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onsidered. As a generalrule the Pareto optimality was made use as a de
ision to su
h topi
.Usually, there is an in�nite set of that results. The optimality 
on
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isionin multi
riteria problem. The model example is brought.1. Ǒ®áâ ­®¢ª  § ¤ ç¨� áá¬ âà¨¢ ¥âáï § ¤ ç  ¯à¨­ïâ¨ï à¥è¥­¨© (�Ǒ�), ª ç¥áâ¢®à¥è¥­¨ï ¢ ª®â®à®© ®æ¥­¨¢ ¥âáï ­¥áª®«ìª¨¬¨ ªà¨â¥à¨ï¬¨. �á-¯®«ì§ã¥¬ â¥à¬¨­®«®£¨î ¨ ®¡®§­ ç¥­¨ï ¨§ [1;2℄. �®¤¥«ìî â ª®©�Ǒ� ï¢«ï¥âáï ¬­®£®ªà¨â¥à¨ «ì­ ï § ¤ ç . �â® á¨áâ¥¬ 
〈X, f(x)〉. (1.1)�¤¥áì ¨¬¥¥âáï ®¤­® «¨æ®, ¯à¨­¨¬ îé¥¥ à¥è¥­¨¥ (�Ǒ�). � ¤ -­® ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ¨áå®¤®¢ x ∈ X ⊂ Rn , áà¥¤¨ ª®â®àëå�Ǒ� ¤¥« ¥â á¢®© ¢ë¡®à. �ë¤¥«¥­ ª®­¥ç­ë© ­ ¡®à �¥« ¥¬ëåá¢®©áâ¢ ¨«¨ ªà¨â¥à¨¥¢. � ¬®¤¥«¨ íâ¨ á¢®©áâ¢  ®¯¨á ­ë äã­ª-æ¨ï¬¨: ª �¤ ï äã­ªæ¨ï ¯à¥¤áâ ¢«ï¥â ®¤­® á¢®©áâ¢®. �æ¥­ª ¨áå®¤®¢ ®á­®¢ ­  â®«ìª® ­  íâ¨å á¢®©áâ¢ å (äã­ªæ¨ïå).41



�¡ëç­® ¨­ä®à¬ æ¨î ® ¢á¥å ªà¨â¥à¨ïå ®¡ê¥¤¨­ïîâ ¢ ®¤­ã,¢¥ªâ®à­ãî äã­ªæ¨î ¢ë¨£àëè  f : X → Rm,m > 1 . �­ ç¥-­¨ï íâ®© äã­ªæ¨¨ ª �¤®¬ã ¨áå®¤ã áâ ¢ïâ ¢ á®®â¢¥âáâ¢¨¥ ª®«¨-ç¥áâ¢¥­­ãî ®æ¥­ªã ¤«ï ¢ë¤¥«¥­­ëå á¢®©áâ¢
f(x) = (f1(x), . . . , fm(x)).�â® ¢¥ªâ®à­ ï ®æ¥­ª  ¤«ï ¨áå®¤  x ∈ X . �¥ ã¬¥­ìè ï ®¡é­®-áâ¨, áç¨â ¥¬, çâ® ªà¨â¥à¨¨ fi(x), i = 1, . . . ,m ï¢«ïîâáï ¯®§¨â¨¢-­ë¬¨. �®£¤  ­  á®¤¥à� â¥«ì­®¬ ãà®¢­¥ æ¥«ì �Ǒ� á®áâ®¨â ¢ ¢ë-¡®à¥ â ª®£® ¨áå®¤ , çâ® ¤®áâ ¢«ï¥â ¢®§¬®�­® ¡®«ìè¨¥ §­ ç¥­¨ï®¤­®¢à¥¬¥­­® ¢á¥¬ ª®¬¯®­¥­â ¬ ¢¥ªâ®à­®© äã­ªæ¨¨ ¢ë¨£àëè 

f(x) . �â¬¥â¨¬, çâ® ¢ á®®â¢¥âáâ¢¨¨ á à ¡®â®© [2℄, ¬­®�¥áâ¢® X ¨äã­ªæ¨ï f ®¯à¥¤¥«ïîâ á®®â¢¥âáâ¢¥­­® à¥ «¨§ æ¨®­­ãî ¨ ®æ¥-­®ç­ãî áâàãªâãàë �Ǒ�, ¯à¥¤áâ ¢«¥­­ãî ¢ (1.1).�¡é¥¯à¨­ïâë© ¯®¤å®¤ ª ®¯à¥¤¥«¥­¨î à¥è¥­¨ï ¢ § ¤ ç¥ (1.1)®á­®¢ ­ ­  ®â­®è¥­¨¨ ¤®¬¨­¨à®¢ ­¨ï ¯® Ǒ à¥â® ¢ ªà¨â¥à¨ «ì-­®¬ ¯à®áâà ­áâ¢¥ Rm [2, á. 56℄. �¬¥­­® ¨áå®¤ x∗ ∈ X ­ §ë¢ ¥â-áï Ǒ à¥â®-®¯â¨¬ «ì­ë¬ ¢ § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨ (1.1),¥á«¨ ¤«ï ª �¤®£® x áãé¥áâ¢ã¥â i ∈ {1, . . . ,m}, fi(x) < fi(x∗)¨«¨ f(x) = f(x∗) . Ǒ à¥â®-®¯â¨¬ «ì­®áâì ¨áå®¤  x∗ ∈ X ®§­ -ç ¥â, çâ®, ¥á«¨ ¢®§¬®�­® ¯¥à¥©â¨ ª ¤àã£®¬ã ¨áå®¤ã ¨ ã¢¥«¨ç¨âì¯à¨ íâ®¬ §­ ç¥­¨¥ ª ª®£®-«¨¡® ªà¨â¥à¨ï, â® ®¡ï§ â¥«ì­® ­ ©¤ñâ-áï ¤àã£®© ªà¨â¥à¨©, §­ ç¥­¨¥ ¯® ª®â®à®¬ã ¢ íâ®¬ á«ãç ¥ ã¬¥­ì-è¨âáï.� [2, á. 58℄ ®â¬¥ç¥­®, çâ® óª ­¤¨¤ â®¬� ­  ®¯â¨¬ «ì­®¥ à¥-è¥­¨¥ ¢ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥ ¬®�¥â ï¢«ïâìáï â®«ìª®Ǒ à¥â® ®¯â¨¬ «ì­ë© ¨áå®¤. �¤­ ª® Ǒ à¥â® ®¯â¨¬ «ì­ëå à¥è¥-­¨© ¢ § ¤ ç¥ (1.1) ¬®�¥â ¡ëâì ­¥áª®«ìª®,   ¢ ­¥¯à¥àë¢­®¬ á«ãç ¥¤ �¥ ¡¥áª®­¥ç­®¥ ¬­®�¥áâ¢®. �â® á¢ï§ ­® á íää¥ªâ®¬ ­¥áà ¢-­¨¬®áâ¨ ¨áå®¤®¢ ¢ ¢¥ªâ®à­®¬ ªà¨â¥à¨ «ì­®¬ ¯à®áâà ­áâ¢¥. �¥-áà ¢­¨¬®áâì ¨áå®¤®¢ ï¢«ï¥âáï ä®à¬®© ­¥®¯à¥¤¥«ñ­­®áâ¨, ¨¬¥­-­® æ¥­­®áâ­®© ­¥®¯à¥¤¥«ñ­­®áâìî [2, á. 55℄. �­  á¢ï§ ­  á â¥¬,çâ® ¢ ãá«®¢¨ïå ­¥¯®«­®© ¨­ä®à¬¨à®¢ ­­®áâ¨ �Ǒ� áâà¥¬¨âáï ¤®-áâ¨çì ­¥áª®«ìª¨å, ç áâ® ¯à®â¨¢®à¥ç¨¢ëå æ¥«¥©. � ª ãª § ­® ¢42



à ¡®â¥ [2, á. 58℄, ¢ë¡®à ¬¥�¤ã ­¥áà ¢­¨¬ë¬¨ ¨áå®¤ ¬¨ ï¢«ï¥âáïá«®�­®© ª®­æ¥¯âã «ì­®© ¯à®¡«¥¬®© ¨ á®áâ ¢«ï¥â ®á­®¢­®¥ á®-¤¥à� ­¨¥ ¬­®£®ªà¨â¥à¨ «ì­®© ®¯â¨¬¨§ æ¨¨.2. �¯â¨¬ «ì­®áâì ¯® ª®­ãáã ¢ ¬­®£®ªà¨â¥à¨ «ì­®©§ ¤ ç¥�®áâ â®ç­® ®¡é¨© ¯®¤å®¤ ª ®¯à¥¤¥«¥­¨î ®æ¥­®ç­®© áâàãªâã-àë ¢ § ¤ ç¥ (1.1) ¯à¥¤« £ ¥â ®â­®è¥­¨¥ ¯à¥¤¯®çâ¥­¨ï ¯® ª®­ãáã¢ ªà¨â¥à¨ «ì­®¬ ¯à®áâà ­áâ¢¥ Rm,m > 1 . �«ï áà ¢­¥­¨ï ¢¥ª-â®à­ëå ¨áå®¤®¢ à áá¬ âà¨¢ ¥âáï ®â­®è¥­¨¥ ¯à¥¤¯®çâ¥­¨ï ¯® ª®-­ãáã. �ã¤¥¬ à áá¬ âà¨¢ âì ¢ë¯ãª«ë©, § ®áâàñ­­ë©, ¢ëáâã¯ î-é¨©, ¯à®áâà ­áâ¢¥­­ë© ª®­ãá K [3, á. 1075℄. �®­ãá K ¯®à®�¤ -¥â ¢ ¢¥ªâ®à­®¬ ªà¨â¥à¨ «ì­®¬ ¯à®áâà ­áâ¢¥ ®â­®è¥­¨¥ ¯®àï¤ª (¢¥ªâ®à­ãî ã¯®àï¤®ç¥­­®áâì) >k ¯® ¯à ¢¨«ã
f >k g ⇔ f − g ∈ K. (2.1)� ª®© ª®­ãá � ­ §ë¢ îâ ª®­ãá®¬ ¤®¬¨­¨à®¢ ­¨ï ¢ Rm,m > 1 .� áâ® ª®­ãá®¬ ¤®¬¨­¨à®¢ ­¨ï ï¢«ï¥âáï ¬­®£®£à ­­ë© ª®­ãá

K = {f ∈ Rm|Af > 0m}. (2.2)�¤¥áì ¯à¥¤áâ ¢«¥­  á¨áâ¥¬  m ®¤­®à®¤­ëå ­¥à ¢¥­áâ¢ ¨ 0m |­ã«¥¢®© ¢¥ªâ®à ¢ Rm . � ä¨ªá¨à®¢ ­  A | ª¢ ¤à â­ ï ¬ âà¨æ ¯®àï¤ª  m . �ã¤¥¬ áç¨â âì, çâ® ¬ âà¨æ  A = (aij), i, j = 1, . . . ,mï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, â.¥ aij > 0 . �à®¬¥ â®£®, ¯®« £ ¥¬,çâ® ¬ âà¨æ  A ï¢«ï¥âáï ­¥¢ëà®�¤¥­­®©. � �­ë¬¨ ¯à¨¬¥à ¬¨¬­®£®£à ­­ëå ª®­ãá®¢ ï¢«ïîâáï
Rm

> = {x ∈ Rm|Ex > 0m} = {x ∈ Rm|xi > 0, i = 1, . . . ,m} (2.3)¨ ¥£® ¢­ãâà¥­­®áâì
Rm

> = {x ∈ Rm|xi > 0, i = 1, . . . ,m}. (2.4)�®­ãáë Rm
> , Rm

> ®¯à¥¤¥«ïîâáï ¥¤¨­¨ç­®© ¬ âà¨æ¥© � .�á¯®«ì§®¢ ­¨¥ ¢¥ªâ®à­®© ã¯®àï¤®ç¥­­®áâ¨ (2.1) ¯®§¢®«ï¥â®¯à¥¤¥«¨âì ¢ § ¤ ç¥ (1.1) ¨áå®¤ë, ®¯â¨¬ «ì­ë¥ ¯® ª®­ãáã K.43



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1. �áå®¤ x∗ ∈ X ­ §ë¢ ¥âáï ®¯-â¨¬ «ì­ë¬ ¯® ª®­ãáã � ¢ § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨ (1.1),¥á«¨ ¤«ï «î¡®£® ¨áå®¤  x ∈ X ¨§ ãá«®¢¨ï f(x) >k f(x∗), á«¥-¤ã¥â, çâ® x = x∗ . Ǒ®á«¥¤­ïï ¨¬¯«¨ª æ¨ï à ¢­®á¨«ì­  â®¬ã,çâ® ¤«ï ¢á¥å x ∈ X,x 6= x∗ á¯à ¢¥¤«¨¢® x − x∗ /∈ K . �á«¨¤«ï ª®­ãá  K ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ Rm
> ⊂ K , â® ®¯â¨¬ «ì-­®¥ à¥è¥­¨¥ x∗ ∈ X ¡ã¤¥¬ ­ §ë¢ âì ¬ ªá¨¬ «ì­ë¬ ¯® ª®­ãáã.�á«¨ à áá¬ âà¨¢ âì ®¯â¨¬ «ì­®áâì ®â­®á¨â¥«ì­® ª®­ãá  (−K) ,â® à¥è¥­¨¥ ¡ã¤¥¬ ­ §ë¢ âì ¬¨­¨¬ «ì­ë¬ ¯® ª®­ãáã K . �­®-�¥áâ¢® ®¯â¨¬ «ì­ëå ¨«¨ ¬ ªá¨¬ «ì­ëå(¬¨­¨¬ «ì­ëå) ¯® ª®­ã-áã � à¥è¥­¨© § ¤ ç¨ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨ (1.1) ®¡®§­ ç ¥âáï

X∗ ⊂ X(X⋆ ⊂ X) .�¯à¥¤¥«¥­¨¥ ®¯â¨¬ «ì­®£® ¯® ª®­ãáã à¥è¥­¨ï ï¢«ï¥âáï ¤®-áâ â®ç­® ®¡é¨¬. �­® ¢ª«îç ¥â ¢ á¥¡ï ª ª ç áâ­ë© á«ãç © Ǒ à¥-â® ®¯â¨¬ «ì­ë¥ à¥è¥­¨ï. �¥©áâ¢¨â¥«ì­®, â ª®¥ à¥è¥­¨¥ ¯®«ã-ç ¥âáï ¢ ®¯à¥¤¥«¥­¨¨ 2.1, ¥á«¨ ¢ ª ç¥áâ¢¥ ª®­ãá  ¤®¬¨­¨à®¢ ­¨ï¨á¯®«ì§®¢ âì ª®­ãá Rm
> ¨§ (2.3).�   ¬ ¥ ç   ­ ¨ ¥ 2.1. � ª ç¥áâ¢¥ à¥è¥­¨ï § ¤ ç¨ ¢¥ª-â®à­®© ®¯â¨¬¨§ æ¨¨ (1.1) â ª�¥ ¨á¯®«ì§ãîâ ®¯â¨¬ «ì­ë¥ ¯®�«¥©â¥àã à¥è¥­¨ï [5, á. 67℄. � ª, ¨áå®¤ x∗ ∈ X ­ §ë¢ ¥â-áï ¬ ªá¨¬ «ì­ë¬ ¯® �«¥©â¥àã ¢ § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨(1.1), ¥á«¨ ¤«ï ª �¤®£® x ∈ X áãé¥áâ¢ã¥â i ∈ {1, . . . ,m} , çâ®

fi(x) < fi(x∗) . � ªá¨¬ «ì­®áâì ¯® �«¥©â¥àã ¢ë¤¥«¥­­®£® ¨áå®-¤  x∗ ∈ X ®§­ ç ¥â, çâ® ­¥â ¤àã£®£® ¨áå®¤ , ¢¥ªâ®à­ ï ®æ¥­ª ª®â®à®£® ¯® ¢á¥¬ ªà¨â¥à¨ï¬ ¡®«ìè¥, ç¥¬ ã ¢ë¤¥«¥­­®£® ¨áå®¤ .� ¬¥â¨¬, çâ® ¬ ªá¨¬ «ì­®áâì ¯® �«¥©â¥àã ï¢«ï¥âáï ¬ ªá¨¬ «ì-­®áâìî ¯® ª®­ãáã ¤«ï ª®­ãá  ¤®¬¨­¨à®¢ ­¨ï Rm
> ¨§ (2.4).�   ¬ ¥ ç   ­ ¨ ¥ 2.2. � ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥(1.1) ®¯à¥¤¥«ï¥âáï A -®¯â¨¬ «ì­®¥ à¥è¥­¨¥ [4, á. 187℄. Ǒãáâì§ ¤ ­  ¯®áâ®ï­­ ï m × m ¬ âà¨æ  A = (aij) 
 ¯®«®�¨â¥«ì-­ë¬¨ í«¥¬¥­â ¬¨, â.¥. aij > 0, i, j = 1, . . . ,m . � ª ï ¬ âà¨æ 

A ¢ë¤¥«ï¥â ¢ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ Rm ¬­®£®£à ­­ë© ª®-­ãá á®£« á­® à ¢¥­áâ¢ã (2.2). �â®â ¬­®£®£à ­­ë© ª®­ãá,   §­ -ç¨â, ¨ ¯®«®�¨â¥«ì­ ï ¬ âà¨æ  A ®¯à¥¤¥«ïîâ ¢¥ªâ®à­ãî ã¯®-44



àï¤®ç¥­­®áâì á®£« á­® á®®â­®è¥­¨î (2.1). �áå®¤ ¢ § ¤ ç¥ (1.1),®¯â¨¬ «ì­ë© ®â­®á¨â¥«ì­® â ª®© ã¯®àï¤®ç¥­­®áâ¨, ­ §ë¢ ¥âáï
A -®¯â¨¬ «ì­ë¬ ¢ § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨ (1.1). �§ ®¯à¥-¤¥«¥­¨© á«¥¤ã¥â, çâ® A -®¯â¨¬ «ì­®áâì íª¢¨¢ «¥­â­  ®¯â¨¬ «ì-­®áâ¨ ¯® ª®­ãáã, ª®â®àë© ®¯à¥¤¥«ñ­ ¯®«®�¨â¥«ì­®© ¬ âà¨æ¥© A¢ (2.2).� ¬¥â¨¬, çâ® ®¯â¨¬ «ì­®áâì ¯® ª®­ãáã ¡®«¥¥ ®¡é¥¥ ¯®­ïâ¨¥,ç¥¬ A -®¯â¨¬ «ì­®áâì. �¥©áâ¢¨â¥«ì­®, ¬­®£®£à ­­ë© ª®­ãá, § -¤ ­­ë© ¯®«®�¨â¥«ì­®© ¬ âà¨æ¥©, á ¯®¬®éìî ª®â®à®£® ®¯à¥¤¥-«ï¥âáï A -®¯â¨¬ «ì­®áâì, ­¥ ¨áç¥à¯ë¢ ¥â ¬­®�¥áâ¢  ¢á¥å ¢ë-¯ãª«ëå, § ®áâàñ­­ëå, ¢ëáâã¯ îé¨å ª®­ãá®¢ ¢ ¢¥ªâ®à­®¬ ¯à®-áâà ­áâ¢¥ Rm,m > 1 .� ¥ ® à ¥ ¬   2.1. Ǒãáâì ¢ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥(1.1) ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ¨áå®¤®¢ X ⊂ Rn ª®¬¯ ªâ­®, ¢¥ª-â®à­ ï äã­ªæ¨ï ¢ë¨£àëè  f : X → Rm ­¥¯à¥àë¢­ , ª®­ãá ¤®¬¨-­¨à®¢ ­¨ï � ï¢«ï¥âáï ¢ë¯ãª«ë¬, § ®áâàñ­­ë¬, ¢ëáâã¯ îé¨¬¢ Rm . �®£¤  ¢ § ¤ ç¥ (1.1) áãé¥áâ¢ã¥â ¨áå®¤, ®¯â¨¬ «ì­ë© ¯®ª®­ãáã K .�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ­¨ï £¨¯¥à¯«®áª®áâ¨ ¢
Rm , à §¤¥«ïîé¥© ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® X ¨ á®®â¢¥âáâ¢ãîé¨©ª®­ãá �.� ¥ ® à ¥ ¬   2.2. � áá¬ âà¨¢ îâáï ¬­®£®ªà¨â¥à¨ «ì-­ ï § ¤ ç  (1.1) ¨ ª®­ãáë ¤®¬¨­¨à®¢ ­¨ï K1, K2 . Ǒãáâì
X∗1 ⊂ X, X∗2 ⊂ X | ¬­®�¥áâ¢  ¨áå®¤®¢, ®¯â¨¬ «ì­ëå ¯® ª®-­ãáã K1,K2 á®®â¢¥âáâ¢¥­­®. �®£¤  ¨§ K1 ⊂ K2 á«¥¤ã¥â ¢ª«î-ç¥­¨¥ X2 ⊂ X1 .�¥©áâ¢¨â¥«ì­®, ¯ãáâì x∗ ∈ X∗2 . �®£¤ , á®£« á­® ®¯à¥¤¥«¥-­¨î 2.1 , ∀x 6= x∗, x − x∗ /∈ K2 . Ǒ® ãá«®¢¨î K1 ⊂ K2 , §­ ç¨â,
x − x∗ /∈ K1 . Ǒ®á«¥¤­¥¥ ®§­ ç ¥â, çâ® x∗ ∈ X∗1 . �«¥¤®¢ â¥«ì­®,
X∗2 ⊂ X∗1 , çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�§ â¥®à¥¬ë 2.2 á«¥¤ã¥â, çâ® ¢ § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨(1.1) ®¯â¨¬ «ì­ë¥ ¯® Ǒ à¥â® ¨áå®¤ë ï¢«ïîâáï ãâ®ç­¥­¨¥¬ ®¯â¨-45



¬ «ì­ëå ¯® �«¥©â¥àã ¨áå®¤®¢, â.ª.Rm
> ⊂ Rm

> . �¥®à¥¬ã 2.1 ¬®�­®¯à¨¬¥­¨âì ª ¬­®£®£à ­­ë¬ ª®­ãá ¬ ¨§ (2.2). �®£¤  ¯®«ãç ¥âáï� ¥ ® à ¥ ¬   2.3. � áá¬ âà¨¢ îâáï ¬­®£®ªà¨â¥à¨ «ì-­ ï § ¤ ç  (1.1) ¨ ¬­®£®£à ­­ë© ª®­ãá ¤®¬¨­¨à®¢ ­¨ï
K = {x ∈ Rm|Ax > 0m}
 ­¥®âà¨æ â¥«ì­®© ¬ âà¨æ¥© A . �®£¤  ¬ ªá¨¬ «ì­ë¥ ¯® ª®-­ãáã � ¨áå®¤ë ï¢«ïîâáï ®¯â¨¬ «ì­ë¬¨ ¯® Ǒ à¥â®.�¯â¨¬ «ì­®áâì ¯® Ǒ à¥â® ï¢«ï¥âáï ®¯â¨¬ «ì­®áâìî ¯® ¬­®-£®£à ­­®¬ã ª®­ãáã Km

> , ®¯à¥¤¥«ñ­­®¬ã ¥¤¨­¨ç­®© ¬ âà¨æ¥© �¢ á®®â­®è¥­¨¨ (2.3). � áá¬®âà¨¬ á¨áâ¥¬ã ¨§ m ®¤­®à®¤­ëå ­¥-à ¢¥­áâ¢, ª®â®à ï § ¤ ñâáï ¢ ¬ âà¨ç­®© ä®à¬¥ Ax > 0m . �«ï«î¡®© ­¥®âà¨æ â¥«ì­®© ¬ âà¨æë A ¯®á«¥¤­ïï á¨áâ¥¬  ï¢«ï-¥âáï á«¥¤áâ¢¨¥¬ âà¨¢¨ «ì­®© á¨áâ¥¬ë m «¨­¥©­ëå ­¥à ¢¥­áâ¢
Ex > 0m . �â® ®§­ ç ¥â, çâ® Rm

> ⊂ K . �®£¤  ¯® â¥®à¥¬¥ 2.1 ª -�¤®¥ ®¯â¨¬ «ì­®¥ ¯® ª®­ãáã � à¥è¥­¨¥ ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬¯® Ǒ à¥â®, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.� ª¨¬ ®¡à §®¬, ®¯â¨¬ «ì­®áâì ¯® ª®­ãáã ï¢«ï¥âáï ãâ®ç­¥-­¨¥¬ ®¯â¨¬ «ì­®£® ¯® Ǒ à¥â® à¥è¥­¨ï. � ª®© ¯®¤å®¤ ¯®§¢®«ï¥âá®ªà â¨âì ¬­®�¥áâ¢® ¯à¥â¥­¤¥­â®¢ ­  ®¯â¨¬ «ì­ë© ¨áå®¤. �â® �¥ ¢à¥¬ï ¯à¥¤¯®çâ¥­¨¥ ¯® ª®­ãáã ¯®à®�¤ ¥â ®¯à¥¤¥«ñ­­ë¥¢®¯à®áë, á¢ï§ ­­ë¥ á ­ ¨«ãçè¨¬ à¥è¥­¨¥¬ § ¤ ç¨ (1.1). �®-¯¥à¢ëå, ª ª¨¥ á¢®©áâ¢ , ª ª®© á®¤¥à� â¥«ì­ë© á¬ëá« ¨¬¥îâ®¯â¨¬ «ì­ë¥ ¯® ª®­ãáã à¥è¥­¨ï, ç¥¬ ®­¨ ¢ë¤¥«ïîâáï áà¥¤¨ ¯ -à¥â®¢áª¨å à¥è¥­¨©. �®-¢â®àëå, ª ª¨¬ ®¡à §®¬ ¢ë¡¨à âì ª®­ãá¤®¬¨­¨à®¢ ­¨ï, ¢¥¤ì â ª¨å ª®­ãá®¢ ¡¥áª®­¥ç­®¥ ¬­®�¥áâ¢®. �-âà¥âì¨å, ª ª ãâ®ç­ïâì ®¯â¨¬ «ì­®¥ ¯® ª®­ãáã à¥è¥­¨¥, ¥á«¨ â -ª¨å à¥è¥­¨© ¤®áâ â®ç­® ¬­®£®.� áá¬®âà¨¬ ª®­ãá ¤®¬¨­¨à®¢ ­¨ï, ¯à¥¤áâ ¢«¥­­ë© ¬­®£®-£à ­­ë¬ ª®­ãá®¬ (2.2) á ­¥®âà¨æ â¥«ì­®© ­¥¢ëà®�¤¥­­®© ª¢ -¤à â­®© ¬ âà¨æ¥© A = (aij), i, j = 1, . . . ,m . �¥ ã¬¥­ìè ï ®¡é-­®áâ¨, ¬®�­® áç¨â âì, çâ® ¬ âà¨æ  � ï¢«ï¥âáï áâ®å áâ¨ç¥áª®©46



[4, á. 381℄. � â ª®© ¬ âà¨æë
m

∑

j=1 aij = 1, i = 1, . . . ,m. (2.5)Ǒà®¨§¢®«ì­ãî ­¥®âà¨æ â¥«ì­ãî ­¥¢ëà®�¤¥­­ãî ¬ âà¨æã¬®�­® ¯à¨¢¥áâ¨ ª ãá«®¢¨î (2.5), ¢ë­®áï ¨§ ª �¤®© áâà®ª¨ á®-®â¢¥âáâ¢ãîé¨© ¬­®�¨â¥«ì. �®âï ¬ âà¨æ  ¯à¨ â ª®¬ ¯à¥®¡à -§®¢ ­¨¨ ¨§¬¥­¨âáï, ­® ª®­ãáë ¤®¬¨­¨à®¢ ­¨ï ¤«ï ¨áå®¤­®© ¨¯à¥®¡à §®¢ ­­®© ¬ âà¨æ ¡ã¤ãâ á®¢¯ ¤ âì.� áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî i -î áâà®ªã áâ®å áâ¨ç¥áª®© ¬ âà¨-æë A : (ai1, ai2, . . . , aim), m
∑

j=1 aij = 1, aij > 0, i = 1, . . . ,m.Ǒà¨ ®¯à¥¤¥«¥­¨¨ ®¯â¨¬ «ì­®áâ¨ ¯® ª®­ãáã í«¥¬¥­âë íâ®© áâà®-ª¨ ã¬­®� îâáï á®®â¢¥âáâ¢¥­­® ­  §­ ç¥­¨ï ªà¨â¥à¨¥¢, ¯à¥¤áâ -¢«¥­­ë¥ ¢ ¢¥ªâ®à­®© äã­ªæ¨¨ ¢ë¨£àëè , ¨ áª« ¤ë¢ îâáï. � -�¤ ï áâà®ª  ¬ âà¨æë � ¤ ñâ ­®¢ë© i -© ªà¨â¥à¨© Fi . Ǒà¨ íâ®¬í«¥¬¥­â 0 6 aij 6 1 íâ®© áâà®ª¨ ï¢«ï¥âáï ó¢¥á®¢ë¬ ª®íää¨æ¨-¥­â®¬�, â.¥. ¬­®�¨â¥«¥¬ ¨«¨ ¢¥á®¬, á ª®â®àë¬ ¨áå®¤­ë© ªà¨â¥-à¨© fi(x) ¢å®¤¨â ¢ ­®¢ë© ªà¨â¥à¨© Fi(x)
Fi(x) = ai1f1(x) + ai2f2(x) + · · · + aimfm(x).�á«¨ j -© í«¥¬¥­â ¢ i -© áâà®ª¥ ¬ âà¨æë à ¢¥­ ­ã«î, â.¥. aij = 0 ,â® ­®¢ë© ªà¨â¥à¨© Fi ­¥ § ¢¨á¨â ®â íâ®£® ¨áå®¤­®£® ªà¨â¥à¨ï

fj(x) .� �¤ ï áâà®ª  áâ®å áâ¨ç¥áª®© ¬ âà¨æë � ®¯à¥¤¥«ï¥â ­®-¢ë© ªà¨â¥à¨©. � íâ®¬ ªà¨â¥à¨¨ ãç¨âë¢ ¥âáï ®â­®è¥­¨¥ �Ǒ�ª ¯à¨­¨¬ ¥¬®¬ã à¥è¥­¨î. � â® �¥ ¢à¥¬ï á®¢®ªã¯­®áâì áâà®ª¬ âà¨æë � ¯à¥¤áâ ¢«ï¥â ­¥®¯à¥¤¥«ñ­­®áâì �Ǒ� ®â­®á¨â¥«ì­®®¡é¥© ¨â®£®¢®© æ¥«¨. �âà®ª¨ ¬ âà¨æë ¬®�­® ¯à¥¤áâ ¢«ïâì ª ª¬­¥­¨ï ­¥áª®«ìª¨å íªá¯¥àâ®¢ ®â­®á¨â¥«ì­® ¨â®£®¢®© æ¥«¨. �ªá-¯¥àâë ¯®-à §­®¬ã ¢¨¤ïâ ª®­¥ç­ãî æ¥«ì, ¯®íâ®¬ã áâà®ª¨ ¬ âà¨-æë «¨­¥©­®-­¥§ ¢¨á¨¬ë (¬ âà¨æ  ï¢«ï¥âáï ­¥¢ëà®�¤¥­­®©). �47



â® �¥ ¢à¥¬ï ¬­¥­¨¥ íªá¯¥àâ®¢ ï¢«ï¥âáï ¢ �­®© ¨­ä®à¬ æ¨¥©¨ ¯®§¢®«ï¥â á®ªà â¨âì ¬­®�¥áâ¢® ¯à¥â¥­¤¥­â®¢ ­  ®¯â¨¬ «ì­®¥à¥è¥­¨¥.� § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨ (1.1) ®¯â¨¬ «ì­®¥ ¯® ª®­ãáãà¥è¥­¨¥ ®â­®á¨â¥«ì­® ¬­®£®£à ­­®£® ª®­ãá  ¤®¬¨­¨à®¢ ­¨ï �¨§ á®®â­®è¥­¨ï (2.2) ¬®�­® à áá¬ âà¨¢ âì ª ª ®¯â¨¬ «ì­®¥ ¯®Ǒ à¥â® à¥è¥­¨¥ ¤«ï ¢¥ªâ®à­®© äã­ªæ¨¨ ¢ë¨£àëè 
A ◦ f : X → Rm.�¤¥áì A ◦ f ª®¬¯®§¨æ¨ï ®â®¡à �¥­¨© f : X → Rm,

A : Rm → Rm . �®£¤  ®¯â¨¬ «ì­®¥ ¯® ª®­ãáã � (®¯à¥¤¥«ñ­­®¬ã¬ âà¨æ¥© � ) à¥è¥­¨¥ ¢ § ¤ ç¥ (1.1) à ¢­®á¨«ì­® ®¯â¨¬ «ì­®¬ã¯® Ǒ à¥â® à¥è¥­¨î ¢ § ¤ ç¥ ¢¥ªâ®à­®© ®¯â¨¬¨§ æ¨¨
〈X,A ◦ f(x)〉. (2.6)� áá¬®âà¨¬ ¬®¤¥«ì­ë© ¯à¨¬¥à ¯à¨¬¥­¥­¨ï ®¯â¨¬ «ì­®£® ¯® ª®-­ãáã à¥è¥­¨ï ¢ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥.Ǒ à ¨ ¬ ¥ à 2.1. � áá¬ âà¨¢ ¥âáï ¤¢ãåªà¨â¥à¨ «ì­ ï§ ¤ ç  (1.1), £¤¥ ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ¨áå®¤®¢

X = R ×	 = [0, 1℄ × [0, π/2℄.�â® ¬­®�¥áâ¢® ¯à¥¤áâ ¢«¥­® ­  à¨á. 1. � ¤ ­ ¢¥ªâ®à­ë© ªà¨-â¥à¨© f(r, θ) = (f1(r, θ), f2(r, θ)) = (r 
os θ, r sin θ). �¤¥áì ¤®¯ã-áâ¨¬ë¥ ¨áå®¤ë (r, θ) ∈ R × 	 = [0, 1℄ × [0, π/2℄. Ǒà¥¤¯®« £ ¥â-áï, çâ® �Ǒ� ¢ ¤¢ãåªà¨â¥à¨ «ì­®© § ¤ ç¥ ¢ë¡¨à ¥â ¨áå®¤ â ª,çâ®¡ë ¤®áâ ¢¨âì ¢®§¬®�­® ¡®«ìè¨¥ §­ ç¥­¨ï ®¡®¨¬ ªà¨â¥à¨ï¬:
f1(r, θ) = r 
os θ ¨ f2(r, θ) = r sin θ. � ª¨¥ ªà¨â¥à¨¨ ï¢«ïîâáï¯®§¨â¨¢­ë¬¨. �â  ¤¢ãåªà¨â¥à¨ «ì­ ï § ¤ ç  ¯à¥¤áâ ¢«¥­  ª ªá¨áâ¥¬  ¢

〈[0, 1℄ × [0, π/2℄, (rcosθ, rsinθ)〉. (2.7)48
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�æ¥­®ç­ ï áâàãªâãà  ¢ § ¤ ç¥ ®¯à¥¤¥«ï¥âáï ¢ ®¡« áâ¨ ¤®áâ¨�¨-¬®áâ
f̈(X) = {(f1, f2) ∈ R2 | f1 = r 
os θ, f2 = r sin θ, (r, θ) ∈ X.�­  ¯à¥¤áâ ¢«¥­  ­  à¨á. 2.� ¤ ­ ¬­®£®£à ­­ë© ª®­ãá ¤®¬¨­¨à®¢ ­¨ï

K = {x ∈ R2 | Ax = ( 3 24 1 )

·
(

x1
x2 )

> 02}. (2.8)�®­ãá � ®¡à §ãîâ ¢¥ªâ®àë x = (x1, x2) , ª®®à¤¨­ âë ª®â®-àëå ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ­¥à ¢¥­áâ¢3x1 + 2x2 > 0,4x1 + x2 > 0.�­®£®£à ­­ë© ª®­ãá ¤®¬¨­¨à®¢ ­¨ï � ¨§ (2.8) ¯à¥¤áâ ¢«¥­ ­ à¨á. 3.�â¬¥â¨¬, çâ® ¢ ¤ ­­®¬ á«ãç ¥ ¢ �­®áâì (¢¥á) ªà¨â¥à¨¥¢ ®æ¥-­¨¢ ¥âáï ¯¥à¢ë¬ íªá¯¥àâ®¬ ¢ ®â­®è¥­¨¨ 3:2 ¨ ¢â®àë¬ íªá¯¥àâ®¬¢ ®â­®è¥­¨¨ 4:1. � § ¤ ç¥ âà¥¡ã¥âáï ­ ©â¨ ¨áå®¤ë, ®¯â¨¬ «ì­ë¥49



®â­®á¨â¥«ì­® ª®­ãá  � , ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ 3.1. � á-á¬®âà¨¬ ®æ¥­ª¨ ¤®¯ãáâ¨¬ëå ¨áå®¤®¢, ¯à¥¤áâ ¢«¥­­ë¥ ­  à¨á. 2.� á¯®«®�¨¬ ª®­ãá ¤®¬¨­¨à®¢ ­¨ï ¢ R2 â ª, çâ® ¥£® ¢¥àè¨­ á®¢¯ ¤ ¥â á ®æ¥­ª®© ­¥ª®â®à®£® ¨áå®¤ . �á«¨ ¢ íâ®¬ á«ãç ¥ ¬­®-�¥áâ¢® â®ç¥ª ª®­ãá  ­¥ ¯¥à¥á¥ª ¥âáï á ¬­®�¥áâ¢®¬ ®æ¥­®ª ¢á¥å¤®¯ãáâ¨¬ëå ¨áå®¤®¢ (§  ¨áª«îç¥­¨¥¬ ®¡é¥© ¢¥àè¨­ë), â® á®-®â¢¥âáâ¢ãîé¨© ¨áå®¤ ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® ª®­ãáã � . �á®®â¢¥âáâ¢¨¨ á íâ¨¬ ®¯â¨¬ «ì­ë¥ ¯® ª®­ãáã ¨áå®¤ë à á¯®«®�¥-­ë ­  áâ®à®­¥ AB (à¨á. 1) ¨ ¨å ®æ¥­ª¨ ­  ¤ã£¥ PNMQ (à¨á. 2),£¤¥ A = (1, 0), B = (1, π2 ), P = ( 2√5 , 1√5), Q = (0, 1).

�¨á. 3. �®­ãá K� íâ®¬ á«ãç ¥ r∗ = 1 . �ë¤¥«¨¬ ­  ¤ã£¥ ®æ¥­ª¨, ®¯â¨¬ «ì-­ë¥ ¯® ª®­ãáã. �­¨ à á¯®«®�¥­ë ­  ãç áâª¥ ¤ã£¨ NM (à¨á. 2).� ¯à®áâà ­áâ¢¥ ªà¨â¥à¨¥¢ ª®®à¤¨­ âë â®çª¨ N (â®çª¨ � ) ­ -å®¤ïâáï ¨§ ãá«®¢¨ï −f1√1−f21 = −41 (

−f1√1−f21 = −32).� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ª®®à¤¨­ âë â®ç¥ª
N(fN1 , fN2 ) = ( 4√17 ,

1√17)

, (M(fM1 , fM2 ) = ( 3√13 ,
2√13)).50



�  ¤ã£¥ NM (à¨á. 2) ¯à¥¤áâ ¢«¥­ë ¢á¥ ®æ¥­ª¨, ®¯â¨¬ «ì­ë¥ ¯®ª®­ãáã. �â¨¬ ®æ¥­ª ¬ á®®â¢¥âáâ¢ãîâ ®¯â¨¬ «ì­ë¥ ¨áå®¤ë. � à¨á. 1 íâ¨ ¨áå®¤ë á®áâ ¢«ïîâ ®âà¥§ª®ª �D . �®®à¤¨­ âë â®ç-ª¨ � (â®çª¨ D ) ­ ©¤ñ¬ ¨§ ãá«®¢¨ï(r∗ 
os θ∗, r∗ sin θ∗) = (4/√17, 1/√17)((r∗ 
os θ∗, r∗ sin θ∗) = (3/√13, 2/√13)).�ç¨âë¢ ï, çâ® r∗ = 1 , ¤«ï §­ ç¥­¨ï θ ∈ [0, π/2℄ ¯®«ãç ¥¬ ãà ¢-­¥­¨¥ tan θ = 1/4 (tan θ = 2/3). �®£¤  θ∗ = ar
tan 1/4(θ∗ =ar
tan 2/3) . � ª®­¥æ, ­ å®¤¨¬ ª®®à¤¨­ âë â®ç¥ª�(r∗, θ∗) = (1, ar
tan 1/4), D(r∗, θ∗) = (1, ar
tan 2/3).�â¨ â®çª¨ ¯à¥¤áâ ¢«¥­ë ­  à¨á. 1.� ¤ ­­®¬ ¯à¨¬¥à¥ ¯®«ãç¥­ë ¢á¥ ¬ ªá¨¬ «ì­ë¥ ¯® ª®­ãáã ¨á-å®¤ë (r∗, θ∗), r∗ = 1, ar
tan 1/4 6 θ∗ 6 ar
tan 2/3. �­¨ ¨§®¡à �¥-­ë ®âà¥§ª®¬ CD ­  à¨á. 1. �­®�¥áâ¢® á®®â¢¥âáâ¢ãîé¨å ®æ¥­®ª(f∗1 , f∗2 ) ∈
∈ {(r∗ sin θ∗, r∗ 
os θ∗) ∣

∣ r∗ = 1, ar
tan 1/4 6 θ∗ 6 ar
tan 2/3}ãª § ­ë ¤ã£®© NM ­  à¨á. 2.�â¬¥â¨¬, çâ® ¢ ¤ ­­®© ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥ (2.7) ¬ ª-á¨¬ «ì­ë¥ ¯® ª®­ãáã à¥è¥­¨ï ï¢«ïîâáï ãâ®ç­¥­¨¥¬ ¬ ªá¨¬ «ì-­ëå ¯® Ǒ à¥â® à¥è¥­¨©. �¥©áâ¢¨â¥«ì­®, ¯ à¥â®¢áª¨¥ ¨áå®¤ë¯à¥¤áâ ¢«ïîâáï ®âà¥§ª®¬ �� ­  à¨á. 1 ¨ ¨å ®æ¥­ª¨ | ¢á¥© ¤ã-£®© PNMQ ­  à¨á. 2.3. �â®ç­¥­¨¥ ®¯â¨¬ «ì­®£® ¯® ª®­ãáã à¥è¥­¨ï� áá¬®âà¥­­ë© ¢ëè¥ ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ®¯â¨¬ «ì­®áâì¯® ª®­ãáã ¯®§¢®«ï¥â áã§¨âì ¬­®�¥áâ¢® ¯à¥â¥­¤¥­â®¢ ­  ­ ¨«ãç-è¥¥ à¥è¥­¨¥ ¢ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥. � ª, ­  à¨á. 1 áâ®-à®­  �� ¯à¥¤áâ ¢«ï¥â ®¯â¨¬ «ì­ë¥ ¯® Ǒ à¥â® à¥è¥­¨ï ¨ ¥£®51



ç áâì | ®âà¥§®ª �� , ¢ë¤¥«ï¥â ®¯â¨¬ «ì­ë¥ ¯® ª®­ãáã K à¥-è¥­¨ï. �â®â ¯®¤å®¤ ¯®§¢®«ï¥â áãé¥áâ¢¥­­® áã§¨âì ¬­®�¥áâ¢®®¯â¨¬ «ì­ëå à¥è¥­¨©. �® íâ® ­¥ á­¨¬ ¥â ¯à®¡«¥¬ã ãâ®ç­¥­¨ïà¥è¥­¨ï. �¯â¨¬ «ì­ëå ¯® ª®­ãáã à¥è¥­¨© ¬®�¥â ¡ëâì ¤®áâ -â®ç­® ¬­®£®. � áá¬®âà¨¬ á«¥¤ãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì ãâ®ç-­¥­¨©.�¡®§­ ç¨¬ ç¥à¥§ K1 ª®­ãá � ¨§ (2.2) ¨ X∗1 ⊂ X á®®â¢¥âáâ¢ã-îé¥¥ ¬­®�¥áâ¢® ®¯â¨¬ «ì­ëå ¯® íâ®¬ã ª®­ãáã à¥è¥­¨©. �â®âª®­ãá ®¯à¥¤¥«ñ­ ¬ âà¨æ¥© �. �¡®§­ ç¨¬ ç¥à¥§ K2 ¨ X∗2 ⊂ Xª®­ãá ¨ ¬­®�¥áâ¢® ®¯â¨¬ «ì­ëå ¯® ­¥¬ã à¥è¥­¨© ¤«ï ¬ âà¨æë
A2 . �­ «®£¨ç­® ¤«ï ­ âãà «ì­®£® n ®¡®§­ ç¨¬ Kn ¨ X∗

n ⊂ Xª®­ãá ¨ ¬­®�¥áâ¢® ®¯â¨¬ «ì­ëå ¯® íâ®¬ã ª®­ãáã à¥è¥­¨©, ®¯à¥-¤¥«ñ­­ëå ¬ âà¨æ¥© An .� ¥ ® à ¥ ¬   3.1. Ǒãáâì ¬ âà¨æ  A ï¢«ï¥âáï ­¥®âà¨-æ â¥«ì­®©, ­¥¢ëà®�¤¥­­®©, ­¥à §«®�¨¬®©, áâ®å áâ¨ç¥áª®©.�®£¤  ¤«ï «î¡®£® ­ âãà «ì­®£® na) ¬ âà¨æ  An ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, ­¥¢ëà®�¤¥­-­®©, ­¥à §«®�¨¬®©, áâ®å áâ¨ç¥áª®©;¡) ¤«ï á®®â¢¥âáâ¢ãîé¨å ª®­ãá®¢ ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
Kn ⊂ Kn+1 ;¢) ¤«ï á®®â¢¥âáâ¢ãîé¨å ¬­®�¥áâ¢ ®¯â¨¬ «ì­ëå ¯® ª®­ã-áã à¥è¥­¨© ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ X∗

n ⊃ X∗
n+1 .Ǒã­ªâ  ) á«¥¤ã¥â ¨§ ¯à ¢¨«  ã¬­®�¥­¨ï ­¥®âà¨æ â¥«ì­ëå¬ âà¨æ. �­®£®£à ­­ë© ª®­ãá Kn ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥®¤­®à®¤­®© á¨áâ¥¬ë «¨­¥©­ëå ­¥à ¢¥­áâ¢ Anf > 0m . �­®£®-£à ­­ë© ª®­ãá Kn+1 ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥ ¤«ï á«¥¤áâ¢¨ï¯®á«¥¤­¥© á¨áâ¥¬ë, ¨¬¥­­® An+1f = AAnf > 0m . � ¯®¬­¨¬,çâ® í«¥¬¥­âë ¬ âà¨æë A ­¥®âà¨æ â¥«ì­ë. Ǒ®íâ®¬ã ¨¬¥¥â ¬¥-áâ® ¢ª«îç¥­¨¥ ª®­ãá®¢ Kn ⊂ Kn+1 . � ª®­¥æ, ¢) á«¥¤ã¥â¨§ â¥®à¥¬ë 2.2.�«ï ¬ âà¨æë � ¨§ â¥®à¥¬ë 3.1 ¢¥à­ë ãá«®¢¨ï â¥®à¥¬ë �à®-¡¥­¨ãá  [4, á. 355℄, ¨¬¥­­® á¯à ¢¥¤«¨¢ 52



� ¥ ® à ¥ ¬   3.2. Ǒãáâì ¬ âà¨æ  � ï¢«ï¥âáï ­¥®âà¨-æ â¥«ì­®©, ­¥¢ëà®�¤¥­­®©, ­¥à §«®�¨¬®©, áâ®å áâ¨ç¥áª®©.�®£¤  áãé¥áâ¢ã¥â ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ lim
n→∞

An = A0.� âà¨æ  A0 ï¢«ï¥âáï ¯®«®�¨â¥«ì­®©, ¢ëà®�¤¥­­®©, á à ­-£®¬, à ¢­ë¬ 1, ¢á¥ áâà®ª¨ ¬ âà¨æë à ¢­ë «¥¢®¬ã á®¡áâ¢¥­­®¬ã¢¥ªâ®àã, ®â­®áïé¥¬ãáï ª ¬ ªá¨¬ «ì­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥-­¨î λ = 1, ¨ áã¬¬  ª®®à¤¨­ â íâ®£® ¢¥ªâ®à  à ¢­  1.Ǒ®á«¥¤­¥¥ ãâ¢¥à�¤¥­¨¥ ï¢«ï¥âáï ®á­®¢ ­¨¥¬ ¤«ï ãâ®ç­¥­¨ï®¯â¨¬ «ì­®£® ¯® ª®­ãáã � à¥è¥­¨ï, ®¯à¥¤¥«ñ­­®£®¬ âà¨æ¥© �.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1. � áá¬ âà¨¢ ¥âáï ¬­®£®ªà¨â¥-à¨ «ì­ ï § ¤ ç  (1.1) ¨ ¬­®£®£à ­­ë© ª®­ãá � (2.2), ®¯à¥¤¥«ñ­-­ë© ª¢ ¤à â­®© ¬ âà¨æ¥© � ¯®àï¤ª  m . �ç¨â ¥¬, çâ® ¬ âà¨-æ  � ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, ­¥¢ëà®�¤¥­­®©, ­¥à §«®�¨-¬®©, áâ®å áâ¨ç¥áª®©. Ǒãáâì ¢¥ªâ®à aT = (a1, a2, . . . , am),
∑m

i=1 ai = 1, ai > 0 ï¢«ï¥âáï «¥¢ë¬ á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ¤«ïá®¡áâ¢¥­­®£® §­ ç¥­¨ï λ = 1 ¬ âà¨æë � . �®£¤  ¨áå®¤
x∗ ∈ argmax

x∈X
(a1f1(x) + a2f2(x) + · · ·+ amfm(x))¡ã¤¥¬ ­ §ë¢ âì ãâ®ç­ñ­­ë¬ ¯® ª®­ãáã ®¯â¨¬ «ì­ë¬ (¬ ªá¨-¬ «ì­ë¬, ¬¨­¨¬ «ì­ë¬) à¥è¥­¨¥¬ ¬­®£®ªà¨â¥à¨ «ì­®©§ ¤ ç¨ (1.1).� ¥ ® à ¥ ¬   3.3. Ǒãáâì ¢ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥(1.1) ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ¨áå®¤®¢ X ⊂ Rn ª®¬¯ ªâ­®, ¢¥ª-â®à­ ï äã­ªæ¨ï ¢ë¨£àëè  f : X → Rm ­¥¯à¥àë¢­ , ª¢ ¤à â-­ ï ¬ âà¨æ  � ¯®àï¤ª  m ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, ­¥¢ë-à®�¤¥­­®©, ­¥à §«®�¨¬®©, áâ®å áâ¨ç¥áª®©. �®£¤  ¢ § ¤ ç¥ áã-é¥áâ¢ã¥â ãâ®ç­ñ­­®¥ ¯® ª®­ãáã, ¯®à®�¤ñ­­®¬ã ¬ âà¨æ¥© � ,®¯â¨¬ «ì­®¥ à¥è¥­¨¥.�ãé¥áâ¢®¢ ­¨¥ ãâ®ç­ñ­­®£® à¥è¥­¨ï á«¥¤ã¥â ¨å ª®¬¯ ªâ­®-áâ¨ ¬­®�¥áâ¢  ¤®¯ãáâ¨¬ëå ¨áå®¤®¢ X ¨ ­¥¯à¥àë¢­®áâ¨ äã­ª-æ¨¨ f(x, a) = a1f1(x) + a2f2(x) + · · · + amfm(x), £¤¥53



aT = (a1, a2, . . . , am), ∑m
i=1 ai = 1, ai > 0 ¥áâì «¥¢ë© á®¡áâ¢¥­-­ë© ¢¥ªâ®à ¬ âà¨æë � ¨«¨, ¯® ¤àã£®¬ã, á®¡áâ¢¥­­ë© ¢¥ªâ®à ¤«ïáâà®ª ¬ âà¨æë �.� ¥ ® à ¥ ¬   3.4. �â®ç­ñ­­®¥ ¯® ª®­ãáã � ®¯â¨¬ «ì-­®¥ (¬ ªá¨¬ «ì­®¥, ¬¨­¨¬ «ì­®¥) à¥è¥­¨¥ x∗ ∈ X ¢ ¬­®£®ªà¨-â¥à¨ «ì­®© § ¤ ç¥ (1.1) ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ (¬ ªá¨¬ «ì-­ë¬, ¬¨­¨¬ «ì­ë¬) ¯® ª®­ãáã � à¥è¥­¨¥¬ ¨, §­ ç¨â, ®¯â¨-¬ «ì­ë¬ (¬ ªá¨¬ «ì­ë¬, ¬¨­¨¬ «ì­ë¬) ¯® Ǒ à¥â® à¥è¥­¨¥¬.�â®ç­ñ­­®¥ ¯® ª®­ãáã ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ ¬­®£®ªà¨â¥à¨- «ì­®© § ¤ ç¨ (1.1) ï¢«ï¥âáï â ª�¥ ®¯â¨¬ «ì­ë¬ ¯® ª®­ãáã à¥-è¥­¨¥¬. �â®â ª®­ãá K0 ®¯à¥¤¥«ï¥âáï ¯®«®�¨â¥«ì­®© ¬ âà¨æ¥©

A0 ¨§ â¥®à¥¬ë 3.2 ¨
K0 = {f ∈ Rm | A0f > 0m} == {f | a1f1(x) + · · ·+ amfm(x) > 0, £¤¥ aT A = aT }. (3.1)�¤¥áì ¢¥ªâ®à-áâà®ª  aT = (a1, a2, . . . , am), ∑m

i=1 ai = 1, ai > 0,ï¢«ï¥âáï «¥¢ë¬ á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ¤«ï ¬ âà¨æë A ¨«¨ á®¡-áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ¤«ï áâà®ª íâ®© ¬ âà¨æë, ®â­®áïé¨¬ãáï ª­ ¨¡®«ìè¥¬ã ¯®«®�¨â¥«ì­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ = 1 . �íâ®¬ á«ãç ¥ ¯® ®¯à¥¤¥«¥­¨î «¥¢®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à 
aT A = aT . �®£¤  ¤«ï «î¡®£® ¢¥ªâ®à  f ∈ Rm ¢ë¯®«­¥­® ãá«®-¢¨¥ aT Af = aT f. �§ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ¢¥ªâ®à®¢ á«¥¤ã¥â,çâ® ­¥à ¢¥­áâ¢® ¨§ (3.1) ¥áâì á«¥¤áâ¢¨¥ á¨áâ¥¬ë ­¥à ¢¥­áâ¢
Af > 0m ¨§ (2.2). �­ ç¨â, ¢¥à­® ¢ª«îç¥­¨¥ ª®­ãá®¢ K ⊂ K0 , £¤¥�0 ¨§ (3.1). � íâ®¬ á«ãç ¥ ¯® â¥®à¥¬¥ 2.2, ãâ®ç­ñ­­®¥ ¯® ª®­ãáã� ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® ª®­ãáã �,  ,á®£« á­® â¥®à¥¬¥ 2.3, | ®¯â¨¬ «ì­ë¬ ¯® Ǒ à¥â®.�ã¬¬¨àãï à¥§ã«ìâ âë ¨§ ¢ëè¥¯à¨¢¥¤ñ­­ëå ãâ¢¥à�¤¥­¨©, ¯®-«ãç ¥âáï 54



� ¥ ® à ¥ ¬   3.5. Ǒãáâì ª¢ ¤à â­ ï ¬ âà¨æ  � ¯®àï¤-ª  m ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, ­¥¢ëà®�¤¥­­®©, ­¥à §«®�¨-¬®©, áâ®å áâ¨ç¥áª®©. �®£¤ a) áãé¥áâ¢ã¥â ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ lim
n→∞

An = A0;¡) ¯à¥¤¥«ì­ ï ¬ âà¨æ  A0 ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, ­¥-¢ëà®�¤¥­­®©, ­¥à §«®�¨¬®©, áâ®å áâ¨ç¥áª®© ¨ ¢á¥ áâà®ª¨íâ®© ¬ âà¨æë à ¢­ë «¥¢®¬ã á®¡áâ¢¥­­®¬ã ¢¥ªâ®àã
aT = (a1, a2, . . . , am), ∑m

i=1 ai = 1, ai > 0, ®â­®áïé¥¬ãáï ª ¬ ª-á¨¬ «ì­®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ = 1;á) ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬ âà¨æ An, n = 1, 2, . . . , á®®â-¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®£®£à ­­ëå ª®­ãá®¢ Kn,
n = 1, 2, . . . , ®¯à¥¤¥«ñ­­ ï  ­ «®£¨ç­® (2.2), ã¤®¢«¥â¢®àï¥â æ¥-¯®çª¥ ¢ª«îç¥­¨© K1 ⊂ K2 ⊂ K3 ⊂ · · · ⊂ Kn ⊂ · · · ⊂ K0;¤) á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®�¥áâ¢, ®¯â¨-¬ «ì­ëå ¯® ª®­ãáã Kn, n = 1, 2, . . . , à¥è¥­¨© ¢ § ¤ ç¥ ¢¥ªâ®à-­®© ®¯â¨¬¨§ æ¨¨ (1.1) ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨ï¬
X∗1 ⊃ X∗2 ⊃ X∗3 ⊃ · · · ⊃ X∗

n ⊃ · · · ⊃ X∗0 .� ©¤ñ¬ ãâ®ç­¥­­®¥ ¯® ª®­ãáã ¬ ªá¨¬ «ì­®¥ à¥è¥­¨¥ ¤¢ãå-ªà¨â¥à¨ «ì­®© § ¤ ç¨ à áá¬®âà¥­­®£® ¢ëè¥ ¯à¨¬¥à .Ǒà®¤®«�¨¬ à áá¬®âà¥­¨¥ ¤¢ãåªà¨â¥à¨ «ì­®© § ¤ ç¨ (2.7).�«ï ­¥ñ ª®­ãá ¤®¬¨­¨à®¢ ­¨ï � ¯à¥¤áâ ¢«¥­ ¢ (2.8). �£® ¬®�­®§ ¤ âì á ¯®¬®éìî áâ®å áâ¨ç¥áª®© ¬ âà¨æë, ª®â®àãî, â ª �¥ ª ª¨ ¢ (2.8), ®¡®§­ ç¨¬ �.

K = {x ∈ R2 | Ax = ( 3/5 2/54/5 1/5 )

·
(

x1
x2 )

> 02}.� ©¤¥¬ ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬ âà¨æ lim
n→∞

An = A0.� ¨¡®«ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë � ¥áâì λ = 1 . �¯à¥-¤¥«¨¬ á®®â¢¥âáâ¢ãîé¨© «¥¢ë© á®¡áâ¢¥­­ë© ¢¥ªâ®à
xT = (x1, x2), x1 + x2 = 1, xi > 0, i = 1, 255



¨§ à¥è¥­¨ï á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨©
−25x1 + 45x2 = 0,25x1 − 45x2 = 0.Ǒ®«ãç ¥¬ xT = (23 , 13) . �®£¤  ¯® â¥®à¥¬¥ ¬ âà¨æ 

A0 = ( 2/3 1/32/3 1/3 )

.� á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ 3.1, ãâ®ç­ñ­­ë¬ ¯® ª®­ãáã �,¬ ªá¨¬ «ì­ë¬ à¥è¥­¨¥¬ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¨ (2.7) ¡ã-¤ãâ à¥è¥­¨ï § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï (§ ¤ -ç  ¬ ªá¨¬¨§ æ¨¨): 〈[0, 1℄ × [0, π/2℄, 2r 
os θ + r sin θ〉. �¤¥áì ¬ ª-á¨¬ «ì­®¥ §­ ç¥­¨¥ ¤®áâ¨£ ¥âáï ¯à¨ r• = 1, θ• = ar
tan 1/2.�â¨ �¥ §­ ç¥­¨ï ¡ã¤ãâ ¤®áâ ¢«ïâì ¥¤¨­áâ¢¥­­®¥ ãâ®ç­ñ­­®¥ ¬ ª-á¨¬ «ì­®¥ ¯® ª®­ãáã à¥è¥­¨¥ ¤¢ãåªà¨â¥à¨ «ì­®© § ¤ ç¨ (2.7).�â® à¥è¥­¨¥ ¯à¥¤áâ ¢«¥­® ­  à¨á. 1. �®£¤  ãâ®ç­ñ­­ë© ¬ ªá¨-¬ «ì­ë© ¯® ª®­ãáã ¢¥ªâ®à­ë© ¢ë¨£àëè ¡ã¤¥â f• = (f•1 , f•2 ) =(2/√5, 1/√5). �­ ¯à¨¢¥¤ñ­ ¢ ªà¨â¥à¨ «ì­®¬ ¯à®áâà ­áâ¢¥ ­ à¨á. 2. �¯¨á®ª «¨â¥à âãàë1. Ǒ®¤¨­®¢áª¨© �.�., �®£¨­ �.�. �¯â¨¬¨§ æ¨ï £ à ­â¨© ¢ ¬­®£®-ªà¨â¥à¨ «ì­ëå § ¤ ç å ã¯à ¢«¥­¨ï. �.: � ãª , 1982.2. �®§¥­ �.�. � â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¯à¨­ïâ¨ï à¥è¥­¨© ¢ íª®­®¬¨-ª¥. �.: �­¨�­ë© ¤®¬ "�­¨¢¥àá¨â¥â": �ëáè. èª., 2002.3. � â¥¬ â¨ç¥áª ï í­æ¨ª«®¯¥¤¨ï. �.: �®¢. í­æ¨ª«., 1979.4. �ãª®¢áª¨© �.�., � «ãª¢ ¤§¥ �.�. Ǒ à¥â® ®¯â¨¬ «ì­ë¥ à¥è¥­¨ï¬­®£®ªà¨â¥à¨ «ì­ëå § ¤ ç. �¡¨«¨á¨: �¥æ­¨¥à¥¡ , 1996.5. � ­â¬ å¥à �.Ǒ. �¥®à¨ï ¬ âà¨æ. �.: � ãª , 1967.6. �¥««¬ ­ �. �¢¥¤¥­¨¥ ¢ â¥®à¨î ¬ âà¨æ. �.: � ãª , 1969.
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