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�¡®§­ ç¥­¨ï
R
n| áâ ­¤ àâ­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® á ­®à¬®© | · |

〈·, ·〉| áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ R
n

(

X, ‖ · ‖X

)| ¡ ­ å®¢® ¯à®áâà ­áâ¢®
BX(x, r) ¨ BX[x, r℄| á®®â¢¥âáâ¢¥­­® ®âªàëâë© ¨ § ¬ª­ãâë© è -àë à ¤¨ãá  r á æ¥­âà®¬ ¢ â®çª¥ x
lXM| § ¬ëª ­¨¥ ¬­®�¥áâ¢  M ¢ ¯à®áâà ­áâ¢¥ X
onvM| ¢ë¯ãª« ï ®¡®«®çª  ¬­®�¥áâ¢  M ⊂ X

ρX(x,M)| à ááâ®ï­¨¥ ®â í«¥¬¥­â  x ∈ X ¤® ¬­®�¥áâ¢  M ⊂ X,®¯à¥¤¥«ï¥¬®¥ à ¢¥­áâ¢®¬ ρX(x,M) = inf
y∈M

‖x− y‖X

BX[M,ε℄ | ε -®ªà¥áâ­®áâì ¬­®�¥áâ¢  M ⊂ X, ®¯à¥¤¥«ï¥¬ ï ­¥-à ¢¥­áâ¢®¬ BX[M,ε℄ = {x ∈ X : ρX(x,M) 6 ε}
AC([a, b℄,Rn)| ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨©
x(t) á® §­ ç¥­¨ï¬¨ ¢ R

n

C([a, b℄,Rn)| ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© x(t) á® §­ -ç¥­¨ï¬¨ ¢ R
n

L1([a, b℄,Rn)| ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå äã­ªæ¨© x(t) á® §­ -ç¥­¨ï¬¨ ¢ R
n
ompX| á®¢®ªã¯­®áâì ­¥¯ãáâëå ¢ë¯ãª«ëå ª®¬¯ ªâ­ëå ¯®¤-¬­®�¥áâ¢ ¯à®áâà ­áâ¢  X

L(X,Y)| ¯à®áâà ­áâ¢® «¨­¥©­ëå ­ë¯à¥àë¢­ëå ®¯¥à â®à®¢
t → xt ∈ X, t ∈ [a, b℄ | ®â®¡à �¥­¨¥ ®âà¥§ª  [a, b℄ ¢ ¯à®áâà ­-áâ¢® X�¢¥¤¥­¨¥� ¤ ç¨ ¢ë�¨¢ ­¨ï (â¥à¬¨­ ¯à¨­ ¤«¥�¨â Aubin J.-P.) ¤«ï ã¯à -¢«ï¥¬ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¢ª«îç îâ ¢ á¥¡ï ¡®«ìè®¥ ç¨á«®¢¯®«­¥ ª®­ªà¥â­ëå ¯à¨«®�¥­¨©, ¨­â¥à¥á ª ª®â®àë¬ ­¥ ®á« ¡¥¢ -¥â á ª®­æ  50-å £®¤®¢ ¯à®è«®£® áâ®«¥â¨ï. � ç¨á«ã â ª¨å ¯à¨ª« ¤-­ëå § ¤ ç ®â­®áïâáï § ¤ ç¨ ®¡ ®¡å®¤¥ ¯à¥¯ïâáâ¢¨ï, ® ¯®áâà®¥­¨¨ã¯à ¢«¥­¨ï, ã¤¥à�¨¢ îé¥£® âà ¥ªâ®à¨¨ á¨áâ¥¬ë ¢ § à ­¥¥ § -¤ ­­®¬ ¬­®�¥áâ¢¥, ¢ ç áâ­®áâ¨, ­  § ¤ ­­®¬ ¬­®£®®¡à §¨¨, ­¥-ª®â®àë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© íª®­®¬¨ª¨ ¨ ¬­®£®¥ ¤àã£®¥.4



�®¯à®á ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï x(t, x0) § ¤ ç¨ �®è¨ ¤«ï®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï_x = f(x) (0.1)á ­ ç «ì­ë¬ ãá«®¢¨¥¬
x(0) = x0 (0.2)¢ â¥ç¥­¨¨ ­¥ª®â®à®£® ¢à¥¬¥­¨ ®áâ îé¥£®áï ¢ ­ ¯¥à¥¤ § ¤ ­­®¬¬­®�¥áâ¢¥ M ⊂ R

n (â ª®¥ à¥è¥­¨¥ ­ §ë¢ ¥âáï ¢ë�¨¢ îé¨¬),¡ë« à §à¥è¥­ ¢ 1942 £®¤ã � £ã¬® [41℄. �¥®à¥¬  � £ã¬® á®áâ®¨â ¢á«¥¤ãîé¥¬. Ǒãáâì § ¤ ­® ¬­®�¥áâ¢® M. �ª §ë¢ ¥âáï, çâ® ¤«ïª �¤®© â®çª¨ x0 ∈M áãé¥áâ¢ã¥â ¢ë�¨¢ îé¥¥ à¥è¥­¨¥ x(t, x0)§ ¤ ç¨ (0.1), (0.2) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¢® ¢á¥å â®çª å
x, ¯à¨­ ¤«¥� é¨å £à ­¨æ¥ ¬­®�¥áâ¢  M, ¢ë¯®«­ï¥âáï ¢ª«î-ç¥­¨¥

f(x) ∈ TxM, x ∈ ∂M,£¤¥ TxM| ª®­ãá �ã«¨£ ­  ª ¬­®�¥áâ¢ã M ¢ â®çª¥ x (®¯à¥¤¥-«¥­¨¥ ª®­ãá  �ã«¨£ ­  ¤ ­® ­¨�¥).�«¨§ª¨¬¨ ª ¢®¯à®á ¬ ¢ë�¨¢ ¥¬®áâ¨ ï¢«ïîâáï § ¤ ç¨ ã¯à -¢«¥­¨ï á ä §®¢ë¬¨ ®£à ­¨ç¥­¨ï¬¨. � ¯à¨¬¥à, âà¥¡ã¥âáï áà¥-¤¨ ¢á¥å âà ¥ªâ®à¨© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë, ¢ëå®¤ïé¨å ¨§ ¤ ­-­®© â®çª¨, ­ ©â¨ âà ¥ªâ®à¨î ¬ ªá¨¬ «ì­® ¤®«£® ®áâ îéãîáï¢ § ¤ ­­®¬ ¬­®�¥áâ¢¥. � ­¥ª®â®àëå § ¤ ç å âà¥¡ã¥âáï ¬¨­¨¬¨-§¨à®¢ âì äã­ªæ¨®­ « ª ç¥áâ¢ , § ¤ ­­ë© ­  âà ¥ªâ®à¨ïå ã¯à -¢«ï¥¬®© á¨áâ¥¬ë, ¯à¨ íâ®¬ âà ¥ªâ®à¨ï ­¥ ¤®«�­  ¯®ª¨¤ âì ­¥-ª®â®à®¥ § ¤ ­­®¥ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ¬­®�¥áâ¢®.�®à®è® ¨§¢¥áâ­® (á¬., ­ ¯à¨¬¥à, áâ âìî �.�. �« £®¤ âáª¨å¨ �.�. �¨«¨¯¯®¢  [13℄), çâ® ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë_x = f(t, x, u), u ∈ U,â¥á­® á¢ï§ ­ë á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ¢ª«îç¥­¨ï¬¨_x ∈ F (t, x), F (t, x) = f(t, x, U),5



¯®íâ®¬ã (¨ ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï íâ¨¬ ¢ ¤ «ì­¥©è¥¬) ¨¬¥¥âá¬ëá« ¨§ãç âì § ¤ ç¨ ¢ë�¨¢ ­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ¢ª«î-ç¥­¨©.� à ¡®â å �. �. �ãà� ­áª®£® ¨ �.�. �¨«¨¯¯®¢®© [21℄, [22℄¯®«ãç¥­®  ­ «¨â¨ç¥áª®¥ ®¯¨á ­¨¥ ¬­®�¥áâ¢  âà ¥ªâ®à¨© «¨­¥©-­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ¢ª«îç¥­¨©, ¢ë�¨¢ îé¨å ¤® ®¯à¥¤¥«¥­-­®£® ¬®¬¥­â  ¢à¥¬¥­¨ ¢ ¯à¥¤¥« å § ¤ ­­®£® ¬­®�¥áâ¢ .� à ¡®â¥ �. �. �ãà� ­áª®£® ¨ �.�. �¨«¨¯¯®¢®© [23℄ ãáâ ­®-¢«¥­ë á¢ï§¨ ¬¥�¤ã § ¤ ç ¬¨ ® ¢ë�¨¢ ¥¬®áâ¨ ¤«ï ¤¨ää¥à¥­æ¨- «ì­ëå ¢ª«îç¥¨© ¨ á¨áâ¥¬ ¬¨ ¢ª«îç¥­¨©, á®¤¥à� é¨¬¨ ¢®§¬ã-é îé¨¥ ¯ à ¬¥âàë ¨ äã­ªæ¨¨.� ¤ ç¥ ® ¢ë¡®à¥ âà ¥ªâ®à¨¨ ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«îç¥­¨ï¨§ ¬­®�¥áâ¢  ¢á¥å âà ¥ªâ®à¨©, ã¤®¢«¥â¢®àïîé¨å § ¤ ­­®¬ã ­ -ç «ì­®¬ã ãá«®¢¨î, ª®â®à ï ¬ ªá¨¬ «ì­® ¤®«£® ­ å®¤¨âáï ¢ § -¤ ­­®¬ § ¬ª­ãâ®¬ ¬­®�¥áâ¢¥, ¯®á¢ïé¥­  à ¡®â  �. �. � §ë«®-¢  [31℄. �âã § ¤ çã (¯®  ­ «®£¨¨ á § ¤ ç¥© ® ¡ëáâà®¤¥©áâ¢¨¨, ¥¥¥áâ¥áâ¢¥­­® ­ §ë¢ âì § ¤ ç¥© ® "¤®«£®¤¥©áâ¢¨¨") ¬®�­® ®â­¥áâ¨ª § ¤ ç¥ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á ä §®¢ë¬¨ ®£à ­¨ç¥­¨ï¬¨,­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¢ ä®à¬¥ ¯à¨­æ¨¯  ¬ ªá¨-¬ã¬  �.�. Ǒ®­âàï£¨­  ¤«ï ª®â®à®© ¤ ­ë ¢ à ¡®â¥ �.�. �« £®-¤ âáª¨å [39℄. �àã£®© ¯®¤å®¤ ª à¥è¥­¨î § ¤ ç ­  íªáâà¥¬ã¬ ¯à¨­ «¨ç¨¨ ®£à ­¨ç¥­¨© ¯à¥¤«®�¥­ �.�. �ã¡®¢¨æª¨¬ ¨ �.�. �¨-«îâ¨­ë¬ ¢ à ¡®â¥ [17℄.� ¤ çã ¢ë�¨¢ ­¨ï ¢ ¬­®�¥áâ¢¥ M ⊂ R
n ¬®�­® ¨­â¥à¯à¥-â¨à®¢ âì, ª ª § ¤ çã ¨§¡¥� ­¨ï áâ®«ª­®¢¥­¨ï á ¬­®�¥áâ¢®¬

R
n\M. � ¤ ç ¬ ®¡ ¨§¡¥� ­¨¨ áâ®«ª­®¢¥­¨ï ¯®á¢ïé¥­ë áâ âì¨�. �. � §ë«®¢  [32℄, �. � â¨¬®¢  ¨ �. �§ ¬®¢  [28℄.� ¤ ç¨ ¢ë�¨¢ ­¨ï ¤«ï á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ (¨å ¥é¥ ­ -§ë¢ îâ á¨áâ¥¬ ¬¨ á ­ á«¥¤áâ¢¥­­®áâìî) ®â«¨ç îâáï ®â § ¤ ç¢ë�¨¢ ­¨ï ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©¢ ¯¥à¢ãî ®ç¥à¥¤ì â¥¬, çâ® ¥áâ¥áâ¢¥­­®¥ ä §®¢®¥ ¯à®áâà ­áâ¢®

C([−r, 0℄,Rn) â ª¨å á¨áâ¥¬ ¡¥áª®­¥ç­®¬¥à­®. �âã ¨­â¥à¯à¥â æ¨îá¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ ¯à¥¤«®�¨« �.�. �à á®¢áª¨© [20℄.6



�«ï á¨áâ¥¬ë á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) = f(xt) (0.3)¨ æ¥«¥¢®£® ¬­®�¥áâ¢  M, § ¤ ­­®£® ¢ ¯à®áâà ­áâ¢¥  ¡á®«îâ­®­¥¯à¥àë¢­ëå äã­ªæ¨© ­¥à ¢¥­áâ¢®¬
M

.= {σ ∈ C([−r, 0℄,Rn) : β(σ(0)) + ∫ 0
−r
α(s, σ(s))ds 6 0}¢ áâ âì¥ �.�. �®­ª®¢  [29℄ ¡ë«¨ ­ ©¤¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï¢ë�¨¢ ¥¬®áâ¨.�á­®¢­®© æ¥«ìî à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ ãá«®¢¨© ¢ë-�¨¢ ­¨ï à¥è¥­¨© á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ ¨ ¤¨ää¥à¥­æ¨ «ì-­ëå ¢ª«îç¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ ¢ § ¤ ­­®¬ ¬­®�¥áâ¢¥ ä §®¢®-£® ¯à®áâà ­áâ¢  C([−r, 0℄,Rn).�®à¬ «ì­®¥ à á¯à®áâà ­¥­¨¥ â¥®à¥¬ë � £ã¬® ­  á¨áâ¥¬ë á¯®á«¥¤¥©áâ¢¨¥¬ ®ª § «®áì ­¥¢®§¬®�­ë¬ ¯® â®© ¯à¨ç¨­¥, çâ® ¤ -�¥ ¯à®áâë¥ ¤¢¨�¥­¨ï £« ¤ª®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¢ ¡¥áª®-­¥ç­®¬¥à­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ¬®£ãâ ­¥ ¨¬¥âì ¯à®¨§¢®¤­®©(¯®­¨¬ ¥¬®© ¢ ®¡ëç­®¬ á¬ëá«¥) ­  ¬­®�¥áâ¢ å ¯®«®�¨â¥«ì­®©¬¥àë. � á¢ï§¨ á íâ¨¬ ¢ à ¡®â¥ ¢¢®¤¨âáï ¯®­ïâ¨¥ ¢ à¨ æ¨¨ ¤¢¨-�¥­¨© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë, ¢ â¥à¬¨­ å ª®â®à®© ã¤ ¥âáï ¯®-«ãç¨âì ãá«®¢¨ï (­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥) ¢ë�¨¢ ­¨ï ¤¢¨-�¥­¨© ¢ § ¤ ­­®¬ ¬­®�¥áâ¢¥.� ¯¥à¢®¬ ¯ à £à ä¥ à ¡®âë ¢¢®¤¨âáï ¯®­ïâ¨¥ ¢ à¨ æ¨¨ δxt¤¢¨�¥­¨ï t → xt ∈ X, t ∈ R ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ X, ¯à¨-ç¥¬ íâ  ¢ à¨ æ¨ï ï¢«ï¥âáï í«¥¬¥­â®¬ ¡®«¥¥ è¨à®ª®£® ¯à®áâà ­-áâ¢  Y.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.1. Ǒãáâì § ¤ ­ë ¡ ­ å®¢ë ¯à®-áâà ­áâ¢  X, Y ¨ X ⊂ Y. �ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à �¥­¨¥

t → xt ∈ X, £¤¥ t ∈ [0, α℄, α > 0, ¨¬¥¥â ¢ â®çª¥ t ∈ [0, α) ¢ -à¨ æ¨î δxt ∈ Y, ¥á«¨ áãé¥áâ¢ã¥â ®â®¡à �¥­¨¥ ε → r(ε) ∈ Y,ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
xt+ε = xt + εδxt + r(ε),7



lim
ε→0+ ‖r(ε)‖Y

ε
= 0, sup

ε>0 ∥∥∥∥δxt + r(ε)
ε

∥

∥

∥

∥

X

< +∞.�â® ®¯à¥¤¥«¥­¨¥ ¯®§¢®«ï¥â ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢¢¥áâ¨ ¯®-­ïâ¨¥ ª á â¥«ì­®£® ª®­ãá  TY
x M ª ¬­®�¥áâ¢ã M ⊂ X ¢ â®çª¥

x, í«¥¬¥­âë ª®â®à®£® â®�¥ «¥� â ¢ ¡®«¥¥ è¨à®ª®¬ ¯à®áâà ­áâ¢¥
Y. � ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.2. Ǒãáâì § ¤ ­ë ¡ ­ å®¢ë ¯à®-áâà ­áâ¢  X ¨ Y, X ⊂ Y. Ǒãáâì ¤ «¥¥, M| ­¥¯ãáâ®¥ ¯®¤¬­®-�¥áâ¢® ¯à®áâà ­áâ¢  X ¨ x ∈M. �«¥¬¥­â h ∈ Y ­ §ë¢ ¥âáïª á â¥«ì­ë¬ ­ ¯à ¢«¥­¨¥¬ ª ¬­®�¥áâ¢ã M ¢ â®çª¥ x, ¥á«¨áãé¥áâ¢ãîâ ®â®¡à �¥­¨¥ t → r(t) ∈ Y ¨ ¯®á«¥¤®¢ â¥«ì­®áâì
{ti}

∞
i=1 ⊂ R

+ ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:lim
i→∞

ti = 0, x+ th+ r(t) ∈M,lim
i→+∞

‖r(ti)‖Y

ti
= 0, sup

i

∥

∥

∥
h+ r(ti)

ti

∥

∥

∥

X
< +∞.�¡®§­ ç¨¬ TY

x M| ¬­®�¥áâ¢® ª á â¥«ì­ëå ­ ¯à ¢«¥­¨© ª M¢ â®çª¥ x.�®ª § ­ë ­¥®¡å®¤¨¬ë¥ ¤«ï ¤ «ì­¥©è¥£® ¨§«®�¥­¨ï ãâ¢¥à-�¤¥­¨ï, ®¯¨áë¢ îé¨¥ áâàãªâãàã ª®­ãá  ¨ ¤ îé¨¥ ¥£® á¢ï§ì á å®-à®è® ¨§ãç¥­­ë¬ ª®­ãá®¬ �ã«¨£ ­ , ª®â®àë© á®¢¯ ¤ ¥â 
 TY
x M¯à¨ X = Y.� ¥ ® à ¥ ¬   0.1. �«¥¬¥­â h ∈ Y ¯à¨­ ¤«¥�¨â ¬­®-�¥áâ¢ã TY

x M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯®á«¥-¤®¢ â¥«ì­®áâì {(δi, hi)}, £¤¥ δi ∈ R
+, hi ∈ X, ã¤®¢«¥â¢®àïî-é ï á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

x+ δihi ∈M, δi → 0, ‖h − hi‖Y → 0, sup
i

‖hi‖X < +∞.� ¥ ¬ ¬   0.1. Ǒãáâì X ¨ Y| ¡ ­ å®¢ë ¯à®áâà ­áâ¢ ,
X ⊂ Y, x ∈ M, £¤¥ M ⊂ X. �®£¤  ¤«ï ª®­ãá  TY

x M ¨¬¥îâ8



¬¥áâ® ¢ª«îç¥­¨ï
⋃

r>0 
lY((TxM)X ∩BX[0, r℄) ⊂ TY
x M,

TY
x M ⊂

(

TxM
)Y
⋂

(

⋃

r>0 
lY(BX[0, r℄)) .�¤¥áì ç¥à¥§ (TxM)X ¨ (TxM)Y ®¡®§­ ç¥­ë ª®ã­áë �ã«¨£ ­ ª ¬­®�¥áâ¢ã M ¢ â®çª¥ x ¢ ¯à®áâà ­áâ¢ å X ¨ Y á®®â¢¥âáâ¢¥­-­®. � «¥¥, ¢® ¢â®à®¬ ¯ à £à ä¥ ¤ ¥âáï ¯®áâ ­®¢ª  § ¤ ç¨ ¢ë�¨-¢ ­¨ï. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �«ï ¯à®¨§¢®«ì­®© ­¥¯à¥-àë¢­®© äã­ªæ¨¨ t → x(t) ∈ R
n, t ∈ [−r, α℄, £¤¥ r > 0, α > 0,®¡®§­ ç¨¬ xt| ®â®¡à �¥­¨¥ ®âà¥§ª  [0, α℄ ¢ ¯à®áâà ­áâ¢® ­¥-¯à¥àë¢­ëå äã­ªæ¨© C([−r, 0℄,Rn), ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã

xt(s) .= x(t+ s), t ∈ [0, α℄, s ∈ [−r, 0℄. (0.4)� áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬_x = f(xt), (0.5)
x0 = ϕ. (0.6)�¬¥áâ¥ á á¨áâ¥¬®© (0.5) ¡ã¤¥¬ à áá¬ âà¨¢ âì ­¥ª®â®à®¥ ­¥¯ã-áâ®¥ ¯®¤¬­®�¥áâ¢® M ⊂ AC([−r, 0℄,Rn).� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.3. Ǒãáâì ϕ ∈ M. �ã¤¥¬ £®¢®-à¨âì, çâ® à¥è¥­¨¥ x(t, ϕ) § ¤ ç¨ �®è¨ (0.5), (0.6) ¢ë�¨¢ ¥â¢ ¬­®�¥áâ¢¥ M, ¥á«¨ áãé¥áâ¢ã¥â α > 0 â ª®¥, çâ® ¤«ï ¢á¥å

t ∈ [0, α℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ xt ∈M, £¤¥ xt ¤¢¨�¥­¨¥ ¢ ¯à®-áâà ­áâ¢¥ AC([−r, 0℄,Rn), ¯®à®�¤¥­­®¥ ¯® ¯à ¢¨«ã (0.4).9



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.4. �ã¤¥¬ £®¢®à¨âì, çâ® ¬­®�¥-áâ¢® M ®¡« ¤ ¥â á¢®©áâ¢®¬ ¢ë�¨¢ ¥¬®áâ¨ ¤«ï á¨áâ¥¬ë (0.5),¥á«¨ ¤«ï ¢áïª®£® ϕ ∈ M ­ ©¤¥âáï à¥è¥­¨¥ x(t, ϕ) § ¤ ç¨ �®-è¨ (0.5), (0.6), ¢ë�¨¢ îé¥¥ ¢ M. �ã¤¥¬ £®¢®à¨âì â ª�¥, çâ®¬­®�¥áâ¢® M ¥áâì ¬­®�¥áâ¢® ¢ë�¨¢ ¥¬®áâ¨ á¨áâ¥¬ë (0.5).� ¤ ­­®© à ¡®â¥ ¨áá«¥¤ãîâáï ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ãá«®¢¨ï, ª®â®àë¬ ¤®«�­ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬  (0.5) ¨ ¬­®-�¥áâ¢® M, çâ®¡ë ¬­®�¥áâ¢® M ®¡« ¤ «® á¢®©áâ¢®¬ ¢ë�¨¢ ¥-¬®áâ¨ ¤«ï á¨áâ¥¬ë (0.5).� âà¥âì¥¬ ¯ à £à ä¥ ¨§ãç¥­ë ãá«®¢¨ï ¢ë�¨¢ ­¨ï ãà ¢­¥­¨ï
δxt = F (xt), (0.7)£¤¥ ®â®¡à �¥­¨¥ F ¤¥©áâ¢ã¥â ¢ ¯à®¨§¢®«ì­®¬ ¡ ­ å®¢®¬ ¯à®-áâà ­áâ¢¥ X.�«¥¤ãîé¨¥ â¥®à¥¬ë ¤ îâ ­ ¬ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ãá«®¢¨ï ¢ë�¨¢ ­¨ï ãà ¢­¥­¨ï (0.7).� ¯®¬­¨¬, çâ® ¬­®�¥áâ¢® M ⊂ X ­ §ë¢ ¥âáï «®ª «ì­® ª®¬-¯ ªâ­ë¬, ¥á«¨ ¤«ï ¢áïª®© â®çª¨ x ∈ M ­ ©¤¥âáï ç¨á«® r > 0â ª®¥, çâ® ¬­®�¥áâ¢® BX[x, r℄ ∩M| ª®¬¯ ªâ­®.� ¥ ® à ¥ ¬   0.2. Ǒãáâì X, Y| ¡ ­ å®¢ë ¯à®áâà ­-áâ¢ , X ⊂ Y, ¨ § ¤ ­ë «®ª «ì­® ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M¢ X ¨ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ F : X → Y. Ǒãáâì ¤ «¥¥, ¤«ï¢á¥å â®ç¥ª ϕ ∈ M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥àë¢­®¥®â®¡à �¥­¨¥ t → xt ∈ M, t ∈ [0, α℄ â ª®¥, çâ® x0 = ϕ ¨

δxt = F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α), â® ¥áâì áãé¥áâ¢ã¥â ¢ë-�¨¢ îé¥¥ ¢ M à¥è¥­¨¥ (0.7) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x0 = ϕ.�®£¤  ¤«ï ¢á¥å â®ç¥ª ϕ ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
F (x) ∈ TY

x M.� ¥ ® à ¥ ¬   0.3. Ǒãáâì X, gY | ¡ ­ å®¢ë ¯à®áâà ­-áâ¢ , X ⊂ Y, § ¤ ­ë «®ª «ì­® ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ¢ X¨ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ F : X → Y. Ǒãáâì ¤ «¥¥:10



1) ¤«ï ¢á¥å x ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ F (x) ∈ TY
x M ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®sup

i

∥

∥

∥F (x) + r(ti(x), x)
ti(x) ∥

∥

∥

X
< c,£¤¥ r(ti(x), x) ¨ ti(x) ¨§ ®¯à¥¤¥«¥­¨ï ª á â¥«ì­®£® ª®­ãá  TY

x M.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥ t → xt ∈ M, t ∈ [0, α℄ â ª®¥, çâ® x0 = ϕ¨ δxt = F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).�®ª § ­®, çâ® ¢ â¥®à¥¬¥ 0.3 ãá«®¢¨¥ ­¥¯à¥àë¢­®áâ¨ ®â®¡à �¥-­¨ï F ¬®�­® § ¬¥­¨âì ­  ¡®«¥¥ á« ¡®¥: ¤®áâ â®ç­® § ¬ª­ãâ®áâ¨®â®¡à �¥­¨ï F.� ç¥â¢¥àâ®¬ ¯ à £à ä¥ ãª § ­  á¢ï§ì ¬¥�¤ã á¨áâ¥¬®© á ¯®-á«¥¤¥©áâ¢¨¥¬ ¨ ãà ¢­¥­¨¥¬ (0.7). �ª §ë¢ ¥âáï, çâ® ¥á«¨ ¢ ª -ç¥áâ¢¥ X ¨ Y ¢§ïâì AC([−r, 0℄,Rn) ¨ L1([−r, 0℄,Rn) × R
n,  ®â®¡à �¥­¨¥ F : X → Y ®¯à¥¤¥«¨âì à ¢¥­áâ¢®¬

F (σ) .= ( _σ, f(σ)), (0.8)â® ¬¥�¤ã à¥è¥­¨ï¬¨ ãà ¢­¥­¨© (0.3) ¨ (0.5) áãé¥áâ¢ã¥â ¢§ ¨¬­®®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥.Ǒãáâì
X = AC([−r, 0℄,Rn), Y = L1([−r, 0℄,Rn)× R

n.� ¥ ¬ ¬   0.2. Ǒãáâì äã­ªæ¨ï
t→ x(t) ∈ R

n, t ∈ [−r, α), α > 0ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (0.3). �®£¤  ®â®¡à �¥­¨¥
t→ xt ∈ X, t ∈ [0, α),¯®áâà®¥­­®¥ ¯® ¯à ¢¨«ã

xt(s) .= x(t+ s), t ∈ [0, α), s ∈ [−r, 0℄,11



¨¬¥¥â ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¢ à¨ æ¨î δxt ¨ ï¢«ï¥âáï à¥-è¥­¨¥¬ ãà ¢­¥­¨ï (0.7).� ¥ ¬ ¬   0.3. Ǒãáâì ®â®¡à �¥­¨¥
t→ yt, t ∈ [0, α), α > 0ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (0.7). �®£¤  ®â®¡à �¥­¨¥
t→ x(t) ∈ R

n, t ∈ [−r, α)£¤¥
x(s) = ϕ(s), s ∈ [−r, 0℄, x(t) = yt(0), t ∈ [0, α)ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (0.3).�§ â¥®à¥¬ë 0.3 ¨ íâ¨å «¥¬¬ á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥, ¤ îé¥¥ ¤®-áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ­¨ï ¤«ï ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬.� ¥ ® à ¥ ¬   0.4. � áá¬®âà¨¬ ­¥ª®â®à®¥ «®ª «ì­® ª®¬-¯ ªâ­®¥ ¬­®�¥áâ¢® M ⊂ X. �«ï â®£®, çâ®¡ë áãé¥áâ¢®¢ «®¤¢¨�¥­¨¥ t → xt ∈ M , ¯®à®�¤¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢-­¥­¨¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ _x(t) = f(xt) ¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬

x0 = ϕ ∈ M ¤®
â â®ç­®, çâ®¡ë ¤«ï ¢áïª®© â®çª¨ σ ∈ M ¢ë-¯®«­ï«®áì ¢ª«îç¥­¨¥
F (σ) ∈ TY

σ M,£¤¥ F (σ) ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬ (0.8).�®ª § ­  § ¬ª­ãâ®áâì ®¯¥à â®à  ¤¨ää¥à¥­æ¨à®¢ ­¨ï.� ¥ ¬ ¬   0.4. �¯¥à â®à ¤¨ää¥à¥­æ¨à®¢ ­¨ï(F0σ)(t) .= _σ(t), t ∈ [−r, 0℄ï¢«ï¥âáï § ¬ª­ãâë¬ ®¯¥à â®à®¬, ¥á«¨ ¥£® à áá¬ âà¨¢ âì ª ª®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ C([−r, 0℄,Rn) ¢ L1([−r, 0℄,Rn) á ®¡-« áâìî ®¯à¥¤¥«¥­¨ï D(F0) .= AC([−r, 0℄,Rn) .12



�§ íâ®£® ãâ¢¥à�¤¥­¨ï á«¥¤ã¥â, çâ® ¢ â¥®à¥¬¥ 0.4 ¢ ª ç¥áâ¢¥¯à®áâà ­áâ¢  X ¬®�­® ¢§ïâì ¯à®áâà ­áâ¢® C([−r, 0℄,Rn). �­®-�¥áâ¢® M ¯à¨ íâ®¬ ¯®-¯à¥�­¥¬ã ¡ã¤¥â § ¤ ¢ âìáï ¢ ¯à®áâà ­-áâ¢¥  ¡á®«îâ­® ­¥¯à¥àë¢­ëåäã­ªæ¨©, ­® ª®¬¯ ªâ­® ®­® ¤®«�­®¡ëâì ¢ ¯à®áâà ­áâ¢¥ C([−r, 0℄,Rn).�¡®§­ ç¨¬
X
.= AC([−r, 0℄,Rn), Y

.= L1([−r, 0℄,Rn)× R
n.Ǒãáâì ¬­®�¥áâ¢® M ⊂ X ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬

M = {ϕ ∈ X : a(ϕ) = 0},£¤¥ ®â®¡à �¥­¨¥ a : X → R ¨¬¥¥â ¢¨¤
a(ϕ) .= β(ϕ(0)) + ∫ 0

−r
α(s, ϕ(s))ds, (0.9)

β : R
n → R ¨ α : R × R

n → R| ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.� ¯ïâ®¬ ¯ à £à ä¥ ­ ©¤¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ¥-¬®áâ¨ ¤«ï á¨áâ¥¬ë á ¯®á«¥¤¥©áâ¢¨¥¬ ¨ ¬­®�¥áâ¢®¬ M, § ¤ ­-­ë¬ ®¤­¨¬ ãà ¢­¥­¨¥¬.� ¥ ® à ¥ ¬   0.5. Ǒãáâì
M

.= {ϕ ∈ X : a(ϕ) = 0},£¤¥ ®â®¡à �¥­¨¥ a : X → R ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬ (0.9) áäã­ªæ¨ï¬¨ β : R
n → R ¨ α : R×R

n → R ­¥¯à¥àë¢­® ¤¨ää¥à¥­-æ¨àã¥¬ë¬¨ ¯® x. Ǒãáâì ¤ «¥¥, ¤«ï ¬­®�¥áâ¢  M ¢ë¯®«­¥­ëá«¥¤ãîé¨¥ ãá«®¢¨ï1) ¢® ¢á¥å â®çª å ϕ ∈M ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
∣

∣β′(x)|x=ϕ(0)∣∣+ ∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ(s)∣∣ ds 6= 0;2) ¢® ¢á¥å â®çª å ϕ ∈M ¢ë¯®«­¥­® à ¢¥­áâ¢®

〈β′(x)|x=ϕ(0), f(ϕ)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.13



�®£¤  ¤«ï ¢á¥å â®ç¥ª ϕ ∈ M, á áãé¥áâ¢¥­­® ®£à ­¨ç¥­­®© ¯à®-¨§¢®¤­®© áãé¥áâ¢ãîâ ϑ > 0 ¨ ®â®¡à �¥­¨¥ t → x(t) ∈ R
n,

t ∈ [−r, ϑ℄ ï¢«ïîé¥¥áï à¥è¥­¨¥¬ § ¤ ç¨ (0.5), (0.6) â ª¨¥, çâ®¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ xt ∈M.� è¥áâ®¬ ¯ à £à ä¥ ­ ©¤¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ¥-¬®áâ¨ ¤«ï á¨áâ¥¬ë á ¯®á«¥¤¥©áâ¢¨¥¬ ¨ ¬­®�¥áâ¢®¬ M, § ¤ ­­®¬ª®­¥ç­ë¬ ç¨á«®¬ ãà ¢­¥­¨©.� ¥ ® à ¥ ¬   0.6. Ǒãáâì
M

.= {ϕ ∈ X : a1(ϕ) = 0, . . . am(ϕ) = 0},£¤¥ ®â®¡à �¥­¨¥ ai : X → R, i = 1, . . . ,m ¥áâì
ai(ϕ) .= βi(ϕ(0)) + ∫ 0

−r
αi(s, ϕ(s))ds,á äã­ªæ¨ï¬¨ βi : R

n → R ¨ αi : R × R
n → R ­¥¯à¥àë¢­® ¤¨ä-ä¥à¥­æ¨àã¥¬ë¬¨ ¯® x. Ǒãáâì ¤ «¥¥, ¢® ¢á¥å â®çª å ϕ ∈ M¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:1) ¤«ï ¢á¥å i = 1, . . . ,m ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

∣

∣βi
′(x)|x=ϕ(0)∣∣+ ∫ 0

−r

∣

∣αix
′(s, x)|x=ϕ(s)∣∣ ds 6= 0;2) äã­ªæ¨®­ «ë a′i(ϕ)[·℄ ∈ X∗, i = 1, . . . ,m «¨­¥©­® ­¥§ ¢¨-á¨¬ë, £¤¥

a′i(ϕ)[ψ℄ = 〈βi
′(x)|x=ϕ(0), ψ(0)〉 + ∫ 0

−r
〈αix

′(s, x)|x=ϕ(s), ψ(s)〉ds3) ¤«ï ¢á¥å i = 1, . . . ,m ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 
〈β′i(x)|x=ϕ(0), f(ϕ)〉+ ∫ 0

−r
〈αix

′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.�®£¤  ¤«ï ¢á¥å â®ç¥ª ϕ ∈ M, á áãé¥áâ¢¥­­® ®£à ­¨ç¥­­®© ¯à®-¨§¢®¤­®© áãé¥áâ¢ãîâ ϑ > 0 ¨ ®â®¡à �¥­¨¥ t → x(t) ∈ R
n,

t ∈ [−r, 0℄ ï¢«ïîé¥¥áï à¥è¥­¨¥¬ § ¤ ç¨ (0.5), (0.6) â ª¨¥, çâ®¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ xt ∈M.14



� á¥¤ì¬®¬ ¯ à £à ä¥ à áá¬®âà¥­ë á¬¥è ­­ë¥ á¨áâ¥¬ë ãà ¢-­¥­¨©:
{ _x(t) = f(xt, y(t))_y(t) = g(xt, y(t)), (0.10)

{

x0 = ϕ
y(0) = y0, (0.11)£¤¥ x ∈ R

n, y, y0 ∈ R
m, ϕ ∈ C([−r, 0℄,Rn), f : C([−r, 0℄,Rn) ×

R
m → R

n, g : C([−r, 0℄,Rn) × R
m → R

m. � â ª®¬ ¢¨¤¥ ¬®�-­® § ¯¨á âì, ­ ¯à¨¬¥à, § ¤ çã �®è¨ ¤«ï ­¥ ¢â®­®¬­®© á¨áâ¥¬ëãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) = f(t, xt),
x(t0) = ϕ.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.5. �¥è¥­¨¥¬ á¬¥è ­­®© á¨áâ¥-¬ë (0.10), (0.11) ­ §ë¢ îâáï ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨

t→ x(t) ∈ R
n, t ∈ [−r, ϑ), t→ y(t) ∈ R

m, t ∈ [0, ϑ)
ϑ > 0, â ª¨¥, çâ®1) x(s) = ϕ(s), s ∈ [−r, 0℄;2) y(0) = y0;3) x(t) ¨ y(t)  ¡á®«îâ­® ­¥¯à¥àë¢­ë ­  [0, ϑ) ¨ ®¡à é îâá¨áâ¥¬ã (0.10) ¢ â®�¤¥áâ¢®.�«ï á¬¥è ­­ëå á¨áâ¥¬ ­ ©¤¥­ë ãá«®¢¨ï ¢ë�¨¢ ­¨ï ¢ ¬­®-�¥áâ¢¥ M, § ¤ ­­®¬ ¢ ¯à®áâà ­áâ¢¥ C([−r, 0℄,Rn) × R

m ®¤­¨¬ãà ¢­¥­¨¥¬.� ¥ ® à ¥ ¬   0.7. Ǒãáâì
M

.= {(ϕ, y) ∈ C([−r, 0℄,Rn)× R
m : a(ϕ, y) = 0},15



£¤¥ ®â®¡à �¥­¨¥ a : C([−r, 0℄,Rn) × R
m → R ®¯à¥¤¥«¥­® à ¢¥­-áâ¢®¬

a(ϕ, y) .= β(ϕ(0), y) + ∫ 0
−r
α(s, ϕ(s))ds,
 äã­ªæ¨ï¬¨ β : R

n+m → R, α : R×R
n → R ­¥¯à¥àë¢­® ¤¨ää¥-à¥­æ¨àã¥¬ë¬¨ ¯® x. Ǒãáâì ¤ «¥¥, ¤«ï ¬­®�¥áâ¢  M ¢ë¯®«­¥-­ë á«¥¤ãîé¨¥ ãá«®¢¨ï1) ¢® ¢á¥å â®çª å (ϕ, y) ∈M ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

∣

∣βx
′(x, y)|x=ϕ(0)∣∣+ ∣∣βy′(ϕ(0), y)∣∣ + ∫ 0

−r

∣

∣αx
′(s, x)|x=ϕ(s)∣∣ ds 6= 0;2) ¢® ¢á¥å â®çª å (ϕ, y) ∈M ¢ë¯®«­¥­® à ¢¥­áâ¢®

〈βx
′(x, y)|x=ϕ(0), f(ϕ)〉 + 〈βy

′(ϕ(0), y), g(y)〉++∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.�®£¤  ¤«ï ¢á¥å â®ç¥ª (ϕ, y0) ∈M â ª¨å, çâ®vraisup

s∈[−r,0℄ | _ϕ(s)| < +∞áãé¥áâ¢ãîâ ϑ > 0 ¨ ®â®¡à �¥­¨ï
t → x(t) ∈ R

n, t ∈ [−r, ϑ℄, t→ y(t) ∈ R
m, t ∈ [0, ϑ℄,ï¢«ïîé¨¥áï à¥è¥­¨¥¬ § ¤ ç¨ (0.10), (0.11) â ª¨¥, çâ® ¤«ï ¢á¥å

t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ (xt, y(t)) ∈M.� ¢®áì¬®¬ ¯ à £à ä¥ ¨áá«¥¤®¢ ­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ¤«ï§ ¤ ­­ëå ­¥¯ãáâ®£® ¬­®�¥áâ¢  M ¡ ­ å®¢  ¯à®áâà ­áâ¢  X ¨¬­®£®§­ ç­®© äã­ªæ¨¨ x → F (x) ∈ 
ompY, x ∈ M ¯®à®�¤ î-é¥© § ¤ çã
δxt ∈ F (xt), x0 = ϕ ∈M, (0.12)16



­ ©¤ãâáï α > 0 ¨ à¥è¥­¨¥ t → xt § ¤ ç¨ (0.12) ã¤®¢«¥â¢®àïî-é¥¥ ¯à¨ ¢á¥å t ∈ [0, α℄ ¢ª«îç¥­¨î xt ∈M.�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. � ¯®¬­¨¬, çâ® äã­ªæ¨ï r(t)¨ ¯®á«¥¤®¢ â¥«ì­®áâì {ti} ¢ ®¯à¥¤¥«¥­¨¨ ª á â¥«ì­®£® ­ ¯à -¢«¥­¨ï § ¢¨áïâ ®â â®çª¨ x ∈M ¨ í«¥¬¥­â  ª á â¥«ì­®£® ª®­ãá 
h ∈ TY

x M. �âã § ¢¨á¨¬®áâì ¡ã¤¥¬ § ¯¨áë¢ âì r(t, x, h) ¨ ti(x, h).Ǒãáâì h ∈ TY
x M, ®¡®§­ ç¨¬
c(x, h) .= sup

i

∥

∥

∥h+ r(ti(x, h), x, h)
ti(x, h) ∥

∥

∥

X
.�á«¨ § ¤ ­® ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥ x → F (x) ∈ 
ompY,

x ∈ M ¨ ¤«ï ¢á¥å x ∈ M ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ F (x) ⊂ TY
x M,â® ®¡®§­ ç¨¬

c(x) .= sup
h∈F (x) c(x, h).� ¥ ® à ¥ ¬   0.8. Ǒãáâì X ¨ Y| ¡ ­ å®¢ë ¯à®áâà ­-áâ¢ , X ⊂ Y ¨ § ¤ ­ë «®ª «ì­® ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ¢

X ¨ ¯®«ã­¥¯à¥àë¢­®¥ á¢¥àåã ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥
F : X → 
ompY.Ǒãáâì ¤ «¥¥:1) ¤«ï ª �¤®£® x ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
F (x) ⊂ TY

x M ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® c(x) < c.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥
t→ xt ∈M, t ∈ [0, α℄â ª¨¥, çâ® x0 = ϕ ¨ δxt ∈ F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).17



� ¥ ® à ¥ ¬   0.9. Ǒãáâì X ¨ Y| ¡ ­ å®¢ë ¯à®áâà ­-áâ¢ , X ⊂ Y ¨ § ¤ ­® § ¬ª­ãâ®¥ ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥
F : X → 
ompYá ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(F ). Ǒãáâì ¤ «¥¥, § ¤ ­® «®ª «ì­®ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ¢ D(F ) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï:1) ¤«ï ¢á¥å x ∈ M ®â®¡à �¥­¨¥ x → H(x) ∈ 
ompY, x ∈

M ¯®áâà®¥­­®¥ ¯® ¯à ¢¨«ã
H(x) = F (x) ∩ TY

x Mï¢«ï¥âáï ¯®«ã­¥¯à¥àë¢­ë¬ á¢¥àåã ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® c(x) < c, £¤¥
c(x) .= sup

h∈H(x){supi ∥∥∥h+ r(ti(x, h), x, h)
ti(x, h) ∥

∥

∥

X

}

.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥
t→ xt ∈M, t ∈ [0, α℄â ª®¥, çâ® x0 = ϕ ¨ δxt ∈ F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).�®ª § ­®, çâ® ¢ â¥®à¥¬ å 0.8, 0.9 ãá«®¢¨¥ ¯®«ã­¥¯à¥àë¢­®áâ¨á¢¥àåã ¬­®£®§­ ç­®£® ®â®¡à �¥­¨ï F ¬®�­® § ¬¥­¨âì ­  ¡®«¥¥á« ¡®¥: ¤®áâ â®ç­® § ¬ª­ãâ®áâ¨ ¬­®£®§­ ç­®£® ®â®¡à �¥­¨ï F¢ á¬ëá«¥ § ¬ª­ãâ®áâ¨ £à ä¨ª  �(F ) ¢ X × Y.� ¤¥¢ïâ®¬ ¯ à £à ä¥ ¤®ª § ­® ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥â-áâ¢¨¥ ¬¥�¤ã § ¤ ç¥© �®è¨ ¤«ï ¢ª«îç¥­¨ï_x(t) ∈ f(xt), (0.13)

x0 = ϕ, (0.14)18



£¤¥ f : AC([−r, 0℄,Rn) → 
ompR
n, ϕ ∈ AC([−r, 0℄,Rn) ¨ § ¤ ç¥©�®è¨ ¤«ï ¢ª«îç¥­¨ï

δxt ∈ F (xt), (0.15)
x0 = ϕ, (0.16)£¤¥ F : AC([−r, 0℄,Rn) → L1([−r, 0℄,Rn) × 
ompR

n ¤¥©áâ¢ã¥â ¯®¯à ¢¨«ã
F (σ) .= ( _σ, f(σ)).� ¥ ¬ ¬   0.5. Ǒãáâì äã­ªæ¨ï

t→ x(t) ∈ R
n, t ∈ [−r, α), α > 0,ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (0.13), (0.14). �®£¤  ®â®¡à �¥­¨¥

t→ xt ∈ X, t ∈ [0, α)¯®áâà®¥­­®¥ ¯® ¯à ¢¨«ã
xt(s) .= x(t+ s), t ∈ [0, α), s ∈ [−r, 0℄,¨¬¥¥â ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¢ à¨ æ¨î δxt ¨ ï¢«ï¥âáï à¥-è¥­¨¥¬ § ¤ ç¨ (0.15), (0.16).� ¥ ¬ ¬   0.6. Ǒãáâì ®â®¡à �¥­¨¥

t→ yt, t ∈ [0, α), α > 0ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (0.15), (0.16). �®£¤  ®â®¡à �¥­¨¥
t→ x(t) ∈ R

n, t ∈ [−r, α)£¤¥ x(s) = ϕ(s), s ∈ [−r, 0℄, x(t) = yt(0), t ∈ [0, α) ï¢«ï¥âáïà¥è¥­¨¥¬ § ¤ ç¨ (0.13), (0.14).� ª¨¬ ®¡à §®¬ ¨¬¥¥â ¬¥áâ® â¥®à¥¬ .19



� ¥ ® à ¥ ¬   0.10. � áá¬®âà¨¬ ­¥ª®â®à®¥ «®ª «ì­® ª®-¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ⊂ AC([−r, 0℄,Rn). �«ï â®£®, çâ®¡ëáãé¥áâ¢®¢ «® ¤¢¨�¥­¨¥ t → xt ∈ M , ¯®à®�¤¥­­®¥ ¤¨ää¥-à¥­æ¨ «ì­ë¬ ¢ª«îç¥­¨¥¬ á § ¯ §¤ë¢ ­¨¥¬ _x(t) ∈ f(xt) ¨ ­ -ç «ì­ë¬ ãá«®¢¨¥¬ x0 = ϕ ∈ M, ¤®
â â®ç­®, çâ®¡ë ¤«ï ¢áï-ª®© â®çª¨ σ ∈ M ¢ë¯®«­ï«®áì ¢ª«îç¥­¨¥ F (σ) ⊂ TY
σ M, £¤¥

F (σ) = ( _σ(s), f(σ)), Y = L1([−r, 0℄,Rn)× 
ompR
n.�®ª § ­  § ¬ª­ãâ®áâì ®â®¡à �¥­¨ï F, ¤¥©áâ¢ãîé¥£® ¨§ ¯à®-áâà ­áâ¢  C([−r, 0℄,Rn) ¢ ¯à®áâà ­áâ¢® L1([−r, 0℄,Rn)× 
ompR

n¯® ¯à ¢¨«ã F (σ) = ( _σ(s), f(σ)), £¤¥ D(F ) = AC([−r, 0℄,Rn)|®¡« áâì ®¯à¥¤¥«¥­¨ï F. � ª¨¬ ®¡à §®¬, ¢ â¥®à¥¬¥ 0.10 ¯à®áâà ­-áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨© AC([−r, 0℄,Rn) ¬®�­®§ ¬¥­¨âì ­  ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© C([−r, 0℄,Rn).�­®�¥áâ¢® M ¯à¨ íâ®¬ ¯®-¯à¥�­¥¬ã ¡ã¤¥â § ¤ ¢ âìáï ¢ ¯à®-áâà ­áâ¢¥  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨©,   ãá«®¢¨¥ «®ª «ì-­®© ª®¬¯ ªâ­®áâ¨ ¬­®�¥áâ¢  M ¤®«�­® ¡ëâì ¢ë¯®«­¥­® ¢ ¯à®-áâà ­áâ¢¥ C([−r, 0℄,Rn).1. �¯à¥¤¥«¥­¨¥ ¨ ®á­®¢­ë¥ á¢®©áâ¢  ª á â¥«ì­®£®ª®­ãá �§ â¥®à¨¨ äã­ªæ¨© ¤¥©áâ¢¨â¥«ì­®£® ¯¥à¥¬¥­­®£® ¨§¢¥áâ­® [19℄,çâ® ¢áïª ï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï f : [a, b℄ → R
n ¤¨ä-ä¥à¥­æ¨àã¥¬  ¯®çâ¨ ¢áî¤ã ­  ®âà¥§ª¥ [a, b℄. �¤­ ª®, ¤«ï äã­ª-æ¨© á® §­ ç¥­¨ï¬¨ ¢ ­¥ª®â®à®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ íâ® á¢®©-áâ¢® ­¥ ¨¬¥¥â ¬¥áâ .� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ®â®¡à �¥­¨¥ t → xt, ¤¥©-áâ¢ãîé¥¥ ¨§ [0, 1℄ ¢ C[−1, 0℄ ¨ ®¯à¥¤¥«¥­­®¥ à ¢¥­áâ¢®¬

xt(s) .= { 0, −1 6 s < −t,
s+ t, −t 6 s 6 0. (1.1)�á«¨ ®¯à¥¤¥«¨âì ¯à ¢ãî ¯à®¨§¢®¤­ãî d

dt
xt ∈ C[−1, 0℄ ®â®¡à -20



�¥­¨ï (1.1), ª ª ¯à¥¤¥« ¢ C[−1, 0℄ à ¢¥­áâ¢®¬lim
ε→0+∥∥∥∥ ddtxt − xt+ε − xt

ε

∥

∥

∥

∥

C[−1,0℄ = 0,â® ­ è¥ ®â®¡à �¥­¨¥ ­¥ ¨¬¥¥â ¯à®¨§¢®¤­®© ­¨ ¢ ®¤­®© â®çª¥¨­â¥à¢ «  [0, 1). �¤­ ª®, ¥á«¨ ¯à¥¤¥« ¡à âì ¢ ¯à®áâà ­áâ¢¥ áã¬-¬¨àã¥¬ëå äã­ªæ¨©, â® ¢ ª �¤®© â®çª¥ t ∈ [0, 1) ®­ áãé¥áâ¢ã¥âlim
ε→0+ xt+ε − xt

ε
= ϕ(s) ∈ L1[−1, 0℄, ϕ(s) = { 0, −1 6 s < −t,1, −t 6 s 6 0.Ǒ®íâ®¬ã, ¤«ï ¤¢¨�¥­¨© ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ X, ¢ ª ç¥áâ¢¥ ­ «®£  ¯à®¨§¢®¤­®© ¢¢¥¤¥¬ ¯®­ïâ¨¥ ¢ à¨ æ¨¨, ï¢«ïîé¥©áï í«¥-¬¥­â®¬ ¡®«¥¥ è¨à®ª®£® ¯à®áâà ­áâ¢ . � ¤ «ì­¥©è¥¬ ¯à¥¤¯®« -£ ¥âáï, çâ® ¡ ­ å®¢ë ¯à®áâà ­áâ¢  (X, ‖ · ‖X) ¨ (Y, ‖ · ‖Y) ã¤®-¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã ãá«®¢¨î.�á«®¢¨¥ A. �ã¤¥¬ £®¢®à¨âì, çâ® ¡ ­ å®¢ë ¯à®áâà ­áâ¢ (X, ‖·‖X) ¨ (Y, ‖·‖Y) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î A, ¥á«¨ X| ¢áî¤ã¯«®â­®¥ ¯®¤¬­®�¥áâ¢® ¯à®áâà ­áâ¢  Y ¨ ­ ©¤¥âáï â ª®¥ ç¨á«®

k, çâ® ¤«ï ¢áïª®£® x ∈ X ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® ‖x‖Y 6 k‖x‖X.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâãá«®¢¨î A. �ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à �¥­¨¥ t → xt ∈ X, £¤¥
t ∈ [0, α℄, α > 0, ¨¬¥¥â ¢ â®çª¥ t ∈ [0, α) ¢ à¨ æ¨î δxt ∈ Y,¥á«¨ áãé¥áâ¢ã¥â ®â®¡à �¥­¨¥ ε → r(ε) ∈ Y, ã¤®¢«¥â¢®àïîé¥¥á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

xt+ε = xt + εδxt + r(ε),lim
ε→0+ ‖r(ε)‖Y

ε
= 0, sup

ε>0 ∥∥∥∥δxt + r(ε)
ε

∥

∥

∥

∥

X

< +∞.Ǒ à ¨ ¬ ¥ à 1.1. �®ª �¥¬, çâ® ¯à¨¬¥à¥, ¢ à áá¬®âà¥­­®¬¢ëè¥, ¢ à¨ æ¨ï ®â®¡à �¥­¨ï t → xt ∈ C[−1, 0℄, t ∈ [0, 1℄ áã-é¥áâ¢ã¥â ¢ ª �¤®© â®çª¥ t ¯®«ã¨­â¥à¢ «  [0, 1), ¥á«¨ ¢ ª ç¥-áâ¢¥ ¯à®áâà ­áâ¢  Y ¢§ïâì ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå äã­ªæ¨©
L1[−1, 0℄. 21



�¥©áâ¢¨â¥«ì­®, ¤«ï ¢á¥å t ∈ [0, 1) ­ ç¨­ ï á ­¥ª®â®à®£® ε > 0¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
xt+ε = xt + εδxt + r(ε),£¤¥

δxt = { 0, −1 6 s < −t,1, −t 6 s 6 0,
r(ε) = 



0, −1 6 s < −t− ε,
s+ t+ ε, −t− ε 6 s < −t,0, −t 6 s 6 0.Ǒà¨ íâ®¬ ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

‖r(ε)‖L1[−1,0℄ = ∫ −t−ε

−1 0 ds+ ∫ −t

−t−ε
(s+ t+ ε)ds + ∫ 0

−t
0 ds = ε22 ,¨

∥

∥

∥

∥

δxt + r(ε)
ε

∥

∥

∥

∥

C[−1,0℄ = sup
s∈[−1,0℄ ∣∣∣∣δxt(s) + r(ε)

ε
(s)∣∣∣
∣

= 1.�âªã¤  ¯®«ãç ¥¬lim
ε→0+ ‖r(ε)‖L1[−1,0℄

ε
= lim

ε→0+ ε2 = 0,sup
ε>0 ∥∥∥∥δxt + r(ε)

ε

∥

∥

∥

∥

C[−1,0℄ = 1 < +∞.�â®â ¯à¨¬¥à ¬®�­® ®¡®¡é¨âì.Ǒ à ¨ ¬ ¥ à 1.2. Ǒãáâì ­  ®âà¥§ª¥ [−r, ϑ℄, r > 0, ϑ > 0§ ¤ ­   ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï x ∈ AC[−r, ϑ℄ á áãé¥-áâ¢¥­­® ®£à ­¨ç¥­­®© ¯à®¨§¢®¤­®©vraisup
s∈[−r,ϑ℄ | _x(s)| = c < +∞.�®£¤  ®â®¡à �¥­¨¥ t→ xt ∈ C[−r, 0℄, ¯®à®�¤¥­­®¥ ¯® ¯à ¢¨«ã

xt(s) .= x(t+ s), t ∈ [0, ϑ℄, s ∈ [−r, 0℄22



¨¬¥¥â ¢ à¨ æ¨î δxt ∈ L1[−r, 0℄ ¢ ª �¤®© â®çª¥ t ∈ [0, 1) ¨
δxt(s) = _xt(s).�®ª �¥¬ íâ® ãâ¢¥à�¤¥­¨¥ �¯à¥¤¥«¨¬ δxt ∈ L1[−r, 0℄ ¨ ®â®-¡à �¥­¨¥ ε→ r(ε) ∈ L1[−r, 0℄, ε > 0 á«¥¤ãîé¨¬ ®¡à §®¬

δxt(s) .= _xt(s), r(ε) .= xt+ε − xt − εδxt.�®ª �¥¬, çâ® ãá«®¢¨ïlim
ε→0+ ‖r(ε)‖L1[−r,0℄

ε
= 0,sup

ε>0 ∥∥∥∥δxt + r(ε)
ε

∥

∥

∥

∥

C[−r,0℄ < +∞¨§ ®¯à¥¤¥«¥­¨ï ¢ à¨ æ¨¨ ¢ë¯®«­¥­ë.lim
ε→0+∥∥∥∥r(ε)ε ∥

∥

∥

∥

L1[−r,0℄ = lim
ε→0+∫ 0

−r

∣

∣

∣

∣

xt+ε(s)− xt(s)
ε

− _xt(s)∣∣∣
∣

ds == lim
ε→0+∫ 0

−r

∣

∣

∣

∣

x(t+ s+ ε)− x(t+ s)
ε

− _x(t+ s)∣∣∣
∣

ds.� á¨«ã â®£®, çâ® äã­ªæ¨ï x(t+ s+ ε)− x(t+ s)
ε ¯®çâ¨ ¢áî¤ã ­ ®âà¥§ª¥ t ∈ [0, ϑ), s ∈ [−r, 0℄ áå®¤¨âáï ª äã­ªæ¨¨ _x(t + s) ¯à¨

ε→ 0+ ¨ à §­®áâì
∣

∣

∣

∣

x(t+ s+ ε)− x(t+ s)
ε

− _x(t+ s)∣∣∣
∣®£à ­¨ç¥­  ª®­áâ ­â®© 2c, ¯®¤ §­ ª®¬ ¨­â¥£à «  ¬®�­® ¯¥à¥©â¨ª ¯à¥¤¥«ãlim

ε→0+∫ 0
−r

∣

∣

∣

∣

x(t+ s+ ε)− x(t+ s)
ε

− _x(t+ s)∣∣∣
∣

ds = 0.23



Ǒ¥à¢®¥ ¨§ ãá«®¢¨© ¤®ª § ­®. �®ª �¥¬ ¢â®à®¥.
∥

∥

∥

∥

δxt + r(ε)
ε

∥

∥

∥

∥

C[−r,0℄ = ∥∥∥∥xt+ε − xt
ε

∥

∥

∥

∥

C[−r,0℄ = sup
s∈[−r,0℄ |xt+ε(s)− xt(s)|

ε
.�§ ­¥à ¢¥­áâ¢  vraisup

s∈[−r,ϑ℄ | _x(s)| = c < +∞ ¯®«ãç ¥¬
|xt+ε(s)− xt(s)|

ε
= 1
ε
|x(t+ s+ ε)− x(t+ s)| == 1

ε
|x(t+ s) + ∫ t+s+ε

t+s _x(t+ s+ τ)dτ − x(t+ s)| 6
1
ε
cε = c¤«ï ¢á¥å t ∈ [0, ϑ), s ∈ [−r, 0℄, á«¥¤®¢ â¥«ì­®,

∥

∥

∥

∥

xt+ε − xt
ε

∥

∥

∥

∥

C[−r,0℄ = sup
s∈[−r,0℄ |xt+ε(s)− xt(s)|

ε
6 c¤«ï ¢á¥å ε > 0 â ª¨å, çâ® t+ ε 6 ϑ, ¯®íâ®¬ãsup

ε>0 ∥∥∥∥δxt + r(ε)
ε

∥

∥

∥

∥

C[−r,0℄ 6 c < +∞.

�� á¨«ã ®¯à¥¤¥«¥­¨ï 1.1 ¢ à¨ æ¨ï äã­ªæ¨¨ á® §­ ç¥­¨ï¬¨ ¢¯à®áâà ­áâ¢¥ X ï¢«ï¥âáï í«¥¬¥­â®¬ ¡®«¥¥ è¨à®ª®£® ¯à®áâà ­-áâ¢  Y. �¢¥¤¥¬ ®¯à¥¤¥«¥­¨¥ ª á â¥«ì­®£® ­ ¯à ¢«¥­¨ï, â ª�¥ï¢«ïîé¥¥áï í«¥¬¥­â®¬ ¡®«¥¥ è¨à®ª®£® ¯à®áâà ­áâ¢ .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâãá«®¢¨î A (á¬. á. 21), M| ­¥¯ãáâ®¥, ¯®¤¬­®�¥áâ¢® ¯à®áâà ­-áâ¢  X ¨ x ∈M. �«¥¬¥­â h ∈ Y ­ §ë¢ ¥âáï ª á â¥«ì­ë¬­ ¯à ¢«¥­¨¥¬ ª M ¢ â®çª¥ x, ¥á«¨ áãé¥áâ¢ãîâ ®â®¡à �¥­¨¥
t → r(t) ∈ Y ¨ ¯®á«¥¤®¢ â¥«ì­®áâì {ti}

∞
i=1 ⊂ R

+ ã¤®¢«¥â¢®àïî-é¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:lim
i→∞

ti = 0, x+ th+ r(t) ∈M,24



lim
i→+∞

‖r(ti)‖Y

ti
= 0, sup

i

∥

∥

∥
h+ r(ti)

ti

∥

∥

∥

X
< +∞.�¡®§­ ç¨¬ TY

x M| ¬­®�¥áâ¢® ª á â¥«ì­ëå ­ ¯à ¢«¥­¨© ª M¢ â®çª¥ x.Ǒ à ¨ ¬ ¥ à 1.3. Ǒ®áâà®¨¬ TY
x M ª ¬­®�¥áâ¢ã M, ¢ á«ã-ç ¥, ª®£¤  M ¥áâì ¢á¥ ¯à®áâà ­áâ¢® X. �ª §ë¢ ¥âáï, çâ® ¤«ï¢á¥å x ∈ X ª®­ãá TY

x X á®áâ®¨â â®«ìª® ¨§ â¥å í«¥¬¥­â®¢ h ∈ Y,¤«ï ª®â®àëå áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {hi} ⊂ X, ®£à ­¨-ç¥­­ ï ¢ X (sup
i

‖hi‖X < +∞) ¨ áå®¤ïé ïáï ª h ¢ Y. Ǒ® ¤àã-£®¬ã íâ® ¬®�­® § ¯¨á âì â ª:
TY
x X = ⋃

c>0 
lYBX[0, c℄. (1.2)�®ª �¥¬ à ¢¥­áâ¢® (1.2).Ǒãáâì h ∈ TY
x X. �®§ì¬¥¬ r(t) ¨ {ti} ¨§ ®¯à¥¤¥«¥­¨ï 1.2 ¨®¡®§­ ç¨¬ hi = h+ r(ti)

ti
. �®£¤ sup

i

‖hi‖X = sup
i

‖h+ r(ti)
ti

‖X = c < +∞,

‖h− hi‖Y = ‖
r(ti)
ti

‖Y → 0, i→ ∞.Ǒ®íâ®¬ã h ∈ 
lYBX[0, c℄ ¨, á«¥¤®¢ â¥«ì­®,
TY
x X ⊂

⋃

c>0 
lYBX[0, c℄.Ǒãáâì â¥¯¥àì, ¤«ï í«¥¬¥­â  h ∈ Y ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì-­®áâì {hi} ⊂ X â ª ï, çâ® sup
i

‖hi‖X < +∞, ‖h − hi‖Y → 0.�¯à¥¤¥«¨¬ ti
.= 1/i, r(ti) .= ti(hi−h). �  ®âà¥§ª å [ti+1, ti℄ ®¯à¥-¤¥«¨¬

r(t) .= ti − t

ti − ti+1 ti+1hi+1 + t− ti+1
ti − ti+1 tihi − th.25



�¥âàã¤­® ¯à®¢¥à¨âì, çâ® {ti} ¨ r(t) ã¤®¢«¥â¢®àïîâ ®¯à¥¤¥«¥-­¨î 1.2, á«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å c > 0 ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
lYBX[0, c℄ ∈ TY
x X,®âªã¤  á«¥¤ã¥â ¢ª«îç¥­¨¥

⋃

c>0 
lYBX[0, c℄ ∈ TY
x X.� ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (1.2) ¨¬¥¥â ¬¥áâ®. ��«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï ¤ îâ ®¯¨á ­¨¥ áâàãªâãàë ¬­®�¥-áâ¢  TY

x M.� ¥ ¬ ¬   1.1. Ǒãáâì M| ­¥¯ãáâ®¥ á¢ï§­®¥ ¯®¤¬­®�¥-áâ¢® ¯à®áâà ­áâ¢  X ¨ x ∈M. �«¥¬¥­â h ∈ Y ¯à¨­ ¤«¥�¨â
TY
x M, ¥á«¨ ¨ â®«ìª® ¥á«¨ áãé¥áâ¢ã¥â â ª ï ¯®«®�¨â¥«ì­ ïª®­áâ ­â  c > 0, çâ®lim

ε→0+,BX [0,c℄∋g→h

ρX(x+ εg,M)
ε

= 0. (1.3)� ® ª   §   â ¥ « ì á â ¢ ®. �¥®¡å®¤¨¬®áâì. �«ï ¤®ª § -â¥«ìáâ¢  à ¢¥­áâ¢  (1.3) ¤®áâ â®ç­® ¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì-­®áâì {(δk, hk)}, £¤¥ δk ∈ R
+, hk ∈ X, ã¤®¢«¥â¢®àïîéãî á«¥¤ã-îé¨¬ ãá«®¢¨ï¬:

δk → 0, ‖hk − h‖Y → 0, sup
k

‖hk‖X < +∞ ¨lim
k→+∞

ρX(x+ δkhk,M)
δk

= 0. (1.4)� áá¬®âà¨¬ í«¥¬¥­â h ∈ TY
x M. �§ ®¯à¥¤¥«¥­¨ï 1.2 á«¥¤ã¥â,çâ® áãé¥áâ¢ãîâ ®â®¡à �¥­¨¥ t→ r(t), ã¤®¢«¥â¢®àïîé¥¥ ¢ª«î-ç¥­¨î x+ th+ r(t) ∈M, ¨ ¯®á«¥¤®¢ â¥«ì­®áâì {ti}, ã¤®¢«¥â¢®-àïîé ï á«¥¤ãîé¥¬ã ­¥à ¢¥­áâ¢ãsup

i→+∞

∥

∥

∥h+ r(ti)
ti

∥

∥

∥

X
< +∞. (1.5)26



� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì {(δk, hk)}, £¤¥
δk

.= tk, hk
.= h+ r(tk)

tk
.�§ ¢ª«îç¥­¨ï x + tkh + r(tk) ∈ M á«¥¤ã¥â, çâ® x + δkhk ∈ M.Ǒ®íâ®¬ã ρX(x+ δkhk,M) = 0 ¨ à ¢¥­áâ¢® (1.4) ¢ë¯®«­¥­®. �£à -­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ hk á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (1.5).�®áâ â®ç­®áâì. Ǒãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (1.3). �®£¤  ­ ©-¤ãâáï í«¥¬¥­â h ∈ Y, áå®¤ïé ïáï ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâì

{δk} ⊂ R
+ ¨ ®£à ­¨ç¥­­ ï ¢ X ¯®á«¥¤®¢ â¥«ì­®áâì {hk} ⊂ X,áå®¤ïé ïáï ª h ¯® ­®à¬¥ ¢ Y (â® ¥áâì ‖hk − h‖Y → 0 ), ã¤®¢«¥-â¢®àïîé¨¥ à ¢¥­áâ¢ã (1.4).Ǒ®áâà®¨¬ ®â®¡à �¥­¨¥ t → r(t). Ǒà¥¤¢ à¨â¥«ì­® ®â¬¥â¨¬,çâ® ¤«ï ¯à®¨§¢®«ì­ëå δk ¨ hk áãé¥áâ¢ã¥â í«¥¬¥­â yk ¬­®�¥-áâ¢  M, ã¤®¢«¥â¢®àïîé¨© ­¥à ¢¥­áâ¢ã

‖x+ δkhk − yk‖X 6 2ρX(x+ δkhk,M). (1.6)�¡®§­ ç¨¬ â¥¯¥àì tk = δk ¨ ®¯à¥¤¥«¨¬ r(tk) = yk − x− tkh. �§á¢ï§­®áâ¨ M ¨¬¥¥¬, çâ® ¤«ï ¯à®¨§¢®«ì­ëå yk ¨ yk+1 áãé¥-áâ¢ã¥â ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ t → zk(t) ∈ M, t ∈ [tk, tk+1℄,á®¥¤¨­ïîé¥¥ yk ¨ yk+1. �¯à¥¤¥«¨¬ r(t) ­  ®âà¥§ª¥ [tk, tk+1℄á«¥¤ãîé¨¬ ®¡à §®¬: r(t) .= zk(t)−x− th. �®£¤  x+ th+r(t) ∈M¤«ï ¢á¥å t.Ǒ®ª �¥¬, çâ® ¤«ï ¯®áâà®¥­­®£® â ª¨¬ ®¡à §®¬ ®â®¡à �¥­¨ï¢ë¯®«­¥­ë ¢á¥ á¢®©áâ¢  ®¯à¥¤¥«¥­¨ï 1.2. �æ¥­¨¬ ­®à¬ã r(tk).�«ï ¯à®¨§¢®«ì­®£® tk ¨¬¥¥¬
‖r(tk)‖Y = ‖yk − x− tkh‖Y 6 ‖yk − x− tkhk‖Y+ tk‖h− hk‖Y.(1.7)� «¥¥, ¨§ ãá«®¢¨ï A (á¬. á. 21) á«¥¤ã¥â ®æ¥­ª 

‖x+ tkhk − yk‖Y 6 k‖x+ tkhk − yk‖X.Ǒ®¤áâ ¢¨¢ íâ® ­¥à ¢¥­áâ¢® ¢ ­¥à ¢¥­áâ¢® (1.7), ¯®«ãç ¥¬
‖r(tk)‖Y 6 k‖yk − x− tkhk‖X + tk‖h− hk‖Y.27



�§ íâ®£® ­¥à ¢¥­áâ¢  ¨ ­¥à ¢¥­áâ¢  (1.6) á«¥¤ã¥â, çâ®
‖r(tk)‖Y 6 2kρX(x+ δkhk,M) + tk‖h− hk‖Y,®âªã¤ , ¢ á¨«ã á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {(δk, hk)} (1.4) ¨ à -¢¥­áâ¢  lim

i→=+∞
‖h− hi‖Y = 0 ¨¬¥¥¬,lim

k→+∞

‖r(tk)‖Y

tk
6 lim

k→+∞

2kρX(x+ tkhk,M)
tk

+ lim
k→+∞

‖h− hk‖Y = 0.�§ ¢ë¡®à  yk á«¥¤ã¥â ®æ¥­ª 
∥

∥

∥
h+ r(tk)

tk

∥

∥

∥

X
= ‖yk − x‖X

tk
6

‖yk − x− tkhk‖X

tk
+ ‖hk‖X 6

6
ρX(x+ tkhk,M)

tk
+ ‖hk‖X.�§ ®£à ­¨ç¥­­®áâ¨ hk ¨ ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨

{

ρX(x+ tkhk,M)
tk

}+∞

k=1 ,¯®«ãç¨¬ ­¥à ¢¥­áâ¢® sup
k

∥

∥

∥
h+ r(tk)

tk

∥

∥

∥

X
< +∞.� ª¨¬ ®¡à §®¬, h ∈ TY

x M. �� « ¥ ¤ á â ¢ ¨ ¥ 1.1. �­®�¥áâ¢® TY
x M ï¢«ï¥âáï ª®-­ãá®¬.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì h ∈ TY

x M. �®ª �¥¬,çâ® λh ∈ TY
x M ¤«ï ¢á¥å λ > 0. Ǒ® «¥¬¬¥ 1.1 ­ ©¤¥âáï ª®­-áâ ­â  c > 0 â ª ï, çâ®lim

ε→0+,BX [0,c℄∋g→h

ρX(x+ εg,M)
ε

= 0,â® ¥áâì ­ ©¤ãâáï {εi, gi} â ª¨¥, çâ®
‖gi‖X < c, ‖gi − h‖Y → 0, εi → 0 + ¨ ρX(x+ εigi,M)

εi
<

1
i
.28



�®§ì¬¥¬ δi
.= εi/λ, hi

.= λgi. Ǒ®«ãç ¥¬, çâ® ‖hi − λh‖Y → 0,
‖hi‖X 6 λc ¨

ρX(x+ δihi,M)
δi

= ρX(x+ εigi,M)(εi/λ) <
λ

i
.�«¥¤®¢ â¥«ì­®,lim

ε→0+, BX [0,λc℄∋g→λh

ρX(x+ εg,M)
ε

6 lim
i→+∞

ρX(x+ δihi,M)
δi

= 0.Ǒ® «¥¬¬¥ (1.1) ¨¬¥¥¬, çâ® λh ∈ TY
x M. �Ǒà ªâ¨ç¥áª¨ ¯®¢â®à¨¢ ¤®ª § â¥«ìáâ¢® «¥¬¬ë 1.1 ¯®«ãç¨¬ â¥-®à¥¬ã, ª®â®à ï ¤ ¥â íª¢¨¢ «¥­â­®¥ ®¯à¥¤¥«¥­¨¥ ª á â¥«ì­®£® ª®-­ãá .� ¥ ® à ¥ ¬   1.1. �«¥¬¥­â h ∈ Y ¯à¨­ ¤«¥�¨â ¬­®-�¥áâ¢ã TY

x M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯®á«¥-¤®¢ â¥«ì­®áâì {(δi, hi)}, £¤¥ δi ∈ R
+, hi ∈ X, ã¤®¢«¥â¢®àïî-é ï á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

x+ δihi ∈M, δi → 0, ‖h − hi‖Y → 0, sup
i

‖hi‖X < +∞.� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ ª®­ãá  �ã«¨£ ­ .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.3 (á¬. [36, á. 7℄ ). Ǒãáâì M| ­¥-¯ãáâ®¥ ¯®¤¬­®�¥áâ¢® ¯à®áâà ­áâ¢  X ¨ x ∈M. �«¥¬¥­â h ∈ X­ §ë¢ ¥âáï ª á â¥«ì­ë¬ ­ ¯à ¢«¥­¨¥¬ ª M ¢ â®çª¥ x, ¥á«¨¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®lim
ε→0+ ρX(x+ εh,M)

ε
= 0.�­®�¥áâ¢® TxM ª á â¥«ì­ëå ­ ¯à ¢«¥­¨© ª M ¢ â®çª¥ x ­ -§ë¢ ¥âáï ª®­ãá®¬ �ã«¨£ ­ .Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®¢¨î A (á¬. á. 21) ¨ M| ­¥-¯ãáâ®¥ ¯®¤¬­®�¥áâ¢® X. �â¬¥â¨¬ â¥¯¥àì, çâ® ª®­ãá �ã«¨£ ­  ª29



¬­®�¥áâ¢ã M ¢ â®çª¥ x ∈M ¬®�­® áâà®¨âì ª ª ¢ ¯à®áâà ­áâ¢¥
X, â ª ¨ ¢ ¯à®áâà ­áâ¢¥ Y (¯®áª®«ìªã X ⊂ Y ). �â¨ ¤¢  ª®­ãá ¬®£ãâ ­¥ á®¢¯ ¤ âì ¯®íâ®¬ã, ¯à¨ ­¥®¡å®¤¨¬®áâ¨, ª®­ãá �ã«¨£ ­ ¢ â®çª¥ x ª ¬­®�¥áâ¢ã M ¢ ¯à®áâà ­áâ¢¥ X ¡ã¤¥¬ ®¡®§­ ç âì(TxM)X (á«¥¤®¢ â¥«ì­®, (TxM)X = TxM ),   ¢ ¯à®áâà ­áâ¢¥ Y,á®®â¢¥âáâ¢¥­­®, (TxM)Y.� ¥ ® à ¥ ¬   1.2 (á¬. [36, á. 8℄ ). � áá¬®âà¨¬ M| ­¥¯ã-áâ®¥ ¯®¤¬­®�¥áâ¢® ¯à®áâà ­áâ¢  X. �«¥¬¥­â h ∈ X ¯à¨­ ¤-«¥�¨â ª®­ãáã �ã«¨£ ­  TxM â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áã-é¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {(δi, hi)} â ª ï, çâ®

x+ δihi ∈M, δi → 0+, ‖h− hi‖X → 0.� ¥ ¬ ¬   1.2. Ǒãáâì ¯à®áâà ­áâ¢  X ¨ Y ã¤®¢«¥â¢®-àïîâ ãá«®¢¨î A ( á¬. á. 21), M| ¯®¤¬­®�¥áâ¢® X, x ∈ M.�®£¤  ¤«ï ª®­ãá  TY
x M ( á¬. ®¯à¥¤¥«¥­¨¥ 1.2 ) ¨¬¥îâ ¬¥áâ®¢ª«îç¥­¨ï (TxM)X ⊂ TY

x M ⊂ (TxM)Y.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì h ∈ (TxM)X. Ǒ® â¥®à¥-¬¥ 1.2 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {(δi, hi)} â ª ï, çâ®
δi → 0+, ‖h− hi‖X → 0 ¨ x+ δihi ∈M.�§ á¢®©áâ¢ ¯à®áâà ­áâ¢ X ¨ Y á«¥¤ã¥â, çâ® íâ  ¯®á«¥¤®¢ -â¥«ì­®áâì ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨ïî ‖h−hi‖Y → 0,   ¢ á¨«ãáå®¤¨¬®áâ¨ ‖h− hi‖X → 0 ¨¬¥¥¬, çâ® {hi} ®£à ­¨ç¥­  ¢ X. � -ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì {(δi, hi)}, ã¤®¢«¥â¢®àï¥â ¢á¥¬ãá«®¢¨ï¬ â¥®à¥¬ë 1.1 ¨, á«¥¤®¢ â¥«ì­®, h ∈ TY

x M.�á«¨ h ∈ TY
x M, â® ¯® â¥®à¥¬¥ 1.1 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-­®áâì {(δi, hi)} â ª ï, çâ®

δi → 0+, ‖h− hi‖Y → 0, x+ δihi ∈M, sup
i

‖hi‖X < +∞.� á¨«ã â¥®à¥¬ë 1.2, ¯¥à¢ëå âà¥å ãá«®¢¨© ¤®áâ â®ç­® ¤«ï â®£®,çâ®¡ë h ∈ (TxM)Y. �30



� « ¥ ¤ á â ¢ ¨ ¥ 1.2. �á«¨ X = Y, â®(TxM)X = TY
x M = (TxM)Y,â® ¥áâì ¯à¨ X = Y ª®­ãá TX

x M ¥áâì ª®­ãá �ã«¨£ ­  (TxM)X.�«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï ¯®§¢®«ïîâ ãª § âì á¢ï§ì ¬¥�¤ã ª -á â¥«ì­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨ ¨§ ª®­ãá  �ã«¨£ ­  ¨ ­ ¯à ¢«¥­¨ï-¬¨ ¨§ ®¯à¥¤¥«¥­¨ï 1.2.� ¥ ¬ ¬   1.3. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®¢¨î A( á¬. á. 21), ¨ M| ¯®¤¬­®�¥áâ¢® X. �®£¤  ¤«ï ¢áïª®© â®çª¨
x ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

⋃

r>0 
lY((TxM)X ∩BX[0, r℄) ⊂ TY
x M.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

h ∈
⋃

r>0 
lY((TxM)X ∩ BX[0, r℄). �®£¤  ­ ©¤¥âáï r > 0, çâ®
h ∈ 
lY((TxM)X∩BX[0, r℄), â® ¥áâì ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì
{hi} ⊂ (TxM)X, ®£à ­¨ç¥­ ï ¯® ­®à¬¥ ¢ X ( sup

i

‖hi‖X 6 r ), ¨áå®¤ïé ïáï ª h ¢ Y ( ‖h − hi‖Y → 0 ). �«ï ¢áïª®£® hi ¨¬¥¥¬à ¢¥­áâ¢® lim
ε→0+ ρX(x+ εhi,M)

ε
= 0,®âªã¤  ¯®«ãç ¥¬, çâ® ¤«ï «î¡®£® ç¨á«  1/i ¨ hi ­ ©¤¥âáï δi > 0â ª®¥, çâ®

ρX(x+ δihi,M)
δi

<
1
i
,¯à¨ç¥¬ δi ¬®�­® ¢ë¡à âì â ª, çâ® δi+1 < δi ¨ δi → 0. � ª¨¬®¡à §®¬, ¬ë ¯®áâà®¨«¨ ¯®á«¥¤®¢ â¥«ì­®áâì {(δi, hi)} â ªãî, çâ®

δi ∈ R
+, hi ∈ X,

δi → 0, ‖hk − h‖Y → 0, ‖hi‖X < r,
ρX(x+ δihi,M)

δi
<

1
i
.31



�«¥¤®¢ â¥«ì­®, lim
ε→0+, BX [0,r℄∋g→h

ρX(x+ εg,M)
ε

= 0.Ǒ® «¥¬¬¥ 1.1 ¯®«ãç ¥¬, çâ® h ∈ TY
x M. �� ¥ ¬ ¬   1.4. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®¢¨î A( á¬. á. 21), ¨ M| ¯®¤¬­®�¥áâ¢® X. �®£¤  ¤«ï ¢áïª®© â®çª¨

x ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
TY
x M ⊂

(

TxM
)Y
⋂

(

⋃

r>0 
lY(BX[0, r℄)) .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì h ∈ TY
x M. �®£¤  ¯®«¥¬¬¥ 1.2 ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ h ∈ (TxM)Y. Ǒ® â¥®à¥¬¥ 1.1­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì {hi}, ã¤®¢«¥â¢®àïîé ï á«¥¤ãî-é¨¬ ãá«®¢¨ï¬: ‖h − hi‖Y → 0, sup

i

‖hi‖X = c < +∞. Ǒ®íâ®¬ã
h ∈ 
lYBX[0, c℄.Ǒ®«ãç¨«¨ á«¥¤ãîé¥¥ ¢ª«îç¥­¨¥

h ∈ (TxM)Y⋂(
lYBX[0, c℄),¤®ª §ë¢ îé¥¥ «¥¬¬ã. �2. Ǒ®áâ ­®¢ª  § ¤ ç¨ ¢ë�¨¢ ­¨ï� áá¬®âà¨¬ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-­¨© _x = f(x), x ∈ R
n (2.1)¨ ­¥ª®â®à®¥ ­¥¯ãáâ®¥ ¯®¤¬­®�¥áâ¢® M ⊂ R

n. � ¯®¬­¨¬ ®¯à¥¤¥-«¥­¨¥ ¢ë�¨¢ ¥¬®áâ¨. 32



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1 (á¬. [36, á. 9℄ ). Ǒãáâì x0 ∈ M.�ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥­¨¥ x(t, x0) á¨áâ¥¬ë (2.1) á ­ ç «ì­ë¬ãá«®¢¨¥¬ x(0) = x0 ¢ë�¨¢ ¥â ¢ ¬­®�¥áâ¢¥ M, ¥á«¨ áãé¥áâ¢ã¥â
α > 0 â ª®¥, çâ® x(t) ∈M ¤«ï ¢á¥å t ∈ [0, α℄.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2 (á¬. [36, á. 9℄ ). Ǒãáâì M ⊂ R

n.�ã¤¥¬ £®¢®à¨âì, çâ® ¬­®�¥áâ¢® M ®¡« ¤ ¥â á¢®©áâ¢®¬ ¢ë�¨-¢ ¥¬®áâ¨ ¤«ï á¨áâ¥¬ë (2.1), ¥á«¨ ¤«ï ¢áïª®£® x0 ∈M ­ ©¤¥âáïà¥è¥­¨¥ x(t, x0) á¨áâ¥¬ë (2.1), ¢ë�¨¢ îé¥¥ ¢ M.�«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥ ¨§¢¥áâ­® ª ª â¥®à¥¬  � £ã¬®.� ¥ ® à ¥ ¬   2.1 (á¬. [36, á. 11℄ ). � ¬ª­ãâ®¥ ¬­®�¥áâ¢®
M ⊂ R

n ®¡« ¤ ¥â á¢®©áâ¢®¬ ¢ë�¨¢ ¥¬®áâ¨ ¤«ï á¨áâ¥¬ë (2.1)â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¢á¥å x ∈ ∂M ¢ë¯®«­¥­® ¢ª«î-ç¥­¨¥
f(x) ∈ TxM£¤¥ TxM| ª®­ãá �ã«¨£ ­  ª ¬­®�¥áâ¢ã M ¢ â®çª¥ x.� â¥®à¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ¢ª«îç¥­¨© _x ∈ F (x) á ä §®¢ë-¬¨ ®£à ­¨ç¥­¨ï¬¨ ¨§¢¥áâ­  â¥®à¥¬  (á¬. [40℄), ¤ îé ï ­¥®¡å®¤¨-¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï ¢ë�¨¢ îé¥£® à¥è¥-­¨ï ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«îç¥­¨ï ¢ ¬­®�¥áâ¢¥ M. �ª §ë¢ -¥âáï, íâ® ãá«®¢¨¥ ¯®å®�¥ ­  ãá«®¢¨¥ ¢ â¥®à¥¬¥ � £ã¬®,   ¨¬¥­-­®: ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ª«îç¥­¨¥ ¨¬¥¥â ¢ë�¨¢ îé¥¥ à¥è¥­¨¥¢ ¬­®�¥áâ¢¥ M ¥á«¨ ¨ â®«ìª® ¥á«¨ ¢® ¢á¥å x ∈ ∂M ¨¬¥¥â¬¥áâ® ­¥à ¢¥­áâ¢®

F (x) ∩ TxM 6= ∅,£¤¥ TxM| ª®­ãá �ã«¨£ ­ .�¡à â¨¬áï â¥¯¥àì ª  ¢â®­®¬­®© á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ _x(t) = f(xt). � á®®â¢¥âáâ¢¨¨ á âà ª-â®¢ª®© �.�. �à á®¢áª®£® [20℄, ¯à¥¤«®�¨¢è¥£® à áá¬ âà¨¢ âì ¢ª ç¥áâ¢¥ ¥áâ¥áâ¢¥­­®£® ä §®¢®£® ¯à®áâà ­áâ¢  á¨áâ¥¬ á ¯®á«¥-¤¥©áâ¢¨¥¬ ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨©, § ¤ çã ¢ë�¨¢ -­¨ï ¤«ï á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ ¬ë ¡ã¤¥¬ ä®à¬ã«¨à®¢ âì ª ª33



§ ¤ çã ¢ë�¨¢ ­¨ï ¢ § ¤ ­­®¬ ¯®¤¬­®�¥áâ¢¥ ¯à®áâà ­áâ¢  ­¥-¯à¥àë¢­ëå äã­ªæ¨©.�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �«ï ¯à®¨§¢®«ì­®© ­¥¯à¥-àë¢­®© äã­ªæ¨¨ t → x(t) ∈ R
n, t ∈ [−r, α℄, £¤¥ r > 0, α > 0,®¡®§­ ç¨¬ xt| ®â®¡à �¥­¨¥ ®âà¥§ª  [0, α℄ ¢ ¯à®áâà ­áâ¢® ­¥-¯à¥àë¢­ëå äã­ªæ¨© C([−r, 0℄,Rn), ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã

xt(s) .= x(t+ s), t ∈ [0, α℄, s ∈ [−r, 0℄. (2.2)� áá¬®âà¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥-¤¥©áâ¢¨¥¬ _x = f(xt). (2.3)� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ à¥è¥­¨ï á¨áâ¥¬ë (2.3) á ­ ç «ì­ë¬ ãá«®-¢¨¥¬
x0 = ϕ, (2.4)£¤¥ ϕ ∈ C([−r, 0℄,Rn).� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.3 (á¬. [35, á. 9℄ ). �¥è¥­¨¥¬ § ¤ -ç¨ �®è¨ (2.3), (2.4) ­ §ë¢ ¥âáï ­¥¯à¥àë¢­ ï äã­ªæ¨ï t → x(t),£¤¥ t ∈ [−r, α℄, α > 0, â ª ï, çâ® ¤«ï ¢á¥å t ∈ [−r, 0℄ ¢ë¯®«­¥­®à ¢¥­áâ¢® x(t) = ϕ(t) ¨ ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α℄ ¢ë¯®«­¥­®_x(t) = f(xt).�¬¥áâ¥ á á¨áâ¥¬®© (2.3) ¡ã¤¥¬ à áá¬ âà¨¢ âì ­¥ª®â®à®¥ ­¥¯ã-áâ®¥ ¯®¤¬­®�¥áâ¢® M ⊂ AC([−r, 0℄,Rn).� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.4. Ǒãáâì ϕ ∈ M. �ã¤¥¬ £®¢®-à¨âì, çâ® à¥è¥­¨¥ x(t, ϕ) § ¤ ç¨ �®è¨ (2.3), (2.4) ¢ë�¨¢ ¥â¢ ¬­®�¥áâ¢¥ M, ¥á«¨ áãé¥áâ¢ã¥â α > 0 â ª®¥, çâ® ¤«ï ¢á¥å

t ∈ [0, α℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ xt ∈ M, £¤¥ xt| ¤¢¨�¥­¨¥ ¢¯à®áâà ­áâ¢¥ AC([−r, 0℄,Rn) ®¯à¥¤¥«¥­®¥ à ¢¥­áâ¢®¬ (2.2).� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.5. �ã¤¥¬ £®¢®à¨âì, çâ® ¬­®�¥-áâ¢® M ®¡« ¤ ¥â á¢®©áâ¢®¬ ¢ë�¨¢ ¥¬®áâ¨ ¤«ï á¨áâ¥¬ë (2.3),¥á«¨ ¤«ï ¢áïª®£® ϕ ∈M ­ ©¤¥âáï à¥è¥­¨¥ x(t, ϕ) § ¤ ç¨ �®è¨(2.3), (2.4), ¢ë�¨¢ îé¥¥ ¢ M. 34



� ¤ ­­®© à ¡®â¥ áãé¥áâ¢¥­­®¥ ¢­¨¬ ­¨¥ ã¤¥«¥­® ¨áá«¥¤®-¢ ­¨î ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨©, ª®â®àë¬ ¤®«�­ëã¤®¢«¥â¢®àïâì  ¢â®­®¬­ ï á¨áâ¥¬  (2.3) ¨ ¬­®�¥áâ¢® M, çâ®¡ë¬­®�¥áâ¢® M ¡ë«® ¬­®�¥áâ¢®¬ ¢ë�¨¢ ¥¬®áâ¨ ¤«ï (2.3). �­ «®-£¨ç­ë© ¢®¯à®á ¨§ãç ¥âáï ¤«ï ­¥ ¢â®­®¬­®© á¨áâ¥¬ë ãà ¢­¥­¨©á ¯®á«¥¤¥©áâ¢¨¥¬ _x(t) = f(t, xt). �à®¬¥ â®£®, ¢ à ¡®â¥ ¨§ãç -îâáï § ¤ ç¨ ¢ë�¨¢ ­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ¢ª«îç¥­¨© á¯®á«¥¤¥©áâ¢¨¥¬ (çâ® ¯®§¢®«¨â ¢ ¡ã¤ãé¥¬ à áá¬ âà¨¢ âì § ¤ ç¨¢ë�¨¢ ­¨ï ¤«ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬). � �­®¥¢­¨¬ ­¨¥ ã¤¥«¥­® â ª�¥ à áá¬®âà¥­¨î ¯à¨¬¥à  á ¬­®�¥áâ¢®¬
M, ¨¬¥îé¨¬ ª®­ªà¥â­®¥ íª®­®¬¨ç¥áª®¥ á®¤¥à� ­¨¥.�«¥¤ã¥â ®â¬¥â¨âì, çâ® § ¤ ç  ¢ë�¨¢ ­¨ï ¨¬¥¥â ¬­®£®ç¨-á«¥­­ë¥ ¯à¨«®�¥­¨ï. � ç áâ­®áâ¨, ¢ ¬ â¥¬ â¨ç¥áª®© íª®­®¬¨ª¥¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¨áá«¥¤®¢ ­¨¥ ãá«®¢¨©, ¯à¨ ª®â®àëå ª®­-ªà¥â­ ï íª®­®¬¨ç¥áª ï á¨áâ¥¬  äã­ªæ¨®­¨àã¥â ¢ § à ­¥¥ § ¤ ­-­ëå ®£à ­¨ç¥­¨ïå. �â¨ ®£à ­¨ç¥­¨ï ®¯à¥¤¥«ïîâáï ¯« ­®¢ë¬ § -¤ ­¨¥¬ ¨ ¢®§¬®�­®áâï¬¨ á ¬®© íª®­®¬¨ª¨. � â¥¬ â¨ç¥áª®¥ ®¯¨-á ­¨¥ íª®­®¬¨ç¥áª¨å ¬®¤¥«¥© ç é¥ ¢á¥£® ¯à¨¢®¤¨â ª á®®â¢¥â-áâ¢ãîé¨¬ á¨áâ¥¬ ¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �ãé¥áâ¢¥­-­® ¯à¨ íâ®¬, çâ® ¯à¨ ¢­¨¬ â¥«ì­®¬ ¬®¤¥«¨à®¢ ­¨¨ íª®­®¬¨ç¥-áª¨å ¬®¤¥«¥© ¬ë ¢ë­ã�¤¥­ë ãç¨âë¢ âì ¢á¥£¤  ¯à¨áãâáâ¢ãîé¨©¢ íª®­®¬¨ª¥ íää¥ªâ § ¯ §¤ë¢ ­¨ï (¨­¢¥áâ¨æ¨¨, ¢«®�¥­­ë¥ ¢íª®­®¬¨ªã, ¯à¨­®áïâ ¤®å®¤ ­¥ áà §ã,   ç¥à¥§ ­¥ª®â®àë© ¯à®¬¥�ã-â®ª ¢à¥¬¥­¨). � ª¨¬ ®¡à §®¬, ¬ë ¢ë­ã�¤¥­ë ¬®¤¥«¨à®¢ âì íª®-­®¬¨ç¥áª¨¥ ¯à®æ¥ááë á ¯®¬®éìî ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬.�  ¢ �­®áâì íâ®£® ®¡áâ®ïâ¥«ìáâ¢  ¨  ªâã «ì­®áâì § ¤ ç¨ ¢ë�¨-¢ ­¨ï ¤¢¨�¥­¨ï xt, ¯®à®�¤¥­­®£® à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®-£® ãà ¢­¥­¨ï á ¯®á«¥¤¥©áâ¢¨¥¬ ®¡à â¨«¨ ¢­¨¬ ­¨¥ ãç áâ­¨ª®¢£®à®¤áª®£® á¥¬¨­ à  ¯® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¨ â¥®-à¨¨ ã¯à ¢«¥­¨ï ¯¥à¬áª¨¥ ¬ â¥¬ â¨ª¨ �.Ǒ. � ªá¨¬®¢ [1, á. 263℄¨ �.�. �­¤à¨ ­®¢ [2℄, [3℄. Ǒ¥à¢ë¥ ¨§ ¨§¢¥áâ­ëå ­ ¬ à ¡®â ¯® â¥®-à¨¨ ¢ë�¨¢ ­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨-¥¬ ¯à¨­ ¤«¥� â J.-P. Aubin [36, £« ¢  6℄ ¨ �.�. �®­ª®¢ã [29℄.�«¨§ª¨¬¨ ª § ¤ ç ¬ ¢ë�¨¢ ­¨ï ï¢«ïîâáï § ¤ ç¨ ® ¯®áâà®¥-35



­¨¨ áâ ¡¨«ì­ëå ¬®áâ®¢ ¢ ¤¨ää¥à¥­æ¨ «ì­ëå ¨£à å á¡«¨�¥­¨ï-ãª«®­¥­¨ï. �ª §ë¢ ¥âáï, çâ® áâ ¡¨«ì­ë¥ ¬®áâë ¬®�­® áâà®¨âì ¢â¥à¬¨­ å ª®­ãá  �ã«¨£ ­  (á¬. à ¡®âã �.�. �è ª®¢  [30℄). � á¢ï-§¨ á § ¤ ç ¬¨ ®¯¨á ­¨ï áâ ¡¨«ì­ëå ¬®áâ®¢ ¢ �ª â¥à¨­¡ãà£¥ (¢��� �à� ���) ¯®¤ àãª®¢®¤áâ¢®¬ �.�. �ãà� ­áª®£®, �.�. �¨-«¨¯¯®¢®© ¨ �.�. �è ª®¢   ªâ¨¢­® à §¢¨¢ ¥âáï â¥®à¨ï ¢ë�¨¢ -­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ¢ª«îç¥­¨© [14℄, [15℄, [16℄, [24℄, [25℄,[34℄. � �­®¥ ¢­¨¬ ­¨¥ ¢ íâ¨å à ¡®â å ã¤¥«ï¥âáï ¯®áâà®¥­¨î ï¤à ¢ë�¨¢ ­¨ï ¨ à §à ¡®âª¥ ç¨á«¥­­ëå  «£®à¨â¬®¢, ¯®§¢®«ïîé¨åáâà®¨âì ï¤à® ¢ë�¨¢ ­¨ï ¤«ï ª®­ªà¥â­ëå ¬ â¥¬ â¨ç¥áª¨å ®¡ê-¥ªâ®¢.3. �á­®¢­ ï â¥®à¥¬ � íâ®¬ à §¤¥«¥ ­ ©¤¥­ë ãá«®¢¨ï (â¥®à¥¬  3.2), ¯à¨ ª®â®àëå ¤«ï§ ¤ ­­ëå ­¥¯ãáâ®£® ¬­®�¥áâ¢  M ⊂ X ¨ äã­ªæ¨¨ F : X → Y,¯®à®�¤ îé¥© ãà ¢­¥­¨¥
δxt = F (xt), (3.1)­ ©¤ãâáï α > 0 ¨ à¥è¥­¨¥ t→ xt ãà ¢­¥­¨ï (3.1) ã¤®¢«¥â¢®àï-îé¥¥ ¯à¨ ¢á¥å t ∈ [0, α℄ ¢ª«îç¥­¨î xt ∈M.�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ­ ¬ ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¢ë�¨¢ -­¨ï.� ¥ ® à ¥ ¬   3.1. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®-¢¨î A ( á¬. á. 21), ¨ § ¤ ­ë ¬­®�¥áâ¢® M ¢ X ¨ ­¥¯à¥àë¢-­®¥ ®â®¡à �¥­¨¥ F : X → Y. Ǒãáâì ¤ «¥¥, ¤«ï ¢á¥å â®ç¥ª

ϕ ∈ M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥
t → xt ∈ M, t ∈ [0, α℄ â ª®¥, çâ® x0 = ϕ ¨ δxt = F (xt) ¤«ï¯®çâ¨ ¢á¥å t ∈ [0, α), â® ¥áâì áãé¥áâ¢ã¥â ¢ë�¨¢ îé¥¥ ¢ Mà¥è¥­¨¥ (3.1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x0 = ϕ.�®£¤  ¤«ï ¢á¥å â®ç¥ª ϕ ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

F (x) ∈ TY
x M.36



� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî â®çªã
ϕ ∈ M. Ǒ® ãá«®¢¨î â¥®à¥¬ë áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥ t → xt ∈ M, t ∈ [0, α℄ â ª®¥, çâ® x0 = ϕ ¨
δxt = F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α), ¢ ç áâ­®áâ¨

δx0 = F (ϕ).Ǒ® ®¯à¥¤¥«¥­¨î 1.1 ¢ à¨ æ¨¨ δxt íâ® ®§­ ç ¥â, çâ® ®â®¡à �¥­¨¥
xt ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

xε = x0 + εδx0 + r(ε),¨«¨
xε = ϕ+ εF (ϕ) + r(ε),¤«ï ε ∈ [0, ϑ℄, ϑ ∈ (0, α℄, ¨ ¢ë¯®«­¥­ë ãá«®¢¨ïlim

ε→0+ ‖r(ε)‖Y

ε
= 0, sup

ε>0 ∥∥∥∥δx0 + r(ε)
ε

∥

∥

∥

∥

X

< +∞. (3.2)�â® ®§­ ç ¥â, çâ® ¤«ï â®çª¨ ϕ ∈ M ¨ í«¥¬¥­â  F (ϕ) ∈ Y ­ -è«®áì ®â®¡à �¥­¨¥ ε→ r(ε) ∈ Y â ª®¥, çâ®
ϕ+ εF (ϕ) + r(ε) ∈M,¨ ¨¬¥îâ ¬¥áâ® á¢®©áâ¢  (3.2). Ǒ® ®¯à¥¤¥«¥­¨î 1.2 ¯®«ãç ¥¬, çâ®

F (ϕ) ï¢«ï¥âáï ª á â¥«ì­ë¬ ­ ¯à ¢«¥­¨¥¬ ª ¬­®�¥áâ¢ã M ¢â®çª¥ x. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
F (ϕ) ∈ TY

ϕ M¤«ï ¢á¥å ϕ ∈M. �� ¯®¬­¨¬, çâ® ¬­®�¥áâ¢® M ⊂ X ­ §ë¢ ¥âáï «®ª «ì­® ª®¬-¯ ªâ­ë¬, ¥á«¨ ¤«ï ¢áïª®© â®çª¨ x ∈ M ­ ©¤¥âáï ç¨á«® r > 0â ª®¥, çâ® ¬­®�¥áâ¢® BX[x, r℄ ∩M| ª®¬¯ ªâ­®.�â¬¥â¨¬ â¥¯¥àì, çâ® äã­ªæ¨ï r(t) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì {ti}¢ ®¯à¥¤¥«¥­¨¨ 1.2 § ¢¨áïâ ®â â®çª¨ x ¨ í«¥¬¥­â  h. Ǒ®íâ®¬ã,37



¯à¨ ­¥®¡å®¤¨¬®áâ¨, ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï § ¯¨áìî r(t, x, h) ¨
ti(x, h). �á«¨ h = F (x), â® ¤«ï ªà âª®áâ¨ § ¯¨á¨ ¡ã¤¥¬ ¯¨á âì

r(t, x) .= r(t, x, F (x)),
ti(x) .= ti(x, F (x)).� ¥ ® à ¥ ¬   3.2. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®-¢¨î A ( á¬. á. 21), ¨ § ¤ ­ë «®ª «ì­® ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢®

M ¢ X ¨ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ F : X → Y. Ǒãáâì ¤ «¥¥:1) ¤«ï ª �¤®£® x ∈ M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ F (x) ∈
TY
x M ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®sup

i

∥

∥

∥F (x) + r(ti(x), x)
ti(x) ∥

∥

∥

X
< c.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥ t → xt ∈ M, t ∈ [0, α℄ â ª®¥, çâ® x0 = ϕ¨ δxt = F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).�®ª �¥¬ á­ ç «  á«¥¤ãîéãî «¥¬¬ã.� ¥ ¬ ¬   3.1. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë. �®-£¤ , ¤«ï «î¡®© â®çª¨ x ∈ M ¨ ¢áïª®£® æ¥«®£® m áãé¥áâ¢ãîâç¨á«® ε(x,m) ∈ (0, 1/m) ¨ í«¥¬¥­â u(x,m) ∈ X â ª¨¥, çâ®¨¬¥îâ ¬¥áâ® á¢®©áâ¢ :1) x+ ε(x,m)u(x,m) ∈M ;2) u(x,m) ∈ BY

[

F
(

BX[x, 1/m℄), 1/m];3) ¯à¨ ª �¤®¬ ­ âãà «ì­®¬ m äã­ªæ¨ï x→ ε(x,m) ®£à -­¨ç¥­  á­¨§ã ­¥ª®â®àë¬ ç¨á«®¬, â® ¥áâì inf
x∈M

ε(x,m) = ϑm > 0;4) sup
m∈N, x∈M

‖u(x,m)‖X < +∞.

38



� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì m ∈ N ¨ y ∈M. �®£¤ ¨§ ãá«®¢¨ï F (y) ∈ TY
y M ¨ â¥®à¥¬ë 1.1 á«¥¤ã¥â, çâ® áãé¥áâ¢ã-îâ ç¨á«® δy ∈ (0, 1/m) ¨ í«¥¬¥­â hy ∈ X, ã¤®¢«¥â¢®àïîé¨¥á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

y + δyhy ∈M, (3.3)
‖hy − F (y)‖Y <

12m, (3.4)
‖hy‖X < c. (3.5)� áá¬®âà¨¬ BX(y, ηy), £¤¥ y ∈M, ηy ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬

ηy = δy2(k + 1)m.� á¨«ã ãá«®¢¨ï â¥®à¥¬ë ® «®ª «ì­®© ª®¬¯ ªâ­®áâ¨ ¯à®áâà ­-áâ¢  M, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® á ¬® ¯à®-áâà ­áâ¢® M ª®¬¯ ªâ­® (¢ ¯à®â¨¢­®¬ á«ãç ¥ ¡ã¤¥¬ à áá¬ âà¨-¢ âì ¯¥à¥á¥ç¥­¨¥ M á ­¥ª®â®àë¬ § ¬ª­ãâë¬ è à®¬). �«¥¤®-¢ â¥«ì­®, ­ ©¤¥âáï ª®­¥ç­®¥ ¯®ªàëâ¨¥ {BX(yj , ηyj
)} ¬­®�¥áâ¢ 

M. � «¥¥, ¤«ï ª �¤®£® x ∈ M ­ ©¤¥âáï j, çâ® x ∈ BX(yj , ηyj
).�¡®§­ ç¨¬

ε(x,m) .= δyj
, u(x,m) .= hyj

+ yj − x

δyj

.�®ª �¥¬, çâ® ¯ à  ε(x,m) ¨ u(x,m)| ¨áª®¬ ï ¤«ï x ¨ m .�¥©áâ¢¨â¥«ì­®, ¨§ ®¯à¥¤¥«¥­¨ï u(x,m) ¯®«ãç ¥¬
x+ ε(x,m)u(x,m) = x+ δyj

(

hyj
+ yj − x

δyj

) = yj + δyj
hyj

.�§ ¢ª«îç¥­¨ï (3.3) á«¥¤ã¥â, çâ®
x+ ε(x,m)u(x,m) ∈M.39



Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë ¢ë¯®«­¥­®.� «¥¥, ¨¬¥¥¬ ®æ¥­ªã
‖u(x,m) − F (yj)‖Y 6 ‖u(x,m) − hyj

‖Y + ‖hyj
− F (yj)‖Y.Ǒ¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ®æ¥­¨¬ á¢¥àåã, ¨á¯®«ì§ãï ®¯à¥-¤¥«¥­¨ï u(x,m) ¨ ηyj

:
‖u(x,m) − hyj

‖Y 6
‖yj − x‖Y

δyj

6
k‖yj − x‖X

δyj

6

6
kηyj

δyj

6
k2(k + 1)m 6

12m.�â®à®¥ á« £ ¥¬®¥ ¨§ ­¥à ¢¥­áâ¢  (3.4) ®£à ­¨ç¥­®
‖hyj

− F (yj)‖Y 6
12m.�«¥¤®¢ â¥«ì­®,

‖u(x,m) − F (yj)‖Y 6
1
m
.Ǒ®íâ®¬ã, ¨§ ¢ª«îç¥­¨ï yj ∈ BX(x, ηyj

) ¨¬¥¥¬:
u(x,m) ∈ BY

[

F
(

BX[x, 1/m℄), 1/m].�â®à®¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë ¢ë¯®«­¥­®.Ǒãáâì
θm = min

j
δyj
.� ª ª ª {BX(yj , ηyj

)}| ª®­¥ç­®¥ ¯®ªàëâ¨¥ ¬­®�¥áâ¢  M ¨ ª -�¤®¥ ç¨á«® δyi
> 0, â® θm > 0. Ǒ®íâ®¬ã, ¢ á¨«ã à ¢¥­áâ¢ 

ε(x,m) = δyi
¨¬¥¥¬ inf

x∈M
ε(x,m) = ϑm > 0.�à¥âì¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë ¢ë¯®«­¥­®.40



�«ï «î¡ëå x ¨ m ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
‖u(x,m)‖X 6 ‖hyj

‖X + ‖yj − x‖X

δyj

,¨§ ­¥à ¢¥­áâ¢  (3.5) á«¥¤ã¥â, çâ®
‖u(x,m)‖X 6 c+ 12m(k + 1) ,®âªã¤  ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® sup

m∈N, x∈M
‖u(x,m)‖X < +∞. � ª¨¬®¡à §®¬, ç¥â¢¥àâ®¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë â®�¥ ¢ë¯®«­¥­®. �Ǒ¥à¥©¤¥¬, â¥¯¥àì, ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 3.2.� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî â®çªã

ϕ ¯à®áâà ­áâ¢  M. �¡®§­ ç¨¬ α = r/c, £¤¥ r = max
x∈M

‖x− ϕ‖X.�  ®á­®¢ ­¨¨ «¥¬¬ë 3.1, ¤«ï ¢áïª®£® m ∈ N ¯®áâà®¨¬ æ¥«®¥ç¨á«® j, ª®­¥ç­ë© ­ ¡®à ç¨á¥« εm1 . . . εmj ∈ (θm, 1/m) ¨ í«¥¬¥­-â®¢ xm1 . . . xmj ∈M, £¤¥
xm0 = ϕ, xmi+1 = xmi + εmi u

m
i ,

umi ∈ BY

[

F
(

BX[xmi , 1/m℄), 1/m], i = 1 . . . j, (3.6)¯à¨ç¥¬ ¨­¤¥ªá j ®¯à¥¤¥«ï¥âáï ¨§ ­¥à ¢¥­áâ¢  j−1
∑

i=0 εmi > α.�®£« á­® «¥¬¬¥ 3.1, ¤«ï «î¡ëå æ¥«ëå i ¨ m ¨¬¥¥â ¬¥áâ®­¥à ¢¥­áâ¢® ‖umi ‖X 6 c. �®£¤  ¤«ï ¢áïª®£® i ¢ë¯®«­¥­® ¢ª«î-ç¥­¨¥ xmi ∈ BX[ϕ, r℄. �¥©áâ¢¨â¥«ì­®,
‖xmi − ϕ‖X 6

i−1
∑

q=0 ‖xmq+1 − xmq ‖X = i−1
∑

q=0 εmi ‖umq ‖X 6 c

i−1
∑

q=0 εmi = r.Ǒ®«®�¨¬
τmi

.= εm0 + · · ·+ εmi .41



�  ª �¤®¬ ¨§ ®âà¥§ª®¢ [τmi , τmi+1℄ ¯®áâà®¨¬ «¨­¥©­ãî äã­ªæ¨î
xmt

.= xmi + (t− τmi )umi .�®£¤  ¤«ï ¢á¥å t ∈ [τmi , τmi+1℄ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
‖xmt − xmi ‖X = (t− τmi )‖umi ‖X 6 εmi ‖u

m
i ‖X 6

c

m
. (3.7)� «¥¥, ¤«ï ¢áïª®£® t ∈ [τmi , τmi+1) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

δxmt = umj , ¯®íâ®¬ã ­  ®á­®¢ ­¨¨ (3.6), (3.7) ¨¬¥¥¬, çâ® ¤«ï ¢áï-ª®© â®çª¨ t ∈ [0, α℄
xmt ∈ BX(M, c/m), (3.8)

δxmt ∈ BY

[

F (BX[xmt , c/m℄), 1/m]. (3.9)�®ª �¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© xmt , m ∈ N ã¤®-¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë �àæ¥« . �á­®, çâ® ¤«ï ¢áïª®£® æ¥-«®£® m ®â®¡à �¥­¨¥ t → xmt ∈ 
onvM, t ∈ [0, α℄, £¤¥ 
onvM|¢ë¯ãª« ï ®¡®«®çª  M, ¤¥©áâ¢ã¥â ¨§ ª®¬¯ ªâ  ¢ ª®¬¯ ªâ.� «¥¥, ¨§ ¢ª«îç¥­¨ï (3.8) á«¥¤ã¥â à ¢­®¬¥à­ ï ®£à ­¨ç¥­-­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {xmt }.�®ª �¥¬ â¥¯¥àì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì à ¢­®áâ¥¯¥­­® ­¥-¯à¥àë¢­ . � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî äã­ªæ¨î xmt . �®§ì¬¥¬¯à®¨§¢®«ì­®¥ ε > 0. �®£¤  ¤«ï ¢áïª¨å t1, t2 ∈ [0, α℄ â ª¨å,çâ® |t1 − t2| < ε ª®«¨ç¥áâ¢® ã§«®¢ τmi ∈ [t1, t2℄ ­¥ ¯à¥¢®áå®¤¨â(m+ 1)ε. �«¥¤®¢ â¥«ì­®
‖xmt1 − xmt2‖X 6

c(m+ 1)ε
m

.Ǒ® â¥®à¥¬¥ �àæ¥«  áãé¥áâ¢ã¥â ¤¢¨�¥­¨¥ t→ xt ∈M, £¤¥ t ∈[0, α℄ â ª®¥, çâ® ‖xt − xmt ‖X → 0 à ¢­®¬¥à­® ­  [0, α℄. Ǒ®íâ®¬ã¨§ ­¥à ¢¥­áâ¢  (3.8) á«¥¤ã¥â, çâ® xt ∈M.� «¥¥, ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
‖δxmt − F (xt)‖Y = ‖umi − F (xt)‖Y 642



6 ‖umi − F (xmi )‖Y + ‖F (xmi )− F (xt)‖Y.�«¥¤®¢ â¥«ì­®, ¨§ ¢ª«îç¥­¨ï (3.6) ¯®«ãç ¥¬, çâ® ¨¬¥¥â ¬¥áâ®à ¢¥­áâ¢® lim
m→+∞

‖umi − F (xmi )‖Y = 0, â® ¥áâì ¯¥à¢®¥ á« £ ¥¬®¥áâà¥¬¨âáï ª 0 à ¢­®¬¥à­® ¯® t. � «¥¥, ¨§ ­¥à ¢¥­áâ¢  (3.7),­¥¯à¥àë¢­®áâ¨ F (x) ¨ ®æ¥­ª¨
‖xt − xmi ‖X 6 ‖xt − xmt ‖X + ‖xmt − xmi ‖X,¯®«ãç ¥¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ à ¢­®¬¥à­® ¯® t áâà¥¬¨âáï ª 0.�¥¬ á ¬ë¬ xmt → xt ¨ δxmt → F (xt) à ¢­®¬¥à­® ¯® t.�®ª �¥¬, çâ® ¤«ï ¢á¥å t ∈ [0, α) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

δxt = F (xt). �¨ªá¨àã¥¬ t0 ∈ [0, α). �«ï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢ 
δxt0 = F (xt0) ¤®áâ â®ç­® ¤®ª § âì, çâ® ¤«ï «î¡®£® ε > 0 ¯à¨¤®áâ â®ç­® ¬ «ëå �t ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

∥

∥

∥

∥

xt0+�t − xt0�t − F (xt0)∥∥∥
∥

Y

< ε,

∥

∥

∥

∥

xt0+�t − xt0�t ∥

∥

∥

∥

X

< +∞.� ª ª ª ‖xmt −xt‖X → 0 à ¢­®¬¥à­® ¯® t, ¤«ï ¢ë¯®«­¥­¨ï íâ®£®­¥à ¢¥­áâ¢  ¤®áâ â®ç­® ¤®ª § âì, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å m¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 
∥

∥

∥

∥

xmt0+�t − xmt0�t − F (xt0)∥∥∥
∥

Y

< ε,

∥

∥

∥

∥

xmt0+�t − xmt0�t ∥

∥

∥

∥

X

< +∞.�§ ­¥¯à¥àë¢­®áâ¨ F (ϕ) ¨¬¥¥¬, çâ® ¤«ï ¢áïª®£® ε > 0 ­ ©¤¥âáïç¨á«® η > 0 â ª®¥, çâ® ¢ë¯®«­¥­® ‖F (ϕ) − F (xt0)‖Y < ε ¤«ï¢á¥å ‖ϕ− xt0‖X < (4c + 1)η.�®§ì¬¥¬ ­®¬¥à m ¤®áâ â®ç­® ¡®«ìè¨¬, çâ®¡ë 1/m < η ¨
‖xmt − xt‖X < 2cη ¤«ï ¢á¥å t ∈ [0, α), ¨ ¢®§ì¬¥¬ �t < η.� ©¤ãâáï ­®¬¥à  i1 ¨ i2 â ª¨¥, çâ®

τmi1 6 t0 < τmi1+1 < · · · < τmi2−1 < t0 + �t 6 τmi2 .�®ª �¥¬, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ i1 6 s 6 i2 ¢ë¯®«­¥­® ¢ª«î-ç¥­¨¥
BX[xms , 1/m℄ ⊂ BX[xt0 , 4(c+ 1)η℄. (3.10)43



�á¥ τms , s = i1, . . . , i2 ®â«¨ç îâáï ®â t0 ¬¥­¥¥, ç¥¬ ­  2η. �«¥-¤®¢ â¥«ì­®,
‖xms − xt0‖X 6 ‖xms − xmt0‖X + ‖xmt0 − xt0‖X < 2cη + 2cη = 4cη.� ª¨¬ ®¡à §®¬, xms ∈ BX[xt0 , 4cη℄ ¨ âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥ ¢ë¯®«-­¥­®.�  ª �¤®¬ ¨§ ®âà¥§ª®¢ [τms , τms+1℄, s = i1, . . . , i2 − 1, ®â®¡à -�¥­¨¥ xmt «¨­¥©­® ¨ ¨¬¥¥â ¢¨¤

xmt = xmts + (t− ts)ums , t ∈ [τms , τms+1℄.�®£¤ , ­  ®âà¥§ª¥ [t0, t0 + �t℄ ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ :
xmt − xmt0 = (t− t0)umi1 , t ∈ [t0, τmi1+1℄,
xmt − xmi1+1 = (t− τmi1+1)umi1+1, t ∈ [τmi1+1, τmi1+2℄,

. . .
xmt − xmi2−1 = (t− τmi2−1)umi2−1, t ∈ [τmi2−1, t0 + �t℄.Ǒ® ¯®áâà®¥­¨î, ¤«ï ¢á¥å umi ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖umi ‖X 6 c.�«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å t ∈ [τi, τi+1℄ ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
‖xmt − xmi ‖X 6 c(t− τi),á«®�¨¢ ª®â®àë¥, ¯®«ãç¨¬
‖xmt − xmt0‖X 6 c(t− t0).Ǒ®¤¥«¨¢ ®¡¥ ç áâ¨ ­  t − t0 ¨ ®¡®§­ ç¨¢ �t = t − t0, ¯®«ãç ¥¬­¥à ¢¥­áâ¢®
∥

∥

∥

∥

xmt0+�t − xmt0�t ∥

∥

∥

∥

X

< c¤«ï ¢á¥å �t < η. Ǒ¥à¥©¤ï ª ¯à¥¤¥«ã m → +∞, ¯®«ãç¨¬ ­¥à -¢¥­áâ¢®
∥

∥

∥

∥

xt0+�t − xt0�t ∥

∥

∥

∥

X

< c.44



� ª¨¬ ®¡à §®¬, ¢â®à®¥ ­¥à ¢¥­áâ¢® ¨§ ®¯à¥¤¥«¥­¨ï δxt ¢ë¯®«-­¥­®.�®ª �¥¬, çâ® ¯¥à¢®¥ â ª�¥ ¨¬¥¥â ¬¥áâ®. �«ï ¢á¥å i1 6 s 6

i2 − 1 ¯® ®¯à¥¤¥«¥­¨î ums ¨¬¥¥¬
ums ∈ BY

[

F
(

BX[xms , 1/m℄), 1/m],â® ¥áâì ­ ©¤¥âáï y ∈ BX[xms , 1/m℄ â ª®¥, çâ®
‖ums − F (y)‖Y 6 1/m.� ¤àã£®© áâ®à®­ë, ¨§ ¢ª«îç¥­¨ï (3.10) ¨¬¥¥¬, çâ® ¢ë¯®«­¥­®

y ∈ BX[xt0 , 4(c + 1)η℄ ¨ ¯® ¯®áâà®¥­¨î η ¯®«ãç ¥¬
‖F (y) − F (xt0)‖Y < ε.� ª¨¬ ®¡à §®¬, ¤«ï ¢á¥å ums ¢ë¯®«­¥­®

‖ums − F (xt0)‖Y 6 ‖ums − F (y)‖Y + ‖F (y) − F (xt0)‖Y 6 1/m+ ε.�«¥¤®¢ â¥«ì­®, ¢á¥ ­¥à ¢¥­áâ¢ 
‖xmt − xms − (t− τms )F (xt0)‖Y == (t− τms )‖ums − F (xt0)‖Y 6 (t− τms )(1/m + ε)¬®�­® á«®�¨âì ¨ ¯®«ãç¨âì, çâ® ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å m ¨�t < η ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

‖xmt0+�t − xmt0 − �tF (xt0)‖Y 6 �t(1/m+ ε).Ǒ¥à¥©¤ï ª ¯à¥¤¥«ã ¯® m ¨ ¯®¤¥«¨¢ ®¡¥ ç áâ¨ ­  �t, ¯®«ãç ¥¬âà¥¡ã¥¬ãî ®æ¥­ªã
∥

∥

∥

∥

xt0+�t − xt0�t − F (xt0)∥∥∥
∥

Y

< ε.

�45



� ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 3.2 ®â®¡à �¥­¨¥ F : X → Y ¯à¥¤¯®-« £ ¥âáï ­¥¯à¥àë¢­ë¬ ­  ¯à®áâà ­áâ¢¥ X. �­â¥à¥á ¯à¥¤áâ ¢«ï-¥â á«ãç ©, ª®£¤  ®â®¡à �¥­¨¥ F : X → Y ­¥ ï¢«ï¥âáï ­¥¯à¥àë¢-­ë¬. �ª §ë¢ ¥âáï, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­®§ ¬ª­ãâ®áâ¨ ®â®¡à �¥­¨ï F. � ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ § ¬ª­ãâ®-£® ®â®¡à �¥­¨ï.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1 (á¬. [27, á. 276℄ ). F : X → Y­ §ë¢ ¥âáï § ¬ª­ãâë¬ ®â®¡à �¥­¨¥¬, ¥á«¨ £à ä¨ª �(F ) ï¢«ï-¥âáï § ¬ª­ãâë¬ ¬­®�¥áâ¢®¬, £¤¥ £à ä¨ª �(F )| ¬­®�¥áâ¢® ¯ à¢¨¤  �(F ) .= {(σ, F (σ)) : σ ∈ D(F )},  D(F ) ⊂ X| ®¡« áâì ®¯à¥¤¥«¥­¨ï ®â®¡à �¥­¨ï F.�àã£¨¬¨ á«®¢ ¬¨, ®â®¡à �¥­¨¥ F : X → Y ï¢«ï¥âáï § ¬ª­ã-âë¬ ¥á«¨ ¨ â®«ìª® ¥á«¨ ¨§ ãá«®¢¨©
‖σi − σ‖X → 0, {σi} ⊂ D(F ),
‖F (σi)− f‖Y → 0, f ∈ Yá«¥¤ã¥â, çâ® σ ∈ D(F ) ¨ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® F (σ) = f.� ¥ ® à ¥ ¬   3.3. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®-¢¨î A ( á¬. á. 21), ¨ § ¤ ­® § ¬ª­ãâ®¥ ®â®¡à �¥­¨¥ F : X → Yá ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(F ). Ǒãáâì ¤ «¥¥, § ¤ ­® «®ª «ì­®ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ¢ D(F ) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï:1) ¤«ï ª �¤®£® x ∈ M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ F (x) ∈

TY
x M ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®sup

i

∥

∥

∥
F (x) + r(ti(x), x)

ti(x) ∥

∥

∥

X
< c.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥ t → xt ∈ M, t ∈ [0, α℄ â ª®¥, çâ® x0 = ϕ¨ δxt = F (xt) ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).46



� ® ª   §   â ¥ « ì á â ¢ ®. � ãá«®¢¨ïå â¥®à¥¬ë ãâ¢¥à�-¤¥­¨¥ «¥¬¬ë 3.1 ®áâ ¥âáï ¢¥à­ë¬ ¨ ¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨â-áï ¯à ªâ¨ç¥áª¨ ¡¥§ ¨§¬¥­¥­¨©. Ǒ®¯à ¢ª¨ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬-¬ë ¯à®¨áå®¤ïâ «¨èì ¢ ¬¥áâ å, £¤¥ ¨á¯®«ì§ã¥âáï ­¥¯à¥àë¢­®áâì®â®¡à �¥­¨ï F, ¯®­¨¬ ¥¬ ï ¢ á«¥¤ãîé¥¬ á¬ëá«¥:¤«ï ¢áïª¨å x̂ ∈ D(F ) ¨ ε > 0 ­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¨§ãá«®¢¨© ‖x − x̂‖X < δ x ∈ D(F ) á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­-áâ¢  ‖F (x) − F (x̂)‖Y < ε.�®ª § â¥«ìáâ¢® á ¬®© â¥®à¥¬ë ¤®á«®¢­® ¯®¢â®àï¥â ¤®ª § -â¥«ìáâ¢® â¥®à¥¬ë 3.2. �â® ¯®§¢®«ï¥â á¤¥« âì «®ª «ì­ ï ª®¬¯ ªâ-­®áâì ¬­®�¥áâ¢  M, â ª ª ª ¢á¥ ¯à¥¤¥«ì­ë¥ ¯¥à¥å®¤ë á®åà ­ï-îâáï. �4. � ¤ ç  ¢ë�¨¢ ­¨ï ¤«ï ãà ¢­¥­¨© á ¯®á«¥¤¥©-áâ¢¨¥¬�«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨
τ → x(τ) ∈ R

n, τ ∈ [−r, ϑ℄, r > 0, ϑ > 0®¡®§­ ç¨¬
xt(s) .= x(t+ s), s ∈ [−r, 0℄, t ∈ [0, ϑ℄.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ®

X = AC([−r, 0℄,Rn), Y = L1([−r, 0℄,Rn)× R
n.�®à¬ë ‖ · ‖X ¨ ‖ · ‖Y á®®â¢¥âáâ¢¥­­® à ¢­ë

‖ϕ‖X = sup
s∈[−r,0℄ |ϕ(s)| + ∫ 0

−r
| _ϕ(s)|ds,

‖(ϕ, b)‖Y = max{∫ 0
−r

|ϕ(s)|ds, |b|}.47



� ¯®¬­¨¬, çâ® ãá«®¢¨¥ A ®§­ ç ¥â ¢ª«îç¥­¨¥ X ⊂ Y ¨ ¢ë-¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  sup
ϕ∈X,ϕ 6=0 ‖ϕ‖Y

‖ϕ‖X
< +∞. �«ï ¢ë¯®«­¥­¨ïíâ®£® ãá«®¢¨ï ¡ã¤¥¬ à áá¬ âà¨¢ âì í«¥¬¥­â ϕ ∈ X, ª ª ¯ àã(ϕ(·), ϕ(0)) ∈ ~X,£¤¥ ~X .= {(ϕ(·), b) ∈ AC([−r, 0℄,Rn)× R

n : b = ϕ(0)}á ­®à¬®©
‖(ϕ(·), b)‖~X = max{‖ϕ‖X, |b|}.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®â®�¤¥áâ¢«ïâì X ¨ ~X. � íâ®¬ á«ãç ¥ ¯à®-áâà ­áâ¢® X ï¢«ï¥âáï ¯®¤¬­®�¥áâ¢®¬ ¯à®áâà ­áâ¢  Y ¨ âà¥¡ã-¥¬®¥ ­¥à ¢¥­áâ¢® sup
ϕ∈X,ϕ 6=0 ‖ϕ‖Y

‖ϕ‖X
< +∞ ¢ë¯®«­¥­®.Ǒãáâì ¨¬¥¥âáï § ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) = f(xt), x0 = ϕ. (4.1)�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®â®¡à �¥­¨¥ F : X → Y, ®¯à¥¤¥«¥­-­®¥ à ¢¥­áâ¢®¬

F (σ) .= ( _σ(·), f(σ))¨ ¢¬¥áâ¥ á § ¤ ç¥© (4.1) ¡ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã
δxt = F (xt), x0 = ϕ. (4.2)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1. �¥è¥­¨¥¬ § ¤ ç¨ (4.2) ­ §ë-¢ ¥âáï ®â®¡à �¥­¨¥ t → xt ∈ X, t ∈ [0, α), α > 0 â ª®¥, çâ®

x0 = ϕ, ®â®¡à �¥­¨¥ xt  ¡á®«îâ­® ­¥¯à¥àë¢­® ­  «î¡®¬ ®âà¥§-ª¥ [0, β℄, β < α ¨ ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¢ë¯®«­¥­® à ¢¥­áâ¢®
δxt = F (xt).�®à¬ã«¨àã¥¬ë¥ ­¨�¥ ¤¢¥ «¥¬¬ë ãáâ ­ ¢«¨¢ îâ ¢§ ¨¬­® ®¤-­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥�¤ã à¥è¥­¨ï¬¨ § ¤ ç (4.2) ¨ (4.1).48



� ¥ ¬ ¬   4.1. Ǒãáâì äã­ªæ¨ï
t→ x(t) ∈ R

n, t ∈ [−r, α), α > 0ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (4.1). �®£¤  ®â®¡à �¥­¨¥
t→ xt ∈ X, t ∈ [0, α),¯®áâà®¥­­®¥ ¯® ¯à ¢¨«ã

xt(s) .= x(t+ s), t ∈ [0, α), s ∈ [−r, 0℄,¨¬¥¥â ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¢ à¨ æ¨î δxt ¨ ï¢«ï¥âáï à¥-è¥­¨¥¬ § ¤ ç¨ (4.2).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì t → xt ∈ X, t ∈ [0, α) |¤¢¨�¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ X, ¯®à®�¤¥­­®¥ x(t). Ǒ® ®¯à¥¤¥«¥­¨î,¢ à¨ æ¨ï δxt ®â®¡à �¥­¨ï t→ xt, íâ® ¯ à 
δxt = (σ, b) ∈ L1[−r, 0℄ × R

nâ ª ï, çâ® lim
ε→0∥∥xt+ε − xt

ε
− δxt

∥

∥

Y
= 0,£¤¥

∥

∥

xt+ε − xt
ε

− δxt
∥

∥

Y
== max{∥∥xt+ε − xt

ε
(·)− σ(·)∥∥

L1([−r,0℄,Rn), ∣∣xt+ε(0)− xt(0)
ε

− b
∣

∣

}

.�âªã¤  ¯®«ãç ¥¬, çâ®
σ(s) = lim

ε→0+ xt+ε(s)− xt(s)
ε¨

b = lim
ε→0+ xt+ε(0)− xt(0)

ε
.49



�«ï ¢á¥å s < 0, ­ ç¨­ ï á ­¥ª®â®à®£® ε á¯à ¢¥¤«¨¢® s+ ε < 0,¯®íâ®¬ã
σ(s) = lim

ε→0+ xt(s+ ε)− xt(s)
ε

= _xt(s).¤«ï ¯®çâ¨ ¢á¥å s ∈ [−r, 0℄.�«ï b, ¯® ®¯à¥¤¥«¥­¨î à¥è¥­¨ï § ¤ ç¨ (4.1) (á¬. [35, á. 51℄),¨¬¥¥¬
b = lim

ε→0+ x(t+ ε)− x(t)
ε

= lim
ε→0+ x(t) + ∫ t+ε

t

f(xs)ds − x(t)
ε

= f(xt)¯à¨ ¯®çâ¨ ¢á¥å t ∈ [0, α).� ª¨¬ ®¡à §®¬,
δxt = ( _xt(s), f(xt))¯®çâ¨ ¢áî¤ã ­  [0, α). �� ¥ ¬ ¬   4.2. Ǒãáâì ®â®¡à �¥­¨¥

t→ yt, t ∈ [0, α), α > 0ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (4.2). �®£¤  ®â®¡à �¥­¨¥
t→ x(t) ∈ R

n, t ∈ [−r, α),£¤¥
x(s) = ϕ(s), s ∈ [−r, 0℄, x(t) = yt(0), t ∈ [0, α)ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (4.1).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì ¯®çâ¨ ¢áî¤ã ­  ¨­â¥à-¢ «¥ [0, α) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

δyt = F (yt) = ( _yt, f(yt)) ∈ Y.50



Ǒ® ®¯à¥¤¥«¥­¨î δyt ¯®«ãç ¥¬, çâ® ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¨§á¢®©áâ¢ ¯à®áâà ­áâ¢ X ¨ Y ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®lim
ε→0+∥∥∥∥(yt+ε(·), yt+ε(0)) − (yt(·), yt(0))

ε
− ( _yt(·), f(yt))∥∥∥

∥

Y

= 0.�âªã¤  á«¥¤ã¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢lim
ε→0∫ 0

−r

∣

∣

∣

∣

yt+ε(s)− yt(s)
ε

− _yt(s)∣∣∣
∣

ds = 0 (4.3)¨ lim
ε→0 ∣∣∣∣yt+ε(0)− yt(0)

ε
− f(yt)∣∣∣

∣

= 0. (4.4)¤«ï ¯®çâ¨ t ∈ [0, α).� áá¬®âà¨¬ ®â®¡à �¥­¨¥ t → x(t) ∈ R
n, t ∈ [−r, 0℄, ¯®áâà®-¥­­®¥ ¯® ¯à ¢¨«ã

x(s) = ϕ(s), s ∈ [−r, 0℄, x(t) = yt(0), t ∈ [0, α).�«ï x(t) ¨§ à ¢¥­áâ¢  (4.4) ¯®«ãç ¥¬, çâ®_x(t) = lim
ε→0+ yt+ε(0)− yt(0)

ε
= f(yt).�«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à�¤¥­¨ï «¥¬¬ë âà¥¡ã¥âáï ¤®ª § âì à -¢¥­áâ¢® _x(t) = f(xt),á«¥¤®¢ â¥«ì­®, ­¥®¡å®¤¨¬® ¯®ª § âì, çâ® ¤«ï ¢á¥å s ∈ [−r, 0℄ ¢ë-¯®«­¥­® à ¢¥­áâ¢® yt(s) = xt(s). Ǒ® ®¯à¥¤¥«¥­¨î xt ­¥®¡å®¤¨¬®¤®ª § âì, çâ®

x(t+ s) = yt(s).�§ ®¯à¥¤¥«¥­¨ï x(t) á«¥¤ã¥â, çâ® íâ® à ¢¥­áâ¢® íª¢¨¢ «¥­â­®à ¢¥­áâ¢ã
yt+s(0) = yt(s).51



� áá¬®âà¨¬ äã­ªæ¨î ¤¢ãå ¯¥à¥¬¥­­ëå y(t, s) .= yt(s), £¤¥
t ∈ [0, α), s ∈ [−r, 0℄. Ǒ®ª �¥¬, çâ® äã­ªæ¨ï y(t, s) ¯®áâ®ï­­ ¢¤®«ì ®âà¥§ª®¢ s+ t = 
onst, s ∈ [−r, 0℄, t ∈ [0, α).�§ à ¢¥­áâ¢  (4.3) á«¥¤ã¥â, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢®lim

ε→0 yt+ε(s)− yt(s)
ε

= _yt(s)¤«ï ¯®çâ¨ ¢á¥å s ∈ [−r, 0℄. �«¥¤®¢ â¥«ì­®, ¤«ï ¯®çâ¨ ¢á¥å â®ç¥ª(t, s) ∈ [0, α) × [−r, 0)¨¬¥¥¬ æ¥¯®çªã à ¢¥­áâ¢
∂y(t, s)
∂t

= lim
ε→0+ y(t+ ε, s)− y(t, s)

ε
= lim

ε→0+ yt+ε(s)− yt(s)
ε

== lim
ε→0+ yt(s+ ε)− yt(s)

ε
= lim

ε→0+ y(t, s + ε)− y(t, s)
ε

= ∂y(t, s)
∂s

.Ǒà®¤¨ää¥à¥­æ¨à®¢ ¢ äã­ªæ¨î y(t, 
onst−t) ¯®«ãç¨¬
d

dt
y(t, 
onst−t) == ∂y(t, s)

∂t

∣

∣

∣

∣

s=
onst−t − ∂y(t, s)
∂s

∣

∣

∣

∣

s=
onst−t = 0.� ª¨¬ ®¡à §®¬, äã­ªæ¨ï y(t, 
onst−t) ï¢«ï¥âáï ª®­áâ ­â®©.Ǒ®ª �¥¬, çâ® yt+τ (s) = yt+s(τ) ¤«ï ¢á¥å s, τ ∈ [−r, 0). �¥©-áâ¢¨â¥«ì­®, ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ _yt+s(τ) = lim
ε→0+ yt+s(τ + ε)− yt+s(τ)

ε
= _yt+τ (s).� ª ª ª yt+s(τ) ∈ AC[−r, 0℄, â®

yt+s(0) = ∫ 0
s

_yt+s(τ)dτ + yt+s(s).� ¤àã£®© áâ®à®­ë,
yt(s) = ∫ 0

s

_yt+τ (s)dτ + yt+s(s)52



¨ ¯®íâ®¬ã yt+s(0) = yt(s). �� ª¨¬ ®¡à §®¬, ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 3.2 ¨ «¥¬¬ 4.2, 4.1,¬®�­® áä®à¬ã«¨à®¢ âì ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¢ë�¨¢ ­¨ï ¤«ï á¨-áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬.� ¥ ® à ¥ ¬   4.1. � áá¬®âà¨¬ ­¥ª®â®à®¥ «®ª «ì­® ª®¬-¯ ªâ­®¥ ¬­®�¥áâ¢® M ⊂ X. �«ï â®£®, çâ®¡ë áãé¥áâ¢®¢ «®¤¢¨�¥­¨¥ t → xt ∈ M , ¯®à®�¤¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢-­¥­¨¥¬ á § ¯ §¤ë¢ ­¨¥¬ _x(t) = f(xt) ¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬
x0 = ϕ ∈ M, ¤®
â â®ç­®, çâ®¡ë ¤«ï ¢áïª®© â®çª¨ σ ∈ M ¢ë-¯®«­ï«®áì ¢ª«îç¥­¨¥ F (σ) ∈ TY

σ M, £¤¥ F (σ) = ( _σ(s), f(σ)).�®§ì¬¥¬ â¥¯¥àì, ¢ ª ç¥áâ¢¥ ¯à®áâà ­áâ¢
X = C([−r, 0℄,Rn), Y = L1([−r, 0℄,Rn)× R

n.�®ª �¥¬, çâ® ®â®¡à �¥­¨¥ σ → F (σ) ∈ Y, σ ∈ X, ¤¥©áâ¢ã-îé¥¥ ¯® ¯à ¢¨«ã
F (σ) = ( _σ, f(σ))ï¢«ï¥âáï § ¬ª­ãâë¬.�«ï íâ®£® ¤®áâ â®ç­® ¤®ª § âì § ¬ª­ãâ®áâì ®¯¥à â®à  ¤¨ä-ä¥à¥­æ¨à®¢ ­¨ï F0, ª ª ®â®¡à �¥­¨ï ¤¥©áâ¢ãîé¥£® ¨§ ¯à®-áâà ­áâ¢  C([−r, 0℄,Rn) ¢ L1([−r, 0℄,Rn) á ®¡« áâìî ®¯à¥¤¥«¥-­¨ï D(F0) = AC([−r, 0℄,Rn).� ¥ ¬ ¬   4.3. Ǒãáâì F0 ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢ 

C([−r, 0℄,Rn) ¢ ¯à®áâà ­áâ¢® L1([−r, 0℄,Rn) ¯® ¯à ¢¨«ã(F0σ)(t) .= _σ(t), t ∈ [−r, 0℄, σ ∈ D(F0),£¤¥ ®¡« áâìî ®¯à¥¤¥«¥­¨ï ï¢«ï¥âáï ¯à®áâà ­áâ¢®  ¡á®«îâ­®­¥¯à¥àë¢­ëå äã­ªæ¨© D(F0) = AC([−r, 0℄,Rn). �®£¤  íâ®â ®¯¥-à â®à ï¢«ï¥âáï § ¬ª­ãâë¬.� ® ª   §   â ¥ « ì á â ¢ ®. � ¬ª­ãâ®áâì F0 ®§­ ç ¥â, çâ®¨§ ãá«®¢¨©
‖σn − σ̂‖C([−r,0℄,Rn) → 053



¨
‖F0(σn)− f‖L1([−r,0℄,Rn) → 0á«¥¤ã¥â, çâ® (σ̂, f) ∈ �(F0) ¨«¨, çâ® â® �¥ á ¬®¥, F0(σ̂) = f.�¡®§­ ç¨¬

ϕn
.= F0(σn) = _σn.�§ á¢®©áâ¢  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨© á«¥¤ã¥â, çâ® ¤«ï¢á¥å n ∈ N ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

σn(t) = σn(−r) + ∫ t

−r
ϕn(s)ds.� ¬ âà¥¡ã¥âáï ¤®ª § âì à ¢¥­áâ¢®

σ̂(t) = σ̂(−r) + ∫ t

−r
f(s)ds.�¥¬ á ¬ë¬ ¡ã¤¥â ¤®ª § ­®, çâ® σ ∈ AC([−r, 0℄,Rn). �§ ¯®á«¥¤-­¥£® ¢ª«îç¥­¨ï ¡ã¤¥â á«¥¤®¢ âì, çâ® f ï¢«ï¥âáï ¯à®¨§¢®¤­®© σ̂¨, á«¥¤®¢ â¥«ì­®, (σ, f) ∈ �(F0).� ãç¥â®¬ ®¯à¥¤¥«¥­¨ï σn ¨ ϕn

σn(t) = σn(−r) + ∫ t

−r
ϕn(s)ds,®æ¥­¨¬ ­®à¬ã à §­®áâ¨

|σ̂(t)− σ̂(−r)− ∫ t

−r
f(s)ds| 6

6 |σ̂(t)− σn(t)|+ |σn(−r)− σ̂(−r)|+ ∫ t

−r
|ϕn(s)− f(s)|ds.Ǒ¥à¢ë¥ ¤¢  á« £ ¥¬ëå áå®¤ïâáï ª 0 ¢ á¨«ã à ¢­®¬¥à­®© áå®¤¨-¬®áâ¨ σn ª σ̂. �§ áå®¤¨¬®áâ¨ ϕn ª f ¢ L1([−r, 0℄,Rn) ¨ ®æ¥­ª¨

∫ t

−r
|ϕn(s)− f(s)|ds 6

∫ 0
−r

|ϕn(s)− f(s)|ds54



á«¥¤ã¥â áå®¤¨¬®áâì ª 0 âà¥âì¥£® á« £ ¥¬®£®. Ǒ®íâ®¬ã ¯à ¢ ïç áâì ­¥à ¢¥­áâ¢  ¬®�¥â áâ âì áª®«ì ã£®¤­® ¬ «®©, çâ® ®§­ ç ¥âà ¢¥­áâ¢®
|σ̂(t)− σ̂(−r)− ∫ t

−r
f(s)ds| = 0¤«ï ¢á¥å t ∈ [−r, 0℄. ��§ íâ®© «¥¬¬ë, â¥®à¥¬ë (3.3) á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥, ¤ î-é¥¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ¥¬®áâ¨ ¤«ï ãà ¢­¥­¨© á ¯®á«¥-¤¥©áâ¢¨¥¬ ¨ ¬­®�¥áâ¢ , § ¤ ­­®£® ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëåäã­ªæ¨©.� ¥ ® à ¥ ¬   4.2. Ǒãáâì M| ­¥ª®â®à®¥ ¬­®�¥áâ¢® ¢¯à®áâà ­áâ¢¥  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨©, «®ª «ì­® ª®¬-¯ ªâ­®¥ ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨©. �«ï â®£®, çâ®-¡ë áãé¥áâ¢®¢ «® ¤¢¨�¥­¨¥ t → xt ∈ M , ¯®à®�¤¥­­®¥ ¤¨ää¥-à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ á § ¯ §¤ë¢ ­¨¥¬ _x(t) = f(xt) ¨ ­ -ç «ì­ë¬ ãá«®¢¨¥¬ x0 = ϕ ∈ M, ¤®
â â®ç­®, çâ®¡ë ¤«ï ¢áï-ª®© â®çª¨ σ ∈ M ¢ë¯®«­ï«®áì ¢ª«îç¥­¨¥ F (σ) ∈ TY

σ M, £¤¥
F (σ) = ( _σ(s), f(σ)).5. �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯®á«¥¤¥©áâ¢¨¥¬¨ ®¤­¨¬ ®£à ­¨ç¥­¨¥¬Ǒãáâì

X
.= AC([−r, 0℄,Rn), Y

.= L1([−r, 0℄,Rn)× R
n¨ ¬­®�¥áâ¢® M § ¤ ­® ¢ X ãà ¢­¥­¨¥¬

M
.= {ϕ ∈ X : a(ϕ) = 0},£¤¥ ®â®¡à �¥­¨¥ a : X → R ¨¬¥¥â ¢¨¤

a(ϕ) .= β(ϕ(0)) + ∫ 0
−r
α(s, ϕ(s))ds,55



β : R
n → R ¨ α : R × R

n → R| ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: β′(x)|x=x0 | £à ¤¨¥­â äã­ª-æ¨¨ β(x) ¢ â®çª¥ x0, â® ¥áâì
β′(x)|x=x0 .= (

∂β(x)
∂x1 , . . . ,

∂β(x)
∂xn

)∣

∣

∣

∣

x=x0 ,¨ á®®â¢¥âáâ¢¥­­®
αx

′(t, x)|x=x0 .= (

∂α(t, x)
∂x1 , . . . ,

∂α(t, x)
∂xn

)∣

∣

∣

∣

x=x0 .�¡®§­ ç¨¬ ç¥à¥§ 〈·, ·〉 áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ R
n.� ¥ ¬ ¬   5.1. Ǒãáâì äã­ªæ¨ï β : R

n → R ­¥¯à¥àë¢­ ¢¬¥áâ¥ á® á¢®¥© ¯à®¨§¢®¤­®© β′(x) ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ R
n.�ã­ªæ¨ï α : R × R

n → R ­¥¯à¥àë¢­  ¢¬¥áâ¥ á® á¢®¥© ¯à®¨§¢®¤-­®© αx
′(t, x) ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ R×R

n. �®£¤  ®â®¡à �¥­¨¥
a : X → R, £¤¥

a(ϕ) .= β(ϕ(0)) + ∫ 0
−r
α(s, ϕ(s))ds¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥ ¢® ¢á¥å â®çª å ϕ̂ ∈ X ¨ ¯à®¨§¢®¤­ ï

a′(ϕ̂)[·℄ : X → R¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã
a′(ϕ̂)[ψ℄ = 〈β′(x)|x=ϕ̂(0), ψ(0)〉 + ∫ 0

−r
〈αx

′(s, x)|x=ϕ̂(s), ψ(s)〉ds.� ® ª   §   â ¥ « ì á â ¢ ®. � ä¨ªá¨àã¥¬ í«¥¬¥­â ϕ ∈ X.� ©¤¥¬ ¯à®¨§¢®¤­ãî ®â®¡à �¥­¨ï a : X → R ¢ â®çª¥ ϕ ¯®­ ¯à ¢«¥­¨î ψ ∈ X

a′(ϕ)[ψ℄ = lim
ε→0+ β(ϕ(0) + εψ(0)) − β(ϕ(0))

ε
+56



+ lim
ε→0+ 1

ε

(

∫ 0
−r
α(s, ϕ(s) + εψ(s))ds − ∫ 0

−r
α(s, ϕ(s))ds).� á¨«ã â®£®, çâ® äã­ªæ¨ï β(x) ¤¨ää¥à¥­æ¨àã¥¬  ¢® ¢á¥å â®çª å

x ∈ R
n, ¨¬¥¥¬ à ¢¥­áâ¢®lim
ε→0+ 1

ε

(

β(ϕ(0) + εψ(0)) − β(ϕ(0))) = 〈β′(x)|x=ϕ(0), ψ(0)〉.�§ ­¥¯à¥àë¢­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ α(t, x) ¯® x á«¥¤ã¥â, çâ®¯®¤ §­ ª®¬ ¨­â¥£à «  ¬®�­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã:lim
ε→0+ 1

ε

(

∫ 0
−r
α(s, ϕ(s) + εψ(s))ds − ∫ 0

−r
α(s, ϕ(s))ds) == lim

ε→0+∫ 0
−r

1
ε
(α(s, ϕ(s) + εψ(s)) − α(s, ϕ(s)))ds == ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds.� ª¨¬ ®¡à §®¬,

a′(ϕ)[ψ℄ = 〈β′(x)|x=ϕ(0), ψ(0)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds.�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¢ ª �¤®© â®çª¥ ϕ ∈ X ®â®¡à �¥­¨¥

a′(ϕ)[·℄ : X → R«¨­¥©­® ¨ ­¥¯à¥àë¢­®, â® ¥áâì a′(ϕ)[·℄ ∈ X∗.Ǒ®ª �¥¬, çâ® ®â®¡à �¥­¨¥
ϕ→ a′(ϕ)[·℄,­¥¯à¥àë¢­® ¢ ª �¤®© â®çª¥ ϕ̂, ª ª ®â®¡à �¥­¨¥, ¤¥©áâ¢ãîé¥¥¨§ X ¢ X∗.Ǒ® ®¯à¥¤¥«¥­¨î ­®à¬ë ¢ X∗ ¨¬¥¥¬ à ¢¥­áâ¢®

‖a′(ϕ̂)− a′(ϕ)‖X∗

.= sup
‖ψ‖X=1 |a′(ϕ̂)[ψ℄− a′(ϕ)[ψ℄|.57



�æ¥­¨¬ ­®à¬ã à §­®áâ¨
|a′(ϕ̂)[ψ℄ − a′(ϕ)[ψ℄| = ∣∣〈β′(x)|x=ϕ̂(0) − β′(x)|x=ϕ(0), ψ(0)〉++∫ 0

−r
〈αx

′(s, x)|x=ϕ̂(s) − αx
′(s, x)|x=ϕ(s), ψ(s)〉ds∣∣ 6

6
∣

∣〈β′(x)|x=ϕ̂(0) − β′(x)|x=ϕ(0), ψ(0)〉∣∣++∫ 0
−r

∣

∣〈αx
′(s, x)|x=ϕ̂(s) − α′x′(s, x)|x=ϕ(s), ψ(s)〉∣∣ds.� ¯®¬­¨¬, çâ® X ¥áâì ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëåäã­ªæ¨©, ¯®íâ®¬ã ¨§ à ¢¥­áâ¢  ‖ψ‖X = 1 á«¥¤ã¥â, çâ® |ψ(s)| 6 1¤«ï ¢á¥å s ∈ [−r, 0℄. �«¥¤®¢ â¥«ì­®, ¬ë ¬®�¥¬ ®æ¥­¨âì ¯à ¢ãîç áâì ­¥à ¢¥­áâ¢  á«¥¤ãîé¨¬ ®¡à §®¬

∣

∣〈β′(x)|x=ϕ̂(0) − β′(x)|x=ϕ(0), ψ(0)〉∣∣ 6
∣

∣β′(x)|x=ϕ̂(0) − β′(x)|x=ϕ(0)∣∣¨
∫ 0
−r

∣

∣〈αx
′(s, x)|x=ϕ̂(s) − αx

′(s, x)|x=ϕ(s), ψ(s)〉∣∣ds 6

6

∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s) − αx

′(s, x)|x=ϕ(s)∣∣ · |ψ(s)|ds 6

6

∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s) − αx

′(s, x)|x=ϕ(s)∣∣ds.�â¨ ­¥à ¢¥­áâ¢  ¢ë¯®«­¥­ë ¤«ï ¢á¥å ‖ψ‖X = 1, á«¥¤®¢ â¥«ì­®,­®à¬  à §­®áâ¨ ‖a′(ϕ̂)− a′(ϕ)‖X∗

.= sup‖ψ‖X=1 |a′(ϕ̂)[ψ℄− a′(ϕ)[ψ℄|®æ¥­¨¢ ¥âáï á¢¥àåã á«¥¤ãîé¨¬ ®¡à §®¬
‖a′(ϕ̂)− a′(ϕ)‖X∗ 6

∣

∣β′(x)|x=ϕ̂(0) − β′(x)|x=ϕ(0)∣∣++∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s) − αx

′(s, x)|x=ϕ(s)∣∣ds.58



�§ áå®¤¨¬®áâ¨ ‖ϕ̂−ϕ‖X → 0 á«¥¤ã¥â, çâ® ϕ̂(s) → ϕ(s) à ¢­®¬¥à-­® ­  ®âà¥§ª¥ [−r, 0℄. � á¨«ã ­¥¯à¥àë¢­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨
β(x) ¨¬¥¥¬, çâ®

|β′(x)|x=ϕ̂(0) − β′(x)|x=ϕ(0)| → 0,¯à¨ ‖ϕ̂ − ϕ‖X → 0.�§ á¢®©áâ¢ äã­ªæ¨¨ α(t, x) (αx′(·, ·)| ­¥¯à¥àë¢­  ¯® (t, x) ¨­  ª �¤®¬ ª®¬¯ ªâ¥ G ∈ R×R
n ®£à ­¨ç¥­  ª®­áâ ­â®©) á«¥¤ã¥â,çâ® ¯®¤ §­ ª®¬ ¨­â¥£à «  ¬®�­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã (â¥®à¥¬  ®¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ á¬. [19, á. 276℄):lim

ϕ̂→ϕ

∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s) − αx

′(s, x)|x=ϕ(s)∣∣ds == ∫ 0
−r

lim
ϕ̂→ϕ

∣

∣αx
′(s, x)|x=ϕ̂(s) − αx

′(s, x)|x=ϕ(s)∣∣ds = 0.� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ çâ®
‖a′(ϕ̂)− a′(ϕ)‖X∗ → 0¯à¨ ‖ϕ̂ − ϕ‖X → 0.Ǒ® â¥®à¥¬¥ ® á¨«ì­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ (á¬. [18, á. 36℄) ¯®-«ãç ¥¬, çâ® ®â®¡à �¥­¨¥ a : X → R ¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥¢ ª �¤®© â®çª¥ ϕ̂ ∈ X ¨ íâ  ¯à®¨§¢®¤­ ï a′(ϕ̂)[·℄ : X → R ¤¥©-áâ¢ã¥â ¯® ¯à ¢¨«ã

a′(ϕ̂)[ψ℄ = 〈β′(x)|x=ϕ̂(0), ψ(0)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ̂(s), ψ(s)〉ds.

�� ¥ ¬ ¬   5.2. Ǒãáâì
M

.= {ϕ ∈ X : a(ϕ) = 0},59



£¤¥ ®â®¡à �¥­¨¥ a : X → R ¥áâì
a(ϕ) .= β(ϕ(0)) + ∫ 0

−r
α(s, ϕ(s))ds,äã­ªæ¨¨ β(x) : R

n → R ¨ α(t, x) : R × R
n → R ­¥¯à¥àë¢­®¤¨ää¥à¥­æ¨àã¥¬ë ¯® x. �®£¤  ¢® ¢á¥å â®çª å ϕ̂ ∈M, ¢ ª®â®àëå¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

∣

∣β′(x)|x=ϕ̂(0)∣∣+ ∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s)∣∣ ds 6= 0,ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® Tϕ̂M ¨¬¥¥â ¢¨¤

Tϕ̂M == {ψ ∈ X : 〈β′(x)|x=ϕ̂(0), ψ(0)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ̂(s), ψ(s)〉ds = 0}.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ®ª �¥¬, çâ® ¤«ï ¢á¥å ϕ̂ ∈ Xâ ª¨å, çâ®

∣

∣β′(x)|x=ϕ̂(0)∣∣+ ∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s)∣∣ ds 6= 0®â®¡à �¥­¨¥ a′(ϕ̂)[·℄ : X → R áîàì¥ªâ¨¢­®, â® ¥áâì Im a′(ϕ̂)[·℄ =

R. �«ï íâ®£® ¤®áâ â®ç­® ãª § âì å®âï ¡ë ®¤­® ψ ∈ X â ª®¥, çâ®
a′(ϕ̂)[ψ℄ 6= 0. �¥©áâ¢¨â¥«ì­®, ¥á«¨ â ª®¥ ψ áãé¥áâ¢ã¥â, â® ¤«ï¯à®¨§¢®«ì­®£® λ ∈ R ¯®«ãç¨¬

a′(ϕ̂)[λψ℄ = λa′(ϕ̂)[ψ℄,®âªã¤  á«¥¤ã¥â, çâ® a′(ϕ̂)[·℄ ¬®�¥â ¯à¨­¨¬ âì «î¡ë¥ §­ ç¥­¨ï¨§ R.Ǒãáâì
∣

∣β′(x)|x=ϕ̂(0)∣∣ 6= 0.�§ á¢®©áâ¢ äã­ªæ¨¨ α(t, x) ¨¬¥¥¬, çâ® |αx
′(t, x)| ®£à ­¨ç¥­  ­ ¬­®�¥áâ¢¥ {(s, ϕ̂(s))}s∈[−r,0℄ ­¥ª®â®à®© ª®­áâ ­â®© (¢ á¨«ã â®£®,60



çâ® {(s, ϕ̂(s))}s∈[−r,0℄ ª®¬¯ ªâ­® ¢ R × R
n ). � ª ç¥áâ¢¥ ψ ∈ X¢®§ì¬¥¬  ¡á®«îâ­® ­¥¯à¥àë¢­ãî äã­ªæ¨î, â ªãî, çâ®

ψ(0) = β′(x)|x=ϕ̂(0),
ψ(s) = 0, s ∈ [−r,−ε℄, ε > 0.Ǒ®«ãç ¥¬

a′(ϕ̂)[ψ℄ = ∣∣β′(x)|x=ϕ̂(0)∣∣2 + ∫ 0
−ε

〈αx
′(s, x)|x=ϕ̂(s), ψ(s)〉ds.� á¨«ã ®£à ­¨ç¥­­®áâ¨ αx

′(s, x)|x=ϕ̂(s) ¨ ψ(s) ¬®�­® ¢ë¡à âì ε¤®áâ â®ç­® ¬ «¥­ìª¨¬, çâ®¡ë
∣

∣

∣

∣

∫ 0
−ε

〈αx
′(s, x)|x=ϕ̂(s), ψ(s)〉ds∣∣∣

∣

<

∣

∣β′(x)|x=ϕ̂(0)∣∣22 .� ª¨¬ ®¡à §®¬
a′(ϕ̂)[ψ℄ > ∣∣β′(x)|x=ϕ̂(0)∣∣2 − ∣∣β′(x)|x=ϕ̂(0)∣∣22 = ∣

∣β′(x)|x=ϕ̂(0)∣∣22 > 0.Ǒãáâì
∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ̂(s)∣∣ ds 6= 0.�§ á¢®©áâ¢ ¨­â¥£à «  á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ε > 0 â ª®¥, çâ®

∫ −ε

−r

∣

∣αx
′(s, x)|x=ϕ̂(s)∣∣ ds 6= 0.� ©¤¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ­  [−r,−ε℄ äã­ªæ¨ï ψ̂(s), â -ª ï, çâ®

∫ −ε

−r
〈αx

′(s, x)|x=ϕ̂(s), ψ̂(s)〉ds > 0.�¯à¥¤¥«¨¬ äã­ªæ¨î ψ ­  ®âà¥§ª¥ [−r, 0℄ á«¥¤ãîé¨¬ ®¡à §®¬:
ψ(s) = ψ̂(s), s ∈ [−r,−ε℄, ψ(0) = 0, ­  ®âà¥§ª¥ [−ε, 0℄ «¨­¥©­ .61



Ǒ®«ãç ¥¬, çâ®
a′(ϕ)[ψ℄ = 〈β′(x)|x=ϕ(0), ψ(0)〉 + ∫ 0

−r
〈αx

′(s, x)|x=ϕ(s), ψ(s)〉ds == ∫ −ε

−r
〈αx

′(s, x)|x=ϕ(s), ψ(s)〉ds + ∫ 0
−ε

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds.�®�­® ¢ë¡à âì ε â ª çâ®¡ë

∣

∣

∫ 0
−ε

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds∣∣ < 12 ∫ −ε

−r
〈αx

′(s, x)|x=ϕ(s), ψ(s)〉ds.� ª¨¬ ®¡à §®¬ ¯®«ãç¨¬, çâ®
a′(ϕ)[ψ℄ > 12 ∫ −ε

−r
〈αx

′(s, x)|x=ϕ(s), ψ(s)〉ds > 0.� áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ ϕ ∈ M, â® ¥áâì a(ϕ) = 0. �á«¨¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
∣

∣β′(x)|x=ϕ(0)∣∣+ ∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ(s)∣∣ ds 6= 0,â® ¢ íâ®© â®çª¥ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë �îáâ¥à­¨ª (á¬. [18, á. 41℄) ( a(ϕ) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à �¥­¨¥ ¨Im a′(ϕ̂)[·℄ = R ). �«¥¤®¢ â¥«ì­®

TϕM = Ker a′(ϕ̂)[·℄ == {ψ ∈ X : 〈β′(x)|x=ϕ(0), ψ(0)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds = 0}.

�� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) = f(xt), (5.1)62



£¤¥ x ∈ R
n, f : C([−r, 0℄,Rn) → R

n)| ­¥¯à¥àë¢­ ï äã­ªæ¨ï, ¨­ ç «ì­®¥ ãá«®¢¨¥
x0 = ϕ, (5.2)£¤¥ ϕ ∈ X. �«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥ ¤ ¥â ¤®áâ â®ç­ë¥ ãá«®¢¨ï¢ë�¨¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (5.1), (5.2) ¢ ¬­®�¥áâ¢¥, § ¤ ­­®¬®¤­¨¬ ãà ¢­¥­¨¥¬.� ¥ ® à ¥ ¬   5.1. Ǒãáâì

M
.= {ϕ ∈ X : a(ϕ) = 0},£¤¥ ®â®¡à �¥­¨¥ a : X → R ¥áâì

a(ϕ) .= β(ϕ(0)) + ∫ 0
−r
α(s, ϕ(s))ds,äã­ªæ¨¨ β : R

n → R ¨ α : R × R
n → R ­¥¯à¥àë¢­® ¤¨ää¥-à¥­æ¨àã¥¬ë ¯® x. Ǒãáâì ¤ «¥¥, ¤«ï ¬­®�¥áâ¢  M ¢ë¯®«­¥­ëá«¥¤ãîé¨¥ ãá«®¢¨ï:1) ¢® ¢á¥å â®çª å ϕ ∈M ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

∣

∣β′(x)|x=ϕ(0)∣∣+ ∫ 0
−r

∣

∣αx
′(s, x)|x=ϕ(s)∣∣ ds 6= 0;2) ¢® ¢á¥å â®çª å ϕ ∈M ¢ë¯®«­¥­® à ¢¥­áâ¢®

〈β′(x)|x=ϕ(0), f(ϕ)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.�®£¤ , ¤«ï ¢á¥å ϕ ∈ M, á áãé¥áâ¢¥­­® ®£à ­¨ç¥­­®© ¯à®¨§¢®¤-­®©, áãé¥áâ¢ãîâ ç¨á«® ϑ > 0 ¨ ®â®¡à �¥­¨¥ t → x(t) ∈ R

n,
t ∈ [−r, ϑ℄ ï¢«ïîé¥¥áï à¥è¥­¨¥¬ § ¤ ç¨ (5.1), (5.2) â ª¨¥, çâ®¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

xt ∈M.63



� ® ª   §   â ¥ « ì á â ¢ ®. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¬­®�¥-áâ¢  W (l, c), £¤¥ l > 0, c > 0,
W (l, c) .= {ϕ ∈ X : sup

s∈[−r,0℄ |ϕ(s)| 6 l, vraisup
s∈[−r,0℄ | _ϕ| 6 c}.�á¥ ¬­®�¥áâ¢  W (l, c) à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¨ à ¢­®áâ¥¯¥­­®­¥¯à¥àë¢­ë, á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ �àæ¥« , ®­¨ ï¢«ïîâáï®â­®á¨â¥«ì­® ª®¬¯ ªâ­ë¬¨ ¢ ¯à®áâà ­áâ¢¥ C([−r, 0℄,Rn).�®ª �¥¬, çâ® ¬­®�¥áâ¢  W (l, c) ⊂ C([−r, 0℄,Rn) § ¬ª­ãâë.Ǒãáâì {ϕi} ⊂W (l, c) ¨ ϕi → ϕ ¢ C([−r, 0℄,Rn), â® ¥áâìsup

s∈[−r,0℄ |ϕi(s)− ϕ(s)| → 0, i→ +∞.�«ï «î¡®£® i ¨ «î¡ëå s1, s2 ∈ [−r, 0℄ ¢ á¨«ã ®£à ­¨ç¥­­®áâ¨¯à®¨§¢®¤­®© vraisup
s∈[−r,0℄ | _ϕ| 6 c¨¬¥¥¬, çâ®

|ϕi(s2)− ϕi(s1)| = |

∫ s2
s1 _ϕi(s)ds| 6 c|s2 − s1|.Ǒ¥à¥©¤ï ª ¯à¥¤¥«ã i→ +∞ ¯®«ãç¨¬, çâ® ¤«ï «î¡ëå ç¨á¥« s1,

s2 ∈ [−r, 0℄ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
|ϕ(s2)− ϕ(s1)| 6 c|s2 − s1|,â® ¥áâì ϕ  ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï.�«ï ¢áïª¨å i, t ∈ [−r, 0℄ ¨ ε ∈ R â ª¨å, çâ® s + ε ∈ [−r, 0℄¨¬¥¥¬ ­¥à ¢¥­áâ¢®

ϕi(s+ ε)− ϕi(s)
ε

= 1
ε

∫ s+ε
s

_ϕi(τ)dτ 6 c.Ǒ¥à¥©¤ï ª ¯à¥¤¥«ã i→ +∞ ¯®«ãç ¥¬, ¤«ï ¢áïª¨å i, s ∈ [−r, 0℄¨ ε ∈ R â ª¨å, çâ® s+ ε ∈ [−r, 0℄ ¨¬¥¥¬ ­¥à ¢¥­áâ¢®
ϕ(s + ε)− ϕ(s)

ε
6 c.64



�§ íâ®£® ­¥à ¢¥­áâ¢  ¨ â ª ª ª äã­ªæ¨ï ϕ  ¡á®«îâ­® ­¥¯à¥àë¢-­  á«¥¤ã¥â, çâ® ¯à¥¤¥« lim
ε→0 ϕ(s + ε)− ϕ(s)

εáãé¥áâ¢ã¥â ¯®çâ¨ ¢áî¤ã ­  [−r, 0℄ ¨_ϕ(s) 6 c¤«ï ¯®çâ¨ ¢á¥å s ∈ [−r, 0℄. Ǒ®«ãç¨«¨, çâ® ϕ ∈W (l, c).�§ ­¥¯à¥àë¢­®áâ¨ a(ϕ) á«¥¤ã¥â, çâ® M| § ¬ª­ãâ®¥ ¬­®�¥-áâ¢®. �®£¤  ¬­®�¥áâ¢ 
M(l,c) .=M ∩W (l, c)ª®¬¯ ªâ­ë ¤«ï ¢á¥å l > 0, c > 0.�®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ ϕ ∈M â ª®¥, çâ®vraisup
s∈[−r,0℄ | _ϕ(s)| < +∞.�¡®§­ ç¨¬

q
.= vraisup
s∈[−r,0℄ | _ϕ(s)|+ 1, p

.= sup
s∈[−r,0℄ |ϕ(s)| + 1.�­®�¥áâ¢® M(q,p)| ª®¬¯ ªâ­® ¨

ϕ ∈M(q,p).� ¬¥â¨¬, çâ® ⋃

c>0W (l, c) ¢áî¤ã ¯«®â­® ¢ è à¥ BS[0, l℄, ¯®-íâ®¬ã
TϕM = Tϕ

(

M ∩
⋃

c>0W (q, c)) = Tϕ
⋃

c>0M(q, c).�§ «¥¬¬ë 1.3 á«¥¤ã¥â, çâ®
⋃

c>0 
lY(TxM ∩BX[0, r℄) ⊂ TY
x M.65



�§ «¥¬¬ë 5.2 á«¥¤ã¥â, çâ® TϕM == {ψ ∈ X : 〈β′(x)|x=ϕ(0), ψ(0)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds = 0}.�®£¤ , ¤«ï ¢áïª®£® c > 0 ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

clY
(

TxM ∩BX[0, c℄) = {(ψ, b) ∈ Y : vraisup
s∈[−r,0℄ |ψ(s)| 6 c,

〈β′(x)|x=ϕ(0), b〉+ ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), ψ(s)〉ds = 0}.Ǒ® ãá«®¢¨î «¥¬¬ë ¢® ¢á¥å â®çª å ϕ ∈ M[p,q℄ ¢ë¯®«­¥­® à -¢¥­áâ¢®

〈β′(x)|x=ϕ(0), f(ϕ)〉 + ∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.�§ ®æ¥­ª¨ vraisup

s∈[−r,0℄ | _ϕ(s)| < q, á«¥¤ã¥â, çâ® ¤«ï ¢á¥å ϕ ∈ M[p,q℄¢ë¯®«­¥­® ¢ª«îç¥­¨¥
F (ϕ) ∈ 
lY(TxM ∩BX[0, q℄) ⊂ TY

x M,£¤¥
F (ϕ) = ( _ϕ(·), f(ϕ)).�§ â¥®à¥¬ë 4.2 á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ª®­áâ ­â  ϑ > 0 ¨ ®â®-¡à �¥­¨¥ t→ x(t) ∈ R
n, t ∈ [−r, 0℄ ï¢«ïîé¥¥áï à¥è¥­¨¥¬ § ¤ -ç¨ (5.1), (5.2) â ª¨¥, çâ® ¤«ï ¢á¥å t ∈ [−r, 0℄ ¢ë¯®«­¥­® ¢ª«îç¥-­¨¥

xt ∈M.

�� à ¡®â¥ �.�. �®­ª®¢  [29℄ ¯®ª § ­®, çâ® ¥á«¨
β′(t)|t=σ(0)f(σ) + ∫ 0

−r
αx

′(s, x)|x=σ(s) _σ(s)ds < 066



¤«ï ¢á¥å σ ∈ ∂M, £¤¥ M .= {σ ∈ X : a(σ) 6 0}, â® § ¤ ç  «®ª «ì-­®£® ¢ë�¨¢ ­¨ï ¢ M à §à¥è¨¬ . � â¥®à¥¬¥ �®­ª®¢  ¤¢¨�¥­¨¥
t→ xt ­¥ ¬®�¥â ®áâ ¢ âìáï ­  £à ­¨æ¥ ¬­®�¥áâ¢  M. Ǒ®á«¥¤­¥¥ãâ¢¥à�¤¥­¨¥ ¤®¯®«­ï¥â íâ®â à¥§ã«ìâ â ¤«ï ¤¢¨�¥­¨ï ¯® £à ­¨æ¥¬­®�¥áâ¢  M.6. �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯®á«¥¤¥©áâ¢¨¥¬¨ ª®­¥ç­ë¬ ç¨á«®¬ ®£à ­¨ç¥­¨©Ǒãáâì

X = AC([−r, 0℄,Rn), Y = L1([−r, 0℄,Rn)× R
n¨ ¬­®�¥áâ¢® M § ¤ ­® ¢ X ãà ¢­¥­¨¥¬

M
.= {ϕ ∈ X : a1(ϕ) = 0, . . . , am(ϕ) = 0},£¤¥ ®â®¡à �¥­¨ï ai : X → R, i = 1, . . . ,m ¨¬¥îâ ¢¨¤
ai(ϕ) .= βi(ϕ(0)) + ∫ 0

−r
αi(s, ϕ(s))ds.�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ a(ϕ) : X → R
m

a(ϕ) .= 


a1(ϕ)...
am(ϕ)  .� ¥ ¬ ¬   6.1. Ǒãáâì äã­ªæ¨¨ βi : R

n → R, i = 1, . . . ,m­¥¯à¥àë¢­ë ¢¬¥áâ¥ á ¯à®¨§¢®¤­ë¬¨ β′i(x), x ∈ R
n. �ã­ªæ¨¨ αi :

R × R
n → R, i = 1, . . . ,m ­¥¯à¥àë¢­ë ¢¬¥áâ¥ á ¯à®¨§¢®¤­ë¬¨

αix
′(t, x) ­  ¢á¥¬ R × R

n.�®£¤  ®â®¡à �¥­¨¥ a : X → R ¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥ ¢®¢á¥å â®çª å ϕ̂ ∈ X ¨ ¯à®¨§¢®¤­ ï a′(ϕ̂)[·℄ ∈ L(X,Rm) ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬
a′(ϕ̂)[ψ℄ = 



a′1(ϕ̂)[ψ℄...
a′m(ϕ̂)[ψ℄  =67



= 






〈β′1(x)|x=ϕ̂(0), ψ(0)〉 + 0
∫

−r
〈α1x

′(s, x)|x=ϕ̂(s), ψ(s)〉ds...
〈β′m(x)|x=ϕ̂(0), ψ(0)〉 + 0

∫

−r
〈αmx

′(s, x)|x=ϕ̂(s), ψ(s)〉ds
















.� ® ª   §   â ¥ « ì á â ¢ ®. �­ «®£¨ç­® ®¤­®¬¥à­®¬ã á«ã-ç î ¨¬¥¥¬, çâ® a(ϕ) ¢ ª �¤®© â®çª¥ ϕ ∈ X ¨¬¥¥â ¯à®¨§¢®¤­ãî¯® ­ ¯à ¢«¥­¨î a′(ϕ)[ψ℄ :
a′(ϕ)[ψ℄ .= lim

ε→0+ a(ϕ+ εψ)− a(ϕ)
ε

=
= 






〈β′1(x)|x=ϕ(0), ψ(0)〉 + 0
∫

−r
〈α1x

′(s, x)|x=ϕ(s), ψ(s)〉ds...
〈β′m(x)|x=ϕ(0), ψ(0)〉 + 0

∫

−r
〈αmx

′(s, x)|x=ϕ(s), ψ(s)〉ds
















.�¥£ª® ¯à®¢¥à¨âì, çâ® a′(ϕ)[·℄ ∈ L(X,Rm) ¤«ï ¢á¥å ϕ ∈ X.�­ «®£¨ç­® ®¤­®¬¥à­®¬ã á«ãç î ¯®«ãç ¥¬, çâ® ®â®¡à �¥­¨¥
ϕ→ a′(ϕ)[·℄­¥¯à¥àë¢­® ¢ ª �¤®© â®çª¥ ϕ̂ ∈ X ª ª ®â®¡à �¥­¨¥, ¤¥©áâ¢ãî-é¨¥ ¨§ X ¢ L(X,Rm), â® ¥áâìlim

ϕ→ϕ̂
‖a′(ϕ)[·℄ − a′(ϕ̂)[·℄‖L(X,Rm) = 0,£¤¥

‖a′(ϕ)[·℄ − a′(ϕ̂)[·℄‖L(X,Rm) .= sup
‖ψ‖X=1 |a′(ϕ)[ψ℄ − a′(ϕ̂)[ψ℄|.Ǒ® â¥®à¥¬¥ ® á¨«ì­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ [18, á. 36℄ ®â®¡à �¥-­¨¥ a(ϕ) ¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥ ¢® ¢á¥å â®çª å ϕ̂ ∈ X ¨íâ  ¯à®¨§¢®¤­ ï á®¢¯ ¤ ¥â á a′(ϕ̂)[·℄. �68



� ¥ ¬ ¬   6.2. Ǒãáâì
M

.= {ϕ ∈ X : a1(ϕ) = 0, . . . , am(ϕ) = 0},£¤¥ ®â®¡à �¥­¨ï ai : X → R, i = 1, . . . ,m, ¥áâì
ai(ϕ) .= βi(ϕ(0)) + ∫ 0

−r
αi(s, ϕ(s))ds,äã­ªæ¨¨ βi : R

n → R ¨ αi : R × R
n → R ­¥¯à¥àë¢­® ¤¨ää¥-à¥­æ¨àã¥¬ë ¯® x. �®£¤  ¢® ¢á¥å â®çª å ϕ̂ ∈ M, ¤«ï ª®â®àëå¢ë¯®«­¥­ë ãá«®¢¨ï:1) ¤«ï ¢á¥å i = 1, . . . ,m ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

∣

∣βi
′(x)|x=ϕ̂(0)∣∣+ ∫ 0

−r

∣

∣αix
′(s, x)|x=ϕ̂(s)∣∣ ds 6= 0;2) äã­ªæ¨®­ «ë a′i(ϕ̂)[·℄ ∈ X∗, i = 1, . . . ,m «¨­¥©­® ­¥§ ¢¨-á¨¬ë, £¤¥

a′i(ϕ̂)[ψ℄ = 〈βi
′(x)|x=ϕ̂(0), ψ(0)〉 + ∫ 0

−r
〈αix

′(s, x)|x=ϕ̂(s), ψ(s)〉dsª á â¥«ì­®¥ ¯à®áâà ­áâ¢® Tϕ̂M á®áâ®¨â ¨§ í«¥¬¥­â®¢ ψ ∈ X,ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ ãà ¢­¥­¨©






























〈β′1(x)|x=ϕ̂(0), ψ(0)〉 + 0
∫

−r
〈α1x

′(s, x)|x=ϕ̂(s), ψ(s)〉ds = 0...
〈β′m(x)|x=ϕ̂(0), ψ(0)〉 + 0

∫

−r
〈αmx

′(s, x)|x=ϕ̂(s), ψ(s)〉ds = 0.� ® ª   §   â ¥ « ì á â ¢ ®. �§ «¥¬¬ë 6.1 á«¥¤ã¥â, çâ® ®â®-¡à �¥­¨¥
ϕ→ a(ϕ) = 







β1(ϕ(0)) + 0
∫

−r
α1(s, ϕ(s))ds...

βm(ϕ(0)) + 0
∫

−r

αm(s, ϕ(s))ds














69



¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥ ¨ ¯à®¨§¢®¤­ ï a′(ϕ̂)[·℄ ∈ L(X,Rm)¨¬¥¥â ¢¨¤
a′(ϕ̂)[ψ℄ = 



a′1(ϕ̂)[ψ℄...
a′m(ϕ̂)[ψ℄  ,£¤¥ ¤«ï ¢á¥å i = 1, . . . ,m

a′i(ϕ̂)[ψ℄ = 〈β′i(x)|x=ϕ(0), ψ(0)〉 + ∫ 0
−r

〈αix
′(s, x)|x=ϕ(s), ψ(s)〉ds.�®ª �¥¬, çâ® ®¯¥à â®à a′(ϕ̂)[·℄ áîàê¥ªâ¨¢¥­, â® ¥áâì

a′(ϕ̂)[X℄ = R
m.Ǒ® «¥¬¬¥ 5.2 ¨¬¥¥¬, çâ® ¤«ï ¢á¥å i = 1, . . . ,m

a′i(ϕ̂)[X℄ = R.�§ «¨­¥©­®áâ¨ ®¯¥à â®à  a′(ϕ̂)[·℄ ∈ L(X,Rm) á«¥¤ã¥â, çâ® ®¡à §Im a′(ϕ̂) ¥áâì «¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ R
m. �¡®§­ ç¨¬

L
.= a′(ϕ̂)[X℄.Ǒà¥¤¯®«®�¨¬, çâ® L 6= R

m, â® ¥áâìdimL = k < m.Ǒãáâì
ξ1 = 





ξ11
ξ12...
ξ1m 









, . . . , ξk = 




ξk1
ξk2...
ξkm









¡ §¨á ¢ L. � áá¬®âà¨¬ á®¢®ªã¯­®áâì m k−¬¥à­ëå ¢¥ªâ®à®¢










ξ11
ξ21...
ξk1  , . . . ,











ξ1m
ξ2m...
ξkm











.70



� ª ª ª ¢¥ªâ®à®¢ ¡®«ìè¥, ç¥¬ ¨å à §¬¥à­®áâì ( k < m ) ¯®«ãç ¥¬,çâ® ­ ©¤ãâáï ç¨á«  λi ∈ R i = 1, . . . ,m ­¥ ¢á¥ à ¢­ë¥ ­ã«îâ ª¨¥, çâ®
λ1


ξ11
ξ21...
ξk1 + . . .+ λm











ξ1m
ξ2m...
ξkm











= 0.Ǒ®«ãç¨«¨, çâ® ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 


















λ1ξ11 + λ2ξ12 + . . .+ λmξ
1
m = 0

λ1ξ21 + λ2ξ22 + . . .+ λmξ
2
m = 0...

λ1ξk1 + λ2ξk2 + . . .+ λmξ
k
m = 0. (6.1)�«ï «î¡®£® ψ ∈ X ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

a′(ϕ̂)[ψ℄ ∈ a′(ϕ̂)[X℄ = L.�«¥¤®¢ â¥«ì­®, â ª ª ª ξ1, . . . , ξk ®¡à §ãîâ ¡ §¨á ¢ L, â® ­ ©-¤ãâáï ç¨á«  µ1(ψ), . . . , µk(ψ) â ª¨¥, çâ®
a′(ϕ̂)[ψ℄ = µ1(ψ)ξ1 + µ2(ψ)ξ2 + . . .+ µk(ψ)ξk.� ª ª ª

a′(ϕ̂)[ψ℄ = 


a′1(ϕ̂)[ψ℄...
a′m(ϕ̂)[ψ℄  ,â® ¯®«ãç ¥¬, çâ® ¤«ï ¢á¥å ψ ∈ X



















a′1(ϕ̂)[ψ℄ = µ1(ψ)ξ11 + µ2(ψ)ξ21 + . . . + µk(ψ)ξk1
a′2(ϕ̂)[ψ℄ = µ1(ψ)ξ12 + µ2(ψ)ξ22 + . . . + µk(ψ)ξk2...
a′m(ϕ̂)[ψ℄ = µ1(ψ)ξ1m + µ2(ψ)ξ2m + . . . + µk(ψ)ξkm.71



� áá¬®âà¨¬ «¨­¥©­ãî ª®¬¡¨­ æ¨î äã­ªæ¨®­ «®¢ a′i(ϕ̂)[·℄,
i = 1, . . . ,m

λ1a′1(ϕ̂)[·℄ + λ2a′2(ϕ̂)[·℄ + . . .+ λma
′
m(ϕ̂)[·℄,£¤¥ λ1, λ2, . . . , λm â¥ �¥ çâ® ¨ ¢ (6.1). �«ï ¢áïª®£® ψ ∈ X ¨¬¥¥¬,çâ®

λ1a′1(ϕ̂)[ψ℄ + λ2a′2(ϕ̂)[ψ℄ + . . .+ λma
′
m(ϕ̂)[ψ℄ == λ1(µ1(ψ)ξ11 + µ2(ψ)ξ21 + . . .+ µk(ψ)ξk1 )++λ2(µ1(ψ)ξ12 + µ2(ψ)ξ22 + . . .+ µk(ψ)ξk2 ) + . . .++λm(µ1(ψ)ξ1m + µ2(ψ)ξ2m + . . .+ µk(ψ)ξkm) == µ1(ψ)(λ1ξ11 + λ2ξ12 + . . .+ λmξ
1
m)++µ2(ψ)(λ1ξ21 + λ2ξ22 + . . .+ λmξ

2
m) + . . .++µk(ψ)(λ1ξk1 + λ2ξk2 + . . .+ λmξ

k
m).Ǒ®¤áâ ¢¨¢ (6.1), ¯®«ãç ¥¬ çâ®

λ1a′1(ϕ̂)[ψ℄ + λ2a′2(ϕ̂)[ψ℄ + . . .++λma′m(ϕ̂)[ψ℄ = µ1(ψ)0 + µ2(ψ)0 + . . .+ µk(ψ)0 = 0¤«ï ¢á¥å ψ ∈ X. �«¥¤®¢ â¥«ì­®, äã­ªæ¨®­ «ë a′i(ϕ̂)[·℄, «¨­¥©­®§ ¢¨á¨¬ë, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î 2 «¥¬¬ë. � ª¨¬ ®¡à §®¬,
k = m ¨, á«¥¤®¢ â¥«ì­®, Im a′(ϕ̂)[·℄ = R

m.Ǒ® â¥®à¥¬¥ �îáâ¥à­¨ª  [18, á. 41℄ (¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï:®â®¡à �¥­¨¥ a(ϕ̂) ¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥ ¨ ¯à®¨§¢®¤­ ï
a′(ϕ̂)[ψ℄ ï¢«ï¥âáï áîàì¥ªâ¨¢­ë¬ ®â®¡à �¥­¨¥¬ X → R

m) ¯®«ã-ç ¥¬, çâ® ¢® ¢á¥å â®çª å ϕ̂ ∈M ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
Tϕ̂M = Ker a′(ϕ̂)[·℄ .= {ψ ∈ X| a′(ϕ̂)[ψ℄ = 0}.�â® ®§­ ç ¥â, çâ® Tϕ̂M á®áâ®¨â ¨§ à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨©











a′1(ϕ̂)[ψ℄ = 0,...
a′m(ϕ̂)[ψ℄ = 0,72



¨«¨










〈β′1(x)|x=ϕ̂(0), ψ(0)〉 + ∫ 0−r〈α1x
′(s, x)|x=ϕ̂(s), ψ(s)〉ds = 0,...

〈β′m(x)|x=ϕ̂(0), ψ(0)〉 + ∫ 0−r〈αmx
′(s, x)|x=ϕ̂(s), ψ(s)〉ds = 0.

�� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) = f(xt) (6.2)¨ ­ ç «ì­®¥ ãá«®¢¨¥
x0 = ϕ, (6.3)£¤¥ ϕ ∈ X. �­ «®£¨ç­® á«ãç î, ª®£¤  ¬­®�¥áâ¢® § ¤ ­® ®¤­¨¬ãà ¢­¥­¨¥¬, ¤®ª §ë¢ ¥âáï á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥, ¤ îé¥¥ ¤®-áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (6.2), (6.3) ¢ ¬­®-�¥áâ¢¥, § ¤ ­­®¬ ª®­¥ç­ë¬ ç¨«®¬ ãà ¢­¥­¨¥¬.� ¥ ® à ¥ ¬   6.1. Ǒãáâì

M
.= {ϕ ∈ X : a1(ϕ) = 0, . . . am(ϕ) = 0},£¤¥ ®â®¡à �¥­¨¥ ai : X → R, i = 1, . . . ,m ¥áâì

ai(ϕ) .= βi(ϕ(0)) + ∫ 0
−r
αi(s, ϕ(s))ds,äã­ªæ¨¨ βi : R

n → R ¨ αi : R × R
n → R ­¥¯à¥àë¢­® ¤¨ää¥à¥­-æ¨àã¥¬ë ¯® x. Ǒãáâì ¤ «¥¥, ¢® ¢á¥å â®çª å ϕ ∈ M ¢ë¯®«­¥­ëá«¥¤ãîé¨¥ ãá«®¢¨ï:1) ¤«ï ¢á¥å i = 1, . . . ,m ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

∣

∣βi
′(x)|x=ϕ(0)∣∣+ ∫ 0

−r

∣

∣αix
′(s, x)|x=ϕ(s)∣∣ ds 6= 0;73



2) äã­ªæ¨®­ «ë a′i(ϕ)[·℄ ∈ X∗, i = 1, . . . ,m «¨­¥©­® ­¥§ ¢¨-á¨¬ë, £¤¥
a′i(ϕ)[ψ℄ = 〈βi

′(x)|x=ϕ(0), ψ(0)〉 + ∫ 0
−r

〈αix
′(s, x)|x=ϕ(s), ψ(s)〉ds;3) ¤«ï ¢á¥å i = 1, . . . ,m ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

〈β′i(x)|x=ϕ(0), f(ϕ)〉+ ∫ 0
−r

〈αix
′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.�®£¤  ¤«ï ¢á¥å â®ç¥ª ϕ ∈ M, á áãé¥áâ¢¥­­® ®£à ­¨ç¥­­®© ¯à®-¨§¢®¤­®© áãé¥áâ¢ãîâ ϑ > 0 ¨ ®â®¡à �¥­¨¥ t → x(t) ∈ R

n,
t ∈ [−r, 0℄ ï¢«ïîé¥¥áï à¥è¥­¨¥¬ § ¤ ç¨ (6.2), (6.3) â ª¨¥, çâ®¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

xt ∈M.7. �¬¥è ­­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨©� áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©






































_x1(t) = f1(x1t , . . . , xnt , y1(t), . . . , ym(t))..._xn(t) = fn(x1t , . . . , xnt , y1(t), . . . , ym(t))_y1(t) = g1(x1t , . . . , xnt , y1(t), . . . , ym(t))..._ym(t) = gm(x1t , . . . , xnt , y1(t), . . . , ym(t)),£¤¥ fi, gj : C([−r, 0℄,R)n × R
m → R, i = 1, . . . , n, j = 1, . . . ,m|­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.

74



Ǒãáâì § ¤ ­ë ­ ç «ì­ë¥ ãá«®¢¨ï






































x10 = ϕ1...
xn0 = ϕn,

y1(0) = y10...
ym(0) = ym0 ,£¤¥ ϕi ∈ C([−r, 0℄,R), i = 1, . . . , n, yi0 ∈ R, i = 1, . . . ,m.�«¥ ªà âª®áâ¨ ¡ã¤¥¬ § ¯¨áë¢ âì íâã § ¤ çã ¢ ¢¥ªâ®à­®© ä®à-¬¥

{ _x(t) = f(xt, y(t))_y(t) = g(xt, y(t)), (7.1)
{

x0 = ϕ
y(0) = y0, (7.2)£¤¥ f : C([−r, 0℄,Rn) × R

m → R
n, g : C([−r, 0℄,Rn) × R

m → R
m,

x ∈ R
n, y, y0 ∈ R

m, ϕ ∈ �([−r, 0℄,Rn).� ¬¥â¨¬, çâ® ¢ â ª®¬ ¢¨¤¥ ¢á¥£¤  ¬®�­® § ¯¨á âì ­¥ ¢â®­®¬-­ãî á¨áâ¥¬ã ãà ¢­¥­¨© _x(t) = f(t, xt)
x(0) = ϕ.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 7.1. �¥è¥­¨¥¬ á¬¥è ­­®© á¨áâ¥-¬ë (7.1), (7.2) ­ §ë¢ îâáï ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨

t→ x(t) ∈ R
n, t ∈ [−r, ϑ℄, t→ y(t) ∈ R

m, t ∈ [0, ϑ℄â ª¨¥, çâ®1) x(s) = ϕ(s), s ∈ [−r, 0℄;2) y(0) = y0;3) ­  [0, ϑ) x(t) ¨ y(t)  ¡á®«îâ­® ­¥¯à¥àë¢­ë ¨ ®¡à é îâ(7.1) ¢ â®�¤¥áâ¢®. 75



Ǒ¥à¥¯¨è¥¬ á¨áâ¥¬ã (7.1) ¢ á«¥¤ãîé¥¬ ¢¨¤¥






































_z1(t) = h1(z1t , . . . , znt , zn+1
t , . . . , zn+mt )..._zn(t) = hn(z1t , . . . , znt , zn+1
t , . . . , zn+mt )_zn+1(t) = hn+1(z1t , . . . , znt , zn+1
t , . . . , zn+mt )..._zn+m(t) = hn+m(z1t , . . . , znt , zn+1
t , . . . , zn+mt ),£¤¥ hi : C([−r, 0℄,Rn+m) → R, i = 1, . . . , n+m

hi(z1t , . . . , znt , zn+1
t , . . . , zn+mt ) .=

.= fi(z1t , . . . , znt , zn+1
t (0), . . . , zn+mt (0)),¤«ï i = 1, . . . , n ¨

hn+i(z1t , . . . , znt , zn+1
t , . . . , zn+mt ) .=

.= gi(z1t , . . . , znt , zn+1
t (0), . . . , zn+mt (0)),¤«ï i = 1, . . . ,m. � ç «ì­ë¥ ãá«®¢¨ï (7.2) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥











z10 = ψ1...
zn+m0 = ψn+m,£¤¥

ψi(s) .= ϕi(s), s ∈ [−r, 0℄, i = 1, . . . , n,
ψn+i(s) ≡ yi0 , s ∈ [−r, 0℄, i = 1, . . . ,m.�à âª® ¡ã¤¥¬ ¯¨á âì _z(t) = h(zt), (7.3)

z0 = ψ, (7.4)£¤¥ z ∈ R
n+m, h : C([−r, 0℄,Rn+m) → R

n+m, ψ ∈ C([−r, 0℄,Rn+m).�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï à¥è¥­¨ï § ¤ ç (7.1), (7.2) ¨(7.3), (7.4) ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï.76



� ¥ ¬ ¬   7.1. Ǒãáâì ϑ > 0 ¨ ®â®¡à �¥­¨ï
t→ x(t) ∈ R

n, t ∈ [−r, ϑ℄,¨
t→ y(t) ∈ R

m, t ∈ [0, ϑ℄à¥è¥­¨¥ § ¤ ç¨ (7.1), (7.2).�®£¤  ®â®¡à �¥­¨¥ t→ z(t) ∈ R
n+m, £¤¥

zi(t) = xi(t), t ∈ [−r, ϑ℄, i = 1, . . . , n
zn+i(t) ≡ yi0, t ∈ [−r, 0℄, i = 1, . . . ,m
zn+i(t) = yi(t), t ∈ [0, ϑ℄, i = 1, . . . ,mï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (7.3), (7.4).� ¥ ¬ ¬   7.2. Ǒãáâì t → z(t) ∈ R

n+m, £¤¥ t ∈ [−r, ϑ℄,
ϑ > 0| à¥è¥­¨¥ § ¤ ç¨ (7.3), (7.4). �®£¤  ®â®¡à �¥­¨ï

t→ x(t) ∈ R
n, t ∈ [−r, ϑ℄, t→ y(t) ∈ R

m, t ∈ [0, ϑ℄,
xi(t) = zi(t), t ∈ [−r, ϑ℄, i = 1, . . . , n
yi(t) = zn+i(t), t ∈ [0, ϑ℄, i = 1, . . . ,mï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ (7.1), (7.2).�®£« á­® íâ¨¬ «¥¬¬ ¬ § ¤ ç¨ ¢ë�¨¢ ­¨ï ¤«ï á¬¥è ­­ëåãà ¢­¥­¨© ¬®£ãâ ¡ëâì ¨áá«¥¤®¢ ­ë á ¨á¯®«ì§®¢ ­¨¥¬ á®®â¢¥â-áâ¢ãîé¨å ãâ¢¥à�¤¥­¨© ¤«ï ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬. �«¥-¤ãîé ï â¥®à¥¬  ¤ ¥â ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ¥¬®áâ¨ ¤«ïá¬¥è ­­ëå ãà ¢­¥­¨© ¨ ®¤­®£® ®£à ­¨ç¥­¨ï.� ¥ ® à ¥ ¬   7.1. Ǒãáâì

M
.= {(ϕ, y) ∈ C([−r, 0℄,Rn)× R

m : a(ϕ, y) = 0},£¤¥ ®â®¡à �¥­¨¥ a : C([−r, 0℄,Rn)× R
m → R ¥áâì

a(ϕ, y) .= β(ϕ(0), y) + ∫ 0
−r
α(s, ϕ(s))ds,77



äã­ªæ¨ï β(x, y) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ , äã­ªæ¨ï α(t, x)­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® x. Ǒãáâì ¤ «¥¥, ¤«ï ¬­®�¥-áâ¢  M ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:1) ¢® ¢á¥å â®çª å (ϕ, y) ∈M ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
∣

∣βx
′(x, y)|x=ϕ(0)∣∣+ ∣∣βy′(ϕ(0), y)∣∣ + ∫ 0

−r

∣

∣αx
′(s, x)|x=ϕ(s)∣∣ ds 6= 0;2) ¢® ¢á¥å â®çª å (ϕ, y) ∈M ¢ë¯®«­¥­® à ¢¥­áâ¢®

〈βx
′(x, y)|x=ϕ(0), f(ϕ)〉 + 〈βy

′(ϕ(0), y)|, g(y)〉 ++∫ 0
−r

〈αx
′(s, x)|x=ϕ(s), _ϕ(s)〉ds = 0.�®£¤  ¤«ï ¢á¥å â®ç¥ª (ϕ, y0) ∈M â ª¨å, çâ®vraisup

s∈[−r,0℄ | _ϕ(s)| < +∞­ ©¤ãâáï ç¨á«® ϑ > 0 ¨ ®â®¡à �¥­¨ï t→ x(t) ∈ R
n, t ∈ [−r, ϑ℄,

t → y(t) ∈ R
m, t ∈ [0, ϑ℄, ï¢«ïîé¨¥áï à¥è¥­¨¥¬ § ¤ ç¨ (7.1),(7.2) â ª¨¥, çâ® ¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥(xt, y(t)) ∈M.� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ § ¤ çã (7.3), (7.4),_z(t) = h(zt),

z0 = ψ,

z ∈ R
n+m, h ∈ C(C([−r, 0℄,Rn+m),Rn+m), ψ ∈ C([−r, 0℄,Rn+m),íª¢¨¢ «¥­â­ãî § ¤ ç¥ (7.1), (7.2).Ǒ®áâà®¨¬ äã­ªæ¨î ~a : C([−r, 0℄,Rn+m) → R, ï¢«ïîéãîáï¯à®¤®«�¥­¨¥¬ äã­ªæ¨¨ a : C([−r, 0℄,Rn)× R

m → R, ¯® ¯à ¢¨«ã~a(ψ) = a(ϕ1, ϕ2(0)),78



£¤¥
ψ ∈ C([−r, 0℄,Rn+m), ψ = (ϕ1, ϕ2),

ϕ1 ∈ C([−r, 0℄,Rn), ϕ2 ∈ C([−r, 0℄,Rm).�®£¤  á¨áâ¥¬  (7.3), (7.4) ¨ äã­ªæ¨ï ~a ã¤®¢«¥â¢®àïîâ ãá«®-¢¨ï¬ «¥¬¬ë 5.1. �®£« á­® íâ®© «¥¬¬¥, ¤«ï ¢á¥å â®ç¥ª ψ ¨§
C([−r, 0℄,Rn+m), ã¤®¢«¥â¢®àïîé¨å ãà ¢­¥­¨î~a(ψ) = 0á áãé¥áâ¢¥­­® ®£à ­¨ç¥­­®© ¯à®¨§¢®¤­®© áãé¥áâ¢ãîâ ϑ > 0 ¨®â®¡à �¥­¨¥ t → z(t) ∈ R

n+m, t ∈ [−r, ϑ℄ ï¢«ïîé¥¥áï à¥è¥­¨-¥¬ § ¤ ç¨ (7.3), (7.4) â ª¨¥, çâ® ¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­®à ¢¥­áâ¢® ~a(zt) = 0.�®£« á­® «¥¬¬¥ 7.2 ®â®¡à �¥­¨ï t → x(t) ∈ R
n, t → y(t) ∈

R
m, t ∈ [0, ϑ℄, £¤¥

xi(t) = zi(t), t ∈ [−r, ϑ℄, i = 1, . . . , n
yi(t) = zn+i(t), t ∈ [0, ϑ℄, i = 1, . . . ,mï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ (7.1), (7.2). Ǒà¨ íâ®¬ ¢ë¯®«­¥­® à -¢¥­áâ¢®

a(xt, y(t)) = ~(zt) = 0.� ª¨¬ ®¡à §®¬ ¤®ª § ­®, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© «¥¬¬ë­ ©¤ãâáï ç¨á«® ϑ > 0 ¨ ®â®¡à �¥­¨ï t → x(t) ∈ R
n, t ∈ [−r, ϑ℄,

t → y(t) ∈ R
m, t ∈ [0, ϑ℄, ï¢«ïîé¨¥áï à¥è¥­¨¥¬ § ¤ ç¨ (7.1),(7.2) â ª¨¥, çâ® ¤«ï ¢á¥å t ∈ [0, ϑ℄ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥(xt, y(t)) ∈M.

�
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8. � ¤ ç  ¢ë�¨¢ ­¨ï ¤«ï ¢ª«îç¥­¨©� ¯®¬­¨¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï.Ǒãáâì (X, ‖ · ‖X)| ä¨ªá¨à®¢ ­­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®.�¡®§­ ç¨¬ ç¥à¥§ 
ompX ⊂ 2X| á®¢®ªã¯­®áâì ¢á¥å ¢ë¯ãª«ëåª®¬¯ ªâ­ëå ¯®¤¬­®�¥áâ¢ X. �«ï ¤¢ãå ¬­®�¥áâ¢ M1 ⊂ X ¨
M2 ⊂ X ®¡®§­ ç¨¬

αX(M1,M2) .= sup
x∈M1 ρX(x,M2),£¤¥ ρX(x,M)| à ááâ®ï­¨¥ ®â â®çª¨ ¤® ¬­®�¥áâ¢ 

ρX(x,M) = inf
y∈M

‖x− y‖X.� ¯®¬­¨¬, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¬­®�¥áâ¢  M ⊂ X

BX[M,ε℄ .= {x ∈ X : ρX(x,M) 6 ε}®§­ ç ¥â ε -®ªà¥áâ­®áâì ¬­®�¥áâ¢  M.Ǒãáâì ª �¤®© â®çª¥ x ∈ D ­¥ª®â®à®£® ¬­®�¥áâ¢  D ⊂ X ¯®-áâ ¢«¥­® ¢ á®®â¢¥âáâ¢¨¥ ¬­®�¥áâ¢® F (x) ∈ 
ompY. �®£¤  ¡ã¤¥¬£®¢®à¨âì, çâ® ­  D § ¤ ­  ¬­®£®§­ ç­ ï äã­ªæ¨ï F (x).� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 8.1 (á¬. [33, á. 52℄ ). �â®¡à �¥­¨¥
x→ F (x) ∈ 
ompY, x ∈ D­ §ë¢ ¥âáï ¯®«ã­¥¯à¥àë¢­ë¬ á¢¥àåã ¢ â®çª¥ x ∈ D , ¥á«¨ ¤«ï¢áïª®£® ¯®«®�¨¥â«ì­®£® ε ­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¤«ï ¢á¥åâ®ç¥ª y ∈ X â ª¨å, çâ® ‖x− y‖X < δ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

F (y) ⊂ BY[F (x), ε℄.�â® ¢ª«îç¥­¨¥ à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã
αY(F (y), F (x)) < ε.�­®£®§­ ç­®¥ ®â®¡à �¥­¨¥ x → F (x) ∈ 
ompY ­ §ë¢ ¥âáï¯®«ã­¥¯à¥àë¢­ë¬ á¢¥àåã ­  ¬­®�¥áâ¢¥ D, ¥á«¨ ®­® ¯®«ã­¥¯à¥-àë¢­® á¢¥àåã ¢® ¢á¥å â®çª å x ∈ D.80



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 8.2 (á¬. [33, á. 53℄ ). �â®¡à �¥­¨¥
x→ F (x) ∈ 
ompY, x ∈ D­ §ë¢ ¥âáï ­¥¯à¥àë¢­ë¬ ¢ â®çª¥ x ∈ D , ¥á«¨ ¤«ï ¢áïª®£® ε > 0­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¤«ï ¢á¥å â®ç¥ª y ∈ X â ª¨å, çâ®

‖x− y‖X < δ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®max{αY (F (x), F (y)) , αY (F (y), F (x))} < ε.�â® ¢ª«îç¥­¨¥ à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã
F (x) ⊂ BY[F (y), ε℄ ¨ F (y) ⊂ BY[F (x), ε℄.�­®£®§­ ç­®¥ ®â®¡à �¥­¨¥ ­ §ë¢ ¥âáï ­¥¯à¥àë¢­ë¬ ­  ¬­®-�¥áâ¢¥ D, ¥á«¨ ®­® ­¥¯à¥àë¢­® ¢® ¢á¥å â®çª å x ∈ D.�¡®§­ ç¨¬ ¤ «¥¥,

‖F (x)‖Y
.= sup
y∈F (x) ‖y‖Y, ‖F (D)‖Y

.= sup
x∈D

‖F (x)‖Y.� íâ®¬ à §¤¥«¥ ¨áá«¥¤®¢ ­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ¤«ï § ¤ ­-­ëå ­¥¯ãáâ®£® ¬­®�¥áâ¢  M ⊂ X ¨ ¬­®£®§­ ç­®£® ®â®¡à �¥­¨ï
x→ F (x) ∈ 
ompY, x ∈M ¯®à®�¤ îé¥£® ¢ª«îç¥­¨¥

δxt ∈ F (xt), (8.1)­ ©¤ãâáï α > 0 ¨ à¥è¥­¨¥ t → xt ¢ª«îç¥­¨ï (8.1), ã¤®¢«¥â¢®-àïîé¥¥ ¯à¨ ¢á¥å t ∈ [0, α℄ ¢ª«îç¥­¨î xt ∈M.� ¯®¬­¨¬, çâ® äã­ªæ¨ï r(t) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì {ti} ¢®¯à¥¤¥«¥­¨¨ ª á â¥«ì­®£® ­ ¯à ¢«¥­¨ï 1.2 § ¢¨áïâ ®â â®çª¨ x ¨í«¥¬¥­â  ª á â¥«ì­®£® ª®­ãá  h ∈ TY
x M. �âã § ¢¨á¨¬®áâì ¡ã¤¥¬§ ¯¨áë¢ âì á«¥¤ãîé¨¬ ®¡à §®¬ r(t, x, h) ¨ ti(x, h).�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. Ǒãáâì h ∈ TY

x M, ®¡®§­ ç¨¬ç¥à¥§
c(x, h) .= sup

i

∥

∥

∥
h+ r(ti(x, h), x, h)

ti(x, h) ∥

∥

∥

X
.81



�á«¨ § ¤ ­® ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥ x → F (x) ∈ 
ompY,
x ∈ M ¨ ¤«ï ¢á¥å x ∈ M ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ F (x) ⊂ TY

x M,â® ®¡®§­ ç¨¬
c(x) .= sup

h∈F (x) c(x, h).� ¥ ® à ¥ ¬   8.1. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®-¢¨î A ( á¬. á. 21) ¨ § ¤ ­ë «®ª «ì­® ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢®
M ¢ X ¨ ¯®«ã­¥¯à¥àë¢­®¥ á¢¥àåã ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥

F : X → 
ompY.Ǒãáâì ¤ «¥¥:1) ¤«ï ª �¤®£® x ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
F (x) ⊂ TY

x M ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® sup
x∈M

c(x) < c.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥ t→ xt ∈M, t ∈ [0, α℄ â ª®¥, çâ®
x0 = ϕ ¨ δxt ∈ F (xt)¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).�®ª �¥¬ á­ ç «  á«¥¤ãîéãî «¥¬¬ã.� ¥ ¬ ¬   8.1. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë. �®-£¤ , ¤«ï «î¡®© â®çª¨ x ∈ M ¨ ¢áïª®£® æ¥«®£® m áãé¥áâ¢ãîâç¨á«® ε(x,m) ∈ (0, 1/m) ¨ í«¥¬¥­â u(x,m) ∈ X â ª¨¥, çâ®¨¬¥îâ ¬¥áâ® á¢®©áâ¢ :1) ¤«ï ¢á¥å x, m ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
x+ ε(x,m)u(x,m) ∈M ;82



2) ¤«ï ¢á¥å x, m ¢ë¯®«­¥­® ¢ª«îç¥­¨¥
u(x,m) ∈ BY

[

F
(

BX[x, 1/m℄), 1/m];3) ¯à¨ ª �¤®¬ ­ âãà «ì­®¬ m äã­ªæ¨ï x→ ε(x,m) ®£à -­¨ç¥­  á­¨§ã ­¥ª®â®àë¬ ¯®«®�¨â¥«ì­ë¬ ç¨á«®¬, â® ¥áâìinf
x∈M

ε(x,m) = ϑm > 0;4) äã­ªæ¨ï x → u(x,m) ®£à ­¨ç¥­  á¢¥àåã ¯à¨ ¢á¥å ­ âã-à «ì­ëå m ¨ ¢á¥å x ∈M ­¥ª®â®àë¬ ¯®«®�¨â¥«ì­ë¬ ç¨á«®¬,â® ¥áâì sup
m∈N, x∈M

‖u(x,m)‖X < +∞.� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ m ∈ N, y ∈ M ¨
h ∈ F (y) ⊂ TY

y M. �®£¤  ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®sup
i

∥

∥

∥

∥

h+ r(ti(y, h), y, h)
ti(y, h) ∥

∥

∥

∥

X

= c(y, h) 6 c(y) < c.�§ ¢ª«îç¥­¨ï h ∈ TY
y M ¨ â¥®à¥¬ë 1.1 á«¥¤ã¥â, çâ® áãé¥áâ¢ã-îâ ç¨á«® δy ∈ (0, 1/m) ¨ í«¥¬¥­â hy ∈ X, ã¤®¢«¥â¢®àïîé¨¥á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

y + δyhy ∈M, (8.2)
‖hy − h‖Y <

12m, (8.3)
‖hy‖X < c. (8.4)�¥à ¢¥­áâ¢® (8.3) ®§­ ç ¥â, çâ® hy ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î

hy ∈ BY[F (y), 1/m℄.83



� áá¬®âà¨¬ BX(y, ηy), £¤¥ y ∈M, ηy = δy2(k + 1)m.� á¨«ã ãá«®¢¨ï â¥®à¥¬ë ® «®ª «ì­®© ª®¬¯ ªâ­®áâ¨ ¯à®áâà ­-áâ¢  M, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® á ¬® ¯à®-áâà ­áâ¢® M ª®¬¯ ªâ­® (¢ ¯à®â¨¢­®¬ á«ãç ¥ ¡ã¤¥¬ à áá¬ âà¨-¢ âì ¯¥à¥á¥ç¥­¨¥ M á ­¥ª®â®àë¬ è à®¬). �«¥¤®¢ â¥«ì­®, ­ ©-¤¥âáï ª®­¥ç­®¥ ¯®ªàëâ¨¥ {BX(yj , ηyj
)} ¬­®�¥áâ¢  M. � «¥¥,¤«ï ª �¤®£® x ∈ M ­ ©¤¥âáï j, çâ® x ∈ BX(yj, ηyj

). �¡®§­ -ç¨¬
ε(x,m) .= δyj

, u(x,m) .= hyj
+ yj − x

δyj

.�®ª �¥¬, çâ® ¯ à  ε(x,m) ¨ u(x,m)| ¨áª®¬ ï ¤«ï x ¨ m .�¥©áâ¢¨â¥«ì­®, ¨§ ®¯à¥¤¥«¥­¨ï u(x,m) ¯®«ãç ¥¬
x+ ε(x,m)u(x,m) = x+ δyj

(

hyj
+ yj − x

δyj

) = yj + δyj
hyj

.�§ ¢ª«îç¥­¨ï (8.2) á«¥¤ã¥â, çâ® x + ε(x,m)u(x,m) ∈ M. �¥¬á ¬ë¬ ¤®ª § ­®, çâ® ¯¥à¢®¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë ¢ë¯®«­¥­®.� «¥¥, ¨¬¥¥¬ ®æ¥­ªã
ρY(u(x,m), F (yj)) 6 ‖u(x,m) − hyj

‖Y + ρY(hyj
, F (yj)).Ǒ¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ®æ¥­¨¬ á¢¥àåã, ¨á¯®«ì§ãï ®¯à¥-¤¥«¥­¨ï u(x,m) ¨ ηyj

:
‖u(x,m) − hyj

‖Y 6
‖yj − x‖Y

δyj

6
k‖yj − x‖X

δyj

6

6
kηyj

δyj

6
k2(k + 1)m 6

12m.�â®à®¥ á« £ ¥¬®¥ ¨§ ­¥à ¢¥­áâ¢  (8.3) ®£à ­¨ç¥­®
ρY(hyj

, F (yj)) 6
12m.�«¥¤®¢ â¥«ì­®,

ρY(u(x,m), F (yj)) 6
1
m
.84



Ǒ®íâ®¬ã ¨§ ¢ª«îç¥­¨ï yj ∈ BX(x, ηyj
) ¨¬¥¥¬:

u(x,m) ∈ BY

[

F
(

BX[x, 1/m℄), 1/m].�â®à®¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë ¢ë¯®«­¥­®.Ǒãáâì θm = min
j
δyj
. � ª ª ª {BX(yj, ηyj

)}| ª®­¥ç­®¥ ¯®-ªàëâ¨¥ ¬­®�¥áâ¢  M, ¨ ª �¤®¥ δyi
> 0, â® θm > 0. Ǒ®íâ®¬ã,¢ á¨«ã à ¢¥­áâ¢  ε(x,m) = δyi

, ¨¬¥¥¬ inf
x∈M

ε(x,m) = ϑm > 0.�«¥¤®¢ â¥«ì­®, âà¥âì¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë ¢ë¯®«­¥­®.�«ï «î¡ëå x ¨ m ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
‖u(x,m)‖X 6 ‖hyj

‖X + ‖yj − x‖X

δyj

,¨§ ­¥à ¢¥­áâ¢  (8.4) á«¥¤ã¥â, çâ®
‖u(x,m)‖X 6 c+ 12m(k + 1) ,®âªã¤  ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®sup

m∈N

x∈M

‖u(x,m)‖X < +∞.� ª¨¬ ®¡à §®¬, ç¥â¢¥àâ®¥ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë â®�¥ ¤®ª § ­®.
� Ǒ¥à¥©¤¥¬ ¤ «¥¥, ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 8.1.� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ ϕ ∈ M. �¡®§­ -ç¨¬ α = r/c, £¤¥ r = max

x∈M
‖x− ϕ‖X.�  ®á­®¢ ­¨¨ «¥¬¬ë 8.1, ¤«ï ¢áïª®£® m ∈ N ¯®áâà®¨¬ æ¥-«®¥ ç¨á«® j ¨ ª®­¥ç­ë© ­ ¡®à ç¨á¥« εm1 . . . εmj ∈ (θm, 1/m) ¨í«¥¬¥­â®¢ xm1 . . . xmj ∈M, £¤¥

xm0 = ϕ, xmi+1 = xmi + εmi u
m
i ,

umi ∈ BY

[

F
(

BX[xmi , 1/m℄), 1/m], i = 1 . . . j, (8.5)85



¯à¨ç¥¬ ¨­¤¥ªá j ®¯à¥¤¥«ï¥âáï ¨§ ­¥à ¢¥­áâ¢  j−1
∑

i=0 εmi > α.�®£« á­® «¥¬¬¥ 8.1, ¤«ï ¢áïª¨å i ¨ m ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­-áâ¢®:
‖umi ‖X 6 c.�®£¤  xmi ∈ BX[ϕ, r℄ ¤«ï ¢áïª®£® i, â ª ª ª

‖xmi − ϕ‖X 6

i−1
∑

q=0 ‖xmq+1 − xmq ‖X = i−1
∑

q=0 εmi ‖umq ‖X 6 c

i−1
∑

q=0 εmi = r.Ǒ®«®�¨¬ τmi
.= εm0 + · · · + εmi . �  ª �¤®¬ ¨§ ®âà¥§ª®¢ [τmi , τmi+1℄¯®áâà®¨¬ «¨­¥©­ãî äã­ªæ¨î xmt

.= xmi + (t − τmi )umi . �«ï ¢á¥å
t ∈ [τmi , τmi+1℄ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

‖xmt − xmi ‖X = (t− τmi )‖umi ‖X 6 εmi ‖u
m
i ‖X 6

c

m
. (8.6)�«ï ¢áïª®£® t ∈ [τmi , τmi+1) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® δxmt = umj .�  ®á­®¢ ­¨¨ (8.5), (8.6) ¨¬¥¥¬, çâ® ¤«ï ¢áïª®© â®çª¨ t ∈ [0, α℄

xmt ∈ BX(M, c/m), (8.7)
δxmt ∈ BY

[

F (BX[xmt , c/m℄), 1/m]. (8.8)�®ª �¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© xmt , m ∈ N ã¤®-¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë �àæ¥« . �«ï ¢áïª®£® m äã­ªæ¨ï
t → xmt ∈ 
onvM, t ∈ [0, α℄, £¤¥ 
onvM | ¢ë¯ãª« ï ®¡®«®çª 
M, ¤¥©áâ¢ã¥â ¨§ ª®¬¯ ªâ  ¢ ª®¬¯ ªâ.� ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì á«¥¤ã¥â ¨§ (8.7).�®ª �¥¬ â¥¯¥àì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì à ¢­®áâ¥¯¥­­® ­¥-¯à¥àë¢­ . � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî äã­ªæ¨î xmt . �®§ì¬¥¬¯à®¨§¢®«ì­®¥ ε > 0. �®£¤  ¤«ï ¢áïª¨å t1, t2 ∈ [0, α℄ â ª¨å, çâ®
|t1 − t2| < ε ª®«¨ç¥áâ¢® τmi ∈ [t1, t2℄ ­¥ ¯à¥¢®áå®¤¨â (m + 1)ε.�«¥¤®¢ â¥«ì­®,

‖xmt1 − xmt2‖X 6
c(m+ 1)ε

m
.86



Ǒ® â¥®à¥¬¥ �àæ¥«  áãé¥áâ¢ã¥â ¤¢¨�¥­¨¥ t → xt ∈ M, £¤¥
t ∈ [0, α℄, â ª®¥, çâ® ‖xt − xmt ‖X → 0 à ¢­®¬¥à­® ­  [0, α℄. �§(8.7) á«¥¤ã¥â, çâ® xt ∈M.� «¥¥, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï ®æ¥­ª 

ρY(δxmt , F (xt)) = ρY(umi , F (xt)) 6

6 ρY(umi , F (xmi )) + αY(F (xmi ), F (xt)).�§ ¢ª«îç¥­¨ï (8.5) ¯®«ãç ¥¬ ρY(umi , F (xmi )) → 0, â® ¥áâì ¯¥à-¢®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª 0 à ¢­®¬¥à­® ¯® t. Ǒ®íâ®¬ã ¨§ (8.6),¯®«ã­¥¯à¥àë¢­®áâ¨ á¢¥àåã F (x) ¨ ®æ¥­ª¨
‖xt − xmi ‖X 6 ‖xt − xmt ‖X + ‖xmt − xmi ‖X,¯®«ãç ¥¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ à ¢­®¬¥à­® ¯® t áâà¥¬¨âáï ª 0.Ǒ®«ãç ¥¬, çâ® xmt → xt ¨ ρY(δxmt , F (xt)) à ¢­®¬¥à­® ¯® t.�®ª �¥¬, çâ® ¤«ï ¢á¥å t ∈ [0, α) ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

δxt ∈ F (xt).�¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ t0 ∈ [0, α). �«ï ¢ë¯®«­¥­¨ï ¢ª«î-ç¥­¨ï δxt0 ∈ F (xt0) ¤®áâ â®ç­® ¤®ª § âì, çâ® ¤«ï «î¡®£® ε > 0¯à¨ ¤®áâ â®ç­® ¬ «ëå �t ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
ρY

(

xt0+�t − xt0�t , F (xt0)) < ε,

∥

∥

∥

∥

xt0+�t − xt0�t ∥

∥

∥

∥

X

< +∞.� ª ª ª ‖xmt −xt‖X → 0 à ¢­®¬¥à­® ¯® t, ¤«ï ¢ë¯®«­¥­¨ï íâ®£®­¥à ¢¥­áâ¢  ¤®áâ â®ç­® ¤®ª § âì, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å m¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 
ρY

(

xmt0+�t − xmt0�t , F (xt0)) < ε,

∥

∥

∥

∥

xmt0+�t − xmt0�t ∥

∥

∥

∥

X

< +∞.�§ ¯®«ã­¥¯à¥àë¢­®áâ¨ á¢¥àåã F (ϕ) ¨¬¥¥¬, çâ® ¤«ï ¢áïª¨å ε > 0¨ t0 ­ ©¤¥âáï ç¨á«® η > 0 â ª®¥, çâ®
F (ϕ) ⊂ BY[F (xt0), ε℄87



¤«ï ¢á¥å ‖ϕ− xt0‖X < (4c+ 1)η.�®§ì¬¥¬ m ¤®áâ â®ç­® ¡®«ìè¨¬, çâ®¡ë 1/m < η ¨ ‖xmt −
xt‖X < 2cη ¤«ï ¢á¥å t ∈ [0, α), ¨ ¢®§ì¬¥¬ �t < η.� ©¤ãâáï ­®¬¥à  i1 ¨ i2 â ª¨¥, çâ®

τmi1 6 t0 < τmi1+1 < · · · < τmi2−1 < t0 + �t 6 τmi2 .�®ª �¥¬, çâ® ¤«ï ¢á¥å ­®¬¥à®¢ i1 6 s 6 i2 ¢ë¯®«­¥­® ¢ª«î-ç¥­¨¥
BX[xms , 1/m℄ ⊂ BX[xt0 , 4(c+ 1)η℄. (8.9)�á¥ τms , s = i1, . . . , i2 ®â«¨ç îâáï ®â t0 ¬¥­¥¥, ç¥¬ ­  2η. �«¥-¤®¢ â¥«ì­®,

‖xms − xt0‖X 6 ‖xms − xmt0‖X + ‖xmt0 − xt0‖X < 2cη + 2cη = 4cη.� ª¨¬ ®¡à §®¬,
xms ∈ BX[xt0 , 4cη℄¨ âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥ ¢ë¯®«­¥­®.Ǒ® ®¯à¥¤¥«¥­¨î «®¬ ­­®© xmt , ¨¬¥¥¬ à ¢¥­áâ¢ :

xmt − xmt0 = (t− t0)umi1 , t ∈ [t0, τmi1+1℄,
xmt − xmi1+1 = (t− τmi1+1)umi1+1, t ∈ [τmi1+1, τmi1+2℄,...
xmt − xmi2−1 = (t− τmi2−1)umi2−1, t ∈ [τmi2−1, t0 + �t℄.Ǒ® ¯®áâà®¥­¨î umi , ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

‖umi ‖X 6 c,®âªã¤  á«¥¤ã¥â, çâ® ¤«ï ¢á¥å t ∈ [τi, τi+1℄ ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­-áâ¢ 
‖xmt − xmi ‖X 6 c(t− τi),á«®�¨¢ ª®â®àë¥ ¯®«ãç¨¬
‖xmt − xmt0‖X 6 c(t− t0).88



Ǒ®¤¥«¨¢ ®¡¥ ç áâ¨ ­  t− t0 ¨ ®¡®§­ ç¨¢ �t = t− t0, ¯®«ãç ¥¬
∥

∥

∥

∥

xmt0+�t − xmt0�t ∥

∥

∥

∥

X

< c¤«ï ¢á¥å �t < η. Ǒ¥à¥©¤ï ª ¯à¥¤¥«ã m → +∞, ¯®«ãç¨¬ ­¥à -¢¥­áâ¢®
∥

∥

∥

∥

xt0+�t − xt0�t ∥

∥

∥

∥

X

< c.� ª¨¬ ®¡à §®¬, ¢â®à®¥ ­¥à ¢¥­áâ¢® ¨§ ®¯à¥¤¥«¥­¨ï δxt ¢ë¯®«-­¥­®.�®ª �¥¬, çâ® ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ®. �«ï ¢á¥å ­®-¬¥à®¢ s = i1 . . . i2 − 1 ¯® ®¯à¥¤¥«¥­¨î ums ¨¬¥¥¬ ¢ª«îç¥­¨¥
ums ∈ BY

[

F
(

BX[xms , 1/m℄), 1/m],â® ¥áâì ­ ©¤¥âáï y ∈ BX[xms , 1/m℄ â ª®¥, çâ®
ρY(ums , F (y)) 6 1/m.�§ ¢ª«îç¥­¨ï (8.9) ¨¬¥¥¬, çâ® y ∈ BX[xt0 , 4(c+1)η℄ ¨ ¯® ¯®áâà®-¥­¨î η ¯®«ãç ¥¬
F (y) ⊂ BY[F (xt0), ε℄.� ª¨¬ ®¡à §®¬, ¤«ï ¢á¥å ums ¢ë¯®«­¥­® ­¥à ¢¥­áâ®

ρY(ums , F (xt0)) 6 ρY(ums , F (y)) + αY(F (y), F (xt0 )) 6 1/m+ ε.�«¥¤®¢ â¥«ì­®, ¢á¥ ­¥à ¢¥­áâ¢ 
ρY

(

xmt − xms
t− τms

, F (xt0)) = ρY(ums , F (xt0)) 6 1/m+ ε¬®�­® á«®�¨âì ¨ ¯®«ãç¨âì, çâ® ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å m ¨�t < η ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
ρY

(

xmt0+�t − xmt0�t , F (xt0)) 6 (1/m+ ε).89



Ǒ¥à¥©¤ï ª ¯à¥¤¥«ã ¯® m, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®
ρY

(

xt0+�t − xt0�t , F (xt0)) < ε.

��­ «®£¨ç­® § ¤ ç¥ ¢ë�¨¢ ­¨ï ¤«ï ãà ¢­¥­¨ï, ¨­â¥à¥á ¯à¥¤-áâ ¢«ï¥â á«ãç ©, ª®£¤  ¯à ¢ ï ç áâì ¢ª«îç¥­¨ï
δxt ∈ F (xt)

F : X → 
ompY ­¥ ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ á¢¥àåã ®â®¡à �¥­¨-¥¬. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­® § ¬ª­ãâ®áâ¨ £à ä¨-ª  ®â®¡à �¥­¨ï F. �­ ç « , ­ ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ § ¬ª­ãâ®£®¬­®£®§­ ç­®£® ®â®¡à �¥­¨ï.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 8.3 (á¬. [33, á. 53℄ ). Ǒãáâì F ¤¥©á-â¢ã¥â ¨§ X ¢ 
ompY. �â®¡à �¥­¨¥ F ­ §ë¢ ¥âáï § ¬ª­ãâë¬,¥á«¨ £à ä¨ª �(F ) ï¢«ï¥âáï § ¬ª­ãâë¬ ¬­®�¥áâ¢®¬, £¤¥ £à ä¨ª�(F )| ¬­®�¥áâ¢® ¯ à ¢¨¤ �(F ) .= {(σ, f) : σ ∈ D(F ), f ∈ F (σ)},  D(F ) ⊂ X| ®¡« áâì ®¯à¥¤¥«¥­¨ï ®â®¡à �¥­¨ï F.�àã£¨¬¨ á«®¢ ¬¨, ®â®¡à �¥­¨¥ F : X → 
ompY ï¢«ï¥âáï§ ¬ª­ãâë¬, ¥á«¨ ¨ â®«ìª® ¥á«¨ ¨§ ãá«®¢¨©
‖σi − σ‖X → 0, {σi} ⊂ D(F ), ‖fi − f‖Y → 0, f ∈ F(σ)á«¥¤ã¥â, çâ® (σ, f) ∈ �(F ), â® ¥áâì

σ ∈ D(F ), f ∈ F (σ).� ¥ ® à ¥ ¬   8.2. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®-¢¨î A ( á¬. á. 21), ¨ § ¤ ­® § ¬ª­ãâ®¥ ¬­®£®§­ ç­®¥ ®â®¡à -�¥­¨¥
F : X → 
ompY90



á ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(F ). Ǒãáâì ¤ «¥¥, § ¤ ­® «®ª «ì­®ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ¢ D(F ) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï1) ¤«ï ª �¤®£® x ∈M ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
F (x) ⊂ TY

x M ;2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® sup
x∈M

c(x) < c.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥
t→ xt ∈M, t ∈ [0, α℄â ª®¥, çâ®
x0 = ϕ ¨ δxt ∈ F (xt)¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).�¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥, ¤®ª § â¥«ìáâ¢® ª®â®-à®£® ¯®«­®áâìî ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 8.1.� ¥ ® à ¥ ¬   8.3. Ǒãáâì X ¨ Y ã¤®¢«¥â¢®àïîâ ãá«®-¢¨î A ( á¬. á. 21), ¨ § ¬ª­ãâ®¥ ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥

F : X → 
ompYá ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(F ). Ǒãáâì ¤ «¥¥ § ¤ ­® «®ª «ì­®ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® M ¢ D(F ) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï1) ¤«ï ª �¤®£® x ∈ M ®â®¡à �¥­¨¥ x → H(x) ∈ 
ompY,
x ∈M ¯®áâà®¥­­®¥ ¯® ¯à ¢¨«ã

H(x) .= F (x) ∩ TY
x Mï¢«ï¥âáï § ¬ª­ãâë¬; 91



2) ­ ©¤¥âáï ª®­áâ ­â  c > 0 â ª ï, çâ® ¤«ï ¢á¥å x ∈ M¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® c(x) < c, £¤¥ c(x) ¥áâì
c(x) .= sup

h∈H(x){supi ∥∥∥h+ r(ti(x, h), x, h)
ti(x, h) ∥

∥

∥

X

}

.�®£¤  ¤«ï ¢áïª®£® ϕ ∈M áãé¥áâ¢ãîâ ç¨á«® α > 0 ¨ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥
t→ xt ∈M, t ∈ [0, α℄â ª®¥, çâ®
x0 = ϕ ¨ δxt ∈ F (xt)¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α).9. � ¤ ç  ¢ë�¨¢ ­¨ï ¤«ï ¢ª«îç¥­¨© á ¯®á«¥¤¥©-áâ¢¨¥¬�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨

τ → x(τ) ∈ R
n, τ ∈ [−r, ϑ℄, r > 0, ϑ > 0®¡®§­ ç¨¬

xt(s) .= x(t+ s), s ∈ [−r, 0℄, t ∈ [0, ϑ℄.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ®
X = AC([−r, 0℄,Rn), Y = L1([−r, 0℄,Rn)× R

n.�®à¬ë ‖ · ‖X ¨ ‖ · ‖Y á®®â¢¥âáâ¢¥­­® à ¢­ë
‖ϕ‖X = sup

s∈[−r,0℄ |ϕ(s)| + ∫ 0
−r

| _ϕ(s)|ds,
‖(ϕ, b)‖Y = max{∫ 0

−r
|ϕ(s)|ds, |b|}.92



�«ï â®£®, çâ®¡ë ¯à®áâà ­áâ¢  X ¨ Y ã¤®¢«¥â¢®àï«¨ ãá«®-¢¨î A (á¬. á. 21), (­ ¯®¬­¨¬, çâ® ãá«®¢¨¥ A ®§­ ç ¥â ¢ª«îç¥­¨¥
X ⊂ Y ¨ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  sup

ϕ∈X,ϕ 6=0 ‖ϕ‖Y

‖ϕ‖X
< +∞ ) ¡ã¤¥¬à áá¬ âà¨¢ âì í«¥¬¥­â ϕ ∈ X, ª ª ¯ àã(ϕ(·), ϕ(0)) ∈ ~X,£¤¥ ~X .= {(ϕ(·), b) ∈ AC([−r, 0℄,Rn)× R

n : b = ϕ(0)}á ­®à¬®©
‖(ϕ(·), b)‖X = max{‖ϕ‖X, |b|}.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®â®�¤¥áâ¢«ïâì X ¨ ~X � íâ®¬ á«ãç ¥ ¯à®-áâà ­áâ¢® X ï¢«ï¥âáï ¯®¤¬­®�¥áâ¢®¬ ¯à®áâà ­áâ¢  Y.�¥§¤¥ ¢ ¤ «ì­¥©è¥¬ áç¨â ¥âáï, çâ® f : X → 
ompR

n| ¯®«ã-­¥¯à¥àë¢­®¥ á¢¥àåã ®â®¡à �¥­¨¥.Ǒãáâì ¨¬¥¥âáï § ¤ ç  �®è¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«î-ç¥­¨ï á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) ∈ f(xt), x0 = ϕ, (9.1)
f : X → 
ompR

n.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 9.1. �¥è¥­¨¥¬ § ¤ ç¨ �®è¨ (9.1)­ §ë¢ ¥âáï äã­ªæ¨ï
t→ x(t) ∈ R

n, t ∈ [−r, ϑ℄, ϑ > 0­¥¯à¥àë¢­ ï ­  ¨­â¥à¢ «¥ [−r, ϑ),  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ­ «î¡®¬ ®âà¥§ª¥ [0, τ ℄, 0 < τ < ϑ ¨ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬
x(t) = ϕ, ¯à¨ ¢á¥å t ∈ [−r, 0℄,_x(t) ∈ f(xt), ¯à¨ ¯®çâ¨ ¢á¥å t ∈ [0, ϑ℄.93



�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®â®¡à �¥­¨¥ F : X → 
ompY, ®¯à¥-¤¥«¥­­®¥ à ¢¥­áâ¢®¬
F (σ) .= ( _σ(·), f(σ)),¨ ¢¬¥áâ¥ á § ¤ ç¥© (9.1) ¡ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã
δxt ∈ F (xt), x0 = ϕ. (9.2)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 9.2. �¥è¥­¨¥¬ § ¤ ç¨ (9.2) ­ §ë-¢ ¥âáï ®â®¡à �¥­¨¥ t → xt ∈ X, t ∈ [0, α), α > 0 â ª®¥, çâ®

x0 = ϕ, ®â®¡à �¥­¨¥ xt  ¡á®«îâ­® ­¥¯à¥àë¢­® ­  «î¡®¬ ®âà¥§-ª¥ [0, β℄, β < α ¨ ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¢ë¯®«­¥­® ¢ª«îç¥­¨¥
δxt ∈ F (xt).� ª ¨ ¢ á«ãç ¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®á«¥¤¥©-áâ¢¨¥¬ á¯à ¢¥¤«¨¢ë «¥¬¬ë, ãáâ ­ ¢«¨¢ îé¨¥ ¢§ ¨¬­® ®¤­®-§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥�¤ã à¥è¥­¨ï¬¨ § ¤ ç (9.2) ¨ (9.1).� ¥ ¬ ¬   9.1. Ǒãáâì äã­ªæ¨ï

t→ x(t) ∈ R
n, t ∈ [−r, α), α > 0ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (9.1). �®£¤  ®â®¡à �¥­¨¥

t→ xt ∈ X, t ∈ [0, α),¯®áâà®¥­­®¥ ¯® ¯à ¢¨«ã
xt(s) .= x(t+ s), t ∈ [0, α), s ∈ [−r, 0℄,¨¬¥¥â ¤«ï ¯®çâ¨ ¢á¥å t ∈ [0, α) ¢ à¨ æ¨î δxt ¨ ï¢«ï¥âáï à¥-è¥­¨¥¬ § ¤ ç¨ (9.2).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì ¤¢¨�¥­¨¥ t → xt ∈ X,£¤¥ t ∈ [0, α) ¯®à®�¤¥­® à¥è¥­¨¥¬ § ¤ ç¨ (9.1). Ǒ® ®¯à¥¤¥«¥­¨î¢ à¨ æ¨¨ δxt| íâ® ¯ à 

δxt = (σ, b) ∈ L1[−r, 0℄ × R
n94



â ª ï, çâ® lim
ε→0∥∥xt+ε − xt

ε
− δxt

∥

∥

Y
= 0,£¤¥

∥

∥

xt+ε − xt
ε

− δxt
∥

∥

Y
== max{∥∥xt+ε − xt

ε
(·)− σ(·)∥∥

L1([−r,0℄,Rn), ∣∣xt+ε(0)− xt(0)
ε

− b
∣

∣

}

.�âªã¤  ¯®«ãç ¥¬, çâ®
σ(s) = lim

ε→0+ xt+ε(s)− xt(s)
ε¨

b = lim
ε→0+ xt+ε(0)− xt(0)

ε
.�«ï ¢á¥å s < 0, ­ ç¨­ ï á ­¥ª®â®à®£® ε, á¯à ¢¥¤«¨¢® s+ ε < 0,¯®íâ®¬ã

σ(s) = lim
ε→0+ xt(s+ ε)− xt(s)

ε
= _xt(s).¤«ï ¯®çâ¨ ¢á¥å s ∈ [−r, 0℄.�«ï b, ¯® ®¯à¥¤¥«¥­¨î à¥è¥­¨ï § ¤ ç¨ (9.1) ¨¬¥¥¬

b = lim
ε→0+ x(t+ ε)− x(t)

ε
= lim

ε→0+ x(t) + ∫ t+ε
t

f(xs)ds− x(t)
ε

∈ f(xt)¯à¨ ¯®çâ¨ ¢á¥å t ∈ [0, α).� ª¨¬ ®¡à §®¬
δxt ∈ ( _xt(s), f(xt))¯®çâ¨ ¢áî¤ã ­  [0, α). �� ¥ ¬ ¬   9.2. Ǒãáâì ®â®¡à �¥­¨¥

t→ yt, t ∈ [0, α), α > 095



ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (9.2). �®£¤  ®â®¡à �¥­¨¥
t→ x(t) ∈ R

n, t ∈ [−r, α),£¤¥
x(s) = ϕ(s), s ∈ [−r, 0℄, x(t) = yt(0), t ∈ [0, α)ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (9.1).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì ¯®çâ¨ ¢áî¤ã ­  ¨­â¥à-¢ «¥ [0, α) ¨¬¥îâ ¬¥áâ® ¢ª«îç¥­¨ï

δyt ∈ F (yt) = ( _yt, f(yt)) ∈ 
ompY.Ǒ® ®¯à¥¤¥«¥­¨î ¢ à¨ æ¨¨ δyt ¯®«ãç ¥¬, çâ® ¤«ï ¯®çâ¨ ¢á¥å t ∈[0, α) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®lim
ε→0+ ρY

((yt+ε(·), yt+ε(0)) − (yt(·), yt(0))
ε

, ( _yt(·), f(yt))) = 0.�âªã¤  á«¥¤ã¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢lim
ε→0∫ 0

−r

∣

∣

∣

∣

yt+ε(s)− yt(s)
ε

− _yt(s)∣∣∣
∣

ds = 0 (9.3)¨ lim
ε→0ρRn

(

yt+ε(0)− yt(0)
ε

, f(yt)) = 0. (9.4)¤«ï ¯®çâ¨ t ∈ [0, α).� áá¬®âà¨¬ ®â®¡à �¥­¨¥ t → x(t) ∈ R
n, t ∈ [−r, 0℄, ¯®áâà®-¥­­®¥ ¯® ¯à ¢¨«ã

x(s) = ϕ(s), s ∈ [−r, 0℄, x(t) = yt(0), t ∈ [0, α).�«ï x(t) ¨§ à ¢¥­áâ¢  (9.4) ¯®«ãç ¥¬, çâ®_x(t) = lim
ε→0+ yt+ε(0)− yt(0)

ε
∈ f(yt).96



�«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à�¤¥­¨ï «¥¬¬ë âà¥¡ã¥âáï ¤®ª § âì, çâ®¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ _x(t) ∈ f(xt),á«¥¤®¢ â¥«ì­®, ­¥®¡å®¤¨¬® ¯®ª § âì, çâ® yt = xt, â® ¥áâì ¤«ï¢á¥å s ∈ [−r, 0℄ ¢ë¯®«­¥­® à ¢¥­áâ¢® yt(s) = xt(s). Ǒ® ®¯à¥¤¥«¥-­¨î xt ­¥®¡å®¤¨¬® ¤®ª § âì, çâ®
x(t+ s) = yt(s).�§ ®¯à¥¤¥«¥­¨ï x(t) á«¥¤ã¥â, çâ® íâ® íª¢¨¢ «¥­â­® à ¢¥­áâ¢ã
yt+s(0) = yt(s).� áá¬®âà¨¬ äã­ªæ¨î ¤¢ãå ¯¥à¥¬¥­­ëå y(t, s) .= yt(s), £¤¥

t ∈ [0, α), s ∈ [−r, 0℄.�­ «®£¨ç­® á«ãç î, ª®£¤  ¯à ¢ ï ç áâì ï¢«ï¥âáï ®¤­®§­ ç-­®© äã­ªæ¨¥©, ¤®ª §ë¢ ¥âáï, çâ® äã­ªæ¨ï y(t, s) ¯®áâ®ï­­ ¢¤®«ì ®âà¥§ª®¢ ¯àï¬®© s+ t = 
onst, s ∈ [−r, 0℄, t ∈ [0, α).Ǒ®ª �¥¬, çâ® yt+τ (s) = yt+s(τ) ¤«ï ¢á¥å s, τ ∈ [−r, 0). �¬¥îâ¬¥áâ® à ¢¥­áâ¢ _yt+s(τ) = lim
ε→0+ yt+s(τ + ε)− yt+s(τ)

ε
= _yt+τ (s).� ª ª ª yt+s(τ) ∈ AC[−r, 0℄, â®

yt+s(0) = ∫ 0
s

_yt+s(τ)dτ + yt+s(s).� ¤àã£®© áâ®à®­ë,
yt(s) = ∫ 0

s

_yt+τ (s)dτ + yt+s(s),¨ ¯®íâ®¬ã yt+s(0) = yt(s). �� ª¨¬ ®¡à §®¬, ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 8.1 ¨ «¥¬¬ 9.2, 9.1,¬®�­® áä®à¬ã«¨à®¢ âì ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¢ë�¨¢ ¥¬®áâ¨ ¤«ï¢ª«îç¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬. 97



� ¥ ® à ¥ ¬   9.1. � áá¬®âà¨¬ ­¥ª®â®à®¥ «®ª «ì­® ª®¬-¯ ªâ­®¥ ¬­®�¥áâ¢® M ⊂ X. �«ï â®£®, çâ®¡ë áãé¥áâ¢®¢ «®¤¢¨�¥­¨¥ t → xt ∈ M , ¯®à®�¤¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­ë¬ ¢ª«î-ç¥­¨¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬ _x(t) ∈ f(xt)¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬ x0 = ϕ ∈ M, ¤®
â â®ç­®, çâ®¡ë ¤«ï¢áïª®© â®çª¨ σ ∈M ¢ë¯®«­ï«®áì ¢ª«îç¥­¨¥
F (σ) ⊂ TY

σ M,£¤¥ F (σ) = ( _σ(s), f(σ)).�®§ì¬¥¬, â¥¯¥àì, ¢ ª ç¥áâ¢¥ ¯à®áâà ­áâ¢
X = C([−r, 0℄,Rn), Y = L1([−r, 0℄,Rn)× R

n.�®ª �¥¬, çâ® ®â®¡à �¥­¨¥ σ → F (σ) ∈ 
ompY, σ ∈ X, ¤¥©-áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã
F (σ) = ( _σ, f(σ))ï¢«ï¥âáï § ¬ª­ãâë¬.� ¥ ¬ ¬   9.3. Ǒãáâì ®â®¡à �¥­¨¥

σ → f(σ) ∈ R
n, σ ∈ Xï¢«ï¥âáï ¯®«ã­¥¯à¥àë¢­ë¬ á¢¥àåã ¬­®£®§­ ç­ë¬ ®â®¡à �¥­¨-¥¬. Ǒãáâì ®â®¡à �¥­¨¥ σ → F (σ) ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢ 

C([−r, 0℄,Rn) ¢ ¯à®áâà ­áâ¢® 
omp(L1([−r, 0℄,Rn)) ¯® ¯à ¢¨«ã
F (σ) = ( _σ, f(σ)),®¡« áâìî ®¯à¥¤¥«¥­¨ï ï¢«ï¥âáï ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥-¯à¥àë¢­ëå äã­ªæ¨© D(F ) = AC([−r, 0℄,Rn). �®£¤  íâ® ®â®¡à -�¥­¨¥ ï¢«ï¥âáï § ¬ª­ãâë¬. 98



� ® ª   §   â ¥ « ì á â ¢ ®. � ¯ à £à ä¥ 4 ¤®ª § ­  § -¬ª­ãâ®áâì ®¯¥à â®à  ¤¨ää¥à¥­æ¨à®¢ ­¨ï
F0(σ) = _σ.Ǒ®«ã­¥¯à¥àë¢­®¥ á¢¥àåã ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥
σ → f(σ)ï¢«ï¥âáï § ¬ª­ãâë¬ (á¬. [33, á. 53℄).Ǒ®íâ®¬ã, ¬­®£®§­ ç­®¥ ®â®¡à �¥­¨¥

F (σ) = ( _σ, f(σ))ï¢«ï¥âáï § ¬ª­ãâë¬. ��§ íâ®© «¥¬¬ë, â¥®à¥¬ë (8.2) á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥, ¤ î-é¥¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¢ë�¨¢ ¥¬®áâ¨ ¤«ï ¢ª«îç¥­¨© á ¯®á«¥-¤¥©áâ¢¨¥¬ ¨ ¬­®�¥áâ¢ , § ¤ ­­®£® ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëåäã­ªæ¨©.� ¥ ® à ¥ ¬   9.2. Ǒãáâì M| ­¥ª®â®à®¥ ¯®¤¬­®�¥áâ-¢® ¯à®áâà ­áâ¢   ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨©, «®ª «ì­®ª®¬¯ ªâ­®¥ ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨©. �«ï â®£®,çâ®¡ë áãé¥áâ¢®¢ «® ¤¢¨�¥­¨¥ t → xt ∈ M , ¯®à®�¤¥­­®¥ ¤¨ä-ä¥à¥­æ¨ «ì­ë¬ ¢ª«îç¥­¨¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬_x(t) ∈ f(xt)¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬ x0 = ϕ ∈ M, ¤®
â â®ç­®, çâ®¡ë ¤«ï¢áïª®© â®çª¨ σ ∈M ¢ë¯®«­ï«®áì ¢ª«îç¥­¨¥
F (σ) ⊂ TY

σ M,£¤¥ F (σ) = ( _σ(s), f(σ)).
99
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