¥¬¬¥ 3.1. �á«¨ R _=T ∩S ,â® ¢ á®®â¢¥âáâ¢¨¨ á ¯¥à¢ë¬ ¯ãªâ®¬ GT = GS ⊆ GR ¨ ¤«ï «î¡®©

x ∈ GT ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢  ¢¨¤  (4.3): xR(t) = xT (t)+x
T\R

(t) ,
xR(t) = xS(t) + x

S\R
(t) . �ëç¨â ï ®¤® ¨§ ¤àã£®£®, ¯®«ãç ¥¬, çâ®¯à¨ ¢á¥å t ∈ K á¯à ¢¥¤«¨¢® |xS (t)| 6 |xT (t)| + ⌈x⌉

T�S
, ¯®íâ®¬ã

‖xS‖ 6 ‖xT ‖+ ⌈x⌉
T�S

, á«¥¤®¢ â¥«ì®, ¢ëà � ï ‖xS‖ ¨ ‖xT ‖ ç¥-à¥§ ‖x‖
S
¨ ‖x‖

T
¯® ä®à¬ã«¥ (4.2), ¯®«ãç ¥¬ æ¥¯®çªã ¥à ¢¥áâ¢

‖x‖
S

6 ‖x‖
T
+ 2⌈x⌉

S\R
= ‖x‖

T
+ 2⌈x⌉

S\T
6

6 ‖x‖
T
+ 8 ‖x‖ · ard (S\T ) 6

(1 + 8 ard (S\T )) · ‖x‖
T
.�ë ¢®á¯®«ì§®¢ «¨áì ®ç¥¢¨¤ë¬¨ ¥à ¢¥áâ¢ ¬¨ |x−k | 6 2 ‖x‖ ¨

|x+k | 6 2 ‖x‖ . � «®£¨ç® ¯®«ãç ¥âáï á¨¬¬¥âà¨ç®¥ ¥à ¢¥áâ¢®
‖x‖

T
6

(1 + 8 ard (T\S)) · ‖x‖
S
.4. �¥à¥§ xT (t, α) ¨ xT (t, β) ®¡®§ ç¨¬ äãªæ¨¨ ¢¨¤  (3.8),¯®¤ç¥àª¨¢ ï ¨å § ¢¨á¨¬®áâì ®â â®ç¥ª α ¨ β . � á®®â¢¥âáâ¢¨¨ á(3.6) á«¥¤ãîé¨¥ á®®â®è¥¨ï ®áïâ í«¥¬¥â àë© å à ªâ¥à:

x
T
(t, α) = x

T
(t, β) + x

T
(β, α), xT (t, α) − xT (t, β) = x

T
(α, β),

∣

∣xT (t, α) − xT (t, β)∣∣ 6 ⌈x⌉
T
,

∥

∥xT ( · , α)∥∥ 6
∥

∥xT ( · , β)∥∥ + ⌈x⌉
T
,

∥

∥x
∥

∥

α

T
= ∥

∥xT ( · , α)∥∥ + ⌈x⌉
T

6
∥

∥xT ( · , β)∥∥ + 2 ⌈x⌉
T

6 2∥

∥x
∥

∥

β

T
.� «®£¨ç® ‖x‖β

T
6 2 ‖x‖α

T
, çâ® ¨ ¤®ª §ë¢ ¥â íª¢¨¢ «¥â®áâì¤ ëå ®à¬.� « ¥ ¤ á â ¢ ¨ ¥ 4.1. �á«¨ ard T < ∞ , â® GT = G ¨®à¬ë ‖ · ‖

T
¨ ‖ · ‖ íª¢¨¢ «¥âë ¢ G .28



�®áâ â®ç® ¢§ïâì S = ∅ ¢ âà¥âì¥¬ ¯ãªâ¥ «¥¬¬ë.�   ¬ ¥ ç    ¨ ¥ 4.1. Ǒà¨ áç¥â®¬ T ®à¬ë ‖·‖
T
¨ ‖·‖¥ ï¢«ïîâáï íª¢¨¢ «¥âë¬¨ ¢ ¯à®áâà áâ¢¥ GT . � ¯à¨¬¥à, á¥-¬¥©áâ¢® äãªæ¨© xn ∈ G[0, 1℄ , â ª¨å, çâ® xn(t) = 0 ¯à¨ t ∈ [0, 1n ℄¨ xn(t) = {1t } ¯à¨ t ∈ [ 1n , 1℄ , ¢¥ ¬®�¥áâ¢  T _= {12 , 13 , . . . } à §-àë¢®¢ ¥ ¨¬¥¥â. �ç¥¢¨¤®, ‖xn‖ = 1 ¯à¨ ¢á¥å n > 2 . � ¤àã£®©áâ®à®ë, ª �¤ ï ¨§ äãªæ¨© xn ¯à¨ ¤«¥�¨â GT , â ª ª ª ¨¬¥-¥â ª®¥ç®¥ ç¨á«® â®ç¥ª à §àë¢  (¨å ª®«¨ç¥áâ¢® à ¢® n − 1 ).�®«¥¥ â®£®, ¢á¥ xn ¥¯à¥àë¢ë á«¥¢ ,   ¯à ¢ë¥ áª çª¨ à ¢ë ¯®1, ¯®íâ®¬ã ª ª®¥ ¡ë γ > 0 ¬ë ¥ ¢§ï«¨,  ©¤¥âáï äãªæ¨ï xn ¨§á¥¬¥©áâ¢ , çâ® ‖xn‖T

> γ . �â® ®§ ç ¥â, çâ® ¥â â ª®£® γ > 0 ,çâ® ¥à ¢¥áâ¢® ‖x‖
T

6 γ‖x‖ ¢ë¯®«¥® ¤«ï ¢á¥å x ∈ GT .�   ¬ ¥ ç    ¨ ¥ 4.2. �«ï «î¡®£® x ∈ GT á¯à ¢¥¤«¨¢ë¥à ¢¥áâ¢  ‖x‖ 6 ‖x‖
T

6 ‖x‖+ 2 ⌈x⌉
T
.Ǒ¥à¢®¥ ¥à ¢¥áâ¢® ¬ë ã�¥ ¤®ª § «¨. �â® ª á ¥âáï ¢â®à®£®,â® ¢ á¨«ã (4.2) ¨ (3.8) á¯à ¢¥¤«¨¢  æ¥¯®çª  ‖x‖

T
= ‖xT ‖+⌈x⌉

T
6

6 ‖x‖+ ‖x
T
‖+ ⌈x⌉

T
6 ‖x‖ +Var x

T
+ ⌈x⌉

T
= ‖x‖+ 2 ⌈x⌉

T
.� ¥ ® à ¥ ¬   4.1. Ǒà®áâà áâ¢® GT [a, b℄ ¡  å®¢® ¯®®à¬¥ ‖ · ‖

T
.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¨ ª®¥ç®¬ T ãâ¢¥à�¤¥¨¥®ç¥¢¨¤® ¢ á¨«ã á«¥¤áâ¢¨ï 4.1. Ǒãáâì T ç¥â® ¨ {xn} { äã-¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâì ¢ GT ¯® ®à¬¥ ‖ · ‖

T
, â.¥.

‖xm−xn‖T
−→
m,n

0 . �á«¨ yn _= (xn)T ¨ zn _= (xn)T
, â® xn = yn+zn ,

zn(α) = 0 ¨ á®£« á® § ¬¥ç ¨î 4.2 ¨ ®¯à¥¤¥«¥¨î (4.2)
‖xm−xn‖−→

m,n
0, ‖ym−yn‖−→

m,n
0, ‖zm−zn‖BV = Var (zm−zn) −→

m,n
0(¯à¨¬¥ï¥¬ ®à¬ã ‖x‖BV = |x(α)|+Var x ). � á¨«ã ¯®«®âë ¯à®-áâà áâ¢ G ¨ BV áãé¥áâ¢ãîâ x, y ∈ G ¨ z ∈ BV ⊂ GT , çâ®

‖xn − x‖ →
n
0, ‖yn − y‖ →

n
0, ‖zn − z‖BV →

n
0, ‖zn − z‖ →

n
0.29



� ª ª ª ‖zn − (x− y)‖ 6 ‖xn − x‖+ ‖yn − y‖ →
n
0 , â® x− y = z .�ãªæ¨ï y ï¢«ï¥âáï ¯à¥¤¥«®¬ à ¢®¬¥à® áå®¤ïé¥©áï ¯®á«¥¤®-¢ â¥«ì®áâ¨ {yn} ¥¯à¥àë¢ëå ¢ â®çª å τk ∈ T äãªæ¨©, ¯®íâ®-¬ã ®  ¥¯à¥àë¢  ¢ íâ¨å â®çª å, á«¥¤®¢ â¥«ì®, y−k = y+k = 0 ,

x−k = z−k ¨ x+k = z+k . � ª¨¬ ®¡à §®¬, ⌈x⌉
T
= ⌈z⌉

T
< ∞ , â.¥.

x ∈ GT , ¯®íâ®¬ã y ∈ GT , x
T
= z

T
¨ xT = y + zT .� ª ª ª zT

n = 0 , â® zT = 0 . �¥©áâ¢¨â¥«ì®, ¥á«¨ wn _= z−zn ,â® wn ∈ BV ¨ Varwn = Varwc
n + Varwnc . Ǒ®áª®«ìªã zn ⇉ z¨ ¢á¥ äãªæ¨¨ zn ¥¯à¥àë¢ë ¢ â®çª å ¬®�¥áâ¢  K\T , â® ¨äãªæ¨¨ z,wn ¥¯à¥àë¢ë ¢ íâ¨å â®çª å. �¥¬ á ¬ë¬ T (wn) ⊆ T¨ wc

n = wT
n = zT − zT

n = zT , á«¥¤®¢ â¥«ì®,Var zT +Varwnc = Varwc
n +Varwnc = Varwn = Var (z − zn) →

n
0,¯®íâ®¬ã Var zT = 0 ¨, ®ç¥¢¨¤®, zT = 0, xT = y, x

T
= z . � ª¨¬®¡à §®¬, (xn − x)T = yn − y ¨ (xn −x)

T
= zn − z , á«¥¤®¢ â¥«ì®,

‖xn − x‖
T
= ‖yn − y‖+Var (zn − z) →

n
0.� ¥ ® à ¥ ¬   4.2. �«£¥¡à  GT [a, b℄ ,  ¤¥«¥ ï ®à¬®©

‖·‖
T
, ï¢«ï¥âáï ª®¬¬ãâ â¨¢®© ¡  å®¢®©  «£¥¡à®© á ¥¤¨¨æ¥©.� ® ª   §   â ¥ « ì á â ¢ ®. �®«ì ¥¤¨¨æë ¨£à ¥â äãª-æ¨ï, â®�¤¥áâ¢¥® à ¢ ï 1   [a, b℄ . �®¬¬ãâ â¨¢®áâì ®ç¥¢¨¤ ,¯®íâ®¬ã ®áâ ¥âáï ¯®ª § âì ¥¯à¥àë¢®áâì ã¬®�¥¨ï ¯® ®à¬¥

‖ · ‖
T
®â®á¨â¥«ì®,  ¯à¨¬¥à, ¯¥à¢®© ¯¥à¥¬¥®©. �¥©áâ¢¨â¥«ì-®, ¥á«¨ x, y ∈ GT ¨ w = xy , â® w ∈ GT ¨ ¢ á®®â¢¥âáâ¢¨¨ á§ ¬¥ç ¨¥¬ 4.2 ¨ «¥¬¬®© 4.1 á¯à ¢¥¤«¨¢  æ¥¯®çª  ¥à ¢¥áâ¢

‖xy‖
T
= ‖w‖

T
6 ‖w‖+ 2 ⌈w⌉

T
6

6 ‖xy‖+ 2 ‖x‖ ⌈y⌉
T
+ 2 ⌈x⌉

T
‖y‖ 6 5 ‖x‖

T
‖y‖

T
,

(4.4)á«¥¤®¢ â¥«ì®, ãá«®¢¨¥ ‖xn−x‖T
→
n
0 ¢«¥ç¥â ‖xny−xy‖T

→
n
0 .30



4.2. Ǒ®«®â  �[a, b℄� ¥ ¬ ¬   4.2. �¬¥¥â ¬¥áâ® à ¢¥áâ¢®� = ⋂

T∈T(K)GT . (4.5)� ® ª   §   â ¥ « ì á â ¢ ®. � ¯®¬¨¬ (á¬. (3.4)), çâ® �á®áâ®¨â ¨§ â¥å äãªæ¨© x ∈ G , çâ® àï¤ ⌈x⌉
T (x) áå®¤¨âáï. �ª«î-ç¥¨¥ � ⊆ ⋂

T∈T(K)GT á¯à ¢¥¤«¨¢® ¢ á¨«ã ¢ª«îç¥¨© � ⊂ GT .�á«¨ x ∈ ⋂

T∈T(K)GT , â® x ∈ GT ¤«ï ¢á¥å T , ¢ ç áâ®áâ¨, x ∈ GT¤«ï T _=T (x) , â.¥. àï¤ ⌈x⌉
T (x) áå®¤¨âáï, á«¥¤®¢ â¥«ì®, x ∈ � .�¥¬¬  ¤®ª §  .�¥£ª® ¯à®¢¥à¨âì, çâ® � ï¢«ï¥âáï ®à¬¨à®¢ ë¬ ¯à®áâà -áâ¢®¬ ®â®á¨â¥«ì® ®à¬ë

‖x‖� _= sup
T∈T(K) ‖x‖T

(4.6)¨ ¤«ï «î¡ëå x ∈ � ¨ T ∈ T(K) ¨¬¥îâ ¬¥áâ® ®æ¥ª¨
‖x‖ 6 ‖x‖

T
6 ‖x‖� 6 ‖x‖+ 2 ⌈x⌉

T (x) = ‖x‖+ 2 Var xc. (4.7)� ¬¥â¨¬ â ª�¥, çâ® ¢ á®®â¢¥âáâ¢¨¨ á (4.2) ®à¬  ‖·‖
T
§ ¢¨á¨â®â ¢ë¡®à  â®çª¨ α ∈ K , â.¥. ‖ · ‖

T
= ‖ · ‖α

T
, ¯à¨ç¥¬ ¢ á¨«ã «¥¬¬ë4.1 ®à¬ë ‖ · ‖α

T
¨ ‖ · ‖β

T
íª¢¨¢ «¥âë. � ª¨¬ ®¡à §®¬, ®à¬ 

‖·‖� â ª�¥ § ¢¨á¨â ®â α , â.¥. ‖·‖� = ‖·‖α� , ¨ ¥âàã¤® ¯®ª § âì,çâ® ¤«ï «î¡ëå α, β ∈ K ®à¬ë ‖ · ‖α� ¨ ‖ · ‖β� íª¢¨¢ «¥âë.� ¥ ¬ ¬   4.3. �«ï «î¡®© x ∈ � á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
‖x‖� = ‖xc‖+Var xc. (4.8)� ® ª   §   â ¥ « ì á â ¢ ®. � á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬3.4 ¤®ª § â¥«ìáâ¢®ä®à¬ã«ë (4.8) á¢®¤¨âáï ª ¤®ª § â¥«ìáâ¢ã à -¢¥áâ¢  ‖x‖� = ‖x‖

T
, £¤¥ T _=T (x) . �á«¨ S ∈ T(K) ¨ P _=T ∩S ,â® x−k = x+k = 0 ¤«ï «î¡®£® τk ∈ S\P ,   â ª ª ª x ∈ � ⊂ GT , â®

‖x‖
S
= ‖xS‖+ ⌈x⌉

S
= ‖xS‖+ ⌈x⌉

P
,31



xS(t) = x(t)− x
S
(t) = x(t)− x

P
(t) = xT (t) + x

T\P
(t),á«¥¤®¢ â¥«ì®, ‖xS‖ 6 ‖xT ‖ + ⌈x⌉

T\P
¨ ‖x‖

S
6 ‖xT ‖ + ⌈x⌉

T
,â.¥. ¤«ï «î¡®£® S ¨¬¥¥¬ ‖x‖

S
6 ‖x‖

T
, ¯®íâ®¬ã ‖x‖� 6 ‖x‖

T
.�¡à â®¥ ¥à ¢¥áâ¢® ®ç¥¢¨¤®.� ¥ ® à ¥ ¬   4.3. Ǒà®áâà áâ¢® �[a, b℄ ¡  å®¢® ¯® ®à-¬¥ ‖ · ‖� .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì {

xn

} , xn ∈ �, { äã-¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâì, â.¥. ‖xm−xn‖� −→
m,n

0 . � á¨«ã(4.7) íâ  ¯®á«¥¤®¢ â¥«ì®áâì ï¢«ï¥âáï äã¤ ¬¥â «ì®© ¢ ª -�¤®¬ ¨§ ¡  å®¢ëå ¯à®áâà áâ¢ GT , T ∈ T(K) , ¯® á®®â¢¥âáâ¢ã-îé¥© ®à¬¥ ‖ · ‖
T
. �â® ®§ ç ¥â, çâ® ¤«ï «î¡®£® T áãé¥áâ¢ã-¥â äãªæ¨ï x(T ) ∈ GT â ª ï, çâ® ‖xn − x(T )‖

T
→
n
0 ,   ¢ á¨«ã§ ¬¥ç ¨ï 4.2 ¨¬¥¥¬ ‖xn − x(T )‖ →

n
0 . � ª¨¬ ®¡à §®¬, ¢á¥ ¯à¥-¤¥«ìë¥ äãªæ¨¨ x(T ) á®¢¯ ¤ îâ ¬¥�¤ã á®¡®©, â.¥. x(T ) = x ¤«ï«î¡®£® T . Ǒ®áª®«ìªã x(T ) ∈ GT , â® x ∈ GT ¤«ï «î¡®£® T , ¯®-íâ®¬ã ¢ á¨«ã (4.5) ¨¬¥¥¬ x ∈ � ¨  ¬ ®áâ ¥âáï ¤®ª § âì, çâ®

‖xn − x‖� →
n
0 .�¥©áâ¢¨â¥«ì®, ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â N â ª®¥,çâ® ¯à¨ m,n > N ¨ T ∈ T(K) ¢ë¯®«¥® ‖xm − xn‖T

< ε ,á«¥¤®¢ â¥«ì®, ¯à¨ m → ∞ ¨¬¥¥¬ ‖x − xn‖T
6 ε , ¯®íâ®¬ã

‖xn − x‖� = sup
T∈T(K) ‖xn − x‖

T
6 ε .� ¥ ® à ¥ ¬   4.4. �«£¥¡à  �[a, b℄ ï¢«ï¥âáï ª®¬¬ãâ -â¨¢®© ¡  å®¢®©  «£¥¡à®© á ¥¤¨¨æ¥© ¯® ®à¬¥ ‖ · ‖� .� ® ª   §   â ¥ « ì á â ¢ ®. � á®®â¢¥âáâ¢¨¨ á (4.4) ¨ (4.5)¨¬¥¥¬ ‖xy‖� 6 5 ‖x‖� ‖y‖� , ®âªã¤  á«¥¤ã¥â ¥¯à¥àë¢®áâì ã¬®-�¥¨ï ¢ � .Ǒà®áâà áâ¢® BV[a, b℄ á ®à¬®©

‖x‖BV _= |x(α)| +Var[a,b℄ x (4.9)32



â ª�¥ ï¢«ï¥âáï ª®¬¬ãâ â¨¢®© ¡  å®¢®©  «£¥¡à®© á ¥¤¨¨æ¥©.�â® ãâ¢¥à�¤¥¨¥ å®à®è® ¨§¢¥áâ® ¤«ï ®à¬ë (4.9), ¢ ª®â®à®©
α = a (á¬.,  ¯à¨¬¥à, [9, . 337℄),   ¤«ï ®áâ «ìëå ®à¬ ®â¬¥-â¨¬, çâ® ¢ á¥¬¥©áâ¢¥ (4.9), § ¢¨áïé¥¬ ®â ¯ à ¬¥âà  α ∈ [a, b℄ ,¢á¥ ®à¬ë íª¢¨¢ «¥âë ¬¥�¤ã á®¡®©. � ¯®¬¨¬ â ª�¥, çâ® ¢á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 3.1 ¬ë à ¡®â ¥¬ á ä¨ªá¨à®¢ ë¬ α .� ¥ ¬ ¬   4.4. �á«¨ x ∈ BV , â® ¯à¨ «î¡®¬ T ∈ T(K)Var x = Var xT +Var x

T
(4.10)¨, ¢ ç áâ®áâ¨, ¤«ï ª®¬¯®¥â �¥¡¥£®¢  à §«®�¥¨ï äãªæ¨¨á¯à ¢¥¤«¨¢® à ¢¥áâ¢® Varx = Varxc +Var xc .� ® ª   §   â ¥ « ì á â ¢ ®. �â®à ï ç áâì ãâ¢¥à�¤¥¨ï å®-à®è® ¨§¢¥áâ  (á¬.,  ¯à¨¬¥à, § ¬¥ç ¨¥ 3.4). Ǒãáâì Q _=T\T (x) ,

P _=T ∩ T (x) , R _=T (x)\T . Ǒ®áª®«ìªã x−k = x+k = 0 ¤«ï ¢á¥å
τk ∈ Q , â® x

T
= x

P
¨ xT = xP . �á«¨ z _=x

P
¨ y _=xP , â®

T (z) = P ¨ T (y) = R . � á®®â¢¥âáâ¢¨¨ á (3.10) á¯à ¢¥¤«¨¢®
zc = z

T (z) = (x
P
)

P
= x

P
, yc = y

T (y) = (xP )
R
= x

R\P
= x

R
,

zc = zT (z) = (x
P
)P = 0, yc = yT (y) = (xP )R = xP∪R = xT (x) = xc,¯®íâ®¬ãVar xT +Varx

T
= Var y+Var z = Var yc+Var yc+Var zc+Var zc == Var xc+Varx

R
+Varx

P
= Var xc+⌈x⌉

R
+⌈x⌉

P
= Varxc+⌈x⌉

T (x) == Varxc +Var x
T (x) = Varxc +Var xc = Var x.� ¥ ¬ ¬   4.5. �á«¨ x ∈ BV , â® ¯à¨ ¢á¥å T ∈ T(K)

‖x‖ 6 ‖x‖
T

6 ‖x‖� 6 ‖x‖BV . (4.11)
33



� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ¥à¢ë¥ ¤¢  ¥à ¢¥áâ¢  ã�¥¤®ª § ë, çâ® ª á ¥âáï âà¥âì¥£®, â® ¤®áâ â®ç® ¯®ª § âì, çâ®
‖x‖

T
6 ‖x‖BV ¤«ï «î¡®£® T ∈ T(K) . �¥©áâ¢¨â¥«ì®, ¢ á®®â-¢¥âáâ¢¨¨ á «¥¬¬®© 4.4 ¨ à ¢¥áâ¢®¬ xT (α) = x(α) á¯à ¢¥¤«¨¢ æ¥¯®çª  à ¢¥áâ¢

‖x‖BV − ‖x‖
T
= |x(α)| +Var x− ‖xT ‖ −Var x

T
== |x(α)|+Var xT −‖xT ‖ = |xT (α)|+Var xT −‖xT ‖ = ‖xT ‖BV−‖xT ‖,¢ ¯à ¢®© ç áâ¨ ª®â®à®© áâ®¨â ¥®âà¨æ â¥«ì ï ¢¥«¨ç¨ . � ª¨¬®¡à §®¬, ‖x‖� = sup

T∈T(K) ‖x‖T
6 ‖x‖BV .�   ¬ ¥ ç    ¨ ¥ 4.3. Ǒ®¤¢®¤ï ¨â®£, ¬®�¥¬ áª § âì, çâ®¢â®à ï áâà®ª  ¤¨ £à ¬¬ë (3.4) á®áâ®¨â ¨§ ª®¬¬ãâ â¨¢ëå ¡ - å®¢ëå  «£¥¡à á ¥¤¨¨æ¥©, ¯à¨ç¥¬ ª �¤ ï ¨§  «£¥¡à ¯®«  ¯®á¢®¥© ®à¬¥, { íâ® á®®â¢¥âáâ¢¥® ®à¬ë (4.9), (4.6), (4.2) ¨ (4.1).�à®¬¥ â®£®, ¥á«¨ x ∈ BV , â® á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  (4.11),¥á«¨ x ∈ � , â® ¢ë¯®«¥ë ¥à ¢¥áâ¢  (4.7),   ¥á«¨ x ∈ GT ,â® ‖x‖ 6 ‖x‖

T
(á¬. § ¬¥ç ¨¥ 4.2). �®à®è® ¨§¢¥áâ®, çâ® ¯à®-áâà áâ¢  C ¨ CBV ¨§ ¤¨ £à ¬¬ë (3.4) â ª�¥ ¯®«ë, ª �¤®¥¯® á¢®¥© ®à¬¥, ® ¬ë   íâ®¬ ¢®¯à®á¥ ¥ ®áâ  ¢«¨¢ ¥¬áï.5. Ǒà¨á®¥¤¨¥®¥ ã¬®�¥¨¥5.1. Ǒà¨á®¥¤¨¥®¥ ã¬®�¥¨¥ ¢ GT [a, b℄�®£« á® ä®à¬ã« ¬ ¨§ § ¬¥ç ¨ï 3.5 ¯à®¥ªâ®àë P

T
: x → x

T
¨

P T : x→ xT ï¢«ïîâáï í¤®¬®àä¨§¬ ¬¨ ¯à®áâà áâ¢  GT , ® ¥ï¢«ïîâáï í¤®¬®àä¨§¬ ¬¨  «£¥¡àë GT . �¨ ¡ã¤ãâ â ª®¢ë¬¨,¥á«¨ ¢ GT ¢¢¥áâ¨ ®¢ãî ®¯¥à æ¨î ã¬®�¥¨ï, ¨ ¬ë ¯à¨áâã¯ ¥¬ª ¤¥â «ì®¬ã ®¡áã�¤¥¨î íâ®£® ¢®¯à®á .� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 5.1. �á«¨ x, y ∈ GT ¨ α ∈ K , â®äãªæ¨ï z _=x·y _=xT yT −x
T
y

T
 §ë¢ ¥âáï ¯à¨á®¥¤¨¥ë¬ ¯à®-¨§¢¥¤¥¨¥¬ äãªæ¨© x ¨ y ,   ®¯¥à æ¨ï ó ·�  §ë¢ ¥âáï ¯à¨á®-¥¤¨¥ë¬ ã¬®�¥¨¥¬ ¢ GT .34



Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® äãªæ¨¨ x
T
¨ xT § ¢¨áïâ ®â ¯ -à ¬¥âà  α , â.¥. x

T
= x

T
(t, α) ¨ xT = xT (t, α) , ¯®íâ®¬ã ¨ z ¨§®¯à¥¤¥«¥¨ï 5.1 § ¢¨á¨â ®â α , â.¥. z = z(t, α) . �â® ®§ ç ¥â, çâ®¢ GT ®¯à¥¤¥«¥® æ¥«®¥ á¥¬¥©áâ¢® à §«¨çëå ¯à¨á®¥¤¨¥ëåã¬®�¥¨©, § ¢¨áïé¨å ®â ¯ à ¬¥âà  α . �®«¥¥ â®£®, ¢ á®®â¢¥â-áâ¢¨¨ á ¯ãªâ®¬ 2 «¥¬¬ë 3.1 à ¢¥áâ¢® GS = GT à ¢®á¨«ì®â®¬ã, çâ® S ∼ T , ¯®íâ®¬ã ¢ ¯à®áâà áâ¢¥ GT (= GS) ®¯à¥¤¥-«¥ë à §ë¥ ¯à¨á®¥¤¨¥ë¥ ã¬®�¥¨ï, § ¢¨áïé¨¥ ®â ¯ à -¬¥âà  S ∼ T . � ª¨¬ ®¡à §®¬, ¢ ¯à®áâà áâ¢¥ GT (ª®£¤  à §-¡¨¥¨¥ T ä¨ªá¨à®¢ ®) ¨¬¥¥âáï ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®à §«¨çëå ¯à¨á®¥¤¨¥ëå ã¬®�¥¨©, § ¢¨áïé¨å ª ª ®â â®çª¨

α ∈ K , â ª ¨ ®â à §¡¨¥¨ï S ∼ T . � ¨¡®«¥¥ ¢ë¯ãª«® íâ® ¯à®-á¬ âà¨¢ ¥âáï ¢ ¯à®áâà áâ¢¥ G , £¤¥, ª ª ¬ë § ¥¬, ¢ë¯®«¥®à ¢¥áâ¢® G = GT , ardT < ∞ , â.¥. ¢ ¯à®áâà áâ¢¥ G ®¯à¥¤¥-«¥® ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à §«¨çëå ¯à¨á®¥¤¨¥ëåã¬®�¥¨©, § ¢¨áïé¨å ®â â®çª¨ α ∈ K ¨ ª®¥ç®£® à §¡¨¥¨ï
T . � ç áâ®áâ¨, ¯à¨ T = ∅ ¨¬¥¥¬ x · y = xy , â.¥. ®¡ëç®¥ ã¬®-�¥¨¥ ¢å®¤¨â ¢ íâ® á¥¬¥©áâ¢®.�¥à¬¨ ó¯à¨á®¥¤¨¥®¥ ã¬®�¥¨¥� ¬ë ¯®§ ¨¬áâ¢®¢ «¨ ¨§â¥®à¨¨  áá®æ¨ â¨¢ëå ª®«¥æ ¨  «£¥¡à, £¤¥ ¯à¨á®¥¤¨¥®¥ ã¬®-�¥¨¥ ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ x ◦ y _=x + y + xy ¨ áâà®¨âáï,â ª¨¬ ®¡à §®¬, ¨§ ¡ §®¢ëå ®¯¥à æ¨© á«®�¥¨ï ¨ ã¬®�¥¨ï ¨á-å®¤®£® ª®«ìæ  [ «£¥¡àë℄ R (á¬.,  ¯à¨¬¥à, [12, . 315℄). � ª¨£¥[13, . 368℄ â ª®¥ ã¬®�¥¨¥  §ë¢ ¥âáï §¢¥§¤ë¬. �®£¤  ¯à¨-á®¥¤¨¥®¥ ã¬®�¥¨¥ ®¯à¥¤¥«ï¥âáï ª ª x ◦ y _=x+ y − xy . �â-®á¨â¥«ì® ®¢®© ®¯¥à æ¨¨ ª®«ìæ® [ «£¥¡à ℄ R  áá®æ¨ â¨¢® ¨¨¬¥¥â ¥¤¨¨æã, à®«ì ª®â®à®© ¢ë¯®«ï¥â ã«¥¢®© í«¥¬¥â («¥£ª®¯à®¢¥à¨âì, çâ® x ◦ 0 = x = 0 ◦ x ). Ǒ®á«¥¤¥¥ ®¡áâ®ïâ¥«ìáâ¢® ¨®âáãâáâ¢¨¥ ¤¨áâà¨¡ãâ¨¢®áâ¨ ( ¯à¨¬¥à, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®
x◦(y+z) = x◦y+x◦z−x ) ¥ ¯®§¢®«ïîâ à áá¬ âà¨¢ âì á ¬®áâ®-ïâ¥«ìãî  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã < R,+, ◦ > [á®®â¢¥âáâ¢¥®
< R,+, ◦, · > ℄, ª ª ª®«ìæ® [ «£¥¡àã℄, å®âï ®¯¥à æ¨ï ¯à¨á®¥¤¨¥-®£® ã¬®�¥¨ï ¨ ¢ë¯®«ï¥â áãé¥áâ¢¥ãî à®«ì ¢ â¥®à¨¨. �¨-�¥ ¬ë ã¢¨¤¨¬, çâ® ¯à¨á®¥¤¨¥®¥ ã¬®�¥¨¥ ¨§ ®¯à¥¤¥«¥¨ï35



5.1, ¢¥áì¬  ¯®å®�¥¥   ª« áá¨ç¥áª®¥ ¯à¨á®¥¤¨¥®¥ ã¬®�¥¨¥(¨¬¥¥¬ x · y = xT y+xyT −xy ), «¨è¥® ®â¬¥ç¥ëå ¥¤®áâ âª®¢.� ¥ ¬ ¬   5.1. �á«¨ T ∈ T(K) , x, y ∈ GT ¨ λ ∈ C , â®(λx)
T
= λx

T
, (λx)T = λxT , (x + y)

T
= x

T
+ y

T
, (x + y)T == xT + yT , (x · y)

T
= x

T
· y

T
, (x · y)T = xT · yT .� ® ª   §   â ¥ « ì á â ¢ ®. � ¢¥áâ¢  x

T
· y

T
= −x

T
y

T
¨

xT · yT = xT yT ®ç¥¢¨¤ë ¨§ ®¯à¥¤¥«¥¨ï 5.1 ¨ ä®à¬ã« (3.9),   ¢á¨«ã á«¥¤áâ¢¨ï 3.4 á¯à ¢¥¤«¨¢ë æ¥¯®çª¨ à ¢¥áâ¢(x · y)
T
= (xT yT − x

T
y

T
)

T
= −x

T
y

T
= x

T
· y

T
,(x · y)T = (xT yT − x

T
y

T
)T = xT yT = xT · yT .�   ¬ ¥ ç    ¨ ¥ 5.1. � ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  ¬ë ãá-â ®¢¨«¨ à ¢¥áâ¢  (x · y)

T
= −x

T
y

T
¨ (x · y)T = xT yT .� ¥ ¬ ¬   5.2. �«ï «î¡ëå x, y ∈ GT áãé¥áâ¢ãîâ ¨â¥-£à «ë t

∫

α
x

T
dyT ,

t
∫

α
y

T
dxT ,

t
∫

α
yT dx

T
,

t
∫

α
xT dy

T
¨

x(t) y(t) = xT (t) yT (t) + t
∫

α
x

T
dyT + t

∫

α
y

T
dxT + (

xy
)

T
(t),

x(t) · y(t) = xT (t) yT (t) + t
∫

α
xT dy

T
+ t

∫

α
yT dx

T
−

(

xy
)

T
(t).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ¥à¢ ï ä®à¬ã«  ¤®ª §   ¢«¥¬¬¥ 3.4,   çâ® ª á ¥âáï ¢â®à®©, â® ¤«ï ¥¥ ¤®ª § â¥«ìáâ¢  ¤®áâ -â®ç® á«®�¨âì «¥¢ë¥ ¨ ¯à ¢ë¥ ç áâ¨ ®¡¥¨å ä®à¬ã« ¨ ¯®«ãç¨âìâ®�¤¥áâ¢®.� ¥ ® à ¥ ¬   5.1. Ǒà®áâà áâ¢® GT [a, b℄ ,  ¤¥«¥®¥®¯¥à æ¨¥© ¯à¨á®¥¤¨¥®£® ã¬®�¥¨ï, ï¢«ï¥âáï ª®¬¬ãâ â¨¢-®©  áá®æ¨ â¨¢®©  «£¥¡à®© (¢®®¡é¥ £®¢®àï, ¡¥§ ¥¤¨¨æë). � ï¢«ï¥âáï ¡  å®¢®© ¯® ®à¬¥ ‖ · ‖

T
.36



� ® ª   §   â ¥ « ì á â ¢ ®. �áá®æ¨ â¨¢®áâì ¯à¨á®¥¤¨-¥®£® ã¬®�¥¨ï á«¥¤ã¥â ¨§ § ¬¥ç ¨ï 5.1:(x · y) · z = (x · y)T zT − (x · y)
T
z

T
= xT yT zT + x

T
y

T
z

T
,

x · (y · z) = xT (y · z)T − x
T
(y · z)

T
= xT yT zT + x

T
y

T
z

T
.�®¬¬ãâ â¨¢®áâì ¨ ¤¨áâà¨¡ãâ¨¢®áâì ®ç¥¢¨¤ë. Ǒà¨ T = ∅¨¬¥¥¬ x ·y = xy , ¯®íâ®¬ã ¢ GT (¯à¨ T = ∅ ) ¥¤¨¨æ¥© ï¢«ï¥âáïäãªæ¨ï e(t) , â®�¤¥áâ¢¥® à ¢ ï 1   [a, b℄ . Ǒãáâì T 6= ∅ .�. �á«¨ α ∈ T , â® äãªæ¨ï e(t) _= 1 + t

∫

α
dξα −

t
∫

α
dηα ï¢«ï-¥âáï ¥¤¨¨æ¥©  «£¥¡àë GT . �¥©áâ¢¨â¥«ì®, «¥£ª® ¯à®¢¥à¨âì,çâ® e(t) = { 0 , t 6= α1 , t = α

, ¯®íâ®¬ã e−k = e+k = − δkm ¤«ï¢á¥å τk ∈ T , £¤¥ ç¥à¥§ m ®¡®§ ç¥ â®â ¨¤¥ªá, ¤«ï ª®â®à®£®
α = τm . �«¥¤®¢ â¥«ì®, e

T
(t) = t

∫

α
dξα −

t
∫

α
dηα, eT (t) ≡ 1 . �«ï«î¡®© x ∈ GT á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (xe)(t) = x(α)e(t) , ¯®íâ®-¬ã (xe)

T
(t) = x(α)e

T
(t) ¨ ¢ á¨«ã «¥¬¬ë 5.2 (  â ª�¥ ä®à¬ã«(3.5) ¨ à ¢¥áâ¢ xT (α) = x(α) ) á¯à ¢¥¤«¨¢  æ¥¯®çª  à ¢¥áâ¢

x(t) · e(t) = xT (t) + t
∫

α
dx

T
+ t

∫

α
xT de

T
− (xe)

T
(t) == x(t) + x(α) t

∫

α
dξα − x(α) t

∫

α
dηα − x(α)e

T
(t) = x(t).�. Ǒãáâì α 6∈ T . �¤® ¨§ à §¡¨¥¨© T

L
_= {τk ∈ T : τk < α}¨«¨ T

R
_= {τk ∈ T : τk > α} ¥ ¯ãáâ®.1. �á«¨ T

L
= ∅ , â® T

R
6= ∅ ¨ ®¯à¥¤¥«¥  ¢¥«¨ç¨  ̺ _= inf T

R
.�á«¨ ̺ ∈ T

R
, â® äãªæ¨ï e(t) _= 1 −

t
∫

α
dξ̺ = { 1 , t < ̺0 , t > ̺ï¢«ï¥âáï ¥¤¨¨æ¥©  «£¥¡àë GT . �¥©áâ¢¨â¥«ì®, ¤«ï ¢á¥å τk ∈ T¨¬¥îâ ¬¥áâ® à ¢¥áâ¢  e−k = δkm ¨ e+k = 0 , £¤¥ ç¥à¥§ m37



®¡®§ ç¥ â®â ¨¤¥ªá, ¤«ï ª®â®à®£® ̺ = τm . �«¥¤®¢ â¥«ì®,
e

T
(t) = −

t
∫

α
dξ̺ ¨ eT (t) ≡ 1 . �«ï «î¡®© x ∈ GT á¯à ¢¥¤«¨¢®(xe)(t) = {

x(t) , t < ̺0 , t > ̺
, ¯®íâ®¬ã (xe)−m = x(̺−0), (xe)+m = 0 ,(xe)−k = (xe)+k = 0 ¤«ï ¢á¥å k 6= m , (xe)

T
(t) = −x(̺− 0) t

∫

α
dξ̺ ¨

x(t) · e(t) = xT (t) + t
∫

α
dx

T
+ t

∫

α
xT de

T
− (xe)

T
(t) == x(t)− xT (̺) t

∫

α
dξ̺ + x(̺− 0) t

∫

α
dξ̺ = x(t).�®á¯®«ì§®¢ «¨áì à ¢¥áâ¢®¬ xT (̺) = x(̺ − 0) , ª®â®à®¥ ¨¬¥¥â¬¥áâ® ¢ á¨«ã á«¥¤ãîé¨å ®¡áâ®ïâ¥«ìáâ¢. � ª ª ª α < ̺ = τm < τk¯à¨ ¢á¥å k 6= m , â®

x
T
(̺) = − ∑

τk∈T
x−k

∫̺

α
dξk + ∑

τk∈T
x+k ∫̺

α
dηk == −

(

x(τm − 0)− x(τm)) (

ξm(̺)− ξm(α)) = x(̺)− x(̺− 0).�á«¨ ̺ 6∈ T
R
, â® ¢ GT ¥¤¨¨æë ¥â. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥,â.¥. áãé¥áâ¢ã¥â e ∈ GT â ª ï, çâ® ¤«ï ¢á¥å x ∈ GT á¯à ¢¥¤«¨¢®à ¢¥áâ¢® x = x · e = xT e+xeT −xe . � ç áâ®áâ¨, ¥á«¨ x(t) ≡ 1 ,â® xT (t) ≡ 1 , ¯®íâ®¬ã eT (t) ≡ 1 . � ª¨¬ ®¡à §®¬, ¤«ï «î¡®©

x ∈ GT ¨¬¥¥¬ (x− xT )e = 0 .Ǒãáâì τ > ̺ . � ª ª ª ̺ {  ¨¡®«ìè ï ¨§ ¨�¨å £à ¨æ à §-¡¨¥¨ï T
R
, â® áãé¥áâ¢ã¥â τm ∈ T

R
, çâ® α 6 ̺ < τm < τ . �á«¨

x(t) _=M t
∫

α
dηm , â® xT (t) ≡ 0 , á«¥¤®¢ â¥«ì®, [M τ

∫

α
dηm℄e(τ) = 0¨«¨ Me(τ) = 0 . � á¨«ã ¯à®¨§¢®«ì®áâ¨ M ¨¬¥¥¬ e(τ) = 0 .� ª¨¬ ®¡à §®¬, e(τ) = 0 ¤«ï ¢á¥å τ > ̺ . �â® ®§ ç ¥â, ¢ ç áâ-®áâ¨, çâ® e(τk −0) = e(τk) = e(τk+0) = 0 ¤«ï ¢á¥å τk ∈ T

R
= T ,38



á«¥¤®¢ â¥«ì®, eT (t) = e(t) , ¯®íâ®¬ã eT (t) = 0 ¤«ï ¢á¥å t > ̺ ,çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î eT (t) ≡ 1 .2. �«ãç © T
L
6= ∅, T

R
= ∅ á¨¬¬¥âà¨ç¥. �¤¥áì ®¯à¥¤¥«¥ ¢¥«¨ç¨  λ _= supT

L
, ¨ ¥á«¨ λ 6∈ T

L
, â® ¢ GT ¥¤¨¨æë ¥â,  ¥á«¨ λ ∈ T

L
, â® ¥¤¨¨æ¥© ï¢«ï¥âáï äãªæ¨ï

e(t) _= 1 + t
∫

α
dηλ = { 0 , t 6 λ1 , t > λ

.3. � ª®¥æ, ¥á«¨ T
L
6= ∅, T

R
6= ∅ , â® ®¯à¥¤¥«¥ë ¢¥«¨ç¨ë

λ _= supT
L

¨ ̺ _= inf T
R
. �á«¨ λ 6∈ T

L
¨«¨ ̺ 6∈ T

R
, â® ¢ GT¥¤¨¨æë ¥â,   ¢ ¯à®â¨¢®¬ á«ãç ¥ (â.¥. ¥á«¨ λ ∈ T

L
¨ ̺ ∈ T

R
)¥¤¨¨æ¥© ï¢«ï¥âáï äãªæ¨ï

e(t) _= 1 + t
∫

α
dηλ −

t
∫

α
dξ̺ = { 1 , t ∈ (λ, ̺)0 , t 6∈ (λ, ̺) .�®ª § â¥«ìáâ¢® ¯ãªâ®¢ 2 ¨ 3 ¯à¥¤®áâ ¢«ï¥¬ ç¨â â¥«î.�áâ «®áì ¤®ª § âì ¥¯à¥àë¢®áâì ¯à¨á®¥¤¨¥®£® ã¬®�¥-¨ï ¯® ®à¬¥ ‖ · ‖

T
®â®á¨â¥«ì®,  ¯à¨¬¥à, ¯¥à¢®© ¯¥à¥¬¥®©.� á¨«ã (4.4) ¤«ï «î¡ëå x, y ∈ GT15 ∥

∥x · y
∥

∥

T
= 15 ∥

∥xT yT − x
T
y

T

∥

∥

T
6 ‖xT ‖

T
‖yT ‖

T
+ ‖x

T
‖

T
‖y

T
‖

T
== ‖xT ‖ ‖yT ‖+⌈x⌉

T
⌈y⌉

T
6

(

‖xT ‖+⌈x⌉
T

)(

‖yT ‖+⌈y⌉
T

) = ‖x‖
T
‖y‖

T
,á«¥¤®¢ â¥«ì®, ãá«®¢¨¥ ‖xn−x‖T

→
n
0 ¢«¥ç¥â ∥

∥xn ·y−x·y
∥

∥

T
→
n
0 .�   ¬ ¥ ç    ¨ ¥ 5.2. �ë ®¡ àã�¨«¨, çâ® ¢  «£¥¡à¥GT á ¯à¨á®¥¤¨¥ë¬ ã¬®�¥¨¥¬ ¥ ¢á¥£¤  ¨¬¥¥âáï ¥¤¨¨çë©í«¥¬¥â. Ǒà¨ T = ∅ ¨«¨ ¯à¨ α ∈ T ® áãé¥áâ¢ã¥â,   ¢®â ¯à¨

T 6= ∅ ¨ α 6∈ T ¥¤¨¨çë© í«¥¬¥â ®âáãâáâ¢ã¥â â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ã â®çª¨ α ¥â ¡«¨� ©è¥£® «¥¢®£® ¨«¨ ¡«¨� ©è¥-£® ¯à ¢®£® í«¥¬¥â  ¨§ à §¡¨¥¨ï T . �â® ®§ ç ¥â, ¢ ç áâ®áâ¨,çâ® ¤«ï ¢á¥å ª®¥çëå T  «£¥¡à  GT ¨¬¥¥â ¥¤¨¨æã. �ãé¥áâ¢ã-¥â, ¯® ªà ©¥© ¬¥à¥, âà¨ á¯®á®¡  ¯à¨á®¥¤¨¥¨ï ¥¤¨¨æë ¢ â¥å39



á«ãç ïå, ª®£¤  ®  ®âáãâáâ¢ã¥â ¢  «£¥¡à¥. �®-¯¥à¢ëå, ¬®�¥áâ¢ 
S _=T ∪ {α} ¨ T íª¢¨¢ «¥âë, ¯®íâ®¬ã GT = GS ,   ¯®áª®«ìªã
α ∈ S , â® ¯®ï¢«ï¥âáï ¥¤¨¨æ . �®-¢â®àëå, ¢ à §¡¨¥¨¥ T ¬®�-® ¤®¡ ¢¨âì λ _= supT

L
¨/¨«¨ ̺ _= inf T

R
, ¥á«¨ ®¨ ®âáãâáâ¢ãîâ.Ǒ®«ãç¥®¥ à §¡¨¥¨¥ (®¡®§ ç¨¬ ¥£® S ) íª¢¨¢ «¥â® T , ¯®-íâ®¬ã GT = GS ,   ¯®áª®«ìªã λ, ̺ ∈ S , â® ¯®ï¢«ï¥âáï ¥¤¨¨æ .� ª®¥æ, ¬®�® ¢®á¯®«ì§®¢ âìáï áâ ¤ àâ®© ¯à®æ¥¤ãà®© ¯à¨-á®¥¤¨¥¨ï ¥¤¨¨æë, ¯¥à¥å®¤ï ¢  «£¥¡àã GT × C á ®¯¥à æ¨ï¬¨(x, µ) + (y, ν) = (x+ y, µ+ ν), ν(x, µ) = (νx, νµ),(x, µ) · (y, ν) = (x · y + µy + νx, µν)¨ ¥¤¨¨æ¥© e = (0, 1) (á¬.,  ¯à¨¬¥à, [10, . 256℄). � ¨¡®«¥¥ ¯¥à-á¯¥ªâ¨¢ë¬,    è ¢§£«ï¤, ï¢«ï¥âáï ¯¥à¢ë© á¯®á®¡ { ¤®¡ ¢«¥-¨¥ ¢ T â®çª¨ α , ¢ íâ®¬ á«ãç ¥ ¨ ¥¤¨¨æ  ¢ë£«ï¤¨â  ¨¡®-«¥¥ ¥áâ¥áâ¢¥®, { ®  ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ï å à ªâ¥à¨áâ¨ç¥áªãîäãªæ¨î â®çª¨ α , ¨ á á ¬®£®  ç «  ¬®�® áç¨â âì, çâ® α ∈ T .� ¥ ® à ¥ ¬   5.2. � �¤ë© ¨§ ®¯¥à â®à®¢ P

T
: x→ x

T
¨

P T : x → xT ï¢«ï¥âáï í¤®¬®àä¨§¬®¬  «£¥¡àë GT á ¯à¨á®¥¤¨-¥ë¬ ã¬®�¥¨¥¬. �¡à § ImP
T

( = KerP T ) ¨ ï¤à® KerP
T( = ImP T ) ï¢«ïîâáï ¤¢ãáâ®à®¨¬¨ ¨¤¥ « ¬¨  «£¥¡àë. �¯¥à -â®àë P

T
¨ P T ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ ®àâ®£® «ìë¬¨ (®â-®á¨â¥«ì® ¯à¨á®¥¤¨¥®£® ã¬®�¥¨ï) ¯à®¥ªâ®à ¬¨  «£¥¡àë.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ¥à¢ ï ç áâì ãâ¢¥à�¤¥¨ï á®-áâ ¢«ï¥â á®¤¥à� ¨¥ «¥¬¬ë 5.1. Ǒ®áª®«ìªã ¯à®¥ªâ®àë P

T
¨

P T á¢ï§ ë à ¢¥áâ¢®¬ P
T
+ P T = I , â® ImP

T
= KerP T¨ KerP

T
= ImP T . �ª«îç¥¨¥ x ∈ ImP

T
à ¢®á¨«ì® â®¬ã,çâ® x

T
= x , á«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® y ∈ GT á¯à ¢¥¤«¨¢®

x · y = −x
T
y

T
,   ¢ á¨«ã à ¢¥áâ¢  (x

T
y

T
)

T
= x

T
y

T
¨§ á«¥¤-áâ¢¨ï 3.4 ¨¬¥¥¬ x · y ∈ ImP

T
, â.¥. ImP

T
{ ¤¢ãáâ®à®¨© ¨¤¥ «¢ GT . �«ï ï¤à  KerP

T
¤®ª § â¥«ìáâ¢®   «®£¨ç®. � ¢¥áâ¢®

xT ·y
T
= 0 ®á¨â í«¥¬¥â àë© å à ªâ¥à, ¯®íâ®¬ã P

T
¨ P T { ®à-â®£® «ìë¥ ¯à®¥ªâ®àë. �«ï ¤®ª § â¥«ìáâ¢  ¨å ¥¯à¥àë¢®áâ¨¤®áâ â®ç® ¯®ª § âì § ¬ªãâ®áâì ImP

T
¨ KerP

T
.40



Ǒãáâì ¯®á«¥¤®¢ â¥«ì®áâì {xn}, xn ∈ GT , áå®¤¨âáï ª x ∈ GT¯® ®à¬¥ ‖·‖
T
, â.¥. ‖(xn)T −xT ‖+Var ((xn)T

−x
T
) −→

n
0 . �á«¨ ¢á¥

xn ∈ ImP
T
, â® (xn)T = 0 , ¯®íâ®¬ã ‖xT ‖ = 0 , xT = 0 , x ∈ ImP

T
.�á«¨ �¥ xn ∈ KerP

T
, â® (xn)T

= 0 , ¯®íâ®¬ã Var x
T
= 0 ,   â ªª ª x

T
(α) = 0 , â® x

T
= 0 ¨ x ∈ KerP

T
.�â ª, ImP

T
¨ KerP

T
{ § ¬ªãâë¥ ¯à®áâà áâ¢ , ¯®íâ®¬ãGT = ImP

T
⊕ KerP

T
= ImP T ⊕ KerP T ,   P

T
¨ P T { ¥¯à¥-àë¢ë¥ ¯à®¥ªâ®àë [10, . 151℄.� è¥© ¡«¨� ©è¥© æ¥«ìî ï¢«ï¥âáï ¯¥à¥¥á¥¨¥ ¯®«ãç¥ëåà¥§ã«ìâ â®¢   ¯à®áâà áâ¢  � ¨ BV , £¤¥ ¢ á®®â¢¥âáâ¢¨¨ á § -¬¥ç ¨¥¬ 3.4 ®¯à¥¤¥«¥ë ¯à®¥ªâ®àë Pc : x→ xc ¨ P c : x→ xc .5.2. Ǒà¨á®¥¤¨¥®¥ ã¬®�¥¨¥ ¢ �[a, b℄ ¨ ¢ BV[a, b℄� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 5.2. Ǒãáâì x, y ∈ � [ ¨«¨ BV℄ , â®-£¤  äãªæ¨ï z _=x ◦ y _=xcyc − xcyc  §ë¢ ¥âáï ¯à¨á®¥¤¨¥ë¬¯à®¨§¢¥¤¥¨¥¬ äãªæ¨© x ¨ y ,   ®¯¥à æ¨ï ó ◦�  §ë¢ ¥âáï ¯à¨-á®¥¤¨¥ë¬ ã¬®�¥¨¥¬ ¢ � [ ¨«¨ ¢ BV℄ .�   ¬ ¥ ç    ¨ ¥ 5.3. � ª �¥, ª ª ¨ ¢ á«ãç ¥ ¯à¨á®¥¤¨-¥®£® ¯à®¨§¢¥¤¥¨ï ó ·�, ¯à ¢¨«® ¢ëç¨á«¥¨ï ¯à¨á®¥¤¨¥®-£® ¯à®¨§¢¥¤¥¨ï ó ◦� § ¢¨á¨â ®â ¯ à ¬¥âà  α ∈ K .� ¥ ¬ ¬   5.3. �á«¨ x, y ∈ � [¨«¨ BV℄ ¨ λ ∈ C , â®(λx)c = λxc , (λx)c = λxc , (x+ y)c = xc + yc , (x+ y)c = xc + yc ,(x ◦ y)c = xc ◦ yc , (x ◦ y)c = xc ◦ yc .� ¥ ¬ ¬   5.4. �«ï «î¡ëå x, y ∈ � [¨«¨ BV℄ ¨â¥£à «ë

t
∫

α
xcdy

c,
t
∫

α
ycdx

c,
t
∫

α
ycdxc,

t
∫

α
xcdyc áãé¥áâ¢ãîâ ¨

x(t)y(t) = xc(t)yc(t) + t
∫

α
xcdy

c + t
∫

α
ycdx

c + (xy)c(t),
x(t) ◦ y(t) = xc(t)yc(t) + t

∫

α
xcdyc + t

∫

α
ycdxc − (xy)c(t).41



�â¢¥à�¤¥¨ï á«¥¤ãîâ ¨§ ¢ª«îç¥¨© BV ⊂ � ⊂ GT ¨ «¥¬¬5.1 ¨ 5.2, ¤«ï íâ®£® ¤®áâ â®ç® ¢§ïâì ¢ ª ç¥áâ¢¥ T à §¡¨¥¨¥
T (x)∪T (y) , â®£¤  T (λx) ⊆ T , T (x+y) ⊆ T , T (xy) ⊆ T , xc = x

T
,

yc = y
T
, (λx)c = (λx)

T
, (x+ y)c = (x+ y)

T
¨ (xy)c = (xy)

T
.� ¥ ® à ¥ ¬   5.3. Ǒà®áâà áâ¢® � [¨«¨ BV℄ ,  ¤¥«¥®¥®¯¥à æ¨¥© ¯à¨á®¥¤¨¥®£® ã¬®�¥¨ï, ï¢«ï¥âáï ª®¬¬ãâ â¨¢-®©  áá®æ¨ â¨¢®©  «£¥¡à®© á ¥¤¨¨æ¥©. �  ï¢«ï¥âáï ¡  å®¢®©¯® ®à¬¥ ‖ · ‖� [ á®®â¢¥âáâ¢¥® ‖ · ‖BV ℄ .�¥âà¨¢¨ «ìë¬ §¤¥áì ï¢«ï¥âáï «¨èì áãé¥áâ¢®¢ ¨¥ ¥¤¨¨-æë, à®«ì ª®â®à®© ¢ë¯®«ï¥â äãªæ¨ï e(t) _= 1 + t

∫

α
dξα −

t
∫

α
dηα .�á«¨ x ∈ � [ ¨«¨BV℄ ¨ T _=T (x) ∪ {α} , â® x, e ∈ GT , α ∈ T ¨

x ◦ e = xcec − xcec = xT (x)eT (e) − x
T (x)eT (e) = xT eT − x

T
e

T
= x .Ǒ®á«¥¤¥¥ à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã ¯ãªâ  � â¥®à¥¬ë 5.1.� ¥ ® à ¥ ¬   5.4. � �¤ë© ¨§ ®¯¥à â®à®¢ Pc : x → xc ¨

P c : x → xc ï¢«ï¥âáï í¤®¬®àä¨§¬®¬  «£¥¡àë � [ ¨«¨ BV ℄ á¯à¨á®¥¤¨¥ë¬ ã¬®�¥¨¥¬. �¡à § ImPc ( = KerP c ) ¨ ï¤à®KerPc ( = ImP c ) ï¢«ïîâáï ¤¢ãáâ®à®¨¬¨ ¨¤¥ « ¬¨  «£¥¡àë.�¯¥à â®àë Pc ¨ P c ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ ®àâ®£® «ìë¬¨(®â®á¨â¥«ì® ¯à¨á®¥¤¨¥®£® ã¬®�¥¨ï) ¯à®¥ªâ®à ¬¨.�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 5.2.�   ¬ ¥ ç    ¨ ¥ 5.4. Ǒ®¤¢®¤ï ¨â®£, ¬®�® áª § âì, çâ®¯à®¥ªâ®à P T : x → xT ¢ GT ¨«¨ P c : x → xc ¢ � [ ¨«¨ ¢ BV℄óà áé¥¯«ï¥â� á®®â¢¥âáâ¢ãîé¥¥ ¯à®áâà áâ¢®   ¤¢  § ¬ªãâëå(¯® á®®â¢¥âáâ¢ãîé¥© ®à¬¥) ®àâ®£® «ìëå (®â®á¨â¥«ì® ¯à¨-á®¥¤¨¥®£® ã¬®�¥¨ï) ¯®¤¯à®áâà áâ¢ . � GT { íâ® ¯à®-áâà áâ¢® ¥¯à¥àë¢ëå ¢ â®çª å à §¡¨¥¨ï T äãªæ¨© ¨ ¯à®-áâà áâ¢® äãªæ¨© áª çª®¢, áª çª¨ ª®â®àëå § ¤ ë ¢ â®çª åà §¡¨¥¨ï T . � � { íâ® ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨© ¨¯à®áâà áâ¢® äãªæ¨© áª çª®¢. � BV { íâ® ¯à®áâà áâ¢® ¥¯à¥-àë¢ëå äãªæ¨© ®£à ¨ç¥®© ¢ à¨ æ¨¨ ¨ ¯à®áâà áâ¢® äãª-æ¨© áª çª®¢. (�«ï äãªæ¨© áª çª®¢ x ¢® ¢á¥å âà¥å á«ãç ïå ¢ë-¯®«¥® à ¢¥áâ¢® x(α) = 0 .) �â¨ �¥  ¡«î¤¥¨ï ®â®áïâáï ¨42



ª ¯à®¥ªâ®à ¬ P
T
: x → x

T
¢ GT ¨ Pc : x → xc ¢ � [ ¨«¨ ¢ BV℄ .�à ©¥ «î¡®¯ëâë¬ ¢ë£«ï¤¨â â®â ä ªâ, çâ® ¬®�¥áâ¢  GT , �¨ BV , à áá¬ âà¨¢ ¥¬ë¥ ª ª  «£¥¡àë, óà áé¥¯«ïîâáï�   ¤¢¥§ ¬ªãâë¥ ¯®¤ «£¥¡àë, ª �¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï ¤¢ãáâ®à®-¨¬ ¨¤¥ «®¬ á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë.6. Ǒà¨á®¥¤¨¥ë© ¨â¥£à «� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 6.1. Ǒãáâì T ∈ T(K) ¨ x, y ∈ GT .�á«¨ áãé¥áâ¢ã¥â ¨â¥£à « ∫

K

xdy , â® äãªæ¨ï
t
∫

α
x · dy _= t

∫

α
xT dyT −

t
∫

α
x

T
dy

T
(6.1) §ë¢ ¥âáï ¥®¯à¥¤¥«¥ë¬ ¯à¨á®¥¤¨¥ë¬ ¨â¥£à «®¬ äãª-æ¨¨ x ¯® äãªæ¨¨ y (â®çª  α ∈ K ä¨ªá¨à®¢  ).Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ®, ¯®áª®«ì-ªã ¨§ áãé¥áâ¢®¢ ¨ï ¨â¥£à «  ∫

K

xdy á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¨-â¥£à «  t
∫

α
xdy ,   ¢ á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 3.3 ®¡  ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ (6.1) áãé¥áâ¢ãîâ.� ª ¨ ¢ á«ãç ¥ ¯à¨á®¥¤¨¥®£® ã¬®�¥¨ï (á¬. ª®¬¬¥â à¨¨ª ®¯à¥¤¥«¥¨î 5.1) ¢ ¯à®áâà áâ¢¥ GT (= GS ¯à¨ S ∼ T ) ®¯à¥-¤¥«¥® ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à §«¨çëå ¯à¨á®¥¤¨¥-ëå ¨â¥£à «®¢ äãªæ¨¨ x ¯® äãªæ¨¨ y , § ¢¨áïé¨å ®â â®çª¨

α ∈ K ¨ à §¡¨¥¨ï S ∼ T . Ǒà¨ T = ∅ ¨¬¥¥¬ t
∫

α
x · dy = t

∫

α
xdy ,¯®íâ®¬ã ¨â¥£à « �¨¬  {�â¨«âì¥á  â ª�¥ ï¢«ï¥âáï ¯à¨á®¥¤¨-¥ë¬ ¨â¥£à «®¬.� ¬¥â¨¬ ¤ «¥¥, çâ® ¬ë ®¯à¥¤¥«¨«¨ ¯à¨á®¥¤¨¥ë© ¨â¥£à «ª ª äãªæ¨î ¯¥à¥¬¥®© ¢¥àå¥© £à ¨æë ¨â¥£à¨à®¢ ¨ï, ¯à¨-ç¥¬ ¨�ïï £à ¨æ  ¨â¥£à¨à®¢ ¨ï ä¨ªá¨à®¢   ¨ á®¢¯ ¤ ¥â¨¬¥® á â¥¬ § ç¥¨¥¬ α , ª®â®à®¥ ä¨£ãà¨àã¥â ¯à¨ ¯®áâà®¥¨¨¯à®¥ªâ®à®¢ P

T
: x → x

T
( · , α) ¨ P T : x → xT ( · , α) . Ǒà¨ â ª®¬43



¯®¤å®¤¥ ¬ë á®åà ï¥¬ ¯à¨¢ëçãî ¤¢ã¯ à ¬¥âà¨ç¥áªãî ¯ à ¬¥-âà¨§ æ¨î, å®âï, ª®¥ç® �¥, ¤«ï «î¡ëå τ, s, ϑ ∈ [a, b℄ ®¯à¥¤¥«¥-ë ¢¥«¨ç¨ë s
∫

τ
x·dy,

ϑ
∫

s
x·dy,

ϑ
∫

τ
x·dy ¨ áã¬¬  ¯¥à¢ëå ¤¢ãå à ¢ âà¥âì¥©. � ª¨¬ ®¡à §®¬, ¬ë ¬®�¥¬ ¢¥áâ¨ à¥çì ¥ â®«ìª® ® ¥-®¯à¥¤¥«¥®¬, ® ¨ ®¡ ®¯à¥¤¥«¥®¬ ¯à¨á®¥¤¨¥®¬ ¨â¥£à «¥¨ áç¨â âì, çâ® íâ® ¥áâì ¢¥«¨ç¨ 

s
∫

τ
x · dy _= s

∫

τ
xT ( · , α) dyT ( · , α) − s

∫

τ
x

T
( · , α) dy

T
( · , α),§ ¢¨áïé ï ®â ¯ à ¬¥âà®¢ α, T, τ, s , ®¤ ª® ¢ ¤ «ì¥©è¥¬ ¬ë à -¡®â ¥¬ «¨èì á ¥®¯à¥¤¥«¥ë¬ ¯à¨á®¥¤¨¥ë¬ ¨â¥£à «®¬.�®¬¬¥â à¨¨ ª ®¯à¥¤¥«¥¨î 6.1 § ª®ç¨¬ § ¬¥ç ¨¥¬, çâ®¯à¨á®¥¤¨¥ë© ¨â¥£à « «¨¥¥ ¯® ª �¤®¬ã  à£ã¬¥âã.� ¥ ¬ ¬   6.1. Ǒãáâì x, y ∈ GT . �ãé¥áâ¢®¢ ¨¥ ®¤®£®¨§ ¯à¨á®¥¤¨¥ëå ¨â¥£à «®¢ t

∫

α
x · dy ¨«¨ t

∫

α
y · dx ¢«¥ç¥â áã-é¥áâ¢®¢ ¨¥ ¤àã£®£® ¨ à ¢¥áâ¢®

t
∫

α
x · dy + t

∫

α
y · dx = x · y

∣

∣

∣

t

α
.�ãé¥áâ¢®¢ ¨¥ ¯à¨á®¥¤¨¥ëå ¨â¥£à «®¢ á«¥¤ã¥â ¨§ áãé¥-áâ¢®¢ ¨ï á®®â¢¥âáâ¢ãîé¨å ¨â¥£à «®¢ �¨¬  {�â¨«âì¥á ,   æ¥-¯®çª  à ¢¥áâ¢

t
∫

α
x · dy + t

∫

α
y · dx = t

∫

α
xT dyT −

t
∫

α
x

T
dy

T
+ t

∫

α
yT dxT −

t
∫

α
y

T
dx

T
== xT yT

∣

∣

∣

t

α
−x

T
y

T

∣

∣

∣

t

α
= x · y

∣

∣

∣

t

αá¯à ¢¥¤«¨¢  ¢ á¨«ã ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬.� ¥ ¬ ¬   6.2. Ǒãáâì x,y ∈GT ¨ áãé¥áâ¢ã¥â ¨â¥£à «
z(t) _= t

∫

α
x·dy , â®£¤  z∈GT , z

T
(t)=−

t
∫

α
x

T
dy

T
¨ zT (t)= t

∫

α
xT dyT .44



Ǒ¥à¢ë© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ (6.1) ï¢«ï¥âáï äãªæ¨¥©,¥¯à¥àë¢®© ¢® ¢á¥å â®çª å à §¡¨¥¨ï T ,   ¢â®à®© ï¢«ï¥âáïäãªæ¨¥© áª çª®¢ á® áª çª ¬¨ ¢ T , çâ® ¨ ¤®ª §ë¢ ¥â «¥¬¬ã.� ¥ ¬ ¬   6.3. Ǒãáâì x, y, z ∈ GT ¨ áãé¥áâ¢ã¥â ¨â¥-£à « w(t) _= t
∫

α
y·dz . �â¥£à «ë t

∫

α
x·dw ¨ t

∫

α
(x·y)·dz áãé¥áâ¢ãîâ¨«¨ ¥â ®¤®¢à¥¬¥®. �á«¨ ¨â¥£à «ë áãé¥áâ¢ãîâ, â®

t
∫

α
x(s) · d( s

∫

α
y · dz

) = t
∫

α
(x · y) · dz. (6.2)� ® ª   §   â ¥ « ì á â ¢ ®. �®£« á® «¥¬¬¥ 6.2 á¯à ¢¥¤-«¨¢® w∈GT , w

T
(t) =−

t
∫

α
y

T
dz

T
, wT (t) = t

∫

α
yT dzT , á«¥¤®¢ â¥«ì®,¤«ï «¥¢®© ¨ ¯à ¢®© ç áâ¥© (6.2) (®¡®§ ç¨¬ ¨å σ1 ¨ σ2 ) ¨¬¥¥¬

σ1 = t
∫

α
xT dwT −

t
∫

α
x

T
dw

T
= t

∫

α
xT (s) d( s

∫

α
yT dzT

)++ t
∫

α
x

T
(s) d( s

∫

α
y

T
dz

T

) = t
∫

α
xT yT dzT + t

∫

α
x

T
y

T
dz

T
,

σ2 = t
∫

α
(xT yT − x

T
y

T
) · dz = t

∫

α
xT yT dzT + t

∫

α
x

T
y

T
dz

T
.Ǒ®á«¥¤¥¥ à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã § ¬¥ç ¨ï 3.4.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 6.2. Ǒãáâì x, y∈� [¨«¨ x, y∈BV ℄.�á«¨ áãé¥áâ¢ã¥â ¨â¥£à « ∫

K

xdy , â® äãªæ¨ï
t
∫

α
x ◦ dy _= t

∫

α
xcdyc −

t
∫

α
xcdyc (6.3) §ë¢ ¥âáï ¥®¯à¥¤¥«¥ë¬ ¯à¨á®¥¤¨¥ë¬ ¨â¥£à «®¬ äãª-æ¨¨ x ¯® äãªæ¨¨ y (â®çª  α ∈ K ä¨ªá¨à®¢  ).45



�¯à¥¤¥«¥¨¥ ª®àà¥ªâ®, ¯®áª®«ìªã ¨§ áãé¥áâ¢®¢ ¨ï ¨â¥-£à «  ∫

K

xdy á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¨â¥£à «  t
∫

α
xdy ,   ¢ á®®â-¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 3.7 ®¡  ¨â¥£à «  ¢ ¯à ¢®© ç áâ¨ (6.3)áãé¥áâ¢ãîâ. � ª ¨ ¢ á«ãç ¥ ¯à¨á®¥¤¨¥®£® ¨â¥£à «  (6.1) á¥-¬¥©áâ¢® à §«¨çëå ¯à¨á®¥¤¨¥ëå ¨â¥£à «®¢ (6.3) § ¢¨á¨â ®â

α ∈ K . Ǒà¨á®¥¤¨¥ë© ¨â¥£à « «¨¥¥ ¯® ª �¤®¬ã  à£ã¬¥âã.� ¥ ¬ ¬   6.4. Ǒãáâì x, y ∈ � [¨«¨ x, y ∈ BV ℄. �ãé¥-áâ¢®¢ ¨¥ ®¤®£® ¨§ ¨â¥£à «®¢ t
∫

α
x ◦ dy ¨«¨ t

∫

α
y ◦ dx ¢«¥ç¥âáãé¥áâ¢®¢ ¨¥ ¤àã£®£® ¨ à ¢¥áâ¢®

t
∫

α
x ◦ dy + t

∫

α
y ◦ dx = x ◦ y

∣

∣

∣

t

α
.� ¥ ¬ ¬   6.5. Ǒãáâì x, y ∈ � [¨«¨ x, y ∈ BV ℄ ¨ áãé¥-áâ¢ã¥â ¯à¨á®¥¤¨¥ë© ¨â¥£à « z(t) _= t

∫

α
x ◦ dy , â®£¤  z ∈ �[ á®®â¢¥âáâ¢¥® z ∈ BV ℄, zc(t) = −

t
∫

α
xcdyc ¨ zc(t) = t

∫

α
xcdyc .� ¥ ¬ ¬   6.6. Ǒãáâì x, y, z ∈ � [¨«¨ x, y ∈ BV ℄ ¨ áã-é¥áâ¢ã¥â w(t) _= t

∫

α
y ◦ dz . �â¥£à «ë t

∫

α
x ◦ dw ¨ t

∫

α
(x ◦ y) ◦ dzáãé¥áâ¢ãîâ ¨«¨ ¥â ®¤®¢à¥¬¥®. �á«¨ ¨â¥£à «ë áãé¥áâ¢ã-îâ, â®

t
∫

α
x(s) ◦ d( s

∫

α
y ◦ dz

) = t
∫

α
(x ◦ y) ◦ dz.�â¢¥à�¤¥¨ï á«¥¤ãîâ ¨§ ¢ª«îç¥¨© BV ⊂ � ⊂ GT ¨ «¥¬¬6.1 { 6.3, ¤«ï íâ®£® ¤®áâ â®ç® ¢§ïâì ¢ ª ç¥áâ¢¥ T à §¡¨¥¨¥

T (x) ∪ T (y) ¨«¨ T (x) ∪ T (y) ∪ T (z) .7. Ǒà¥àë¢¨áâë¥ äãªæ¨¨, § ¤ ë¥   ¨â¥à¢ «¥� ä¨ªá¨àã¥¬ ¨â¥à¢ « K _= (a, b) (®£à ¨ç¥ë© ¨«¨ ¥®£à ¨-ç¥ë©) ¨ ç¥à¥§ G _=G(a, b) ®¡®§ ç¨¬ ¯à®áâà áâ¢® [  «£¥¡àã ℄46



¯à¥àë¢¨áâëå äãªæ¨©, â.¥. äãªæ¨© x : K → C , ®¡« ¤ îé¨åª®¥çë¬¨ ¯à¥¤¥« ¬¨ x(t − 0) ¨ x(t + 0) ¯à¨ ¢á¥å t ∈ K . �¥-à¥§ G
L
_=G

L
(a, b) [ ç¥à¥§ G

R
_=G

R
(a, b) ℄ ®¡®§ ç¨¬ ¯®¤¯à®áâà -áâ¢® ¢ G , á®áâ®ïé¥¥ ¨§ ¥¯à¥àë¢ëå á«¥¢  [ á¯à ¢  ℄ ¯à¥àë-¢¨áâëå äãªæ¨©. �¥à¥§ Glo0 _=Glo0 (a, b) ®¡®§ ç¨¬ ¯à®áâà áâ¢®â ª¨å äãªæ¨© x : K → C , çâ® ¤«ï «î¡®£® ®âà¥§ª  [α, β℄ ⊂ Käãªæ¨ï-áã�¥¨¥ x : [α, β℄ → C ¯à¨ ¤«¥�¨â G0 [α, β℄ .�   ¬ ¥ ç    ¨ ¥ 7.1. � «®£¨ç® ãâ¢¥à�¤¥¨î «¥¬¬ë2.3 á¯à ¢¥¤«¨¢® ãâ¢¥à�¤¥¨¥ ® â®¬, çâ® äãªæ¨ï x ∈ G ¥¤¨-áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë x = x

L
+ x0 ¤¢ãåäãªæ¨© x

L
∈ G

L
¨ x0 ∈ Glo0 . �¨¬¬¥âà¨ç®¥ ¯à¥¤áâ ¢«¥¨¥

x = x
R
+x0 , £¤¥ xR

∈ G
R
, x0 ∈ Glo0 , â ª�¥ ¨¬¥¥â ¬¥áâ®. Ǒà¨ íâ®¬®¯¥à â®àë P : x(t) → x

L
(t) _=x(t− 0) ¨ Q : x(t) → x

R
(t) _= x(t+0)ï¢«ïîâáï ¯à®¥ªâ®à ¬¨ ¢ G (á¬. § ¬¥ç ¨¥ 2.1).� «®£ (1.1) ¨¬¥¥â ¢¨¤ (á¬ëá« ¯à®áâà áâ¢ ¯®ïâ¥):AClo → CBVlo → C → KClo

ց ցBVlo → G → Rlo → Llo .�   ¬ ¥ ç    ¨ ¥ 7.2. �ãªæ¨¨ x, y ∈ G(a, b) ¡ã¤¥¬  -§ë¢ âì íª¢¨¢ «¥âë¬¨ (¨ ¯¨á âì x ∼ y ), ¥á«¨ x−y ∈ Glo0 (a, b) .�â® à ¢®á¨«ì® â®¬ã, çâ® ¤«ï «î¡®£® ®âà¥§ª  [α, β℄ ⊂ Käãªæ¨¨-áã�¥¨ï x, y : [α, β℄ → C íª¢¨¢ «¥âë ¢ ¯à®áâà -áâ¢¥ G[α, β℄ . �¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ ¥¯à¥àë¢ ï äãªæ¨ï
f(·) ¤¥©áâ¢ã¥â ¨§ C ¢ C , â® íª¢¨¢ «¥â®áâì x ∼ y ¢«¥-ç¥â íª¢¨¢ «¥â®áâì f(x(·)) ∼ f(y(·)) . �¥©áâ¢¨â¥«ì®, ¢ª«î-ç¥¨ï f(x(·)), f(y(·)) ∈ G(a, b) ®ç¥¢¨¤ë. �á«¨ z _=x − y , â®
z ∈ Glo0 (a, b) ¨ z(t− 0) = 0 ¤«ï «î¡®£® t ∈ K ,   â ª ª ª x(t− 0)¨ y(t− 0) áãé¥áâ¢ãîâ, â® x(t− 0) = y(t− 0) . �á«¨ τ → t− 0 , â®
x(τ) → x(t− 0) ¨ y(τ) → y(t− 0) ,   ¯®áª®«ìªã f ¥¯à¥àë¢ , â®
f(x(τ)) → f(x(t − 0)) ¨ f(y(τ)) → f(y(t − 0)) . � ª¨¬ ®¡à §®¬,
w(τ) _= f(x(τ))−f(y(τ)) → 0 , â.¥. w(t−0) = 0 ¯à¨ t ∈ K , ¯®íâ®¬ã
w ∈ Glo0 (a, b) . �áâ ¥âáï ¢á¯®¬¨âì, çâ® f(x(·)), f(y(·)) ∈ G(a, b) .47



�   ¬ ¥ ç    ¨ ¥ 7.3. Ǒà®¨§¢®«ì®¥ ª®¥ç®¥ ¨«¨ áç¥â-®¥ ¬®�¥áâ¢® T _= {τ1, τ2, . . . } ¯®¯ à® à §«¨çëå â®ç¥ª τk ∈ K¡ã¤¥¬  §ë¢ âì à §¡¨¥¨¥¬ ¨â¥à¢ «  K ,   á®¢®ªã¯®áâì ¢á¥åà §¡¨¥¨© K ®¡®§ ç¨¬ ç¥à¥§ T(K) . Ǒãáâ®¥ ¬®�¥áâ¢® ¬ë â ª-�¥ ¢ª«îç ¥¬ ¢ T(K) . �¥à¥§ GTlo [ ç¥à¥§ �lo ℄ ®¡®§ ç¨¬ ¯à®-áâà áâ¢® â ª¨å äãªæ¨© x : K → C , çâ® ¤«ï «î¡®£® ®âà¥§ª [α, β℄ ⊂ K äãªæ¨ï-áã�¥¨¥ x : [α, β℄ → C ¯à¨ ¤«¥�¨â ¯à®-áâà áâ¢ã GS [α, β℄ [ á®®â¢¥âáâ¢¥® �lo[α, β℄ ℄, £¤¥ S _=T ∩ [α, β℄ .8. �¡®¡é¥ë¥ ¯à¥àë¢¨áâë¥ äãªæ¨¨Ǒà®áâà áâ¢® D _=D(a, b) , á®áâ®ïé¥¥ ¨§ ä¨¨âëå äãªæ¨© ¯à®-áâà áâ¢  CBVlo(a, b) , ¡ã¤¥¬  §ë¢ âì ¯à®áâà áâ¢®¬ ®á®¢ëåäãªæ¨©. � ¥¬ ®¯à¥¤¥«¥® ¯®ïâ¨¥ áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì-®áâ¨: ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ®á®¢ëå äãª-æ¨© {ϕn} , ϕn ∈ D , áå®¤¨âáï ª ®á®¢®© äãªæ¨¨ ϕ ∈ D (¨¯¨á âì ϕn
D−→ϕ ), ¥á«¨ ã ¢á¥å äãªæ¨© ϕn ¨ ϕ ¥áâì ®¡é¨© ®-á¨â¥«ì [α, β℄ ⊂ K ¨ Var[α,β℄ (ϕn − ϕ)→

n
0 .Ǒ à ¨ ¬ ¥ à 8.1. �á«¨ K = C , ¯®á«¥¤®¢ â¥«ì®áâì {γn} ,

γn ∈ C , â ª®¢ , çâ® γn → 0 , τ > 0 , ϕn(t) = γn (1 − | t
τ |) ¯à¨

| t | 6 τ ¨ ϕn(t) = 0 ¯à¨ | t | > τ , â® ϕn
D−→ 0 . �¤¥áì [α, β℄ { íâ®«î¡®© ®âà¥§®ª, á®¤¥à� é¨© ®âà¥§®ª [−τ, τ ℄ ,   ϕ(t) ≡ 0 .�¥à¥§ D ′ ®¡®§ ç¨¬ ¯à®áâà áâ¢® «¨¥©ëå ¥¯à¥àë¢ëåäãªæ¨® «®¢ ℓ : D(a, b) → C (¥¯à¥àë¢®áâì ®§ ç ¥â, çâ® áå®-¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ®á®¢ëå äãªæ¨© ϕn

D−→ϕ ¢«¥-ç¥â áå®¤¨¬®áâì (ℓ, ϕn)−→
n

(ℓ, ϕ) ),   ¥£® í«¥¬¥âë  §®¢¥¬ ®¡®¡-é¥ë¬¨ äãªæ¨ï¬¨ (à á¯à¥¤¥«¥¨ï¬¨).�áïª ï (®¡ëç ï) äãªæ¨ï x ∈ Llo ¯®à®�¤ ¥â ®¡®¡é¥-ãî äãªæ¨î ℓx ∈ D ′ : (ℓx, ϕ) = (L) ∫

K

ϕ(t)x(t) dt , § ¤ ãîç¥à¥§ ¨â¥£à « �¥¡¥£ . �¨¥©®áâì äãªæ¨® «  ℓx ®ç¥¢¨¤- ,   ¥¯à¥àë¢®áâì á«¥¤ã¥â ¢ á¨«ã á«¥¤ãîé¥£® ®¡áâ®ïâ¥«ìáâ¢ .�á«¨ ϕn
D−→ϕ , â® ã äãªæ¨© ϕn ¨ ϕ ¥áâì ®¡é¨© ®á¨â¥«ì48



[α, β℄ ⊂ K ¨ Var[α,β℄ (ϕn −ϕ)→
n
0 . Ǒ®áª®«ìªã x ∈ Llo , â® äãªæ¨ï

y(t) = t
∫

α
x(s) ds  ¡á®«îâ® ¥¯à¥àë¢    [α, β℄ ,   ¢ á®®â¢¥âáâ¢¨¨á [3, . 249℄ ¨ á«¥¤áâ¢¨¥¬ 1.5 á¯à ¢¥¤«¨¢  æ¥¯®çª (ℓx, ϕn) = (L) β

∫

α
ϕn(t)x(t)dt = β

∫

α
ϕn dy = −

β
∫

α
y dϕn −→

n
−

β
∫

α
y dϕ == β

∫

α
ϕdy = (L) β

∫

α
ϕ(t)x(t) dt = (ℓx, ϕ).�á«¨ x ∈ AClo , â® x ¯®çâ¨ ¢áî¤ã ¤¨ää¥à¥æ¨àã¥¬ , ¯à¨-ç¥¬ x′ ∈ Llo ¨ (ℓx′ , ϕ) = (L) ∫

K

ϕ(t)x′(t) dt = ∫

K

ϕdx . Ǒ®á«¥¤-¨© ¨â¥£à « áãé¥áâ¢ã¥â ¥ â®«ìª® ¤«ï x ∈ AClo , ® ¨ ¤«ï«î¡®© ¯à¥àë¢¨áâ®© äãªæ¨¨ x ∈ G , ¨ íâ®  ¡«î¤¥¨¥ ¤ ¥â ¬ ®á®¢ ¨¥ ¢¢¥áâ¨ á«¥¤ãîé¥¥ ®¡®§ ç¥¨¥: (ℓx′ , ϕ) = ∫

K

ϕdx ,
x ∈ G (¤®ª § â¥«ìáâ¢® ¥¯à¥àë¢®áâ¨ íâ®£® äãªæ¨® «  ¢®¬®£®¬ ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® ¥¯à¥àë¢®áâ¨ äãªæ¨® « 
ϕ → (ℓx, ϕ) ). �®«¥¥ â®£®, à ¡®â ï ¢ ¤ «ì¥©è¥¬ â®«ìª® á ¯à¥-àë¢¨áâë¬¨ äãªæ¨ï¬¨ x ∈ G , ¬ë ¢¬¥áâ® ®¡®§ ç¥¨© (ℓx, ϕ) ¨(ℓx′ , ϕ) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨ï(x, ϕ) _= ∫

K

ϕ(t)x(t) dt ¨ (x′, ϕ) _= ∫

K

ϕdx, (8.1) §ë¢ ï äãªæ¨® «ë ®¡®¡é¥®© ¯à¥àë¢¨áâ®© äãªæ¨¥© ¨ ®¡-®¡é¥®© ¯à®¨§¢®¤®© ¯à¥àë¢¨áâ®© äãªæ¨¨ á®®â¢¥âáâ¢¥®.�   ¬ ¥ ç    ¨ ¥ 8.1. Ǒ¥à¢ë© ¨§ ¨â¥£à «®¢ (8.1), ¢®®¡-é¥ £®¢®àï, «¥¡¥£®¢, ® ¯à¨ x ∈ G ® á®¢¯ ¤ ¥â á à¨¬ ®¢ë¬ ¨-â¥£à «®¬. �â¬¥â¨¬ â ª�¥ á«¥¤ãîé¥¥ ®¡áâ®ïâ¥«ìáâ¢®. Ǒ®áª®«ìªã(x, ϕ) = (y ′, ϕ) , £¤¥ y(t) = t
∫

α
x(s) ds , â® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï¤¨ £à ¬¬  ¢ª«îç¥¨ï á¥¬¥©áâ¢ äãªæ¨® «®¢ (8.1):

{

ϕ→ (x, ϕ)}
x∈G ⊂

{

ϕ→ (y ′, ϕ)}
y∈G ⊂ D ′. (8.2)49



�àã£¨¬¨ á«®¢ ¬¨, ¢áïª ï ®¡®¡é¥ ï ¯à¥àë¢¨áâ ï äãªæ¨ï ï¢-«ï¥âáï ®¡®¡é¥®© ¯à®¨§¢®¤®© ®â ¥ª®â®à®© ¤àã£®© ¯à¥àë¢¨-áâ®© äãªæ¨¨, ¯à¨ç¥¬ ¢ª«îç¥¨ï ¢ ¤¨ £à ¬¬¥ { áâà®£¨¥. � ¨á-â¨®áâ¨ ¯®á«¥¤¥£® ãâ¢¥à�¤¥¨ï «¥£ª® ã¡¥¤¨âìáï, ¯®ª § ¢, çâ®
δ -äãªæ¨ï ϕ → ϕ(0) ¯à¨ ¤«¥�¨â ¢â®à®¬ã, ® ¥ ¯à¨ ¤«¥-�¨â ¯¥à¢®¬ã á¥¬¥©áâ¢ã.� ¥ ® à ¥ ¬   8.1. Ǒãáâì x ∈ G(a, b) . �«ï â®£® çâ®¡ëà ¢¥áâ¢® (x, ϕ) = 0 ¨¬¥«® ¬¥áâ® ¯à¨ ¢á¥å ϕ ∈ D(a, b) , ¥®¡å®-¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë x ∈ Glo0 (a, b) .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì à ¢¥áâ¢® (x, ϕ) = 0¢ë¯®«¥® ¯à¨ ¢á¥å ϕ ∈ D . � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© ®âà¥-§®ª [α, β℄ ⊂ K ¨ ª ªãî-¨¡ã¤ì äãªæ¨î ϕ ∈ D , ®á¨â¥«ì ª®â®-à®© ¯à¨ ¤«¥�¨â [α, β℄ . � á¨«ã «¥¬¬ë 2.3 ¤«ï äãªæ¨¨-áã�¥¨ï
x : [α, β℄ → C ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥ x = x

L
+ x0 , £¤¥

x
L
∈ G

L
[α, β℄ , x0 ∈ G0 [α, β℄ . �®£« á® § ¬¥ç ¨î 2.2 ¯à®¨§¢¥¤¥-¨¥ ϕx0 ¯à¨ ¤«¥�¨â G0 [α, β℄ , á«¥¤®¢ â¥«ì®, ¢ á¨«ã «¥¬¬ë 2.1¨¬¥¥¬ (x0 , ϕ) = 0 . �¥¬ á ¬ë¬ (x

L
, ϕ) = 0 ¨, ¢ ç áâ®áâ¨, á¯à -¢¥¤«¨¢® à ¢¥áâ¢® (x

L
, ϕ) = 0 , á«¥¤®¢ â¥«ì®, (x

L
,Reϕ) = 0 .� ª¨¬ ®¡à §®¬, ¤«ï «î¡®© äãªæ¨¨ ϕ ∈ D , ®á¨â¥«ì ª®â®à®©¯à¨ ¤«¥�¨â [α, β℄ , ¨¬¥¥¬(Re x

L
,Reϕ) = 0 ¨ (Imx

L
,Reϕ) = 0. (8.3)�®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â t ∈ (α, β℄ â ª®¥, çâ® Re x

L
(t) 6= 0(¬®�® áç¨â âì, çâ® Re x

L
(t) > 0 ). Ǒ®áª®«ìªã Rex

L
∈ G

L
[α, β℄ ,â® áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® Rex

L
(τ) > 0 ¤«ï ¢á¥å τ ¨§¯®«ã¨â¥à¢ «  (t − δ, t ℄ ⊆ (α, β℄ . �á«¨ äãªæ¨ï ϕ ∈ D â -ª®¢ , çâ® Reϕ(τ) > 0 ¯à¨ τ ∈ (t − δ, t) ¨ Reϕ(τ) = 0 ¯à¨

τ 6∈ (t − δ, t) , â® (Re x
L
,Reϕ) > 0 , çâ® ¯à®â¨¢®à¥ç¨â (8.3). � -ª¨¬ ®¡à §®¬, Rex

L
(t) = 0 ¤«ï «î¡®£® t ∈ (α, β℄ , á«¥¤®¢ â¥«ì®,Rex

L
(t) ≡ 0 ,   «®£¨ç® Imx

L
(t) ≡ 0 , ¯®íâ®¬ã x

L
(t) ≡ 0 ,   áã-�¥¨¥ äãªæ¨¨ x   ®âà¥§®ª [α, β℄ á®¢¯ ¤ ¥â á äãªæ¨¥© x0 ¨§¯à®áâà áâ¢  G0 [α, β℄ . Ǒ®áª®«ìªã ¯®á«¥¤¥¥ ãâ¢¥à�¤¥¨¥ ¢¥à®¤«ï «î¡®£® ®âà¥§ª  [α, β℄ , â® x ∈ Glo0 .50



�®áâ â®ç®áâì. �á«¨ x ∈ Glo0 , â® ¤«ï «î¡®£® ϕ ∈ D ¯à¥-àë¢¨áâ ï äãªæ¨ï y = ϕx ä¨¨â , ¯à¨ç¥¬ ¢ á¨«ã § ¬¥ç ¨ï2.2 á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ y ∈ Glo0 . �®£« á® «¥¬¬¥ 2.1 ¨¬¥¥¬(x, ϕ) = ∫

K

y(t) dt = 0 .� ¥ ® à ¥ ¬   8.2. Ǒãáâì x ∈ G(a, b) . �«ï â®£® çâ®¡ëà ¢¥áâ¢® (x′, ϕ) = 0 ¨¬¥«® ¬¥áâ® ¯à¨ ¢á¥å ϕ ∈ D(a, b) , ¥®¡-å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë x ∼ onst .� ® ª   §   â ¥ « ì á â ¢ ®. �¥®¡å®¤¨¬®áâì. �ãªæ¨ï, â®-�¤¥áâ¢¥® à ¢ ï 1, ¯®à®�¤ ¥â äãªæ¨® « (1, ϕ) = ∫

K

ϕ(s)ds .Ǒ®ª �¥¬, çâ® à ¢¥áâ¢® (1, ϕ) = 0 ¢ë¯®«¥® ¤«ï â¥å ¨ â®«ìª®â¥å ϕ ∈ D , çâ® äãªæ¨ï ψ(t) _= t
∫

a
ϕ(s)ds â ª�¥ ¯à¨ ¤«¥�¨â D .� äãªæ¨¨ ψ ¬®�® áª § âì á«¥¤ãîé¥¥. �ª«îç¥¨¥ ψ ∈ CBVlo®ç¥¢¨¤®, ¡®«¥¥ â®£®, ψ ∈ AClo . �à®¬¥ â®£®, ¥á«¨ [α, β℄ ⊂ K{ ª ª®©-¨¡ã¤ì ®âà¥§®ª, á®¤¥à� é¨© ®á¨â¥«ì äãªæ¨¨ ϕ , â®

ψ(t) = 0 ¤«ï «î¡®£® t < α ¨ ψ(t) ¥áâì ¢¥«¨ç¨  ¯®áâ®ï ï¯à¨ t > β (¥á«¨ ®¡®§ ç¨âì ¥¥ ç¥à¥§ c , â®, ®ç¥¢¨¤®, c = (1, ϕ) ).� ª¨¬ ®¡à §®¬, ¥á«¨ (1, ϕ) = 0 , â® c = 0 , á«¥¤®¢ â¥«ì®, ψ ä¨-¨â  ¨ ¯®íâ®¬ã ψ ∈ D , ¨,  ®¡®à®â, ¥á«¨ ψ ∈ D , â® ψ ä¨¨â ,
c = 0 ¨ (1, ϕ) = 0 .� ä¨ªá¨àã¥¬ äãªæ¨î ϕ0 â ªãî, çâ® (1, ϕ0) = 1 , ¯à®¨§¢®«ì-ãî äãªæ¨î ϕ ∈ D , ¨ ¯ãáâì c _= (1, ϕ) . �á«¨ ϕ1 = ϕ− cϕ0 , â®(1, ϕ1) = 0 , á«¥¤®¢ â¥«ì®, äãªæ¨ï ψ1(t) _= t

∫

a
ϕ1(s)ds ¯à¨ ¤«¥-�¨â D . Ǒ®áª®«ìªã ψ1 ∈ AClo , â® á¯à ¢¥¤«¨¢  æ¥¯®çª (x, ϕ1) = ∫

K

ϕ1(t)x(t) dt = ∫

K

x dψ1 = −
∫

K

ψ1dx = −(x′, ψ1) = 0,¯®íâ®¬ã (x, ϕ) = c (x, ϕ0) = (x, ϕ0) (1, ϕ) . � ª¨¬ ®¡à §®¬, ¤«ï«î¡®£® ϕ ∈ D ¢ë¯®«¥® à ¢¥áâ¢® (

x− (x, ϕ0), ϕ ) = 0 , ¯®íâ®-¬ã ¢ á¨«ã â¥®à¥¬ë 8.1 á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ x− (x, ϕ0) ∈ Glo0¨, á«¥¤®¢ â¥«ì®, x ∼ onst . 51



�®áâ â®ç®áâì. �á«¨ x(t) = c + x0(t) , c ∈ C , x0 ∈ Glo0 , â®¤«ï «î¡®£® ϕ ∈ D á¯à ¢¥¤«¨¢® (x′, ϕ) = ∫

K

ϕdx0 = −
∫

K

x0dϕ ,  ¯®áª®«ìªã x0 ∈ Glo0 , â® ¢ á¨«ã «¥¬¬ë 2.1 ¨¬¥¥¬ (x′, ϕ) = 0 .9. Ǒà¨á®¥¤¨¥ë¥ ®¡®¡é¥ë¥ ¯à®¨§¢®¤ë¥9.1. � ®¨ç¥áª¨¥ ãà ¢¥¨ï ¢ ¯à®áâà áâ¢ å¯à¨á®¥¤¨¥ëå à á¯à¥¤¥«¥¨©�¥®à¥¬  8.2 ¯à¨¬¥¨¬  ¯à¨ à¥è¥¨¨  ¡áâà ªâëå ãà ¢¥¨©, § -¤ ëå ¢ â¥à¬¨ å ®¡®¡é¥ëå ¯à¥àë¢¨áâëå äãªæ¨©. � á®®â-¢¥âáâ¢¨¨ á íâ®© â¥®à¥¬®© ¯à®¨§¢®«ì ï äãªæ¨ï x ∈ G ¯®à®-�¤ ¥â ¢ D äãªæ¨® « x′ ¢¨¤  (8.1), ¯à¨ç¥¬ (x′, ϕ) = 0 ¯à¨¢á¥å ϕ ∈ D â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x ∼ onst .� ä¨ªá¨àã¥¬ à §¡¨¥¨¥ T ∈ T(K) . �«ï «î¡ëå x ∈ GTlo (á¬.§ ¬¥ç ¨¥ 7.3) ¨ ϕ ∈ D áãé¥áâ¢ã¥â ¯à¨á®¥¤¨¥ë© ¨â¥£à «(6.1), ¯®íâ®¬ã ®¯à¥¤¥«¥ «¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® «( _x, ϕ) _= ( _x, ϕ)T _= ∫

K

ϕ · dx. (9.1)Ǒ®áª®«ìªã ϕ { ¥¯à¥àë¢ ï äãªæ¨ï, â® ϕ
T
= 0 , á«¥¤®¢ â¥«ì-®, ∫

K

ϕ · dx = ∫

K

ϕdxT ,   â®�¤¥áâ¢® ( _x, ϕ) ≡ 0 á¯à ¢¥¤«¨¢® â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  xT ∼ onst . Ǒà¨ T = ∅ ¨¬¥¥¬ _x = x′ .�«ï äãªæ¨© x ¨§ �lo [ ¨«¨ BVlo ℄ ¨ ¯à®¨§¢®«ìëå ϕ ∈ Dáãé¥áâ¢ã¥â ¯à¨á®¥¤¨¥ë© ¨â¥£à « ∫

K

ϕ ◦ dx , ¯®¨¬ ¥¬ë© ¢á¬ëá«¥ ®¯à¥¤¥«¥¨ï 6.2, ¯®íâ®¬ã ¢ D ′ ®¯à¥¤¥«¥ äãªæ¨® «(◦x, ϕ) _= ∫

K

ϕ ◦ dx. (9.2)�§-§  ¥¯à¥àë¢®áâ¨ ϕ á¯à ¢¥¤«¨¢® ∫

K

ϕ ◦ dx = ∫

K

ϕdxc ,   â®-�¤¥áâ¢® (◦x, ϕ) ≡ 0 ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
xc ∼ onst (¯®íâ®¬ã xc = onst ). Ǒ®«ãç¥ë¥ à¥§ã«ìâ âë ¬®�®á¢¥áâ¨ ¢ á«¥¤ãîéãî â ¡«¨æã. 52



� ¡«¨æ  1
x ∈ G x ∈ GTlo x ∈ �lo[ ¨«¨ x ∈ BVlo℄(x′, ϕ) ≡ 0 ( _x, ϕ)T ≡ 0 (◦x, ϕ) ≡ 0

x ∼ onst xT ∼ onst xc = onst
x(t) = c+ r(t) x(t) = h(t) + r(t) x(t) = h(t)

∀c ∈ C ∀h ∈ Hlo[T ℄ ∀h ∈ Hlo
∀r ∈ Glo0 ∀r ∈ Glo0 [T ℄� ¯®á«¥¤¥© áâà®ª¥ â ¡«¨æë ¨á¯®«ì§®¢ ë á«¥¤ãîé¨¥ ®¡®-§ ç¥¨ï: Hlo _=Hlo(K) { ¯à®áâà áâ¢® [  «£¥¡à  ℄ â ª¨å äãª-æ¨© x : K → C , çâ® ¤«ï «î¡®£® ®âà¥§ª  [α, β℄ ⊂ K äãªæ¨ï-áã�¥¨¥ x : [α, β℄ → C ï¢«ï¥âáï äãªæ¨¥© áª çª®¢. �ãªæ¨¨¨§ Hlo â ª�¥ ¡ã¤¥¬  §ë¢ âì äãªæ¨ï¬¨ áª çª®¢. �«ï «î¡®£®

M ⊆ K ¯à®áâà áâ¢® [  «£¥¡à  ℄ Hlo[M ℄ _=Hlo(K)[M ℄ á®áâ®¨â ¨§â¥å äãªæ¨© x ∈ Hlo , çâ® T (x) ⊆ M ,   Glo0 [M ℄ _=Glo0 (K)[M ℄á®áâ®¨â ¨§ â¥å äãªæ¨© x ∈ Glo0 , çâ® x(t) = 0 ¤«ï ¢á¥å t ∈ M(çâ® à ¢®á¨«ì® â®¬ã, çâ® x ¥¯à¥àë¢  ¢® ¢á¥å â®çª å M ).�   ¬ ¥ ç    ¨ ¥ 9.1. �á«¨ T = ∅ , â® ¤«ï äãªæ¨© h¨§ Hlo[∅℄ ¢ë¯®«¥® T (h) = ∅ , â.¥. h(t) = onst , ¯®íâ®¬ãHlo[∅℄ ≈ C , ¨ ¢ ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬ ®â®�¤¥áâ¢«ïâì Hlo[∅℄¨ C . �à®¬¥ â®£®, Glo0 [∅℄ = Glo0 , ¯®íâ®¬ã æ¥«¥á®®¡à §® ¢ª«î-ç¨âì ¯¥à¢ãî ª®«®ªã â ¡«¨æë 1 ¢® ¢â®àãî. � ¯®«ì§ã â ª®£® ®¡ê-¥¤¨¥¨ï ¬®�® â ª�¥ ¤®¡ ¢¨âì à ¢¥áâ¢  xT = x ¨ GTlo = G ,á¯à ¢¥¤«¨¢ë¥ ¯à¨ T = ∅ , ¨ ª®¬¬¥â à¨¨ ª ®¯à¥¤¥«¥¨î 6.1, ¢á®®â¢¥âáâ¢¨¨ á ª®â®àë¬¨ ¯à¨ T = ∅ á¯à ¢¥¤«¨¢® t
∫

α
x·dy = t

∫

α
x dy¨ ¯®íâ®¬ã ( _x, ϕ)∅ = (x′, ϕ) ¯à¨ ¢á¥å x ∈ G ¨ ϕ ∈ D .�   ¬ ¥ ç    ¨ ¥ 9.2. �®£« á® (3.6) ¨ (3.8) á¯à ¢¥¤«¨¢®â®�¤¥áâ¢® xT (t, α)−xT (t, β) = onst , ¯®íâ®¬ã äãªæ¨® «ë (9.1)¨ (9.2) ¥ § ¢¨áïâ ®â α ∈ K . 53



�   ¬ ¥ ç    ¨ ¥ 9.3. �ãªæ¨® «ë ¢¨¤  (9.1) ¨ (9.2)¡ã¤¥¬  §ë¢ âì ¯à¨á®¥¤¨¥ë¬¨ ®¡®¡é¥ë¬¨ ¯à®¨§¢®¤ë¬¨(¯à¨á®¥¤¨¥ë¬¨ à á¯à¥¤¥«¥¨ï¬¨). �¬¥áâ® â ª�¥ ®â¬¥â¨âì,çâ® ¤«ï «î¡ëå äãªæ¨© x ¨§ �lo [ ¨«¨ ¨§ BVlo ℄ ®¯à¥¤¥«¥ëª ª äãªæ¨® «ë (9.2), â ª ¨ äãªæ¨® «ë (9.1). �«ï «î¡ëå
λ0, λ1, . . . , λk ∈ R â ª¨å, çâ® λj > 0 ¨ k

∑

j=0λj = 1 , ¨ ¤«ï «î¡ëå
T1, . . . , Tk ∈ T(K) ç¥à¥§ X ®¡®§ ç¨¬ ¬®�¥áâ¢® â¥å x ∈ G , çâ®
x ∈ �lo [ ¨«¨ x ∈ BVlo ℄ ¯à¨ λ0 > 0 ¨ x ∈ GTjlo ¯à¨ ¢á¥å j > 1â ª¨å, çâ® λj > 0 . Ǒ®ïâ®, çâ® X = �lo [ ¨«¨ X = BVlo ℄¯à¨ λ0 > 0 ,   ¯à¨ λ0 = 0 á¯à ¢¥¤«¨¢® X = ⋂

j∈J

GTjlo = GUlo ,£¤¥ U _= ⋃

j∈J
Tj (á¬. «¥¬¬ã 3.1), J { íâ® ¬®�¥áâ¢® â¥å ¨¤¥ªá®¢

j = 1, . . . , n , çâ® λj > 0 . �áïª ï äãªæ¨ï x ∈ X ®¯à¥¤¥«ï¥â ¢
D «¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® «( _x, ϕ)T _=λ0 (◦x, ϕ) + k

∑

j=1λj( _x, ϕ)Tj ,ª®â®àë© ¡ã¤¥¬  §ë¢ âì ¢§¢¥è¥ë¬ à á¯à¥¤¥«¥¨¥¬. �â® ª á -¥âáï ãà ¢¥¨ï ( _x, ϕ)T ≡ 0 , â® ¯à¨ J = ∅ á¯à ¢¥¤«¨¢® λ0 = 1 ,¯®íâ®¬ã ãà ¢¥¨¥ ¯à¨¨¬ ¥â ¢¨¤ (◦x, ϕ) ≡ 0 , ¨ ¥£® à¥è¥¨ï ¬ë§ ¥¬. Ǒà¨ J 6= ∅ ãà ¢¥¨¥ íª¢¨¢ «¥â® á®¢®ªã¯®áâ¨
{

λ0 xc + ∑

j∈J
λj x

Tj = γ + ̺

x ∈ X
∀ γ ∈ C ∀̺ ∈ Glo0 . (9.3)�«ï ¢áïª®£® ãà ¢¥¨ï (9.3) á¯à ¢¥¤«¨¢®: à §®áâì x− ̺ ï¢«ï-¥âáï äãªæ¨¥© áª çª®¢, ¯®íâ®¬ã ãá«®¢¨¥ x ∈ X à ¢®á¨«ì®â®¬ã, çâ® ̺ ∈ X ; äãªæ¨ï ̺ ¥¯à¥àë¢  ¢ â®çª å à §¡¨¥¨ï

T _= ⋂

j∈J
Tj , ¯®íâ®¬ã ̺ ∈ Glo0 [T ℄∩X ,   á®¢®ªã¯®áâì à ¢®á¨«ì 







x = y + ̺

y = λ0 xc + ∑

j∈J
λj xTj

+ γ ∀ γ ∈ C ∀̺ ∈ Glo0 [T ℄ ∩X .54



� ª ª ª ̺(t−0) = ̺(t+0) = 0 , â® ¤«ï äãªæ¨¨ yT (¥¯à¥àë¢®©¢ â®çª å t ∈ T , £¤¥ yT (t−0) = yT (t) = yT (t+0) ) ¯à¨ t 6∈ T ¨¬¥¥¬
yT (t+0)− yT (t−0) = y(t+0)− y(t−0) = x(t+0)− x(t−0) = 0.Ǒ®á«¥¤¥¥ à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã á«¥¤ãîé¥£® ®¡áâ®ï-â¥«ìáâ¢ . Ǒ¥à¥å®¤ï ¢ (9.3) ª ¯à¥¤¥«ã ¯à¨ τ→ t−0 ¨ ¯à¨ τ→ t+0 ,¯®«ãç ¥¬, çâ® ∑

j∈J
λj [xT

j (t+0)−xTj (t−0)℄ = 0 ¤«ï ¢á¥å t ∈ K , ¯®-íâ®¬ã [
∑

j∈J(t)λj

] [x(t+0)−x(t−0)℄ = 0 , £¤¥ J(t) _= {j ∈ J : t 6∈ Tj} .Ǒ¥à¢ë© á®¬®�¨â¥«ì à ¢¥ ã«î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
J(t) = ∅ , çâ® à ¢®á¨«ì® â®¬ã, çâ® t ∈ T . �«¥¤®¢ â¥«ì®, ¤«ï
t ∈ K\T ¤¥©áâ¢¨â¥«ì® ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® x(t−0) = x(t+0) .�â ª, yT (t+0)−yT (t−0) = 0 ¤«ï ¢á¥å t ∈ K , ¯®íâ®¬ã äãªæ¨ïáª çª®¢ yT íª¢¨¢ «¥â  ¥ª®â®à®© ¥¯à¥àë¢®© äãªæ¨¨ (á¬.§ ¬¥ç ¨ï 7.1 ¨ 7.2), á«¥¤®¢ â¥«ì®, yT ∼ c = onst . � §®áâì
yT −c ¥¯à¥àë¢  ¢ T ¨ ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ ¬ Glo0 ¨ X(ª ª äãªæ¨ï áª çª®¢), ¯®íâ®¬ã r _= yT − c + ̺ ∈ Glo0 [T ℄ ∩ X .�ª«îç¥¨¥ h _= c + y

T
∈ Hlo[T ℄ ®ç¥¢¨¤®, ¯®íâ®¬ã á¥¬¥©áâ¢®¢á¥å à¥è¥¨© ãà ¢¥¨ï ( _x, ϕ)T ≡ 0 ¨¬¥¥â ¢¨¤

x(t) = h(t) + r(t) ∀h ∈ Hlo[T ℄ ∀r ∈ Glo0 [T ℄ ∩X¨ ®â«¨ç ¥âáï ®â á¥¬¥©áâ¢  à¥è¥¨© ãà ¢¥¨ï ( _x, ϕ)T ≡ 0 «¨èìó¤®¢¥áª ¬¨� r ¨§ Glo0 [T ℄ . Ǒà¨æ¨¯¨ «ì® ¨ë¥ à¥è¥¨ï (á ó¤®-¢¥áª ¬¨� ¢ ¢¨¤¥ äãªæ¨© áª çª®¢) ¬®£ãâ ¯®ï¢¨âìáï, ¥á«¨ ¢ ®¯à¥-¤¥«¥¨¨ ¢§¢¥è¥®£® à á¯à¥¤¥«¥¨ï ®âª § âìáï ®â ®£à ¨ç¥¨©â¨¯  λj > 0 , ®¤ ª® ¬ë   íâ®¬ ¢®¯à®á¥ ¥ ®áâ  ¢«¨¢ ¥¬áï.Ǒãáâì T ∈ T(K) ¨ f ∈ G { ¯à®¨§¢®«ì ï ¯à¥àë¢¨áâ ï äãª-æ¨ï. �à ¢¥¨¥ ( _x, ϕ)T ≡ (f, ϕ) ¤«ï x ∈ GTlo à ¢®á¨«ì®
∫

K

ϕ·dx≡
∫

K

ϕ(t)f(t)dt=∫

K

ϕ(t)d( t
∫

α
f(s)ds)=∫

K

ϕ(t)·d( t
∫

α
f(s)ds).(9.4)55



Ǒ®á«¥¤¥¥ à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãª-æ¨© ϕ(t) ¨ t
∫

α
f(s) ds . �«¥¤®¢ â¥«ì®, xT (t) − t

∫

α
f(s) ds ∼ onst ,¯®íâ®¬ã x(t) = t

∫

α
f(s) ds+h(t)+ r(t) , £¤¥ h∈Hlo[T ℄ , r ∈ Glo0 [T ℄ .�á«¨ ¯à¨á®¥¤¨¥ ï ¯à®¨§¢®¤ ï ¯®¨¬ ¥âáï ¢ á¬ëá«¥ ®¯à¥¤¥-«¥¨ï (9.2),   x ∈ �lo [ ¨«¨ x ∈ BVlo ℄, â® à¥è¥¨ï¬¨ ãà ¢¥-¨ï (◦x, ϕ) ≡ (f, ϕ) ï¢«ïîâáï äãªæ¨¨ x(t) = t

∫

α
f(s) ds + h(t) ,

h ∈ Hlo . �àã£¨¬¨ á«®¢ ¬¨, á¥¬¥©áâ¢® ó¯¥à¢®®¡à §ëå� äãª-æ¨¨ f , ¯®¨¬ ¥¬ëå ¢ á¬ëá«¥ ¯à¨á®¥¤¨¥ëå à á¯à¥¤¥«¥¨©,áãé¥áâ¢¥® à áè¨àï¥âáï: ¢¬¥áâ® ª®áâ â ª ¨â¥£à « ¬ ¯à¨¡ -¢«ïîâáï äãªæ¨¨ áª çª®¢ ¨, ¢®§¬®�®, äãªæ¨¨ ¨§ Glo0 .� ¬¥â¨¬, çâ® â ª¨¥ �¥ à¥è¥¨ï ¬ë ¯®«ãç¨¬, ¥á«¨ f ∈ Llo ,®¤ ª® ¬ë à ¡®â ¥¬ «¨èì á ¯à¥àë¢¨áâë¬¨ äãªæ¨ï¬¨.Ǒãáâì X ⊆ G { ¯à®¨§¢®«ì®¥ ¯®¤¬®�¥áâ¢®. � ª®¢ë ¡ë ¨¡ë«¨ T ∈ T(K) , ®¯¥à â®à V : X → GTlo ¨ äãªæ¨ï x ∈ X , ®¨¯®à®�¤ îâ ¢ D äãªæ¨® « ϕ→
∫

K

ϕ · dVx . � ¤ «ì¥©è¥¬ ¤«ïíâ®£® äãªæ¨® «  ¡ã¤¥¬ ¯à¨¬¥ïâì ®¡®§ ç¥¨¥ _Vx , â.¥.( _Vx, ϕ) _= ( _Vx, ϕ)T _= ∫

K

ϕ · dVx. (9.5)�¯¥à â®à V : X → �lo [ ¨«¨ V : X → BVlo ℄ ¨ ¯à®¨§¢®«ì ïäãªæ¨ï x ∈ X ¯®à®�¤ îâ ¢ D «¨¥©ë© ¥¯à¥àë¢ë© äãª-æ¨® « ◦Vx ¢¨¤  (9.2) ( ◦Vx, ϕ) _= ∫

K

ϕ ◦ dVx. (9.6)�«ï â ª¨å V ¨ x ®¯à¥¤¥«¥ë äãªæ¨® «ë (9.6) ¨ (9.5). � á®®â-¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 9.1 á¥¬¥©áâ¢® (9.5) á®¤¥à�¨â äãªæ¨® «((Vx)′, ϕ) , á®®â¢¥âáâ¢ãîé¨© à §¡¨¥¨î T = ∅ .56



�   ¬ ¥ ç    ¨ ¥ 9.4. �á«¨ X = CBVlo ¨ Vx = x , â®¢á¥ à¥è¥¨ï, ¯à¨¢¥¤¥ë¥ ¢ â ¡«. 1, óáå«®¯ë¢ îâáï� ¢ ®¤® ®¡-é¥¥ à¥è¥¨¥ x(t) = onst , çâ® á®£« áã¥âáï á à¥è¥¨¥¬ ª« áá¨ç¥-áª®£® ãà ¢¥¨ï x′ = 0 ¨ á à ¢¥áâ¢®¬ (◦x, ϕ) = ( _x, ϕ)T , á¯à ¢¥¤-«¨¢ë¬ ¤«ï «î¡ëå ¥¯à¥àë¢ëå x ¨ T ∈ T(K) . �á«¨ X = C , â®¯à¨á®¥¤¨¥ ï ¯à®¨§¢®¤ ï ®¯à¥¤¥«¥  ¢ GTlo ¨ �lo , { §¤¥áìâ ª�¥ x(t) = onst . �á«¨ X = BVlo
L

{ ¯à®áâà áâ¢® [  «£¥¡à  ℄¥¯à¥àë¢ëå á«¥¢  äãªæ¨© «®ª «ì® ®£à ¨ç¥®© ¢ à¨ æ¨¨(®ç¥¢¨¤®, BVlo
L

= BVlo ∩ G
L
), â® à¥è¥¨ï x(t) = onst ®áâ -îâáï «¨èì ¤«ï ¯¥à¢®£® ãà ¢¥¨ï,   ¢® ¢â®à®¬ ¨ âà¥âì¥¬ á«ã-ç ¥ à¥è¥¨ï¬¨ï¢«ïîâáï ¥¯à¥àë¢ë¥ á«¥¢  äãªæ¨¨ áª çª®¢

x(t) = h(t) (á®®â¢¥âáâ¢¥® h ∈ Hlo[T ℄ ∩G
L
¨ h ∈ Hlo ∩G

L
).�¡®¡é ï ¤ ë¥ â ¡«. 1   ¯à®¨§¢®«ìë© ®¯¥à â®à V á ®¡« -áâìî § ¤ ¨ï X , á¯à ¢¥¤«¨¢® ãâ¢¥à�¤ âì, çâ® ¤«ï ãà ¢¥¨©_Vx = 0 ¨ ◦Vx = 0 ¨¬¥¥â ¬¥áâ® â ¡«. 2. �â¬¥â¨¬, çâ® ¢ ¯®á«¥¤¥©áâà®ª¥ â ¡«. 1 ¯à¨¢¥¤¥ë ¢á¥ à¥è¥¨ï á®®â¢¥âáâ¢ãîé¨å ãà ¢¥-¨©,   ¢ ¯®á«¥¤¥© áâà®ª¥ â ¡«. 2 ¢ë¯¨á ë «¨èì á®¢®ªã¯®áâ¨ãà ¢¥¨©, íª¢¨¢ «¥âë¥ íâ¨¬ ãà ¢¥¨ï¬. � ¡«¨æ  2Vx ∈ GTlo Vx ∈ �lo [¨«¨Vx ∈ BVlo]( _Vx, ϕ)T ≡ 0 ( ◦Vx, ϕ) ≡ 0(Vx)T ∼ onst (Vx)c = onst

{ (Vx)T (t) = c+ r(t)
x ∈ X

{ (Vx)c(t) = c
x ∈ X

∀c ∈ C ∀r ∈ Glo0 ∀c ∈ CǑ à ¨ ¬ ¥ à 9.1. Ǒãáâì T ∈ T(K) (¤®¯ãáª ¥âáï T = ∅ ),
α ∈ K , X = GTlo , q ∈ CBVlo ¨ (Vx)(t) _= x(t)− t

∫

α
x dq . � ç áâ®¬57



á«ãç ¥, ª®£¤  q∈AClo , á¯à ¢¥¤«¨¢® (Vx)(t)=x(t)− t
∫

α
q′(s)x(s) ds¨ (Vx)′ = x′−q′x , ¯®íâ®¬ã ãà ¢¥¨¥ ((Vx)′, ϕ) ≡ 0 à ¢®á¨«ì®ãà ¢¥¨î (x′, ϕ) ≡ (q′x, ϕ) ¨«¨ x′ = q′x .�à ¢¥¨¥ ( _Vx, ϕ)T ≡ 0 íª¢¨¢ «¥â® á®¢®ªã¯®áâ¨

x(t)− t
∫

α
xdq = v(t) + r(t) ∀ v ∈ Hlo[T ℄ ∀ r ∈ Glo0 [T ℄,  ¢ á¨«ã (1.2) ¨ «¥¬¬ë 2.1 á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

x(t) = [

v(α) e−q(α) + t
∫

α
e−q(s) dv(s)] eq(t) + r(t).�¥à¥§ h ®¡®§ ç¨¬ äãªæ¨î, áâ®ïéãî ¢ ª¢ ¤à âëå áª®¡ª å.�ç¥¢¨¤®, ®  ï¢«ï¥âáï äãªæ¨¥© áª çª®¢ ¨ h ∈ Hlo[T ℄ . �¥£ª®¯à®¢¥à¨âì, çâ® ®â®¡à �¥¨¥ v → h ï¢«ï¥âáï ¡¨¥ªæ¨¥© Hlo[T ℄ ,¯®íâ®¬ã ¢áïª®¥ à¥è¥¨¥ ãà ¢¥¨ï ( _Vx, ϕ)T ≡ 0 ¯à¥¤áâ ¢¨¬®¢ ¢¨¤¥ x(t) = h(t) eq(t) + r(t) ç¥à¥§ ¯à®¨§¢®«ìë¥ h ∈ Hlo[T ℄ ¨

r ∈ Glo0 [T ℄ . �á«¨ T = ∅ , â® á®£« á® § ¬¥ç ¨î 9.1 á¯à ¢¥¤«¨¢®
x(t) = c eq(t)+r(t) . �á«¨ X = �lo [ ¨«¨ X = BVlo ℄, â® ãà ¢¥¨¥( ◦Vx, ϕ) = 0 à ¢®á¨«ì® á®¢®ªã¯®áâ¨ ãà ¢¥¨©

x(t)− t
∫

α
xdq = v(t) ∀ v ∈ Hlo.Ǒ®¢â®à¨¢ ¢ëª« ¤ª¨, ¯®«ãç¨¬, çâ® x(t)=h(t) eq(t) , £¤¥ h ∈ Hlo .� ¡«¨æ  3

x ∈ GTlo x ∈ �lo [¨«¨x ∈ BVlo]( _Vx, ϕ)T ≡ 0 ( ◦Vx, ϕ) ≡ 0
x(t) = h(t) eq(t) + r(t) x(t) = h(t) eq(t)

∀h ∈ Hlo[T ℄ ∀r ∈ Glo0 [T ℄ ∀h ∈ Hlo58



�   ¬ ¥ ç    ¨ ¥ 9.5. � ª®¢ë ¡ë ¨ ¡ë«¨ à §¡¨¥¨ï
S1, . . . , Sm ∈ T(K) , ®¯¥à â®àë Vj : X → GSjlo , j = 1, . . . ,m , ®¯¥-à â®à V0 : X → �lo [ ¨«¨ V0 : X → BVlo ℄ ¨ äãªæ¨ï x ∈ X ,®¨ ¯®à®�¤ îâ ¢ D «¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® «( _Vx , ϕ) _= ( _Vx , ϕ)S _= ( ◦V0 x, ϕ) + m

∑

j=1 ( _Vj x, ϕ)Sj ,¨ ®¯à¥¤¥«¥® ãà ¢¥¨¥ ( _Vx , ϕ)≡0 , à ¢®á¨«ì®¥ á®¢®ªã¯®áâ¨






(V0 x)c(t) + m
∑

j=1 (Vj x)Sj (t) = c+ r(t)
x ∈ X

∀c ∈ C ∀r ∈ Glo0 ,®¤ ª®   ¥£® ®á®¡¥®áâïå ¬ë ¥ ®áâ  ¢«¨¢ ¥¬áï.9.2. �¡ ¨¬¯ã«ìáëå ãà ¢¥¨ïå�«¥¤ãï [15; 16℄ ¨¬¯ã«ìáë¬ ¡ã¤¥¬  §ë¢ âì ãà ¢¥¨¥_x(t) = f(t, x(t)) _Q(t),§ ¤ ®¥ ¢ â¥à¬¨ å ®¡®¡é¥ëå äãªæ¨© (à á¯à¥¤¥«¥¨©). �¥-à¥§ x ¨ Q ®¡®§ ç¥ë á®®â¢¥âáâ¢¥® n -¬¥àë¥ ¨ m -¬¥àë¥¢¥ªâ®àë¥ äãªæ¨¨,   ¬ âà¨ç®§ ç ï äãªæ¨ï f : 
 → C
n×m§ ¤   ¢ ®¡« áâ¨ 
 ⊆ R×C

n . Ǒà®áâ¥©è¨¬ (¯® § ¯¨á¨) ¯à¥¤áâ -¢¨â¥«¥¬ ï¢«ï¥âáï ¨¬¯ã«ìá®¥ ãà ¢¥¨¥ _x = δ(t)x , ®¤ ª® ã�¥¤«ï ¥£® à¥è¥¨ï áãé¥áâ¢ãîé¨¥ ¢  áâ®ïé¥¥ ¢à¥¬ï ¯®¤å®¤ë ¤ îâ§ ç áâãî ¯à®â¨¢®à¥ç é¨¥ ¤àã£ ¤àã£ã à¥§ã«ìâ âë. �ë ¢¥à¥¬áïª íâ®¬ã ãà ¢¥¨î ¢ ¯à¨¬¥à¥ 9.2 ¨ ¢ § ¬¥ç ¨¨ 9.8.� ¯®§¨æ¨© ¯à¨á®¥¤¨¥ëå ®¡®¡é¥ëå ¯à®¨§¢®¤ëå ¯®ï¢«ï-¥âáï ¥é¥ ¤¢  ó¨¬¯ã«ìáëå� ãà ¢¥¨ï _Vx=0 ¨ ◦Vx=0 , £¤¥ ®¯¥-à â®à V : Xn → Gn ¨¬¥¥â ¢¨¤ (Vx)(t) _= x(t)− t
∫

α
f(s, x(s)) dQ(s) .

59



[ �®¥ç®, ¯¥à¢®¥ ãà ¢¥¨¥ { íâ® á¥¬¥©áâ¢® ãà ¢¥¨©, § ¢¨áï-é¥¥ ®â à §¡¨¥¨© T .℄ �¤¥áì X ⊆ G , ª®¬¯®¥âë ¢¥ªâ®à  Q ¯à¨- ¤«¥� â BVlo ,   f { ¥¯à¥àë¢ ï äãªæ¨ï. � à ¬ª å  áâ®-ïé¥© à ¡®âë ¬ë ®£à ¨ç¨¬áï ¤®áâ â®ç® ¯à®áâë¬ á«ãç ¥¬ â -ª¨å ãà ¢¥¨©,    ¨¡®«¥¥ ®¡é¨¬ ¨¬¯ã«ìáë¬ ãà ¢¥¨¥¬ ¬®�-® áç¨â âì á¨áâ¥¬ã (á¬. § ¬¥ç ¨ï 9.3 ¨ 9.5)
{ ( _xi, ϕ)T i ≡ ( _Vi x, ϕ)Si

i = 1, . . . , n ,¢ ª®â®à®© ¢§¢¥è¥ë¥ à á¯à¥¤¥«¥¨ï ( _xi, ϕ)T i , i = 1, . . . , n , ¯®-à®�¤¥ë ¥ª®â®àë¬¨ à §¡¨¥¨ï¬¨ Ti1, . . . , Tik ¨ ª®íää¨æ¨¥â -¬¨ λi0, . . . , λik . �ãªæ¨® «ë ( _Vi x, ϕ)Si ¯®à®�¤¥ë à §¡¨¥¨-ï¬¨ Si1, . . . , Sim ¨ ®¯¥à â®à ¬¨ (Vijx)(t) _= t
∫

α
fij(s, x(s)) dQj(s) ,

i = 1, . . . , n, j = 0, . . . ,m , ¨ ¨¬¥îâ ¢¨¤( _Vi x, ϕ)Si _= ( ◦Vi0 x, ϕ) + m
∑

j=1 ( _Vij x, ϕ)Sij .Ǒ¥à¥©¤¥¬, ®¤ ª®, ª ¨§ãç¥¨î ¡®«¥¥ ¯à®áâ®£® ãà ¢¥¨ï, ¯à®-â®â¨¯®¬ ª®â®à®£® á«ã�¨â á¨áâ¥¬  ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨- «ìëå ãà ¢¥¨© x′ = Q′Ax , £¤¥ A { ª¢ ¤à â ï ¬ âà¨æ ,
Q ∈ AClo { áª «ïà ï äãªæ¨ï.Ǒãáâì T ∈ T(K) , α ∈ K , Q ∈ BVlo (¤®¯ãáª ¥âáï T = ∅ ¨
T (Q) = ∅ ), X = {

x ∈ GTlo : T (x) ∩ T (Q) = ∅
} , A { ª¢ ¤à â- ï ¬ âà¨æ  ¯®àï¤ª  n á í«¥¬¥â ¬¨ Aij ∈ C . �«ï ®¯¥à â®à (Vx)(t) _= x(t)− t

∫

α
AxdQ , ¤¥©áâ¢ãîé¥£® ¨§ Xn ¢ GT, nlo (¢ ¯àï¬®¥¯à®¨§¢¥¤¥¨¥ n ®¤¨ ª®¢ëå ¯à®áâà áâ¢ GTlo ), ¨ ¤«ï «î¡®£®

y ∈ GT, nlo ®¯à¥¤¥«¥® ãà ¢¥¨¥ ( _Vx, ϕ)T ≡ ( _y, ϕ)T ¨«¨ _Vx = _y .�   ¬ ¥ ç    ¨ ¥ 9.6. � á¨«ã á«¥¤áâ¢¨ï 3.1 ®¯¥à â®à V®¯à¥¤¥«¥ ª®àà¥ªâ®. � á¥¬¥©áâ¢® ãà ¢¥¨© _Vx = _y (á à §ë-¬¨ y ∈ GT, nlo ) ¢å®¤¨â ãà ¢¥¨¥ _Vx = f , £¤¥ f { ¯à®¨§¢®«ì ï60



¯à¥àë¢¨áâ ï ¢¥ªâ®à ï äãªæ¨ï. �¥«® ¢ â®¬, çâ® ¢ á®®â¢¥âáâ¢¨¨á (9.4) ª �¤ ï ª®¬¯®¥â  ¢¥ªâ®à-äãªæ¨® «  (f, ϕ) à ¢  ¯à -¢®© ç áâ¨ íâ®© æ¥¯®çª¨.�à ¢¥¨¥ _Vx = _y à ¢®á¨«ì® á®¢®ªã¯®áâ¨ ãà ¢¥¨©
{ (Vx)T − yT = γ + ̺

x ∈ Xn
∀ γ ∈ C

n ∀ ̺ ∈ Glo0, n
.� á¨«ã ãà ¢¥¨ï ̺ ¥¯à¥àë¢  ¢ â®çª å T , ¯®íâ®¬ã ̺∈Glo0,n

[T ℄ .Ǒãáâì P _=T ∩ T (Q) , R _=T (Q)\T , S _=T\T (Q) , U _=T ∪ T (Q) .�¯à ¢¥¤«¨¢® yT =yU+y
R
¨ Q= q+Q

R
+Q

P
, £¤¥ q _=Qc∈CBVlo ,¯®íâ®¬ã ãà ¢¥¨ï ¨§ á®¢®ªã¯®áâ¨ ¨¬¥îâ ¢¨¤

x(t)− t
∫

α
Axdq = yU (t) + [

y
R
(t)+ t

∫

α
AxdQ

R

]+ [

x
T
(t)+ γ

]+ ̺(t).(9.7)�®á¯®«ì§®¢ «¨áì â¥¬, çâ® ¯®áª®«ìªã P ⊆T , â® (

t
∫

α
x dQ

P

)

T =0 .�®£« á® «¥¬¬¥ 3.3 äãªæ¨¨, áâ®ïé¨¥ ¢ ª¢ ¤à âëå áª®¡ª å, ï¢-«ïîâáï äãªæ¨ï¬¨ áª çª®¢, ¯à¨ç¥¬ ¥á«¨ ®¡®§ ç¨âì ¨å ç¥à¥§ u¨ v á®®â¢¥âáâ¢¥®, â® u ∈ Hlo
n [R℄ ¨ v ∈ Hlo

n [T ℄ . �á¥ äãªæ¨¨(ªà®¬¥ v ), ¢å®¤ïé¨¥ ¢ (9.7), ¥¯à¥àë¢ë ¢® ¢á¥å â®çª å t ∈ P ,¯®íâ®¬ã ¨ v ¥¯à¥àë¢  â ¬, â. ¥. v ∈ Hlo
n [S℄ . �«¥¤®¢ â¥«ì®,á®¢®ªã¯®áâì ãà ¢¥¨© ¯à¥¢à é ¥âáï ¢ á®¢®ªã¯®áâì á¨áâ¥¬























x(t)− t
∫

α
Axdq = yU (t) + u(t) + v(t) + ̺(t)

u(t) = y
R
(t) + t

∫

α
AxdQ

R
∀ v ∈ Hlo

n [S℄ ∀ ̺ ∈ Glo0, n
[T ℄.

x ∈ Xn (9.8)�á¥ äãªæ¨¨ (ªà®¬¥ u ¨ ̺ ), ¢å®¤ïé¨¥ ¢ ¯¥à¢®¥ ãà ¢¥¨¥ (9.8),¥¯à¥àë¢ë ¢ â®çª å t ∈ R , ¯®íâ®¬ã äãªæ¨ï z _=u+̺ ,   ¢¬¥áâ¥61



á ¥© ¨ z
L
( ¯®¬¨¬, çâ® z

L
(t) = z(t − 0) ) â ª�¥ ¥¯à¥àë¢ ¢ â®çª å à §¡¨¥¨ï R . � á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 7.1 ¨¬¥¥â¬¥áâ® ¯à¥¤áâ ¢«¥¨¥ u = u

L
+u0 , £¤¥ uL

∈ Gn
L
, u0 ∈ Glo0, n

[K\R℄ .Ǒ®áª®«ìªã u
L

∈ Hlo
n [R℄ , u

L
= z

L
,   z

L
¥¯à¥àë¢  ¢ R , â®

u
L
(t) { ¢¥ªâ®à-ª®áâ â  ( = u

L
(α) ), ¯®íâ®¬ã u(t)=u

L
(α)+u0(t) ,â. ¥. u { äãªæ¨ï, íª¢¨¢ «¥â ï ¢¥ªâ®à-ª®áâ â¥ ( u∼c∈C n ).�á«¨ ϑ(·) _=u

L
(α) + v(·) (®ç¥¢¨¤®, ϑ ∈ Hlo

n [S℄ ) ¨ r _=u0 + ̺(®ç¥¢¨¤®, r ¥¯à¥àë¢  ¢ â®çª å à §¡¨¥¨ï T ), â® ¯¥à¢®¥ ãà ¢-¥¨¥ (9.8) ¯à¨¨¬ ¥â ¢¨¤ x(t)− t
∫

α
Axdq = yU (t) + ϑ(t) + r(t) . �á¨«ã íâ®£® ãà ¢¥¨ï äãªæ¨ï r ¥¯à¥àë¢  ¢ â®çª å à §¡¨¥-¨ï T (Q) , ¯®íâ®¬ã r ∈ Glo0, n

[T∪T (Q)℄ = Glo0, n
[U ℄ . � ª¨¬ ®¡à §®¬,ãà ¢¥¨¥ _Vx = _y à ¢®á¨«ì® á®¢®ªã¯®áâ¨ ãà ¢¥¨©











x(t)− t
∫

α
Axdq = yU (t) + ϑ(t) + r(t)

x ∈ Y n ∀ϑ ∈ Hlo
n [S℄ ∀ r ∈ Glo0, n

[U ℄,£¤¥ ç¥à¥§ Y n ®¡®§ ç¥® «¨¥©®¥ ¬®£®®¡à §¨¥
Y n _={

x ∈ Xn
∣

∣ y
R
(t) + t

∫

α
AxdQ

R
∼ c ∈ C

n
}

.�®£« á® (1.2) ª �¤®¥ ãà ¢¥¨¥ á®¢®ªã¯®áâ¨ íª¢¨¢ «¥â®
x(t)=�(t)+eAq(t)[ e−Aq(α)(yU (α)+ϑ(α))+ t

∫

α
e−Aq(·) dϑ ]+r(t),(9.9)£¤¥ �(t) _= t

∫

α
eA(q(t)−q(s)) dyU (s) { äãªæ¨ï, § ¢¨áïé ï «¨èì ®â¨áå®¤ëå ¯ à ¬¥âà®¢. �¥à¥§ h ®¡®§ ç¨¬ äãªæ¨î, áâ®ïéãî ¢ª¢ ¤à âëå áª®¡ª å (9.9). �â®¡à �¥¨¥ ϑ → h ï¢«ï¥âáï ¡¨¥ª-æ¨¥© Hlo

n [S℄ , ¯®íâ®¬ã _Vx = _y à ¢®á¨«ì® á®¢®ªã¯®áâ¨
{

x(t) = �(t) + eAq(t) h(t) + r(t)
x ∈ Y n ∀h ∈ Hlo

n [S℄ ∀ r ∈ Glo0, n
[U ℄.62



�â®, ¢ á¢®î ®ç¥à¥¤ì, íª¢¨¢ «¥â® â®¬ã, çâ®
x(t)=eAq(t)[h(t)+ t

∫

α
e−Aq(·) dyU

]+r(t) ∀h∈H ∀ r∈Glo0, n
[U ℄,(9.10)£¤¥ ç¥à¥§ H ®¡®§ ç¥® «¨¥©®¥ ¬®£®®¡à §¨¥H _={

h∈Hlo
n [S℄ ∣∣ y

R
(t)+ t

∫

α
A [�(s)+eAq(s)h(s) ℄ dQ

R
(s)∼c∈C

n
}=={

h∈Hlo
n [S℄ ∣∣ y

R
(t)+ t

∫

α
AeAq(s)[h(s)+ s

∫

α
e−Aq dyU ℄ dQ

R
(s)∼c∈C

n
}

.� ª¨¬ ®¡à §®¬, ¤®ª §  � ¥ ® à ¥ ¬   9.1. Ǒãáâì T ∈ T(K) , α ∈ K , Q ∈ BVlo ,
X = {

x ∈ GTlo : T (x)∩T (Q) = ∅
} , A { ª¢ ¤à â ï ¬ âà¨æ  ¯®-àï¤ª  n á í«¥¬¥â ¬¨ Aij ∈ C . �«ï ®¯¥à â®à  V : Xn → GT, nlo ,çâ® (Vx)(t) _= x(t)− t

∫

α
AxdQ , ¨ ¤«ï «î¡®£® y ∈ GT, nlo ãà ¢¥¨¥( _Vx, ϕ)T ≡ ( _y, ϕ)T à §à¥è¨¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  H 6=∅ .Ǒà¨ íâ®¬ á¥¬¥©áâ¢®¬ à¥è¥¨© ï¢«ï¥âáï ¬®£®®¡à §¨¥ (9.10).� « ¥ ¤ á â ¢ ¨ ¥ 9.1. �á«¨ T ⊇ T (Q) , â® R = ∅ , ¯®-íâ®¬ã H = Hlo

n [T\T (Q)℄ ,   á¥¬¥©áâ¢®¬ à¥è¥¨© ãà ¢¥¨ï( _Vx, ϕ)T ≡( _y, ϕ)T ï¢«ï¥âáï¬®£®®¡à §¨¥ (9.10), ¢ ª®â®à®¬ U=T :
x(t)=eAq(t)[h(t)+ t

∫

α
e−Aq(·) dyT

]+r(t) ∀h∈Hlo
n [T\T (Q)℄

∀ r∈Glo0, n
[T ℄.�á«¨ ª â®¬ã �¥ T ⊇ T (y) , â® yT = yc { ¥¯à¥àë¢ ï äãªæ¨ï,  á®¢®ªã¯®áâì x(t)=eAq(t)[ c+ t

∫

α
e−Aq(·)dyc

] , c∈C
n , ï¢«ï¥âáï ¢íâ®¬ á«ãç ¥ á¥¬¥©áâ¢®¬ ¢á¥å ¥¯à¥àë¢ëå à¥è¥¨© ãà ¢¥¨ï.63



Ǒ à ¨ ¬ ¥ à 9.2. Ǒà¨ «î¡®¬ µ äãªæ¨ï Q _= (1−µ)ξ+µη¯®à®�¤ ¥â δ -äãªæ¨î ϕ→ ϕ(0) , ¯®áª®«ìªã(Q′, ϕ) = ∫

K

ϕdQ = (1−µ) ∫

K

ϕdξ + µ
∫

K

ϕdη = ϕ(0).�àã£¨¬¨ á«®¢ ¬¨, Q′ = δ . �á«¨ (Vx)(t) _= x(t) − t
∫

α
x dQ , â® ¯à¨«î¡®¬ T ∈ T(K) ãà ¢¥¨¥ ( _Vx, ϕ)T ≡ 0 ¬®�® ¨â¥à¯à¥â¨-à®¢ âì ª ª ¨¬¯ã«ìá®¥ ãà ¢¥¨¥ _x = δ(t)x . �¤¥áì ¬ë ¨¬¥¥¬

n = 1 , A = 1 , y = 0 , T (Q) = {0} ¨ q = onst . �«¥¤®¢ â¥«ì®,¥á«¨ 0 ∈ T , â® ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ãà ¢¥¨ï ¨¬¥¥â ¢¨¤
x(t) = h(t) + r(t) ∀h∈Hlo[T\{0}℄ ∀ r∈Glo0 [T ℄.�®áâ âë, ¨ â®«ìª® ®¨, ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ à¥è¥¨ï¬¨ãà ¢¥¨ï. �á«¨ �¥ 0 6∈ T , â® U = T ∪ {0} , S = T , R = {0} ¨H = {

h∈Hlo[T ℄ ∣∣ t
∫

α
eq(·)hdQ ∼ onst} = {

h∈Hlo[T ℄ ∣∣ h(0)=0},  ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ãà ¢¥¨ï ¨¬¥¥â ¢¨¤
x(t) = h(t) + r(t) ∀h∈H ∀ r∈Glo0 [T ∪ {0}℄.�¤¨áâ¢¥ë¬ ¥¯à¥àë¢ë¬ à¥è¥¨¥¬ ¯à¨ 0 6∈T ï¢«ï¥âáï x=0 .�   ¬ ¥ ç    ¨ ¥ 9.7. Ǒà¨ «î¡®¬ T ®¤®à®¤®¥ ãà ¢¥-¨¥ ( _Vx, ϕ)T ≡ 0 ¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨ï (à¥è¥¨¥ x = 0®ç¥¢¨¤®). �¥©áâ¢¨â¥«ì®. Ǒà¨ y = 0 á¯à ¢¥¤«¨¢®

x(t) = eAq(t) h(t) + r(t) ∀h ∈ H ∀ r ∈ Glo0, n
[U ℄, (9.11)£¤¥ H = {

h ∈ Hlo
n [S℄ ∣∣ t

∫

α
eAq(·) hdQ

R
∼ c ∈ C

n
} . �á«¨ ¢á¥ à §àë-¢ë äãªæ¨¨ Q { ãáâà ¨¬ë¥, â.¥. ¥á«¨ Q(t−0) = Q(t+0) ¤«ï¢á¥å t ∈ K , â® H = Hlo

n [S℄ 6= ∅ . � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥¯à¨ n = 1 á¥¬¥©áâ¢® (9.11) á®¤¥à�¨âáï ¢ á¥¬¥©áâ¢¥ à¥è¥¨© ¨§64



¯¥à¢®© ª®«®ª¨ â ¡«. 3. ó�¨è¨¬¨� â ¬ ï¢«ïîâáï äãªæ¨¨,¨¬¥îé¨¥ à §àë¢ë ¢ â®çª å à §¡¨¥¨ï T (Q) . �á«¨ ã Q ¨¬¥îâ-áï ¥ãáâà ¨¬ë¥ à §àë¢ë, â® H á®áâ®¨â ¨§ â¥å h ∈ Hlo
n [S℄ , çâ®

h(t) = 0 ª ª â®«ìª® t ∈ R ¨ Q(t−0) 6= Q(t+0) . �àã£¨¬¨ á«®¢ ¬¨,H = {

h ∈ Hlo
n [S℄ ∣

∣ h(t) [Q(t+0) −Q(t−0)℄ = 0 ∀t ∈ R
}

.�á«¨ ¨áª âì â®«ìª® ¥¯à¥àë¢ë¥ à¥è¥¨ï, â.¥. ¥á«¨ X = C ,â® ¤«ï ï¤¥à Q á ãáâà ¨¬ë¬¨ à §àë¢ ¬¨ á¥¬¥©áâ¢® à¥è¥¨©ãà ¢¥¨ï _Vx = 0 á®áâ®¨â ¨§ äãªæ¨© x(t) = eAq(t) c , c ∈ C
n .�à ¢¨¢ ï á ¥¯à¥àë¢ë¬¨ à¥è¥¨ï¬¨ ¨§ ¯à¨¬¥à  9.1, § ¬¥ç -¥¬, çâ® ¥¯à¥àë¢ë¥ à¥è¥¨ï ó¥ à¥ £¨àãîâ�   ®â¤¥«ìë¥ ¨¬-¯ã«ìáë¥ ãáâà ¨¬ë¥ ¢®§¤¥©áâ¢¨ï   ¥¯à¥àë¢®¥ ï¤à®. �á«¨ �¥

Q ¨¬¥¥â ¥ãáâà ¨¬ë¥ à §àë¢ë, â® ¥¤¨áâ¢¥ë¬ ¥¯à¥àë¢ë¬à¥è¥¨¥¬ ï¢«ï¥âáï äãªæ¨ï, â®�¤¥áâ¢¥® à ¢ ï ã«î.Ǒ à ¨ ¬ ¥ à 9.3. Ǒãáâì T = ∅ , α = 0 , Q(t) = χ(−1,1)(t) {å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¨â¥à¢ «  (−1, 1) , n = 1 , A = 1 ,
y ∈ C . �¬¥¥¬ S = ∅ , Hlo [∅℄ ≈ C , R = U = T (Q) = {−1, 1} ,
q = 1 ¨ H = {

c ∈ C
∣

∣

t
∫0 (c + y) dQ ∼ onst } . �á«¨ y(t) = t2 , â®

c=−1 ,   x(t) = t2−1 + r(t) { ó¥¤¨áâ¢¥®¥� à¥è¥¨¥ (á â®ç®-áâìî ¤® á« £ ¥¬®£® r ∈ Glo0 [U ℄ ). �á«¨ y(t) = t , â® H = ∅ .� ¥ ® à ¥ ¬   9.2. Ǒãáâì α ∈ K , Q ∈ BVlo , A { ª¢ -¤à â ï ¬ âà¨æ  ¯®àï¤ª  n á í«¥¬¥â ¬¨ Aij ∈ C . �«ï ®¯¥à -â®à  V : Xn→�lon â ª®£®, çâ® X={

x∈�lo : T (x)∩T (Q)=∅
} ,(Vx)(t) _= x(t)− t

∫

α
AxdQ , ¨ ¤«ï «î¡®£® y ∈ �lon á¥¬¥©áâ¢® à¥è¥-¨© ãà ¢¥¨ï ( ◦Vx, ϕ) ≡ (◦y, ϕ) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ (£¤¥ q _=Qc )

x(t) = eAq(t)[h(t) + t
∫

α
e−Aq(·) dyc

]

∀h ∈ Hlo
n [K\T (Q)℄. (9.12)�®¢®ªã¯®áâì x(t) = eAq(t)[ c + t

∫

α
e−Aq(·) dyc

] , c ∈ C
n , ï¢«ï¥âáïá¥¬¥©áâ¢®¬ ¢á¥å ¥¯à¥àë¢ëå à¥è¥¨© ãà ¢¥¨ï.65



� ® ª   §   â ¥ « ì á â ¢ ®. �à ¢¥¨¥ ◦Vx = ◦
y à ¢®á¨«ì-® á®¢®ªã¯®áâ¨ ãà ¢¥¨©

{ (Vx)c − yc = γ

x ∈ Xn
∀ γ ∈ C

n.� ª ª ª Q = q +Qc , q ∈ CBVlo ¨ (

t
∫

α
AxdQc

)c = 0 , â® ãà ¢¥-¨ï ¯à¨¨¬ îâ ¢¨¤ x(t)− t
∫

α
Axdq = yc(t)+[

xc(t)+γ ] . �ãªæ¨ï,áâ®ïé ï ¢ ª¢ ¤à âëå áª®¡ª å (®¡®§ ç¨¬ ¥¥ v ), ï¢«ï¥âáï äãª-æ¨¥© áª çª®¢, â.¥. v ∈ Hlo
n . �á¥ äãªæ¨¨ (ªà®¬¥ v ), ¢å®¤ïé¨¥¢ ãà ¢¥¨¥, ¥¯à¥àë¢ë ¢® ¢á¥å â®çª å t ∈ T (Q) , ¯®íâ®¬ã ¨ v¥¯à¥àë¢  â ¬, â. ¥. v ∈ Hlo

n [K\T (Q)℄ . �®£« á® (1.2) ãà ¢¥-¨¥ íª¢¨¢ «¥â® (ãç¨âë¢ ï, çâ® ¢¢¥¤¥®¥ ¨�¥ ®â®¡à �¥¨¥
v → h ï¢«ï¥âáï ¡¨¥ªæ¨¥© Hlo

n [K\T (Q)℄ )
x(t)=eAq(t){[

e−Aq(α)(yc(α)+v(α))+ t
∫

α
e−Aq(·)dv]+ t

∫

α
e−Aq(·)dyc

} == eAq(t)[h(t) + t
∫

α
e−Aq(·) dyc

]

.�   ¬ ¥ ç    ¨ ¥ 9.8. �¥£ª® § ¬¥â¨âì, çâ® á¥¬¥©áâ¢® à¥-è¥¨© (9.12) (®¡®§ ç¨¬ ¥£® X ) ¥áâì ®¡ê¥¤¨¥¨¥ á¥¬¥©áâ¢ à¥-è¥¨© ¨§ á«¥¤áâ¢¨ï 9.1, ã ª®â®àëå r = 0 , ¢§ïâ®¥ ¯® ¢á¥¬ T , çâ®
T ⊇ T (Q) ∪ T (y) . �á«¨ ®¡®§ ç¨âì íâ¨ á¥¬¥©áâ¢  ç¥à¥§ X T , â®

X = ⋃

T⊇T (Q)∪T (y) X T .�®�¥áâ¢  ¥¯à¥àë¢ëå à¥è¥¨© ¢ á¥¬¥©áâ¢ å X ¨ X T á®¢¯ -¤ îâ. � ç áâ®áâ¨, à¥è¥¨ï¬¨ ¨¬¯ã«ìá®£® ãà ¢¥¨ï _x = δ(t)x¨§ ¯à¨¬¥à  9.2 (â.¥. ãà ¢¥¨ï ( ◦V, ϕ) ≡ 0 ) ï¢«ïîâáï äãªæ¨¨
x = h ∈ Hlo[K\{0}℄ ,   ¥¯à¥àë¢ë¥ à¥è¥¨ï { íâ® ª®áâ âë.66



9.3. � á¨£ã«ïàëå ãà ¢¥¨ïå�áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ ãà ¢¥¨© ¨§ ¯à¥¤ë¤ãé¥£® ¯ãªâ ï¢«ïîâáï ãà ¢¥¨ï á ®¯¥à â®à®¬ (Vx)(t) _=B(t)x(t) − t
∫

α
AxdQ ,£¤¥ B { íâ® äãªæ¨® «ì ï ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n .� ë© ®¯¥à â®à, ¢ á¢®î ®ç¥à¥¤ì, ¤®¯ãáª ¥â ®¡®¡é¥¨¥ ¢¨¤ (Vx)(t) _=B(t)x(t)− t

∫

α
[ dQ ℄x , £¤¥ Q { ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤-ª  n á í«¥¬¥â ¬¨ Qij ∈ BVlo . � ¯®á«¥¤¥¥ á¥¬¥©áâ¢® ¢å®¤¨ââ ª�¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ ¢¨¤  (Vx)(t) _= t

∫

α
P dx−

t
∫

α
[ dQ ℄x , £¤¥

P { ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n á í«¥¬¥â ¬¨ Pij ∈ BVlo .[ �®áâ â®ç® ¯à®¨â¥£à¨à®¢ âì ¯® ç áâï¬ ¯¥à¢®¥ á« £ ¥¬®¥,  ¢¥ªâ®à ï ª®áâ â  P (α)x(α) ¨ª ª ¥ ¢«¨ï¥â   ãà ¢¥¨¥.℄Ǒ®áª®«ìªã ¬ âà¨æ  B (¨«¨ P ) ¬®�¥â ¡ëâì ¥®¡à â¨¬®©, â® ¯¥-à¥ç¨á«¥ë¥ ãà ¢¥¨ï ¡ã¤¥¬  §ë¢ âì á¨£ã«ïàë¬¨ [17℄.Ǒ à ¨ ¬ ¥ à 9.4. �¥£ª® ¯à®¢¥à¨âì, çâ® à¥è¥¨¥¬ á¨áâ¥¬ë®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© { _x1 = x1_x1 = x2 ï¢«ï-îâáï äãªæ¨¨ x1(t) = x2(t) = c et , t ∈ K , (¯à¨ «î¡®¬ c ∈ C ),¯®íâ®¬ã ¥ ¢áïª ï  ç «ì ï § ¤ ç  à §à¥è¨¬ . � â® �¥ ¢à¥-¬ï ãà ¢¥¨¥ ( ◦Vx, ϕ) ≡ 0 , § ¤ ®¥ ¢ â¥à¬¨ å ¯à¨á®¥¤¨¥ëåà á¯à¥¤¥«¥¨© ç¥à¥§ ®¯¥à â®à (Vx)(t) _= ( 1 01 0 )

x(t)− t
∫

α
x(s) ds(£¤¥ X=�lo , V : X2→�lo2 ), íª¢¨¢ «¥â® á®¢®ªã¯®áâ¨















x1(t)− t
∫

α
x1(s) ds = h1(t)

x1(t)− t
∫

α
x2(s) ds = h2(t) ∀h1, h2 ∈ Hlo.�®£« á® ¯à¨¬¥àã 9.1 à¥è¥¨¥¬ ¯¥à¢®£® ãà ¢¥¨ï ï¢«ïîâáïäãªæ¨¨ x1(t) = h(t) et , h ∈ Hlo . �ëç¨â ï ¢â®à®¥ ãà ¢¥¨¥¨§ ¯¥à¢®£®, ¯®«ãç ¥¬ t

∫

α

(

x2(s) − x1(s)) ds = h1(t) − h2(t) . �¥¢ ï67



ç áâì { ¥¯à¥àë¢ ï äãªæ¨ï, ¯®íâ®¬ã ¯à ¢ ï ç áâì (ª ª äãª-æ¨ï áª çª®¢) à ¢  ª®áâ â¥. Ǒà¨ t = α «¥¢ ï ç áâì à ¢ ã«î, á«¥¤®¢ â¥«ì®, t
∫

α

(

x2(s)−x1(s)) ds = 0 ¤«ï ¢á¥å t ∈ K , ¯®-íâ®¬ã x2 ∼ x1 (á¬. «¥¬¬ã 2.1), â.¥. x2 = x1+r , £¤¥ r ∈ Glo0 ∩�lo .� ç áâ®áâ¨, ª ª®¢ë ¡ë ¨ ¡ë«¨ (t0, x10, x20) ∈ K×C
2 , äãªæ¨¨

x1(t) = {

x10 et−t0 , t 6 t0
x20 et−t0 , t > t0 ¨ x2(t) = {

x10 et−t0 , t < t0
x20 et−t0 , t > t0ï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë ¨ ã¤®¢«¥â¢®àïîâ  ç «ìë¬ ãá«®-¢¨ï¬ x1(t0) = x10 ¨ x2(t0) = x20 .Ǒ à ¨ ¬ ¥ à 9.5. Ǒãáâì K=R , X={x∈G : t x(t) ∈ �lo} ,

µ ∈ R . �¯¥à â®à V : X → �lo , çâ® (Vx)(t) _= t x(t)− µ
t
∫

α
x(s) ds ,¯®à®�¤ ¥â ãà ¢¥¨¥ ( ◦Vx, ϕ) ≡ 0 . �® à §à¥è¨¬®, â ª ª ª x = 0{ ®¤® ¨§ ¥£® à¥è¥¨©. Ǒãáâì x∈X { ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ãà ¢-¥¨ï, â®£¤  áãé¥áâ¢ã¥â γ ∈ C , çâ® ( t x(t))c − µ

t
∫

α
x(s) ds = γ .� á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 3.7 á¯à ¢¥¤«¨¢® ( t x(t))c = t x(t)−

−( t x(t))c = t x(t)− t
∫

α
s dxc(s) , á«¥¤®¢ â¥«ì®,

t x(t)− µ
t
∫

α
x(s) ds = v(t), v ∈ Hlo[R\{0}℄ .�ë ®¡®§ ç¨«¨ v(t) _= γ + t

∫

α
s dxc(s) , ¯®íâ®¬ã ¢ á¨«ã á¯¥æ¨ä¨-ª¨ ¯à ¢®© ç áâ¨ á¯à ¢¥¤«¨¢® v ∈ Hlo , ¯à¨ç¥¬ v ¥¯à¥àë¢  ¢ã«¥. � ª ª ª x ∈ G , â® äãªæ¨ï t x(t) â®�¥ ¥¯à¥àë¢  ¢ ã-«¥, ¯®íâ®¬ã lim

τ→0−0 τ x(τ) = lim
τ→0+0 τ x(τ) = 0 , á«¥¤®¢ â¥«ì®, ¤«ïäãªæ¨¨ h(t) _= {

x(t) | t |1−µ, t 6= 00 , t = 0 á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ lim
τ→0−0h(τ) | τ |µ = lim

τ→0+0h(τ) | τ |µ = 0. (9.13)68



� ä¨ªá¨àã¥¬ ®âà¥§®ª [α, β℄ ⊂ ( 0,∞) (¨«¨ [α, β℄ ⊂ (−∞, 0 ) ).�á«¨ q(t) _= t | t |µ−1 , t ∈ [α, β℄ , â® q ′(t) = µ | t |µ−1 , ¯®íâ®¬ã
v(t) = t x(t)− µ

t
∫

α
x(s) ds = h(t) q(t)− µ

t
∫

α
h(s) | s |µ−1 ds == h(t) q(t) − t

∫

α
hdq = h(α) q(α) + t

∫

α
q dh = v(α) + t

∫

α
q dh ,

h(t)− h(α) = t
∫

α
dh = t

∫

α
q−1(s) d (

s
∫

α
q dh

) = t
∫

α
q−1 dv .� ª¨¬ ®¡à §®¬, ¤«ï áã�¥¨© h |( 0,∞) ¨ h |(−∞,0 ) á¯à ¢¥¤«¨¢®

h |( 0,∞) ∈ Hlo( 0,∞) ¨ h |(−∞,0 ) ∈ Hlo(−∞, 0 ) . �à®¬¥ â®£®, hã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9.13), á«¥¤®¢ â¥«ì®, ¢áïª®¥ à¥è¥¨¥ãà ¢¥¨ï ( ◦Vx, ϕ) ≡ 0 ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥
x(t) = 





h1(t) | t |µ−1 , t < 0
c , t = 0

h2(t) | t |µ−1 , t > 0 ,£¤¥ h1 ∈ Hlo(−∞, 0 ) , c ∈ C , h2 ∈ Hlo( 0,∞) , ¯à¨ç¥¬ äãªæ¨¨áª çª®¢ h1, h2 â ª®¢ë, çâ® lim
τ→0−0 h1(τ) | τ |µ= lim

τ→0+0h2(τ) | τ |µ=0 .�â¬¥â¨¬ ¥ª®â®àë¥ «î¡®¯ëâë¥ à¥è¥¨ï ãà ¢¥¨ï. � ¯¥à-¢ãî ®ç¥à¥¤ì § ¬¥â¨¬, çâ® ¯à¨ µ > 1 áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥à¥è¥¨ï. �¥©áâ¢¨â¥«ì®. �á«¨ µ = 1 , â® ª®áâ âë, ¨ â®«ìª®®¨, ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ à¥è¥¨ï¬¨ ãà ¢¥¨ï. Ǒà¨ µ > 1¤«ï ¥¯à¥àë¢®áâ¨ ¥®¡å®¤¨¬® h1(t) = c1 ¯à¨ ¢á¥å t ∈ (−∞, 0 ) ,
h2(t) = c2 ¯à¨ ¢á¥å t ∈ ( 0,∞) ¨, á«¥¤®¢ â¥«ì®, c = 0 , ¯®íâ®-¬ã ¥¯à¥àë¢ë¥ à¥è¥¨ï ¨¬¥îâ ¢¨¤ x(t) = | t |µ−1 {

c1, t 6 0
c2, t > 0 ,£¤¥ c1, c2 ∈ C . �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¥â ¥¯à¥àë¢ëå äãªæ¨©,à¥è îé¨å  ç «ìãî § ¤ çã á ãá«®¢¨¥¬ x(0) = x0 ¯à¨ x0 6= 0 .� â® �¥ ¢à¥¬ï íâ  § ¤ ç  ¨¬¥¥â à¥è¥¨ï, ¥¯à¥àë¢ë¥ ¢ ã«¥. �ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ â ª®¥ à¥è¥¨¥ ¤«ï ãà ¢¥¨ï, ¢69



ª®â®à®¬ µ = 2 . �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ áç¨â ¥¬, çâ® x0 = 1 .Ǒãáâì h1(−t) = h2(t) = [ 1
t

] { æ¥« ï ç áâì ç¨á«  1
t
(¯à¨ t > 0 ),  c = 1 . � á¨«ã ç¥â®áâ¨ x ¤®áâ â®ç® áç¨â âì, çâ® t > 0 . �â ª,

x(0) = 1 ¨ x(t) = t
[ 1

t

] ¯à¨ t > 0 . �  ª �¤®¬ ¯®«ã¨â¥à¢ «¥
t ∈ ( 1

k+1 , 1k ℄ , k = 1, 2, . . . , ¨¬¥¥¬ x(t) = k t , â.¥. x «¨¥©® ¢®§-à áâ ¥â ®â ¢¥«¨ç¨ë k
k+1 ¤® 1 . �¥¬ á ¬ë¬ x(0+0)=1=x(0−0) .�â® à¥è¥¨¥ ¨â¥à¥á® ¥é¥ â¥¬, çâ® x 6∈ BVlo . �¥©áâ¢¨â¥«ì®,¢ ¯à ¢®© ç áâ¨ â®�¤¥áâ¢  1−x(t) = t {1t } áâ®¨â äãªæ¨ï ¨§ ¯à¨-¬¥à  1.1 (á ®£®¢®àª®©, çâ® t ∈ (0, 1℄ ,   ¯à¨ t = 0 á¯à ¢¥¤«¨¢®1 − x(0) = 0 ), ¨¬¥îé ï ¥®£à ¨ç¥®¥ ¨§¬¥¥¨¥   ®âà¥§ª¥[0, 1℄ . Ǒà¨ µ < 1 ¥¤¨áâ¢¥ë¬ ¥¯à¥àë¢ë¬ à¥è¥¨¥¬, ®¯à¥¤¥-«¥ë¬   ¢á¥¬ R , ï¢«ï¥âáï âà¨¢¨ «ì®¥ à¥è¥¨¥ x = 0 , ®¤ ª®áãé¥áâ¢ãîâ à¥è¥¨ï, ¥¯à¥àë¢ë¥ ¢ ã«¥, ®â«¨çë¥ ®â âà¨¢¨- «ì®£®. � ¯à¨¬¥à, ¥á«¨ µ = 0 , h1(−t) = h2(t) = [ 1

t

]−1 ¯à¨0 < t 6 1 , h1(−t) = h2(t) = 1 ¯à¨ t > 1 ¨ c = 1 , â® ¤«ï à¥è¥¨ï
x á ¤ ë¬¨ ª®¬¯®¥â ¬¨ ¬ë ¬®�¥¬ ¯®¢â®à¨âì ¯à¥¤ë¤ãé¨¥¢ëª« ¤ª¨ ¨ ¯®ª § âì ¥¯à¥àë¢®áâì ¢ ã«¥ ¨ ¥®£à ¨ç¥®áâì¢ à¨ æ¨¨   ®âà¥§ª¥ [0, 1℄ . �® á¨å ¯®à ¬ë ¥ ¢áâà¥ç «¨ à¥è¥¨©,¨¬¥îé¨å ¥®£à ¨ç¥ãî ¢ à¨ æ¨î   ª ª®¬-¨¡ã¤ì ®âà¥§ª¥,á¨£ã«ïàë¥ �¥ ãà ¢¥¨ï ¯®¤®¡®¥ ï¢«¥¨¥ ®¡ àã�¨¢ îâ.9.4. � äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨ïå� ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¨å ¯ãªâ®¢ ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¢¥áâ¨à¥çì ¥ â®«ìª® ® â¥å à¥è¥¨ïå, ª®â®àë¥ ®¯à¥¤¥«¥ë   ¢á¥¬ K ,® ¨ ® â¥å, ª®â®àë¥ ®¯à¥¤¥«¥ë   ¢ãâà¥¨å ¨â¥à¢ « å K .�¡ê¥¤¨¥¨¥ G _=G(K) _= ⋃

I⊆K

G(I) , ¢§ïâ®¥ ¯® ¢á¥¬ ¨â¥à¢ « ¬
I ⊆ K , ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯®áâì ¯à¥àë¢¨áâëå äãªæ¨©
x(t) , t ∈ I (ª �¤ ï äãªæ¨ï x á® á¢®¥© ®¡« áâìî § ¤ ¨ï I ).�«ï «î¡®£® X ⊆ G ç¥à¥§ X(I) ®¡®§ ç¨¬ á¥¬¥©áâ¢® â¥å äãª-æ¨© x : I → C , çâ® x ∈ X . � ä¨ªá¨àã¥¬ à §¡¨¥¨¥ T ∈ T(K)¨ ®¯¥à â®à V : X → G , ¤¥©áâ¢ãîé¨© ¨§ X(I) ¢ G(I) ¯à¨ ¢á¥å
I ⊆ K . �ã¤¥¬ £®¢®à¨âì, çâ® ¯à¥àë¢¨áâ ï äãªæ¨ï x ∈ X(I)70



ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï _Vx = 0 , ¥á«¨ Vx ∈ GSlo(I) ¨( _Vx, ϕ)S = 0 ¤«ï ¢á¥å ϕ ∈ D(I) (£¤¥ S _=T ∩ I ). �®¢®ªã¯®áâì¢á¥å â ª¨å à¥è¥¨© ®¡®§ ç¨¬ ç¥à¥§ _XV(I) . �ã¤¥¬ £®¢®à¨âì, çâ®¯à¥àë¢¨áâ ï äãªæ¨ï x ∈ X(I) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï
◦Vx = 0 , ¥á«¨ Vx ∈ � lo(I) ¨ ( ◦Vx, ϕ) = 0 ¤«ï ¢á¥å ϕ ∈ D(I) .�®¢®ªã¯®áâì ¢á¥å â ª¨å à¥è¥¨© ®¡®§ ç¨¬ ç¥à¥§ ◦

XV(I) .�¡ê¥¤¨¥¨¥ _XV _= ⋃

I⊆K

_XV(I) , ¢§ïâ®¥ ¯® ¢á¥¬ I ⊆ K , ¡ã¤¥¬ §ë¢ âì á¥¬¥©áâ¢®¬ à¥è¥¨© ãà ¢¥¨ï _Vx = 0 . �  ¬®�¥áâ¢¥_XV ®¯à¥¤¥«¥ ç áâ¨çë© ¯®àï¤®ª: à¥è¥¨¥ x1(t) , t ∈ I1 , ¯à¥¤-è¥áâ¢ã¥â à¥è¥¨î x2(t) , t ∈ I2 , ¥á«¨ I1 ⊆ I2 ¨ x1(t) = x2(t)¯à¨ ¢á¥å t ∈ I1 . � ªá¨¬ «ìë¥ í«¥¬¥âë íâ®£® ç áâ¨ç®£® ¯®-àï¤ª  ¡ã¤¥¬  §ë¢ âì ¥¯à®¤®«� ¥¬ë¬¨ à¥è¥¨ï¬¨ ãà ¢¥¨ï_Vx = 0 . � «®£¨çë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï á¥¬¥©áâ¢® ◦
XV ¢á¥åà¥è¥¨© ãà ¢¥¨ï ◦Vx = 0 ¨ ¯®ïâ¨¥ ¥¯à®¤®«� ¥¬®£® à¥è¥¨ïíâ®£® ãà ¢¥¨ï.�   ¬ ¥ ç    ¨ ¥ 9.9. �á¥ à¥è¥¨ï, ® ª®â®àëå è«  à¥çì¢ ¯à¥¤ë¤ãé¨å ¯ãªâ å, ®¯à¥¤¥«¥ë   ¢á¥¬ ¨â¥à¢ «¥ K ¨,á«¥¤®¢ â¥«ì®, ï¢«ïîâáï ¥¯à®¤®«� ¥¬ë¬¨ à¥è¥¨ï¬¨ á®®â¢¥â-áâ¢ãîé¨å ãà ¢¥¨©. �¥¬ ¥ ¬¥¥¥, ¯à¨ «î¡®¬ I ⊆ K áãé¥-áâ¢ãîâ ¨ ¤àã£¨¥ ¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï íâ¨å ãà ¢¥¨©. � -¯à¨¬¥à, ¢ ¯à¨¬¥à¥ 9.5 ¨¬¥îâáï ¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï ¢¨¤ 

x(t) = h(t) | t |µ−1 , t ∈ I , £¤¥ I = (−∞, 0 ) «¨¡® I = ( 0,∞) ,  h â ª®¢ë, çâ®  àãè ¥âáï ãá«®¢¨¥ lim
τ→0−0h(τ) | τ |µ = 0 «¨¡®lim

τ→0+0h(τ) | τ |µ = 0 . �®«¥¥ â®£®, ¤«ï «î¡®£® I ⊂ K ¬®�® ãª -§ âì ¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï ¢¨¤  x(t) = h(t) | t |µ−1 , t ∈ I .�   ¬ ¥ ç    ¨ ¥ 9.10. Ǒãáâì T ∈T(K) . � ç áâ®¬ á«ã-ç ¥, ª®£¤  X ⊆ G â ª®¢®, çâ® X(I) ⊆ GSlo (I) ¯à¨ «î¡®¬ I ⊆ K(£¤¥ S _=T ∩I ), ®¯¥à â®à F : X→L (£¤¥ L _=L(K) _= ⋃

I⊆K

Llo(I) ),¤¥©áâ¢ãîé¨© ¯à¨ ª �¤®¬ I ⊆ K ¨§ X(I) ¢ Llo(I) , ¯®à®�¤ ¥â71



®¢ë© ®¯¥à â®à V á«¥¤ãîé¥£® ¢¨¤ . �¡« áâìî § ¤ ¨ï V ï¢«ï-¥âáï ¬®�¥áâ¢® ¯ à (x, α) ∈ X(I)×I ¯à¨ ¢á¥å I ⊆ K ,   ¤¥©áâ¢¨¥®¯¥à â®à  ®¯à¥¤¥«ï¥âáï ¯à ¢®© ç áâìî ¢ëà �¥¨ïV(x(t), α) _= x(t)− t
∫

α
(Fx)(s)ds. (9.14)Ǒà¨ «î¡ëå α ∈ I , x ∈ X(I) ¨ ϕ ∈ D(I) á¯à ¢¥¤«¨¢® à -¢¥áâ¢® ( _Vx, ϕ)S = ( _x, ϕ)S − (Fx,ϕ) , á«¥¤®¢ â¥«ì®, ãà ¢¥-¨¥ _Vx = 0 ¯à¨¨¬ ¥â ¢¨¤ _x = Fx ,   ¯à¨ T = ∅ ¨¬¥¥¬

x′ = Fx , ¯®íâ®¬ã ¢ á®®â¢¥âáâ¢¨¨ á® á«®�¨¢è¥©áï âà ¤¨æ¨¥©[18; 19℄ ¡ã¤¥¬  §ë¢ âì â ª¨¥ ãà ¢¥¨ï äãªæ¨® «ì®-¤¨ä-ä¥à¥æ¨ «ìë¬¨. �á«¨ ª �¤®¥ X(I) á®¤¥à�¨âáï ¢ �lo(I) [ ¨«¨¢ BVlo(I) ℄, â® ®¯à¥¤¥«¥  ¯à¨á®¥¤¨¥ ï ®¡®¡é¥ ï ¯à®¨§-¢®¤ ï (9.2) ¨ ¤«ï ¢á¥å α ∈ I , x ∈ X(I) ¨ ϕ ∈ D(I) ¢ë¯®«¥®( ◦Vx, ϕ) = (◦x, ϕ)−(Fx,ϕ) , â.¥. ®¯à¥¤¥«¥® ¥é¥ ®¤® äãªæ¨® «ì-®-¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ◦Vx = 0 , ¨¬¥îé¥¥ ¢¨¤ ◦
x = Fx .� ª ª ª V(x(t), α) − V(x(t), β) = onst ¤«ï «î¡ëå α, β ∈ I , â®ãà ¢¥¨ï _x = Fx ¨ ◦

x = Fx ¥ § ¢¨áïâ ®â ¯ à ¬¥âà  α .�à ¢¥¨ï _x = Fx ¨ ◦
x = Fx íª¢¨¢ «¥âë á®¢®ªã¯®áâï¬







x(t)− t
∫

α
(Fx)(s) ds = h(t) + r(t) ∀ I ⊆ K

x ∈ X(I) ∀h ∈ Hlo(I)[T ℄ ∀ r ∈ Glo0 (I)[T ℄,(9.15)






x(t)− t
∫

α
(Fx)(s) ds = h(t) ∀ I ⊆ K

x ∈ X(I) ∀h ∈ Hlo(I) (9.16)á®®â¢¥âáâ¢¥®. �®«¥¥ â®çë¬ ®¡®§ ç¥¨¥¬ ¤«ï ¯à®áâà áâ¢ ¨§(9.15) ï¢«ï¥âáï Hlo(I)[T ∩ I℄ ¨ Glo0 (I)[T ∩ I℄ . �® ¯®¤ç¥àª¨¢ ¥â§ ¢¨á¨¬®áâì à §¡¨¥¨ï ®â ¨â¥à¢ «  I , ®¤ ª® ¯¥à¥£àã� ¥â § -¯¨áì. �â¬¥â¨¬ ¥é¥, çâ® ¢ á¨«ã § ¬¥ç ¨© 9.2 ¨ 9.10 ¢á¥£¤  ¬®�®áç¨â âì, çâ® α ∈ I ä¨ªá¨à®¢ ®.72



� á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ (9.14) à¥è¥¨ï ãà ¢¥¨ï(9.16), ¥á«¨ ®¨ áãé¥áâ¢ãîâ, ¯à¥¤áâ ¢«ïîâ á®¡®© áã¬¬ã «®ª «ì-®  ¡á®«îâ® ¥¯à¥àë¢®© äãªæ¨¨ (¨â¥£à «ì®¥ á« £ ¥¬®¥ ¢(9.16)) ¨ äãªæ¨¨ áª çª®¢ (¯à ¢ ï ç áâì (9.16)). �¥è¥¨ï ãà ¢¥-¨ï (9.15) ¬®£ãâ ¨¬¥âì ¤®¡ ¢ª¨ ¢ ¢¨¤¥ äãªæ¨© ¨§ ¯à®áâà áâ¢ Glo0 , ¯à¨ç¥¬ ¤«ï àï¤  ®¯¥à â®à®¢ F § ¢¨á¨¬®áâì à¥è¥¨© ®âá« £ ¥¬®£® r ∈ Glo0 ®á¨â ¢¥áì¬  áãé¥áâ¢¥ë© å à ªâ¥à.�ã¤¥¬ £®¢®à¨âì, çâ® ®¯¥à â®à F : X → G { á¨«ìë©, ¥á«¨¤«ï «î¡ëå x, y ∈ X â ª¨å, çâ® x∼ y , á«¥¤ã¥â Fx∼ Fy . �á«¨®¯¥à â®à F ¥ ï¢«ï¥âáï á¨«ìë¬, ¡ã¤¥¬  §ë¢ âì ¥£® á« ¡ë¬.� ¯à¨¬¥à, ¥á«¨ ¥¯à¥àë¢ ï äãªæ¨ï f(·) ¤¥©áâ¢ã¥â ¨§ C ¢
C , â® á®£« á® § ¬¥ç ¨î 7.2 ®¯¥à â®à F : x(·) → f(x(·)) {á¨«ìë©. �« ¡ë© ®¯¥à â®à ¯à¨¢¥¤¥ ¢ ¯à¨¬¥à¥ 9.8.�á«¨ F { á¨«ìë© ®¯¥à â®à, â® ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 2.1§ ¬¥  x = y + r ¯à¨¢®¤¨â ãà ¢¥¨¥ (9.15) ª ¢¨¤ã

y(t)− t
∫

α
(Fy)(s) ds = h(t). (9.17)�â® ®§ ç ¥â, çâ® ¥á«¨ y : I → C { ª ª®¥-¨¡ã¤ì à¥è¥¨¥ ãà ¢-¥¨ï (9.17), â®, ¢®-¯¥à¢ëå, ¯à¥àë¢¨áâ ï äãªæ¨ï y ï¢«ï¥âáïáã¬¬®© «®ª «ì®  ¡á®«îâ® ¥¯à¥àë¢®© äãªæ¨¨ ¨ äãªæ¨¨áª çª®¢ ¨, ¢®-¢â®àëå, ¢áïª ï ¯à¥àë¢¨áâ ï äãªæ¨ï x : I → C ,íª¢¨¢ «¥â ï y , ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï _x = Fx . �àã-£¨¬¨ á«®¢ ¬¨, ¥á«¨ F { á¨«ìë© ®¯¥à â®à, â® ¯®¨áª à¥è¥¨©ãà ¢¥¨ï _x = Fx á¢®¤¨âáï ª ¯à®æ¥¤ãà¥ à¥è¥¨ï ãà ¢¥¨ï(9.17) á ¯®á«¥¤ãîé¨¬ ¤®¡ ¢«¥¨¥¬ ª y äãªæ¨© ¨§ ¯à®áâà -áâ¢  Glo0 (I)[T ℄ . � ª ¯®ª §ë¢ ¥â ¯à¨¢®¤¨¬ë© ¨�¥ ¯à¨¬¥à 9.8,á¨âã æ¨ï ¬¥ï¥âáï, ª®£¤  F { á« ¡ë© ®¯¥à â®à.Ǒ à ¨ ¬ ¥ à 9.6. Ǒãáâì T ∈ T(K) , X = ⋃

I⊆K

GT∩Ilo (I) («¨-¡® X = ⋃

I⊆K

�lo(I) , «¨¡® X = ⋃

I⊆K

BVlo(I) ), (Fx)(t) = p(t)x(t) ,£¤¥ p ∈ Llo . �ç¥¢¨¤®, ¥á«¨ p ∈ G , â® F { á¨«ìë© ®¯¥à â®à.�¯¥à â®à (9.14) ¯à¨¨¬ ¥â ¢¨¤ V(x(t), α) = x(t) − t
∫

α
x dq , £¤¥73



q(t) _= t
∫

α
p(s) ds , ¯®íâ®¬ã ¬ë ¯®¯ ¤ ¥¬ ¢ ãá«®¢¨ï ¯à¨¬¥à  9.1.�«¥¤®¢ â¥«ì®, ¢á¥ à¥è¥¨ï ãà ¢¥¨ï ◦

x = Fx ¨¬¥îâ ¢¨¤
x(t) = h(t) exp t

∫

α
p(s) ds, t ∈ I, ∀ I ⊆ K ∀h ∈ Hlo(I).Ǒà¨ «î¡®¬ I ¤®áâ â®ç® «¥£ª® ®¯¨á âì á¥¬¥©áâ¢® ¢á¥å ¥¯à®¤®«-� ¥¬ëå à¥è¥¨© ãà ¢¥¨ï. � ¯à¨¬¥à, ¥á«¨ I = (α, β) , α = a ,

β < b ,   äãªæ¨ï h â ª®¢ , çâ® ¥â ¯à¥¤¥«  lim
τ→β−0h(τ) , â®á®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ { ¥¯à®¤®«� ¥¬®¥ (¥á«¨ ¡ë ¯à¥¤¥« áã-é¥áâ¢®¢ «, ¬ë ¬®£«¨ ¡ë ¯à®¤®«�¨âì à¥è¥¨¥   ¯®«ã¨â¥à¢ «[β, b) ã«¥¬). � «®£¨ç® ¤«ï ãà ¢¥¨ï _x = Fx .Ǒ à ¨ ¬ ¥ à 9.7. �á«¨ f : 
 → C

n § ¤   ¨ ¥¯à¥àë¢ ¢ ®¡« áâ¨ 
 ⊆ R × C
n , â® ®¯à¥¤¥«¥ë ¨â¥à¢ « K _= (a, b) , £¤¥

a _= inf(t,x)∈
 t ¨ b _= sup(t,x)∈
 t , ¨ ®¯¥à â®à (Fx)(t) = f(t, x(t)) , ¤¥©-áâ¢ãîé¨© ¨§ X ¢ Gn . �®�¥áâ¢® X á®áâ®¨â ¨§ â¥å äãªæ¨©
x(t) , t ∈ I , çâ® I ⊆ K , x ∈ Gn(I) ¨ (t, x(t)) ∈ 
 ¯à¨ ¢á¥å t ∈ I .�á«¨ ¢¬¥áâ® ¢ª«îç¥¨© x ∈ Gn(I) ¯®âà¥¡®¢ âì x ∈ GT∩I, nlo (I)¯à¨ ¥ª®â®à®¬ T ∈T(K) ¨«¨ x∈�lon (I) , â® ¤«ï ®¯¥à â®à  (9.14)V(x(t), α) _= x(t)− t

∫

α
(Fx)(s)ds = x(t)− t

∫

α
f(s, x(s))ds®¯à¥¤¥«¥ë ãà ¢¥¨ï _x = Fx ¨«¨ ◦

x = Fx , ¯à®â®â¨¯®¬ ª®â®-àëå á«ã�¨â á¨áâ¥¬  ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-¨© x ′ = f(t, x) . �à ¢¥¨ï à ¢®á¨«ìë á®¢®ªã¯®áâï¬ (9.15)¨ (9.16) á®®â¢¥âáâ¢¥®,   ¯®áª®«ìªã F { á¨«ìë© ®¯¥à â®à (¤®-ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à�¤¥¨ï ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® ¤«ïäãªæ¨© ¨§ § ¬¥ç ¨ï 7.2), â® à¥è¥¨¥ á®¢®ªã¯®áâ¨ (9.15) á¢®-¤¨âáï ª à¥è¥¨î (9.17).�â¬¥â¨¬ «î¡®¯ëâë¥ à¥è¥¨ï ¥ª®â®àëå ãà ¢¥¨©. Ǒãáâì
 = R × C , f(t, x) = x2 . �¥¬¥©áâ¢® ¥¯à®¤®«� ¥¬ëå à¥è¥¨©74



®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï x ′ = x2 ¢ë£«ï-¤¨â á«¥¤ãîé¨¬ ®¡à §®¬: x = 0 ï¢«ï¥âáï ¥¯à®¤®«� ¥¬ë¬ à¥-è¥¨¥¬; ¥á«¨ ª®áâ â  c ∈ R â ª®¢ , çâ® c 6= 0 , â® äãªæ¨ï
x(t) = 1

ic−t
, t ∈ R , â ª�¥ ï¢«ï¥âáï ¥¯à®¤®«� ¥¬ë¬ à¥è¥¨¥¬; ª®¥æ, ¤«ï «î¡®£® c ∈ R äãªæ¨¨ x(t) = 1

c−t , t ∈ (−∞, c) ,¨ x(t) = 1
c−t , t ∈ (c,∞) , { ¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï. Ǒ®ª -�¥¬, çâ® ¯à¨ «î¡®¬ ε > 0 ¯¥à¨®¤¨ç¥áª ï ¯à¥àë¢¨áâ ï äãªæ¨ï

x(t) = 1
ε+1−{t}

, t ∈ R , ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï ◦
x = x2 .�¥©áâ¢¨â¥«ì®. Ǒãáâì t > 0 ¨ n = [ t ℄ , â®£¤  {t} = t − n ,    ª �¤®¬ ¯®«ã¨â¥à¢ «¥ s ∈ [ k − 1, k) , k = 1, . . . , n , á¯à ¢¥¤«¨¢®

x(s) = 1
ε+k−s

. �«¥¤®¢ â¥«ì®, ¤«ï ¨â¥£à «ì®£® á« £ ¥¬®£® ¨§(9.16) ¨¬¥¥â ¬¥áâ® æ¥¯®çª  à ¢¥áâ¢
t
∫0 x2(s) ds = n

∑

k=1 k
∫

k−1 ds(ε+k−s)2 + t
∫

n

ds(ε+n+1−s)2 == n
∑

k=1 1
ε+k−s

∣

∣

k

k−1 + 1
ε+n+1−s

∣

∣

t

n
= 1

ε+n+1−t
+ n−ε

ε(ε+1) =x(t)−h(t),£¤¥ h(t) _= ε−[ t ℄
ε(ε+1) , t ∈ R , { äãªæ¨ï áª çª®¢, â.¥. h ∈ Hlo(R)(¤«ï ®âà¨æ â¥«ìëå t ¢ëª« ¤ª¨   «®£¨çë).Ǒãáâì 
 = R × {x ∈ C : Rex > 0, Imx = 0} , f(t, x) = −2√x .�¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£®ãà ¢¥¨ï x ′ = −2√x ¨¬¥îâ ¢¨¤ x(t) = (c−t)2 , t ∈ (−∞, c ) , â.¥.¥â ¨ ®¤®£® à¥è¥¨ï, ®¯à¥¤¥«¥®£®   ¢á¥¬ R . Ǒ®ª �¥¬, çâ®¯à¥àë¢¨áâ ï (¯¥à¨®¤¨ç¥áª ï) äãªæ¨ï x(t) = (1− {t})2 , t ∈ R ,ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î ◦

x = −2√x . �¥©áâ¢¨â¥«ì®. Ǒãáâì
t > 0 ¨ n = [ t ℄ , â®£¤  {t} = t− n ,     ª �¤®¬ ¯®«ã¨â¥à¢ «¥
s ∈ [ k − 1, k) , k = 1, . . . , n , á¯à ¢¥¤«¨¢® x(s) = (k − s)2 . �«¥-¤®¢ â¥«ì®, ¤«ï ¨â¥£à «ì®£® á« £ ¥¬®£® ¨§ (9.16) ¨¬¥¥â ¬¥áâ®

−2 t
∫0 √

x(s) ds = −2 n
∑

k=1 k
∫

k−1(k−s) ds − 2 t
∫

n
(n+1−s) ds =75



= n
∑

k=1(k−s)2 ∣

∣

k

k−1+(n+1−s)2 ∣

∣

t

n
=(n+1−t)2−(n+1)=x(t)−h(t),£¤¥ h(t) _= 1 + [ t ℄ , t ∈ R , { äãªæ¨ï áª çª®¢, â.¥. h ∈ Hlo(R)(¤«ï ®âà¨æ â¥«ìëå t ¢ëª« ¤ª¨   «®£¨çë).Ǒ à ¨ ¬ ¥ à 9.8. �á«¨ (Fx)(t) = x(0) θ(t) , £¤¥ θ(t) { äã-ªæ¨ï �¥¢¨á ©¤ , â.¥. θ(t) = 0 ¯à¨ t 6 0 ¨ θ(t) = 1 ¯à¨ t > 0 , â®®¯¥à â®à F { á« ¡ë©. �®¢®ªã¯®áâì (9.16) ¨¬¥¥â ¢¨¤

{

x(t)−x(0)(t θ(t)−αθ(α))=h(t)
x ∈ �lo (I) ∀ I ⊆ R : 0 ∈ I

∀h ∈ Hlo (I)(¨â¥£à « ¢ëç¨á«¨«¨ ¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬). Ǒ®¤áâ ¢¨¢¢ íâ® à ¢¥áâ¢® t = 0 , ¨áª«îç¨¢ α θ(α) ¨ ¢¢¥¤ï ®¡®§ ç¥¨¥
c = x(0) , ¯®«ãç ¥¬ ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ãà ¢¥¨ï ◦

x = Fx{ íâ® äãªæ¨¨ x(t) = c
(1+t θ(t))+h(t)−h(0), t ∈ I , á ¯à®¨§¢®«ì-ë¬¨ ¯ à ¬¥âà ¬¨ c ∈ C , 0 ∈ I ⊆ R , h ∈ Hlo(I) . �¥¯à¥àë¢ë¥¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï { íâ® äãªæ¨¨ x(t) = c

(1 + t θ(t)) ,
t ∈ R . �â® á¥¬¥©áâ¢® á®¢¯ ¤ ¥â á á¥¬¥©áâ¢®¬ ¥¯à®¤®«� ¥¬ëåà¥è¥¨© ãà ¢¥¨ï-  «®£  x′(t) = x(0) θ(t) , ¯®¨¬ ¥¬®£® ª ªà ¢¥áâ¢® ¯.¢. (â.¥. ãà ¢¥¨ï x(t)−x(α)= t

∫

α
x(0)θ(s) ds ). �â® ª -á ¥âáï ãà ¢¥¨ï _x=Fx (¯à¨ ¥ª®â®à®¬ T ), â® ¯à®¤¥« ¢   -«®£¨çë¥ ¢ëª« ¤ª¨ á á®¢®ªã¯®áâìî (9.15), ¯®«ãç¨¬ á¥¬¥©áâ¢®

x(t) = c
(1 + t θ(t))+ h(t)− h(0) + r(t)− r(0), t ∈ I,á ¯ à ¬¥âà ¬¨ c ∈ C , 0 ∈ I ⊆ R , h ∈ Hlo(I)[T ℄ , r ∈ Glo0 (I)[T ℄ .�â¬¥â¨¬ «î¡®¯ëâ®¥ ï¢«¥¨¥, å à ªâ¥à®¥ ¤«ï ãà ¢¥¨© á®á« ¡ë¬ ®¯¥à â®à®¬. Ǒà¨ T = ∅ ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤ x′ = Fx ,  ¥£® à¥è¥¨ï { íâ® äãªæ¨¨ x(t) = c

(1+t θ(t))+r(t)−r(0) , t ∈ I ,£¤¥ r ∈ Glo0 (I) . �â® á¥¬¥©áâ¢® ®â«¨ç ¥âáï ®â á¥¬¥©áâ¢  à¥è¥¨©ãà ¢¥¨ï-  «®£  x′(t) = x(0) θ(t) , ¯®¨¬ ¥¬®£® ª ª à ¢¥áâ¢®¯.¢.,  «¨ç¨¥¬ ¤®¯®«¨â¥«ì®£® ¯ à ¬¥âà  r , ª®â®àë© ¤ ¥â áã-é¥áâ¢¥ë© ¢ª« ¤ ¢ à¥è¥¨¥ ¯à¨ r(0) 6= 0 .�áá«¥¤®¢ ¨ï, ¯®á¢ïé¥ë¥ á« ¡ë¬ ®¯¥à â®à ¬,  ®á¨à®¢ -ë ¢ [20℄ ¨ £®â®¢ë ª ¯¥ç â¨ ¢ à ¬ª å ¤àã£®© à ¡®âë.76



9.5. �¡ ãà ¢¥¨ïå á à §àë¢®© ¯à ¢®© ç áâìî�ë ¢áª®«ì§ § âà®¥¬ íâ®â ¢ �ë© ª« áá ãà ¢¥¨© [21℄, ¯à®¨«-«îáâà¨à®¢ ¢ ¯à¨¬¥¨¬®áâì â¥®à¨¨ ¯à¨á®¥¤¨¥ëå à á¯à¥¤¥«¥-¨©   á«¥¤ãîé¥¬ ¯à¨¬¥à¥. Ǒãáâì 
 = R × {x ∈ C : Imx = 0} ,
f(t, x) = − signx _= −







−1 , x < 0
γ , x = 01 , x > 0 , (t, x) ∈ 
,{ à §àë¢ ï ¯® x äãªæ¨ï, § ¢¨áïé ï ®â ¯ à ¬¥âà  γ ∈ R .Ǒà¨ γ = 0 ¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï ãà ¢¥¨ï x ′ = − signx ,¯®¨¬ ¥¬®£® ª ª à ¢¥áâ¢® ¯.¢. (â.¥. ãà ¢¥¨ï x(t) − x(α) == −

t
∫

α
signx(s) ds ), ¨¬¥îâ ¢¨¤ x(t) = ±

{

c− t, t 6 c0 , t > c
, t ∈ R ,  ¯à¨ γ 6= 0 ¥¯à®¤®«� ¥¬ë¥ à¥è¥¨ï íâ®£® ãà ¢¥¨ï ¨¬¥îâ¢¨¤ x(t) = ± (c − t) , t ∈ (−∞, c ) . Ǒ®ª �¥¬, çâ® ¯à¨ «î¡®¬ γ¯à¥àë¢¨áâ ï (¯¥à¨®¤¨ç¥áª ï) äãªæ¨ï x(t) = 1 − {t} , t ∈ R ,ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î ◦

x = − signx . �¥©áâ¢¨â¥«ì®, â ª ª ª
x(t) > 0 ¯à¨ ¢á¥å t , â® signx(t) = 1 ,   ¤«ï ¨â¥£à «  ¨§ (9.16)¨¬¥¥¬ −

t
∫0 signx(s) ds = −t = x(t)−h(t) , £¤¥ h(t) _= 1+[ t ℄ , t ∈ R ,{ äãªæ¨ï áª çª®¢, â.¥. h ∈ Hlo(R) .�¯¨á®ª «¨â¥à âãàë1. �¥¬ëè¥¢ �.�., �®¤¨®®¢ �.�. � ¯à¥àë¢¨áâëå äãªæ¨ïå ¥á-ª®«ìª¨å ¯¥à¥¬¥ëå // �¥§. ¤®ª«. �®á. ã¨¢.- ª ¤. ª®ä. ��¥¢áª,2004. �. 2. C. 77-78.2. H�onig Ch.S. Volterra-Stieltjes integral equations. Mathematis Studies16. Amsterdam: North-Holland, 1975. 152 p.3. � â á® �.Ǒ. �¥®à¨ï äãªæ¨© ¢¥é¥áâ¢¥®© ¯¥à¥¬¥®©. 3-¥ ¨§¤.�.: � ãª , 1974. 480 .4. �®¤¨®®¢ �.�. � ¯à®áâà áâ¢¥ à¥£ã«ïà® ¤¨ää¥à¥æ¨àã¥¬ëå äã-ªæ¨© // �§¢¥áâ¨ï �-â  ¬ â¥¬. ¨ ¨ä®à¬. �¤��. ��¥¢áª, 2004.�ë¯. 1(29). �. 3-32. 77
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