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U

F(x)µ [ dx; . ℄ are Weyl almost periodi (oforder 1) for all bounded ontinuous funtions F : U → R .�¢¥¤¥¨¥Ǒãáâì (U, ρ) { ¯®«®¥ á¥¯ à ¡¥«ì®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®,
Cb(U) { ¬®�¥áâ¢® ¢á¥å ®£à ¨ç¥ëå ¥¯à¥àë¢ëå äãªæ¨©
F : U → R , L(U) { ¬®�¥áâ¢® äãªæ¨© U ∋ x → F(x) ∈ R â -ª¨å, çâ® 0 6 F(x) 6 1 ¨ |F(x)−F(y)| 6 ρ(x, y) ¤«ï ¢á¥å x, y ∈ U .�¡®§ ç¨¬ ç¥à¥§ M(U) «¨¥©®¥ ¯à®áâà áâ¢® ¡®à¥«¥¢áª¨å § -ª®¯¥à¥¬¥ëå ¬¥à (§ àï¤®¢), ®¯à¥¤¥«¥ëå   σ - «£¥¡à¥ B(U)¡®à¥«¥¢áª¨å ¬®�¥áâ¢ O ⊆ U ,  ¤¥«¥®¥ ®à¬®©

‖µ‖w = sup
F∈L(U) ∣

∣

∫

U

F(x)µ[dx℄ ∣∣ , µ[.℄ ∈ M(U) ; (1)
M+(U) { ¬®�¥áâ¢® ¥®âà¨æ â¥«ìëå¡®à¥«¥¢áª¨å¬¥à¨§M(U) ,
M0(U) { ¬®�¥áâ¢® ¢¥à®ïâ®áâëå ¡®à¥«¥¢áª¨å ¬¥à, ¯à¨ íâ®¬79



M0(U) ⊂ M+(U) ⊂ M(U) . �  ¬®�¥áâ¢¥ M0(U) ®à¬  ‖.‖w®¯à¥¤¥«ï¥â ¬¥âà¨ªã ρw , íª¢¨¢ «¥âãî ¬¥âà¨ª¥ �¥¢¨{Ǒà®å®-à®¢  ρ0 [1, . 377℄.Ǒãáâì CAP (R,M(U)) , Sp(R,M(U)) ¨ Wp(R,M(U)) { á®-®â¢¥âáâ¢¥® ¬®�¥áâ¢  ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å (¯.¯.) ¯® �®àã,¯.¯. ¯® �â¥¯ ®¢ã ¨ ¯.¯. ¯® �¥©«î ¯®àï¤ª  p > 1 ¬¥à®§ ç-ëå äãªæ¨© R ∋ t → µ[.; t℄ á® § ç¥¨ï¬¨ ¢ «¨¥©®¬ ®à-¬¨à®¢ ®¬ ¯à®áâà áâ¢¥ (M(U), ‖.‖w) . �¥à®§ ç ï äãªæ¨ï
R ∋ t → µ[.; t℄ ∈ M(U)  §ë¢ ¥âáï á« ¡® ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© ¯®�®àã (á« ¡® ¯.¯. ¯® �â¥¯ ®¢ã ¨«¨ á« ¡® ¯.¯. ¯® �¥©«î ¯®àï¤ª 
p > 1 ), ¥á«¨ ¤«ï «î¡®© äãªæ¨¨ F ∈ Cb(U) äãªæ¨ï

R ∋ t →
∫

U

F(x)µ[dx; t℄ ∈ R¯.¯. ¯® �®àã (¯.¯. ¯® �â¥¯ ®¢ã ¨«¨ ¯.¯. ¯® �¥©«î ¯®àï¤ª  p ).�®®â¢¥âáâ¢ãîé¨¥ ¬®�¥áâ¢  á« ¡® ¯.¯. äãªæ¨© ®¡®§ ç¨¬ ç¥-à¥§ CAPw(R,M(U)) , Sw
p (R,M(U)) ¨ W w

p (R,M(U)) .�¥à®§ çë¥ äãªæ¨¨ R ∋ t → µ[.; t℄ ∈ (M0(U), ρ0)  å®¤ïâ¯à¨¬¥¥¨¥ ¢ § ¤ ç å â¥®à¨¨ ã¯à ¢«¥¨ï [2; 3℄. � àï¤¥ § ¤ ç à á-á¬ âà¨¢ îâáï äãªæ¨¨ R ∋ t → µ[.; t℄ á® § ª®¯¥à¥¬¥®© ¬¥-à®© B(U) ∋ O → µ[O; t℄ ∈ R , t ∈ R (á¬.,  ¯à¨¬¥à, [4; 5℄). �« ¡®¯.¯. ¯® �â¥¯ ®¢ã ¬¥à®§ çë¥ äãªæ¨¨ ¯à¨ ¨áá«¥¤®¢ ¨¨ ®¯â¨-¬ «ì®£® ¯.¯. ã¯à ¢«¥¨ï ¨á¯®«ì§®¢ «¨áì ¢ [6℄ (á¬. â ª�¥ [7; 8℄).� [9; 10℄ äãªæ¨¨ µ[.; .℄ ∈ Sw1 (R,M0(U)) ¯à¨¬¥ï«¨áì ¯à¨ ¨áá«¥-¤®¢ ¨¨ ¯.¯. ¯® �â¥¯ ®¢ã á¥ç¥¨© ¬®£®§ çëå ¯.¯. ¯® �â¥¯ -®¢ã ®â®¡à �¥¨©. � ç áâ®áâ¨, ¢ [10℄ ¤®ª § ®, çâ® ¬®£®§ ç-ë¥ ®â®¡à �¥¨ï R ∋ t → suppµ[.; t℄ , £¤¥ µ[.; .℄ ∈ Sw1 (R,M0(U)) ,¨ â®«ìª® ®¨ ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ ⋃

j∈N

fj(t) , t ∈ R , £¤¥ äãª-æ¨¨ fj : R → U , j ∈ N , ¯à¨ ¤«¥� â ¯à®áâà áâ¢ã ¯.¯. ¯®�â¥¯ ®¢ã ¯®àï¤ª  1 äãªæ¨© S(R, U) = S1(R, (U, ρ′ )) á® § ç¥-¨ï¬¨ ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ (U, ρ′ ) á ¬¥âà¨ª®© ρ′(x, y) == min{1, ρ(x, y)} , x, y ∈ U ( suppµ { ®á¨â¥«ì ¬¥àë µ ∈ M0(U) ,
A { § ¬ëª ¨¥ ¬®�¥áâ¢  A ⊆ U ).80



� [11℄ (¤«ï ¯®«®£® á¥¯ à ¡¥«ì®£® ¬¥âà¨ç¥áª®£® ¯à®áâà -áâ¢  (U, ρ) ) ¤®ª § ®, çâ® CAPw(R,M0(U)) = CAP (R,M0(U))¨ Sw1 (R,M0(U)) = S1(R,M0(U)) . � §ë¥ ª« ááë ¬¥à®§ çëå¯.¯. (¯® �®àã ¨ ¯® �â¥¯ ®¢ã) äãªæ¨© R ∋ t → µ[.; t℄ ∈ M(U)¨§ãç «¨áì ¢ [12℄, £¤¥ ¤®ª § ®, çâ® µ[.; .℄ ∈ CAPw(R,M(U)) â®-£¤  ¨ â®«ìª® â®£¤ , ª®£¤  µ[.; .℄ ∈ CAP (R,M(U)) ¨ áãé¥áâ¢ã¥âª®¬¯ ªâ K ⊂ (M(U), ‖.‖w) â ª®©, çâ® |µ| [.; t℄ ∈ K ¯à¨ ¢á¥å
t ∈ R ( |µ| ∈ M+ (U) { ¯®« ï ¢ à¨ æ¨ï ¬¥àë µ ∈ M(U) ). �á«®-¢¨ï µ[.; .℄ ∈ Sw

p (R,M(U)) ¨ µ[.; .℄ ∈ Sp(R,M(U)) (¤«ï ª �¤®£®
p > 1 ) ¢ ®¡é¥¬ á«ãç ¥ ¥§ ¢¨á¨¬ë [12℄. �á«¨ µ[.; t℄ ∈ M+ (U)¯à¨ ¯®çâ¨ ¢á¥å (¯.¢.) t ∈ R , â® µ[.; .℄ ∈ Sw

p (R,M(U)) â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  µ[.; .℄ ∈ Sp(R,M(U)) , p > 1 [12℄.� à ¡®â¥ ¤®ª § ® à ¢¥áâ¢® W w1 (R,M0(U))=W1(R,M0(U)) .� § 1 ¯à¨¢¥¤¥ë ®¯à¥¤¥«¥¨ï ¨ ¥ª®â®àë¥ ãâ¢¥à�¤¥¨ï ® ¯.¯.äãªæ¨ïå,   â ª�¥ ® ¢¥à®ïâ®áâëå ¡®à¥«¥¢áª¨å ¬¥à å, ª®â®-àë¥ ¨á¯®«ì§ãîâáï ¢ ¤ «ì¥©è¥¬. �®«ìè¨áâ¢® ãâ¢¥à�¤¥¨© ®¯.¯. äãªæ¨ïå ¬®�®  ©â¨ ¢ [13; 14℄. �®£¨¥ á¢®©áâ¢  ¯.¯. ¯®�¥©«î äãªæ¨© ¯à¨¢¥¤¥ë ¢ [15℄. �â®á¨â¥«ì® ãâ¢¥à�¤¥¨© ®¢¥à®ïâ®áâëå ¡®à¥«¥¢áª¨å ¬¥à å á¬.,  ¯à¨¬¥à, [16℄. �á®¢ë¥à¥§ã«ìâ âë à ¡®âë á®¤¥à� âáï ¢ § 2. � § 3 ¤®ª §ë¢ ¥âáï â¥®à¥-¬  2.2, áä®à¬ã«¨à®¢  ï ¢ § 2.1. �¯à¥¤¥«¥¨ï ¨ ¥ª®â®àë¥ á¢®©áâ¢  ¯®çâ¨¯¥à¨®¤¨ç¥áª¨å äãªæ¨©Ǒãáâì (U, ρ) { ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �¥à¥§ A ®¡®§- ç¨¬ § ¬ëª ¨¥ ¬®�¥áâ¢  A⊆U , Kr(x)={y ∈ U :ρ(x, y)6r} ,
x ∈ U , r > 0 . �®�¥áâ¢® K ⊆ U ¯à¥¤ª®¬¯ ªâ®, ¥á«¨ K { ª®¬-¯ ªâ®¥ ¬®�¥áâ¢®. �ãªæ¨ï f : R → U  §ë¢ ¥âáï ¯à®áâ®©,¥á«¨ áãé¥áâ¢ãîâ â®çª¨ xj ∈ U ¨ ¥¯¥à¥á¥ª îé¨¥áï ¨§¬¥à¨¬ë¥¯® �¥¡¥£ã ¬®�¥áâ¢  Tj ⊆ R , j = 1, . . . , n (£¤¥ n ∈ N ), â ª¨¥,çâ® mesR\

⋃

j Tj = 0 ¨ f(t) = xj ¯à¨ t ∈ Tj ( mes { ¬¥à  �¥¡¥£ 81



  R ). �ãªæ¨ï f : R → U ¨§¬¥à¨¬ , ¥á«¨ ®  ¯à¨ ¯®çâ¨ ¢á¥å(¯.¢.) t ∈ R á®¢¯ ¤ ¥â á ¯à¥¤¥«®¬ ¯®çâ¨ ¢áî¤ã (¯.¢.) áå®¤ïé¥©-áï ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à®áâëå äãªæ¨©. �®¢®ªã¯®áâì ¨§¬¥à¨-¬ëå äãªæ¨© f : R → U ®¡®§ ç¨¬ ç¥à¥§ M(R, U) (äãªæ¨¨,á®¢¯ ¤ îé¨¥ ¯à¨ ¯.¢. t ∈ R , ®â®�¤¥áâ¢«ïîâáï); (L∞(R, U),D(ρ)
∞ ){ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¢ áãé¥áâ¢¥®¬ ®£à ¨ç¥ëå äãª-æ¨© ¨§ M(R, U) á ¬¥âà¨ª®©

D(ρ)
∞ (f, g) = ess sup

t∈R

ρ(f(t), g(t)) , f, g ∈ L∞(R, U) .�¨ªá¨àã¥¬ â®çªã x0 ∈ U . Ǒãáâì ¯à¨ p > 1
Mp(R, U) .= {

f ∈ M(R, U) : sup
ξ∈R

ξ+1
∫

ξ

ρ p(f(t), x0) dt < +∞
}

.�  ¬®�¥áâ¢¥ Mp(R, U) ¤«ï ¢á¥å l > 0 ®¯à¥¤¥«ïîâáï ¬¥âà¨ª¨
D

(ρ)
p, l(f, g) = ( sup

ξ∈R

1
l

ξ+l
∫

ξ

ρ p(f(t), g(t)) dt
)1/p

, f, g ∈ Mp(R, U) .�á«¨ l1 > l , â® á¯à ¢¥¤«¨¢ë ®æ¥ª¨
(

l
l1 )1/p

D
(ρ)
p, l(f, g) 6 D

(ρ)
p, l1(f, g) 6

(1 + l
l1 )1/p

D
(ρ)
p, l(f, g) ,¯®íâ®¬ã ¢á¥ ¬¥âà¨ª¨ D

(ρ)
p, l , l > 0 , íª¢¨¢ «¥âë ¨ áãé¥áâ¢ã¥â¯à¥¤¥«~D(ρ)

p (f, g) = lim
l→+∞

D
(ρ)
p, l(f, g) = inf

l>0 D
(ρ)
p, l(f, g) , f, g ∈ Mp(R, U) ,ª®â®àë© ï¢«ï¥âáï ¯®«ã¬¥âà¨ª®©   Mp(R, U) (¤«ï äãªæ¨©

f, g ∈ Mp(R, U) , ®â«¨ç îé¨åáï ¤àã£ ®â ¤àã£    ¥ª®â®à®¬ ®£à -¨ç¥®¬ ¢ R ¬®�¥áâ¢¥, ¨¬¥¥¬ ~D(ρ)
p (f, g) = 0 ). �¡®§ ç¨¬ ç¥-à¥§ M

♯
p (R, U) , p > 1 , ¬®�¥áâ¢® â¥å äãªæ¨© f ∈ Mp(R, U) ,¤«ï ª®â®àëålim

δ→+0 lim
l0→+∞

sup
l>l0 sup

ξ∈R

[ 1
l sup

E ⊂[ξ,ξ+l℄: mesE6δl

∫

E

ρ p(f(t), x0) dt
]1/p=0.82



�®�¥áâ¢® M
♯
p(R, U) (ª ª ¨ ¬®�¥áâ¢® Mp(R, U) ) ¥ § ¢¨á¨â ®â¢ë¡®à  â®çª¨ x0 .�á«¨ U = (H, ‖.‖) { ¡  å®¢® ¯à®áâà áâ¢® ( ρ(x, y) = ‖x−y‖ ,

x, y ∈ H ; ¢ á«ãç ¥ H = C ¯®« £ ¥¬ ‖z‖ = |z| , z ∈ C ), â® ¤«ïäãªæ¨© f ∈ L∞(R,H) ®¯à¥¤¥«¥  ®à¬ 
‖f‖∞ = ess sup

t∈R

‖f(t)‖ ,  ¤«ï äãªæ¨© f ∈ Mp(R,H) , p > 1 , ®¯à¥¤¥«¥ë ®à¬ë
‖f‖

(S)
p, l = ( sup

ξ∈R

1
l

ξ+l
∫

ξ

‖f(t)‖pdt
)1/p

, l > 0 ,¨ ¯®«ã®à¬ 
‖f‖(W )

p = lim
l→+∞

‖f‖
(S)
p, l .� ¤ «ì¥©è¥¬ ã¤®¡® ¯à¥¤¯®« £ âì, çâ® (H, ‖.‖) { ª®¬¯«¥ªá-®¥ ¡  å®¢® ¯à®áâà áâ¢®. �á«¨ ¡  å®¢® ¯à®áâà áâ¢® (H, ‖.‖)¢¥é¥áâ¢¥®¥, â® ¬®�® à áá¬ âà¨¢ âì ¥£® ª®¬¯«¥ªá¨ä¨ª æ¨î

H+ iH , ®â®�¤¥áâ¢«ïï ¯à®áâà áâ¢® H á ¢¥é¥áâ¢¥ë¬ ¯®¤¯à®-áâà áâ¢®¬ (®à¬  ‖.‖H+iH   ¢¥é¥áâ¢¥®¬ ¯®¤¯à®áâà áâ¢¥ Há®¢¯ ¤ ¥â á ¨áå®¤®© ®à¬®© ‖.‖ ).�®�¥áâ¢® T ⊆ R  §ë¢ ¥âáï ®â®á¨â¥«ì® ¯«®âë¬, ¥á«¨áãé¥áâ¢ã¥â ç¨á«® a > 0 â ª®¥, çâ® [ξ, ξ + a℄ ∩ T 6= ∅ ¤«ï ¢á¥å
ξ ∈ R . �¥¯à¥àë¢ ï äãªæ¨ï f ∈ C(R, U) ¯à¨ ¤«¥�¨â ¯à®-áâà áâ¢ã CAP (R, U) ¯.¯. ¯® �®àã äãªæ¨©, ¥á«¨ ¤«ï «î¡®£®
ε > 0 ¬®�¥áâ¢® ç¨á¥« τ ∈ R , ¤«ï ª®â®àëåsup

t∈R

ρ(f(t), f(t + τ)) < ε ,®â®á¨â¥«ì® ¯«®â®. �¬¥¥¬ CAP (R, U) ⊆ L∞(R, U) , ¨ ª �¤ ïäãªæ¨ï ¨§ CAP (R, U) à ¢®¬¥à® ¥¯à¥àë¢ . �¨á«® τ ∈ R §ë¢ ¥âáï (ε,D(ρ)
∞ ) -¯®çâ¨ ¯¥à¨®¤®¬ (¨«¨ ¯à®áâ® ε -¯®çâ¨ ¯¥à¨-®¤®¬) äãªæ¨¨ f ∈ L∞(R, U) , ε > 0 , ¥á«¨ D

(ρ)
∞ (f(.), f(.+τ)) < ε .83



�¨á«® τ ∈ R  §ë¢ ¥âáï (ε,D(ρ)
p, l) -¯®çâ¨ ¯¥à¨®¤®¬ äãªæ¨¨

f ∈ Mp(R, U) , ¥á«¨ D
(ρ)
p, l(f(.), f(. + τ)) < ε . �¨á«® τ ∈ R  -§ë¢ ¥âáï (ε, ~D(ρ)

p ) -¯®çâ¨ ¯¥à¨®¤®¬ äãªæ¨¨ f ∈ Mp(R, U) , ¥á«¨~D(ρ)
p (f(.), f(.+ τ)) < ε . �ãªæ¨ï f ∈ Mp(R, U) , p > 1 , ¯à¨ ¤«¥-�¨â ¯à®áâà áâ¢ã Sp(R, U) ¯.¯. ¯® �â¥¯ ®¢ã ¯®àï¤ª  p äãª-æ¨©, ¥á«¨ ¤«ï «î¡®£® ε > 0 ®â®á¨â¥«ì® ¯«®â® ¬®�¥áâ¢®(ε,D(ρ)

p, 1 ) -¯®çâ¨ ¯¥à¨®¤®¢ äãªæ¨¨ f . �ãªæ¨ï f ∈ Mp(R, U) ,
p > 1 , ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã Wp(R, U) ¯.¯. ¯® �¥©«î ¯®-àï¤ª  p äãªæ¨©, ¥á«¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ç¨á«®
l = l(ε, f) > 0 â ª®¥, çâ® ¬®�¥áâ¢® (ε,D(ρ)

p, l ) -¯®çâ¨ ¯¥à¨®-¤®¢ äãªæ¨¨ f ®â®á¨â¥«ì® ¯«®â® [13℄. (� ¯®á«¥¤¥¥ ¢à¥¬ïàï¤  ¢â®à®¢ ¤«ï äãªæ¨© f ∈ Wp(R, U) ¨á¯®«ì§ã¥â  §¢ ¨¥óequi-Weyl almost periodi funtions� (á¬.,  ¯à¨¬¥à, [17; 18℄),®¯à¥¤¥«ïï ¯.¯. ¯® �¥©«î (¯®àï¤ª  p ) äãªæ¨¨ ª ª äãªæ¨¨
f ∈ Mp(R, U) , p > 1 , ¤«ï ª®â®àëå ¤«ï «î¡®£® ε > 0 ®â®á¨-â¥«ì® ¯«®â® ¬®�¥áâ¢® (ε, ~D(ρ)

p ) -¯®çâ¨ ¯¥à¨®¤®¢.)�¯à ¢¥¤«¨¢ë ¢«®�¥¨ï
CAP (R, U) ⊆ Sp(R, U) ⊆ Wp(R, U) ⊆ M ♯

p(R, U) ,
Sp1(R, U) ⊆ Sp(R, U) , Wp1(R, U) ⊆ Wp(R, U) , p1 > p > 1 .Ǒ®á«¥¤®¢ â¥«ì®áâì {τj}j∈N ⊂ R  §ë¢ ¥âáï f -¢®§¢à é î-é¥© ¤«ï äãªæ¨¨ f ∈ CAP (R, U) , ¥á«¨ D

(ρ)
∞ (f(.), f(.+τj))→ 0¯à¨ j → +∞ . � «®£¨ç® ¯®á«¥¤®¢ â¥«ì®áâì {τj}j∈N

⊂ R §ë¢ ¥âáï f -¢®§¢à é îé¥© ¤«ï f ∈ Sp(R, U) , p > 1 , ¥á«¨
D

(ρ)
p, 1(f(.), f(. + τj)) → 0 ¯à¨ j → +∞ (¯®á«¥¤¥¥ ¢ë¯®«ï¥â-áï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  D

(ρ)
p, l (f(.), f(. + τj)) → 0 ¯à¨

j → +∞ ¤«ï ª ª®£®-«¨¡® (¨, á«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å) l > 0 ).Ǒ®á«¥¤®¢ â¥«ì®áâì {τj}j∈N ⊂ R  §ë¢ ¥âáï f -¢®§¢à é îé¥©¤«ï äãªæ¨¨ f ∈ Wp(R, U) , p > 1 , ¥á«¨ ¤«ï «î¡®£® ε > 0  ©-¤ãâáï ç¨á«  l = l(ε, f) > 0 ¨ j0 ∈ N â ª¨¥, çâ® ¢á¥ ç¨á«  τj ,84



¤«ï ª®â®àëå j > j0 , ï¢«ïîâáï (ε,D(ρ)
p, l ) -¯®çâ¨ ¯¥à¨®¤ ¬¨ äãª-æ¨¨ f . �á«¨ ¯.¯. äãªæ¨ï f : R → U ¯à¨ ¤«¥�¨â ¥áª®«ì-ª¨¬ ¨§ à áá¬ âà¨¢ ¥¬ëå ¯à®áâà áâ¢ ¯.¯. äãªæ¨© (CAP (R, U) ,

Sp(R, U) ¨«¨ Wp(R, U) ¤«ï à §ëå p > 1 ), â® f -¢®§¢à é îé¨¥¯®á«¥¤®¢ â¥«ì®áâ¨ ¥ § ¢¨áïâ ®â â®£®, ª ª®¬ã ¨¬¥® ¨§ à á-á¬ âà¨¢ ¥¬ëå ¯à®áâà áâ¢ ¯.¯. äãªæ¨© äãªæ¨ï f áç¨â ¥âáï¯à¨ ¤«¥� é¥© [15℄.�«ï äãªæ¨© f ∈W1(R, U) ç¥à¥§ Mod f ®¡®§ ç ¥âáï ¬®�¥-áâ¢® (¬®¤ã«ì, £àã¯¯  ¯® á«®�¥¨î) ç¨á¥« λ ∈ R â ª¨å, çâ®
e iλτj → 1 ¯à¨ j →+∞ (£¤¥ i2 =−1 ) ¤«ï «î¡®© f -¢®§¢à é îé¥©¯®á«¥¤®¢ â¥«ì®áâ¨ {τj}j∈N ⊂ R . �á«¨ ~D(ρ)1 (f(.), y0(.)) 6= 0 ¤«ï¢á¥å ¯®áâ®ïëå äãªæ¨© y0(t) ≡ y0 ∈ U , t ∈ R , â® Mod f {áç¥âë© ¬®¤ã«ì (¢ ¯à®â¨¢®¬ á«ãç ¥ Mod f = {0} ).� ¥ ¬ ¬   1.1 ([13℄). Ǒãáâì (H, ‖.‖) { ª®¬¯«¥ªá®¥ ¡  -å®¢® ¯à®áâà áâ¢®, f ∈ W1(R,H) ¨ g ∈ CAP (R, C) . �®£¤  ¤«ï
ξ ∈ R ¨ a ∈ R áãé¥áâ¢ã¥â ¯à¥¤¥« (¥ § ¢¨áïé¨© ®â a ∈ R )lim

l→+∞

1
l

a+l
∫

a
g(t)f(ξ − t) dt = (f ∗ g)(ξ)(¨â¥£à « §¤¥áì ¯®¨¬ ¥âáï ¢ á¬ëá«¥ �®å¥à  [19℄), ¯à¨ íâ®¬

f ∗ g ∈ CAP (R,H) ¨ áå®¤¨¬®áâì à ¢®¬¥à  ¯® ξ ∈ R ¨ a ∈ R .Ǒãáâì f ∈ W1(R,H) (£¤¥ (H, ‖.‖) { ª®¬¯«¥ªá®¥ ¡  å®¢®¯à®áâà áâ¢®). �§ «¥¬¬ë 1.1 á«¥¤ã¥â, çâ® ¤«ï «î¡®£® λ ∈ Ráãé¥áâ¢ã¥â áà¥¤¥¥ § ç¥¨¥lim
l→+∞

1
l

l
∫0 e−iλtf(t) dt = M {e−iλtf} .�¡®§ ç¨¬ ç¥à¥§ �{f} ¬®�¥áâ¢® ¯®ª § â¥«¥© �ãàì¥ äãªæ¨¨

f ∈ W1(R,H) , â.¥. â¥å ç¨á¥« λ ∈ R , ¤«ï ª®â®àëå M {e−iλtf} 6= 0 ,¨ ¯ãáâì Mod (�{f}) { íâ® ¬®¤ã«ì ¯®ª § â¥«¥© �ãàì¥ äãªæ¨¨
f ∈ W1(R,H) ( ¨¬¥ìè ï £àã¯¯  ¯® á«®�¥¨î ¢ R , á®¤¥à� -é ï ¬®�¥áâ¢® �{f} ). 85



� ¥ ¬ ¬   1.2 ([15℄). �«ï ¢á¥å f ∈ W1(R,H) á¯à ¢¥¤«¨¢®à ¢¥áâ¢® Mod f= Mod (�{f})� ¥ ¬ ¬   1.3. ([15; 20℄). Ǒãáâì f ∈Wp(R, U)⊆W1(R, U) ,
p > 1 . �®£¤  ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ {τj}j∈N ⊂ R á«¥¤ã-îé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:1) {τj}j∈N { f -¢®§¢à é îé ï ¯®á«¥¤®¢ â¥«ì®áâì,2) ~D(ρ)

p (f(.), f(. + τj)) → 0 ¯à¨ j → +∞ ,3) e iλτj → 1 ¯à¨ j → +∞ ¤«ï ¢á¥å λ ∈ Mod f .�á«¨ �j ⊆ R { ¯à®¨§¢®«ìë¥ ¬®¤ã«¨ (£¤¥ ¨¤¥ªá j ¯à¨- ¤«¥�¨â «î¡®¬ã ¥¯ãáâ®¬ã ¬®�¥áâ¢ã), â® ç¥à¥§ ∑

j
�j (¨«¨�1 + · · · + �n ¤«ï ª®¥ç®£® ç¨á«  ¬®¤ã«¥© �j , j = 1, . . . , n )®¡®§ ç ¥âáï  ¨¬¥ìè¨© ¬®¤ã«ì (£àã¯¯  ¯® á«®�¥¨î) ¢ R ,á®¤¥à� é¨© ¢á¥ ¬®�¥áâ¢  �j .�á«¨ f ∈ W1(R, U) ¨ fj ∈ W1(R, Uj) , j ∈ N , £¤¥ U,Uj {¯à®¨§¢®«ìë¥ (¯®«ë¥) ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ , â® ¢«®�¥¨¥Mod f ⊆

∑

j
Mod fj ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ «î¡ ï ¯®á«¥¤®¢ â¥«ì®áâì {τk}k∈N ⊂ R , ï¢«ïîé ïáï fj -¢®§-¢à é îé¥© ¤«ï ¢á¥å j ∈ N , ï¢«ï¥âáï â ª�¥ f -¢®§¢à é îé¥©.�á«¨ f, fj ∈ Wp(R, U) , p > 1 , j ∈ N , ¨ ~D(ρ)

p (f, fj) → 0 ¯à¨
j → +∞ , â® Mod f ⊆

∑

j
Mod fj .Ǒãáâì (U, ρ) ¨ (V, ρV ) { ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ , C(U, V ){ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨© F : U → V(ª®â®àë¥ ¬®£ãâ ¥ ¡ëâì ®£à ¨ç¥ë¬¨) á ¬¥âà¨ª®©

dC(U,V )(F1 ,F2) = sup
x∈U

min{1, ρV (F1(x),F2(x))} , F1 ,F2∈C(U, V ) .�¥à¥§ F(.|Y ) ¡ã¤¥¬ ®¡®§ ç âì ®£à ¨ç¥¨¥ (áã�¥¨¥) äãªæ¨¨
F(.) ∈ C(U, V )   ¥¯ãáâ®¥ ¬®�¥áâ¢® Y ⊆ U .86



� ¥ ® à ¥ ¬   1.1 ([15℄). Ǒãáâì (U, ρ) ¨ (V, ρV ) { ¯®«ë¥¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ , r > 0 , p > 1 . Ǒà¥¤¯®«®�¨¬, çâ®äãªæ¨ï R ∋ t → F(.; t) ∈ C(U, V ) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬¤¢ã¬ ãá«®¢¨ï¬:1) ¤«ï ª �¤®£® § ¬ªãâ®£® è à  Kr(x) , x ∈ U , (ä¨ªá¨à®-¢ ®£®) à ¤¨ãá  r äãªæ¨ï
R ∋ t → F(.|Kr(x); t) ∈ C(Kr(x), V )¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã W1(R, (C(Kr(x), V ), dC(Kr(x),V ))) ,2) ¯à¨ ¯.¢. t ∈ R ¤«ï ¢á¥å x ∈ U á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

ρV (F(x; t), y0) 6 Bρ(x, x0) +B(t) , £¤¥ x0 ∈ U , y0 ∈ V { ¥ª®â®-àë¥ ä¨ªá¨à®¢ ë¥ â®çª¨ ¨ B > 0 , B(.) ∈ M
♯
p (R, R) .�®£¤  ¤«ï «î¡®© f ∈Wp(R, U) ¨¬¥¥¬ F(f(.); .)∈Wp(R, V ) ¨ModF(f(.); .) ⊆ Mod f(.) + ∑

x∈U
ModF(.|Kr(x); .) .� « ¥ ¤ á â ¢ ¨ ¥ 1.1. Ǒãáâì (U, ρ) ¨ (V, ρV ) { ¯®«ë¥¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ , F : U → V { ®£à ¨ç¥ ï ¥¯à¥-àë¢ ï äãªæ¨ï ¨ f ∈ W1(R, U) . �®£¤  F(f(.)) ∈ W1 (R, V ) ¨ModF(f(.)) ⊆ Mod f(.) .Ǒãáâì (U, ρ) { ¯®«®¥ á¥¯ à ¡¥«ì®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà -áâ¢®, B(U) { σ - «£¥¡à  ¡®à¥«¥¢áª¨å ¯®¤¬®�¥áâ¢ ¬¥âà¨ç¥áª®-£® ¯à®áâà áâ¢  (U, ρ) , (M0(U), ρw) { ¯®«®¥ á¥¯ à ¡¥«ì®¥ ¬¥-âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¢¥à®ïâ®áâëå ¡®à¥«¥¢áª¨å ¬¥à, ®¯à¥¤¥-«¥ëå   σ - «£¥¡à¥ B(U) , á ¬¥âà¨ª®© ρw , ¯®à®�¤¥®© ®à-¬®© ‖.‖w (á¬. (1)). �¥âà¨ª  ρw íª¢¨¢ «¥â  ¬¥âà¨ª¥ �¥¢¨{Ǒà®å®à®¢  ρ0(µ1 , µ2) .= inf {ε > 0 : µ1[A℄ 6 µ2[A ε℄ + ε ¤«ï¢á¥å ¥¯ãáâëå ¬®�¥áâ¢ A ∈ B(U)} , µ1 , µ2 ∈ M0(U) , £¤¥

A ε = {x ∈ U : ρ(x,A) .= inf
y∈A

ρ(x, y) < ε} . �  áâ®ïé¥© à ¡®-â¥ ¡ã¤¥â ¨á¯®«ì§®¢ âìáï (ª ª ¡®«¥¥ ã¤®¡ ï) ¬¥âà¨ª  ρw . (�á¥à¥§ã«ìâ âë à ¡®âë, ¤®ª § ë¥ ¤«ï ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ 87



(M0(U), ρw) , â ª�¥ á¯à ¢¥¤«¨¢ë ¯à¨ § ¬¥¥ ¬¥âà¨ª¨ ρw   ¬¥-âà¨ªã �¥¢¨{Ǒà®å®à®¢  ρ0 .)� �¤ ï ¬¥à  µ[.℄ ∈ M0(U) (â ª ª ª ¯à®áâà áâ¢® (U, ρ)¯à¥¤¯®« £ ¥âáï á¥¯ à ¡¥«ìë¬) ï¢«ï¥âáï à ¤®®¢áª®©, â.¥. ¤«ï«î¡®£® ε > 0 áãé¥áâ¢ã¥â ª®¬¯ ªâ Kε ⊆ U , ¤«ï ª®â®à®£®
µ [Kε℄ > 1− ε . �®�¥áâ¢® K ¯à¥¤ª®¬¯ ªâ® ¢ ¬¥âà¨ç¥áª®¬ ¯à®-áâà áâ¢¥ (M0(U), ρw) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£®
ε > 0 áãé¥áâ¢ã¥â ª®¬¯ ªâ Kε ⊆ U â ª®©, çâ® µ [Kε℄ > 1− ε ¤«ï¢á¥å ¬¥à µ[.℄ ∈ K .Ǒãáâì (Cb(U), ‖.‖Cb(U)) { ¡  å®¢® ¯à®áâà áâ¢® ®£à ¨ç¥-ëå ¥¯à¥àë¢ëå äãªæ¨© F : U → R á ®à¬®©

‖F‖Cb(U) = sup
x∈U

|F(x)| , F ∈ Cb(U) .� �¤®© ¬¥à¥ µ[.℄ ∈ M0(U) áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ «¨¥©ë©(¢¥à®ïâ®áâë©) äãªæ¨® « µ(.)   ¡  å®¢®¬ ¯à®áâà áâ¢¥
Cb(U) :

µ(F) = ∫

U

F(x)µ[dx℄ , F ∈ Cb(U) ,¯à¨ íâ®¬ |µ(F)| 6 ‖F‖Cb(U) .�á«¨ µ, µj ∈ M0(U) , j ∈ N , ¨ ρw(µ, µj) → 0 ¯à¨ j → +∞ ,â® µj(F) → µ(F) ¯à¨ j → +∞ ¤«ï «î¡®© äãªæ¨¨ F ∈ Cb(U) .� ®¡®à®â, ¥á«¨ ϕ(.) { «¨¥©ë© ¢¥à®ïâ®áâë© äãªæ¨® «  
Cb(U) , µj ∈ M0(U) , j ∈ N , ¨ µj(F) → ϕ(F) ¯à¨ j → +∞ ¤«ï«î¡®© äãªæ¨¨ F ∈ Cb(U) , â®  ©¤¥âáï ¬¥à  µ ∈ M0(U) â ª ï,çâ® ϕ(.) = µ(.) ¨ ρw(µ, µj) → 0 ¯à¨ j → +∞ .2. �á®¢ë¥ à¥§ã«ìâ âë�¥à®§ ç ï äãªæ¨ï t → µ[.; t℄ ∈ M0(U) , t ∈ R , ¨§¬¥à¨¬ ,¥á«¨ µ[.; .℄ ∈ M(R, (M0(U), ρw)) . �«ï ¯à®¨§¢®«ì®© ¬¥à®§ ç®©äãªæ¨¨ R ∋ t → µ[.; t℄ ∈ M0(U) á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ -«¥âë:1) µ[.; .℄ ∈ M(R, (M0(U), ρw)) ,88



2) R ∋ t → µ[O; t℄ ∈ R { ¨§¬¥à¨¬ ï äãªæ¨ï ¤«ï «î¡®£®¬®�¥áâ¢  O ∈ B(U) ,3) R ∋ t → µ(F ; t) .= ∫

U

F(x)µ[dx; t℄ ∈ R { ¨§¬¥à¨¬ ï äãªæ¨ï¤«ï «î¡®© äãªæ¨¨ F ∈ Cb(U) .�¥à®§ çë¥ ¯.¯. ¯® �¥©«î äãªæ¨¨ R ∋ t → µ[.; t℄ ∈ M0(U)®¯à¥¤¥«ïîâáï ª ª (¯.¯. ¯® �¥©«î ¯®àï¤ª  1) äãªæ¨¨ á® § ç¥-¨ï¬¨ ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ (M0(U), ρw) , â.¥. íâ® äãª-æ¨¨ ¨§ ¯à®áâà áâ¢  W1(R,M0(U)) .= W1(R, (M0(U), ρw)) . �¥à¥§
W w1 (R,M0(U)) ®¡®§ ç¨¬ ¬®�¥áâ¢®
{µ[.; .℄ ∈ M(R, (M0(U), ρw)) : µ(F ; .) ∈ W1(R, R) ∀F ∈ Cb(U) }.�ãªæ¨¨ ¨§ W w1 (R,M0(U))  §ë¢ îâáï á« ¡® ¯.¯. ¯® �¥©«î ¬¥-à®§ çë¬¨ äãªæ¨ï¬¨. � «®£¨çë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï(á« ¡®) ¯.¯. ¯® �®àã ¨ ¯.¯. ¯® �â¥¯ ®¢ã ¬¥à®§ çë¥ äãªæ¨¨
R ∋ t → µ[.; t℄ ∈ M0(U) .� ¥ ¬ ¬   2.1. Ǒãáâì (U, ρ) { ¯®«®¥ á¥¯ à ¡¥«ì®¥ ¬¥-âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ µ[.; .℄ ∈ W1(R,M0(U)) . �®£¤  ¤«ï «î-¡®© äãªæ¨¨ F ∈ Cb(U) ¨¬¥¥¬ µ(F ; .) ∈ W1(R, R) ∩ L∞(R, R) ¨Modµ(F ; .) ⊆ Modµ[.; .℄ .� ® ª   §   â ¥ « ì á â ¢ ®. � �¤®© äãªæ¨¨ F ∈Cb(U)á®®â¢¥âáâ¢ã¥â äãªæ¨ï lF (.) ∈ Cb(M0(U)) , ®¯à¥¤¥«ï¥¬ ï à -¢¥áâ¢®¬ lF (µ) = µ(F) , µ ∈ M0(U) , ¯à¨ç¥¬ ‖lF‖C

b
(M0(U)) == ‖F‖Cb(U) . � ª ª ª ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® (M0(U), ρw)¯®«®¥ ¨ µ[.; .℄ ∈ W1(R,M0(U)) , â® ¢ á¨«ã á«¥¤áâ¢¨ï 1.1 ¤«ï¢á¥å äãªæ¨© F ∈ Cb(U) ¯®«ãç ¥¬

lF (µ[.; .℄) = µ(F ; .) ∈ W1(R, R) ∩ L∞(R, R),Mod lF (µ[.; .℄) = Modµ(F ; .) ⊆ Modµ[.; .℄ .89



� ¥ ® à ¥ ¬   2.1. Ǒãáâì (U, ρ) { ¯®«®¥ á¥¯ à ¡¥«ì®¥¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ µ[.; .℄ ∈ W w1 (R,M0(U)) . �®£¤ 
µ[.; .℄ ∈ W1(R,M0(U)) ¨ Modµ[.; .℄ ⊆ ∑

F∈Cb(U)Modµ(F ; .) .� « ¥ ¤ á â ¢ ¨ ¥ 2.1. Ǒãáâì (U, ρ) { ¯®«®¥ á¥¯ à ¡¥«ì-®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �®£¤  á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
W w1 (R,M0(U))=W1(R,M0(U)) ¨ Modµ[.; .℄ = ∑

F∈Cb(U)Modµ(F ; .)¤«ï «î¡®© ¬¥à®§ ç®© äãªæ¨¨ µ[.; .℄ ∈ W1(R,M0(U)) .�«¥¤áâ¢¨¥ 2.1 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2.1 ¨«¥¬¬ë 2.1. �¥®à¥¬  2.1 ¤®ª §ë¢ ¥âáï ¢ ª®æ¥ íâ®£® ¯ à £à ä ,¯à¨ íâ®¬ ª«îç¥¢ãî à®«ì ¢ ¤®ª § â¥«ìáâ¢¥ ¨£à ¥â â¥®à¥¬  2.3,ª®â®à ï ¢ á¢®î ®ç¥à¥¤ì ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 2.2, ¤®ª -§ë¢ ¥¬®© ¢ § 3.� ¥ ® à ¥ ¬   2.2. Ǒãáâì fj ∈ W1(R, R) , j ∈ N , fj(t) > 0¯à¨ ¯.¢. t ∈ R . Ǒà¥¤¯®«®�¨¬, çâ® ∑

j∈J
fj(.) ∈ W1(R, R) ¤«ï «î-¡®£® ¥¯ãáâ®£® ¬®�¥áâ¢  J ⊆ N (¢ ç áâ®áâ¨, íâ® ®§ ç ¥â,çâ® ∑

j∈N

fj(t) < +∞ ¯à¨ ¯.¢. t ∈ R ). �¡®§ ç¨¬ gj(.) = ∑

n>j
fn(.) ,

j ∈ N . �®£¤  ‖gj(.)‖(W )1 → 0 ¯à¨ j → +∞ .� ¥ ® à ¥ ¬   2.3. Ǒãáâì (U, ρ) { ¯®«®¥ á¥¯ à ¡¥«ì®¥¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ µ[.; .℄ ∈ W w1 (R,M0(U)) . Ǒà¥¤¯®«®-�¨¬, çâ® Fj ∈ Cb(U) , j ∈ N ,0 6 · · · 6 Fj+1(x) 6 Fj(x) 6 · · · 6 F1(x)¨ Fj(x)→0 ¯à¨ j→+∞ ¤«ï ¢á¥å x ∈ U . �®£¤  ‖µ(Fj ; .)‖(W )1 → 0¯à¨ j → +∞ .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì Gj(.)=Fj(.)−Fj+1(.) ,
j ∈ N . �®£¤  µ(Gj ; .) ∈ W1(R, R) ¨ µ(Gj ; t) > 0 ¯à¨ ¯.¢. t ∈ R .90



�«ï ¯à®¨§¢®«ì®£® ¥¯ãáâ®£® ¬®�¥áâ¢  J ⊆ N ¯®«®�¨¬
G(J ;x) = ∑

j∈J
Gj(x) , x ∈ U .� ª ª ª G(J ; .) ∈ Cb(U) , â® µ(G(J ; .); .) ∈ W1(R, R) . � ¤àã£®©áâ®à®ë, ¤«ï ¢á¥å x ∈ U á¯à ¢¥¤«¨¢® ∑

j∈J, j6n
Gj(x) → G(J ;x)¯à¨ n → +∞ , ¯®íâ®¬ã ¯à¨ ¯.¢. t ∈ R ¢ë¯®«ï¥âáï à ¢¥áâ¢®

µ(G(J ; .); t) = ∑

j∈J

µ(Gj ; t) ¨ ∑

j∈J

µ(Gj ; .) ∈ W1(R, R) . �áâ «®áì ¢®á-¯®«ì§®¢ âìáï â¥®à¥¬®© 2.2.� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 2.1. Ǒãáâì â®çª¨ xj ∈ U ,
j ∈ N , ®¡à §ãîâ áç¥â®¥ ¯«®â®¥ ¬®�¥áâ¢® ¢ á¥¯ à ¡¥«ì®¬ ¬¥-âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ (U, ρ) . �«ï ¢á¥å ε ′ > 0 ¨ n ∈ N ®¯à¥¤¥-«¨¬ äãªæ¨¨

U ∋ x → Gε ′,n(x) = min {1, (ε ′)−1ρ(x,
⋃

j6n
Kε ′(xj))},£¤¥ ρ(x,A) = inf

y∈A
ρ(x, y) { à ááâ®ï¨¥ ®â â®çª¨ x ∈ U ¤® ¥¯ã-áâ®£® ¬®�¥áâ¢  A ⊆ U ; Gε ′,n(.) ∈ Cb(U) (¯®íâ®¬ã á¯à ¢¥¤«¨¢®¢ª«îç¥¨¥ µ(Gε ′,n ; .) ∈ W1(R, R) ). �§ â¥®à¥¬ë 2.3 ¢ëâ¥ª ¥â, çâ®(¤«ï «î¡®£® ε ′ > 0 ) ‖µ(Gε ′,n ; .)‖(W )1 → 0 ¯à¨ n → +∞ . �¨ª-á¨àã¥¬ ç¨á«® ε > 0 . Ǒ®«®�¨¬ ¤ «¥¥ ε ′ = ε24 . � ©¤¥âáï ç¨á«®

n ∈ N â ª®¥, çâ® ¤«ï § ¬ªãâ®£® ¬®�¥áâ¢  F
.= ⋃

j6n
K2ε ′(xj)á¯à ¢¥¤«¨¢  ®æ¥ª 

‖µ[U\F ; .℄‖(W )1 6 ‖µ(Gε ′,n ; .)‖(W )1 < ε16 .�ë¡¥à¥¬ äãªæ¨¨ �ε ′,j(.) ∈ Cb(U) , j = 1, . . . , n , ¤«ï ª®â®-àëå ¢ë¯®«¥®: �ε ′,j(x) > 0 ¯à¨ ¢á¥å x ∈ U , �ε ′,j(x) = 0¯à¨ ¢á¥å x ∈ U\K3ε ′(xj) , ∑

j6n
�ε ′,j(x) = 1 ¯à¨ ¢á¥å x ∈ F ¨

∑

j6n
�ε ′,j(x) 6 1 ¯à¨ ¢á¥å x ∈ U . � �¤®© äãªæ¨¨ F ∈ L(U)91



¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨î
U ∋ x → F ′(x) .= ∑

j6n
F(xj)�ε ′,j(x)¨§ Cb(U) . �á«¨ x ∈ F , â®

|F(x)−F ′(x)| = ∣

∣

∑

j6n
(F(x)−F(xj))�ε ′,j(x) ∣∣ 6

6
∑

j6n
| F(x) −F(xj) | ·�ε ′,j(x) 6 3ε ′,¯à¨ íâ®¬ ¤«ï ¢á¥å x ∈ U0 6 F ′(x) = ∑

j6n
F(xj)�ε ′,j(x) 6

∑

j6n
�ε ′,j(x) 6 1 .Ǒà¨ ¯.¢. t ∈ R ¤«ï «î¡®© äãªæ¨¨ F ∈ L(U) ¨¬¥¥¬

|µ(F ; t) − µ(F ′; t) | 6
( sup

x∈F
|F(x)−F ′(x)| ) · µ[F ; t℄++ ( sup

x∈U\F
F(x) + sup

x∈U\F
F ′(x) ) · µ[U\F ; t℄ 6 3ε ′ + 2µ[U\F ; t℄ ,¯®íâ®¬ã ¯à¨ ¢á¥å τ ∈ R ¨ ¯.¢. t ∈ R

|µ(F ; t) − µ(F ; t + τ)| 6 |µ(F ′; t)− µ(F ′; t+ τ)|++6ε ′ + 2µ[U\F ; t℄ + 2µ[U\F ; t + τ ℄ 6

6
∑

j6n
F(xj) · |µ(�ε ′,j ; t)− µ(�ε ′,j ; t+ τ)|++6ε ′ + 2µ[U\F ; t℄ + 2µ[U\F ; t + τ ℄ ,á«¥¤®¢ â¥«ì®,

‖µ[.; t℄− µ[.; t + τ ℄‖w
.= sup

F∈L(U) |µ(F ; t)− µ(F ; t + τ)| 692



6
∑

j6n

|µ(�ε ′,j ; t)−µ(�ε ′,j ; t+τ)|+6ε ′+2µ[U\F ; t℄+2µ[U\F ; t+τ ℄ .� ª ª ª µ(�ε ′,j ; .) ∈ W1(R, R) , j = 1, . . . , n , â®  ©¤ãâáï ç¨-á«® l > 0 ¨ ®â®á¨â¥«ì® ¯«®â®¥ ¬®�¥áâ¢® ®¡é¨å ( ε2n ,D
(ρ′)1, l ) -¯®çâ¨ ¯¥à¨®¤®¢ τ ∈ R äãªæ¨© µ(�ε ′,j ; .) , j = 1, . . . , n (£¤¥

ρ′(ξ1 , ξ2) = |ξ1 − ξ2| , ξ1 , ξ2 ∈ R ), ¤«ï ª®â®àëå â ª�¥
‖µ[U\F ; .℄‖(S)1, l < ε16(á¬.,  ¯à¨¬¥à, [15℄). �«ï â ª¨å (®¡é¨å ( ε2n ,D

(ρ′)1, l ) -¯®çâ¨ ¯¥à¨®-¤®¢) τ ∈ R (¨ ç¨á«  l > 0 ) ¨¬¥¥¬
‖µ[.; .℄− µ[.; . + τ ℄‖(S)1, l .= sup

ξ∈R

1
l

ξ+l
∫

ξ

‖µ[.; t℄ − µ[.; t+ τ ℄‖w dt 6 (2)
6

∑

j6n
sup
ξ∈R

1
l

ξ+l
∫

ξ

|µ(�ε ′,j ; t)− µ(�ε ′,j ; t + τ)| dt++6ε ′ + 4‖µ[U\F ; .℄‖(S)1, l < n ·
ε2n + ε4 + ε4 = ε .� ª ª ª ç¨á«® ε > 0 ¬®�® ¢ë¡¨à âì áª®«ì ã£®¤® ¬ «ë¬,â® µ[.; .℄ ∈ W1(R,M0(U)) . �§ (2) â ª�¥ á«¥¤ã¥â, çâ® ¢áïª ï¯®á«¥¤®¢ â¥«ì®áâì {τk}k∈N

⊂ R , ª®â®à ï ï¢«ï¥âáï µ(�ε ′

m,j ; .) -¢®§¢à é îé¥© ¤«ï ¢á¥å j ∈ N ¨ ¢á¥å ç¨á¥« ε ′
m > 0 , m ∈ N ,¨§ ª ª®©-«¨¡® ¯®á«¥¤®¢ â¥«ì®áâ¨ {ε ′

m}m∈N
⊂ R , ¤«ï ª®â®à®©

ε ′
m → 0 ¯à¨ m → +∞ , ï¢«ï¥âáï â ª�¥ ¨ µ[.; .℄ -¢®§¢à é îé¥©,¯®íâ®¬ãModµ[.; .℄ ⊆ ∑

j, m∈N

Modµ(�ε ′

m,j ; .) ⊆ ∑

F∈Cb(U)Modµ(F ; .) .�¥®à¥¬  2.1 ¤®ª §  . 93



3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.2Ǒà¥¤¯®«®�¨¬, çâ® â¥®à¥¬  2.2 ¥¢¥à . �®£¤  ‖gj(.)‖(W )1 > ε > 0¤«ï ¥ª®â®à®£® ç¨á«  ε > 0 ¨ ¤«ï ¢á¥å j ∈ N . �§ «¥¬¬ë 1.1á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ¯à¥¤¥«ë
f j = lim

l→+∞

1
l

ξ+l
∫

ξ

fj(t) dt > 0 , j ∈ N ,¯à¨ íâ®¬ áå®¤¨¬®áâì à ¢®¬¥à  ¯® ξ ∈ R . � ª ª ª ¤«ï «î¡®£®
n ∈ N (¨ «î¡®£® ξ ∈ R ) ¨¬¥¥¬

n
∑

j=1 f j = lim
l→+∞

1
l

ξ+l
∫

ξ

(

n
∑

j=1 fj(t) ) dt 6

6 lim
l→+∞

1
l

ξ+l
∫

ξ

g1(t) dt = ‖g1(.)‖(W )1 < +∞ ,â® àï¤ +∞
∑

j=1 f j áå®¤¨âáï. Ǒ®íâ®¬ã ¬®�® ¢ë¡à âì â ª¨¥ ç¨á« ~js ∈ N , s ∈ N , çâ® ~js+1 > ~js ¤«ï ¢á¥å s ∈ N (â®£¤  ~js → +∞¯à¨ s → +∞ ) ¨ ¤«ï ¢á¥å n1 , n2 ∈ N : n2 > n1 > ~js

‖gn1(.)− gn2(.)‖(W )1 = ∥

∥

n2−1
∑

j=n1 fj(.) ∥

∥

(W )1 < 2−3−sε , s ∈ N . (3)Ǒ®«®�¨¬ j1 = ~j1 . � ª ª ª ‖gj1(.)‖(W )1 > ε , â® áãé¥áâ¢ã¥â ç¨á«®
l1 > 1 â ª®¥, çâ® 1

l1 l1
∫0 gj1(t) dt >

34 ε . (4)�ë¡¥à¥¬ ç¨á«® j ′1 ∈ N : j ′1 > j1 â ª, çâ®1
l1 l1

∫0 gj ′1 (t) dt 6
ε4 (5)94



(íâ® ¬®�® á¤¥« âì, â ª ª ª gj(t) → 0 ¯à¨ j → +∞ ¯à¨ ¯.¢.
t ∈ R ). �¡®§ ç¨¬ G1(.) = gj1(.) − gj ′1 (.) ∈ W1(R, R) . �§ (4), (5)á«¥¤ã¥â ®æ¥ª  1

l1 l1
∫0 G1(t) dt >

ε2 . (6)�§ (3) (¯à¨ s = 1 ) ¢ëâ¥ª ¥â, çâ® áãé¥áâ¢ã¥â ç¨á«® l ′1 > l1 â ª®¥,çâ® ¤«ï ¢á¥å l > l ′1
‖G1(.)‖(S)1, l 6

ε16 . (7)�ã¤¥¬ ¤ «¥¥ ¯®á«¥¤®¢ â¥«ì® ¯à¨ s = 2, 3, . . .  å®¤¨âì ç¨-á«  js , j ′
s ∈ N ¨ ls , l ′s > 0 (¤«ï ª®â®àëå ls > s , l ′s > ls ¨

j ′
s > js > ~js ). Ǒà¥¤¯®«®�¨¬, çâ® ®¨ ã�¥ ®¯à¥¤¥«¥ë ¯à¨ ¥ª®-â®à®¬ s ∈ N , ¯à¨ íâ®¬ Gs(.) = gjs

(.) − gj ′

s
(.) ∈ W1(R, R) . �ë¡¥-à¥¬ ç¨á«® js+1 ∈ N â ª, çâ® js+1 > j ′

s , js+1 > ~js+1 ¨ ¤«ï ¢á¥å
n = 1, . . . , s 1

l ′n

l ′n
∫0 gjs+1(t) dt 6 2−3−(s+1)+nε . (8)� ª ª ª ‖gjs+1(.)‖(W )1 > ε , â® áãé¥áâ¢ã¥â ç¨á«® ls+1 > s+1 , ¤«ïª®â®à®£® ls+1 > l ′s ¨ 1
ls+1 ls+1

∫0 gjs+1(t) dt >
34 ε . (9)�ë¡¥à¥¬ ç¨á«® j ′

s+1 ∈ N : j ′
s+1 > js+1 â ª, çâ®1

ls+1 ls+1
∫0 gj ′

s+1(t) dt 6 ε4 (10)(íâ® ¬®�® á¤¥« âì ¢ á¨«ã â®£®, çâ® gj(t) → 0 ¯à¨ j → +∞ ¯à¨¯.¢. t ∈ R ). �¡®§ ç¨¬ Gs+1(.) = gjs+1(.) − gj ′

s+1(.) ∈ W1(R, R) .�§ (9), (10) ¯®«ãç ¥¬ 1
ls+1 ls+1

∫0 Gs+1(t) dt >
ε2 . (11)95



� ª ª ª ‖Gs+1(.)‖(W )1 < 2−3−(s+1)ε (á¬. (3)), â® áãé¥áâ¢ã¥â ç¨á«®
l ′s+1 > ls+1 â ª®¥, çâ® ¤«ï ¢á¥å l > l ′s+1

‖Gs+1(.)‖(S)1, l 6 2−3−(s+1)ε . (12)Ǒà®¤®«�¨¬ ¥®£à ¨ç¥®  å®�¤¥¨¥ ç¨á¥« js , j ′
s , ls ¨ l ′s , s ∈

N , ¯à¨ íâ®¬ Gs(.) = gjs(.)− gj ′

s
(.) , s ∈ N . Ǒ®«®�¨¬

G(.) = ∑

s∈N

Gs(.) = ∑

s∈N

j ′

s−1
∑

n=js

fn(.) ∈ W1(R, R) .�«ï ¢á¥å s ∈ N ¨§ (6), (11) ¯®«ãç ¥¬1
ls

ls
∫0 G(t) dt > 1

ls

ls
∫0 Gs(t) dt > ε2 . (13)Ǒãáâì â¥¯¥àì N ∋ s > 2 . �á«¨ n ∈ {1, . . . , s− 1} , â® l ′s > ls > l ′n ,¯®íâ®¬ã ¨§ (7), (12) á«¥¤ã¥â1

l ′s

l ′s
∫0 Gn(t) dt 6 ‖Gn(.)‖(S)1, l ′s 6 2−3−nε . (14)�á«¨ N ∋ n > s , â® ¨§ (8) ¢ëâ¥ª ¥â ®æ¥ª 1

l ′s

l ′s
∫0 Gn(t) dt 6

1
l ′s

l ′s
∫0 gjn(t) dt 6 2−3−n+sε . (15)Ǒ®íâ®¬ã ¨§ (12), (14) ¨ (15) ¯®«ãç ¥¬1

l ′s

l ′s
∫0 G(t) dt = s−1

∑

n=1 1
l ′s

l ′s
∫0 Gn(t) dt+ (16)+ 1

l ′s

l ′s
∫0 Gs(t) dt + +∞

∑

n=s+1 1
l ′s

l ′s
∫0 Gn(t) dt 6

6
s−1
∑

n=1 2−3−nε + ‖Gs(.)‖(S)1, l ′s + +∞
∑

n=s+1 2−3−n+sε < ε8 + ε8 = ε4 .96



� ª ª ª l ′s > ls > s , s ∈ N , â® ¨§ (13) ¨ (16) á«¥¤ã¥â, çâ® ¥áãé¥áâ¢ã¥â ¯à¥¤¥«  lim
l→+∞

1
l

l
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� áá¬ âà¨¢ îâáï ¬¥à®§ çë¥ äãªæ¨¨ R ∋ t → µ[.; t℄ á®§ ç¥¨ï¬¨ ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ (M0(U), ρw) ¢¥à®ïâ-®áâëå ¡®à¥«¥¢áª¨å ¬¥à, ®¯à¥¤¥«¥ëå   σ - «£¥¡à¥ ¡®à¥«¥¢-áª¨å ¯®¤¬®�¥áâ¢ ¯®«®£® á¥¯ à ¡¥«ì®£® ¬¥âà¨ç¥áª®£® ¯à®-áâà áâ¢  U , á ¬¥âà¨ª®© ρw , íª¢¨¢ «¥â®© ¬¥âà¨ª¥ �¥¢¨-Ǒà®å®à®¢ . �®ª § ®, çâ® ¬¥à®§ ç ï äãªæ¨ï R ∋ t → µ[.; t℄ ∈(M0(U), ρw) ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© ¯® �¥©«î â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© ®£à ¨ç¥®© ¥¯à¥àë¢®© äãª-æ¨¨ F : U → R äãªæ¨ï ∫

U

F(x)µ[dx; .℄ ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®-¤¨ç¥áª®© ¯® �¥©«î (¯®àï¤ª  1).
Weyl almost periodi funtions, measure-valued funtion, prob-ability Borel measure.
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