
�§¢¥áâ¨ï �áâ¨âãâ  ¬ â¥¬ â¨ª¨ ¨ ¨ä®à¬ â¨ª¨. ��¥¢áª. 2005. ò4(34)��� 517.934© �.�. �« £®¤ âáª¨åaiblag�mail.ru���ǑǑ���� Ǒ������������ ����������� Ǒ������ Ǒ���������1�«îç¥¢ë¥ á«®¢ : £àã¯¯®¢®¥ ¯à¥á«¥¤®¢ ¨¥, ¯®¨¬ª , ã¡¥£ ¨¥, ¯à¨¬¥àǑ®âàï£¨ , ª®ä«¨ªâ® ã¯à ¢«ï¥¬ë© ¯à®æ¥áá.Abstrat. SuÆient onditions of athing were derived in one problemof group pursuit.�¢¥¤¥¨¥� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ®¡®¡é¥ë© ¯à¨¬¥à Ǒ®-âàï£¨  ¯à¨ ®¤¨ ª®¢ëå ¤¨ ¬¨ç¥áª¨å ¨ ¨¥àæ¨®ëå ¢®§¬®�-®áâïå ¨£à®ª®¢. � ¯à¥¤¯®«®�¥¨¨, çâ® ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®-£® ãà ¢¥¨ï ï¢«ïîâáï ç¨áâ® ¬¨¬ë¬¨, ¢ â¥à¬¨ å  ç «ìëå¯®§¨æ¨© ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ¯®¨¬ª¨ £àã¯¯®© ¯à¥á«¥-¤®¢ â¥«¥© ®¤®£® ã¡¥£ îé¥£®.� ¡®â  ¯à¨¬ëª ¥â ª ¨áá«¥¤®¢ ¨ï¬ [1{3℄.1. Ǒ®áâ ®¢ª  § ¤ ç¨� ¯à®áâà áâ¢¥ Rν (ν > 2) à áá¬ âà¨¢ ¥âáï ¤¨ää¥à¥æ¨- «ì ï ¨£à  � n + 1 «¨æ: n ¯à¥á«¥¤®¢ â¥«¥© P1, P2, . . . , Pn ¨ã¡¥£ îé¨© E . �¢¨�¥¨¥ ª �¤®£® ¯à¥á«¥¤®¢ â¥«ï Pi ®¯¨áë¢ -¥âáï ãà ¢¥¨¥¬
x
(l)
i + a1x(l−1)i + a2x(l−2)i + · · ·+ alxi = ui, ui ∈ V, (1.1)1� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à�ª¥ �¥¤¥à «ì®£®  £¥âáâ¢  ¯® ®¡à §®¢ -¨î (£à â �04{2.8{60) ¨ ¯à®£à ¬¬ë "�¨¢¥àá¨â¥âë �®áá¨¨" (£à â 34126).57



§ ª® ¤¢¨�¥¨ï ã¡¥£ îé¥£® E ¨¬¥¥â ¢¨¤
y(l) + a1y(l−1) + a2y(l−2) + · · · + aly = v, v ∈ V, (1.2)£¤¥ xi, y, ui, v ∈ Rν , a1, a2, . . . , al ∈ R1, V { áâà®£® ¢ë¯ãª«ë©ª®¬¯ ªâ Rν â ª®©, çâ® IntV 6= ∅. Ǒà¨ t = 0 § ¤ ë  ç «ìë¥ãá«®¢¨ï

x
(q)
i (0) = Xq

i , y
(q)(0) = Y q, ¯à¨ç¥¬ X0

i 6= Y 0 ¤«ï ¢á¥å i.�¤¥áì ¨ ¤ «¥¥
i ∈ I = {1, 2, . . . , n}, q = 0, 1, . . . , l − 1, Z0 = (Xq

i , Y
q).�¬¥áâ® ãà ¢¥¨© (1.1), (1.2) à áá¬®âà¨¬ ãà ¢¥¨¥

z
(l)
i + a1z(l−1)i + a2z(l−2)i + · · ·+ alzi = ui − v (1.3)á  ç «ìë¬¨ ãá«®¢¨ï¬¨ z

(q)
i (0) = Zqi = Xq

i − Y q.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.1. �¯à ¢«¥¨ï ui(t), v(t) ¨§ª« áá  ¨§¬¥à¨¬ëå äãªæ¨©, ã¤®¢«¥â¢®àïîé¨¥ á®®â¢¥âáâ¢¥®®£à ¨ç¥¨ï¬ (1.1), (1.2),  §ë¢ îâáï ¤®¯ãáâ¨¬ë¬¨.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.2. � ¨£à¥ � ¢®§¬®�  ¯®¨¬ª ,¥á«¨ áãé¥áâ¢ã¥â ¬®¬¥â T0 = T0(Z0) â ª®©, çâ® ¤«ï «î¡®£® ¤®-¯ãáâ¨¬®£® ã¯à ¢«¥¨ï v(t)  ©¤ãâáï ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï
ui(t) = ui(t, Z0, v(s), 0 6 s 6 t)â ª¨¥, çâ® ¤«ï ¥ª®â®àëå τ ∈ [0, T0℄, α ∈ I ¢ë¯®«¥® zα(τ) = 0.2. �¥è¥¨¥ § ¤ ç¨�¥à¥§ ϕq ®¡®§ ç¨¬ à¥è¥¨¥ ãà ¢¥¨ï

ω(l) + a1ω(l−1) + a2ω(l−2) + · · ·+ alω = 0á  ç «ìë¬¨ ãá«®¢¨ï¬¨
ω(0) = 0, . . . , ω(q−1)(0) = 0,

ω(q)(0) = 1, ω(q+1)(0) = 0, . . . , ω(l−1)(0) = 0.58



Ǒ à ¥ ¤ ¯ ® « ® � ¥  ¨ ¥ 2.1. �®à¨ å à ªâ¥à¨áâ¨ç¥á-ª®£® ãà ¢¥¨ï
λl + a1λl−1 + a2λl−2 + · · ·+ al = 0 (2.1)ï¢«ïîâáï ç¨áâ® ¬¨¬ë¬¨.�¡®§ ç¨¬ ª®à¨ ãà ¢¥¨ï (2.1) ç¥à¥§

±b1ι,±b2ι, . . . ,±bpι (0 < b1 < b2 < · · · < bp),  ¨å ªà â®áâ¨ á®®â¢¥âáâ¢¥®
γ1, γ2, . . . , γp (γ1+γ2+ · · ·+γp = l/2) ¨ γ = max{γ1, γ2, . . . , γp}− 1.Ǒãáâì, ¤ «¥¥,

ξi(t) = ϕ0(t)Z0
i + ϕ1(t)Z1

i + · · ·+ ϕl−1(t)Z l−1i ,¨ â ª ª ª ª �¤ ï ¨§ äãªæ¨© ϕq ¨¬¥¥â ¢¨¤
ϕq(t) = tγσq0(t) + tγ−1σq1(t) + · · · + σqγ(t), £¤¥

σqr(t) = p
∑

k=1(cqrk os bkt+ sqrk sin bkt), cqrk, sqrk ∈ R1,â® ¢á¥ äãªæ¨¨ ξi ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥
ξi(t) = tγ�i0(t) + tγ−1�i1(t) + · · · +�iγ(t), £¤¥�ir(t) = p

∑

k=1(Cirk os bkt+ Sirk sin bkt), Cirk, Sirk ∈ Rν,§¤¥áì r = 0, 1, . . . , γ.�ç¨â ¥¬, çâ® ξi(t) 6= 0 ¤«ï ¢á¥å i, t > 0, ¨¡® ¥á«¨
ξα(τ) = 0 ¯à¨ ¥ª®â®àëå α ∈ I, τ > 0, â® ¯à¥á«¥¤®¢ â¥«ì Pα«®¢¨â ã¡¥£ îé¥£® E ª ¬®¬¥âã τ, ¯®« £ ï uα(t) = v(t),
t ∈ [0, τ ℄. 59



Ǒ à ¥ ¤ ¯ ® « ® � ¥  ¨ ¥ 2.2. σl−10(t) 6≡ 0.�¯à¥¤¥«¨¬ äãªæ¨î
R(t) = 1(t+ 1)γ t

∫0 |ϕl−1(t− s)|ds.� ¥ ¬ ¬   2.1. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤¯®«®�¥¨ï 2.1, 2.2.�®£¤  lim
t→∞

R(t) = ∞.� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ γ = 0, â®lim
t→∞

R(t) = lim
t→∞

t
∫0 |σl−10(t− s)|ds = ∞,â ª ª ª äãªæ¨ï σl−10 ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®©.Ǒãáâì γ > 1, â®£¤ 

R(t) = 1(t+ 1)γ t
∫0 ∣

∣

∣

γ
∑

k=0(t− s)γ−kσl−1k(t− s)∣∣
∣
ds > R1(t)−R2(t), £¤¥

R1(t) = 1(t+ 1)γ t
∫0 (t− s)γ |σl−10(t− s)|ds,

R2(t) = 1(t+ 1)γ t
∫0 γ

∑

k=1(t− s)γ−k∣∣
∣
σl−1k(t− s)∣∣

∣
ds.�¥¯¥àì ¤®ª �¥¬, çâ® lim

t→∞
R1(t) = ∞, lim

t→∞
R2(t) 6 M/γ, ¤«ï¥ª®â®à®£® ¯®«®�¨â¥«ì®£® M ¨, â¥¬ á ¬ë¬, «¥¬¬  ¡ã¤¥â ¤®-ª §  .
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lim
t→∞

R1(t) > lim
t→∞

1(t+ 1)γ t/2
∫0 (t− s)γ |σl−10(t− s)|ds >

> lim
t→∞

( t− t/2
t+ 1 )γ

t/2
∫0 |σl−10(t− s)|ds = ∞.� «¥¥, â ª ª ª ¢á¥ äãªæ¨¨ σl−1k ®£à ¨ç¥ë, â® áãé¥áâ¢ã¥ââ ª®¥ ¯®«®�¨â¥«ì®¥ ç¨á«® M, çâ® |σl−1k(t)| 6 M ¤«ï ¢á¥å

t > 0 ¨ k = 1, 2, . . . , γ, ¯®íâ®¬ãlim
t→∞

R2(t) 6 lim
t→∞

M(t+ 1)γ t
∫0 γ

∑

k=1(t− s)γ−kds == lim
t→∞

M(t+ 1)γ γ
∑

k=1 tkk = M

γ
.�¥¬¬  ¤®ª §  .�¡®§ ç¨¬ ç¥à¥§ Hi ªà¨¢ë¥

Hi = {�i0(t), t ∈ [0,∞)}.� á « ® ¢ ¨ ¥ 2.1. �ãé¥áâ¢ãîâ h0i ∈ Hi â ª¨¥, çâ®0 ∈ Into{h0i }.� á « ® ¢ ¨ ¥ 2.2. �«ï «î¡ëå hi ∈ D(h0i , ε)0 ∈ Into{hi}.� á « ® ¢ ¨ ¥ 2.3. �«ï ¢á¥å t > 1  ©¤¥âáï
τi ∈ [t, t+ T (ε)), çâ®

ξi(τi)
τγi

∈ D(h0i , ε).61



� ¥ ¬ ¬   2.2. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤¯®«®�¥¨ï 2.1, 2.2¨ ãá«®¢¨¥ 2.1. �®£¤  ¤«ï ¥ª®â®àëå ε > 0 ¨ T (ε) > 0 ¢ë¯®«¥ëãá«®¢¨ï 2.2 ¨ 2.3.� ® ª   §   â ¥ « ì á â ¢ ®. �®�¥áâ¢® o{h0i } ï¢«ï¥âáï¢ë¯ãª«ë¬ ¬®£®£à ¨ª®¬ á ¢¥àè¨ ¬¨ ¢ â®çª å h0k, k ∈ K ⊂ I.�§ ãá«®¢¨ï 2.1 á«¥¤ã¥â, çâ® 0 ∈ Into{h0k}. � ª ª ª ¬®�¥áâ¢®Into{h0k} ï¢«ï¥âáï ®âªàëâë¬, â®  ©¤¥âáï ç¨á«® ε > 0 â ª®¥,çâ® ¤«ï «î¡ëå hk ∈ D(h0k, ε) 0 ∈ Into{hk}.�§ ¯®á«¥¤¥£®, ãç¨âë¢ ï, çâ®Into{hk} ⊂ Into{hi},á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï 2.2.� ª ª ª äãªæ¨¨ �i0 ï¢«ïîâáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨ ¨ ¢ë-¯®«¥® ãá«®¢¨¥ 2.1, â® ¤«ï ¯à®¨§¢®«ì®£® ε > 0  ©¤¥âáï ç¨á«®
T1(ε) > 0 â ª®¥, çâ® ¤«ï ¢á¥å t > 1 áãé¥áâ¢ãîâ τi ∈ [t, t+T1(ε)),çâ® �i0(τi) ∈ D(h0i , ε/3).�¯à ¢¥¤«¨¢® à ¢¥áâ¢®lim

t→∞
‖t−γξi(t)− �i0(t)‖ = 0,  § ç¨â, áãé¥áâ¢ã¥â ç¨á«® T2(ε) > 0 â ª®¥, çâ® ¤«ï ¢á¥å

t > T2(ε)
‖t−γξi(t)−�i0(t)‖ 6 ε/3.�§ï¢ T (ε) = T1(ε)+T2(ε), ¯®«ãç ¥¬ á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï 2.3.�¥¬¬  ¤®ª §  .� «¥¥ áç¨â ¥¬, çâ® ε > 0 ¨ T (ε) > 0 ¢ë¡à ë, ¨áå®¤ï ¨§ãá«®¢¨© 2.2 ¨ 2.3.�¯à¥¤¥«¨¬ äãªæ¨¨ ψ, λ, Q

ψ(t) = { 1, ¥á«¨ ϕl−1(t) > 0
−1, ¢ ¯à®â¨¢®¬ á«ãç ¥,

λ(v, ψ, h) = sup {λ : λ > 0, (v − λψh) ∈ V } ,62



Q(t, h) = 1(t+ 1)γ t
∫0 |ϕl−1(t− s)|λ(v(s), ψ(t − s), h)ds.Ǒ®«®�¨¬

d = (h1, h2, . . . , hn), D = D(h01, ε)× D(h02, ε)× · · · × D(h0n, ε).� ¥ ¬ ¬   2.3. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤¯®«®�¥¨ï 2.1, 2.2¨ ãá«®¢¨¥ 2.1. �®£¤  áãé¥áâ¢ã¥â ¬®¬¥â T â ª®©, çâ® ¤«ï «î-¡®£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï v(t) ¨ ¯à®¨§¢®«ì®£® d ∈ D  ©-¤¥âáï ®¬¥à α ∈ I, çâ® Q(T, hα) > 1.� ® ª   §   â ¥ « ì á â ¢ ®. �§ ãá«®¢¨© «¥¬¬ë á«¥¤ã¥â,çâ® ¢ë¯®«¥® ãá«®¢¨¥ 2.2, ¯®íâ®¬ã, ¤«ï ¯à®¨§¢®«ì®£® d ∈ D,

δ±1(d) = min
v∈V

max
i∈I

λ(v,±1, hi) > 0.� á¨«ã «¥¬¬ë 1.3.13 [3, á. 30℄ äãªæ¨ï λ ¥¯à¥àë¢    ª �¤®¬¨§ ¬®�¥áâ¢ V × {±1} × D(h0i , ε) , ®âªã¤ lim
d∗→d

δ±1(d∗) = lim
d∗→d

min
v∈V

max
i∈I

λ(v,±1, h∗i ) == min
v∈V

max
i∈I

λ(v,±1, hi) = δ±1(d),á«¥¤®¢ â¥«ì®, ¨ äãªæ¨¨ δ±1 ï¢«ïîâáï ¥¯à¥àë¢ë¬¨, ãç¨âë-¢ ï ¥é¥, çâ® ¬®�¥áâ¢® D ª®¬¯ ªâ, ¯®«ãç¨¬
δ = min

d∈D

min
ψ∈{1,−1}minv∈V

max
i∈I

λ(v, ψ, hi) = min
d∈D

{δ+1(d), δ−1(d)} > 0.� «¥¥,max
i∈I

Q(t, hi) = 1(t+ 1)γ maxi∈I

t
∫0 |ϕl−1(t− s)|λ(v(s), ψ(t − s), hi)ds >

>
1(t+ 1)γn t

∫0 |ϕl−1(t− s)|∑
i∈I

λ(v(s), ψ(t − s), hi)ds >63



>
δ(t+ 1)γn t

∫0 |ϕl−1(t− s)|ds = δ

n
R(t).� ª¨¬ ®¡à §®¬, ¢ á¨«ã «¥¬¬ë 2.1, ¤«ï ¬®¬¥â  T, ®¯à¥¤¥«ï¥¬®£®¨§ ãá«®¢¨ï δ

nR(T ) > 1 ¨ ¥ª®â®à®£® α ∈ I ¢ë¯®«¥®
Q(T, hα) > 1. �¥¬¬  ¤®ª §  .Ǒãáâì

T1 = T1(Z0) = min{t > 1 : inf
v(·)mind∈D

max
i∈I

Q(t, hi) > 1}.� á¨«ã «¥¬¬ë 2.3 T1 <∞.� ¥ ® à ¥ ¬   2.1. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤¯®«®�¥¨ï2.1, 2.2 ¨ ãá«®¢¨¥ 2.1. �®£¤  ¢ ¨£à¥ � ¢®§¬®�  ¯®¨¬ª .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ® ä®à¬ã«¥ �®è¨ ¤«ï ¢á¥å
t > 0

zi(t) = ξi(t) + t
∫0 ϕl−1(t− s)(ui(s)− v(s))ds.Ǒãáâì v(τ), 0 6 τ 6 T0 = T1 + T (ε) { ¯à®¨§¢®«ì®¥ ¤®¯ãáâ¨-¬®¥ ã¯à ¢«¥¨¥ ã¡¥£ îé¥£® E ¨ t1 {  ¨¬¥ìè¨© ¯®«®�¨â¥«ì-ë© ª®à¥ì äãªæ¨¨

F (t) = 1−max
i∈I

1
τγi

t
∫0 |ϕl−1(τi − s)|λ(

v(s), ψ(τi − s), ξi(τi)
τγi

)

ds,£¤¥ τi ∈ [T1, T0) ¢ë¡à ë â ª, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ 2.3.�â¬¥â¨¬, çâ® t1 6 τi, â.ª.max
i∈I

1
τγi

τi
∫0 |ϕl−1(τi − s)|λ(

v(s), ψ(τi − s), ξi(τi)
τγi

)

ds >

> max
i∈I

Q(τi, ξi(τi)
τγi

) > 1.64



� ¤ ¥¬ ã¯à ¢«¥¨¥ ¯à¥á«¥¤®¢ â¥«¥© Pi á«¥¤ãîé¨¬ ®¡à §®¬:
ui(t) = v(t)− λ

(

v(t), ψ(τi − t), ξi(τi)
τγi

)

ψ(τi − t)ξi(τi)
τγi

, t ∈ [0, T0℄,£¤¥ áç¨â ¥¬, çâ® λ(v(t), ψ(τi − t), τ−γi ξi(τi)) = 0 ¯à¨ t ∈ [t1, T0℄.�®£¤ , á ãç¥â®¬ ä®à¬ã«ë �®è¨,
zi(τi) = ξi(τi)(1− 1

τγi

t1
∫0 |ϕl−1(τi − s)|λ(

v(s), ψ(τi − s), ξi(τi)
τγi

)

ds
)

.� á¨«ã ®¯à¥¤¥«¥¨ï t1 ¤«ï ¥ª®â®à®£® α ∈ I ¢ëà �¥¨¥ ¢ áª®¡-ª å ®¡à é ¥âáï ¢ ®«ì, ¯®íâ®¬ã zα(τα) = 0.�¥®à¥¬  ¤®ª §  .3. Ǒà¨¬¥à� Rν à áá¬®âà¨¬ ¤¨ää¥à¥æ¨ «ìãî ¨£àã � n + 1 «¨æ: n¯à¥á«¥¤®¢ â¥«¥© P1, P2, . . . , Pn ¨ ã¡¥£ îé¥£® E . �à ¢¥¨¥ (1.3)¨¬¥¥â ¢¨¤
z
(4)
i + 2�zi + zi = ui − v.�®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï
λ4 + 2λ2 + 1 = 0à ¢ë ±ι,   ¨å ªà â®áâ¨ 2 (γ = 1) ¨ ¯à¥¤¯®«®�¥¨¥ 2.1 ¢ë-¯®«¥®. � «¥¥,

ϕ0(t) = 12 t sin t+ os t, ϕ1(t) = −12 t os t+ 32 sin t,
ϕ2(t) = 12 t sin t, ϕ3(t) = −12 t os t+ 12 sin t, σ30(t) = −12 os t 6≡ 0,

ξi(t) = t
(

−12(Z1
i + Z3

i ) os t+ 12(Z0
i + Z2

i ) sin t)++Z0
i os t+ 12(3Z1

i + Z3
i ) sin t.65



�«¥¤®¢ â¥«ì®, ¯à¥¤¯®«®�¥¨¥ 2.2 ¢ë¯®«¥® ¨�i0(t) = −12(Z1
i + Z3

i ) os t+ 12(Z0
i + Z2

i ) sin t.�ç¨âë¢ ï, çâ®�i0(π2 )= 12(Z0
i + Z2

i ), �i0(3π4 )= √24 (Z0
i + Z1

i + Z2
i + Z3

i ),�i0(π) = 12(Z1
i + Z3

i ),¯®«ãç ¥¬ á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¨å ãâ¢¥à�¤¥¨©.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 3.1. Ǒãáâì 0 ∈ Into{Z0
i + Z2

i }.�®£¤  ¢ ¨£à¥ � ¢®§¬®�  ¯®¨¬ª .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 3.2. Ǒãáâì0 ∈ Into{Z0
i + Z1

i + Z2
i + Z3

i }.�®£¤  ¢ ¨£à¥ � ¢®§¬®�  ¯®¨¬ª .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 3.3. Ǒãáâì 0 ∈ Into{Z1
i + Z3

i }.�®£¤  ¢ ¨£à¥ � ¢®§¬®�  ¯®¨¬ª .* * *1. Ǒ¥âà®¢ �.�. �¥®à¨ï ¨£à. ��¥¢áª: �§¤-¢® �¤¬. ã-â , 1997.197 á.2. Ǒ¨«¨¯¥ª®�.�., �¨ªà¨© �.�. �®«¥¡ â¥«ìë¥ ª®ä«¨ªâ®ã¯à ¢«ï¥¬ë¥ ¯à®æ¥ááë // Ǒà¨ª« ¤ ï ¬ â¥¬ â¨ª  ¨ ¬¥å ¨ª .1993. �.57, ¢ë¯.3. �. 3-14.3. �¨ªà¨© �.�. �®ä«¨ªâ® ã¯à ¢«ï¥¬ë¥ ¯à®æ¥ááë. �¨¥¢:� ãª. ¤ã¬ª . 1992,
66


