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∞ and strongly subordinate matrix potential. We also obtain onditionsfor the absene of eigenvalues in the spetrum of two-dimensional periodiShr�odinger operator with variable metri.�¢¥¤¥¨¥Ǒãáâì M2 { ¯à®áâà áâ¢® ª®¬¯«¥ªáëå (2×2) -¬ âà¨æ, Î ∈ M2{ ¥¤¨¨ç ï ¬ âà¨æ ,
σ̂1 = (0 11 0) , σ̂2 = (0 −i

i 0 ) , σ̂3 = (1 00 −1){ ¬ âà¨æë Ǒ ã«¨. Ǒà¥¤¯®«®�¨¬, çâ® äãªæ¨¨ hjl ∈ L∞(R2;R) ,
j, l = 1, 2 , ï¢«ïîâáï ¯¥à¨®¤¨ç¥áª¨¬¨ á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂
⊂ R2 ¨ 0 < ε 6 h11(x)h22(x)− h12(x)h21(x) ¯à¨ ¯®çâ¨ ¢á¥å (¯.¢.)
x ∈ R2 . � áá¬®âà¨¬ ®¯¥à â®àë �¨à ª 

D̂0 = 2∑
j=1 σ̂j(−i ∂

∂xj

)
, D̂ = 2∑

j=1(hj1σ̂1 + hj2σ̂2)(−i ∂
∂xj

)
,49



¤¥©áâ¢ãîé¨¥ ¢ L2(R2;C2) ¨ ¨¬¥îé¨¥ ®¡« áâì ®¯à¥¤¥«¥¨ï
D(D̂0) = D(D̂) = H1(R2;C2) . �¯à ¢¥¤«¨¢ë ®æ¥ª¨

c1 ‖D̂0ϕ‖2 6 ‖D̂ϕ‖2 6 c2 ‖D̂0ϕ‖2, ϕ ∈ H1(R2;C2) , (0.1)£¤¥ ª®áâ âë c1 > 0 ¨ c2 > c1 § ¢¨áïâ ®â äãªæ¨© hjl . �¡®-§ ç¨¬ ç¥à¥§ L�(R2) ¬®�¥áâ¢® ¯¥à¨®¤¨ç¥áª¨å á à¥è¥âª®© ¯¥-à¨®¤®¢ � ⊂ R2 äãªæ¨© W ∈ L2lo(R2;C) â ª¨å, çâ® ¤«ï «î¡®©äãªæ¨¨ ϕ ∈ H1(R2) äãªæ¨ï Wϕ ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã
L2(R2) ¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ª®áâ â  Cε,W > 0â ª ï, çâ® ¤«ï ¢á¥å äãªæ¨© ϕ ∈ H1(R2)

‖Wϕ‖L2(R2) 6 ε ‖∇ϕ‖L2(R2;C2) + Cε,W ‖ϕ‖L2(R2) .�á«¨ Vl ∈ L�(R2) , l = 0, 1, 2, 3 , â®
D̂ + V̂ = D̂ + V0Î + 3∑

l=1 Vlσ̂l (0.2){ § ¬ªãâë© ®¯¥à â®à á ®¡« áâìî ®¯à¥¤¥«¥¨ï D(D̂ + V̂ ) == H1(R2;C2) ⊂ L2(R2;C2) ( V̂ { ¬ âà¨çë© ¯®â¥æ¨ «).�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ®á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®©à ¡®âë, ª á îé¨¬áï ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �¨à ª .� ¥ ® à ¥ ¬   0.1. Ǒãáâì hjl ∈ L∞(R2;R) , j, l = 1, 2 , {¯¥à¨®¤¨ç¥áª¨¥ á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R2 äãªæ¨¨ ¨ áãé¥-áâ¢ã¥â ç¨á«® ε > 0 â ª®¥, çâ® ε 6 h11(x)h22(x) − h12(x)h21(x)¯à¨ ¯.¢. x ∈ R2 . Ǒà¥¤¯®«®�¨¬, çâ® Vl ∈ L�(R2) , l = 0, 1, 2, 3 .�®£¤  ®¯¥à â®à (0.2) ¥ ¨¬¥¥â á®¡áâ¢¥ëå § ç¥¨©.�á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 0.1 ®¯¥à â®à (0.2) á ¬®á®¯àï�¥, â®¥£® á¯¥ªâà  ¡á®«îâ® ¥¯à¥àë¢¥. �«ï á ¬®á®¯àï�¥ëå ¯¥à¨-®¤¨ç¥áª¨å í««¨¯â¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢  ¡á®-«îâ ï ¥¯à¥àë¢®áâì á¯¥ªâà  á«¥¤ã¥â ¨§ ®âáãâáâ¢¨ï á®¡áâ¢¥-ëå § ç¥¨© [1℄. �â® ãâ¢¥à�¤¥¨¥ ®á¨â ®¡é¨© å à ªâ¥à ¨ á¯à -¢¥¤«¨¢® â ª�¥ ¤«ï ®¯¥à â®à  �¨à ª  D̂+ V̂ (¢ ¯®á«¥¤¥© á¨âã- æ¨¨ ¤®ª § â¥«ìáâ¢® ¯à¨¢¥¤¥® â ª�¥ ¢ [2℄).50



Ǒãáâì G { ¬®�¥áâ¢® ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå ¥¢®§-à áâ îé¨å äãªæ¨© g : (0,+∞) → (0,+∞) â ª¨å, çâ®
∫ 10 dr

r g(r) < +∞¨ (g(r/2) − g(r))(g(r))−1 → 0 ¯à¨ r → +0 . �¡®§ ç¨¬ ç¥à¥§
L2{g,�} , g ∈ G , ¡  å®¢® ¯à®áâà áâ¢® ¯¥à¨®¤¨ç¥áª¨å á à¥è¥â-ª®© ¯¥à¨®¤®¢ � ⊂ R2 äãªæ¨© W ∈ L2lo(R2;C) , ¤«ï ª®â®àëå

‖W‖2L2{g,�} = sup
x∈R2 ∫

y: |x−y|≤1 g(|x − y|) |W (y)|2d 2y < +∞ .�á«¨ g ∈ G , â® g(r) ln 1
r → +∞ ¯à¨ r → +0 , ¯®íâ®¬ã ¤«ï «î-¡®© äãªæ¨¨ W ∈ L2{g,�} äãªæ¨ï W 2 ¯à¨ ¤«¥�¨â ª« ááã� â® K2 (á¬. [3℄) ¨, á«¥¤®¢ â¥«ì®, W ∈ L�(R2) .�¯¥à â®à (0.2) ¢ á«ãç ¥ hjl ∈ C∞(R2) , j, l = 1, 2 , Vl ∈

∈ C∞(R2;R) ¯à¨ l = 1, 2 ¨ Vl , ∂Vl/∂xj ∈ L∞(R2) ¯à¨ l = 0, 3¨ j = 1, 2 à áá¬ âà¨¢ «áï ¢ [4℄. � [5; 6℄ ¤®ª §    ¡á®«îâ ï¥¯à¥àë¢®áâì á¯¥ªâà  ®¯¥à â®à  D̂+ V̂ ¤«ï ¯®áâ®ïëå äãª-æ¨© hjl ¨ ¯¥à¨®¤¨ç¥áª¨å (á ®¡é¥© à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R2 )íà¬¨â®¢ëå ¬ âà¨çëå äãªæ¨© V̂ (x) = V̂ ∗(x) , x ∈ R2 , ¤«ïª®â®àëå V̂ ∈ Lβlo(R2;M2) , β > 2 (¢ ç áâ®¬ á«ãç ¥, ª®£¤ 
V0 ∈ Lβlo(R2;R) , β > 2 , V3 ≡ m ∈ R ¨ Vl ≡ 0 , l = 1, 2 , íâ®âà¥§ã«ìâ â ¯®«ãç¥ ¢ [7℄). �®«¥¥ ®¡é¨¥ ãá«®¢¨ï   ¯¥à¨®¤¨ç¥áª¨¥¢¥é¥áâ¢¥®§ çë¥ äãªæ¨¨ Vl , l = 0, 1, 2, 3 (¯à¨ ¯®áâ®ï-ëå äãªæ¨ïå hjl ), ¯à¨¢¥¤¥ë ¢ [8℄: ¤®áâ â®ç®, çâ®¡ë äãªæ¨¨
V 20 ln(1+|V0|) , V 23 ln(1+|V3|) ¨ V 21 lnq(1+|V1|) , V 22 lnq(1+|V2|) ¤«ï¥ª®â®à®£® q > 1 ¯à¨ ¤«¥� «¨ ¯à®áâà áâ¢ã L1lo(R2) (â®£¤ 
Vl ∈ L�(R2) , l = 0, 1, 2, 3 ). � [9℄ ¤®ª § ® ®âáãâáâ¢¨¥ á®¡áâ¢¥-ëå § ç¥¨© ¢ á¯¥ªâà¥ ®¯¥à â®à  (0.2), ¥á«¨ V̂ ∈ Lβlo(R2;M2) ,
β > 2 (¨ äãªæ¨¨ hjl ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 0.1). Ǒ®-á«¥¤¨© à¥§ã«ìâ â ¡ë« ãá¨«¥ ¢ [10℄ (¨ ¯à¨¢¥¤¥ â ª�¥ ¢ [11℄):¢ [10℄ ¯à¥¤¯®« £ ¥âáï, çâ® ¤«ï ¯¥à¨®¤¨ç¥áª®£® á à¥è¥âª®© ¯¥à¨-®¤®¢ � ⊂ R2 ¬ âà¨ç®£® ¯®â¥æ¨ «  V̂ ¢ë¯®«ïîâáï ãá«®¢¨ï51



V0 , V3 ∈ L�(R2) ¨ V1 , V2 ∈ L2{g,�} ⊂ L�(R2) ¤«ï ¥ª®â®à®©äãªæ¨¨ g ∈ G .� ª ª ª ®¯¥à â®à D̂ + V̂ − λÎ (£¤¥ Î { ¥¤¨¨çë© ®¯¥à â®à¢ L2(R2;C2) ), λ ∈ C , á¢®¤¨âáï ª ®¯¥à â®àã D̂ + V̂ ¯à¨ § ¬¥¥
V0−λ→ V0 , â® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 0.1 ¤®áâ â®ç® ¤®ª -§ âì ®âáãâáâ¢¨¥ á®¡áâ¢¥®£® § ç¥¨ï λ = 0 . �ã¤¥¬ â ª�¥ ¯à¥¤-¯®« £ âì, çâ® � = Z2 (¥ ¨§¬¥ïï ¢¨¤  ®¯¥à â®à  D̂+ V̂ , ¬®�®á¤¥« âì á®®â¢¥âáâ¢ãîéãî «¨¥©ãî § ¬¥ã ¯¥à¥¬¥ëå). �¡®-§ ç¨¬ L(R2) .= LZ2(R2) , K = [0, 1)2 . Ǒãáâì 0 < q 6 p < +∞ ¨
F > 0 , �(p, q, F ) { ¬®�¥áâ¢® ã¯®àï¤®ç¥ëå  ¡®à®¢ {F ,G,H}¯¥à¨®¤¨ç¥áª¨å á æ¥«®ç¨á«¥®© à¥è¥âª®© ¯¥à¨®¤®¢ Z2 äãª-æ¨© ¨§ L∞(R2;R) â ª¨å, çâ® q 6 G(x) 6 p , q 6 H(x) 6 p ¨
|F(x)| 6 F ¯à¨ ¯.¢. x ∈ R2 ; � = ⋃p,q,F �(p, q, F ) . �¬®� ï ®¯¥-à â®à �¨à ª  (0.2) á«¥¢    (ã¨â àãî) ¬ âà¨çãî äãªæ¨î(h221(x) + h222(x))−1/2 (h22(x)Î − ih21(x)σ̂3) , x ∈ R2,¯®«ãç¨¬ ®¯¥à â®à

D̂ + V̂ = (Gσ̂1 + F σ̂2)(−i ∂
∂x1 )+Hσ̂2(−i ∂

∂x2 )+ V̂ , (0.3)¤«ï ª®â®à®£® {F ,G,H} ∈ � ¨ (¯¥à¨®¤¨ç¥áª¨© á à¥è¥âª®© ¯¥-à¨®¤®¢ Z2 ) ¬ âà¨çë© ¯®â¥æ¨ « V̂ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬â¥®à¥¬ë 0.1. Ǒ®íâ®¬ã â¥®à¥¬  0.1 ï¢«ï¥âáï ¥¯®áà¥¤áâ¢¥ë¬á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 0.2.� ¥ ® à ¥ ¬   0.2. Ǒãáâì {F ,G,H} ∈ � ,
V̂ (.) = V0(.)Î + 3∑

l=1 Vl(.)σ̂l ,£¤¥ Vl ∈ L(R2) , l = 0, 1, 2, 3 . �®£¤  ®¯¥à â®à �¨à ª  (0.3),¤¥©áâ¢ãîé¨© ¢ L2(R2;C2) ¨ ¨¬¥îé¨© ®¡« áâìî ®¯à¥¤¥«¥¨ï
D(D̂+ V̂ ) ª« áá �®¡®«¥¢  H1(R2;C2) , ®¡à â¨¬ (â.¥. ã ¥£® ¥âá®¡áâ¢¥®£® § ç¥¨ï λ = 0 ).52



�ã¤¥¬ ¤ «¥¥ ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨© ϕ ∈ L1(K;Cd) ,
d = 1, 2 , ®¡®§ ç âì ç¥à¥§

ϕN = ∫
K

ϕ(x) e−2πi (N,x)d 2x , N ∈ Z2.Ǒãáâì C̃(K) , C̃1(K) ¨ H̃1(K) { ¯à®áâà áâ¢  äãªæ¨© f :
K → C , ¯¥à¨®¤¨ç¥áª¨¥ ¯à®¤®«�¥¨ï ª®â®àëå (á à¥è¥âª®© ¯¥-à¨®¤®¢ Z2 ) ¯à¨ ¤«¥� â C(R2) , C1(R2) ¨ ª« ááã �®¡®«¥¢ 
H1lo(R2) á®®â¢¥âáâ¢¥®; C̃0(K) , C̃10 (K) ¨ H̃10 (K) { á®®â¢¥â-áâ¢ãîé¨¥ ¯®¤¯à®áâà áâ¢  äãªæ¨© ϕ , ¤«ï ª®â®àëå ϕ0 = 0 ;
H̃1(K;C2) = (H̃1(K))2 . �ãªæ¨¨, ®¯à¥¤¥«¥ë¥   (í«¥¬¥â à-®©) ïç¥©ª¥ K , ¢ ¤ «ì¥©è¥¬ ¡ã¤ãâ â ª�¥ ®â®�¤¥áâ¢«ïâìáï á¨å ¯¥à¨®¤¨ç¥áª¨¬¨ ¯à®¤®«�¥¨ï¬¨   ¢á¥ ¯à®áâà áâ¢® R2 . �¯à®áâà áâ¢ å Cd , L2(R2;Cd) ¨ L2(K;Cd) , d = 1, 2 , ®à¬ë ¨áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï ¢¢®¤ïâáï ®¡ëçë¬ ®¡à §®¬ (ª ª ¯à -¢¨«®, ¡¥§ ãª § ¨ï ¢ ®¡®§ ç¥¨ïå á ¬¨å ¯à®áâà áâ¢), ¯à¨ íâ®¬¯à¥¤¯®« £ ¥âáï «¨¥©®áâì áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¯® ¢â®à®¬ãá®¬®�¨â¥«î; ∇ = (∂/∂x1 , ∂/∂x2) , mes { ¬¥à  �¥¡¥£  ¢ R2 .Ǒãáâì {F ,G,H} ∈ �(p, q, F ) . �«ï ¢á¥å k = (k1, k2) ∈ R2 ¨
κ = (κ1, κ2) ∈ R2 ®¯¥à¥¤¥«¨¬ ®¯¥à â®àë
D̂(k + iκ) = (Gσ̂1 + F σ̂2)(k1 + iκ1 − i ∂

∂x1 ) +Hσ̂2(k2 + iκ2 − i ∂
∂x2 ) ,¤¥©áâ¢ãîé¨¥ ¢ L2(K;C2) , D(D̂(k+ iκ)) = H̃1(K;C2) . Ǒ®«®�¨¬

d̂±(k + iκ) = (G ± iF)(k1 + iκ1 − i ∂
∂x1 )± iH(k2 + iκ2 − i ∂

∂x2 ) ,
D(d̂±(k + iκ)) = H̃1(K) ⊂ L2(K), d̂±

.= d̂±(0);
D̂(k + iκ) = ( 0 d̂−(k + iκ)

d̂+(k + iκ) 0 )
. (0.4)�ãé¥áâ¢ãîâ ç¨á«  c1 = c1(p, q, F ) > 0 ¨ c2 = c2(p, q, F ) > c1â ª¨¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 ¨ ¢á¥å ϕ ∈ H̃1(K)

c1 2∑
j=1 ‖(kj − i ∂

∂xj

)
ϕ‖2 6 ‖d̂±(k)ϕ‖2 6 c2 2∑

j=1 ‖(kj − i ∂
∂xj

)
ϕ‖2 (0.5)53



(¬®�® ¯®«®�¨âì c1 = q6p−2(2q2 + F 2)−1 , c2 = 2(p2 + F 2) [10,«¥¬¬  3.1℄). �§ (0.4) ¨ (0.5) ¯®«ãç ¥¬, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢
k ∈ R2 ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© ϕ ∈ H̃1(K;C2)

c1 ‖D̂0(k)ϕ‖2 6 ‖D̂(k)ϕ‖2 6 c2 ‖D̂0(k)ϕ‖2, (0.6)¯à¨ íâ®¬
‖D̂0(k)ϕ‖2 = 2∑

j=1 ‖(kj − i ∂
∂xj

)ϕ‖2.�á«¨ k1 = π , â® ‖D̂0(k)ϕ‖ > π ‖ϕ‖ , ϕ ∈ H̃1(K;C2) . �§ (0.6)á«¥¤ã¥â, çâ® ®¯¥à â®àë D̂(k) , k ∈ R2 , § ¬ªãâë. �á«¨ k 6∈ 2πZ2 ,â® ®¡« áâì § ç¥¨© R(D̂(k)) ®¯¥à â®à®¢ D̂(k) á®¢¯ ¤ ¥â á® ¢á¥¬¯à®áâà áâ¢®¬ L2(K;C2) , ker D̂(k) = {0} ¨ ®¡à âë¥ ®¯¥à â®àë
D̂−1(k) ª®¬¯ ªâë. �á«¨ k ∈ 2πZ2 , â® R(D̂(k)) { (§ ¬ªãâ®¥)¯®¤¯à®áâà áâ¢® ¢ L2(K;C2) ¨ dimoker D̂(k) = dimker D̂(k) = 2(á¬.,  ¯à¨¬¥à, [10℄).�¯¥à â®à �¨à ª  D̂+ V̂ (0.3) ã¨â à® íª¢¨¢ «¥â¥ ¯àï¬®-¬ã ¨â¥£à «ã ∫ ⊕2πK (D̂(k) + V̂ ) d2k(2π)2 , (0.7)¤¥©áâ¢ãîé¥¬ã ¢ ∫ ⊕2πK L2(K;C2) d2k(2π)2(¢¥ªâ®à k = (k1, k2) ∈ 2πK ⊂ R2  §ë¢ ¥âáï ª¢ §¨¨¬¯ã«ì-á®¬). �¨â à ï íª¢¨¢ «¥â®áâì ãáâ  ¢«¨¢ ¥âáï á ¯®¬®éìî¯à¥®¡à §®¢ ¨ï �¥«ìä ¤  (¤«ï ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �¨-à ª  á¬. [6; 12℄). � (0.7) ¬ âà¨çë© ¯®â¥æ¨ « V̂ ï¢«ï¥âáï ®¯¥à -â®à®¬ ¢ L2(K;C2) , ¨¬¥îé¨¬ (â ª ª ª Vl ∈ L(R2) , l = 0, 1, 2, 3 )ã«¥¢ãî £à ì ®â®á¨â¥«ì® ®¯¥à â®à®¢ D̂(k) , k ∈ 2πK ;

D(D̂(k) + V̂ ) = D(D̂(k)) = H̃1(K;C2).
54



�¯¥à â®àë D̂ ¨ D̂0 â ª�¥ ã¨â à® íª¢¨¢ «¥âë ¯àï¬ë¬ ¨-â¥£à « ¬
∫ ⊕2πK D̂(k) d2k(2π)2 ¨ ∫ ⊕2πK D̂0(k) d2k(2π)2á®®â¢¥âáâ¢¥®, ¯®íâ®¬ã ¨§ (0.6) á«¥¤ãîâ ¥à ¢¥áâ¢  (0.1) (¯®-á«¥ «¨¥©®© § ¬¥ë ¯¥à¥¬¥ëå ¨, ¢®®¡é¥ £®¢®àï, á ¤àã£¨¬¨ª®áâ â ¬¨ c1 > 0 ¨ c2 > c1 ). � ª ª ª ¬ âà¨çë© ¯®â¥æ¨ «

V̂ , à áá¬ âà¨¢ ¥¬ë© ª ª ®¯¥à â®à ¢ L2(K;C2) , ¨¬¥¥â ã«¥¢ãî£à ì ®â®á¨â¥«ì® ®¯¥à â®à®¢ D̂(k) , k ∈ R2 , ¨, á«¥¤®¢ â¥«ì-®, ¤«ï ¢á¥å k ∈ R2\2πZ2 ®¯¥à â®àë V̂ D̂−1(k) ª®¬¯ ªâë, â®¨§ ¯à¥¤áâ ¢«¥¨ï ®¯¥à â®à  �¨à ª  D̂+ V̂ (0.3) ¢ ¢¨¤¥ ¯àï¬®£®¨â¥£à «  (0.7) ¨   «¨â¨ç¥áª®© â¥®à¥¬ë �à¥¤£®«ì¬  ¢ëâ¥ª ¥â,çâ® ¥á«¨ λ = 0 { á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à  (0.3), â® λ = 0 {á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à®¢ D̂(k+iκ)+ V̂ (á ®¡« áâìî ®¯à¥-¤¥«¥¨ï D(D̂(k + iκ) + V̂ ) = H̃1(K;C2) ⊂ L2(K;C2) ) ¤«ï ¢á¥å
k+ iκ ∈ C2 (¡®«¥¥ ¯®¤à®¡® á¬. [1℄ ¨ [13, §XIII.16℄). �«¥¤®¢ â¥«ì-®, ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 0.2 ¤®áâ â®ç®  ©â¨ ª®¬¯«¥ªá-ë© ¢¥ªâ®à k+ iκ ∈ C2 , ¤«ï ª®â®à®£® ker (D̂(k+ iκ) + V̂ ) = {0} .Ǒ®íâ®¬ã â¥®à¥¬  0.2 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 0.3.� ¥ ® à ¥ ¬   0.3. Ǒãáâì {F ,G,H} ∈ �(p, q, F ) ¨

V̂ (.) = V0(.)Î + 3∑
l=1 Vl(.)σ̂l ,£¤¥ Vl(.) ∈ L(R2) , l = 0, 1, 2, 3 . �®£¤   ©¤ãâáï ¢¥ªâ®àë

k ′, κ ′ ∈ R2 , ¥¤¨¨çë© ¢¥ªâ®à e ∈ R2 : |e| = 1 (¤«ï ª®â®à®£®
e1 > 0 ) ¨ áª®«ì ã£®¤® ¡®«ìè¨¥ ç¨á«  µ̃ > 0 â ª¨¥, çâ® ¤«ï ¢á¥å¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© ϕ ∈ H̃1(K;C2)á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

‖(D̂(k + k ′ + i(µ̃e+ κ ′)) + V̂ )ϕ‖ > e−c ~µ ‖ϕ‖ ,£¤¥ c = c(p, q, F ) > 0 .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 0.3 ¯à¨¢¥¤¥® ¢ § 2.55



1. �¡®§ ç¥¨ï ¨ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à�¤¥¨ï�¡®§ ç¨¬ ç¥à¥§ H̃10{g,Z2} , g ∈ G , ¡  å®¢® ¯à®áâà áâ¢®äãªæ¨© � ∈ H̃10 (K) , ¤«ï ª®â®àëå
‖�‖ ~H10 {g,Z2} .= ‖ |∇�(.)| ‖L2{g,Z2} < +∞ .� ª ª ª rεg(r) → 0 ¯à¨ r → +0 ¤«ï «î¡®£® ε > 0 , â®

C̃10 (K) ⊂ H̃10{g,Z2} (¢«®�¥¨¥ ¥¯à¥àë¢®). � ¤àã£®© áâ®à®ë,
H̃10{g,Z2} ⊂ C̃0(K) ¨ ¤«ï ¢á¥å � ∈ H̃10{g,Z2} ¢ë¯®«ï¥âáï ®æ¥-ª  [10℄

‖�‖L∞(K) 6 c3 ‖�‖ ~H10{g,Z2} ,£¤¥ c3 = c3(g) > 0 .� ¥ ® à ¥ ¬   1.1 ([10℄). Ǒãáâì {F ,G,H} ∈ �(p, q, F ) ¨
g ∈ G . �®£¤  ¤«ï «î¡ëå äãªæ¨© C1, C2 ∈ L2{g,Z2} ¬®�-® (®¤®§ ç®)  ©â¨ â ª¨¥ ¢¥ªâ®àë k, κ ∈ R2 ¨ äãªæ¨¨�, 	 ∈ H̃10{g,Z2} ⊂ H̃10 (K) ∩ C̃(K) , çâ® ã¬®�¥¨¥   äãªæ¨¨
e iµ� ¨ eµ	 ¤«ï ¢á¥å µ ∈ C ¥ ¢ë¢®¤¨â §  ¯à¥¤¥«ë ¯à®áâà -áâ¢  H̃1(K) (â®£¤  ®¯¥à â®àë ã¬®�¥¨ï   äãªæ¨¨ e iµ� ¨¬ âà¨çë¥ äãªæ¨¨ eµσ̂3	 ¥ ¢ë¢®¤ïâ §  ¯à¥¤¥«ë ¯à®áâà -áâ¢  H̃1(K;C2) ),

eµσ̂3	e−iµ� D̂(µ(k + iκ)) e iµ�eµσ̂3	 = D̂(0) + µ(C1σ̂1 + C2σ̂2)¨ ¯à¨ íâ®¬max{‖�‖L∞(K), ‖	‖L∞(K)} 6 c ′1 (‖C1‖L2{g,Z2} + ‖C2‖L2{g,Z2}) ,
|k|2 + |κ|2 6 c ′2 (‖C1‖2L2(K) + ‖C2‖2L2(K)) ,£¤¥ c ′1 = c ′1(p, q, F ; g) > 0 , c ′2 = c ′2(p, q, F ) > 0 . �á«¨ C1 ± i C2 ∈

∈ R(d̂±) , â® k = κ = 0 . �á«¨ C1 ¨ C2 { ¢¥é¥áâ¢¥®§ çë¥äãªæ¨¨, â® κ = 0 ¨ äãªæ¨¨ � ¨ 	 â ª�¥ ï¢«ïîâáï ¢¥é¥-áâ¢¥®§ çë¬¨. 56



� ¥ ® à ¥ ¬   1.2. Ǒãáâì {F ,G,H} ∈ �(p, q, F ) . �®£¤ áãé¥áâ¢ãîâ (¥¤¨áâ¢¥ë¥) ¢¥ªâ®à κ̃ ∈ R2 ¨ ¢¥é¥áâ¢¥®-§ çë¥ äãªæ¨¨ �, 	 ∈ H̃10 (K) ∩ C̃(K) (�, 	 ∈ H̃10{g,Z2} ¤«ï«î¡®© äãªæ¨¨ g ∈ G ) â ª¨¥, çâ®1) ¤«ï ¢á¥å µ ∈ R ã¬®�¥¨¥   äãªæ¨¨ eµ� ¨ ¬ -âà¨çë¥ äãªæ¨¨ e iµσ̂3	 ¥ ¢ë¢®¤¨â §  ¯à¥¤¥«ë ¯à®áâà áâ¢ 
H̃1(K;C2) ;2) ¤«ï ¢á¥å k, κ ∈ R2 ¨ µ ∈ R ¨¬¥¥¬
e iµσ̂3	eµ�D̂(k + iκ+ iµκ̃)e−µ�e iµσ̂3	 = D̂(k + iκ) + iµHσ̂1 ; (1.1)3) max{‖�‖L∞(K) , ‖	‖L∞(K)} 6 c∗1 , |κ̃| 6 c∗2 , £¤¥

c∗1 = c∗1 (p, q, F ) > 0 ¨ c∗2 = c∗2 (p, q, F ) > 0.�¥®à¥¬  1.2, ï¢«ïîé ïáï ç áâë¬ á«ãç ¥¬ â¥®à¥¬ë 1.1, ¨á-¯®«ì§ã¥âáï ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 0.3.�¥é¥áâ¢¥®§ çë¥ äãªæ¨¨ �, 	 ¨ ¢¥ªâ®à κ̃ ∈ R2 , ®¯à¥-¤¥«ï¥¬ë¥ ¢ â¥®à¥¬¥ 1.2, ®¤®§ ç®  å®¤ïâáï ¨§ ãá«®¢¨ï
id̂+(�− i	) = −(G + iF)κ̃1 − iH(κ̃2 + i) ,ï¢«ïîé¥£®áï á«¥¤áâ¢¨¥¬ (1.1), ¯à¨ç¥¬ κ̃1 > 0 [9℄. �á«¨ µ ∈ 2πZ ,â® ®¯¥à â®à ã¬®�¥¨ï   ¬ âà¨çãî äãªæ¨î e−iµσ̂3(	−x2)¤¥©áâ¢ã¥â ¢ L2(K;C2) («¨¥©®¥ ¬®£®®¡à §¨¥ H̃1(K;C2) ¨¢ -à¨ â® ®â®á¨â¥«ì® ¤¥©áâ¢¨ï íâ®£® ®¯¥à â®à ). Ǒà¨ µ ∈ 2πZ ,

k, κ ∈ R2 ¨¬¥¥¬
D̂(k+ iκ+ iµκ̃) = e−iµσ̂3(	−x2)e−µ�D̂(k+ iκ)eµ�e−iµσ̂3(	−x2) . (1.2)� ¥ ¬ ¬   1.1 ([10℄). Ǒãáâì {F ,G,H} ∈ � . �®£¤  ¤«ï äã-ªæ¨¨ 	 ∈ H̃10 (K)∩ C̃(K) , ®¯à¥¤¥«ï¥¬®© ¢ â¥®à¥¬¥ 1.2, ¯à¨ ¢á¥å
λ ∈ R mes {x ∈ K : 	(x)− x2 = λ} = 0 .Ǒãáâì k ∈ R2 ¨ µ ∈ R . �«ï ¢á¥å N ∈ Z2 ®¡®§ ç¨¬

G±
N (k;µ) = ((k1 + 2πN1)2 + (k2 + 2πN2 ± µ)2)1/2 ;57



GN (k;µ) = min {G−
N (k;µ), G+

N (k;µ)} .�á«¨ k1 = π , â® GN (k;µ) > π . �«ï ¢á¥å äãªæ¨© ϕ ∈ H̃1(K)¯®«®�¨¬
‖ϕ‖∗ = ( ∑

N∈Z2G2
N (k;µ) |ϕN |2)1/2 ,

‖ϕ‖∗,± = ( ∑
N∈Z2(G±

N (k;µ))2 |ϕN |2)1/2 .� ¥ ¬ ¬   1.2. Ǒãáâì {F ,G,H} ∈ �(p, q, F ) . �®£¤  ¤«ï¢á¥å ¢¥ªâ®à®¢ k ∈ R2 , ¢á¥å ç¨á¥« µ ∈ R ¨ ¢á¥å äãªæ¨©
ϕ ∈ H̃1(K) ¢ë¯®«ïîâáï ®æ¥ª¨

c1 ‖ϕ‖2∗,± 6 ‖(d̂±(k) + iµH)ϕ‖2 6 c2 ‖ϕ‖2∗,± .�¥¬¬  1.2 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ®æ¥®ª (0.5) (á â¥¬¨ �¥ ª®-áâ â ¬¨ c1 = c1(p, q, F ) > 0 ¨ c2 = c2(p, q, F ) > c1 ).�«ï ¬®�¥áâ¢  O ⊂ Z2 ®¡®§ ç¨¬ L(O) = {ψ ∈ L2(K) :
ψN = 0 ¯à¨ N ∈ Z2\O} , L(Z2) = L2(K) , L(∅) = {0} ; P̂ O { ®à-â®£® «ìë© ¯à®¥ªâ®à ¢ L2(K) , áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ äãª-æ¨ï¬ ϕ ∈ L2(K) äãªæ¨¨

P̂ Oϕ = ∑

N∈O
ϕNe

2πi (N,x)( P̂ ∅ϕ = 0 ); #O { ç¨á«® ¢¥ªâ®à®¢ ª®¥ç®£® ¬®�¥áâ¢  O ⊂ Z2 .Ǒà¨ a > 2π ®¯à¥¤¥«¨¬ (¥¯ãáâë¥ ª®¥çë¥) ¬®�¥áâ¢ 
T±(a) = {N ∈ Z2 : G±

N (k;µ) 6 a}(¢ ¯à¨¢¥¤¥ëå ®¡®§ ç¥¨ïå ¥ ®â¬¥ç ¥âáï § ¢¨á¨¬®áâì ®â ¢¥ª-â®à  k ∈ R2 ¨ ç¨á«  µ ∈ R , ª®â®àë¥ ¡ã¤ãâ ¯à¥¤¢ à¨â¥«ì®§ ¤ ¢ âìáï).� ¥ ¬ ¬   1.3 ([10℄). �«ï ª �¤®© äãªæ¨¨ W ∈ L(R2)áãé¥áâ¢ãîâ ç¨á«® c4(W ) > 0 ¨ ¥¢®§à áâ îé ï äãªæ¨ï hW :58



[2π,+∞) → [0,+∞) , ¤«ï ª®â®à®© hW (t) → 0 ¯à¨ t → +∞ , â -ª¨¥, çâ® ¤«ï ¢á¥å µ > 4π á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ âà¨ ãâ¢¥à-�¤¥¨ï:1) ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¤«ï ¢á¥å äãªæ¨©
ϕ ∈ L(T±(µ/2))

‖Wϕ‖ 6 c4(W ) ‖ϕ‖∗,± = c4(W ) ‖ϕ‖∗ ;2) ¥á«¨ 2π 6 a 6 µ/2 , â® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 ¨ ¢á¥åäãªæ¨© ϕ ∈ L(T±(µ/2)\T±(a))
‖Wϕ‖ 6 hW (a)‖ϕ‖∗ ;3) ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 ¨ ¢á¥å äãªæ¨©

ϕ ∈ H̃1(K) ∩ L(Z2 \(T+(µ/2) ∪ T−(µ/2)))¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ‖Wϕ‖ 6 3hW (µ) ‖ϕ‖∗ .�   ¬ ¥ ç    ¨ ¥ 1.1. �§ ¯ãªâ®¢ 1) ¨ 3) á«¥¤ã¥â, çâ® ç¨-á«® c4(W ) ¬®�® ¢ë¡à âì â ª, çâ®¡ë ¥à ¢¥áâ¢®
‖Wϕ‖ 6 c4(W ) ‖ϕ‖∗¡ë«® á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å µ > 4π , ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π¨ ¢á¥å äãªæ¨© ϕ ∈ H̃1(K) .�«¥¤ãîé ï â¥®à¥¬  ãá¨«¨¢ ¥â â¥®à¥¬ã 6.2 ¨§ [10℄, ¨ ¥¥ ¤®-ª § â¥«ìáâ¢® ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ¤®ª § â¥«ìáâ¢  íâ®©â¥®à¥¬ë. � ªâ¨ç¥áª¨ ¢ â¥®à¥¬¥ 1.3 áä®à¬ã«¨à®¢ ® â®, çâ® ¢¤¥©áâ¢¨â¥«ì®áâ¨ ¤®ª § ® ¢ [10, § 6℄ (¯à¨ íâ®¬ çâ®¡ë ¥ ¢®á¨âìª ª¨å-«¨¡® ¨§¬¥¥¨© ¢ ¯à¥¤«®�¥®¥ ¢ [10℄ ¤®ª § â¥«ìáâ¢® â¥®-à¥¬ë 6.2, ãâ¢¥à�¤¥¨ï «¥¬¬ë 1.3 áä®à¬ã«¨à®¢ ë â ª, ª ª ®¨¯à¨¢¥¤¥ë ¢ [10℄).�«ï ¯à®¨§¢®«ì®£® ¬®�¥áâ¢  M ′ ⊂ N ®¡®§ ç¨¬

Q (M ′) = lim
N→+∞

#{ν ∈M ′ : ν 6 N}
N

.59



� ¥ ® à ¥ ¬   1.3. Ǒãáâì {F ,G,H} ∈ �(p, q, F ) , V± ∈
∈ L(R2) ¨ 	 { ¢¥é¥áâ¢¥®§ ç ï äãªæ¨ï ¨§ C̃(K) , ¤«ï ª®-â®à®© mes {x ∈ K : 	(x)− x2 = λ} = 0 ¯à¨ «î¡®¬ λ ∈ R . �®£¤ ¤«ï «î¡®£® ç¨á«  a > 2π , ¤«ï ª®â®à®£®max {h2V−(a), h2V+(a)} 6 136 c21

c1+4 (max {c4(V−),c4(V+)})2(£¤¥ c1 = c1(p, q, F ) > 0 { ç¨á«® ¨§ ¥à ¢¥áâ¢ (0.5) ¨ «¥¬¬ë1.2,   äãªæ¨¨ hV± ¨ ç¨á«  c4(V±) ®¯à¥¤¥«¥ë ¢ «¥¬¬¥ 1.3), ©¤¥âáï ¬®�¥áâ¢® M = M (p, q, F ;F ,G,H; 	;V+ , V− ; a) ⊂ Nâ ª®¥, çâ® Q (N\M) = 0 ¨ ¤«ï ¢á¥å µ ∈ πM (¯à¨ µ > 2a ),¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å äãªæ¨© ϕ± ∈ H̃1(K)á¯à ¢¥¤«¨¢  ®æ¥ª 
‖(d̂+(k) + iµH)ϕ+ + e−2iµ	 V−ϕ−‖2++‖(d̂−(k) + iµH)ϕ− + e 2iµ	 V+ϕ+‖2 >

>
c16 (‖P̂ T+(a)ϕ+‖2∗ + ‖P̂ T−(a)ϕ−‖2∗)+ c216(c1+4 (max {c4(V−),c4(V+)})2)×

×
(
‖P̂ Z2\T+(a)ϕ+‖2∗,+ + ‖P̂ Z2\T−(a)ϕ−‖2∗,−) .� ¥ ® à ¥ ¬   1.4. Ǒãáâì {F ,G,H} ∈ �(p, q, F ) , Ṽ0 ∈

∈ L(R2) , Ṽ3 ∈ L(R2) ¨ 	 { ¢¥é¥áâ¢¥®§ ç ï äãªæ¨ï ¨§
C̃(K) , ¤«ï ª®â®à®© mes {x ∈ K : 	(x) − x2 = λ} = 0 ¯à¨ «î¡®¬
λ ∈ R . �®£¤  ¤«ï «î¡®£® ç¨á«  a > 2π , ¤«ï ª®â®à®£®max

±
h2~V0± ~V3(a) 6 136 c21

c1+4 (max {c4( ~V0− ~V3),c4( ~V0+~V3)})2 , (1.3) ©¤¥âáï ¬®�¥áâ¢®M =M (p, q, F ;F ,G,H; 	; Ṽ0 + Ṽ3 , Ṽ0 − Ṽ3 ; a) ⊂ Nâ ª®¥, çâ® Q (N\M) = 0 ¨ ¤«ï ¢á¥å µ ∈ πM : µ > 2a , ¢á¥å¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨©
ϕ = (ϕ+

ϕ−

)
∈ H̃1(K;C2)60



á¯à ¢¥¤«¨¢  ®æ¥ª 
‖(D̂(k) + iµHσ̂1 + e 2iµσ̂3	(Ṽ0Î + Ṽ3σ̂3))ϕ‖2 >

>
c16 (∑± ‖P̂ T±(a)ϕ±‖2∗++ c1

c1+4 (max {c4( ~V0− ~V3),c4( ~V0+~V3)})2 ∑
±

‖P̂ Z2\T±(a)ϕ±‖2∗,±) .�¥®à¥¬  1.4 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1.3, ¥á«¨¯®«®�¨âì V± = Ṽ0 ± Ṽ3 , â ª ª ª
D̂(k)+iµHσ̂1+e 2iµσ̂3	 (Ṽ0Î+Ṽ3σ̂3) = ( e 2iµ	 V+ d̂−(k) + iµH

d̂+(k) + iµH e−2iµ	 V− )
.�«ï äãªæ¨© W ∈ L2(K) ¯à¨ b > 0 ®¯à¥¤¥«¨¬ äãªæ¨¨

K ∋ x→W (b;x) = { W (x) , ¥á«¨ |W (x)| 6 b,0 , ¢ ¯à®â¨¢®¬ á«ãç ¥.� ¥ ¬ ¬   1.4. Ǒãáâì W ∈ L(R2) ⊂ L2(K) . �®£¤  áãé¥-áâ¢ã¥â ¥¢®§à áâ îé ï äãªæ¨ï h̃W : [0,+∞) → [0,+∞) , ¤«ïª®â®à®© h̃W (t) → 0 ¯à¨ t → +∞ , â ª ï, çâ® ¤«ï ¢á¥å µ ∈ R ,¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å äãªæ¨© ϕ ∈ H̃1(K) (¤«ïª �¤®£® ¨§ § ª®¢ + ¨ − ) á¯à ¢¥¤«¨¢  ®æ¥ª 
‖(W (.) −W (b; .))ϕ(.)‖ 6 h̃W (b) ‖ϕ‖∗,± , b > 0 .� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª W ∈ L(R2) , â® (á¬., ¯à¨¬¥à, «¥¬¬ã 5.3 ¢ [10℄) ¤«ï «î¡®£® ε > 0  ©¤¥âáï ç¨á«®

C ′
ε,W > 0 â ª®¥, çâ® ¤«ï ¢á¥å µ ∈ R , ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 ¨¢á¥å äãªæ¨© ϕ ∈ H̃1(K) (¨ ¤«ï ª �¤®£® ¨§ § ª®¢ + ¨ − )

‖Wϕ‖ 6 ε ‖ϕ‖∗,± + C ′
ε,W ‖ϕ‖ . (1.4)61



�«ï ç¨á¥« a > 2π ¨ äãªæ¨© ϕ ∈ H̃1(K) ®¡®§ ç¨¬
ϕ
(a)
± = P̂ T±(a)ϕ, ϕ̃

(a)
± = P̂ Z2\T±(a)ϕ ,£¤¥ T±(a) = {N ∈ Z2 : G±

N (k;µ) 6 a} (äãªæ¨¨ ϕ
(a)
± ¨ ϕ̃

(a)
±§ ¢¨áïâ (ªà®¬¥ ç¨á«  a ) â ª�¥ ®â ¢¥ªâ®à  k ∈ R2 ¨ ç¨á«  µ¨§ R , ® ¢ ¨å ®¡®§ ç¥¨ïå íâ® ¥ ®â¬¥ç ¥âáï). �¯à ¢¥¤«¨¢ë®æ¥ª¨ 1 6 #T±(a) < 6πa2.�«ï ¢á¥å ç¨á¥« b > 0 , a > 2π , µ ∈ R , ¢á¥å ¢¥ªâ®à®¢ k ∈

∈ R2 : k1 = π ¨ ¢á¥å äãªæ¨© ϕ ∈ H̃1(K) (â ª ª ª ¢ íâ®¬ á«ãç ¥
π‖ϕ‖ 6 ‖ϕ‖∗,± ) ¨¬¥¥¬ (¤«ï ª �¤®£® ¨§ § ª®¢)

‖(W (.) −W (b; .))ϕ(.)‖ 6

6 ‖(W (.)−W (b; .))ϕ(a)± (.)‖ + ‖(W (.)−W (b; .))ϕ̃(a)± (.)‖ 6

6 ‖W (.)−W (b; .)‖L2(K) ‖ϕ(a)± ‖L∞(K) + ‖Wϕ̃
(a)
± ‖ 6

6
√6π a ‖W (.) −W (b; .)‖L2(K) ‖ϕ(a)± ‖+ ε ‖ϕ̃(a)± ‖∗,± + C ′

ε,W ‖ϕ̃(a)± ‖ 6

6

(√ 6
π a ‖W (.)−W (b; .)‖L2(K) + ε+ C ′

ε, W

a

)
‖ϕ‖∗,± .�¡®§ ç¨¬

h̃W (b) = inf
ε> 0 min

a≥ 2π (√ 6
π a ‖W (.) −W (b; .)‖L2(K) + ε+ C ′

ε, W

a

)
.� ª ª ª ‖W (.)−W (b; .)‖L2(K) ↓ 0 ¯à¨ b→ +∞ , â® äãªæ¨ï h̃Wã¤®¢«¥â¢®àï¥â âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬. �2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 0.3�¯à¥¤¥«¨¬ ¯à¨ l = 1, 2 ¨ b > 0 äãªæ¨¨R2 ∋ x→ Vl(b;x) = { Vl(x) , ¥á«¨ |Vl(x)| 6 b,0 , ¢ ¯à®â¨¢®¬ á«ãç ¥ .62



� á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 1.4 (â ª ª ª Vl ∈ L(R2) , l = 1, 2 ) ¢ë-¡¥à¥¬ ç¨á«® b = b(p, q, F ;V1 , V2) > 0 â ª, çâ®¡ë ¤«ï ¢á¥å µ ∈ R ,¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å äãªæ¨© ϕ ∈ H̃1(K) (¤«ïª �¤®£® ¨§ § ª®¢ + ¨ − ) ¢ë¯®«ï«¨áì ¥à ¢¥áâ¢ 
‖(Vl(.)− Vl(b; .))ϕ(.)‖2 6 c1192 ‖ϕ‖2∗,±, l = 1, 2 , (2.1)� ª ª ª Vl(b; .) ∈ L∞(K) (á«¥¤®¢ â¥«ì®, Vl(b; .) ∈ L2{g,Z2} ¤«ï¢á¥å äãªæ¨© g ∈ G ) ¨ ‖Vl(b; .)‖L∞(K) 6 b , l = 1, 2 , â® ¨§ â¥®à¥-¬ë 1.1 á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ¢¥ªâ®àë k ′, κ ′ ∈ R2 ¨ äãªæ¨¨� ′, 	 ′ ∈ H̃10 (K)∩ C̃(K) (¡®«¥¥ â®£®, � ′, 	 ′ ∈ H̃10{g,Z2} ¤«ï «î-¡®© äãªæ¨¨ g ∈ G ) â ª¨¥, çâ® ®¯¥à â®àë ã¬®�¥¨ï   äãª-æ¨¨ e±i� ′ ¨ ¬ âà¨çë¥ äãªæ¨¨ e±σ̂3	 ′ ¥ ¢ë¢®¤ïâ §  ¯à¥¤¥«ë¯à®áâà áâ¢  H̃1(K;C2) , ¤«ï ¢á¥å ¢¥ªâ®à®¢ k, κ ∈ R2

e σ̂3	 ′

e−i� ′ (D̂(k + k ′ + i(κ+ κ ′)) + V̂ ) e i� ′

e σ̂3	 ′ = (2.2)= D̂(k + iκ) + 2∑
l=1(Vl(.) − Vl(b; .))σ̂l + Ṽ0Î + Ṽ3σ̂3 ,£¤¥ Ṽ0Î + Ṽ3σ̂3 = e 2σ̂3	 ′(V0Î + V3σ̂3) ¨, á«¥¤®¢ â¥«ì®,

Ṽ0 = V0 h2	 ′ + V3 sh2	 ′, Ṽ3 = V0 sh2	 ′ + V3 h2	 ′,¨ ¯à¨ íâ®¬ max{‖� ′‖L∞(K), ‖	 ′‖L∞(K)} 6 c ′′1 b , (2.3)
|k ′|2 + |κ ′|2 6 2c ′2b2,£¤¥ c ′′1 = c ′′1 (p, q, F ) > 0 ¨ c ′2 = c ′2(p, q, F ) > 0 (ª®áâ â  c ′2 ®¯à¥-¤¥«¥  ¢ â¥®à¥¬¥ 1.1). �§ (2.3) ¯®«ãç ¥¬, çâ® Ṽ0 , Ṽ3 ∈ L(R2) .Ǒãáâì �,	 ∈ H̃10 (K) ∩ C̃(K) ¨ κ̃ ∈ R2 { ¢¥é¥áâ¢¥®§ çë¥äãªæ¨¨ ¨ ¢¥ªâ®à, ®¯à¥¤¥«ï¥¬ë¥ ¤«ï äãªæ¨© F , G ¨ H ¢ â¥®-à¥¬¥ 1.2. �§ à ¢¥áâ¢  (1.1) ¤«ï ¢á¥å k ∈ R2 ¨ µ ∈ R ¯®«ãç ¥¬

e iµσ̂3	eµ� (D̂(k+iµκ̃)+ 2∑
l=1(Vl(.)−Vl(b; .))σ̂l+Ṽ0Î+Ṽ3σ̂3) e−µ�e iµσ̂3	(2.4)63



= D̂(k) + iµHσ̂1 + 2∑
l=1(Vl(.)− Vl(b; .))σ̂l + e 2iµσ̂3	(Ṽ0Î + Ṽ3σ̂3) .�¡®§ ç¨¬

ε0 = 116 c1(c1 + 4(max{c4(Ṽ0 − Ṽ3), c4(Ṽ0 + Ṽ3)})2)−1/2.�ë¡¥à¥¬ ç¨á«® a = a(p, q, F ; V̂ ) > 2π â ª, çâ®¡ë ¢ë¯®«ï«¨áì¥à ¢¥áâ¢® (1.3) (á à áá¬ âà¨¢ ¥¬ë¬¨ äãªæ¨ï¬¨ Ṽ0 ¨ Ṽ3 ) ¨¥à ¢¥áâ¢ 
C ′
ε0 , Vl

6 ε0a , l = 1, 2(£¤¥ ª®áâ âë C ′
ε0 , Vl

¢§ïâë ¨§ ®æ¥ª¨ (1.4)). �®£¤  ¨§ «¥¬¬ë1.1 ¨ â¥®à¥¬ë 1.4 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¬®�¥áâ¢® M ⊂ N ,§ ¢¨áïé¥¥ ®â p , q , F , äãªæ¨© F , G , H ¨ ¬ âà¨ç®£® ¯®â¥-æ¨ «  V̂ , â ª®¥, çâ® Q(N\M) = 0 ¨ ¤«ï ¢á¥å µ ∈ πM , ¢á¥å¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨©
ϕ = (ϕ+

ϕ−

)
∈ H̃1(K;C2) (2.5)á¯à ¢¥¤«¨¢  ®æ¥ª 

‖(D̂(k) + iµHσ̂1 + e 2iµσ̂3	(Ṽ0Î + Ṽ3σ̂3))ϕ‖2 > (2.6)
> c16 ∑

±
‖P̂ T ±(a)ϕ±‖2∗ + 1283 ε20 ∑

±
‖P̂ Z2\T ±(a)ϕ±‖2∗,± .� ¤àã£®© áâ®à®ë, á ¯®¬®éìî ®æ¥®ª (1.4) ¨ (2.1) ¤«ï ¢á¥å ¢¥ªâ®à-äãªæ¨© (2.5) ¯®«ãç ¥¬

∥∥(
2∑
l=1(Vl(.)− Vl(b; .))σ̂l)ϕ(.)∥∥2 6 2 2∑

l=1∥∥(Vl(.)− Vl(b; .))ϕ(.)∥∥2 6

6 4 2∑
l=1∑± ‖(Vl(.)− Vl(b; .))(P̂ T ±(a)ϕ±)(.)‖2+64



+4 2∑
l=1∑± ‖VlP̂ Z2\T ±(a)ϕ±‖2 6

c124 ∑
±

‖P̂ T ±(a)ϕ±‖2∗,±++8 2∑
l=1∑± (

ε20 ‖P̂ Z2\T ±(a)ϕ±‖2∗,± + (C ′
ε0 , Vl

)2 ‖P̂ Z2\T ±(a)ϕ±‖2) 6

6 c124 ∑
±

‖P̂ T ±(a)ϕ±‖2∗,± + 32 ε20 ∑
±

‖P̂ Z2\T ±(a)ϕ±‖2∗,±(¨á¯®«ì§®¢   ®æ¥ª  ‖P̂ Z2\T ±(a)ϕ±‖ 6 a−1‖P̂ Z2\T ±(a)ϕ±‖2∗,± ).Ǒ®íâ®¬ã ¨§ (2.6) ¢ëâ¥ª ¥â, çâ® ¤«ï ¢á¥å µ ∈ πM , ¢á¥å ¢¥ªâ®à®¢
k ∈ R2 : k1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© (2.5)
∥∥(D̂(k)+ iµHσ̂1+ 2∑

l=1(Vl(.)−Vl(b; .))σ̂l+ e 2iµσ̂3	(Ṽ0Î+ Ṽ3σ̂3))ϕ∥∥2 >

> 12 ∥∥(D̂(k) + iµHσ̂1 + e 2iµσ̂3	(Ṽ0Î + Ṽ3σ̂3))ϕ∥∥2−
−
∥∥(

2∑
l=1(Vl(.)− Vl(b; .))σ̂l)ϕ∥∥2 >

> c124 ∑
±

∥∥P̂ T ±(a)ϕ±
∥∥2
∗,± + 323 ε20 ∑

±

∥∥P̂ Z2\T ±(a)ϕ±
∥∥2
∗,± >

> 323 ε20 ∑
±

‖ϕ±‖2∗,± > 323 ε20 ∑

N ∈Z2G2
N (k;µ)|ϕN |2 > 323 π2ε20 ‖ϕ‖2.� ª ª ª ‖�‖L∞(K) 6 c∗1 = c∗1(p, q, F ) (á¬. â¥®à¥¬ã 1.2), â® ¨§ (2.4)¨ ¯®«ãç¥ëå ¥à ¢¥áâ¢ á«¥¤ã¥â ®æ¥ª 

‖
(
D̂(k + iµκ̃) + 2∑

l=1(Vl(.)− Vl(b; .))σ̂l + Ṽ0Î + Ṽ3σ̂3)ϕ‖ > (2.7)
> 4√2 π√3 ε0 e−2c∗1µ‖ϕ‖ .� ª®¥æ, (2.7) ¨ (2.2) ¯à¨¢®¤ïâ ª ®æ¥ª¥

‖
(
D̂(k + k ′ + i(µκ̃+ κ ′)) + V̂

)
ϕ‖ > 4√2π√3 ε0 e−4c ′′1 be−2c∗1µ ‖ϕ‖ ,65



á¯à ¢¥¤«¨¢®© ¤«ï ¢á¥å µ ∈ πM , ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨¢á¥å ¢¥ªâ®à-äãªæ¨© ϕ ∈ H̃1(K;C2) . �«ï ¢¥ªâ®à  κ̃ ∈ R2 ¨¬¥¥¬
κ̃1 > 0 [9℄ ¨ √

c1
p+F 6 |κ̃| 6

p√
c1(á¬. ¤®ª § â¥«ìáâ¢  «¥¬¬ë 4.1 ¨ â¥®à¥¬ë 4.1 ¨ [10℄), ¯®íâ®¬ã®áâ «®áì ¯®«®�¨âì e = κ̃/|κ̃| ¨

c = c(p, q, F ) = 3c∗1 p+F√
c1 .Ǒà¨ íâ®¬ ¤®áâ â®ç® ¢ë¡¨à âì ç¨á«  µ̃ ∈ π|κ̃|M , ¤«ï ª®â®àëå4c ′′1 b− ln ( 4√2√3 πε0) 6 c∗1 ~µ

|~κ| .�¥®à¥¬  ¤®ª §  .3. �âáãâáâ¢¨¥ á®¡áâ¢¥ëå § ç¥¨© ¢ á¯¥ªâà¥ ¤¢ã-¬¥à®£® ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �à¥¤¨£¥à � íâ®¬ ¨ á«¥¤ãîé¥¬ à §¤¥« å à ¡®âë à¥§ã«ìâ âë ® ¤¢ã¬¥à®¬¯¥à¨®¤¨ç¥áª®¬ ®¯¥à â®à¥ �¨à ª , ¯à¨¢¥¤¥ë¥ ¢ ¯à¥¤ë¤ãé¨åà §¤¥« å, ¯à¨¬¥ïîâáï ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®âáãâáâ¢¨ï á®¡áâ¢¥-ëå § ç¥¨© ¢ á¯¥ªâà¥ ¤¢ã¬¥à®£® ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à �à¥¤¨£¥à . �ã¤ãâ â ª�¥ áãé¥áâ¢¥® ¨á¯®«ì§®¢ ë ãâ¢¥à�¤¥-¨ï ¨§ [10℄ ¨ [11℄.Ǒãáâì R2 ∋ x→ Ĝ(x) = (Gjl)j,l=1,2 { ¢¥é¥áâ¢¥ ï á¨¬¬¥âà¨-ç¥áª ï ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨ç ï äãªæ¨ï (¬¥âà¨-ª ), Ĝ, Ĝ−1 ∈ L∞(R2;M2) , R2 ∋ x → A(x) = (A1(x), A2(x)) ∈
∈ C2 { ¢¥ªâ®à®§ ç ï äãªæ¨ï (¢¥ªâ®àë© ¯®â¥æ¨ «). �ãª-æ¨¨ Ĝ ¨ A ¯à¥¤¯®« £ îâáï ¯¥à¨®¤¨ç¥áª¨¬¨ á à¥è¥âª®© ¯¥à¨-®¤®¢ � ⊂ R2 , Aj ∈ L�(R2) , j = 1, 2 . � áá¬®âà¨¬ ¯®«ãâ®à «¨-¥©ãî ä®à¬ã ¢ L2(R2)

W(Ĝ,A;ψ,ϕ) = 2∑
j, l=1((−i ∂

∂xj
−Aj

)
ψ,Gjl

(
−i ∂

∂xl
−Al

)
ϕ
)66



á ®¡« áâìî ®¯à¥¤¥«¥¨ï Q(W) = H1(R2) , ψ,ϕ ∈ H1(R2) (ç¥àâ ®§ ç ¥â ª®¬¯«¥ªá®¥ á®¯àï�¥¨¥).�¡®§ ç¨¬ ç¥à¥§ V� ¬®�¥áâ¢® ¯®«ãâ®à «¨¥©ëå ä®à¬
V(ψ,ϕ) ¢ L2(R2) («¨¥©ëå ¯® ¢â®à®¬ã  à£ã¬¥âã), ψ,ϕ ∈
∈ Q(V) = H1(R2) , ¤«ï ª®â®àëå1) V(ψ(. − γ), ϕ(. − γ)) = V(ψ,ϕ) ¤«ï ¢á¥å ψ,ϕ ∈ H1(R2) ¨¢á¥å γ ∈ � (â.¥. V { ¯¥à¨®¤¨ç¥áª ï ä®à¬  á à¥è¥âª®© ¯¥à¨®¤®¢� ⊂ R2 );2) V(e i(k,x)ψ,ϕ) = V(ψ, e−i(k,x)ϕ) ¤«ï ¢á¥å k ∈ R2 (¨ ¢á¥å
ψ,ϕ ∈ H1(R2) );3) ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ç¨á«® Cε = Cε(V) > 0 â ª®¥,çâ® ¤«ï ¢á¥å ϕ ∈ H1(R2)

|V(ϕ,ϕ)| 6 ε ‖∇ϕ‖2L2(R2;C2) + Cε ‖ϕ‖2L2(R2) . (3.1)�®à¬ë V ∈ V� ¤«ï äãªæ¨© ψ,ϕ ∈ H1(R2) ∩ C0(R2) (£¤¥
C0(R2) { ¯à®áâà áâ¢® ä¨¨âëå äãªæ¨© ¨§ C(R2) ) ¬®£ãâ¨¬¥âì ¢¨¤

V(ψ,ϕ) = ∫R2 ψϕdµ , (3.2)£¤¥ µ { ª®¬¯«¥ªá ï ¯¥à¨®¤¨ç¥áª ï á à¥è¥âª®© ¯¥à¨®¤®¢ � ¡®-à¥«¥¢áª ï ¬¥à  (á «®ª «ì® ª®¥ç®© ¯®«®© ¢ à¨ æ¨¥©). �¤ ª®¥ ¢áïªãî ä®à¬ã V ∈ V� ¬®�® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (3.2) [10, § 7℄.�á«¨
V(ψ,ϕ) = ∫R2 V ψϕd 2x , ψ, ϕ ∈ H1(R2) , (3.3)£¤¥ V { ¯¥à¨®¤¨ç¥áª ï (á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R2 ) äãªæ¨ï¨§ ª« áá  � â® K2 , â® V ∈ V� [3; 14℄.Ǒà¨ á¤¥« ëå ¯à¥¤¯®«®�¥¨ïå ®â®á¨â¥«ì® ¯¥à¨®¤¨ç¥á-ª¨å äãªæ¨© Ĝ ¨ A ¨ ¢ á«ãç ¥ V ∈ V� ª¢ ¤à â¨ç ï ä®à-¬  W(Ĝ,A;ϕ,ϕ) + V(ϕ,ϕ) , ϕ ∈ Q(W + V) = H1(R2) ⊂ L2(R2) ,ï¢«ï¥âáï § ¬ªãâ®© ¨ á¥ªâ®à¨ «ì®©. Ǒ®íâ®¬ã ®  ¯®à®�¤ ¥â

m -á¥ªâ®à¨ «ìë© ®¯¥à â®à Ĥ(Ĝ;A,V) ¢ L2(R2) á ¥ª®â®à®©67



®¡« áâìî ®¯à¥¤¥«¥¨ï D(Ĥ(Ĝ;A,V)) ⊂ H1(R2) [15℄ (¥á«¨ ϕ ∈
∈ D(Ĥ(Ĝ;A,V)) , â® ¤«ï ¢á¥å ψ ∈ H1(R2) ¨¬¥¥¬(ψ, Ĥ(Ĝ;A,V)ϕ) = V(ψ,ϕ)).�¯¥à â®à Ĥ(Ĝ;A,V) ¬®�® ä®à¬ «ì® § ¯¨á âì ¢ ¢¨¤¥2∑

j, l=1(−i ∂
∂xj

−Aj
)
Gjl
(
−i ∂

∂xl
−Al

)+ V , (3.4)£¤¥ V { ¯¥à¨®¤¨ç¥áª¨© (®¡®¡é¥ë©) áª «ïàë© ¯®â¥æ¨ «, ª®-â®àë©, ¥á«¨ ï¢«ï¥âáï ®¡ëç®© (¨§¬¥à¨¬®©) äãªæ¨¥© V : R2 →C ( ¯à¨¬¥à, ¨§ ª« áá  � â® K2 ), ®¯à¥¤¥«ï¥â ä®à¬ã V ∈ V�¯® ä®à¬ã«¥ (3.3).�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ®á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®©à ¡®âë, ®â®áïé¨¬áï ª ¯¥à¨®¤¨ç¥áª®¬ã ®¯¥à â®àã �à¥¤¨£¥à .� ¥ ® à ¥ ¬   3.1. Ǒãáâì Ĝ = (Gjl)j,l=1,2 { ¢¥é¥áâ¢¥- ï á¨¬¬¥âà¨ç¥áª ï ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨ç ïäãªæ¨ï, ¯¥à¨®¤¨ç¥áª ï á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R2 , Ĝ, Ĝ−1 ∈
∈ L∞(R2;M2) . Ǒà¥¤¯®«®�¨¬, çâ® det Ĝ ∈ H1lo(R2) ,

∂
∂xj

det Ĝ ∈ L�(R2) , j = 1, 2 ,
Aj ∈ L�(R2) , j = 1, 2 , V ∈ V� .�®£¤  ®¯¥à â®à Ĥ(Ĝ;A,V) ¥ ¨¬¥¥â á®¡áâ¢¥ëå § ç¥¨©.�   ¬ ¥ ç    ¨ ¥ 3.1. �â¢¥à�¤¥¨¥ â¥®à¥¬ë 3.1 ®áâ ¥â-áï ¢ á¨«¥, ¥á«¨ ¢¬¥áâ® ä®à¬ V ∈ V� à áá¬ âà¨¢ âì ä®à¬ë V(á ®¡« áâìî ®¯à¥¤¥«¥¨ï Q(V) = H1(R2) ⊂ L2(R2) ), ã¤®¢«¥-â¢®àïîé¨¥ ãá«®¢¨ï¬ 1) ¨ 2) ¨§ ®¯à¥¤¥«¥¨ï ¬®�¥áâ¢  V� ,  ¢¬¥áâ® ãá«®¢¨ï 3) ¯®âà¥¡®¢ âì, çâ®¡ë ®æ¥ª  (3.1) ¢ë¯®«ï« áì¤«ï ¥ª®â®à®£® ¤®áâ â®ç® ¬ «®£® ç¨á«  ε > 0 , § ¢¨áïé¥£® ®â� , Ĝ ¨ A (¢ íâ®¬ á«ãç ¥ ®¯¥à â®à �à¥¤¨£¥à  Ĥ(Ĝ;A,V) â ª-�¥ ®¯à¥¤¥«ï¥âáï ª ª m -á¥ªâ®à¨ «ìë© ®¯¥à â®à ¢ L2(R2) , ¯®-à®�¤ ¥¬ë© (§ ¬ªãâ®© ¨ á¥ªâ®à¨ «ì®©) ª¢ ¤à â¨ç®© ä®à¬®©

W(Ĝ,A;ϕ,ϕ) + V(ϕ,ϕ) , ϕ ∈ Q(W + V) = H1(R2) ⊂ L2(R2) ).68



�   ¬ ¥ ç    ¨ ¥ 3.2. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 3.1 Aj ,
j = 1, 2 , { ¢¥é¥áâ¢¥®§ çë¥ äãªæ¨¨,   ä®à¬  V íà¬¨â®¢ ,â® ®¯¥à â®à Ĥ(Ĝ;A,V) á ¬®á®¯àï�¥ ¨, á«¥¤®¢ â¥«ì® (â ª ª ª®¯¥à â®à Ĥ(Ĝ;A,V) ¥ ¨¬¥¥â á®¡áâ¢¥ëå § ç¥¨©), ¥£® á¯¥ªâà ¡á®«îâ® ¥¯à¥àë¢¥ [1℄.Ǒãáâì Aj , j = 1, 2 , ¨ V { ¢¥é¥áâ¢¥®§ çë¥ (¯¥à¨®¤¨ç¥-áª¨¥ á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R2 ) äãªæ¨¨. �¢ã¬¥àë© ¯¥à¨®-¤¨ç¥áª¨© ®¯¥à â®à �à¥¤¨£¥à 2∑

j=1 (−i ∂
∂xj

−Aj
)2 + V , x ∈ R2, (3.5)à áá¬ âà¨¢ «áï ¢ à ¡®â å [13; 16; 17℄. � [18℄ ¤®ª §    ¡á®«îâ- ï ¥¯à¥àë¢®áâì á¯¥ªâà  ®¯¥à â®à  (3.5) ¯à¨ V ∈ Lqlo(R2;R) ,

A ∈ L2qlo(R2;R2) , q > 1 . Ǒ®á«¥¤¨© à¥§ã«ìâ â ¡ë« ãá¨«¥ ¢ áâ -âì¥ [8℄, ¢ ª®â®à®© ¯à¥¤¯®« £ «®áì, çâ® V ln(1 + |V |) ∈ L1lo(R2)¨ |A|2 lnq(1 + |A|) ∈ L1lo(R2) , q > 1 . � [14℄ ¨áá«¥¤®¢ «áï®¯¥à â®à (3.5) á ¯®â¥æ¨ «®¬ V ¨§ ª« áá  � â® K2 (¨ ¯à¨
A ≡ 0 ). Ǒ¥à¨®¤¨ç¥áª¨© ®¯¥à â®à �à¥¤¨£¥à  (3.4) á ¯¥à¥¬¥-®© ¬¥âà¨ª®© Ĝ ¢¯¥à¢ë¥ à áá¬ âà¨¢ «áï �.�®à ¬®¬ [4℄ ¯à¨
Ĝ ∈ C∞(R2;M2) , det Ĝ ≡ 1 , Aj ∈ C∞(R2;R) , j = 1, 2 , ¨
V ∈ L∞(R2;R) . � ¤ «ì¥©è¥¬ Ǒ.�ãç¬¥â®¬ ¨ �.�¥¢¥¤®àáª¨¬[19℄ ¤«ï á«ãç ï Ĝ ∈ Cm+α(R2;M2) , m ∈ Z+ , α ∈ (0, 1) , ¡ë-«® ¤®ª § ® áãé¥áâ¢®¢ ¨¥ ¯¥à¨®¤¨ç¥áª¨å ¨§®â¥à¬¨ç¥áª¨å ª®-®à¤¨ â y(x) ∈ Cm+1+α(R2;R2) , ¯à¨¢®¤ïé¨å ¬ âà¨çãî äãª-æ¨î Ĝ ª áª «ïà®¬ã ¢¨¤ã; ¨å ¨á¯®«ì§®¢ ¨¥ ¯®§¢®«¨«® ®á« -¡¨âì ®£à ¨ç¥¨ï   Ĝ , A ¨ V , á¢¥¤ï à áá¬ âà¨¢ ¥¬ãî § ¤ -çã ª á«ãç î ¯®áâ®ï®© ¬ âà¨æë Ĝ . Ǒ¥à¨®¤¨ç¥áª¨¥ ¨§®â¥à¬¨-ç¥áª¨¥ ª®®à¤¨ âë ¯à¨¬¥ï«¨áì ¢ á¥à¨¨ à ¡®â �.�.�¨à¬ ®¬,�.�. �ãá«¨®© ¨ �.�.�â¥à¥¡¥à£®¬. � [20℄ ¤®ª §    ¡á®«îâ ï¥¯à¥àë¢®áâì á¯¥ªâà  ®¯¥à â®à  (3.4) ¯à¨ Ĝ ∈W 22q, lo(R2;M2) ,
A ∈ L2qlo(R2;R2) , q > 1 , V = V1 + σδ� , £¤¥ V1 { ¯¥à¨®¤¨ç¥-áª ï (á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R2 ) äãªæ¨ï ¨§ ¯à®áâà áâ¢ 
Lqlo(R2;R) , � { ¯¥à¨®¤¨ç¥áª ï (á â®© �¥ à¥è¥âª®© ¯¥à¨®¤®¢69



� ) á¨áâ¥¬  ªãá®ç®-£« ¤ª¨å ªà¨¢ëå, δ� { ¤¥«ìâ -äãªæ¨ï, á®-áà¥¤®â®ç¥ ï   � , σ ∈ Lqlo(�;R) . � ¯®á«¥¤ãîé¨å à ¡®â å[21; 22; 23℄ ®á« ¡«ï«¨áì ãá«®¢¨ï   äãªæ¨¨ Ĝ , A ¨ V . � [23℄¯à¨¢¥¤¥ë ãá«®¢¨ï, ¯®«ãç¥ë¥ �.�.�â¥à¥¡¥à£®¬:det Ĝ ∈ H1lo(R2) , ∂
∂xj

det Ĝ ∈ L�(R2) , j = 1, 2 , (3.6)
|A|2 l(|A|) ∈ L1lo(R2) , (3.7)£¤¥ l(t) .= lqm(t)∏m−1

i=1 li(t) , m ∈ N , q > 1 , l1(t) = 1 + ln(1 + t) ,
li(t) = 1 + ln li−1(t) , i = 2, . . . ,m , t > 0 , ¨ áª «ïàë© ¯®â¥-æ¨ « V ®¯à¥¤¥«ï¥âáï ª ª ®¡®¡é¥ ï äãªæ¨ï dµ/d 2x , £¤¥ µ{ ¯¥à¨®¤¨ç¥áª¨© ¡®à¥«¥¢áª¨© § àï¤, ã¤®¢«¥â¢®àïîé¨© ¥ª®â®-àë¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬ (á¬. [22℄). Ǒà¨ íâ®¬ § ¬ëª ¨¥(¢ L2(R2) ) ª¢ ¤à â¨ç®© ä®à¬ë

V(ϕ,ϕ) = ∫R2 |ϕ|2dµ , ϕ ∈ H1(R2) ∩C0(R2) ,¥ ®¡ï§ â¥«ì® ®£à ¨ç¥® ®â®á¨â¥«ì® ä®à¬ë ‖∇ϕ‖2L2(R2;C2) ,
ϕ ∈ H1(R2) . � ª®¥æ, ¢ § ¬¥ç â¥«ì®© à ¡®â¥ [24℄ (á¬. â ª�¥[25℄) ¡ë«® ®á« ¡«¥® ®£à ¨ç¥¨¥ (3.7)   ¢¥ªâ®àë© ¯®â¥æ¨ «
A : ¤®áâ â®ç® ¯à¥¤¯®« £ âì, çâ® Aj ∈ L�(R2) , j = 1, 2 . � ¤ -®© à ¡®â¥ ¯à¨¬¥ï¥âáï ¤àã£®© ¯®¤å®¤ ª ¨áá«¥¤®¢ ¨î ¤¢ã¬¥à-®£® ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �à¥¤¨£¥à  (3.4), ¥ ¨á¯®«ì§ãî-é¨© ¯¥à¨®¤¨ç¥áªãî § ¬¥ã ª®®à¤¨ â, ¯à¨¢®¤ïéãî ¬ âà¨çãîäãªæ¨î (¬¥âà¨ªã) Ĝ(.) ª áª «ïà®¬ã ¢¨¤ã, ¨ ®¯¨à îé¨©áï  à¥§ã«ìâ âë ® ¯¥à¨®¤¨ç¥áª®¬ ®¯¥à â®à¥ �¨à ª . �â®â ¯®¤å®¤¯à¥¤«®�¥ ¢ [10℄ ¨ ¨á¯®«ì§®¢ «áï â ª�¥ ¢ [11℄ ¨ [26℄. Ǒà¨ íâ®¬ãá«®¢¨¥ (3.6)   ¬ âà¨çãî äãªæ¨î Ĝ(.) ¯®«ãç ¥âáï ¨§ ¯à¨-¡«¨�¥®© ä ªâ®à¨§ æ¨¨ ®¯¥à â®à  �à¥¤¨£¥à  (¯à¨ V ≡ 0 ),  ¥ ª ª ãá«®¢¨¥, ®¡¥á¯¥ç¨¢ îé¥¥ ¯à¨¬¥¥¨¥ ¯¥à¨®¤¨ç¥áª¨å ¨§®-â¥à¬¨ç¥áª¨å ª®®à¤¨ â. � [11℄ (á¬. â ª�¥ [26℄) ¤®ª § ® ®âáãâ-áâ¢¨¥ á®¡áâ¢¥ëå § ç¥¨© ¢ á¯¥ªâà¥ ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à 70



�à¥¤¨£¥à  Ĥ(Ĝ;A,V) (ä®à¬ «ì® § ¯¨áë¢ ¥¬®£® ¢ ¢¨¤¥ (3.4)),¥á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (3.6), V ∈ V� ¨
Aj ∈ L2{g,�} ⊂ L�(R2) , j = 1, 2 , (3.8)¤«ï ¥ª®â®à®© äãªæ¨¨ g ∈ G (ä®à¬  V ¥ ®¡ï§ â¥«ì® íà-¬¨â®¢ ,   äãªæ¨¨ Aj , j = 1, 2 , ¢ë¡¨à îâáï ª®¬¯«¥ªá®§ ç-ë¬¨). � ¡®«¥¥ à ¥© à ¡®â¥ [10℄  ª« ¤ë¢ «®áì ¤®¯®«¨â¥«ì-®¥ ãá«®¢¨¥   ä®à¬ã V : ¯à¥¤¯®« £ «®áì, çâ® áãé¥áâ¢ã¥â ¥®-âà¨æ â¥«ì ï ä®à¬  V+ ∈ V� â ª ï, çâ® |V(ϕ,ϕ)| 6 V+(ϕ,ϕ)¤«ï ¢á¥å ϕ ∈ H1(R2) . �á«®¢¨¥ (3.8)   ¢¥ªâ®àë© ¯®â¥æ¨- « A è¨à¥, ç¥¬ ãá«®¢¨¥ (3.7). �«ï «î¡®£® ¯¥à¨®¤¨ç¥áª®£® (áà¥è¥âª®© ¯¥à¨®¤®¢ � ) ¢¥ªâ®à®£® ¯®â¥æ¨ «  A : R2 → C2 ,ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î |A|2g̃(|A|) ∈ L1lo(R2) , £¤¥ äãªæ¨ï[0,+∞) ∋ t → g̃(t) ∈ [0,+∞) ¥ ã¡ë¢ ¥â ¨ äãªæ¨ï (0,+∞) ∋

∋ t→ g̃(t−1) ¯à¨ ¤«¥�¨â G (¢ ç áâ®áâ¨, íâ® á¯à ¢¥¤«¨¢®, ¥á«¨
g̃(.) = l(.) ), áãé¥áâ¢ã¥â äãªæ¨ï g ∈ G â ª ï, çâ® Aj ∈ L2{g,�} ,
j = 1, 2 [26℄. � íâ®© à ¡®â¥ ¤«ï ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �à¥-¤¨£¥à  (3.4) ¯à¥¤¯®« £ ¥âáï (ª ª ¨ ¢ [24℄), çâ® Aj ∈ L�(R2) ,
j = 1, 2 .Ǒà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3.1 , ¤¥« ï «¨¥©ãî § ¬¥ã ¯¥-à¥¬¥ëå, ¬®�® áç¨â âì, çâ® � = Z2 , K = [0, 1)2 (¯à¨ íâ®¬ãá«®¢¨ï,  «®�¥ë¥   äãªæ¨¨ Ĝ , A ¨ ä®à¬ã V , ¥ ¨§¬¥ï-îâáï. �¡®§ ç¨¬ V

.= VZ2 . �¥« ï § ¬¥ã ä®à¬ë
V(ψ,ϕ) − λ

∫R2 ψϕd 2x→ V(ψ,ϕ) , ψ, ϕ ∈ H1(R2) ,£¤¥ λ ∈ C , â ª�¥ ¬®�® ®£à ¨ç¨âìáï â®«ìª® ¤®ª § â¥«ìáâ¢®¬®¡à â¨¬®áâ¨ ®¯¥à â®à  Ĥ(Ĝ;A,V) . Ǒ®íâ®¬ã â¥®à¥¬  3.1 á«¥¤ã¥â¨§ â¥®à¥¬ë 3.2.� ¥ ® à ¥ ¬   3.2. Ǒãáâì Ĝ = (Gjl)j, l=1, 2 { ¢¥é¥áâ¢¥- ï á¨¬¬¥âà¨ç¥áª ï ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨ç ïäãªæ¨ï, ¯¥à¨®¤¨ç¥áª ï á à¥è¥âª®© ¯¥à¨®¤®¢ Z2 ⊂ R2 , Ĝ, Ĝ−1 ∈71



∈ L∞(R2;M2) . Ǒà¥¤¯®«®�¨¬, çâ® det Ĝ ∈ H1lo(R2) ,
∂
∂xj

det Ĝ ∈ L(R2) , j = 1, 2 ,
Aj ∈ L(R2) , j = 1, 2 , V ∈ V .�®£¤  ®¯¥à â®à Ĥ(Ĝ;A,V) ®¡à â¨¬ (â.¥. ã ¥£® ¥â á®¡áâ¢¥-®£® § ç¥¨ï λ = 0 ).�ã¤¥¬ ¤ «¥¥ ¯à¥¤¯®« £ âì, çâ® � = Z2 ¨ K = [0, 1)2 . Ǒãáâì

k, κ ∈ R2 , Aj ∈ L(R2) , j = 1, 2 ,
W̃(Ĝ,A; k + iκ;ψ,ϕ) == 2∑

j, l=1((−i ∂
∂xj

−Aj + kj − iκj
)
ψ,Gjl

(
−i ∂

∂xl
−Al + kl + iκl

)
ϕ
){ ¯®«ãâ®à «¨¥© ï ä®à¬  ¢ L2(K) , ψ, ϕ ∈ Q(W̃) = H̃1(K) .�ë¡¥à¥¬ «î¡ãî äãªæ¨î θ ∈ C∞(R) , ¤«ï ª®â®à®© θ(ξ) = 1¯à¨ ξ 6 0 ¨ θ(ξ) = 0 ¯à¨ ξ > 1 . Ǒ®«®�¨¬

θN (x) = θ(|x1| −N) θ(|x2| −N), N ∈ N, x ∈ R2.�«ï ä®à¬ë V ∈ V ®¯à¥¤¥«¨¬ ¯®«ãâ®à «¨¥©ãî ä®à¬ã ¢
L2(K)

Ṽ(ψ,ϕ) = lim
N→+∞

1(2N)2 V(θNψ, θNϕ) , (3.9)
ψ,ϕ ∈ Q(Ṽ) = H̃1(K) . Ǒà¥¤¥« ¢ (3.9) áãé¥áâ¢ã¥â ¨ ¥ § ¢¨á¨â®â ¢ë¡®à  äãªæ¨¨ θ [10℄ (äãªæ¨¨ ψ ¨ ϕ áç¨â îâáï ¯¥à¨®¤¨-ç¥áª¨ ¯à®¤®«�¥ë¬¨   ¢á¥ ¯à®áâà áâ¢® R2 ). �§ ®æ¥ª¨ (3.1)¤«ï ä®à¬ë V á«¥¤ã¥â, çâ® ¤«ï ¢á¥å ε > 0 , ¢á¥å ¢¥ªâ®à®¢ k ∈ R2¨ ¢á¥å äãªæ¨© ϕ ∈ H̃1(K)

|Ṽ(ϕ,ϕ)| 6 ε ‖(k − i∇)ϕ‖2L2(K;C2) +Cε ‖ϕ‖2L2(K) .72



� ¥ ® à ¥ ¬   3.3 ([26℄). Ǒãáâì V ∈ V . �®£¤  ¤«ï «î¡®£®
ε > 0  ©¤¥âáï ç¨á«® C ′

ε = C ′
ε(V) > 0 â ª®¥, çâ® ¤«ï ¢á¥å¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å äãªæ¨© ψ,ϕ ∈ H̃1(K)

|Ṽ(ψ,ϕ)| 6 ε ‖(k − i∇)ψ‖L2(K;C2) ‖(k − i∇)ϕ‖L2(K;C2)++C ′
ε ‖ψ‖L2(K) ‖ϕ‖L2(K) .�§ ãá«®¢¨ï 2) ¢ ®¯à¥¤¥«¥¨¨ ¬®�¥áâ¢  V = VZ2 ¯®«ãç ¥¬(á¬. [10℄), çâ®

Ṽ(fψ, ϕ) = Ṽ(ψ, fϕ) (3.10)¤«ï ¢á¥å äãªæ¨© f ∈ C̃1(K) (¨ ¢á¥å ψ,ϕ ∈ H̃1(K) ).Ǒà¨ ãá«®¢¨ïå,  «®�¥ëå   äãªæ¨¨ Ĝ , A ¨ ä®à¬ã V ,ª¢ ¤à â¨ç ï ä®à¬ 
W̃(Ĝ,A; k + iκ;ϕ,ϕ) + Ṽ(ϕ,ϕ), ϕ ∈ Q(W̃ + Ṽ) = H̃1(K) ⊂ L2(K),¤«ï ¢á¥å k + iκ ∈ C2 § ¬ªãâ  ¨ á¥ªâ®à¨ «ì . Ǒãáâì

Ĥ(Ĝ;A,V; k + iκ){ m -á¥ªâ®à¨ «ìë© ®¯¥à â®à, ¯®à®�¤ ¥¬ë© íâ®© ä®à¬®© [15℄,
D(Ĥ(Ĝ;A,V; k + iκ)) ⊂ H̃1(K) ⊂ L2(K) . �¯¥à â®à Ĥ(Ĝ;A,V)ã¨â à® íª¢¨¢ «¥â¥ ¯àï¬®¬ã ¨â¥£à «ã

∫ ⊕2πK Ĥ(Ĝ;A,V; k) d 2k(2π)2 ,¤¥©áâ¢ãîé¥¬ã ¢ ∫ ⊕2πK L2(K) d 2k(2π)2(á¬. [10; 27; 28℄). � ª ª ª ®¯¥à â®àë Ĥ(Ĝ;A,V; k+iκ) ¨¬¥îâ ª®¬-¯ ªâãî à¥§®«ì¢¥âã, â® ¤«ï ¤®ª § â¥«ìáâ¢  ®âáãâáâ¢¨ï ¢ á¯¥ª-âà¥ ®¯¥à â®à  Ĥ(Ĝ;A,V) á®¡áâ¢¥®£® § ç¥¨ï λ = 0 ¤®áâ -â®ç® ¤®ª § âì (  «®£¨ç® á«ãç î ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à �¨à ª ), çâ®  ©¤ãâáï ¢¥ªâ®àë k, κ ∈ R2 â ª¨¥, çâ® ®¯¥à â®à
Ĥ(Ĝ;A,V; k + iκ) ®¡à â¨¬ [1; 19; 28℄. Ǒ®íâ®¬ã â¥®à¥¬  3.2 ï¢«ï-¥âáï á«¥¤áâ¢¨¥¬ á«¥¤ãîé¥© â¥®à¥¬ë.73



� ¥ ® à ¥ ¬   3.4. Ǒãáâì äãªæ¨¨ Ĝ , A ¨ ä®à¬  V ã¤®-¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 3.2. �®£¤   ©¤ãâáï â ª¨¥ ¢¥ª-â®àë k, κ ∈ R2 , çâ® ¤«ï «î¡®© ¥ã«¥¢®© äãªæ¨¨ ϕ ∈ H̃1(K)¬®�® ¢ë¡à âì äãªæ¨î ψ ∈ H̃1(K) â ªãî, çâ®
W̃(Ĝ,A; k + iκ;ψ,ϕ) + Ṽ(ψ,ϕ) 6= 0 .4. �¥®à¥¬  4.1 ¨ ¥¥ ¤®ª § â¥«ìáâ¢®Ǒãáâì ¬ âà¨ç ï äãªæ¨ï R2 ∋ x→ Ĝ(x) ∈ M2 ã¤®¢«¥â¢®àï¥âãá«®¢¨ï¬ â¥®à¥¬ë 3.2. �¯à¥¤¥«¨¬ äãªæ¨¨ F ,G,H ∈ L∞(R2;R)â ª, çâ® {F ,G,H} ∈ � ¨

G11 = F2 + G2 , G22 = H2 , G12 = G21 = FH .�®£¤  {F ,G,H} ∈ �(p, q, F ) ¤«ï ¥ª®â®àëå ç¨á¥« p , q ¨ F ;
GH =√det Ĝ ¨, á«¥¤®¢ â¥«ì®,

GH ∈ H̃1(K) , ∂ GH
∂xj

∈ L(R2) , j = 1, 2 .�®«¥¥ â®£®, ¤«ï «î¡®£® τ ∈ R ã¬®�¥¨¥   äãªæ¨î (FG) τ¥ ¢ë¢®¤¨â §  ¯à¥¤¥«ë ¯à®áâà áâ¢  H̃1(K) ¨ ¤«ï ¢á¥å äãªæ¨©
ϕ ∈ H̃1(K)(FG)−τ ∂

∂xj
(FG) τϕ = τ

FG
∂ GH
∂xj

ϕ+ ∂ϕ
∂xj

, j = 1, 2 .�¥ªâ®à κ̃ = κ̃(F ,G,H) ∈ R2 ¨ ¢¥é¥áâ¢¥®§ çë¥ äãªæ¨¨�, 	 ∈ H̃10 (K) ∩ C̃(K) ¡ã¤¥¬ ¤ «¥¥ (¢ íâ®¬ à §¤¥«¥) ¢ë¡¨à âì(¯® äãªæ¨ï¬ F , G ¨ H ) ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.2. �¡®-§ ç¨¬ 
(x) = 	(x)− x2 , x ∈ K .� ¥ ® à ¥ ¬   4.1. Ǒãáâì äãªæ¨¨ Ĝ , A ¨ ä®à¬  V ã¤®-¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 3.2. �®£¤   ©¤ãâáï ç¨á« 
C(Ĝ,A,V) > 0, µ0 = µ0(Ĝ,A,V) > 0¨ ¢¥ªâ®àë k0 = k0(Ĝ,A) ∈ R2 ¨ κ0 = κ0(Ĝ,A) ∈ R2 â -ª¨¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 + k01 = π , ¢á¥å ç¨á¥«74



µ ∈ 2πN : µ > µ0 ¨ ª �¤®© ¢¥ªâ®à-äãªæ¨¨ ϕ ∈ H̃1(K;C2) ,¤«ï ª®â®à®© σ̂1ϕ = ϕ (â.¥. ϕ1 = ϕ2 ), ¬®�®  ©â¨ â ªãî¥ã«¥¢ãî ¢¥ªâ®à-äãªæ¨î
ψ = (ψ1

ψ2) ∈ H̃1(K;C2) ,çâ®
∣∣∣

2∑
s=1 (W̃(Ĝ,A; k − iκ0 + iµκ̃;ψs, ϕ1) + Ṽ(ψs, ϕ1))∣∣∣ >

> C(Ĝ,A,V) ‖D̂0(k + k0)e iµσ̂3
e−µ�ψ‖ · ‖D̂0(k + k0)e−iµσ̂3
eµ�ϕ‖ .� ª ª ª ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R2 : k1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© ϕ ∈ H̃1(K;C2) á¯à ¢¥¤«¨¢  ®æ¥ª  ‖D̂0(k)ϕ‖ > π ‖ϕ‖ ,â® ¨§ â¥®à¥¬ë 4.1 ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â â¥®à¥¬  3.4.� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 4.1. �«ï ¢¥ªâ®à-äãªæ¨©
ψ, ϕ ∈ H̃1(K;C2) ¨ ç¨á¥« µ ∈ 2πZ ¡ã¤¥¬ ®¡®§ ç âì

ψ ′
µ = e iµσ̂3
e−µ�ψ , ϕ ′

µ = e−iµσ̂3
eµ�ϕ .Ǒ®«®�¨¬ Q̂ = Q0Î +Q3σ̂3 , £¤¥ Ql ∈ L(R2) , l = 0, 3 , Î ∈ M2 {¥¤¨¨ç ï ¬ âà¨æ ; Q̂∗ = Q0Î +Q3σ̂3 . �¯à¥¤¥«¨¬ ¯®«ãâ®à «¨-¥©ë¥ ä®à¬ë
Rj(Q̂;ψ,ϕ) = (Q̂∗ψ,−i ∂ϕ∂xj

)− (−i ∂ψ∂xj
, Q̂ϕ) , j = 1, 2 ,

ψ, ϕ ∈ Q(Rj) = H̃1(K;C2) ⊂ L2(K;C2) . �á«¨ ψ, ϕ ∈ H̃1(K;C2)¨ σ̂1ϕ = ϕ , â® ¤«ï ¢á¥å µ ∈ 2πZ ¢ë¯®«ïîâáï à ¢¥áâ¢  [10℄
Rj(Q̂;ψ,ϕ) = Rj(Q̂;ψ ′

µ , σ̂1ϕ ′
µ) , j = 1, 2 . (4.1)� ¥ ¬ ¬   4.1 ([10℄). Ǒãáâì Ql ∈ L(R2) , l = 0, 3 . �®£¤ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ç¨á«® C ′′
ε = C ′′

ε (Q̂) > 0 â ª®¥,çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ′ ∈ R2 : k ′1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨©
ψ, ϕ ∈ H̃1(K;C2) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 
|Rj(Q̂;ψ,ϕ)| 6 ε ‖D̂0(k ′)ψ‖ · ‖D̂0(k ′)ϕ‖+ C ′′

ε ‖ψ‖ · ‖ϕ‖ , j = 1, 2 .75



� ¥ ¬ ¬   4.2. �«ï ¢á¥å ç¨á¥« µ ∈ 2πZ , ¢á¥å ¢¥ªâ®à®¢
k ′ ∈ R2 ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© ϕ ∈ H̃1(K;C2) , ¤«ï ª®â®àëå
σ̂1ϕ = ϕ , ¨¬¥¥¬

‖D̂0(k ′)e iµσ̂3
ϕ‖ = ‖D̂0(k ′)e−iµσ̂3
ϕ‖ .� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª ¤«ï ¢á¥å ¢¥ªâ®à-äã-ªæ¨© ϕ ∈ H̃1(K;C2) (á¬.,  ¯à¨¬¥à, [10, â¥®à¥¬  3.2℄)
∂

∂xj

ϕ ∈ L2(K;C2)¨
e−iµσ̂3
 ∂

∂xj
e iµσ̂3
 ϕ = iµσ̂3 ∂


∂xj
ϕ+ ∂ϕ

∂xj
, j = 1, 2 ,â® ¯à¨ ãá«®¢¨¨ σ̂1ϕ = ϕ ¯®«ãç ¥¬

‖D̂0(k ′)e iµσ̂3
ϕ‖2 = ∥∥∥(D̂0(k ′) + iµ
(
∂

∂x2 σ̂1 − ∂


∂x1 σ̂2))ϕ∥∥∥2 == ‖D̂0(k ′)ϕ‖2 + µ2 ∥∥∥( ∂

∂x2 σ̂1 − ∂


∂x1 σ̂2)ϕ∥∥∥2 == ∥∥∥(D̂0(k ′)− iµ
(
∂

∂x2 σ̂1 − ∂


∂x1 σ̂2))ϕ∥∥∥2 = ‖D̂0(k ′)e−iµσ̂3
ϕ‖2 .
��«¥¤áâ¢¨¥¬ à ¢¥áâ¢  (4.1) ¨ «¥¬¬ 4.1 ¨ 4.2 ï¢«ï¥âáï «¥¬¬ 4.3.� ¥ ¬ ¬   4.3. Ǒãáâì Ql ∈ L(R2) , l = 0, 3 . �®£¤  ¤«ï«î¡®£® ε > 0 áãé¥áâ¢ã¥â ç¨á«® C ′′

ε = C ′′
ε (Q̂) > 0 (â® �¥, çâ®¨ ¢ «¥¬¬¥ 4.1) â ª®¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ′ ∈ R2 : k ′1 = π ,¢á¥å ç¨á¥« µ ∈ 2πZ ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© ψ, ϕ ∈ H̃1(K;C2) :

σ̂1ϕ = ϕ á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 
|Rj(Q̂;ψ,ϕ)| 6 ε ‖D̂0(k ′)ψ ′

µ‖·‖D̂0(k ′)ϕ ′
µ‖+C ′′

ε ‖ψ ′
µ‖·‖ϕ ′

µ‖ , j = 1, 2 .
76



� ¥ ¬ ¬   4.4. Ǒãáâì K,P ∈ L(R2) . �®£¤  ¤«ï «î¡®-£® ε > 0  ©¤¥âáï ç¨á«® C̃ε = C̃ε (K,P) > 0 â ª®¥, çâ®¤«ï ¢á¥å ¢¥ªâ®à®¢ k ′ ∈ R2 : k ′1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨©
ψ, ϕ ∈ H̃1(K;C2)

‖Kψ‖ · ‖Pϕ‖ 6 ε ‖D̂0(k ′)ψ‖ · ‖D̂0(k ′)ϕ‖ + C̃ε ‖ψ‖ · ‖ϕ‖ .�®ª § â¥«ìáâ¢® «¥¬¬ë 4.4   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë2.1 ¢ [10℄.�¡®§ ç¨¬
D̂(A; k + iκ) = D̂(k + iκ)− (Gσ̂1 +F σ̂2)A1 −Hσ̂2A2(®¯¥à â®à D̂(k+iκ) ®¯à¥¤¥«ï¥âáï ¯® äãªæ¨ï¬ F , G , H ¢® ¢¢¥-¤¥¨¨), D(D̂(A; k+iκ)) = D(D̂(k+iκ)) = H̃1(K;C2) ⊂ L2(K;C2) .�«ï ¢á¥å k+iκ ∈ C2 ¨ ψ, ϕ ∈ H̃1(K;C2) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®(£¤¥ A = (A1 , A2) ) 2∑

s=1 W̃(Ĝ,A; k + iκ;ψs, ϕs)− (4.2)
−(D̂(A; k − iκ)√GHψ, 1

GH D̂(A; k + iκ)√GHϕ) =
− i2 R1(F2+G2

GH
∂ GH
∂x1 + F

G
∂ GH
∂x2 ;ψ,ϕ)−

− i2 R2(F
G
∂ GH
∂x1 + H

G
∂ GH
∂x2 ;ψ,ϕ)−

−iR1(GHA2σ̂3;ψ,ϕ) + iR2(GHA1σ̂3;ψ,ϕ)−
−
(
∂ GH
∂x1 ψ,A2σ̂3 ϕ)+ ( ∂ GH

∂x2 ψ,A1σ̂3 ϕ)− 14 ( 1
H

∂ GH
∂x1 ψ, 1

H
∂GH
∂x1 ϕ)−

−14 ( 1
GH

(
F ∂ GH

∂x1 +H ∂ GH
∂x2 )ψ, 1

GH

(
F ∂ GH

∂x1 +H ∂ GH
∂x2 )ϕ)(¯à ¢ ï ç áâì ¯à¨¢¥¤¥®£® à ¢¥áâ¢  ¥ § ¢¨á¨â ®â ª®¬¯«¥ªá-®£® ¢¥ªâ®à  k+ iκ ∈ C2 ). �ëà � ï ¢ ¯®á«¥¤¨å ç¥âëà¥å á« £ -¥¬ëå ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (4.2) ¢¥ªâ®à-äãªæ¨¨ ψ ¨ ϕ ç¥à¥§¢¥ªâ®à-äãªæ¨¨ ψ ′

µ ¨ ϕ ′
µ , µ ∈ 2πZ , ¨§ à ¢¥áâ¢  (4.2) á ¯®¬®-éìî «¥¬¬ 4.3 ¨ 4.4 ¯®«ãç ¥¬ â¥®à¥¬ã 4.2.77



� ¥ ® à ¥ ¬   4.2. �«ï «î¡®£® ç¨á«  ε > 0 áãé¥áâ¢ã¥ââ ª®¥ ç¨á«® C∗
ε = C∗

ε (Ĝ,A) > 0 , çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k, κ ∈ R2¨ k ′ ∈ R2 : k ′1 = π , ¢á¥å ç¨á¥« µ ∈ 2πZ ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨©
ψ,ϕ ∈ H̃1(K;C2) : σ̂1ϕ = ϕ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

∣∣∣
2∑
s=1 W̃(Ĝ,A; k + iκ+ iµκ̃;ψs, ϕs)−

−(D̂(A; k − iκ− iµκ̃)√GHψ, 1
GH D̂(A; k + iκ+ iµκ̃)√GHϕ) ∣∣∣ 6

6 ε ‖D̂0(k ′)ψ ′
µ‖ · ‖D̂0(k ′)ϕ ′

µ‖+ C∗
ε ‖ψ ′

µ‖ · ‖ϕ ′
µ‖ .� ¥ ® à ¥ ¬   4.3. �ãé¥áâ¢ãîâ ¢¥ªâ®àë k0, κ0 ∈ R2 ¨ç¨á«® C̃ > 0 , § ¢¨áïé¨¥ ®â äãªæ¨© Ĝ ¨ A , â ª¨¥, çâ® ¤«ï«î¡®£® ç¨á«  µ ∈ 2πZ , «î¡®£® ¢¥ªâ®à  k ∈ R2 , ¤«ï ª®â®à®£®

k1 + k01 = π , ¨ «î¡®© ¢¥ªâ®à-äãªæ¨¨ ϕ ∈ H̃1(K;C2) ¬®�® ©â¨ ¥ã«¥¢ãî ¢¥ªâ®à-äãªæ¨î ψ ∈ H̃1(K;C2) â ªãî, çâ®(D̂(A; k + iκ0 − iµκ̃)√GHψ, 1
GH D̂(A; k − iκ0 + iµκ̃)√GHϕ) >

> C̃ ‖D̂0(k + k0)ψ ′
µ‖ · ‖D̂0(k + k0)ϕ ′

µ‖ .� ® ª   §   â ¥ « ì á â ¢ ®. �§ (1.2) ¯à¨ k, κ ∈ R2 (¨¯à¨ µ ∈ 2πZ , 
 = 	 − x2 ) ¤«ï ¢á¥å ¢¥ªâ®à-äãªæ¨© ψ, ϕ ∈
∈ H̃1(K;C2) ¢ëâ¥ª ¥â à ¢¥áâ¢®(D̂(A; k − iκ− iµκ̃)√GHψ, 1

GH D̂(A; k + iκ+ iµκ̃)√GHϕ) = (4.3)= (D̂(A; k − iκ)√GHψ ′
µ ,

1
GH e−2iµσ̂3
 D̂(A; k + iκ)√GHϕ ′

µ) .�¯à¥¤¥«¨¬ (ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 0.3) ¯à¨ j = 1, 2¨ b > 0 äãªæ¨¨R2 ∋ x→ Aj(b;x) = { Aj(x) , ¥á«¨ |Aj(x)| 6 b,0 , ¢ ¯à®â¨¢®¬ á«ãç ¥ .78



� ª ª ª Aj ∈ L(R2) , j = 1, 2 , ¨ ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ′ ∈ R2 ¨¢á¥å ¢¥ªâ®à-äãªæ¨© χ ∈ H̃1(K;C2)
‖D̂0(k ′)χ‖2 = 2∑

j=1 ‖(k ′
j − i ∂

∂xj
)χ‖2 = ∑

N ∈Z2 |k ′ + 2πN |2 |χN |2 ,â® ¨§ «¥¬¬ë 1.4 (¢ ãá«®¢¨ïå ª®â®à®© ¤®áâ â®ç® ®£à ¨ç¨âìáïâ®«ìª® á«ãç ¥¬ µ = 0 ) ¨ ®æ¥®ª (0.6) á«¥¤ã¥â, çâ® ¬®�® ¢ë-¡à âì ç¨á«® b = b(p, q, F ;A) > 0 â ª®¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢
k ′ ∈ R2 : k ′1 = π ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© χ ∈ H̃1(K;C2) ¢ë¯®«-ïîâáï ¥à ¢¥áâ¢ 

‖
(
D̂(A(.)−A(b; .); k ′)− D̂(k ′))χ‖ = (4.4)= ‖

((Gσ̂1 +F σ̂2)(A1(.)−A1(b; .)) +Hσ̂2(A2(.)−A2(b; .)))χ(.)‖ 6

6 12 ‖D̂(k ′)χ‖ ,
‖
(
D̂(A(.)−A(b; .); k ′)− D̂(k ′))χ‖ = (4.5)= ‖

((Gσ̂1 +F σ̂2)(A1(.)−A1(b; .)) +Hσ̂2(A2(.)−A2(b; .)))χ(.)‖ 6

6 12 ‖D̂(k ′)χ‖ .�¬¥¥¬ ‖Aj(b; .)‖L∞(R2) 6 b , j = 1, 2 . Ǒ®íâ®¬ã ¨§ â¥®à¥¬ë1.1 á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ¢¥ªâ®àë k0, κ0 ∈ R2 ¨ äãªæ¨¨�0,	0 ∈ H̃10 (K)∩ C̃(K) (¡®«¥¥ â®£®, �0,	0 ∈ H̃10{g,Z2} ¤«ï ¢á¥åäãªæ¨© g ∈ G ), § ¢¨áïé¨¥ ®â äãªæ¨© Ĝ ¨ A , â ª¨¥, çâ®max {‖�0‖L∞(K), ‖	0‖L∞(K)} 6 c5 b , (4.6)
|k0|2 + |κ0|2 6 c6 b2 , (4.7)£¤¥ c5 = c5 (p, q, F ) > 0 ¨ c6 = c6 (p, q, F ) > 0 , ã¬®�¥¨¥  äãªæ¨¨ e±i�0 ¨ ¬ âà¨çë¥ äãªæ¨¨ e±σ̂3	0 ¥ ¢ë¢®¤¨â §  ¯à¥-¤¥«ë ¯à®áâà áâ¢  H̃1(K;C2) ¨ ¤«ï ¢á¥å ¢¥ªâ®à®¢ k, κ ∈ R2

D̂(A(b; .); k + iκ) = e σ̂3	0e−i�0D̂(k + k0 + iκ+ iκ0)e i�0e σ̂3	079



¨, á«¥¤®¢ â¥«ì®, â ª�¥
D̂(A(b; .); k − iκ) = e σ̂3	0e−i�0D̂(k + k0 − iκ− iκ0)e i�0e σ̂3	0 .Ǒ®«®�¨¬ k ′ = k + k0 . �ã¤¥¬ ¢ë¡¨à âì ¢¥ªâ®àë k ∈ R2 , ¤«ïª®â®àëå k ′1 = k1 + k01 = π . �¡®§ ç¨¬

ψ ′′
µ = e i�0e σ̂3	0√GHψ ′

µ , ϕ ′′
µ = e i�0e σ̂3	0√GHϕ ′

µ .�§ à ¢¥áâ¢  (4.3) ¯®«ãç ¥¬(D̂(A; k + iκ0 − iµκ̃)√GHψ, 1
GH D̂(A; k − iκ0 + iµκ̃)√GHϕ) =(4.8)= (D̂(A(.)−A(b; .); k ′)ψ ′′

µ ,
1

GH e 2σ̂3(	0−iµ
) D̂(A(.)−A(b; .); k ′)ϕ ′′
µ ) .� ª ª ª k ′1 = π , â® ker D̂(k ′) = {0} ¨ R(D̂(k ′)) = L2(K;C2) .�âáî¤  ¨ ¨§ (4.4), (4.5) á«¥¤ã¥â, çâ® â ª�¥ker D̂(A(.)−A(b; .); k ′) = ker D̂(A(.)−A(b; .); k ′) = {0}¨

R(D̂(A(.) −A(b; .); k ′)) = R(D̂(A(.)−A(b; .); k ′)) = L2(K;C2)(¯à¨ íâ®¬ D(D̂(A(.) − A(b; .); k ′)) = D(D̂(A(.) − A(b; .); k ′)) == H̃1(K;C2) ). �ã¤¥¬ ¤ «¥¥ ¤«ï ª �¤®© ¢¥ªâ®à®© äãªæ¨¨ ϕ¨§ H̃1(K;C2) ¢ë¡¨à âì â ªãî ¢¥ªâ®à-äãªæ¨î ψ ∈ H̃1(K;C2)(ª®â®à ï § ¢¨á¨â â ª�¥ ®â µ ∈ 2πZ , k ′ ¨ äãªæ¨© Ĝ ¨ A ( â ª�¥ ®â ç¨á«  b = b(p, q, F ;A) )), çâ®
D̂(A(.)−A(b; .); k ′)ψ ′′

µ = 1
GH e 2σ̂3(	0−iµ
) D̂(A(.)−A(b; .); k ′)ϕ ′′

µ(¤«ï ¥ã«¥¢®© ¢¥ªâ®à-äãªæ¨¨ ϕ ¢¥ªâ®à-äãªæ¨ï ψ â ª�¥ ¥-ã«¥¢ ï). �¬¥¥¬
‖D̂(k ′)ψ ′

µ‖ 6 e 2 c5b ∥∥∥e−σ̂3	0e i�0 D̂(k ′) e−i�0e−σ̂3	0 1√
GH ψ ′′

µ

∥∥∥ =(4.9)80



= e 2 c5b ∥∥∥D̂(−A(b; .); k ′ + k0 − iκ0) 1√
GH ψ ′′

µ

∥∥∥ ,

‖D̂(k ′)ϕ ′
µ‖ 6 e 2 c5b ∥∥∥e−σ̂3	0e i�0 D̂(k ′) e−i�0e−σ̂3	0 1√

GH ϕ ′′
µ

∥∥∥ =(4.10)= e 2 c5b ∥∥∥D̂(−A(b; .); k ′ + k0 + iκ0) 1√
GH ϕ ′′

µ

∥∥∥ .� ª ª ª Aj ∈ L(R2) , j = 1, 2 , (GH)−1/2 ∈ H̃1(K) ,
∂(GH)−1/2

∂xj
= −12 (GH)−3/2 ∂ GH

∂xj
∈ L(R2)¨ ¤«ï ¢á¥å ¢¥ªâ®à-äãªæ¨© χ ∈ H̃1(K;C2)

∂
∂xj

1√
GH χ = −12 (GH)−3/2 ∂ GH

∂xj
χ+ 1√

GH
∂χ
∂xj

, j = 1, 2 ,â® ¨§ ®æ¥®ª (4.9) ¨ (4.10) (á¬. â ª�¥ (4.7)) á«¥¤ã¥â, çâ® áãé¥-áâ¢ã¥â ç¨á«® c7 = c7 (Ĝ,A) > 0 â ª®¥, çâ®
‖D̂(k ′)ψ ′

µ‖ 6 c7 ‖D̂(k ′)ψ ′′
µ ‖ , ‖D̂(k ′)ϕ ′

µ‖ 6 c7 ‖D̂(k ′)ϕ ′′
µ‖ . (4.11)�á¯®«ì§ãï ®æ¥ª¨ (0.6), (4.4), (4.5), (4.6) ¨ (4.11), ¨§ (4.8) ¯®«ã-ç ¥¬(D̂(A; k + iκ0 − iµκ̃)√GHψ, 1

GH D̂(A; k − iκ0 + iµκ̃)√GHϕ) >

> p−2e−2 c5b ‖D̂(A(.)−A(b; .); k ′)ψ ′′
µ ‖ · ‖D̂(A(.) −A(b; .); k ′)ϕ ′′

µ‖ >

> 14 p−2e−2 c5b ‖D̂(k ′)ψ ′′
µ ‖ · ‖D̂(k ′)ϕ ′′

µ‖ >

> 14 (pc7)−2e−2 c5b ‖D̂(k ′)ψ ′
µ‖ · ‖D̂(k ′)ϕ ′

µ‖ >

> 14 c1 (pc7)−2e−2 c5b ‖D̂0(k ′)ψ ′
µ‖ · ‖D̂0(k ′)ϕ ′

µ‖ .�áâ «®áì ¯®«®�¨âì C̃ = 14 c1 (pc7)−2e−2 c5b . ��§ â¥®à¥¬ë 3.3 ¨ â¥®à¥¬ë 8.5 ¨§ [10℄ (ª®â®à ï ¢ëâ¥ª ¥â ¨§à ¢¥áâ¢  (3.10) ¨ «¥¬¬ë 4.2) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â â¥®à¥¬ 4.4. 81



� ¥ ® à ¥ ¬   4.4. Ǒãáâì V ∈ V . �®£¤  ¤«ï «î¡®£® ε > 0 ©¤¥âáï ç¨á«® C ′
ε = C ′

ε(V) > 0 (â® �¥, çâ® ¨ ¢ â¥®à¥¬¥ 3.3)â ª®¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ′ ∈ R2 : k ′1 = π , ¢á¥å ç¨á¥«
µ ∈ 2πZ ¨ ¢á¥å ¢¥ªâ®à-äãªæ¨© ψ,ϕ ∈ H̃1(K;C2) : σ̂1ϕ = ϕá¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
∣∣∣

2∑
s=1 Ṽ(ψs, ϕs) ∣∣∣ 6 ε ‖D̂0(k ′)ψ ′

µ‖ · ‖D̂0(k ′)ϕ ′
µ‖+ C ′

ε ‖ψ ′
µ‖ · ‖ϕ ′

µ‖ .� ¥ ¬ ¬   4.5 ([10; 11℄). � ¢®¬¥à® ¯® ¢á¥¬ ¢¥ªâ®à ¬ k ′¨§ R2 : k ′1 = π ¨ ¢á¥¬ ¥ã«¥¢ë¬ ¢¥ªâ®àë¬ äãªæ¨ï¬ ϕ ¨§
H̃1(K;C2) , ¤«ï ª®â®àëå σ̂1ϕ = ϕ , ¨¬¥¥¬

‖D̂0(k ′)ϕ ′
µ‖

‖ϕ ′
µ‖

→ +∞ (4.12)¯à¨ 2πN ∋ µ → +∞ (à áå®¤¨¬®áâì ¢ (4.12) ®¯à¥¤¥«ï¥âáï ¬ -âà¨ç®© äãªæ¨¥© Ĝ ).�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.1 ®áâ «®áì ¢®á-¯®«ì§®¢ âìáï (ãç¨âë¢ ï ®æ¥ªã ‖D̂0(k ′)ψ ′
µ‖ > π ‖ψ ′
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