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xi ∈ Xi ⊆ R

ni (i = 1, 2) , ¢ à¥§ã«ìâ â¥ ®¡à §ã¥âáï á¨âã æ¨ï
x = (x1, x2) ∈ X = X1 × X2 ; ¥§ ¢¨á¨¬® ®â â ª®£® ¢ë¡®à  ®¤®-¢à¥¬¥® à¥ «¨§ã¥âáï ª ª ï-«¨¡® ¥®¯à¥¤¥«¥®áâì
y ∈ Y ⊆ R

m ;   ¯àï¬®¬ ¯à®¨§¢¥¤¥¨¨ X × Y ®¯à¥¤¥«¥  ¢¥ª-â®à ï äãªæ¨ï ¢ë¨£àëè  i -£® ¨£à®ª 
fi(x, y) = (

f
(1)
i (x, y), ..., f (Ni)

i (x, y))(i = 1, 2).1� ¡®â  ¯®¤¤¥à�   £à â®¬ ���� (02-01-00612).65



�  óá®¤¥à� â¥«ì®¬ ãà®¢¥� æ¥«ì i -£® ¨£à®ª  | ¢ë¡®à â ª®©á¢®¥© áâà â¥£¨¨ xi ∈ X , ¯à¨ ª®â®à®© ¢á¥ ª®¬¯®¥âë
f
(j)
i (x, y)(j = 1, ...,Ni)¯à¨¨¬ «¨ ¡ë ¢®§¬®�® ¡®«ìè¨¥ § ç¥¨ï (¢ë¨£àëè¨); ¯à¨ â -ª®¬ ¢ë¡®à¥ ¢á¥ ¨£à®ª¨ ¤®«�ë ãç¨âë¢ âì ¢®§¬®�®áâì à¥ «¨-§ æ¨¨ «î¡®© ¥®¯à¥¤¥«¥®áâ¨ y ∈ Y .���� ¢®§¨ª îâ ¯à¨ ¬®¤¥«¨à®¢ ¨¨ ¢§ ¨¬®¤¥©áâ¢¨© ª®ªã-à¨àãîé¨å íª®®¬¨ç¥áª¨å á¨áâ¥¬, ¢ ª®â®àëå, ¢®-¯¥à¢ëå, ª ç¥áâ¢®äãªæ¨®¨à®¢ ¨ï ª �¤®© ®æ¥¨¢ ¥âáï  ¡®à®¬ ªà¨â¥à¨¥¢ (ã¢¥-«¨ç¥¨¥ ¯à¨¡ë«¨, á¨�¥¨¥ á¥¡¥áâ®¨¬®áâ¨, § âà â); ¢®-¢â®àëå,ãç¨âë¢ îâáï ¯®¬¥å¨, ¢®§¬ãé¥¨ï ¨ ¤àã£®£® â¨¯  ¥®¯à¥¤¥«¥®-áâ¨, ® ª®â®àëå ¨§¢¥áâë «¨èì £à ¨æë ¨§¬¥¥¨© (áª çª¨ á¯à®-á , áàë¢ ¨ ¨§¬¥¥¨¥ ®¬¥ª« âãàë ¯®áâ ¢®ª, ¥®�¨¤ ®¥ ¯®-ï¢«¥¨¥ ª®ªãà¥â®¢   àëª¥ á¡ëâ  ¨ â.¯.).� â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ â¨¯  � ã�¥ à áá¬ âà¨¢ «¨áì ¢ [1℄ á¯®§¨æ¨¨ ¯à¨æ¨¯  ¬ ªá¨¬¨®© ¯®«¥§®áâ¨ [2℄ ¨ ¤«ï ���� á®áª «ïàë¬¨ äãªæ¨ï¬¨ ¢ë¨£àëè . �¤ ª® ¯à¨ íâ®¬ (¯à¨ ä®à-¬¨à®¢ ¨¨ á¢®¨å áâà â¥£¨©) ¨£à®ª¨ ¢ëã�¤¥ë à ááç¨âë¢ âì  óª â áâà®äã� -   à¥ «¨§ æ¨î óá ¬®© ¯«®å®©� ¥®¯à¥¤¥«¥®-áâ¨ y ∈ Y . � ª®© ¯®¤å®¤, ª ª ¯à ¢¨«®, ¯à¨¢®¤¨â ª ó§ ¨�¥-ë¬� £ à â¨ï¬.�§¡¥� âì ¯¥áá¨¬¨áâ¨ç¥áª®£® ¯®¤å®¤  ¬®�®, ¥á«¨, ¢®-¯¥à¢ëå,¨£à®ª ¬ ¯à¨ ¢ë¡®à¥ ®¯¨à âìáï   ¯à¨æ¨¯ ¬¨¨¬ ªá®£® á®� -«¥¨ï [3℄, ¢®-¢â®àëå, áâà¥¬¨âìáï ª ®¯â¨¬ «ì®¬ã á®ç¥â ¨î ¢¥ª-â®àëå ¢ë¨£àëè¥© (¨áå®¤®¢) ¨ à¨áª®¢.� ª à § â ª®¬ã ¯®¤å®¤ã ¢ ä®à¬ «¨§ æ¨¨ £ à â¨à®¢ ®£®à¥è¥¨ï ���� ¨ ¯®á¢ïé¥  ¤  ï à ¡®â .
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1. �®à¬ «¨§ æ¨ï £ à â¨à®¢ ®£® ¯® ¢ë¨£àëè ¬¨ à¨áª ¬ à¥è¥¨ï�¢¥¤¥¬ äãªæ¨î à¨áª  ¯® ª �¤®¬ã ªà¨â¥à¨î f
(j)
i (x, y)(j = 1, ..., Ni; i = 1, 2) :�(j)1 (x1, x2, y) = max

z1∈X1 f
(j)1 (z1, x2, y)− f

(j)1 (x1, x2, y) == g
(j)1 (x2, y)− f

(j)1 (x1, x2, y), (j = 1, ...,N1),�(j)2 (x1, x2, y) = max
z2∈X2 f

(j)2 (x1, z2, y)− f
(j)2 (x1, x2, y) == g

(j)2 (x1, y)− f
(j)2 (x1, x2, y), (j = 1, ...,N2). (1.1)�£à¥ � ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¢á¯®¬®£ â¥«ìãî ¡¥áª® «¨-æ¨®ãî ¨£àã ¯à¨ ¥®¯à¥¤¥«¥®áâ¨ ¨ á ¢¥ªâ®àë¬¨ äãªæ¨ï¬¨¢ë¨£àëè  �h :�h = 〈{1, 2}, {Xi}i=1,2, Y, {fi(x, y),−�i(x, y)}i=1,2〉. (1.2)� íâ®© ¨£à¥ i -© ¨£à®ª (i = 1, 2) áâà¥¬¨âáï §  áç¥â

xi ∈ Xi ®¤®¢à¥¬¥® ¢®§¬®�® ã¢¥«¨ç¨âì á¢®© ¢¥ªâ®àë© ¨áå®¤
fi(x, y) = (f (1)i (x, y), ..., f (Ni)

i (x, y)) ¨ ã¬¥ìè¨âì á¢®© ¢¥ªâ®àë©à¨áª �i(x, y) = (�(1)
i (x, y), ...,�(Ni)

i (x, y)) .� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.1. � ¡®à
〈xS , fS1 ,�S1 , fS2 ,�S2 〉 ∈ X × R

2(N1+N2) §®¢¥¬ £ à â¨à®¢ ë¬ ¯® ¨áå®¤ ¬ ¨ à¨áª ¬ à¥è¥¨¥¬ ¨£àë� , ¥á«¨ áãé¥áâ¢ã¥â ¥®¯à¥¤¥«¥®áâì yS ∈ Y , ¤«ï ª®â®à®©10 . fS
i = fi(xS , yS),�S

i = �i(xS , yS), (i = 1, 2);20 . a) ¯à¨ «î¡®© x1 ∈ X1 ¥á®¢¬¥áâ  á¨áâ¥¬  ¨§ 2N1 ¥à -¢¥áâ¢:
f
(j)1 (x1, xS2 , yS) > f

(j)1 (xS , yS),�(j)1 (x1, xS2 , yS) < �(j)1 (xS , yS) (j ∈ {1, ...,N1}),67



â® ¥áâì xS1 - ¬ ªá¨¬ «ì ï ¯® C«¥©â¥àã áâà â¥£¨ï ¢ 2N1 -ªà¨â¥-à¨ «ì®© § ¤ ç¥ 〈X1, {f1(x1, xS2 , yS),−�1(x1, xS2 , yS)}〉;¡) ¤«ï ª �¤®© x2 ∈ X2 ¥á®¢¬¥áâ  á¨áâ¥¬  ¨§ 2N2 ¥à -¢¥áâ¢:
f
(j)2 (xS1 , x2, yS) > f

(j)2 (xS , yS),�(j)2 (xS1 , x2, yS) < �(j)2 (xS , yS) (j ∈ {1, ...,N2}),â® ¥áâì xS2 - ¬ ªá¨¬ «ì ï ¯® C«¥©â¥àã áâà â¥£¨ï ¢ 2N2 -ªà¨â¥-à¨ «ì®© § ¤ ç¥ 〈X2, {f2(xS1 , x2, yS),−�2(xS1 , x2, yS)〉;¢) ¯à¨ ¢áïª®© y ∈ Y ¥á®¢¬¥áâ  á¨áâ¥¬  ¨§ 2(N1 + N2)¥à ¢¥áâ¢:
f
(j)
i (xS , y) < f

(j)
i (xS , yS),�(j)

i (xS , y) > �(j)
i (xS , yS) (j ∈ {1, ...,Ni}, i = 1, 2).Ǒà¨ íâ®¬ âà®©ªã (xS1 , xS2 , yS)  §®¢¥¬ £ à â¨à®¢ ë¬ à ¢-®¢¥á¨¥¬ �íè  | �«¥©â¥à  ���� ¢ ¨£à¥ � ,  

fS
i (x, y) = (f (1)i (xS , yS), ..., f (Ni)

i (xS , yS))£ à â¨à®¢ ë¬ ¢¥ªâ®àë¬ ¨áå®¤®¬;�S
i (x, y) = (�(1)

i (xS , yS), ...,�(Ni)
i (xS , yS))£ à â¨à®¢ ë¬ ¢¥ªâ®àë¬ à¨áª®¬ i -£® ¨£à®ª  (i = 1, 2) .�¬ëá« à¥è¥¨ï § ª«îç ¥âáï ¢ â®¬, çâ® ª �¤ë© i -© ¨£à®ªáâ à ¥âáï ã¢¥«¨ç¨âì á¢®© ¢¥ªâ®àë© ¢ë¨£àëè ¨ ã¬¥ìè¨âì á¢®©¢¥ªâ®àë© à¨áª §  áç¥â ¢ë¡®à  á¢®¥© i -© áâà â¥£¨¨ xi ∈ Xi ,  ®á®¢¥ ª®æ¥¯æ¨¨ ®¯â¨¬ã¬  ¯® �«¥©â¥àã. �¥®¯à¥¤¥«¥®áâì, á®-£« á® ¯à¨æ¨¯ã ¬ ªá¨¬¨®© ¯®«¥§®áâ¨ [2℄, óáâ à ¥âáï� ¬ ª-á¨¬ «ì® ã¬¥ìè¨âì ¢¥ªâ®àë¥ äãªæ¨¨ ¢ë¨£àëè  ®¡®¨å ¨£à®-ª®¢ ¨ ¬ ªá¨¬ «ì® ã¢¥«¨ç¨âì ¨å ¢¥ªâ®àë¥ äãªæ¨¨ à¨áª .�   ¬ ¥ ç    ¨ ¥ 1.1. Ǒà¥¤áâ ¢¨¬ äãªæ¨¨, ¯à®â¨¢®¯®-«®�ë¥ äãªæ¨ï¬ à¨áª , ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

−�(j)1 (x, y) = f
(j)1 (x, y)− g

(j)1 (x2, y),68



−�(j)2 (x, y) = f
(j)2 (x, y)− g

(j)2 (x1, y).�®£¤  âà¥¡®¢ ¨ï 2 , 2¡ ¨ 2¢ ¢ ®¯à¥¤¥«¥¨¨ 1 ¬®�® ¯à¨¢¥áâ¨ ªá«¥¤ãîé¥¬ã ¢¨¤ã:2a) ¯à¨ «î¡ëå x1 ∈ X1 ¥á®¢¬¥áâ  á¨áâ¥¬  ¥à ¢¥áâ¢:
f
(j)1 (x1, xS2 , yS) > f

(j)1 (xS , yS), j ∈ {1, ...,N1},â® ¥áâì xS1 - ¬ ªá¨¬ «ì ï ¯® C«¥©â¥àã áâà â¥£¨ï ¢ N1 - ªà¨â¥-à¨ «ì®© § ¤ ç¥
〈X1, f1(x1, xS2 , yS)〉; (1.3)2¡)   «®£¨ç® xS2 - ¬ ªá¨¬ «ì ï ¯® C«¥©â¥àã áâà â¥£¨ï ¢

N2 -ªà¨â¥à¨ «ì®© § ¤ ç¥
〈X2, f2(xS1 , x2, yS)〉; (1.4)2¢) ¥®¯à¥¤¥«¥®áâì yS - ¬¨¨¬ «ì  ¯® C«¥©â¥àã ¢2(N1 +N2) -ªà¨â¥à¨ «ì®© § ¤ ç¥

〈Y, {f1(xS , y),−�1(xS , y), f2(xS , y),−�2(xS , y)}〉. (1.5)2. �£à  á® áª «ïàë¬¨ äãªæ¨ï¬¨ ¢ë¨£àëè � áá¬®âà¨¬ ¨£àã ¯à¨ N1 = N2 = 1 , â® ¥áâì� = 〈X1,X2, Y, {f
(1)1 (x1, x2, y), f (1)2 (x1, x2, y)}〉. (2.1)�ãªæ¨¨ à¨áª  ¯à¨¬ãâ ¢¨¤:�(1)1 (x, y) = max

z1∈X1 f
(1)1 (z1, x2, y)− f

(1)1 (x1, x2, y),�(1)2 (x, y) = max
z2∈X2 f

(1)2 (x1, z2, y)− f
(1)2 (x1, x2, y).�ã¤¥¬ à áá¬ âà¨¢ âì á¯¥æ¨ «ìãî á¨âã æ¨î à ¢®¢¥á¨ï ¯®�íèã xe(y) = (xe1(y), xe2(y)) ¨£àë (2.1), ¯à¨ ª �¤®¬ y ∈ Y ®¯à¥-¤¥«ï¥¬ãî à ¢¥áâ¢ ¬¨:max

X1 f1(x1, xe2(y), y) = f1(xe(y), y),max
X2 f2(xe1(y), x2, y) = f2(xe(y), y).69



� â ¢ ¥ à � ¤ ¥  ¨ ¥ 2.1. �á«¨ áãé¥áâ¢ã¥â xe(y) , â®�(1)
i (xe(y), y) ≡ 0, ¯à¨ «î¡ëå y ∈ Y ¨ i = 1, 2.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¨ ª �¤®¬ y ∈ Y ¨¬¥¥â ¬¥-áâ®�(1)1 (xe(y), y) = max

z1∈X1 f
(1)1 (z1, xe2(y), y) − f

(1)1 (xe1(y), xe2(y), y) == f
(1)1 (xe(y), y) − f

(1)1 (xe(y), y) ≡ 0,�(1)2 (xe(y), y) = max
z2∈X2 f

(1)2 (xe1(y), z2, y)− f
(1)2 (xe1(y), xe2(y), y) == f

(1)2 (xe(y), y) − f
(1)2 (xe(y), y) ≡ 0.� « ¥ ¤ á â ¢ ¨ ¥ 2.1. �á«¨ áãé¥áâ¢ã¥â £ à â¨à®¢ -®¥ ¯® ¨áå®¤ ¬ ¨ à¨áª ¬ à¥è¥¨¥ ¨£àë (2.1) , â® �(1)

i (xe, yS) = 0(i = 1, 2) , ¯à¨ç¥¬ yS ∈ Y ¡ã¤¥â ¬¨¨¬ «ì®© ¯® �«¥©â¥àã ¥-®¯à¥¤¥«¥®áâìî ¢ ç¥âëà¥åªà¨â¥à¨ «ì®© § ¤ ç¥
〈Y, {f

(1)
i (xe, y),�(1)

i (xe, y)}i=1,2〉.� á ¬®¬ ¤¥«¥,�(1)1 (xe, yS) = max
z1∈X1 f

(1)1 (z1, xe2, yS)− f
(1)1 (xe1, xe2, yS) = 0.� «®£¨ç® ¯®«ãç ¥¬ �2(1)(xe, yS) = 0. � ª ª ª �i(x, y) > 0(¯® ®¯à¥¤¥«¥¨î), ¯®íâ®¬ã yS ¡ã¤¥â ¬¨¨¬ «ì®© ¯® �«¥©â¥àã,¨¡® �(1)

i (xe, yS) = 0 (i = 1, 2) .3. �®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï� ¥ ¬ ¬   3.1. ([4℄, c.71). �á«¨ áãé¥áâ¢ãîâ ¯®áâ®ïë¥
λi > 0 (i = 1, ...,m), m

∑

i=1 λi > 0 , â ª¨¥, çâ®max
x∈X

m
∑

i=1 λifi(x) = m
∑

i=1 λifi(xS)70



(min
x∈X

m
∑

i=1 λifi(x) = m
∑

i=1 λifi(xS)),â®  «ìâ¥à â¨¢  xS ¡ã¤¥â ¬ ªá¨¬ «ì®© (á®®â¢¥âáâ¢¥®,¬¨¨¬ «ì®©) ¯® �«¥©â¥àã ¢ m -ªà¨â¥à¨ «ì®© § ¤ ç¥
〈X, {fi(x)}i=1,...,m〉 .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 3.1. Ǒãáâì áãé¥áâ¢ãîâ ¥®âà¨-æ â¥«ìë¥ ¯®áâ®ïë¥ αj , βk, γ

(j)1 , γ
(j+N1)1 , γ

(k)2 , γ
(k+N2)2(j = 1, ..., N1; k = 1, ..., N2) , ¯à¨ç¥¬ N1

∑

j=1αj > 0, N2
∑

k=1 βk > 0,
N1
∑

j=1 (γ(j)1 + γ
(j+N1)1 ) + N2

∑

k=1 (γ(k)2 + γ
(k+N2)2 ) > 0,¨ âà®©ª  (xS1 , xS2 , yS) ∈ X1,X2, Y â ª¨¥, çâ®max

x1∈X1 N1
∑

j=1 αjf
(j)1 (x1, xS2 , yS) = N1

∑

j=1 αjf
(j)1 (xS , yS); (3.1)max

x2∈X2 N2
∑

k=1 βkf
(k)2 (xS1 , x2, yS) = N2

∑

k=1 βkf
(k)2 (xS , yS); (3.2)

Idem[y → yS ℄ = min
y∈Y

(

N1
∑

j=1 [

γ
(j)1 f

(j)1 (xS , y)− γ
(j+N1)1 �(j)1 (xS , y)]++ N2

∑

k=1 [

γ
(k)2 f

(k)2 (xS , y)− γ
(k+N2)1 �(k)2 (xS , y)]), (3.3)â® (xS1 , xS2 , yS) ¡ã¤¥â £ à â¨à®¢ ë¬ à ¢®¢¥á¨¥¬�íè  | �«¥©â¥à  ���� ¢ ¨£à¥ � .71



� ® ª   §   â ¥ « ì á â ¢ ®. �®£« á® «¥¬¬¥ 3.1 ¨ ¯ãªâã2  § ¬¥ç ¨ï 1.1 ¢ë¯®«¥¨¥ à ¢¥áâ¢  (3.1) ¤®áâ â®ç®, çâ®¡ëáâà â¥£¨ï xS1 ¡ë«  ¬ ªá¨¬ «ì®© ¯® �«¥©â¥àã ¢ N1 - ªà¨â¥à¨- «ì®© § ¤ ç¥ (1.3). � «®£¨ç® ãáâ  ¢«¨¢ îâáï ¨¬¯«¨ª æ¨¨(3.2) ⇒ [xS2 - ¬ ªá¨¬ «ì  ¯® �«¥©â¥àã ¢ (1.4)℄,(3.3) ⇒ [yS - ¬¨¨¬ «ì  ¯® �«¥©â¥àã ¢ (1.5)℄.�   ¬ ¥ ç    ¨ ¥ 3.1. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî¡¥áª® «¨æ¨®ãî ¨£àã âà¥å «¨æ
〈{1, 2, 3}, {X1 ,X2, Y }, {Fr(x1, x2, y)}r=1,2,3〉, (3.4)£¤¥ äãªæ¨¨ ¢ë¨£àëè  ¨£à®ª®¢ 1, 2, 3 á®®â¢¥âáâ¢¥® ¨¬¥îâ ¢¨¤:

F1(x1, x2, y) = N1
∑

j=1 αjf
(j)1 (x1, x2, y),

F2(x1, x2, y) = N2
∑

k=1 βkf
(k)2 (x1, x2, y),

F3(x1, x2, y) = −

N1
∑

j=1 [

γ
(j)1 f

(j)1 (x, y)− γ
(j+N1)1 �(j)1 (x, y)]−

−

N2
∑

k=1 [

γ
(k)2 f

(k)2 (x, y)− γ
(k+N2)1 �(k)2 (x, y)],  αj , βk, γ

(j)1 , γ
(j+N1)1 , γ

(k)2 , γ
(k+N2)2 (j = 1, ...,N1; k = 1, ...,N2) |¯®áâ®ïë¥, ä¨£ãà¨àãîé¨¥ ¢ ãâ¢¥à�¤¥¨¨ 3.1. �®£¤ , ¥á«¨ ¢ë-¯®«¥ë âà¥¡®¢ ¨ï íâ®£® ãâ¢¥à�¤¥¨ï, â® âà®©ª  (xS1 , xS2 , yS)ï¢«ï¥âáï á¨âã æ¨¥© à ¢®¢¥á¨ï ¯® �íèã ¨£àë (3.4). �â®â ä ªâ¯®§¢®«ï¥â ¤«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ¨ï £ à â¨à®¢ ®£®¯® ¨áå®¤ ¬ ¨ à¨áª ¬ à¥è¥¨ï ¨£àë � ¯à¨¢«¥çì â¥®à¥¬ë áãé¥-áâ¢®¢ ¨ï á¨âã æ¨¨ à ¢®¢¥á¨ï ¯® �íèã ¨§ â¥®à¨¨ ¡¥áª® «¨æ¨-®ëå ¨£à [5℄. 72



4. �¢®©áâ¢  £ à â¨à®¢ ®£® à¥è¥¨ï4.1. �¢ à¨ â®áâì ®â®á¨â¥«ì®  ää¨ëå ¯à¥®¡à -§®¢ ¨©� áá¬®âà¨¬ ¨£àã �′ = 〈X1,X2, Y, {f̂1(x, y), f̂2(x, y)}〉, £¤¥
f̂
(j)
i (x, y) = α

(j)
i f

(j)
i (x, y) + β

(j)
i , (j = 1, ...Ni; i = 1, 2), (4.1)¯à¨ç¥¬ α

(j)
i = const > 0, β(j)

i = const.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 4.1. �î¡®¥ £ à â¨à®¢ ®¥ à ¢-®¢¥á¨¥ �íè  | �«¥©â¥à  (xS1 , xS2 , yS) ¨£àë � ®¤®¢à¥¬¥®ï¢«ï¥âáï £ à â¨à®¢ ë¬ à ¢®¢¥á¨¥¬ ¨£àë (4.1) ¨, ®¡à â®,«î¡®¥ £ à â¨à®¢ ®¥ à ¢®¢¥á¨¥ ¨£àë (4.1) ï¢«ï¥âáï £ à -â¨à®¢ ë¬ à ¢®¢¥á¨¥¬ ¨£àë � .� ® ª   §   â ¥ « ì á â ¢ ®. �®£« á® ®¯à¥¤¥«¥¨î, äãª-æ¨ï à¨áª  ¯® ªà¨â¥à¨î f
(j)
i ¤«ï ¨£àë � ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:�(j)

i (x, y) = max
xi

f
(j)
i (x, y)− f

(j)
i (x, y).�«ï ¯à¥®¡à §®¢ ®© ¨£àë (4.1) äãªæ¨ï à¨áª  áâ ¥â�̂(j)

i (x, y) = max
xi

f̂
(j)
i (x, y)− f̂

(j)
i (x, y) == max

xi

(α(j)
i f

(j)
i (x, y) + β

(j)
i )− α

(j)
i fi(j)(x, y)− β

(j)
i =

−α
(j)
i (max

xi

f
(j)
i (x, y)− f

(j)
i (x, y)) = α

(j)
i �(j)

i (x, y).Ǒà¨ αi > 0 á¯à ¢¥¤«¨¢ë íª¢¨¢ «¥æ¨¨: (xS1 , xS2 , yS) - £ à â¨-à®¢ ®¥ à ¢®¢¥á¨¥ ¢ ¨£à¥ � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥á®-¢¬¥áâë á«¥¤ãîé¨¥ á¨áâ¥¬ë ¥à ¢¥áâ¢:
a) f

(j)1 (x1, xS2 , yS) > f
(j)1 (xS , yS), j ∈ {1, ...,N1};¡) f

(j)2 (xS1 , x2, yS) > f
(j)2 (xS , yS), j ∈ {1, ...,N2},¢) f

(j)
i (xS , y) < f

(j)
i (xS , yS), 73



�(j)
i (xS , y) > �(j)

i (xS , yS), j ∈ {1, ...,Ni}, (i = 1, 2).�ª § ë¥ á¨áâ¥¬ë ¥à ¢¥áâ¢ ¥á®¢¬¥áâë â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¥á®¢¬¥áâë á«¥¤ãîé¨¥ á¨áâ¥¬ë ¥à ¢¥áâ¢:
a) α

(j)1 f
(j)1 (x1, xS2 , yS) + β

(j)1 > α
(j)1 f

(j)1 (xS , yS) + β
(j)1 ,

j ∈ {1, ..., N1};¡) α
(j)2 f

(j)2 (xS1 , x2, yS) + β
(j)2 > α

(j)2 f
(j)2 (xS , yS) + β

(j)2 ,

j ∈ {1, ..., N2}¢) α
(j)
i f

(j)
i (xS , y) + β

(j)
i < α

(j)
i f

(j)
i (xS , yS) + β

(j)
i ,

α
(j)
i �(j)

i (xS , y) > α
(j)
i �(j)

i (xS , yS),
j ∈ {1, ..., Ni}, (i = 1, 2);¨«¨ ¥á®¢¬¥áâë ¥à ¢¥áâ¢a:

a) f̂
(j)1 (x1, xS2 , yS) > f̂

(j)1 (xS , yS), j ∈ {1, ...,N1};¡) f̂
(j)2 (xS1 , x2, yS) > f̂

(j)2 (xS , yS), j ∈ {1, ...,N2};¢) f̂
(j)
i (xS , y) < f̂

(j)
i (xS , yS),�̂(j)

i (xS , y) > �̂(j)
i (xS , yS), j ∈ {1, ...,Ni}, (i = 1, 2),çâ® à ¢®á¨«ì® â®¬ã, çâ® (xS1 , xS2 , yS) | £ à â¨à®¢ ®¥à ¢®¢¥á¨¥ �íè  | �«¥©â¥à  ¨£àë (4.1).4.2. �®¬¯ ªâ®áâì ¬®�¥áâ¢  £ à â¨à®¢ ëå ¯® ¨á-å®¤ã ¨ à¨áªã à¥è¥¨©� áá¬®âà¨¬ ¨£àã � . �¢¥¤¥¬

ZS = {(xS1 , xS2 , yS)} ∈ R
n1+n2+m−¬®�¥áâ¢® £ à â¨à®¢ ëå à ¢®¢¥á¨© �íè  | �«¥©â¥à  ¢ ¡¥á-ª® «¨æ¨®®© ¨£à¥ � . 74



� â ¢ ¥ à � ¤ ¥  ¨ ¥ 4.2. �á«¨ X1,X2, Y | ª®¬-¯ ªâë, ¢á¥ fi(x, y) | ¥¯à¥àë¢ë ¯® á®¢®ªã¯®áâ¨  à£ã¬¥â®¢,â® ZS | ª®¬¯ ªâ (¬®�¥â ¨ ¯ãáâ®©).� ® ª   §   â ¥ « ì á â ¢ ®. �®�¥áâ¢®
ZS ⊆ X1 × X2 × Y −®£à ¨ç¥®, â ª ª ª X1 × X2 × Y | ®£à ¨ç¥®.�®ª �¥¬ § ¬ªãâ®áâì ZS . �®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì®áâì

zk = (xk1 , xk2 , yk) ∈ ZS , áå®¤ïéãîáï ª (x∗1, x∗2, y∗) . Ǒà¥¤¯®«®�¨¬
z∗ /∈ ZS , â®£¤  ¯® ®¯à¥¤¥«¥¨î 1.1 ¥ ¢ë¯®«ï¥âáï å®âï ¡ë ®¤®¨§ âà¥å ãá«®¢¨©:1) x∗1 | ¬ ªá¨¬ «ì  ¯® �«¥©â¥àã ¢ § ¤ ç¥

〈X1, f1(x1, x∗2, y∗)〉,2) x∗2 | ¬ ªá¨¬ «ì  ¯® �«¥©â¥àã ¢ § ¤ ç¥
〈X2, f1(x∗1, x2, y∗)〉,3) y∗ | ¬¨¨¬ «ì ï ¯® �«¥©â¥àã ¢ § ¤ ç¥

〈Y, {fi(x∗, y),−�i(x∗, y)}i=1,2〉.Ǒà¥¤¯®«®�¨¬, çâ® ¥ ¢ë¯®«¥® ¯¥à¢®¥ ãá«®¢¨¥. �â® ®§ ç -¥â, çâ® áãé¥áâ¢ã¥â �x1 ∈ X1 â ª®¥, çâ® á®¢¬¥áâ  á¨áâ¥¬  ¥à -¢¥áâ¢:
f
(j)1 ( �x1, x∗2, y∗) > f

(j)1 (x∗1, x∗2, y∗), j ∈ {1, ...,N1}.� ª ª ª f
(j)1 (x, y) | ¥¯à¥àë¢ë ¯® ¢á¥¬ ¯¥à¥¬¥ë¬, â®  ©-¤¥âáï ®¬¥à K â ª®©, çâ® ¯à¨ ¢á¥å k > K ¡ã¤¥â

f
(j)1 ( �x1, xk2 , yk) > f

(j)1 (xk1 , xk2 , yk), j ∈ {1, ...,N1},  íâ® ¯à®â¨¢®à¥ç¨â ¬ ªá¨¬ «ì®áâ¨ ¯® �«¥©â¥àã áâà â¥£¨¨ xk1¢ § ¤ ç¥ 〈X1, f1(x1, xk2 , yk)〉. � «®£¨ç® ¤«ï x∗2 . Ǒà¨ ¤®ª § -â¥«ìáâ¢¥ ¤«ï y∗ ¥é¥ ¨á¯®«ì§ã¥âáï â®â ä ªâ, çâ® äãªæ¨¨ à¨áª 75



�i(x, y) (i = 1, 2) â ª�¥ ¥¯à¥àë¢ë ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ (â ªª ª ¥¯à¥àë¢ë fi(x, y), (i = 1, 2) , â® á®®â¢¥âáâ¢¥® ¥¯à¥àë¢-ë ¨ ¬ ªá¨¬ã¬ë ¢ (1.1)). �«¥¤®¢ â¥«ì®, ¯à¥¤¯®«®�¥¨¥ ¥¢¥à®¨ z∗ ∈ ZS . � ª¨¬ ®¡à §®¬, ZS | § ¬ªãâ®¥ ¬®�¥áâ¢®,   â ªª ª ®® ®£à ¨ç¥®, â® ZS | ª®¬¯ ªâ.�¢¥¤¥¬ ¬®�¥áâ¢®
MS = {(xS1 , xS2 , yS, fS1 ,�S1 , fS2 ,�S2 )} ∈ R

2(N1+N2)+n1+n2+m−¬®�¥áâ¢® £ à â¨à®¢ ëå ¯® ¨áå®¤ã ¨ à¨áªã à¥è¥¨© ¨£àë � .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 4.3. �á«¨ X1,X2, Y | ª®¬-¯ ªâë, ª®¬¯®¥âë ¢¥ªâ®à®¢ fi(x, y), (i = 1, 2) | ¥¯à¥àë¢ë  X1 × X2 × Y , â® MS | ª®¬¯ ªâ (¬®�¥â ¨ ¯ãáâ®©).� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª ¢á¥ fi(x, y) ¨�i(x, y) (i = 1, 2) | ¥¯à¥àë¢ë ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ ¨ ZS |ª®¬¯ ªâ, â® íâ¨ ¢¥ªâ®à-äãªæ¨¨ ¯¥à¥¢®¤ïâ ª®¬¯ ªâ ¢ ª®¬¯ ªâ,á«¥¤®¢ â¥«ì®, fi(ZS),�i(ZS), (i = 1, 2) ï¢«ïîâáï ª®¬¯ ªâ ¬¨.�âáî¤  ¯®«ãç ¥¬, çâ® ¬®�¥áâ¢® MS ª ª ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ª®¬¯ ªâ®¢ ï¢«ï¥âáï ª®¬¯ ªâ®¬.4.3. � ¤ ç  á óà §¤¥«¥ë¬¨� äãªæ¨ï¬¨ ¢ë¨£àëè � áá¬®âà¨¬ ¨£àã � á á¥¯ à ¡¥«ìë¬¨ äãªæ¨ï¬¨ ¢ë¨£àëè 
f
(j)
i (x, y) = h

(j)
i1 (x1) + h

(j)
i2 (x2) + g

(j)
i (y). (4.2)�¤¥áì (j = 1, ...Ni; i = 1, 2).�«ï ¤ ®© ¨£àë ¯®«ãç ¥¬ á«¥¤ãîéãî äãªæ¨î à¨áª �(j)

i (x, y) ¯® ªà¨â¥à¨î f
(j)
i (x, y) :�(j)

i (x, y) = max
xi∈Xi

f
(j)
i (x, y) − f

(j)
i (x, y) == max

xi∈Xi

[h(j)i1 (x1) + h
(j)
i2 (x2) + g

(j)
i (y)℄− f

(j)
i (x, y) == max

xi∈Xi

h
(j)
ii (xi)− h

(j)
ii (xi)76



(j = 1, ..., Ni; i = 1, 2) . �¯¥æ¨ «ìë© ¢¨¤ (4.2) äãªæ¨© ¢ë¨£àë-è  ¢ ¨£à¥ � ¨ (4.2) ¯®§¢®«ï¥â ¢ëïá¨âì áâàãªâãàã £ à â¨à®-¢ ®£® ¯® ¨áå®¤ ¬ ¨ à¨áª ¬ à¥è¥¨ï
〈xS , fS1 ,�S1 , fS2 ,�S2 〉 ∈ X × R

2(N1+N2).�«ï íâ®£® ¢¢¥¤¥¬ ¤¢¥ ¬®£®ªà¨â¥à¨ «ìë¥ § ¤ ç¨
〈Xi, {h

j
ii(xi)}j=1,...,Ni

〉 (i = 1, 2) (4.3)¨ ®¡®§ ç¨¬, ¢®-¯¥à¢ëå, ç¥à¥§ XS
i | ¬®�¥áâ¢® ¬ ªá¨¬ «ìëå¯® �«¥©â¥àã  «ìâ¥à â¨¢ xS

i ∈ Xi § ¤ ç¨ (4.3) ¯à¨ i = 1, 2 ;¢®-¢â®àëå, ¢¥ªâ®à 
fi(x, y) = hi1(x1) + hi2(x2) + gi(y), �i(x, y) = Hii − hii(xi), (4.4)£¤¥ Ni -¢¥ªâ®à  hii = (h(1)ii , ..., h

(Ni)
ii ) , Hii = (H(1)

ii , ...,H
(Ni)
ii ) ¨ ç¨-á«  H

(j)
ii = max

xi∈Xi

h
(j)
ii (xi), (j = 1, ..., Ni; i = 1, 2) .�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¬®�¥áâ¢  Xi, Y áãâì ª®¬¯ ªâë,  äãªæ¨¨ h

(j)
ir (xr) ¨ g

(j)
i (y) ¥¯à¥àë¢ë.� â ¢ ¥ à � ¤ ¥  ¨ ¥ 4.4. �«ï â®£® çâ®¡ë âà®©ª (xS1 , xS2 , yS) ¡ë«  £ à â¨à®¢ ë¬ à ¢®¢¥á¨¥¬ �íè  | �«¥©-â¥à  ¨£àë � á äãªæ¨ï¬¨ ¢ë¨£àëè  (4.2) ¥®¡å®¤¨¬® ¨ ¤®áâ -â®ç®, çâ®¡ë xS

i ∈ XS
i (i = 1, 2), y ∈ Y.� ® ª   §   â ¥ « ì á â ¢ ®. � ãç¥â®¬ § ¬¥ç ¨ï 1.1 (4.2)¨ ãâ¢¥à�¤¥¨ï 4.1, á¨áâ¥¬  ¥à ¢¥áâ¢

h
(j)11 (x1) + h

(j)12 (xS2 ) + g
(j)1 (yS) > h

(j)11 (xS1 ) + h
(j)12 (xS2 ) + +g

(j)1 (yS)
∀x1 ∈ X (j = 1, ..., N1) ¥á®¢¬¥áâ  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¥á®¢¬¥áâ  á¨áâ¥¬  h

(j)11 (x1) > h
(j)11 (xS1 ) ∀x1 ∈ X (j = 1, ...,N1) ,çâ® ®§ ç ¥â xS1 ∈ XS1 . � «®£¨ç® ãáâ  ¢«¨¢ ¥âáï ¢ª«îç¥¨¥

xS2 ∈ XS2 . � ª®¥æ, âà¥¡®¢ ¨¥ 2¢ ®¯à¥¤¥«¥¨ï 1.1 á ãç¥â®¬ (4.4)77



á¢®¤¨âáï ª ¥á®¢¬¥áâ®áâ¨ (j = 1, . . . Ni, i = 1, 2)
{

g
(j)
i (y) < g

(j)
i (yS)

H
(j)
ii − h

(j)
ii (xS

i ) > H
(j)
ii − h

(j)
ii (xS

i ) ∀y ∈ Y.�â  á¨áâ¥¬  ¥à ¢¥áâ¢ ¥á®¢¬¥áâ  ¯à¨ ¢á¥å y ∈ Y , â ª ª ª¢â®à ï ¯®¤á¨áâ¥¬  ®¡à é ¥âáï ¢ à ¢¥áâ¢ .� â ¢ ¥ à � ¤ ¥  ¨ ¥ 4.5. �®�¥áâ¢® ¢á¥å £ à â¨-à®¢ ëå ¨áå®¤®¢ ¤«ï i -£® ¨£à®ª  á®¢¯ ¤ ¥â á
hi1(XS1 ) + hi2(XS2 ) + gi(Y ),  ¬®�¥áâ¢® ¥£® £ à â¨à®¢ ëå ¢¥ªâ®àëå à¨áª®¢ á

Hii − hii(XS
i ) (i = 1, 2) , £¤¥

hir

(

XS
r

) = ⋃

xr∈XS
r

hir(xr), gi

(

Y
) = ⋃

y∈Y

gi(y) (i, r = 1, 2).�¯à ¢¥¤«¨¢®áâì ãâ¢¥à�¤¥¨ï áà §ã á«¥¤ã¥â ¨§ ãâ¢¥à�¤¥¨ï4.4.�¢â®à ¡« £®¤ à¨â �.�. �ãª®¢áª®£® §  ¯®áâ ®¢ªã § ¤ ç¨ ¨§ ¬¥ç ¨ï. �¯¨á®ª «¨â¥à âãàë1. �ãª®¢áª¨© �.�., �¢¥¤¥¨¥ ¢ ¤¨ää¥à¥æ¨ «ìë¥ ¨£àë ¯à¨ ¥®¯à¥-¤¥«¥®áâ¨. �.: ����Ǒ�, 1997.2. Wald A. Contribution to the theory of statistial estimation and testinghypothesys // Annuals Math. Statist. 1939. V.10. P.299-326.3. Savage L.Y. The theory of statistial deision // J. Amer. StatistiAssotiation. 1951. N 46. P. 55-67.4. Ǒ®¤¨®¢áª¨© �.�., �®£¨ �.�. Ǒ à¥â®-®¯â¨¬ «ìë¥ à¥è¥¨ï ¬®£®-ªà¨â¥à¨ «ìëå § ¤ ç. �.: � ãª , 1982.5. �®à®¡ì¥¢ �.�. �á®¢ë â¥®à¨¨ ¨£à. �¥áª® «¨æ¨®ë¥ ¨£àë. �.: � -ãª , 1984. 78


