
�§¢¥áâ¨ï �áâ¨âãâ  ¬ â¥¬ â¨ª¨ ¨ ¨ä®à¬ â¨ª¨. ��¥¢áª. 2005. ò2(32)��� 917.934© �.�. �ãâ¬ ®¢mpu�perm.ru���Ǒ��������� �Ǒ��������� ���������������� ����� ������������� �«îç¥¢ë¥ á«®¢ : ª®¬¯à®¬¨ááë©  ¡®à áâà â¥£¨©, à ¢®¢¥á¨¥ ¯®�íèã, ¤¨ää¥à¥æ¨ «ì ï ¨£à , áâ ¡¨«ìë© ¬®áâ, íªáâà¥¬ «ì®¥ ¯à¨-æ¥«¨¢ ¨¥.Abstrat. A ompromise set of positional strategies in a di�erential gameof several persons is onstruted.1. �£à  ¢ ®à¬ «ì®© ä®à¬¥Ǒ®¤ ¨£à®© (¥®¡ï§ â¥«ì® ¤¨ää¥à¥æ¨ «ì®©), § ¯¨á ®© ¢®à¬ «ì®© ä®à¬¥, ¡ã¤¥¬ ¯®¨¬ âì âà®©ªã
(

K,
{

{Ui} | i ∈ K
}

,
{

Ii | i ∈ K}
)

,£¤¥ K = {1, . . . , k} | ¬®�¥áâ¢® ®¬¥à®¢ ¨£à®ª®¢, {Ui} | ¬®-�¥áâ¢® ¢á¥å áâà â¥£¨©,  
Ii : {U1} × · · · × {Uk} → R1| äãªæ¨ï ¯« âë i-£®, i ∈ K, ¨£à®ª . �£à  á®áâ®¨â ¢ â®¬, çâ®ª �¤ë© ¨£à®ª ¢ë¡¨à ¥â ¥§ ¢¨á¨¬® ®â ¤àã£¨å ª ªãî-«¨¡® áâà -â¥£¨î ¨§ á¢®¥£® ¬®�¥áâ¢  áâà â¥£¨©. � à¥§ã«ìâ â¥ áª« ¤ë¢ ¥â-áï á¨âã æ¨ï W = (U1, . . . , Uk),   ª®â®à®© ¢ëç¨á«ï¥âáï ¯« â 

Ii(U1, . . . , Uk), i ∈ K ª �¤®£® ¨§ ¨£à®ª®¢. �£à®ª § ¨â¥à¥á®¢ ¢ ¬¨¨¬¨§ æ¨¨ á¢®¥© ¯« âë. � íâ®¬ à §¤¥«¥ ¤«ï ¯à®áâ®âë ¡ã-¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢á¥ ¢áâà¥ç îé¨¥áï ¯® å®¤ã ¨§«®�¥¨ï ¨äãªæ¨© ¯« âë áãé¥áâ¢ãîâ. 83



1.1. �¯â¨¬ «ì®áâì ¯® �íèã�¤  ¨§ ®á®¢ëå ¯à®¡«¥¬ ¢ ¥ â £®¨áâ¨ç¥áª®© ¨£à¥ á®áâ®-¨â ¢ ¢ë¡®à¥  ¤¥ª¢ â®£® á®¤¥à� ¨î § ¤ ç¨ ¯®ïâ¨ï à¥è¥¨ï.� ¨¡®«¥¥ à á¯à®áâà ¥ ¯®¤å®¤, ®á®¢ ë©   ¯à¨æ¨¯¥ à ¢®-¢¥á¨ï ¯® �íèã.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.1. � ¡®à áâà â¥£¨© U01 , . . . , U0
k §ë¢ ¥âáï à ¢®¢¥áë¬ ¯® �íèã, ¥á«¨ ¤«ï ¢á¥å Ui ∈ {U}, i ∈ Ká¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

Ii(U01 , . . . , U0
i−1, U0

i , U0
i+1, . . . , U0

k ) 6

6 Ii(U01 , . . . , U0
i−1, Ui, U

0
i+1, . . . , U0

k ). (1.1)� ¢®¢¥áë©  ¡®à ®¡« ¤ ¥â á¢®©áâ¢®¬ ãáâ®©ç¨¢®áâ¨ ¯® ®â-®è¥¨î ª ¨£à®ªã-ãª«®¨áâã: ¥¤¨®«¨ç®¥ ãª«®¥¨¥ ¨£à®ª  ®âà ¢®¢¥á®£®  ¡®à  áâà â¥£¨© ¯à¨¢®¤¨â ª ãåã¤è¥¨î (ã¢¥«¨ç¥-¨î) ¥£® ¯« âë.�¥¤®áâ â®ª ®¯à¥¤¥«¥¨ï à ¢®¢¥áëå ¯® �íèã á¨âã æ¨© á®-áâ®¨â ¢ â®¬, çâ® ¢¥«¨ç¨ë ¯« âë ¨£à®ª®¢ ¤«ï â ª¨å á¨âã -æ¨© ¬®£ãâ ®ª § âìáï áãé¥áâ¢¥® åã�¥ (¡®«ìè¥) ¯®â¥æ¨ «ì®¢®§¬®�ëå. � ç áâ®áâ¨, ¬®�¥â áãé¥áâ¢®¢ âì  ¡®à áâà â¥£¨©
U∗1 , . . . , U∗

k , ¤«ï ª®â®à®£® ¯à¨ ¢á¥å i ∈ K á¯à ¢¥¤«¨¢® ¥à ¢¥-áâ¢®
Ii(U∗1 , U∗2 , . . . , U∗

i , . . . , U∗
k ) < Ii(U01 , U02 , . . . , U0

i , . . . , U0
k ).�áâ¥áâ¢¥®, íâ®â  ¡®à ¥ ¡ã¤¥â ®¡« ¤ âì á¢®©áâ¢®¬ ãáâ®©ç¨-¢®áâ¨ ¯® ®â®è¥¨î ª ¨£à®ªã-ãª«®¨áâã, ¢ëà �¥®¬ã ãá«®¢¨-¥¬ (1.1).1.2. Ǒà¨æ¨¯ ª®¬¯à®¬¨áá �§ ®¯à¥¤¥«¥¨ï 1.1 á«¥¤ã¥â, çâ® ¤«ï à ¢®¢¥áëå  ¡®à®¢1) á®®¡é¥áâ¢® ¨£à®ª®¢ ¥ ¯®§¢®«ï¥â «î¡®¬ã á¢®¥¬ã ç«¥ã¯®«ãç¨âì ¯« âã ¬¥ìè¥ («ãçè¥), ç¥¬ ¥ª®â®à ï ¢¥«¨ç¨ 

Si = min
Ui∈{Ui}

Ii(U01 , . . . , U0
i−1, Ui, U

0
i+1, . . . , U0

k ), i ∈ K;84



2) ¨¬¥¥â ¬¥áâ® á®¢¯ ¤¥¨¥ íâ¨å ¢¥«¨ç¨ á á®®â¢¥âáâ¢ãîé¨-¬¨ § ç¥¨ï¬¨ ¯« â, ª®â®àë¥ ¯®«ãç îâ ¨£à®ª¨ ¯à¨ ¯à¨¬¥¥¨¨à ¢®¢¥á®£®  ¡®à  áâà â¥£¨©
Si = Ii(U01 , . . . , U0

i−1, U0
i , U0

i+1, . . . , U0
k ), i ∈ K.�âª § ®â ¢ë¯®«¥¨ï ãá«®¢¨ï 2 ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ®¯à¥-¤¥«¥¨î.Ǒãáâì

S∗ = (S1∗, . . . , Sk∗), S∗ = (S∗1 , . . . , S∗
k), S∗, S

∗ ∈ Rk, S∗ 6 S∗.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.2. �ã¤¥¬ £®¢®à¨âì, çâ® á¨âã æ¨ï
W ª®¬¯ ∈ {W} ï¢«ï¥âáï ª®¬¯à®¬¨áá®© ¯® ®â®è¥¨î ª ¢¥ªâ®-à ¬ S∗, S

∗, ¥á«¨ ¤«ï ¢á¥å i ∈ K á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 
S∗ 6 min

Ui∈{Ui}
Ii(Uª®¬¯1 , . . . Uª®¬¯

i−1 , Ui, U
ª®¬¯
i+1 , . . . , Uª®¬¯

k ) 6

6 Ii(Uª®¬¯1 , . . . Uª®¬¯
i−1 , Uª®¬¯

i , Uª®¬¯
i+1 , . . . , Uª®¬¯

k ) 6 S∗
i .

(1.2)�®¬¯à®¬¨ááë©  ¡®à áâà â¥£¨© á®åà ï¥â á¢®©áâ¢® ãáâ®©-ç¨¢®áâ¨ ¯® ®â®è¥¨î ª ¨£à®ªã-ãª«®¨áâã (¢ ®á« ¡«¥®¬ ¢ à¨- â¥). Ǒà¨ íâ®¬ ¬®�® ®�¨¤ âì áãé¥áâ¢®¢ ¨¥ ª®¬¯à®¬¨ááëå ¡®à®¢ áâà â¥£¨©, ¤«ï ª®â®àëå
Ii(Uª®¬¯1 , . . . , Uª®¬¯

i , . . . , Uª®¬¯
k ) < Ii(U01 , U02 , . . . , U0

i , . . . , U0
k ),£¤¥ U01 , U02 , . . . , U0

i , . . . , U0
k |  ¡®à áâà â¥£¨©, ã¤®¢«¥â¢®àïîé¨©®¯à¥¤¥«¥¨î 1.1.Ǒà¨æ¨¯ ª®¬¯à®¬¨áá  ®¡®¡é ¥â à ¢®¢¥á¨¥ ¯® �íèã ¢ â®¬á¬ëá«¥, çâ® ¯à¨ S∗ = S∗ ®¯à¥¤¥«¥¨¥ 1.2 ¯¥à¥å®¤¨â ¢ ®¯à¥¤¥«¥-¨¥ 1.1.� ®â«¨ç¨¥ ®â à ¢®¢¥áëå ¯® �íèã  ¡®à®¢ áâà â¥£¨© ¥¤¨-®«¨ç®¥ ®âª«®¥¨¥ ª ª®£®-«¨¡® ¨£à®ª  ®â áâà â¥£¨¨, ¯à¥¤¯¨-áë¢ ¥¬®© ¥¬ã ª®¬¯à®¬¨ááë¬  ¡®à®¬, ¬®�¥â ¯à¨¢¥áâ¨ ª ã«ãç-è¥¨î ¥£® ¢ë¨£àëè . � ªâ®à®¬, ®¡¥á¯¥ç¨¢ îé¨¬ ãáâ®©ç¨¢®áâìª®¬¯à®¬¨áá®£®  ¡®à  áâà â¥£¨©, ï¢«ï¥âáï ¯®âà¥¡®áâì ¨£à®ª®¢85



¥ ¤®¯ãáâ¨âì § ç¨â¥«ìë© ¢ë¨£àëè, ª ª®£®-«¨¡® ®¤®£® ¨£à®-ª . � ª ï á¨âã æ¨ï áª« ¤ë¢ ¥âáï,  ¯à¨¬¥à,   ¢ë¡®à å ¢ �ã¬ã,ª®£¤  ª �¤ ï ¯®«¨â¨ç¥áª ï ¯ àâ¨ï, áâà¥¬ïáì ¯®«ãç¨âì ¬ ªá¨-¬ «ì®¥ ª®«¨ç¥áâ¢® ¬¥áâ, ¡®«¥¥ ¢á¥£® ®¯ á ¥âáï, çâ® ª ª ï-«¨¡®¤àã£ ï ¯ àâ¨ï ¯®«ãç¨â ¡®«¥¥ 51% £®«®á®¢, ®¡¥á¯¥ç¨¢ á¥¡¥  ¡á®-«îâ®¥ ¡®«ìè¨áâ¢® ¢ �ã¬¥.2. �¨ää¥à¥æ¨ «ì ï ¨£à  ¥áª®«ìª¨å «¨æ2.1. �à ¢¥¨ï ¤¢¨�¥¨ï�¨ ¬¨ª  á¨áâ¥¬ë ®¯¨áë¢ ¥âáï ®¡ëª®¢¥ë¬ ¢¥ªâ®àë¬¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬_x = f(t, x, u1, . . . , uk), (2.1)£¤¥ t | â¥ªãé¥¥ ¢à¥¬ï, x = (x1, . . . , xk) ∈ Rk |ä §®¢ë© ¢¥ªâ®à®¡ê¥ªâ , ui ∈ Pi ⊂ Rri | ¢¥ªâ®à ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ i-£®¨£à®ª , f : R1+n+r1+···+rk → Rn | ¢¥ªâ®à-äãªæ¨ï, ®¯¨áë¢ î-é ï ª ª ¢ãâà¥¥¥ ãáâà®©áâ¢® ®¡ê¥ªâ , â ª ¨ ¢®§¤¥©áâ¢¨¥ à §-«¨çëå ¢¥è¨å ä ªâ®à®¢. �ã¤¥¬ áç¨â âì, çâ® ¬®�¥áâ¢  Pi,
i ∈ K ª®¬¯ ªâë. �ãªæ¨ï f ¥¯à¥àë¢  ¯® á®¢®ªã¯®áâ¨ ¯¥-à¥¬¥ëå t, x, u1, . . . , uk.2.2. �á«®¢¨ï   ¯à ¢ãî ç áâì ¤¨ää¥à¥æ¨ «ì®£®ãà ¢¥¨ï�â®á¨â¥«ì® ¯à ¢ëå ç áâ¥© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-¨© (2.1) ¯à¨¨¬ îâáï áâ ¤ àâë¥ ¢ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ì-ëå ¨£à ¯à¥¤¯®«®�¥¨ï [1; 2℄:1) «®ª «ìë¥ ãá«®¢¨ï �¨¯è¨æ :¤«ï ¢áïª®£® R > 0 áãé¥áâ¢ã¥â k > 0 â ª®¥, çâ® ¤«ï ¢á¥å
|x(1)| 6 R, |x(2)| 6 R, t ∈ [t, ϑ℄, ui ∈ Pi, i ∈ K ¯à ¢¥¤«¨¢®¥à ¢¥áâ¢®

∣

∣f(t, x(1), u1, . . . , uk)− f(t, x(2), u1, . . . , uk)∣∣ 6 k
∣

∣x(1) − x(2)∣∣;2) ãá«®¢¨ï ¯à®¤®«�¨¬®áâ¨ à¥è¥¨ï:86



áãé¥áâ¢ã¥â λ > 0 â ª®¥, çâ® ¤«ï ¢á¥å t ∈ [0, T0℄, ui ∈ Pi,
i ∈ K, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

|f(t, x, u1, . . . , uk)| 6 λ(1 + |x|);3) áãé¥áâ¢®¢ ¨¥ á¥¤«®¢®© â®çª¨ ¢ ó¬ «¥ìª®© i-¨£à¥� ¤«ï¢á¥å i ∈ K : min
u\ui∈P i

max
ui∈Pi

sf(t, x, u1, . . . , ui, . . . , uk) == max
ui∈Pi

min
u\ui∈P i

sf(t, x, u1, . . . , ui, . . . , uk),¤«ï ¢á¥å {t, x} ∈ Rn+1, s ∈ Rn, £¤¥
P i = P1 × · · · × Pi−1 × Pi+1 × · · · × Pk,

u \ ui = (u1, . . . , ui−1, ui+1, . . . , uk).2.3. Ǒ« â  ¨£à®ª Ǒ« â  i -£® ¨£à®ª  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
Ii = σi(x(T ), (2.2)£¤¥ σi : Rn → R1, i ∈ K | ¥ª®â®à ï § ¤  ï ¥¯à¥àë¢ ïäãªæ¨ï, x(·) | à¥ «¨§ æ¨ï ä §®¢®£® ¢¥ªâ®à  ®¡ê¥ªâ ,   T |¬®¬¥â ®ª®ç ¨ï ¨£àë.2.4. Ǒ®§¨æ¨®ë¥ áâà â¥£¨¨�¢®¨ ã¯à ¢«ïîé¨¥ ¯ à ¬¥âàë ¨£à®ª ä®à¬¨àã¥â, ®á®¢ë¢ -ïáì   ¨ä®à¬ æ¨¨ ® â¥ªãé¥¬ ¢à¥¬¥¨ ¨ à¥ «¨§®¢ ¢è¥¬áï ä -§®¢®¬ ¢¥ªâ®à¥ ®¡ê¥ªâ , ¯à¨ íâ®¬ ® ¥ ®á¢¥¤®¬«¥ ® ¢ë¡®à¥ ã¯à -¢«ïîé¨å ¯ à ¬¥âà®¢ ®áâ «ìëå ¨£à®ª®¢ ¢ íâ®â ¬®¬¥â ¢à¥¬¥¨.Ǒ®ïâ¨ï ¯®§¨æ¨®®© áâà â¥£¨¨ ¨£à®ª  ¨ ¤¢¨�¥¨ï ®¡ê¥ªâ , ®â-¢¥ç îé¥£®  ¡®àã ¯®§¨æ¨®ëå áâà â¥£¨©, ®¯à¥¤¥«ïîâáï   «®-£¨ç® [1; 2℄. 87



� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 2.1. Ǒ®§¨æ¨®®© áâà â¥£¨¥©¨£à®ª  i ∈ K  §ë¢ ¥âáï ¯à®¨§¢®«ì ï äãªæ¨ï
Ui : [t0, T ℄× Rn → Pi.Ǒãáâì Ui[·℄, i ∈ K | ¯à®¨§¢®«ì ï ¯®§¨æ¨® ï áâà â¥£¨ï¨ � | ª®¥ç®¥ à §¡¨¥¨¥ ®âà¥§ª  ¢à¥¬¥¨ [t0, T ℄ â®çª ¬¨ τs,

s = 0, 1, . . . , τ0 = t0.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 2.2. �®¬ ®© �©«¥à 
x�(·, t0, x0, Ui[·℄), ¢ëå®¤ïé¥© ¨§ ¯®§¨æ¨¨ {t0, x0} ¨ ¯®à®�¤¥®©¯®§¨æ¨®®© áâà â¥£¨¥© Ui[·℄,  §®¢¥¬ ¢áïªãî  ¡á®«îâ® ¥¯à¥-àë¢ãî äãªæ¨î x�(·), ã¤®¢«¥â¢®àïîéãî ¤¨ää¥à¥æ¨ «ì®-¬ã ãà ¢¥¨î _x�(t) = f(t, x�(t), u1(t), . . . , uk(t)),

x�(t0) = x0, x�(τs) = lim
t→τs−0x�(t),

ui(t) = ui[τs, x�(τs)℄, t ∈ [τs, τs+1), s = 0, 1, . . .�¤¥áì à¥ «¨§ æ¨ï ¢¥ªâ®à  ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ uj(·) ¤«ï¢á¥å j ∈ K(i) = K \ {i} ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢®«ìãî ¨â¥-£à¨àã¥¬ãî ¯® �¥¡¥£ã äãªæ¨î á® § ç¥¨ï¬¨ ¢ ¬®�¥áâ¢¥ Pj .� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 2.3. �¢¨�¥¨¥¬, ¢ëå®¤ïé¨¬ ¨§¯®§¨æ¨¨ {t0, x0} ¨ ¯®à®�¤¥ë¬ ¯®§¨æ¨®®© áâà â¥£¨¥© Ui

i-£®, i ∈ K, ¨£à®ª ,  §®¢¥¬ ¢áïªãî äãªæ¨î x(·), ¤«ï ª®â®à®© ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì «®¬ ëå �©«¥à 
x�(p)(·, t0, x0, ui[·℄), p = 1, 2, . . . ,à ¢®¬¥à® áå®¤ïé ïáï ª ¥©   [t0, T ℄ ¯à¨ ãá«®¢¨¨lim

p→∞
sup

s
(τ (p)s+1 − τ (p)s ) = 0.�®¢®ªã¯®áâì ¢á¥å ¤¢¨�¥¨©, ¢ëå®¤ïé¨å ¨§ ¯®§¨æ¨¨ {t0, x0}¨ ¯®à®�¤¥ëå ¯®§¨æ¨®®© áâà â¥£¨¥© Ui[·℄, i-£®, i ∈ K, ¨£à®-ª , ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ X[t0, x0, Ui[·℄℄ ¨  §ë¢ âì ¯ãçª®¬ª®áâàãªâ¨¢ëå ¤¢¨�¥¨©. 88



Ǒãáâì L ⊂ K ¨ ª �¤ë© ¨£à®ª á ®¬¥à®¬ i ∈ L ¢ë¡à «¥ª®â®àãî ¯®§¨æ¨®ãî áâà â¥£¨î.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 2.4. �®�¥áâ¢®
X[t0, x0, {Ui[·℄, i ∈ L}℄ = ⋂

i∈L

X[t0, x0, Ui[·℄℄ §®¢¥¬ ¯ãçª®¬ ª®áâàãªâ¨¢ëå ¤¢¨�¥¨©, ¢ëå®¤ïé¨å ¨§  -ç «ì®© ¯®§¨æ¨¨ {t0, x0} ¨ ¯®à®�¤¥ëå  ¡®à®¬ ¯®§¨æ¨®ëåáâà â¥£¨© {Ui[·℄, i ∈ L} ¬®�¥áâ¢  ¨£à®ª®¢ L.�§¢¥áâ® [1℄, çâ® X[t0, x0, {Ui[·℄, i ∈ L}℄ 6= ∅ ¤«ï ¢á¥å L ⊂ K.Ǒà¨ íâ®¬
X[t0, x0, {Ui[·℄, i ∈ L′}℄ ⊂ X[t0, x0, {Ui[·℄, i ∈ L}℄,¥á«¨ L ⊂ L′.3. Ǒ®áâà®¥¨¥ ª®¬¯à®¬¨ááëå  ¡®à®¢ áâà â¥£¨©Ǒãáâì

S∗ = (S1∗, . . . , Sk∗), S∗ = (S∗1 , . . . , S∗
k), S∗, S

∗ ∈ Rk¨ Si∗ 6 S∗
i ¤«ï ¢á¥å i ∈ K.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 3.1. �ã¤¥¬ £®¢®à¨âì, çâ®  ¡®à ¯®-§¨æ¨®ëå áâà â¥£¨© Uª®¬¯1 , . . . , Uª®¬¯

k ¢á¥å ¨£à®ª®¢ ª®¬¯à®¬¨á-á¥ ®â®á¨â¥«ì® ¢¥ªâ®à®¢ S∗, S
∗ ¤«ï  ç «ì®© ¯®§¨æ¨¨

{t∗, x∗}, t∗ ∈ [t0, T ℄, ¥á«¨
Ii[x(·)℄ 6 S∗

i ∀ x(·) ∈ X
[

t∗, x∗, U
ª®¬¯1 , . . . , Uª®¬¯

i , ·Uª®¬¯
k

] (3.1)¨
Si∗ 6 Ii[x(·)℄,

∀ x(·) ∈ X[t∗, x∗, U
ª®¬¯1 , . . . , Uª®¬¯

i−1 , Uª®¬¯
i+1 . . . Uª®¬¯

k ℄. (3.2)89



� áá¬®âà¨¬ ¬®�¥áâ¢ 
Mi = {x ∈ Rn, σi(x) < Si∗}, i ∈ K,

M = {

x ∈ Rn, σi(x) < S∗
i , i ∈ K

}

.�ã¤¥¬ áç¨â âì, çâ®
M 6= ∅, Mi ∩ Mj = ∅, i, j ∈ K.�«ï ¢á¥å i ∈ K ¯®áâà®¨¬ ¬®�¥áâ¢  Wi ⊂ [t0, T ℄ × Rn , ¤«ïª®â®àëå ¢ë¯®«¥®:1) Wi(T ) = {x ∈ Rn|{ϑ, x} ∈ Wi} = Mi,2) W c

i | ¬ ªá¨¬ «ìë© áâ ¡¨«ìë© ¬®áâ [1℄ ¢ ¨£à¥  ¢¥-¤¥¨ï{ãª«®¥¨ï ¢ ¬®¬¥â T, ¢ ª®â®à®© ¬®�¥áâ¢® ¨£à®-ª®¢ K(i) à¥è îâ § ¤ çã  ¢¥¤¥¨ï   ¬®�¥áâ¢® M c
i ¯à®-â¨¢ ¨£à®ª  i.� ¥ ¬ ¬   3.1. �®�¥áâ¢  Wi, i ∈ K ¯®¯ à® ¥ ¯¥à¥-á¥ª îâáï.� ® ª   §   â ¥ « ì á â ¢ ®. �®¯ãáâ¨¬ ¯à®â¨¢®¥. �®£¤  ©¤ãâáï ®¬¥à  i, j ∈ K â ª¨¥, çâ® Wi ∩ Wj 6= ∅. Ǒãáâì

{t∗, x∗} ∈ Wi ∩Wj ¨, á«¥¤®¢ â¥«ì®, {t∗, x∗} /∈ W c
i , {t∗, x∗} /∈ W c

j .� á¨«ã á¢®©áâ¢  2 ¬®�¥áâ¢ Wi, i ∈ K ¨ â¥®à¥¬ë ®¡  «ìâ¥à- â¨¢¥ [1℄ ¤«ï  ç «ì®© ¯®§¨æ¨¨ {t∗, x∗} à §à¥è¨¬ë § ¤ ç¨ãª«®¥¨ï ¢ ¬®¬¥â ϑ ¨£à®ª®¢ i ¨ j ®â ¬®�¥áâ¢ M c
i ¨ M c

já®®â¢¥âáâ¢¥®. Ǒãáâì U∗
i , U∗

j | áâà â¥£¨¨ ¨£à®ª®¢ i ¨ j, à¥-è îé¨¥ ãª § ë¥ § ¤ ç¨. �®£¤  ¤«ï ¢á¥å x(·) ∈ X[t∗, x∗, U
∗
i , U∗

j ℄¤®«�® ¢ë¯®«ïâìáï x(T ) ∈ Mi∩, â ª ª ª X[t∗, x∗, U
∗
i , U∗

j ℄ 6= ∅,  Mi ∩ Mj = ∅. �¥¬¬  ¤®ª §  .�«ï ¢á¥å ®¬¥à®¢ i ∈ K ®¯à¥¤¥«¨¬  ¡®à áâà â¥£¨©(U ie1 , . . . , U ie
i−1, U ie

i+1, . . . , U ie
k ) ¬®�¥áâ¢  ¨£à®ª®¢ K(i) ¨§ ãá«®¢¨ï(U ie1 , . . . , U ie

i−1, U ie
i+1, . . . , U ie

k ) == 





(

uie1 (t, x), . . . , uie
i−1(t, x), uie

i+1(t, x), . . . , uie
k (t, x)), {t, x} ∈ Wi«î¡®©  ¡®à ¢¥ªâ®à®¢ ¨§ ∏

j∈K(i)Pj , {t, x} /∈ Wi.90



�¤¥áì  ¡®à ¢¥ªâ®à®¢
(

uie1 (t, x), . . . , uie
i−1(t, x), uie

i+1(t, x), . . . , uie
k (t, x))ã¤®¢«¥â¢®àï¥â ãá«®¢¨îmax

ui∈Pi

s(t, x)f(t, x, uie(t, x)||ui, ) == min
u\ui∈P i

max
ui∈Pi

s(t, x)f(t, x, u1, . . . , ui, . . . , uk),
s(t, x) = x − x∗, |x − x∗| = min

y∈W c
i (t) |x − y|,£¤¥

uie(t, x)||ui = (uie1 (t, x), . . . , uie
i−1(t, x), ui, u

ie
i+1(t, x), . . . , uie

k (t, x)).� ¬¥â¨¬, çâ®  ¡®à áâà â¥£¨© (U ie1 , . . . , U ie
i−1, U ie

i+1, . . . , U ie
k ) ï¢-«ï¥âáï íªáâà¥¬ «ìë¬ [1℄ ª ¬®�¥áâ¢ã W c

i , ¯®íâ®¬ã ® à¥è ¥â§ ¤ çã  ¢¥¤¥¨ï   ¬®�¥áâ¢® M c
i ¤«ï ¨£à®ª®¢ K(i) ¨§ «î¡®© ç «ì®© ¯®§¨æ¨¨ {t∗, x∗} ∈ W c

i ¢ ¬®¬¥â ¢à¥¬¥¨ T.�®¯®«¨â¥«ì® ¯à¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ã¥â ¬®�¥áâ¢®
W ⊂ Rn+1, ¤«ï ª®â®à®£®1) W (t) ∩ Wi(t) = ∅, t ∈ [t0, T ℄, i ∈ K;2) W (t), t ∈ [t0, T ℄ | ®âªàëâ®¥ ¬®�¥áâ¢®;3) W (ϑ) = M ;4) ¤«ï «î¡®© ¯®§¨æ¨¨ {t∗, x∗} ∈ W áãé¥áâ¢ã¥â  ¡®à

u1∗(t, x), . . . , uk∗(t, x)ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ ¢á¥å ¨£à®ª®¢ ui∗(t, x) ∈ Pi, i ∈ K,â ª®©, çâ® ¤«ï à¥è¥¨ï x∗(·) ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï_x = f(t, x, u1∗(t, x), . . . , uk∗(t, x)), x(t∗) = x∗¢ «î¡®© ¬®¬¥â ¢à¥¬¥¨ t∗ ∈ [t∗, T ℄ ¢ë¯®«¥® ¢ª«îç¥¨¥
x(t∗) ∈ W (t∗). �ç¥¢¨¤®, çâ® ¤«ï «î¡®£® ¤¢¨�¥¨ï

x(·) ∈ X[t0, x0, U1∗, . . . , Uk∗℄,91



£¤¥
{t0, x0} ∈ W, Ui∗[·℄ = {

ui∗(t, x), {t, x} ∈ W,«î¡®© ¢¥ªâ®à ¨§Pi, {t, x} /∈ W,¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥ x(t) ∈ W (t), t ∈ [t0, T ℄.�âàãªâãà  ª®¬¯à®¬¨áá®£®  ¡®à  áâà â¥£¨© ®¯à¥¤¥«ï¥âáïá«¥¤ãîé¥© â¥®à¥¬®©.� ¥ ® à ¥ ¬   3.1. � ¡®à áâà â¥£¨© ¢á¥å ¨£à®ª®¢
Uª®¬¯1 , . . . , Uª®¬¯

k , ®¯à¥¤¥«¥ë© á®®â®è¥¨ï¬¨
Uª®¬¯

i = 









ui∗(t, x), {t, x} ∈ W,

uje
i (t, x), {t, x} ∈ Wj , j ∈ K(i), i ∈ K,«î¡®© ¢¥ªâ®à ¨§ Pi ¨ ç¥,ï¢«ï¥âáï ª®¬¯à®¬¨ááë¬ ®â®á¨â¥«ì® ¢¥ªâ®à®¢ S∗, S

∗ ¤«ï«î¡®©  ç «ì®© ¯®§¨æ¨¨ {t∗, x∗} ∈ W.� ¬¥â¨¬, çâ® ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¬®�¥áâ¢  W ¨ «¥¬¬ë 1¢ë¯®«¥ë ãá«®¢¨ï
Wi(t) ∩ Wj(t) = ∅, t ∈ [t0, T ℄, i, j ∈ K,

W (t) ∩ Wi(t) = ∅, t ∈ [t0, T ℄, i ∈ K.�«¥¤®¢ â¥«ì®,  ¡®à áâà â¥£¨© ®¯à¥¤¥«¥ ª®àà¥ªâ®.3.1. �®ª § â¥«ìáâ¢® â¥®à¥¬ë�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë âà¥¡ã¥âáï ãáâ ®¢¨âì á¯à ¢¥¤-«¨¢®áâì ¥à ¢¥áâ¢ (3.1) ¨ (3.2) ¤«ï ¢á¥å  ç «ìëå ¯®§¨æ¨©
{t∗, x∗} ∈ W. �¥à ¢¥áâ¢® (3.1) á«¥¤ã¥â ¨§ â®£® ®¡áâ®ïâ¥«ìáâ¢ ,çâ® ¯® á¢®©áâ¢ã 4 ¬®�¥áâ¢  W ¨ ®¯à¥¤¥«¥¨ï ª®¬¯à®¬¨áá®-£®  ¡®à  áâà â¥£¨© ¤«ï ¢á¥å  ç «ìëå ¯®§¨æ¨© {t∗, x∗} ∈ Wá¯à ¢¥¤«¨¢® à ¢¥áâ¢®

X[t∗, x∗, U1∗, . . . , Ui−1∗, Ui+1∗, . . . , Uk∗℄ == X[t∗, x∗, U
ª®¬¯1 , Uª®¬¯

i−1 , Uª®¬¯
i , Uª®¬¯

i+1 , . . . , Uª®¬¯
k ℄.92



�®£¤  ¤«ï «î¡®£® ¤¢¨�¥¨ï
x[·℄ ∈ X[t∗, x∗, U

ª®¬¯1 , Uª®¬¯
i−1 , Uª®¬¯

i , Uª®¬¯
i+1 , . . . , Uª®¬¯

k ℄¢ë¯®«¥® ãá«®¢¨¥ x(t) ∈ W (t), t ∈ [t0, T ℄. � ç áâ®áâ¨, ¨¬¥¥â¬¥áâ® ¢ª«îç¥¨¥ x(T ) ∈ M, ª®â®à®¥ ¨ ®§ ç ¥â ¢ë¯®«¥¨¥ ¥-à ¢¥áâ¢  (3.1).�¥à ¢¥áâ¢® (3.2) ¤®ª �¥¬ ®â ¯à®â¨¢®£®. Ǒãáâì ¥à ¢¥áâ¢® àãè ¥âáï ¤«ï ¥ª®â®à®©  ç «ì®© ¯®§¨æ¨¨ {t∗, x∗} ∈ W ¨®¬¥à  i ∈ K. �®£¤   ©¤¥âáï ¤¢¨�¥¨¥
x(·) ∈ X[t∗, x∗, U

ª®¬¯1 , Uª®¬¯
i−1 , Uª®¬¯

i+1 , . . . , Uª®¬¯
k ℄,¤«ï ª®â®à®£® x(ϑ) ∈ Mi. �â®£® ¥ ¬®�¥â ¡ëâì, â ª ª ª ¤«ï¢á¥å ®¬¥à®¢ i ∈ K ¢ ¯®§¨æ¨ïå {t, x} ∈ Wi  ¡®à áâà â¥-£¨© (Uª®¬¯1 [·℄, . . . , Uª®¬¯

i−1 [·℄, Uª®¬¯
i+1 [·℄, . . . , Uª®¬¯

k [·℄) ®¯à¥¤¥«ï¥â â¥ �¥ã¯à ¢«ïîé¨¥ ¯ à ¬¥âàë, çâ® ¨  ¡®à áâà â¥£¨©
(

U ie1 [·℄, . . . , U ie
i−1[·℄, U ie

i+1[·℄, . . . , U ie
k [·℄)¤«ï ª �¤®£® ¨£à®ª  i ∈ K(i). �ëè¥ ®â¬¥ç «®áì, çâ® íâ®â  -¡®à áâà â¥£¨© ï¢«ï¥âáï ãª«®ïîé¨¬ ®â ¬®�¥áâ¢  Mi ¢ ¬®¬¥â¢à¥¬¥¨ T ¤«ï «î¡®©  ç «ì®© ¯®§¨æ¨¨ ¨§ ¬®�¥áâ¢  W c

i .�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  § ¬¥â¨¬, çâ® ãá«®¢¨¥ {t∗, x∗} ∈
W ¢«¥ç¥â §  á®¡®© ¢ª«îç¥¨¥ {t∗, x∗} ∈ W c

i ¯à¨ ¢á¥å ®¬¥-à å i ∈ K.4. �®¤¥«ì ï ¨£à 4.1. Ǒ®áâ ®¢ª  § ¤ ç¨�  ¤¢ã¬¥à®© ¯«®áª®áâ¨  å®¤¨âáï â®çª , ã¯à ¢«ï¥¬ ï k¨£à®ª ¬¨ (k > 2). � �¤ë© ¨£à®ª ¨¬¥¥â ¢®§¬®�®áâì ¥§ ¢¨á¨-¬® ®â ¤àã£¨å  § ç âì â®çª¥ ¢¥ªâ®à áª®à®áâ¨, ¯à®¨§¢®«ìë© ¯® ¯à ¢«¥¨î ¨ ®£à ¨ç¥ë© ¯® ¢¥«¨ç¨¥. �£à   ç¨ ¥âáï ¢¬®¬¥â ¢à¥¬¥¨ t0 ¨§ ¥ª®â®à®£®  ç «ì®£® ¯®«®�¥¨ï ã¯à -¢«ï¥¬®© â®çª¨. �  ¯«®áª®áâ¨ § ¤ ë ä¨ªá¨à®¢ ë¥ â®çª¨ M∗
i ,93



¨¬¥îé¨¥ á®®â¢¥âáâ¢¥® à ¤¨ãá-¢¥ªâ®àë ri, i ∈ K ®â®á¨â¥«ì-
®  ç «  ª®®à¤¨ â. �â¨ â®çª¨ ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬  §ë¢ âì
æ¥«¥¢ë¬¨ ¬®¦¥áâ¢ ¬¨ ¨£à®ª®¢. �« â®© i-£®, i ∈ K, ¨£à®ª  á«ã-
¦¨â à ááâ®ï¨¥ ®â ä¨ «ì®£® ¯®«®¦¥¨ï ã¯à ¢«ï¥¬®© â®çª¨ ¢
¬®¬¥â ¢à¥¬¥¨ ϑ ¤® æ¥«¥¢®£® ¬®¦¥áâ¢  íâ®£® ¨£à®ª . �¥ä®à-
¬ «ì ï æ¥«ì ª ¦¤®£® ¨§ ¨£à®ª®¢ á®áâ®¨â ¢ ¬¨¨¬¨§ æ¨¨ á¢®¥©
¯« âë.

�¨á. 1. �®¤¥«ìë© ¯à¨¬¥à.

� áá¬ âà¨¢ ¥âáï á«ãç © (á¬. à¨á. 1), ª®£¤  t0 = 0, T = 1,
k = 3, α1 = α2 = α3 = 1, r1 = (0, 2), r2 = (−1,

√
3), r3 = (

√
3, 1),

u1 = u = (u1, u2), u2 = v = (v1, v2), u3 = w = (w1, w2), |ui| 6 1.
�¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤¢¨¦¥¨ï ã¯à ¢«ï¥¬®© â®çª¨

¨¬¥îâ ¢¨¤

_x1 = u1 + v1 + w1, _x2 = u2 + v2 + w2.
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¨¬¥îé¨¥ á®®â¢¥âáâ¢¥® à ¤¨ãá-¢¥ªâ®àë ri, i ∈ K ®â®á¨â¥«ì-®  ç «  ª®®à¤¨ â. �â¨ â®çª¨ ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬  §ë¢ âìæ¥«¥¢ë¬¨ ¬®�¥áâ¢ ¬¨ ¨£à®ª®¢. Ǒ« â®© i-£®, i ∈ K, ¨£à®ª  á«ã-�¨â à ááâ®ï¨¥ ®â ä¨ «ì®£® ¯®«®�¥¨ï ã¯à ¢«ï¥¬®© â®çª¨ ¢¬®¬¥â ¢à¥¬¥¨ ϑ ¤® æ¥«¥¢®£® ¬®�¥áâ¢  íâ®£® ¨£à®ª . �¥ä®à-¬ «ì ï æ¥«ì ª �¤®£® ¨§ ¨£à®ª®¢ á®áâ®¨â ¢ ¬¨¨¬¨§ æ¨¨ á¢®¥©¯« âë.

�¨á. 1. �®¤¥«ìë© ¯à¨¬¥à.� áá¬ âà¨¢ ¥âáï á«ãç © (á¬. à¨á. 1), ª®£¤  t0 = 0, T = 1,
k = 3, α1 = α2 = α3 = 1, r1 = (0, 2), r2 = (−1,√3), r3 = (√3, 1),
u1 = u = (u1, u2), u2 = v = (v1, v2), u3 = w = (w1, w2), |ui| 6 1.�¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤¢¨�¥¨ï ã¯à ¢«ï¥¬®© â®çª¨¨¬¥îâ ¢¨¤ _x1 = u1 + v1 +w1, _x2 = u2 + v2 + w2.94



4.2. � ¢®¢¥áë¥ ¯® �íèã ã¯à ¢«¥¨ïǑ®áâà®¨¬ á¨âã æ¨î à ¢®¢¥á¨ï ¯® �íèã ¢ ª« áá¥ ¯®áâ®ïëåáâà â¥£¨©. � á«ãç ¥, ª®£¤  ¨£à®ª¨  § ç îâ ã¯à ¢«ï¥¬®© â®çª¥¯®áâ®ïë¥ ¯® ¢¥«¨ç¨¥ ¨  ¯à ¢«¥¨î áª®à®áâ¨ u, v, w, ¯®«®-�¥¨¥ ã¯à ¢«ï¥¬®© â®çª¨ ¢ ¬®¬¥â ¢à¥¬¥¨ ϑ = 1 ®¯à¥¤¥«ï¥âáï¯® ä®à¬ã«¥
r(1) = r0 + u+ v + w.�¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï à ¢®¢¥á¨ï ¯® �íèã ¢ª« áá¥ ¯®áâ®ïëå ã¯à ¢«¥¨© ¤«ï  ç «ì®£® ¯®«®�¥¨ï ¨¬¥-îâ ¢¨¤ [3,4℄max{1, |r1 − (v0 − w0)|} · r1 − (v0 − w0)

|r1 − (v0 − w0)| = u0,max{1, |r2 − (w0 − u0)|} · r2 − (w0 − u0)
|r2 − (w0 − u0)| = v0,max{1, |r3 − (u0 − v0)|} · r3 − (u0 − v0)
|r3 − (u0 − v0)| = w0. (4.1)�¥è¥¨¥ á¨áâ¥¬ë (4.1) ¯®«ãç¥® ç¨á«¥®:

u0 = (−0, 045029; 0, 998986), v0 = (−0, 910045; 0, 414509),
w0 = (0, 988367;−0, 15209).�ë¯¨è¥¬ ä¨ «ì®¥ ¯®«®�¥¨¥ ã¯à ¢«ï¥¬®© â®çª¨ ¢ á«ãç ¥à ¢®¢¥áëå ¯® �íèã ã¯à ¢«¥¨©

x1(1) = u01 + v01 + w01 = 0, 033292,
x2(1) = u02 + v02 + w02 = 1, 2614.� ááâ®ï¨ï ®â ã¯à ¢«ï¥¬®© â®çª¨ ¢ ª®¥ç®¬ ¯®«®�¥¨¨ ¤®æ¥«¥¢ëå ¬®�¥áâ¢ ¨£à®ª®¢ á«¥¤ãîé¨¥: (

Ii = |ri − r(T )|)
I1 = 0, 7398; I2 = 1, 1354; I3 = 1, 7186.�  à¨á. 1 ¤   £¥®¬¥âà¨ç¥áª ï ¨««îáâà æ¨ï ¯à¨¢¥¤¥ëå ¨�¥ç¨á«¥ëå à¥§ã«ìâ â®¢ (â ¡«.1).95



� á¨«ã ¤¨ ¬¨ª¨ ¨áá«¥¤ã¥¬®© á¨áâ¥¬ë ¨£à®ª-ãª«®¨áâ ¥ ¬®-�¥â ã«ãçè¨âì á¢®© à¥§ã«ìâ â, ¤ �¥ ¥á«¨ ® ¡ã¤¥â ¯à¨¬¥ïâì¯®§¨æ¨®ë¥ áâà â¥£¨¨. � ç áâ®áâ¨, ¯ãáâì ¨£à®ª-ãª«®¨áâ ¨á-¯®«ì§ã¥â ¬¨¨¬ ªáãî (¯à®â¨¢ ®áâ «ìëå ¨£à®ª®¢) ¯®§¨æ¨®-ãî áâà â¥£¨î  ¢¥¤¥¨ï   á¢®¥ æ¥«¥¢®¥ ¬®�¥áâ¢®.
u[t, r(t)℄ = r1 − r(t)

|r1 − r(t)| , v[t, r(t)℄ = r2 − r(t)
|r2 − r(t)| ,

w[t, r(t)℄ = r3 − r(t)
|r3 − r(t)| . (4.2)�¥§ã«ìâ âë â ª®£® ãª«®¥¨ï ¯à¨¢¥¤¥ë ¢ â ¡«¨æ¥ 1.� ¡«¨æ  1�£à®ª � ¢®¢¥á¨¥ �ª«®¥¨¥Ǒ¥à¢ë© 0,7393 0,7398�â®à®© 1,1354 1,2123�à¥â¨© 1,7186 1,7928� ª¨¬ ®¡à §®¬, ¥¤¨®«¨ç®¥ ãª«®¥¨¥ ¨£à®ª  ®â à ¢®¢¥á-®£®  ¡®à  áâà â¥£¨© ¥ ¯à¨¢¥«® ª ã«ãçè¥¨î ¥£® ¯« âë.4.3. �®¬¯à®¬¨ááë©  ¡®à áâà â¥£¨©� ª ç¥áâ¢¥ ª®¬¯à®¬¨ááëå ®æ¥®ª ¢®§ì¬¥¬ ¢¥ªâ®àë

S∗ = (0, 13; 0, 9; 1, 4), S∗ = (0, 57; 1, 131; 1, 71).� ¬¥â¨¬, çâ® ¢¥àå¨¥ ®æ¥ª¨ (¢¥ªâ®à S∗ ) ¯« â ¤«ï ª �¤®£® ¨§¨£à®ª®¢ «ãçè¥ (¬¥ìè¥), ç¥¬ â®â à¥§ã«ìâ â, ª®â®àë© íâ®â ¨£à®ª¯®«ãç ¥â ¢ á«ãç ¥ à ¢®¢¥á¨ï.
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Ǒ®áâà®¨¬ â¥à¬¨ «ìë¥ ¬®�¥áâ¢ . Ǒ®« £ ¥¬
M1 = {(x, y)|√x2 + (y − 2)2 < 0, 13} ,

M2 = {(x, y)|√(x+ 1)2 + (y −
√3)2 < 0, 9} ,

M3 = {(x, y)|√(x −
√3)2 + (y − 1)2 < 1, 4} ,

M4 = {(x, y)|√(x − rCx)2 + (y − rCy)2 < 0, 001} ,£¤¥ rC = (rCx, rCy) = 0, 09147721; 1, 442277962). � ¬¥â¨¬, çâ®
ρ(r1, rC) = 0, 565174, ρ(r2, rC) = 1, 12929, ρ(r3, rC) = 1, 69914.�¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® Mi ∩ Mj = ∅, i, j = 1, 2, 3.Ǒ®ª �¥¬, çâ® σi(x, y) 6 S∗

i , i ∈ {1, 2, 3} ¤«ï ¢á¥å (x, y) ∈ M.�¥©áâ¢¨â¥«ì®,
σ1(x, y) = ρ((x, y), r1) 6 ρ((x, y), rC) + ρ(r1, rC) == 0, 001 + 0, 565174 < 0, 57.� «®£¨ç® ¯à®¢¥àïîâáï ¤¢  ®áâ «ìëå ¥à ¢¥áâ¢ .� ª¨¬ ®¡à §®¬, ¬®�¥áâ¢  V, V1, V2, V3 ®¡« ¤ îâ ¢á¥¬¨ á¢®©-áâ¢ ¬¨, ¯¥à¥ç¨á«¥ë¬¨ ¢ à §¤¥«¥ 3. � ¯à®áâà áâ¢¥ ¯®§¨æ¨©¯®áâà®¨¬ ¬®�¥áâ¢  (i = 1, 2, 3)
Wi(t, x, y) = {(t, x, y)|ϕi(t, x, y) < 0, t ∈ [0, 1℄},£¤¥

ϕ1(t, x, y) = √

x2 + (y − 2)2 + (1− t)− 0, 13,
ϕ2(t, x, y = √(x + 1)2 + (y −

√3)2 + (1− t)− 0, 9,
ϕ3(t, x, y) = √(x −

√3)2 + (y − 1)2 + (1− t)− 1, 4.97



�ç¥¢¨¤®, çâ® Wi(1) = Mi, i = 1, 2, 3.�«ï ¢á¥å s ∈ R2, |s| = 1 á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 
∂ϕ1
∂t

= max
|u|61 min

|v|61,|w|61 s · (u+ v + w) == min
|v|61,|w|61max|u|61 s · (u+ v + w) = −1,

∂ϕ2
∂t

= max
|v|61 min

|u|61,|w|61 s · (u+ v + w) == min
|u|61,|w|61max|v|61 s · (u+ v + w) = −1,

∂ϕ3
∂t

= max
|w|61 min

|v|61,|u|61 s · (u+ v + w) == min
|v|61,|u|61max|v|61 s · (u + v + w) = −1,�®£¤  ¬®�¥áâ¢  W c

i , i = 1, 2, 3 ï¢«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨¬ ªá¨¬ «ìë¬¨ áâ ¡¨«ìë¬¨ ¬®áâ ¬¨.Ǒ®« £ ¥¬ (t ∈ [0, 1℄)
W = {(t, x, y) | √(x − rCx)2 + (y − rCy)2−1, 5(1− t)−0, 001 < 0}.�¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® W (1) = M, Wi(t) ∩ Wj(t) = ∅,
t ∈ [0, 1℄, i = 1, 2, 3,   â ª�¥ çâ®  ¡®à ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢¢á¥å ¨£à®ª®¢, ®¡¥á¯¥ç¨¢ îé¨© á¢®©áâ¢® 4 ¬®�¥áâ¢  W ¤«ï ¢á¥å¯®§¨æ¨© (t∗, x∗, y∗) ∈ W, t∗ < 1, á«¥¤ã¥â ¢ë¡¨à âì ¨§ ãá«®¢¨ï

u∗(t∗, x∗, y∗) + v∗(t∗, x∗, y∗) + w∗(t∗, x∗, y∗) == 





( |rC − r∗| − 0, 00011− t∗

) (rC − r∗)
|rC − r∗|

, |rC − r∗| > 0, 0010, |rC − r∗| 6 0, 001, (4.3)£¤¥ r∗ = (x∗, y∗). Ǒ®« £ ¥¬
Uª®¬¯[·℄ = 









u∗(t, x, y), {t, x, y} ∈ W,

uje
i (t, x, y), {t, x, y} ∈ Wj, j = 1, 2, 3,«î¡®© ¢¥ªâ®à |u| 6 1, ¨ ç¥;98



V ª®¬¯[·℄ = 









v∗(t, x, y), {t, x, y} ∈ W,

vje
i (t, x, y), {t, x, y} ∈ Wj , j = 1, 2, 3,«î¡®© ¢¥ªâ®à |v| 6 1, ¨ ç¥;

W ª®¬¯[·℄ = 









w∗(t, x, y), {t, x, y} ∈ W,

wje
i (t, x, y), {t, x, y} ∈ Wj, j = 1, 2, 3,«î¡®© ¢¥ªâ®à |w| 6 1, ¨ ç¥.� á¨«ã «¥¬¬ë 3.1  ¡®à áâà â¥£¨© (Uª®¬¯, V ª®¬¯,W ª®¬¯) ®¯-à¥¤¥«¥ ª®àà¥ªâ®. Ǒ® â¥®à¥¬¥ 3.1 ® ï¢«ï¥âáï ª®¬¯à®¬¨ááë¬®â®á¨â¥«ì® ¢¥ªâ®à®¢

S∗ = {0, 13; 0, 9; 1, 4), S∗ = {0, 57; 1, 131; 1, 71)¤«ï «î¡®©  ç «ì®© ¯®§¨æ¨¨, ¯à¨ ¤«¥� é¥© ¬®�¥áâ¢ã W.� ¡®à áâà â¥£¨© ¢á¥å ¨£à®ª®¢, ®¯à¥¤¥«ïîé¨© ¢¥ªâ®àë ã¯à ¢«ï-îé¨å ¯ à ¬¥âà®¢ ¨§ ãá«®¢¨ï (4.3) ¤«ï ¯®§¨æ¨©, ¯à¨ ¤«¥� é¨å¬®�¥áâ¢ã W, ¨ ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¤«ï ®áâ «ìëå ¯®§¨æ¨©,®¡¥á¯¥ç¨¢ ¥â ¤«ï ª �¤®£® ¨§ ¨£à®ª®¢ ¢ë¯®«¥¨¥ ®æ¥ª¨ á¢¥àåã¤«ï ¥£® ¯« âë. �¤ ª® íâ®â  ¡®à áâà â¥£¨© ¬®�¥â ®ª § âìáï ¥-ãáâ®©ç¨¢ë¬ ¯® ®â®è¥¨î ª ¨£à®ªã-ãª«®¨áâã. �â® ®§ ç ¥â, çâ®¨£à®ª-ãª«®¨áâ ¬®�¥â ¢ë¡à âì â ª®¥ ¯®§¨æ¨®®¥ ã¯à ¢«¥¨¥,ª®â®à®¥ ¯®§¢®«¨â ¥¬ã ¯®«ãç¨âì § ç¥¨¥ ¯« âë «ãçè¥ (¬¥ìè¥)á®®â¢¥âáâ¢ãîé¥© ¨�¥© ª®¬¯à®¬¨áá®© ®æ¥ª¨.�¥©áâ¢¨â¥«ì®, ¯ãáâì ¤«ï ¢á¥å ¯®§¨æ¨© ¨§ ¬®�¥áâ¢  W¨£à®ª¨  § ç îâ á¢®¨ ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï ¨§ ãá«®¢¨ï(4.3). �¥ íâ®£® ¬®�¥áâ¢  ¯à¨¨¬ ¥âáï, çâ® u = v = w = 0.�ë¡¥à¥¬  ç «ìãî ¯®§¨æ¨î (0; 0; 0) ∈ W.� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì® á«¥¤ãîé¨¥ á¨âã æ¨¨: ) áà¥¤¨ ¨£à®ª®¢ ¥â ãª«®¨áâ®¢;¡) ¯¥à¢ë© ¨£à®ª ãª«®ï¥âáï ®â íâ®£® ¯à ¢¨« , ¯à¨æ¥«¨¢ ïáì  á¢®¥ æ¥«¥¢®¥ ¬®�¥áâ¢®;¢) ¢â®à®© ¨£à®ª ãª«®ï¥âáï ®â íâ®£® ¯à ¢¨« , ¯à¨æ¥«¨¢ ïáì  á¢®¥ æ¥«¥¢®¥ ¬®�¥áâ¢®;£) âà¥â¨© ¨£à®ª ãª«®ï¥âáï ®â íâ®£® ¯à ¢¨« , ¯à¨æ¥«¨¢ ïáì  á¢®¥ æ¥«¥¢®¥ ¬®�¥áâ¢®. 99



� ç¥¨ï ¯« â ¤«ï â ª¨å á¨âã æ¨© ¯à¨¢¥¤¥ë ¢ â ¡«. 2,  âà ¥ªâ®à¨¨ ¤¢¨�¥¨ï â®çª¨ ¤«ï ¢á¥å ¯¥à¥ç¨á«¥ëå á¨âã æ¨©|  à¨á. 2.

�¨á. 2. �à ¥ªâ®à¨¨ â®çª¨ ¢ á¨âã æ¨ïå  -£� ¡«¨æ  2�æ¥ª  �£à®ª¨Ǒ¥à¢ë© �â®à®© �à¥â¨©�®¬¯à®¬¨áá ï 0,13 0,9 1,4®æ¥ª  á¨§ã�¥«¨ç¨  ¯« âë 0,566152 1,12948 1,69855¢ á¨âã æ¨¨  )�®¬¯à®¬¨áá ï 0,57 1,131 1,71®æ¥ª  á¢¥àåã�¥«¨ç¨  ¯« âë 0,456535 0,672874 0,875904¯à¨ ãª«®¥¨¨ 100



� ¡«¨æ  3�æ¥ª  �£à®ª¨Ǒ¥à¢ë© �â®à®© �à¥â¨©�®¬¯à®¬¨áá ï 0,13 0,9 1,4®æ¥ª  á¨§ã�¥«¨ç¨  ¯« âë ¤«ï 0,566152 1,12948 1,69855ª®¬¯à®¬¨áá®© á¨âã æ¨¨�®¬¯à®¬¨áá ï 0,57 1,131 1,71®æ¥ª  á¢¥àåã�¥«¨ç¨  ¯« âë 0,456535 0,9088014 1,40733¯à¨ ãª«®¥¨¨

�¨á. 3. �à ¥ªâ®à¨¨ â®çª¨ ¯à¨ ª®¬¯à®¬¨áá®¬  ¡®à¥ áâà â¥£¨©101



� ª¨¬ ®¡à §®¬, à¥§ã«ìâ âë ¨£à®ª®¢ ¢ á¨âã æ¨¨  ) ãª« ¤ë¢ -îâáï ¢ ¢¥àå¨¥ ¨ ¨�¨¥ ª®¬¯à®¬¨ááë¥ ®æ¥ª¨. �¤ ª® ãª«®-¨áâë (ªà®¬¥ ¯¥à¢®£®) ¬®£ãâ ¯®«ãç¨âì «ãçè¥¥ § ç¥¨¥ ¯« âë,ç¥¬ á®®â¢¥âáâ¢ãîé¨¥ ¨�¨¥ ª®¬¯à®¬¨ááë¥ ®æ¥ª¨.� ª®© à¥§ã«ìâ â ¥¢®§¬®�¥ ¢ á«ãç ¥ ª®¬¯à®¬¨áá®£®  ¡®à áâà â¥£¨©. Ǒãáâì,  ¯à¨¬¥à, ¨£à®ª¨-ãª«®¨áâë ¢ ª ç¥áâ¢¥ áâà -â¥£¨¨ ãª«®¥¨ï ¢ë¡¨à îâ ¯à¨æ¥«¨¢ ¨¥   á¢®¥ â¥à¬¨ «ì®¥¬®�¥áâ¢®. � â ¡«. 3 ¯à¨¢¥¤¥ë § ç¥¨ï ¯« â ¨£à®ª®¢ ¤«ï â -ª¨å á¨âã æ¨©,   âà ¥ªâ®à¨¨ ¤¢¨�¥¨ï â®çª¨ ¯®ª § ë   à¨á. 3� ¬¥â¨¬, çâ® ª®¬¯à®¬¨ááë©  ¡®à áâà â¥£¨© ï¢«ï¥âáï ã¨-¢¥àá «ìë¬ ¤«ï ¢á¥å  ç «ìëå ¯®§¨æ¨© ¨§ ¬®�¥áâ¢  W. �á«ãç ¥, ª®£¤  íâ®â  ¡®à áâà®¨âáï ¤«ï ª®ªà¥â®©  ç «ì®© ¯®-§¨æ¨¨, ª®¬¯à®¬¨ááë¥ ®æ¥ª¨, ª ª ¨�¨¥, â ª ¨ ¢¥àå¨¥, ¬®£ãâ¡ëâì à¥ «¨§®¢ ë ¡®«¥¥ �¥áâª®.�¯¨á®ª «¨â¥à âãàë1. �à á®¢áª¨© �.�., �ã¡¡®â¨ �.�. Ǒ®§¨æ¨®ë¥ ¤¨ää¥à¥æ¨ «ìë¥¨£àë. �.: � ãª , 1973. 455 á.2. �ã¡¡®â¨ �.�., �¥æ®¢ �. �. �¯â¨¬¨§ æ¨ï £ à â¨¨ ¢ § ¤ ç å ã¯à -¢«¥¨ï. �.: � ãª , 1981. 286 á.3. �ãâ¬ ®¢ �.�. �ãàá «¥ªæ¨© ¯® ¬¥â®¤ ¬ ®¯â¨¬¨§ æ¨¨: �ç¥¡®¥ ¯®-á®¡¨¥. ��¥¢áª: �§¤-¢® ���, 2001. 367 .4. �ãâ¬ ®¢ �.�. �®¬¯à®¬¨áá®¥ ã¯à ¢«¥¨¥ ¢ ª®ä«¨ªâ®-ã¯à ¢«ï-¥¬ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ å // Ǒà®¡«¥¬ë ¬¥å ¨ª¨ ¨ ã¯à ¢«¥¨ï:�¥�¢ã§. á¡.  ãç. âàã¤®¢. Ǒ¥à¬ì, 2001. �. 48{59.5. �ãâ¬ ®¢ �.�. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï à ¢®¢¥á¨ï ¯®�íèã ¢ ¨£à¥ ¢ ¯¥à¥¬¥é¥¨ïå // Ǒà®¡«¥¬ë ¬¥å. ¨ ã¯à ¢«¥¨ï: �¥�-¢ã§. ¡.  ãç. âàã¤®¢. Ǒ¥à¬ì, 2002. C. 4{10.
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