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IIpenucnoBue

Kypc «YHuciennnie MeTOAbI» TPATUIIMOHHO CUYUTAETCS CJIOKHBIM Y
CTYIEHTOB, TaK KaK B HEM TPeOyeTCs COYeTATh YMEHWsSI W HABBIKU MPO-
rPAMMUPOBAHUS CO 3HAHUSAMHU OA30BBIX MaTeMaTHdecKuX Kypcos. [lo-
9TOMY JAHHOE y4eOHOe II0COOHe IPU3BAHO IOMOYb CTYAEHTaM B OCBO-
eHuu JaHHOM muctuianabl. OCHOBHBIE LEJX M 33/a4d Kypca: HAy4HTb
LIPABUJIbHO OLIEHUBATH PE3YJIbTAThl BbIYUCJIEHUI, BbIIIOJIHEHHBIX HA KOM-
MBIOTEPE CPEICTBAMHU SI3IKOB MTPOTPAMMHUPOBAHUST; O3HAKOMUTH C METO-
JTaMU TOJIy9eHUsT AaHAJIUTUIECKUX 3aBUCUMOCTEH mTpu 00paboTKe pe3y/ib-
TATOB SKCIIEPUMEHTOB; O3HAKOMHUTL C INPU3HAKAMH ILJIOXO OOYCIOBJIEH-
HBIX U HEKOPPEKTHLIX 33Ja4 M HOAXOHAMU K HX PelleHuio; chOpMUPO-
BaTh KyJbTYyPy KPUTHYHOIO OTHOLUEHHUS K II0JIYYEHHBIM PE3yJIbTaTaM.

Tlocobre cHAOKEHO TEOPETHUECKON YaCThiO, B KOTOPOI KPaTKO M3JI0-
KeHbI (POPMYJIBI U AJTOPUTMBI KJIACCHIECKUX MeTomoB. Ilpu odopmie-
HWH CIIPABOYHON YacTH GBI HCIONIb30BaHbl Marepuadst [3, 4, 11]. Jis
CaMOCTOSTEJIbHOM pabOThL CTYAEHTOB IPeIJIOXKeH J1abOpPaTOPHbIA IpaK-
TUKYM C MHJAMBUIYaJbHbIMA 3aJaHUIMU U TEeMATHKa AOMAaIIHUX paboT.
JlabopaTopHble pabOTHI Kypca HATPABIEHBI HA YTIIYOJEHNE W PACITHpe-
HUE JIEKIIMOHHOTO MaTepUaJia, MPUOOPETEHNE BhIYUCIUTEIHLHOTO OIBITA,
[pU PEIIeHN] TOCTABJIEHHBIX 3a/a4. Jlomartee 3ajaHme Mpe/IroIaraeT
COCTaBJIEHUE MaTeMaTHYeCKOH MOJead, pa3paboTKy MeTO[a PeIleHHs,
cocTaBJieHUs [IPOIPaMMbl Ha SI3bIKE IIPOIPAMMHUPOBAHUS K IIPOBE/IEHHE
BbIYKMCJIATEIbHOIO SKCIIEPUMEHTA.

B pesynbrare ocBOeHUS IUCIHUIIAHBI O0YYAIOMIUICS TOXKEH 0071~
JIaTh TAKUMHU OOIEKYIHTYPHBIMU KOMIIETEHIIUSIMHA, KAK «3HAIUTEIHHBIE
HABBIKH CaMOCTOSTEIBHON pabOTBHl ¢ KOMILIOTEPOM, MPOrPaMMUPOBa-
HUS, UCIIOb30BAHNA METOI0B 00pabOTKH MHMOPMAIUN U TUCTCHHBIX Me-
TOHOB pelieHust 6a30BbIX 3aJa4»; U TAKMMH IIPOECCUOHAIBLHBIMU KOM-
METEHIINSIMA, KAK «HABBIKA CAMOCTOSITEILHOTO TMOCTPOEHUS aJrOPUTMA,
U ero aHA/JIN3a»; <«BJIAQJEHHE METOJAMHM MATEMAaTHIEeCKOrO W AJTOPUT-
MHUYECKOrO0 MOE/JVPOBAHUS TPW AHAJN3E U PEIIeHWH MPUKJIAIHBIX U
UHKEHEPHO—TEXHUYECKUX MIPODIeM>».

Wsznanue npeaHasHadeHo IpexKe BCero JJisd CTYAEHTOB HallpaBJie-
Hu# 1oAroroBKy OakasaBpoB «MexaHUKa 1 MaTeMaTHIeCKOe MOJIE/JUPO-
BaHme», «MareMaTnka W KOMIBIOTEpHBIE HayKuy, «[Ipukiagnas mare-
MaTuka u nHGOpMaTHKay. KpoMe Toro, mocodme MoKeT ObITH HCIOIb30-
BAHO M CTYJE€HTAMH MHKEHEPHBIX HAIIPABJIEHUH, a TaK»Ke OyIeT IIOJIE3HO
BCEM, KTO MHTEPECYETCs BBIYMCAUTEbHON MAaTEeMAaTHKOM.



1. Meroapl pernieHnd CUCTEM JIMHENHBIX
ajarebpandeckux ypaBHeHuit

BCQ npdaMbie METOAbl OCHOBAHbI Ha TOM, 9YTO HMCXO/JHad CUCTEeMa IIPpU-
BOIUTCS K SKBUBAJIEHTHOM, HO UMEIOIIEi 60JIee TpoCcTyo hOpMy CHCTEME,
KOTOPYIO JIerde pemarh. PaccMOTpUM CHCTEMY

1121 + @122 + -+ - + a1nTy = by,
a21%1 + A22%2 + - -+ + A2p Ty, = by
Az =b, nan e ’ (1)
Ap1T1 + A2l + - - + AppTp = bna

roe A — KBaapaTHAsd MaTpPUIA TOpsaka n, det A # 0, x;, — Hen3BeCTHBIE
BEJINIWHEL, @;; — 3aJaHHBIE 3JIEMEHTHI MATPHUIILI CHCTEMBI yPAaBHEHHI.

B orimune or mpsAMBIX METOIOB, HTEPAIMOHHBIE METOALI MOLYT Ja-
BaTh TOYHOE PELIEHHE CHCTEMbl JIMIIb KaK Pe3y/abTaTl eIuHOOOpasHO-
ro mporuecca urepanmii. Meropl HOpOXKIa0T 0C/IEI0BATEJIbHOCTD IIPH-
ommkennnix permenmii (%), m wexommas Marpmma yuacTByer JHITh B
MaTpPUIHO-BEKTOPHOM YMHOXKeHusX. [Ipu oleHKe KadecTBa MTEPAIIHOH-
HOT'O MPOIECCA CAMBIM BAaYKHBIM BOIIPOCOM SIBJISIETCS CXOIUMOCTD TIOJIY-
YEHHOI II0CJIe10BATEIbHOCTA BEKTOPOB K PELIEHUI0 CUCTEMbI U CKOPOCTh
9101 cxouumocTu. He ymimnaum 31ech Oyner u CBOACTBO CaMOUCIIPABIisie-
MOCTHU TAaKUX METOJOB. DTO CBOHCTBO JEJAET UX MEHEE UYBCTBUTEIHHBI-
MU IO CPABHEHWIO C TOYHBIMHU METOIAMU K OTIEJIbHBIM ONTHOKAM, JIOIy-
IEHHBIM TIPU BBIUNACICHUAX.

1.1. Metox I'aycca

Agnropurm meroma Taycca cocrout m3 aByx sranon. Ilepsbrit sramn
HA3bIBAETCS NPAMbIM TOJOM METOA U 3aKJII0YAETCS B IPUBEIEHUN MaT-

PHUIIBI CHCTEMbBI K TPEYTroJbHOMY Buay 1o dopmynam: kK =1,2,...,n—1
Ak .
Qij = A5 — LCl,kj, J = k,k+ 1,...,n;
Qkk

b, ::bi—%bk, i=k+1,k+2,....n
Taxum 06pa3om, BbIOJHUB (1 — 1) m1ar, Mbl MOJIyYUM CUCTEMY C BEpXHE
TPEeyroJabHON MaTpuIeil, TpudeM 3Ta CUCTEMa 3KBUBAJIEHTHA UCXOIHOIA,
a JIEMEHT Gk, Ha KOTOPBIA TPOUCXOINT JIeJIEHUE, HA3BIBAETC 8edyujuMm



anemenmonm Ha k-m mare. Pemrenne cucTteMbl ¢ TPEyroabHON MaTpuiiei
BBIIIUCBIBAETCS SIBHO U HA3BIBACTCS 00pammubim £odom memoda Taycca:

n
bk — , Z (3R
kaL, k=nn-—1,...,1.
Gk
Ot POPMYJIBI UMEIOT CMBICJI, €CJIH TOJLKO BCE BEIYIIUE 3JIEMEHTHI
OTJIMYHBI OT HyAA: agy 7 0. Ho 9Tm orpannyuenns 06peMeHnTeIBHBI, TTO-
9TOMY TpEMeHsieTcss memod laycca ¢ 6vbopom znrasnozo saemenma. Ha
IEPBOM IIare CpeJy BCEX 3JIEMEHTOB IMEPBOrO CTOJIONA HAXOIUM MAKCH-
MAaJIbHbIH 110 MOJIYJIIO JEMEHT: |ag| = max |a;1|. Janee k-0 crpoky
<i<

MeHsEeM C NepBO# CTPOKON MeCTaM|, IIPUA 3TOM HaMJEHHBII MAaKCUMaJb-
HBII 3JIEMEHT CTAHEeT BEeAYIINM 3JIEMEHTOM, U OH OTJIMYEH OT HyJs. BoI-
[TOJTHSIEM TIEPBBIH mar Meroja laycca, TO ecTh 3aHyJIsieM BCE SJI€MEHTDI
[IEPBOrO CTOJIONA 1Oz, BemyluMm 3jaemernToM. Jlasee uinemMm MakCHMAasib-
HbIA 110 MOJLYJIFO 3JIEMEHT Cpeiuu aio, rie 2 < i < n. Caexyoimue mwaru
JeTAIOTCS aHAJIOTMYIHO, W BCETJa MAaKCHUMAIBHBIA IO MOJYJIIO 3JIEMEHT
Oyaer orsmden or Hyid. Ecau det A # 0, To Bce Bemymme ( 3j1€MeH-
TBI, IOy 9eHHbIE MeTOOM [aycca ¢ BBIOOPOM TITABHOTO 3JIeMeHTa, OyIyT
oTMYHbBI OT HyJsisA. [losTOMY HE HA KAKOM IIare [iejleHus HA HYyJIb He Oy-
aer. I mHaobopor, ecim HA KAKOM-TO INare HaflJeHHBIH MaKCHMAJIbHBII
0 MOJIYJIO 3JIEMEHT OKAYKeTCS PABHBIM HYJIO, TO 3TO YKA3bIBAET, UTO
OTIPEIE/IUTENIh UCXOTHOW MATPHUIIBI ObLIT paBeH Hy/0. TOYHOCTH pe3yiib-
TaTOB OyIeT OMpeIeasaThCsa TOYHOCTHIO BBIMOJIHEHUS apU(MEeTHIecKux
omeparuii npu MPeodPA3ZOBAHUY IJTEMEHTOB MATPHUIIBI.

3ameuanmne. BvmecTo MaKCHMAIBHOIO 110 MOZYJIIO SJIEMEHTa MOXKHO
HCIOJIb30BATh JII000I HeHy1eBoil 31emenT. Ho MOCKOIBKY MpPOUCXOIUT
JleleHre Ha TOT 3JIEMEHT, TO JIydIlle BCErO MCIOIb30BATH MAKCHMAJTh-
HBI, 9TO TaCT MAHUMAJbHYIO TTOTDEITHOCTbD.

Moxuo ucnonbzoBatb memod XKopdano—Iaycca. dror MeTos oTim-
Jaercs OoT 0ObIdHOrO Meroza l'aycca TeM, 94TO HA KaXK/IOM Iare mpsiMoro
XO/Ia, I[I0CJIe HAXOXK/IEHUH BE/YIIErO JJIEMEHTA, 3AHYISIOTCH JIEMEHTbI
cTOJI01Ia, HE TOJIHBKO HUKE BEAYIIErO JIEMEHTA, HO U BBIIIE, TO €CTh MaT-
puria A IpUBOAUTCH K AMATOHAJIBHOMY BHUIY. TOrIa pereHne 3ammuchbiBar-
erTca Kak ©; = —, tae i = 1,2,...,n. Ecau eme Ha KaxK10M miare mepe
3aHyJIeHUEM ;prléux 3JIEMEHTOB CTOJIONA BEAYIIYI0 CTPOKY IEIUTh Ha Be-
YU 9JIEMEHT, TO B Pe3yJIbTaTe MPAMOrO X0/ MMOJIYIUTCH €IUHUIHA



Marpuia. A 3HaduT, O6PATHBIA X0/ HE MOTPEOYeTCs, TAK KAaK HA MECTe
cTosibra mpaBoil YacTu MOJIYyYHM PEIIeHNe UCXOIHOM CUCTEeMBbI.

1.2. Metoa LU—pa3siioxkeHnst

Teopema. Ecau 6ce 2aa8Hble MUHOPHL K6AOPAMHOUT Mampuybs A om-
AUNHDL 0N HYAR, Mo cyuecmeytom mampuuys, L v U, ede L — wuorcnas
mpeyzoavnan, U — eeprusas mpeyzorvnas mampuya, u A = LU. Ecau
oice JuazZOHANLHBLE INEMEHMBL 00HOT U3 MAMPUY 3APUKCUPOSAMB, MO
maKoe pasnogcenue eJuHCMEeHHO.

Ecan 3adpukcupoBanbl 3jaeMenThl MaTpunbl L, To Marpuisl L n U
AMEIOT BUI;:

1 0 0 0 Ul U2 U3 Ulp
lo1 1 0 0 0 U22 U223 - U2n

L= I I3 1 0 , U= 0 0 uzz -+ usn |,
lnl ln2 ln3 1 0 0 e 0 Unn

r7ie JeMEHThI BEIYUCISIOTCS 10 (hOPMyJIam:

Jj—1
i—1 aij — > Linug;j
. . k=1 . .
Ujj = Qg5 — E livury (1 < j), lij = ——— (i>]).
Ujj
k=1

Samerum, 4To B 3TuX GOpMysIax He OyJeT JejIeHus HA HYJIb.

Tlonb3ysck 3ol Teopemoii, pererune cucrembl Ar = b ymporaercs.
Nwmeem npeacrasiaenne LUz = b. O6o3uauws Uz = y, noayuum Ly = b.
Pemrenne CJTAY cBOauTCS K TIOCTEIOBATETBHOMY PEIIEHHTO IBYX CHCTEM
¢ TPEYroJibHbIMU MaTpuamu. I109ToOMy WX pellieHrsi BbITUCHIBAIOTCS siB-
no. CrnepBa HaxoauM pemnierue cucrembl Ly = b:

k—1
yk:bklekjyj, k=1,2,...,n.

j=1

Ecan n3BecTHBI ¥;, MOKHO TaK¥Ke JIETKO HANTH T;, KaK PeIIeHNe CU-
cremel Uz = y:

n

Yk — D, UkjT;
j=k+1

Tk s k=nn—1,...,1.

Ukk



3ameuanne. LU—wveron permenust CJIAY — sro ot ke meron ayc-
ca, 3aMMCAHHbI B MATPUIHOM mnperacTapiaennn. Marpurna U u BEKTOp Y
€CTh He 9TO WHOE, KaK IOJIy9e€HHbBIE [TOCTe MPsAMOro Xoaa MeTona Laycca
TPEyroJibHAsi MATPUIQ U BEKTOP MPABON YACTH.

IIpoBepka ycjoBHS, 9YTO BCE IJIABHBIE MUHOPBI OTJIUYHBI OT HYJIST —
JIOBOJIBHO TPYAOEMKHl TPOIECC, TMOITOMY TPOBEPKY MOXKHO BBITIOTHUTH
10 XOAy BbIYHCAeHUit. Ecan okaxkercs, 9To Ha KAKOM-TO mmare u;; = 0,
TO 3TO OyZIeT 03HAYATH, 9TO HE BCE IVIABHBIE MUHOPBI HCXOTHON MAaTPUIIHI
Obun oTIMaHBL OT HyNs u LU—-Meron 31ech He paboTaer.

Ecan naiigensr marpunsl L u U, TO JIETKO BBIYUCIUTH OPEIETUTED

n
ucxonuoi marpunpt det A = det L - det U = [] wy;.
i=1

1.3. Meron kBagpaTHbIX KopHei (cxema XoJienkoro)

Meton npuMeHsieTCs B CJIydae, KOrja Marpulia A cuMmMeTpudHasi,
10 ectb A = AT, TIpencrasum marpuny A B Buge A = ST - D - S, rae
D — jguaronasibHasg MATpPUIA, IPUYEM JEMEHThI AuaroHanu d; = +1,
S — BepXHASA TpeyrogbHas Marpuia, S’ — TPaHCIOHWPOBAHHAT K S
Marpuma. O0muit Bua HopMys [jId HAXOXKIEHUST SJIEMEHTOB MaTpuil D
uSmpui=12,...,n

i—1
. 2
d; = sign | a;; — E spidp . S =

p=1

1—1
Qij — 21 SpidpSpj
p:

Sij = disi ,j=t1+114+2,...,n.

Tlocne maxoxmenus saemenToB D u S perreHne MCXOTHON CHCTEMbI
cBoauTcst, Kak u B LU—-MeToie K Perennio JByX CHCTeM C TPEYTOJbHBIMU
varpumamm: ST Dy = bu Sz = y. Pemenns 06enx cHCTeM BBIMTACLIBAIOT-
s o ABHBIM (POPMYJIaM, TakK Kak Marpuua ST D — HUKHAS TPEyrosb-
Hasi, & MATPUI@A S — BEPXHsisd TPEYTrOIbHAs.

1
Bameuanne. Pasencrso A = ST DS conepzxur Bcero 571(714-1) ypas-

1
HeHuit st onpezenennst —n(n + 1) + n HEM3BECTHBIX, TO €CTh HA CAMOM

nesie n HeusBectHbx d; (i = 1,2,...,n), Kak 6bl aumnue. OHu 316CH BBe-
JIeHbI MCKYCCTBEHHO, MBI X BbIOMpaeM camu, mosaras d; = +1, 9To0bI



MOXKHO OBLITO W3BJIEYb KBAJIPATHBIE KOPHU BO BCEX (DOPMYJIAX, IJI€ BbI-
YUCIAIOTCS TUArOHAJIbHBIE d7eMeHThl Marpulibl S. IIpu takom BbIGOpE
d; Bcerga paboraeM TOJIBKO € J€HCTBUTEIbHBIMYU YUCTAMMU.

MokHO paccMOTpeTh W APYTOM MeToHd KBAIPATHBIX KOPHEH, KO-
ria umyt Marpuiy S taxyio, uro A = STS. Ilpu sToM dopmyast Te
JKe CaMble, TOJBKO 6e3 MaTpuilbl D, HO3TOMY MOJKOPEHHBIE BHIPAKEHS
OymyT 6e3 Momysisd. A 3HAYUT, MOLYT HOJYYUTHCS KOMILJIEKCHBIE YUCIIA.
O/1HAKO ecJid UCXO/IHASE MATPUIA CHMMETPUYHA U [IPABAsi 9aCTh CUCTEMbL
JIeWCTBUTEIBHA, 3 BBIYUCIEHUS TTPOBECTHU IO KOHIIA, TO B PE3Y/IbTATE MO-
JIYIUTCS JEHCTBUTEIHLHOE PEIIEHNE TAYKe €CJIU 10 X0y MPHUIILIOCh UMETh
JIeJTO C KOMILJIEKCHBIMY UHCJIAMH.

1.4. MeToa opToroHajim3annuu

Jljis 1aHHOIO METO/Ia CTPOUTCH [10C/Ie/I0BATEIbHOCT OPTOrOHAILHbIX
BEKTOPOB M HAa KAKOM-TO IIare OYepeIHON BEKTOP JACT PeIleHue CUCTe-
Mol (1). O6o3HauuM a; 41 = —b;, ¢ = 1,2,...,n U 3a0HUMIEM UCXOTHYIO
CHCTEMY B PA3BEPHYTOM BHJIE:

1121 + a12%2 + ... + A1pTp + A1 pp1 = 0,
a91T1 + Q222 + ... + A2nTy + A2, n+1 = 0; (2)

U121 + Ap2%2 + ...+ AppTy + Annt+1 = 0.

Ilycrs a; = (@i1, @iz, - - - in, Qi pt1) — i-ad CTPOKA PACIIUPEHHONH MaT-
putipl, y = (21,2, ..., Ts, 1) — BekTOp HeuzBecTHbIX. Torna cucrema (2)
LPUMET SKBUBAJCHTHBIA BH/l, 3AlIMCAHHDIN 4€pe3 CKAJIAPHbIE IIPOU3BEIe-
HUA:

(a;,y)=0,i=1,2,...,n. (3)

Banuch cucreMbl B Buje (3) o3Hadaer, 9To ecau Mbl Haiinem (n + 1)-
MEPHBIH BEKTOP ¥, HOCIEIHAM JIEMEHTOM KOTOPOrO SABJISAETCS 1, M OH
OyZeT OPTOTOHAJIEH BCEM BEKTOPAM @;, TO TIEPBBIE 7 JJIEMEHTOB 3TOTO
BEKTOpa JAIyT pellierne ucXomHoit cucrembl. Ecim det A # 0, To uc-
MOJIB3YIOT Memod opmozoHasudeyuy I'pamma—IImuoma.

HobaBuM K n JMHEHHO HE3aBUCUMBIM BeKTOpam {ai,ds,...,Gn}
emie ogud (n + 1)-mepublit BekTop a,+1 = (0,...,0,1). Torga cucre-
Ma& a1, G2,..., (py] JUHEHHO HE3aBUCUMA. DyJieM CTPOUTb BEKTOPA
U1,V1,U2,V2,y...,Upt+1 MO CIACAYIONINM TIPABUIIAM.



. U1
Bepem mepBbiit BEKTOp U HOPMAaJIM3yeM €ro: u) = a1, U1 m,
1
rae |Jui]| = /(u1,u1). Janee us cTponM Kak JIMHEHHYIO KOMOWHAIMIO
BEKTOPA (g W YK€ HANJIEHHOTO V1: U = Ao — Y21vV1. KOHCTAHTY Y21 BBI-
O6mpaeMm Tak, 9TOOBI MTOJyUEHHBIH BEKTOP ObLT OPTOrOHAJIEH U1, TO €CTh
(ug,v1) = 0. Orkyna v21 = (a2,v1) U BEKTOp Uz = G2 — 7Y21V1 Oupe-

U2
nensgercda oxno3HadHO. [looxkuMm vy = H 3amernm, 9TO Vo OPTO-
U2

rOHaJIeH V1. AHAJIOrMYHBIM 0DOPA30M TPOIOJIZKAsST TPOIECC, UMEEM IPU
7=2,3,...,n+ 1

j—1 Wi
— . oy I J— oy P
uj =aj — g VjiVi, Vj = Tuil’ rae vj; = (a;,v;), 1=1,2,...,n.
i=1 J
IMocnennuit BekTop Up+1 = (€1,C2, - .., Cn,Cny1) OPTOIOHAJEH BCEM BEK-

TOpaM a; TI0 TTOCTPOEHUIO. Ecan HOPMHPOBATH €r0 IMOCJEIHIOI0 KOMIIO-
HEHTY, TO TEepPBbIE 1 JIEMEHTOB IMOJIy9YEHHOIO BEKTOPA JAJYT MCKOMOE
C1 Cn 1

peuienue y = ey —
Cn+1 Cn+1

1.5. MeToa MpOTroHKM

MeTo TPOTOHKY MCTIOIB3YETCS JJIsT PEIeHUsT CUCTEM JTUHEHHBIX aJl-
rebpandeckux ypastenuii (1) ¢ TpexIuaroHaabLHON MaTpUIeil, KOTOpbIe
B OOITIEM CJIy9Yae MMEIOT BUJL

bizi_1 +ciwi +dizig1 =15, 1=1,2,...,n, (4)

rae by =0, d,, = 0, niu B BEKTOPHO—MATPUIHOM [IPEICTABICHUN

C1 d1 0 0 e 0 0 0 X1 T1
b2 C2 d2 0 e 0 0 0 T2 T2
0 bs c¢3 dg --- 0 0 0 €3 _ r3
0 0 0 0 e bn—l Cn—1 dn—l In—1 Tn—1
o 0 0 O 0 bn Cn Tn Tn

Pewtenue cucrembl ypasuenuil Buja (4) MEroJoM [IPOrOHKH COCTOUT
3 JBYX JTANOB. [Ipamaa npozonka — 3TO HAXOXKIEHWE TTPOTOHOYHBIX

ko3 durmenToB §; u \; npu i = 1,2, ..., n no dopmynsam
d; i — biNi—
51’:_ i 7)\i:Tz 221. (5)
ci +bidi—1 ci +bi6i—1
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Taxk kak by = 0, To mpouecc BbIUHCIEHUS O; U \; MOXKHO HadaTb CO
. 1 T1
3HavYeHuii 01 = ——, \; = — U NPOAOJIKUTH jajiee 1o dhopmysaam (5)
c

1 C1
[IOCJIEIOBATEIBHO 1ipH § = 2,3, ...,n, npudeM upu ¢ = n B cuiy d, = 0

nostyaum 0, = 0. Obpammas npozonka — 3TO 1MOJIyYEHUE HEU3BECTHBIX
ryapu i =n,n—1,...,1 o dopmyse

Torna nonaras B pasencrse (6) ¢ = n, OyueMm uMeTh

Tn — bn)\n—l

Tp=Ap= ————,
Cn + bnénfl
e A\p_1 U 0p_1 — y2Ke U3BECTHBIE C IIPEbLIyIIero mwara yucia. Jdasee
no ¢gopmyie (6) nocienoBaTeIbHO HAXOAATCA o; pu i = n—1,n—2,...,1
COOTBETCTBEHHO.

L1 ycremHoro npuMeHe st METO/Ia, IPOTOHKHU HY2KHO, 9TO0BI B ITPO-
[IeCCe BBIYUCIEHWH He BO3HUKAJIO CUTYAIMH C JIEJIEHUEM Ha HYJb, a [IPU
OOJIBIIIIX PA3MEPHOCTAX CHCTEM HE OBLIO OBICTPOTO POCTA MOTPEITHOCTH
OKDYTJIEHU.

Omnpegenenne. [Iporonka HA3BIBAETCS KOPPEKMHOU, €CIA 3HAME-
HATEJU MPOrOHOYHBIX KO3 dunuenTos (5) He obpamarTcs B HyJb, U
yemotinueot, ecau |0;] < 1 npu Beex i = 1,2,...,n.

IlpuBesiemM mpocTbie AOCTATOYHBIE YCJIOBHS KOPPEKTHOCTH U YCTOM-
YUBOCTH IIPOIOHKH, KOTOPBIE BO MHOIMX IIPHUJIOZKEHHUAX METOJA BBIIOJI-
HSIIOTCSI aBTOMATHYECKH. DTU YCJIOBUS TAPAHTUPYIOT CYIIECTBOBAHUE U
€/IMHCTBEHHOCTH PeIlleHusl CUCTEMBI (4), & TaKKe BO3MOXKHOCTb HAXOXK 16
HUSI 9TOTO PEIIeHNs METOJOM TPOTOHKH.

Teopema. ITycmo xoapduyuenmot b; u d; npu i = 2,3,....,n— 1
ypasnenun (4) omauunve om wyas, u nyemov |c;| > b + |dif,
i = 1,2,...,n. Tozda npozonxa no gopmysam (5)—(6) xoppexmna u
YCmoUuusa.

1.6. MeToa mpoCTbIX UTEparumii

Paccmorpum cucremy (1), rue det A # 0. Ilycrb 3Ty cucremy Kakum-
TO 06PA30M yJAIOCH 3AIUCATH B SKBUBAJCHTHOM BUJIE

x =Bz +e¢, (7

11



rae B — marpuna, ¢ — Bekrop. Popma 3amnucu ucxoiuoi cucrembr (1)
B Buge (7) yaobHa Tem, 4TO OHA [O3BOJILAET [l €€ PELIeHHUs] CTPOUTH
UTEPAalUOHHBIA LIpoLece

") = Bz 4 ¢ (8)

u nmomyunrh, Haumpas c mexoroporo (9| mociemoBaresnHOCTD
2 2@ xR koTopas Mpu ONMpeIeTeHHBIX YCAOBUAX CXOIHTCH
K perenwio (7).

Teopema 1 (/ocrarouHoe yCIOBHE CXOAUMOCTH METOJA MPOCTHIX
urepanuit). Ecau || B < 1, mo umepayuonnwiii npoyecc (8) daa 4106020
nanasvnozo npubruscenus =0 cxodumea co cropocmvio 2eomempume-
ckotll npoepeccuu % eduncmeennomy pewernuto cucmemsvs (7).

Teopema 2 (Heobxoaumoe U JTOCTATOYHOE yCIOBHE CXOAUMOCTH Me-
TOJ[a, MPOCThIX ureparwmit). Memod npocmoir umepayut (8) crodumcs
das 1106020 navarvrozo npubruscenua =0 % eduncmeenmomy peusenuto
cucmemnt, (7) mozda, u moavko mozda, xKozda |Ap| < 1.

Teopema 3. ITycms || B|| < g < 1. Tozda umepayuonnwvii npoyece (8)
crodumca & x. npu aobom navasvrom npubsuscenuu 0 u umerom
MECTNO OUEHKU:

Hx* — at(k)H < %fq Hm(k) — g1 H — arocTepmopu,

. =2 < 7= [+ = 2| — anpuopn.

Ecan HOJ‘[y‘IeHaanpI/IOpHaSI OIIEHKa J4 KaKOTrOo-TO METOJa, TO OHa
TIO3BOJIAET, BHITTOJTHUB BCErOo OJIVH ITar METOIa, 3apaHee Y3HATH, CKOJIbBKO
[IAr0B TOCTATOYHO OYJET CAe/IaTh, YTOOBI MOJIy9YUTh PENIEHUE C HAIEPET
3aJaHHON TOYHOCTHIO. K coXKameHno, apruoOpHbIE OIEHKN YIAeTCs MOy~
YUTH HE JIJIsd BCAKOIO UTEPAIUMOHHOIO METOAA. AHOCTepI/IOpHOI‘/’I OIIEHKOI1
y,JlO6HO [10J1b30BaTbCA JJIs OUEHKU [OI'PELIHOCTU TOJIbKO YTO HAWJIEHHOI'O
k-TO MIPUONMIKEHNS W OCTAHOBUTH MTEPAIMOHHBIN TPOIECC, KaK TOJHKO
6y;geT BBITIOJITHATHCA YCJIOBUE

wa _ x(H)H cl-a (9)
q

IMpu BBINONHEHUW HepaBeHcTBa (9) MOIYIUM, YTO Hx* —x(k)H < g
TO ecTb HaiijleHHOe k-€ NPUOJUKEHUe JaeT DEIIEHUE C TOYHOCTHIO
e. Orcioma, B YaCTHOCTH, TIOJIy9aeM BAsKHBIA BBIBOJ: HEPABEHCTBO
Hx(’“)—m(’“*DH < &, KOTOpOEe 4YacTO HCHOJb3YIOT /i NPOBEPKH
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OKOHYAHUS WTEPAIMOHHOIO IIPOIECCa, OyAeT rapaHTheii Toro, 4To u
1
||x — (k) H €, TOJIBKO B TOM CJIy4ae, eC/iu q <

Bameyanue. He Besikast sxBuBasienTHast cucrema Buaa (7) maeT cxo-
Jsmuiicss urepanuonnpiii npouece g cucremot (1). Cucremy Az = b
BCETJIa MOYKHO 3alNCaTh B 9KBUBAJIEHTHOM BHUJIE

r=x—S(Az —b) =(E— SA)z+ Sb,

to ectb B=FE —SAuc= Sb, rine S — nobast HEBLIPOXKIEHHAS MATPU-
11a, KOTOPYIO MOAOUPAIOT TAKUM 0Opa30M, ITOOBI BBITIOTHSIUCH YCIOBHS
TEOPEM CXOJIUMOCTH.

1.7. Meron fIkobn

Marpuny A npezncrasum B Buzie cymmbl Mmarpui, A = L+ D + R, tie

0 0 0 ail 0 ... 0 0
I = a1 0 0 ;D: 0 a1 0 0 ;
anl ... QAnn-1 0 0 0 cee ... Qnn
0 a2 A1n—1 Ain
0 0 a2n—1 Qaz2n
R=1|... .
0 0 0 An—1n
0 0 0 0

Torma Dz = —(L + R)x + b wnu, eciu a;; # 0, Vi = 1,2,...,n, 10
r=-D"YL+R)x+ D~ 'b. O603nauas B = —-D YL+ R)uc= D7 1b,
nostydaeMm u3 cucremst (1) sxksusasenruyio cucremy (7). 3auinem 1omy-
YEeHHBII UTepAIMOHHbI Tporecc (8) B pa3BEepHYTOM BHJIE

xgk—H) —(a1 zx(k) + a13$(k) t...tam o) — bi)/an,

xgk—H) = —(an x( ) + az x(k) + ...+ aan’ELk) — ba)/as,

x§k+l) (CL Jfg ) + ai3-77;(3k) .+ Qg i— 133( ) (10)
+a“+1x§+)1 +...+ amx% ) bi)/aii7

x%kﬂ) = _(anlil'gk) + ...+ annflx;kf)l - b”)/a"”'
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Urepanmonnbiii npornece, onpenensiembiii dbopmysoii (10) HasbiBaercs
memodom Srobu miis pemenus 3anadu (1). 3amerum, uro meron fko-
Ou — 9TO YACTHBIN CJIydail METO/a MPOCTHIX UTEPAIU.

Teopema (0CTATOYHOE YCIOBUE CXOIUMOCTH MeToa Akobu). B cay-
wae JUGZOHAALHO20 NPEOOAGIGHUSA INEMEHMOE MATNPUULL A UMEPAYUOH-
nouli npoyece (10) cxodumesa k pewenuro 3adavwu (1) npu a060m Haua.b-
nom npubrusicenuu (0,

1.8. MeTopn 3eiimens

Meroz npocTbix urepanuii onpenensercsa GpopMyinoii (8), rae ajs mo-
JiyueHus Bcex KOMIoneHT (k+1)-ro npubiuzKenust HCHOIb3yIOTC KOMIIO-
HeHTBI k-ro upubsnxkenus. Unes merona 3eiigens 3aKa04aeTcs B TOM,

(k+1)
YITOOBI IIPU BLIYUCIIEHNN i-if KOMIIOHEHTHI T, (k4 1)-ro mpubimkeHnst

(k+1)  (k+1) 2D
UCTOIL3YIOTCA YK€ BBIMUCICHHBIC 3JIEMEHTBI T , Ty s T s

5?17 ey ng) OepyTcs M3 TMPEeabIAyIero k-ro

a OCTAJIbHBIE IJEMEHTHI T
IpubIMKEHNS.
DOpMyJIbI METOJIA POCTHIX UTEPAILUI [TO3BOJIAIOT 3AMUCATD CHCTEMY

B BUJE

(k+1) b (k) + blzl‘(k) -+ bln.’L’n (k) + Ci,
(k+1) = b1 (k+1 + by Z‘ -+ bgnl‘n k) + c2,
xE’“*” = b b 4 by (’“T)Jr

(k)

+b12x -+ blnxszk) + Ciy

2 = b etV £ bl Y+ b1zl A+ b + e

Dopwmysael meroma Axobu, mpencrasienne A = L+ D + R u yciaoue
det(L 4+ D) # 0 upuBoagaT K UTEpPAIMOHHOMY HPOLECCY MeToaa 3eiies
B BHIE

25D = B2® 4 ¢ tne B=—(L+D)"'R, ¢=(L+D) ‘. (11)
1.9. BeraucieHue omnpegesaTess U 00paTHON MaTPUIbI

s eviuucaenus onpedeaumens UCXOMHON MaTPHIbLI MOXKHO BOC-
MOJIE30BATHCS CBOMCTBOM: MPH TIEPECTAHOBKE CTPOK OTPEIEIUTENbh MAT-
PHIIBI MEHSIET 3HAK, a TIPH JPYTHAX 3JIEMEHTAPHBIX TIPEOOPA3OBAHUAX, KO-
TOpBIE IPUMEHSAIUCH Ha dTale IPAMOro xoma Merona Laycca, onpemenu-
resib He Mensiercs. [Tosromy BepHa dopmyna: det A = (—1)*det T, rae
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T — BepxHsis TPEYTOJIbHAS MATPUIIA OCIIE TPSAMOrO XOa, § — JIUCJIO TIe-
pecTaHoBOK cTpok B asiropurme. Oupeesmress T paBeH TPOU3BEIEHUIO
9JIEMEHTOB [VIABHOMN JuaroHa/u (BeyluX 3JIeMeHTOB).

s onpedenenus snemenmos 06pammott MamMpuyb, TOCTATOTHO pe-
mTh MarpudHoe ypasuenue: AX = F, rne A — nannas marpuna, F —
equarIHAsS MaTpuna. Torma A~! = X. EcIu BOCIOMBb30BATLCA OIIpeIee-
HUEM IIPOU3BE/IEHUs] MATPHIIL, TO JIJIsi SJIEMEHTOB j-T0 CTOI0IIa 00pATHON
MaTpULbL LOJy4aeM CUCTEMY ypaBHEHMi ¢ marpuueii A u npasoii 4a-
CTBIO, PABHO# j-My CTOJOIY eUHUYHON MaTpunbl: Ax ;) = e, T7Ie €j —
J-it cronben matpunpl E, a x(;) — j-it cronben oOpaTHON MaTpUIILT AL
Ecim y Hac ecTh aJIroOpuTM peEIeHus] CUCTEM YpPaBHEHWIl, TO JJid Ompe-
JIeJTIeHUsT JIEMEHTOB 0OPATHON MATPHIIBI JOCTATOYHO PEINUTDb 1 CUCTEM,
[PUYEM BCE 9TU CUCTEMbI MMEIOT OJIMHAKOBYIO Marpuity A u orimyaarorcs
JUITH TPABOH YaCThIO.

1.10. Pemienne CJIAY B KOMIIJIEKCHOM IIPOCTPAHCTBE

Ilycrs mana cucrema Ax = b, rie A u b UMEOT KOMILJIEKCHBIE JIe-
MeHTbI. Torza pemieHue Takoi CUCTeMbl MOXKHO CBECTU K PEIIeHUI0 APYy-
roii cucrembl B JeificrBuTenbHOM npocrpancrse. Ilycrs A = Ay + iAo,
b = by +iby, rue snementer A; u b; (j =1, 2) — mefiCTBUTENbHBIE TUCITA.
Pemenne cucreMbl TIpeACTaBUM B BUIE & = X1 + ixo. LOrma mOydumM
cucremy (Ay + iAs) (x1 + ixe) = by + iby. IlpupaBuusas neficTBUTE b

A —A
HYI0 ¥ MHUMYIO 9aCTHA U 0003HAYAA Y = ( ? ) , C = < Al A 2 > ,
2 2 1

b
d= < bl > , HCXOHYI0 cucremy 3amuiieM Kak Cy = d.
2

Urak, ucxoauas cucreMa n-ro nopsanka Ax = b Ha MHOXKECTBE KOM-
IJIEKCHBIX dmcesi cpogautrcd K cucreme Cy = d ¢ marpureit C nopsiaka
2n X 2n u BeKTOpOM d JJWHOH 21 HA MHOXKECTBE IefICTBUTE/NbHDBIX M-
cest. Pemmp cucremy Cy = d, HaiijeM BeKTOp Y, LIpUYEM €rO IIe€pBbIe
7. KOMTIOHEHT JAI0T JeHCTBUTEILHYIO YaCTh, MOCJEIHAE 7 KOMIOHEHT —
MHHUMYIO 9aCTh MCKOMOT'O BEKTODA, T.
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2. CobcTBeHHbIE 3HAYEHNS U COOCTBEHHbBIE BEKTOPBI

Borancienne coOCTBEHHBIX 3HAYEHUH W COOCTBEHHBIX BEKTOPOB MaT-
PHUIIBI ABJISIETCS OJHON M3 CAMBIX CJIOXKHBIX 33/a4 JIMHEHHON ajireOpshl.
st perierunst mpob/teMbl COOCTBEHHBIX 3HAYECHU B CIydae MaTPHIL 00Tb-
[IUX [OPSi/IKOB HCIOJIB3YIOTCA TOJIHKO HUTEPAIUOHHBIE METO/bI, B KOTO-
PBIX COOCTBEHHBIE 3HAUEHUST OTIPEIEISTIOTCS HETTOCPEICTBEHHO, MUHYST Xar-
PAKTEPUCTUIECKUI MHOrOWIeH. Pa3mmvaior aBe 3a4a9u, CBA3AHHBIE C
COOCTBEHHBIMU BEKTOPDAMU U 3HAYECHUAMU: TOAHAA TPOOAEME COOCTBEH-
HBIX 3HAYEHWI U COOCTBEHHBIX BEKTOPOB, KOrJa TPedyercs: OmpeaesnThb
6ce COOCTBEHHbIE 3HAYEHUS W 6C€ COOCTBEHHBIE BEKTODBI; “ACMUYHAA
npobaema COOCTBEHHDBIX 3HAYEHUN 1 COOCTBEHHBIX BEKTOPOB, KO/ HY K-
HO HAWTH OJHO WJIM HECKOJHKO COOCTBEHHBIX 3HAYEHUN W, BO3MOXKHO,
COOTBETCTBYIONINX COOCTBEHHBIX BEKTOPOB.

2.1. CrenenHoii MmeTos,

Ilycrs BemecTBeHHAS KBaApaTHAS MATPpUIa A TOPSAIKA 1 X 1 ABJISAET-
4 MaTpulei IPoCTOi CTPYKTYPhL, TO €CTb UMeeT POBHO N JIUHENHO He3a-
BUCHUMBIX COOCTBEHHBIX BEKTOPOB: X1, L2, - - . , Lp. LIYCTh HYMEpAIIWST STUX
BEKTODPOB OTBEYAET YMOPSAIOYEHUIO COOTBETCTBYIOMINX UM COOCTBEHHBIX
quces 110 yObIBAHUIO MOAYJIeH (rue IepBoe U3 HEPABEHCTB — CTPOTOE):
il > el == Al

AsropurM HaX0XJEeHWS MaKCHUMAJBHOTO II0 MOYJIIO COD-
CTBEHHOT'O 3HAYEHWs JJIs JTaHHO# Marpullbl A. Bepercs mpou3Boiib-
bt BekTop 4(?) # 0, CTPOUTCS MOCTEIO0BATETPHOCTD BEKTOPOB MO MPa-
suny y*) = Ay*—D k= 1,2,... u napaiieabHO paccMaTPUBAIOTCH
[IOCJIE/I0BATEIbHOCTH OTHomeHHI‘/’I( C)OOTBeTCTByIOH],I/IX KOMIIOHEHT BEKTO-

k

poB k-it u (k — 1)-ii urepaimuii ﬁ, U HAXOIUTCS TPEIEN pu k — 00.

K2
Eciu npenen cymecrsyer, T0 OH paBeH Ai, €CJd OH He CYLIECTBYET, TO
Y yer, s Y yer,
PEKOMEHIyeTCsl B3SITh IPYroil HAYAIHHBIN BEKTOD.
3amevanue. Bojee JOTMYHBIM [JIs PACUETOB SABJISIETCS CPEIHee

Wy
aprdMeTHIecKoe ITUX KOMIOHEHT — Y ﬁ — A, k— 0.

n = .
i=1Y;

AJnropuTM HaXo0XJAeHUS MUHHMAaJbHOTO COOCTBEHHOTO 3Ha-
YeHUs /)i 3HAKOOIIpeIe/IeHHON Marpuipl. Ilycrs gana marpuna A u ee
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MaKCUMaJIbHOE [0 MOJYJ0 cobCcTBeHHOe 3Hadenue |A;| = max |N;|. Husa
2

HAXOXKJICHUS \,, HYKHO: 1) HAliTH \; — MakCHMaIbHOE COOCTBEHHOE 3HA~
YeHue UCXOIHON MaTpunbl A; 2) HailTu A — MaKCHMAaJbHOE COOCTBEHHOE
suadenne Marpuinl (A — A\ E); 3) momoxuts A, = A; + A. 9T0 u ecTh
MHHEUMAaJIbHOE cobcTBenHoe 3Hadenne A. OnucanubIii METO BBITOIHO UC-
I0JIb30BaTh, KOTIa TpeOyeTcs HAWTH W MUHAMAJIbHOE, B MAKCAMATILHOE
10 MOJIYJII0 COOCTBEHHBIE 3HAYEHUs OIHOBpeMeHHO. Eciin Tpebyercs naii-
TH TOJIbKO MUHUMAJIHHOE MO MOIY/II0 COOCTBEHHOE 3HAYUEHUE, TO MOXKHO
oGoiiTiCh 6e3 HAXOXKIEHUT A1: 1) HAXOAUM L] — MAKCUMaJbHOE COO-
crBenHoe 3HadeHue mMarpunsr AL 2) nosiaraem A, = i MUHUMAJIbHOE

H1
cOOCTBEHHOE 3HaYeHUe MATPUIbl A.

CrenenHol MeTo | MO3BOJISeT HAXOJAUTH W CODCTBEHHBIE BEKTOPA, CO-
OTBETCTBYIOIUE HAIEHHBIM COOCTBEHHBIM 3HAYEHUSIM:

A\ " A \*
y B =N ez 4o ([ 2) mo4 .4 [22) 2 | = ks
)\1 >\1

upn k — 00, 10 ecrb cam sexrop y*F) crpemures k coberBeHHOMY BEK-
TOpPY Z1 C HEKOTOPBIM COMHOXKHUTENeM. Ho Tak Kak cOGCTBEHHBINR BEKTOD
OTIpeIeTISIeTCsT ¢ TOYHOCTBIO 70 COMHOXKHTeNs, To B mpeene y*) maer
cOBCTBEHHBIN BEKTOP. 3a cobCTBeHHBIH BeKTOp X ~ yF).

HenocrarkoM cTeneHHOro Meroja siBjsiercs TO, 4To eciau || > 1,
10 KOMLOHEHTbI BekTopa y*) GhIcTpo pacTyr U LOJIydYaercs 4acro le-
PETOTHEHNE TTAMATH MAITAHBL ITOOBI YyCTPAHUTh 3TOT HEJIOCTATOK, WC-
OJIB3YI0T HOPMHIPOBKY TOJIYIMBIIAXCsT BeKTOpoB. /List Bekropa y(?) naii-

(0) (1)
gem 20 = W, a 3arem soramennm y() = A0 (1) = ”y(il)”,
Y Y
(k+1)
y@ = A0 ]T) — A, 20 — 21 mpu k — oco.
2z
j

AnroputM HaXO0XXJ€HUSI BTOPOTO MO MOJYJII0 COGCTBEHHOTO
smagenus: 1) 6epem npomssobubii BexTop 4(?) 1 mocTponm moceoBa-
TEJIbHOCTH y(k) = Ay(k_l), k=1,2,...;2) HaX0UM CTEIIEHHBIM METOOM
A1 — MaKCHMaTIbHOE COOCTBEHHOE 3HadeHHe A; 3) COCTABUM OTHOIIEHHE

(k+1) (k)
Y, - )\lyj

yj(-k) - Aly;kil)

— Ao mipu kK — 00.
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2.2. Meton, ckanspubix npousBegenuit (SP—meron)

IIycts A — cuMmMeTpuYHAS, TOIOKUTETHHO OMpeTeeHHAsS MATPHIIA.
Beraucinm Bexropst (0, y(1) = Ay©) B+ = Ay Pacemor-
PHUM OTHOIIEHUs CKAJIAPHBIX IIPOU3BE/ICHUIA:

n
2 2k 2
(p®.y®) 5N
(y(’“) y(k_l)) T b1 — A1, k— oo.
’ 2N
i=1

HpI/I TaKOM HO/IXO,Z[G, TaK K€ KaK U B CTEII€eHHOM MeTO/Ie, MOZKHO IIO-
JIy9uTb OOJIbIIME YHUCJA, TOITOMY HCIOJNB3YI0T HOPMHUPOBKY. Bo3bMmem
0) )
y y N
g L0 — L gy = Az ) — L y®) — A (k-1),
ly©| [y
(y®,y®)

o y®
(Y™, 2(-1))

Ay
k

b y®
lly®]

Torna — A1, kK — oo. [lonywaem Takxke,

970 2 — 1 ipu k — 00, TO €CTHh CTPEMHUTCS K COOCTBEHHOMY

BEKTODY.
2.3. Metog BpaiieHuit AAxkobn

PaccmarpuBaiorcst TOJIBKO CHMMETPUYHDBIE BEIECTBEHHDIE MATPHIIBL.
Besikast cumMerpudHas MATPUIA OPTOTOHAIBHO TIOIO0HA IUATOHAHHOIA.
[Tosromy ecim maiimercs mpeobpa3oBaHMe MOA0OMs, KOTOPOE TPUBEIET
MaTPHUILy K AUATOHAJBHOMY BUIY, TO MOYKHO HAWTHU BCE COOCTBEHHDIE 3HA~
YeHus U COOCTBEHHBIE BEKTOPBI MaTpuiibl. Halmia 3aja4a — peaan3oBarh,
xoTs 6b1 mpubIEAKeHHO, paBeHcTBO A = diag(A1, Mg, ..., \,) = XTAX,
KOTOPOE HO3BOJIMJIO Obl HAlTH BCe COOCTBEHHBIE 3HAYEHMS MATpPUIlbl A
(371eMEHTBI TMAroHaIHLHON MATPUILI A) U BCE COOTBETCTBYIOIIUE UM COO-
CTBEeHHbIE BEKTOPBI Marpulibl A (cTosbupt marpuna X ).

Marpurist mpeodpa3oBaHus IIOCKUX BPAIEHU NMEIOT BU,

1 : - .0

Qij=1 - - -~ - - (12)
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U TOIY9YAl0TCd U3 €IUHUYHON MATPUIIBI 3aMEHOU JBYX EIUHUI] U JIBYX
HyJe#l Ha MePEeceveHnuaAX i-X M j-X CTPOK M CTOJOIOB YHUCIAMU C U +S
TaKUMHU, 9TO ¢ = COSQx U § = sinq, IJe yroja « OUPeIesercs Kak
2aij

Qij — Qjj
HSIEeT y Hee TOJBKO JIBE CTPOKH U JABa CTOJIONA M0 (hOPMyIaM IIOBOPOTA HA,
YTOJI (¢ B IJIOCKOCTH, OIPeIeiieMOil Tapoii MHIEKCOB i U j, TOITOMY JIaH-
Had MarpUUa Ha3bplBAaeTCH mampuyel epaujenud. Marpuia (;; oproro-
HAJIBHA TIPHU JII00BIX 4, j = 1,2, ..., n, u, 3HAYUT, MaTpuna B = Qz; -A-Qyj
mojobHa A, T.e. UMeeT TOT Ke Habop COOCTBEHHBIX 3HAYEHUIL, UTO U A.

Npea merona JdkoOm 3aKII0IAETCS B TOM, ITOOBI TOCTPOUTH TOCTIE-
JI0BaTEILHOCTL 1Oon00HbIX Marpul, By = A, By,..., Bk, ... Takux, 410
KazKk/10e 1peobpaszopanue 110100uss By = QlTjBk,lQij O00OHYyJISIET MAKCH-
MaJIbHBI 110 MOMIYJII0 BHEIUATOHAJIBHBIN 3j1eMeHT MaTpulibl By 1. C mo-
MOIIIBIO TTPE0OPAZOBAHNM TOT00MST

B = Qj; - Be—1- Qij, (13)

tg2a = . YMHozKeHue J11000# Marpuibl Ha Marpuiy (;; usme-

pU KOTOPOM Ha k-M 1are O0HYISeTCS MAKCUMATBHBIA M0 MOLYITIO JJIe-
MEHT MaTpuilbl Bj_1, MOJy9aeM MOCJEJ0BATEILHOCTD MATPHIL, HOJ00-
HBIX mexomuoit marpuie A. Ha kaxkmom mrare mias mMmerormerocst By q
OIPEIE/ITEM MAKCHMAJILHBII 110 MOJIYJIIO BHEINATOHAIBHBI d/1eMenHT (00-
DPEUEHHOLT SIAEMEHM), TIO HEMY BBIYUC/ISAEM YUCTIA C U S, JAJIee, UCIOJIb3Ysl
marpuity (12) vaxomum no ¢opmyse (13) HoByio marpuny By u T.1. 3a-
METHM, YTO HA KaXKJOM Iare TaKuX MpeoOpPa30BAaHUl HEepeCUUThIBAIOT-
Csl TOJILKO J1B€ CTPOKU (crosibua) upeapiayueit marpuupst. [Ipu ymuoxe-
HUM HEKOTOPOil Marpuipl B cnpasa Ha MaTpully Buza (12) usMmensiorcs
TOJIBKO [IBA CTOJIOIA, & UMEHHO — CTOJIOIBI C HOMEPAMU ¢ W j MaTPHUIIHI
B. Jlpyrumu cIoBaMu, €CId, HaIpUMep, HAI0 BBIYUCIATD X = B(Q), TO
2y =c by +s-by, 2y =—s-b+c-by, tael =1,2,...,n, a ocTanbHbIE
9JIeMEHTHL MATPUIbl X TaKue XKe, 9T0 U y Marpuibl B.

Teopema. Ecau na kascdom waze 8 Kauecmee 006peueHno20 Inemen-
ma 6pams MAKCUMAALHBLT N0 MOOYAI0 6HEIUGZOHAALHBLY INEMEHTN, TO
nocaedosamenvrocmes mampuy By, crodumcea x duazonanvnot mampu-
ye.

CobGcTBEHHBIME BEKTOpAMU MaTPHUIbl A OyayT CTOJOIBI MATPHUITHI
X = QipjoQirjr Qiy_1ji_.- 37T€Ch k — KOJIMYECTBO WTEPAIHl, KO-
TOpBIE TOTPEDOBANCH I TTOIydeHust u3 A IuaroHaJbHON MATPHUIBT A
C 33/IaHHO# TOYHOCTBIO.
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2.4. LU-ajgroput™Mm A1 HECUMMETPUYHBIX 3aJa4

Yame (1o xpaiineii Mepe, B HECUMMETPUYHOM CJIydae) ajrOpUT-
MBI PHUOJINZKEHHOTO PEIEHNUsT TOJHBIX MP0obJIeM COOCTBEHHBIX 3HATCHMH
OCHOBBIBAIOTCS Ha MPUBEJIEHUN JAHHBIX MATPHUIl K MOJOOHBIM UM MAaT-
pUIaM He IMArOHAIBLHOrO, & TPeyrojbHoro Buma. Hambosee mpocToit u3
TaKWUX AJTOPUTMOB BBIUNCIIEHWS COOCTBEHHBIX umnces onnpaercsa Ha LU—
pa3IoKeHne MaTPHII.

Ilycrs manuast n X n marpuna A npencrasiena B Buge A = LU, tne L
u U — COOTBETCTBEHHO HWXKHSsI U BEPXHsis TPEYroJbHbIE MATPUIBL (CM.
n.1.2.). LU-anropurm onpeensiercs dbakrudecku AByMs popMyiamu:

Ap = LyUy, App1 = ULy, (14)

roe Ag := A, k= 0,1,..., mpuyem mepBas u3 3TuX (HOPMYJ O3HATAET
MPOIEAYPY TPEYroJabHOM (haKkTopu3aluu Marpullbl Ay Ha k-oM 1mare, a
BTOpasi — MPOCTOE YMHOXKEHUE BEPXHEH TPEyroJbHON MATPHUITHI HA HIXK-
HIOIO.

IIpu psupe orpanmyenuii na marpuiy A (upocreiinium u3 KOTOPbIX
SIBJISIETCS, B YACTHOCTHU, TpeOOBaHMe, YTOOBI BCE ee COOCTBEHHBIE UUCTIA
ObLIN PA3IUYHBL IO MOJYJII0) UTEPAIMOHHBII Tporiecc (14) ocymiecTBuM,
u dbopMuUpyemMas UM I0CIeI0BATEIbHOCTD { Af } CXOAMTCS K TPEyroIbHOl
MaTpPHIE BUIA

/\1 * /\1 0 0
0 /\2 * /\2 0
nJjan
0 0 An * * An

B 3aBHCHMOCTHU OT TOTrO, (DUKCHUDPYETCH eNWHWYHAsS AuaroHajb mpu LU-
dakropuzaiuu y marpuiibl L u U cOOTBETCTBEHHO.

OHuM U3 cepbe3HbIX (PAKTOPOB, OrpaHUYIUBAIONUX Chepy mpume-
nenus LU-anropurMoB, gBiisiercd MX HEJOCTATOYHO XOPOINAs YUCJICH-
Has yCTOHYMBOCTD (yJIydilleHHe 3TOr0 MapaMerpa MyTeM MepeCTAHOBOK
CTPOK U CTOJIOIOB CUIHLHO OTPAXKAETCSA HA IKOHOMUIHOCTH METOJA). DTOT
$aKTOp MOXKET UrPaTh OCOOEHHO CYIECTBEHHYIO POJb Ha (pOHE BO3MOXK-
HOCTEH HEeyCTONYIMBON caMOil HECHMMETPUIHON MPOOIeMbl COOCTBEHHBIX
3Ha4YeHui.
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3. MeToabl permeHns HEJIUHEMHBIX YPaBHEHUN 1

CucCcremM
YpaBHEeHUE BUJIA
flz) =0 (15)
Ha3bIBAETCH HeAuHelHbim, ecian PyHKuusa f — HejuHelnas. Pewumo

ypasHeHue — ITO 3HAUUT HANUTH TaKOEe T, TPU KOTOPOM ypaBHEHWE Ipe-
BpaIllaeTcd B TOXKJIECTBO, WX JOKA3aTh, UYTO TAKUX X HE CyIIecTByeT. B
obrmem ciydae ypaBaenue moxker umeTsb 0,1, 2, ... KOpHED.

Bynem paccmarpuBarh Kak ypaBHEHHS OTHOCHUTEIBHO OJHOM Tepe-
MEHHO#, TAK U CUCTEMBI U3 1l yPABHEHUI C N HEU3BECTHBIMHU:

f1 (1‘1,33‘2,...,.2?”) = 0,
fQ (1‘1,1’2, e ,CCn) = O, (16)

fn(x1,22,...,2,) = 0.

Honaras @ = (z1,22,...,20)" , f(z) = (fi(2), f2(2), ..., falz))’, cu-
crema (16) mpumer Buj (15).

Kak u3BecTHO, TOJBKO HEKOTOPHIE HEJUHEHHDbIE yPABHEHHS MOLYT
ObITH PEIIEHBI TOYHO (33 KOHEYHOE Yo AeiicTsuit). . Tamya nokasas:
€CJIN HMCTIOJIB3YIOTCST ODBIMHBIE apudMETHIeCKHe OMEePAINN U OTIePAIINst
M3BJIEYEeHUs] KOPHSI, TO He cylecTByeT (POpMys it HyJIedl IPOU3BOJIb-
HOIO MHOTOYJIEHA CTelmeHu 5 U BbIme. [103ToMy permTsh mpou3BOJIbHBIE
HeJIMHeiHbIe ypaBHEeHUs (JIa2Ke ¢ OJHO IePEeMEHHOI ) 33 KOHEYHOe YUCIIO
onepauuii He NPeACTABISEeTCs BO3MOXKHBIM. TakuM 00pa3oM, BCe METOIbI
peIleHrisi HeJIMHEWHBIX YPABHEHWIA ¥ CUCTEM, KOTOPBIE OYIyT PacCMOTpPe-
HBI, SBJISIOTCA UTEPAIMOHHBIMEI. B 9TOM CjIydae MPUXOIUTCSA PACITHPUTH
MOHSITHE PEIIeHNUs .

Iycrb x. ynosnersopsier ypasuenuto (15), To ecrb f(x,) = 0. Byaem
roBOpUTh, 410 & — 0b0busennoe pewenue ypasrernus (15), ecaun Ve > 0
BBITIOJIHSIETCST XOTSt ObI OMHO M3 HepaBeHCTB |f(§)] < € mm [ — x| < e.
Tak kax apudmMernyecKkue OmepaIuu HA KOMIBIOTEPE BBIMTOJIHSIIOTCS C
omubOKaMu OKPYTJIEHUsI, TO ITO ONPEIEIEHUE BIOJHE JIOrudHO. Jlego B
TOM, 9TO €CJIU CTPOrO MPUIAEPIKUBATHCS MOHITUS PENIEHNsT, TO B MAIITHH-
HOU apudMeTuke, I/ie UMEETCs JIUIIb KOHETHOEe YUCJI0 TOYEK, MOXKET HE
HaWTHCh TAKOTO YMCIIA C TIABaoIIeil Toukoil (3amnsToii) x, uro f(x) = 0,
XOTS & SABJISETCS PEIeHNeM B KJIACCHIECKOM TOHUMAHUH.
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3.1. Jlokanu3arnusa KopHeii

B caygae, korga Ha OTpe3Ke HECKOJBKO KOpHEH (KOpDHU He OTIelie-
HbBI), MOXKHO <«yJAJUTb» YK€ HaiiIeHHBbI KOPEHb, YTOOBI, HMCIIOJIb3Ys
TOT XK€ AJTOPUTM eIre pa3, HalTh Apyroi kopedb. Ecam x; — mpo-
croit Kopenb ypashenus (15) u f(z) yaosiersopsier ycsosuto Jlumniiu-

na Ha [a,b], To BcomorarenbHas GyHKIMs g1 () = % HEIPEphIB-
Ha, mpudem Bce Hynam dyukmmu f(z) n gi(z) COBH&,Z[aIOTl, 38, MCKJIIO-
YeHWeM KOpHS r1. Eciam 1 — KpaTHBIA KOpPeHb, TO OH OyIeT HyJIem
dyukuuu g;(x) KpaTHOCTH, HA EIUHUILY MEHBIIE, OCTAJbHbIE HYJId Y
obenx (pyHKImI mo-mpexkHeMy OyIyT coBmamaTh. IlodToMy HaiimeHHbIH
KOPEHb MOXKHO YJAJIHUTh, eciu Jajiee pewars ypasuenue g1 (z) = 0. Ec-
JM X9 — KOpeHb ypaBHenusi gi(x) = 0, To Jajiee peraeM ypaBHEHUe
g91(z) f(z)

g2(x) = P = @2 —22) =0, u T.1.

3.2. Meroa MOJIOBUHHOTO JieJIEHUS

HaI/I6OJ'Iee IIPUMUTUBHBIM, U B TO K€ BPEMA U HAJAECKHbBIM aJI'OPUT-
MOM OTIPEIEJIEHAS BEIIECTBEHHOTO KOPHS SABJISETCS METOI TIOJIOBMHHOTO
nenenus (UM AUXOTOMUsA, OUCEKIUsS, METOJ, B3ATUA B BUJIKY). IIycTh
U3BECTHO, YTO HENpPEepbIBHAs Ha oTpe3ke [a, b] dyukuus f(x) B Toukax a
u b umeer pasuble 3uaku, 1o ectb f(a) - f(b) < 0. Torga, kKak usBecTHo
U3 Kypca MaTeMaTHIeCKOro aHAIN3a, Ha 3TOM OTPE3KE UMEETCs XOTs Obl
OIIH KOPEHb.

Npes meroga: OTPE30K, I HAXOIUTCS XOTA OBl OOWH KOPEHbB, Je-
JINTCS HA [IBA PABHBIX OTPE3Ka W W3 HUX BBIOMPAETCS TOT, HA KOHIAX
KOTOpOro (pyHKIIHs OISTh MMEET pasHble 3HaKku. Jlanee, ¢ mosyIeHHBIM
OTPE3KOM OIISATh IPOJEJIBIBAEM Ty 2Ke onepanuio. Tak Kak jjiuHa oTpes-
Ka KaXKIBMi Pa3 yMEHBITAETCA B IBA pas3a, TO TOCJIE N TTATOB TOIyYIAM
OTPE30K JIJTUHbL bQTa’ KOTODBI CONEPKUT KOPEHD Ty. [ToHATHO, 4TO Ka-
KOBa ObI HI OBLIA JIITMHA KCXOIHOIO OTPE3Ka, s Ve > 0 uepe3 KOHeUIHOoe
YUCJIO MArOB MOJYYUM OTPE3OK JIJIMHBI MEHBINE &, KOTOPBIA COMEPIKAT
kopenb. Ciie0BaTebHO, M06as TOUKa £ TOr0 NOCIEIHErO OTPE3KA, Y10-
BJIETBODPSIET HEPABEHCTBY | — Z4| < &, TO ecTh SBJISETCS KOPHEM ypaB-
HeHust ¢ TO9HOCThIO € > 0. K mpocToMy KOpHIO METOm MpWBOIWT IJIst
J1100011 HETTPEPBIBHOI, B TOM uncie u Hemuddepennupyemoi byHKINN.
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K coxasnenuio, MeTon nmeer MeJIEHHYIO CKOPOCTH CXOAUMOCTH, HO TOY-
HOCTb OTBeTa BCerjja MOXKHO rapaHTUPOBATh.

3.3. Merog, Herorona—Padcona (Meros kacareabHbIX)

ITycrs dynkims f(z) Ha oTpeske [a, b], comepskainem KopeHb & ypaB-
nenusa (15), npaxkabl auddepenimpyema. Bo3bMeMm MpOU3BOIbHYIO TOY-
Ky Zo € [a,b] u BOCIOIB3yeMCs UTEPAIIMOHHBIM IIPOLECCOM:

f(xn)

Tust = @0 = G, 0,1,... (17)

Teopema 1. ITycmob na ompeske [a, b] pynryus f(x) umeem xopens,
npusem f'(x) u f"(x) na smom ompesxe corpansrom onpedesernvie 3Ha-
xu. Tozda das 4106020 Hawarbro20 npubiudicenus xo € |a,b] makoezo,
wmo f(xzo) - f"(x0) > 0, npouecc Hvotomona—Pagcona (17) cxodumes x
eduncmeennomy xKophio ypasnerus (15).

JI1st OEHKHM TIOTPEITHOCTH UCTIONB3YIOT HEPABEHCTEO:

g | g AR m = min | f'(z)].
|§ n| X m_’ rae [a,lb] ‘f( )‘

"3 dopmyast Heiorona—Padcona BuaHo, 910 €cyin mpon3BoaHast BOmM3n
KODHS CTAHOBUTCS MAJIOH, TO MOMPABKYA MOTYT OBITH OY€Hb OOJIBITUMU U
OdYeHb TPYAHO OyaeT TPUOIU3UTHCSA K KOPHIO C TAKUMU OOJIBITAMHY TITara-
mu. Yem Gouibine 3Havenue npousBoaHoil f'(x) B OKPECTHOCTH JIAHHOIO
KODHSI, TeM OJIMXKe MOXKHO K HEMY MTOOUTH.

3amevanue 1. Eciu kKoperb, K KOTOPOMY CXOJUTCSI METOJ,
Heiorona—Padcona, npocToii, TO mOCIeI0BATEILHOCTh CXOIAUTCS TOPa3-
110 ObICTpEE, YeM B METO/IE TTOJIOBUHHOIO IEJIEHUS WJIM B METO/IE MTPOCTHIX
UTEepanuii.

3ameuanne 2. B merone Heiorona—Padcona Ha KaxKaom 1mare Tpe-
Oyercsi BbIYHCJIEHHE 3HAaYeHUs Mpou3BogHoil. Ho BO MHOrMX mpuKJiaj-
HBIX 33/1a9aX HET BO3MOXKHOCTH AHAJMTHUYECKN 331aBATh BBIPDAYKEHUE
JUIsT IpOU3BOMHON (yHKINU. B Takmx ciydasx MOMXKET OKa3aThCs ITO-
Je3HbIM Moduduyuposarnoili memod Hvromona—Pagcona

xn+1:zn—m,n20,l,... (].8)
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OHO M3 BaxKHBIX JOCTOMHCTB Merona Hprorona—Padcona — 3to To,
YTO OH JIErKO O0OBIIAeTCs HA CUCTeMbl HeJuHelHbIX ypasHenuit (16).
WrepaunOHHbIi IPOLECC B 9TOM CJIy4ae UMEeT Bl

x@+m::xw)—(l(x®0)_lf<zwv, k=01,..., (19

rue z(F) = (xgk), ng), e ,xﬁf)) — BeKTOp pererus, | (as(k)) — MaTpuIa

AKOGH 9ACTHBIX POM3BOIHBIX IIEPBOTO Hopsiaka B Touke (X ¢ smemen-

TaMu of;
(I (x(k)>>ij - <3$;‘>$_z(k) .

3.4. Merog cekymux (xopx)

ITycTh, KaK U B METO/Ie MOJIOBUHHOTO JIEJIEHUs, IMEEM OTPE30K [a, b],
rie f(a)- f(b) < 0. dus onpezneneHHocTn OymeM momararh, uto f(a) < 0,
f(b) > 0 mu f’(x) > 0 na Bcem orpe3ke. Torma UTEPAIMOHHBIN TTPOIIECC
JUIST METO/IA, CEKYIINX UMEET BHUI:

f(b) = f(@n)

s TAHAOTO CITy9as 3aJaHus UTEPAIIMOHHOTO TIPOTIECCA TOYKA, b ABIIS-
€TCA HEMOJABUXKHOU TOYKOM.

Teopema 2. ITycmov na ompeswke [a,b] ypasnenue (15) umeern edum-
emeenunili kopenv u f(a) < 0, f(b) > 0 u f’(x) > 0. Tozda memod
cexywuz (20) crodumcea.

Tpyl = Tp — (b—x,), rme xo = a. (20)

3.5. KoMOMHUpPOBaHHBII METO/,

PaccMoTrpuM 17151 onpeiesieHHOCTH, Kak 1 Bhime, caydaii f'(z) > 0,
f’(xz) > 0, f(a) <0, f(b) > 0. Bo3pbMeM B Ka4ecTBe HAYAIBHOTO TIPH-
OJIMKEHUS To = a W BBINOJHUM OJIWH IIAr METOMIA CEKYIIUX

(o)
f(b) = f(xo)
Jlajiee BO3bMEM B KQUECTBE HAYAIHLHOTO MPUOMKEHUST To = b W BBITOJ-
HUM omuH mmar Meroma Huioroma—Padcoma

f(Zo)
f'(Zo)

X1 =T — (b—xo).

T1=Tg—
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Tenepn B KauecTBe HOBOIO OTPE3KA BO3bMEM [Z1,T1], KOTODbIi HEJIUKOM
COJIEP2KUTCS B UCXOTHOM OTpe3ke a < x1 < & < 1 < b. Takum obpazom,
CKOMOMHHPOBAB MeTO/ ceKymmux u Meron Hpiorona—Padcona, momyanm
UTEPAIMOHHBIN MTPOIIECC:

, f(zn)
To = a, xOva xn—&-l:zn——n

f(@n
f(zn)

i”n+1:fn—m7 n=0,1,...,

~—
I
~
—
8
3
N~—

(21)

IpM KOTOPOM Ha KaxKJIOM Imare OyJeM MpHOJNKaThCa K KOPHIO CIeBa 1
CIIPaBa, TO €CTh Cy>KATh UCXOIHBIA OTPE30K C IByX CTOPOH, & U3 HEPABEH-
CTBA T, < f < Iy IIOJy4YaeM BO3MOXKHOCTb HA KazK/JOM llIare OLEHUTD,
HACKOJILKO NPUOIM3UIMCH K TOYHOMY KOPHIO ypasHenusi. Q4eBuiHO, 1pu
BBITIOJIHEHWN yCIOBUI TeopeM 1 m 2 CXOAMMOCTH WTEPAIMOHHBIA TIPO-
necc (21) cxomurcs K KOpHIO ypaBHeHus. [Ipu 3TOM ec/id Ha KaKOM-TO
mare I, — T, < &, TO B KA4eCTBE PUOIMKEHHOTO PENICHUS YPABHEHHUS
MOXKHO B34Tb JIHOOYI0 TOUKY ¢ € [y, Tp] ¥ HOTpenHocTs |¢ — £| < €.
Bameuanue. Dopmysibl (21) BbIBEAEHDL [l OLPEIEIEHHOIO CILydasi
3HAKOMOCTOSIHCTBA Mpou3Bogubx f/(z) > 0, f(x) > 0. OxHaxo mo STUM
ke GopMyTIaM MOXKHO CTPOWTH MTEPAIMOHHBIA MPOIECC N B OCTAIBHBIX
CIIy9asx 3HAKOIMOCTOSHCTBA MPOM3BOIHBIX TIEPBOTO W BTOPOTO MOPSIKOB
dyukuuu f(x) :
1) ecm f'(x) < 0, f"(z) < 0, To pemaem ypasuenme g(x) = 0, rae

ecim f/(x) < 0, f”(x) > 0, To pemaem ypasHenue g(x) = 0, rue
eciu f'(z) > 0, f’(x) < 0, To pemaem ypasuenue g(x) = 0, rue
@ynknua g(x) BO Bcex Tpex caydaax obmamaer csoiictsom ¢’ (z) > 0,
g"(x) > 0, mo3TOMy MOKHO BOCTIONB30BaTHCA hbopmymamn (21).

3.6. MeTo/1 npoCcThIX UTEepanuit

ITycTh ¢ TOYHOCTHIO £ HEOOXOAMMO HaiTu KopeHb ypasHenus (15),
MPUHAJJIEXKANMI HHTEPBAJTY n30s1uH [a, b]. @yukuus f(r) u ee neppas
POM3BOIHAS HEMPEPBIBHBI HA 3TOM OTpe3Ke. /I MpuMeHeHns MeTo/a
urepanuii (METOMA MOCTEIOBATENBHBIX TPUOIMKEHNTT) UCXOIHOE yPAaB-
nenue f(z) = 0 J0/MKHO ObITH [IPUBEIEHO K BUILY

x = p(x). (22)
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B kauecTBe HaMAILHOrO NPUOIMKEHUS T BHIOMPAEM JTIOOYIO TOUKY HH-
TepBana [a,b]. [lamee mTeparmoOHHBIN MPONECC MOMCKA KOPHS CTPOUTCS
[0 CXeMe:

Tpi1 = @(xn), n=0,1,... (23)

IIpomece noucka mpekpamaercsi, KAk TOJIbKO BbIIOJIHSETCS YCJIOBUAE
|Zpt1 — Tp| < € MAM YWCITO WTEPAIWI TIPEBBICAT 3aJaHHOe Ynciao N.

ITpu onpesieieHHBIX YCIOBUAX Ha (DYHKIHMIO ¢(x) UTEepaIiOHHAs TO-
CJIeI0BATENILHOCTD (23) CXOAUTCA K KOPHIO ypaBHeHus (22).

Teopema 3. ITycms & — xopenv ypasuenus (22) u nycmo dymnk-
yus p(x) ydosaemsopsem 6 nekomopot OKPecmHoOCTU MoKy & Yca06u0
Junwuya ¢ nocmosmunot q < 1. Tozda npu a06om 6vibope HAUAALHOZ0
NPUOAUNCEHUA T U3 IMOT 0KPECTMHOCTIUY MOAHCHO NOCTPOUMD UMEPAUU-
OHHYIO NOCALIOBATNEALHOCTND Ty, KOTNOPAA CLOOUMCA K eOUHCTNEEHHOMY
KOPHIO £, U UMEIOM MECO OUEHKU

n —
|z, — & < M — anpmuopu;
|z, — &| < dlon = Tna] aloCcTepuoOpM.

1—¢q

3.7. Metoa cmycka

Merox crmycka mpuMeHWM K PEIIEHWIO CUCTEM HEJMHEHHBIX ypaBHe-
uuii. OrpaHuyduMCst CHCTEMO JIByX YPaBHEHUN C JBYyMs HEM3BECTHBIMU:

f(xa ) = 07
{ g s 24)

rae dpyHkuuy [ U g ABaXKAbl HEIPEePbIBHO A depeHupyeMbl 110 CBOUM
aprymenrtam. Ilycrs

U(z,y) = f*(z,y) + ¢*(z,y).

Tak kak U(z,y) HeOTpHUATENBHA IO ONPENENeHHI0, TO (T, Ys)
U(z,y) = V(s ys) = 0,Y(x,y) € R?, Te. (., ys) ABAAETCA TOUKOI MU-
aumyMa bynkmun ¥ (z, y). Ecam kakum-1o 06pa3oM Mbl HARZEM TOUKY
MUHAMYMA, B KOTOPOii obpamaerca B Hynb byakuusa ¥(x,y), TO qanHas
To4YKa Oy/eT UCKOMbBIM pellleHreM cucrembr (24).
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Jnsa HaxoxkieHusa 3TOH TOYKH OyleM HCIIOIb30BATh KJIACCHYECKHil
UTEPALMOHHBIA METOJl CILyCKa: CTPOUM I10CJEJ0BATENLHOCTD (T, Yk )
npubnukenuit K (T, Yx) 0pu k — 00 MO PEKyPPEKTHBIM (DOPMYJIAM:

(wkH) _ (m) + oy (pk>’ k=0,1,2,..., (25)
Y1 Yk r

k
1€ BEKTOD ( z ) Oo1pene/IdeT Ha IIJIOCKOCTH HaIllPpABJICHHUE JIBUZKECHUA
k

or k-ro npubsnuxenus K ciaenyiomemy (k + 1)-my, a Beuuuna ay pery-
JIApYyeT JJIMHY IIara B 3TOM HAIPABJICHUH.

Hampagrnenune Boibupaercss Takum 00pa3oM, YTOOBI MUHUMU3UPYEMast
dbyukipsa yobiBasa Kak MOXKHO OblcTpee. DYHKIMS HECKONIBKHUX IEpe-
MEHHBIX pacreT Haubosiee OBICTPO B HANPABJIEHUU BEKTOPA I'DA/IUEHTA.
ITosromy B KadecTBe BEKTOPaA HAIPABJIEHUS BO3bMEM AHTUIPAIUEHT, TO

eete < Pk> = —grad(V(zg,yr)) = ( Wg(zk,yk))' (26)

i v (k, Yk)

IMoxcrasum BoiGpannoe Haupasaenue B dopmyay (25):

/
Tht1 Tk Ve (Tk, Yk
< *)—( )ak( j”( Yk L k=0,1,2,... (27
Yk+1 Y W (2, yk)
s BuIOOpa 4KCI0BOIO HapaMeTpa (v, ONTHMAaJbHLIM IIArOM B Ha-
MpaBJIEHNN AHTUTPAINEHTa OyIeT Takoi Imar, Mpu KOTOPOM (DYHKIAsS
U(zk, yx) Oyaer mpUHUMATH HaWMeEHbIlee 3HAYEHHE CPEIM BCEX 3Hade-

Huil B 370M (DUKCUPOBAHHOM HanpasJjeHun. IIpu 51oM To9Ka (11, Yk+1)
OyZeT TOYKO yCJIOBHOTO MUHUMYMA:

U(ZTpi1, Yot1) = glgg\lf(xk + apr, Yk + aqi). (28)

Metron no dopmynam (27)—(28) Ha3bIBAETCT MEMOJOM HAUCKOPETUWE20
cnycKa.

Ha npakruke mar o He BCErja yIaercs BbIYUCIUTH AHAJTUTUYECKH,
MO3TOMY MPUMEHSIOT YUCICHHBIA METOI OJHOMEPHON MUHUMHU3AINU U
HAXOISAT (v TMPUOIMKEHHO. 33789 MUHUMU3AIUNA (DYHKIUU OTHOM Tie-
pemenHoit ¥ () = U(xp + apg, Yr + Qqx) Tpole, YeM pelleHre HeJIuHel-
HOW cucTeMbl. DMOEKTUBHBIM MOXKET OKA3aThCsS TAKOH MPOCTOi crocos,
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KOTTa Ha KarKJIOM IIare BBIOMPAIOT JOCTATOYHO Majoe d9uciao « > 0 ta-
KuM 00pa3oM, 4Tobbl BHIIONIHAIOCH ycaoBue V(xgi1, Yrp+1) < VU (Tk, Yk)-
Eciu oHO BBIMONHSAETCs, TO MEPEXOIUM K CJIEAYIOMIEMY IIary, €CJIu He
BBITIOJIHSAETCSI, OepeM < B JIBA, Pa3a MEHBINE W CHOBA MPBEPSieM HepaBeH-
crBo. Takoe ay CyIIECTBYeT IO OMPEE/IEHUI0 TPATUEHTA, €CJIU BEKTOD
rpajueHTa He paBeH Hy 0. Ecin ke TpaareHT paBeH HyJIi0, TO MBI yKe
HAXOIUMCS B CTAIIMOHAPHON TOYKe.

TnaBnoe pocrouncrBo — miiobajibHasdg CXOJAUMOCTD: JIjId  JIIOOOIO
HAYAJIHLHOTO TIPUOJNYKEHWS METOI TPWBEIET K CTAIlMOHAPHONW TOYKe
(Zw,Yx). JAyist HaWIEHHOTO 3HAYEHWsS HYXKHO TOJBKO MPOBEPUTH, HYTO
U(zy,ysx) = 0. Ec/iu OHO BBINOJHAETCS, TO TO OTBET, €CJIU HET, HY¥K-
HO B3Th APYTO€ HAYATHLHOE MPUOINKEHNE.

3.8. Meron BpayHna

Cucremy MOXKHO 3anmcarh ofHuM ypasHenuem f(x) = 0 orHOCH-
TeJTbHO BEKTOPHON (MyHKIMK f BEKTOPHOrO apryMeHTa x. B merome
Hrrorona—Padcona paccmarpuBaiach IMOIMIATOBasi JMHEAPU3AIU ITOM
BekTOpHOil dyukuuu f(x) — cM. (19). B ormaun or merona Heiorona—
Padcona, Bpaynom Obin mpeggoxken ciemyrommuii meron. Ha kaxmom
HUTEPAIMOHHOM IITare MPOBOIAUM TOOYEPEIHYIO JIMHEAPUIAMUIO KOMITO-
HeHnT BekTOp—byHKuuu f(), TO ecrb JuHeapu3oBbiBaeM B cucreme (16)
cHadana GYHKIUIO f1, 3aTeM fo U T.11., ¥ TOCTEIOBATEIBHO PEIAEM Oy~
JaeMble TaKuM 00pa3oM ypaBHeHusi. PaccMOTpUM JAHHYIO UJIEI0 B JIBY-
MEpHOM CjIydae Tpu perenuu cucteMbl (24). Ipu BHIOpAHHBIX HAYATb-
HBIX 3HAYEHUSX T(, Yo KAXKIOE MOCJEAYIONIee MPUOJINKEHNE IO METOLY
Bpayna maxomurcsa npu k = 0,1,2,... ¢ momompio Hopmya

@k k) = 9(@x, yr) [ (Ths Yr)
fo(r yr)’ fo(@r, i) gy (Tr, yi) — fo(2rs ) 9 (Trs yr)

i‘k:l'k

f(@r,ye) — ar fyy(Tr, Yi)

ACTR )
CYET IO KOTOPBIM JOJI?KEH BBINOJHATHLCA B TOH 09€PEIHOCTH, B KOTOPOI
OHM 3alMCaHbl. Beramcienus B Merose Bpayna ecrecTBeHHO 3aKaH4u-
BaTh, KOT/IA BHITIOIHNUTCS HEPABEHCTBO max { |[pr—1|, |qr—1|} < € ¢ pe3yian-
TaTOM (s, Ys) & (T, Yx). B XO/I€ BBIYHUCIEHWI CIIe1yeT KOHTPOIHPOBATH
HEMAJIOCTh 3HAMEHATE el pacIeTHBIX (GOPMYII. 3aMeTuM, 9T0 (DYHKIIAN
f ¥ g B 3TOM MeTOIe HepaBHOIPABHLI, U MEPEMEHA WX POJAMH MOMKET
U3MEHUTDH CUTYALHIO CO CXOIUMOCTBIO.

Pk =

y Tkt1l = Tk — Pky Yk+1 = Yk — 4k,
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4. Ilpunbaumkxenne byHKNIHN 1 aOTIPOKCUMAIIAS

Ha mpaxkTuke 9acTO BO3HMKAIOT U M3Yy4aOTCH (DYHKIWN, OMUCHIBAIO-
IIM€e CJIOKHBIE PeasibHbIE MPOLECcChl ((bu3nueckue, XUMUYECKUE U TIP.).
OO6bI9HO 3TH (DYHKIIUU He yIO0OHBI [ MPAKTHYECKUX PACIETOB IO TOM
[PUYKMHE, 9TO BBIYUCJIEHUE UX 3HAY€HUil Tpebyer GOJIbIIUX 3aTpAT Ma-
IITUHHOTO BPEMEHU WJIN UX 3AMOMWHAHNE TPEOYET ITOCTATOYHO OOJIBIITAX
obbemoB mamsT IBM. MHorma Bo3HUKaeT HEOOXOTUMOCTD OMPEICIATh
GbYHKIMIO O CETOYHBIM 3HAYEHUSM, HANJECHHBIM TPUOINKEHHO C TIOMO-
MbI0 AKCIepuMenTa. VICIomb3yst MeTOIbI TEOPUN TMPUOIMKeHnsa PyHK-
nuii, ymaercs momodparh MPOCThIe W YA0OHBIE st pacaeToB (PYyHKIIAH,
6am3kue K ucxomubiM. Takas mopmena «mmoxoity dbyakuuum f(z) «xo-
porreits byHkuneit p(r) HaspBaercs annporcumayuel GyHrIN f(2)
dynkuumeii p(x). B kauecrBe «xopomux» byHKIMil Oy1eM UCIOIb30BATH
MHOT'OYJIEHBL: X JIOCTATOYHO JIETKO BBIYUCIATE, OHU OJHO3ZHAYHO OITPEIe-
JITIOTCsT HAOOPOM CBOUX KO3(DPUITNEHTOB U MHOTOUIEH JTUHEHHO 3aBUCUAT
ot cBoux K03 durmentos. KoHKpeTHBIH c1ocob ammpokcuMaiun Oyaer
3aBUCETH OT TOTO, K KAKOMY KJIACCY MPUHAJIEKUT AMMTPOKCUMUPYEMAsT
dyuxmys f(x), n 9TO MOHNMAETCS IO, «OIN30CTHIOY MEXKIY MYHKIHAMA

f(z) mp(x).
4.1. THTEpHOJISIMOHHABIN MHOro4YJeH Jlarpamxka

Iycrs nekoropas dyukuus f(x) 3anana rabiauineii cBOUX 3HaYeHuil B

HEKOTOPBIX TOUKAX Z;, HA3BIBAEMBIX yaaamu, f(z;) =y, i = 0,1,...,n:
X o I N In
Y% | Y| --- | Yn

3aJaua HHTEPIOJIANUY 3aK/II0YAETCs B TOM, YTOOBI [IOCTPOUTH TaKyI0
dyukuuio (), urobbl BbinoNHsIMCH yeaosud ¢(x;) = f(x;) B y3uax
UHTEPIIOJISIIUK, & B OCTAJIbHBbIX TOYKax dyHKims p(z) Obuia Giuska K
dbyuxmpu f(x). Ecoim B xauectse () B3aTh anrebpamdeckuii MHOTO-
“JieH, ymoBJerBopsiiommii yeaorusam o(z;) = y;, ¢ = 0,1,...,n, To ero
HA3BIBAIOT UHMEPTOAAYUOHHYLM MHO20UAEHOM Jlazpanotca n 0OO3HATAIOT
L,,(z), npuaem nms moboro Habopa y3moB {z;}l o : ¢; # ©; IPU i # j u
Jtst Jiioboro Habopa 3uadenuil Gynkuun {y; }7, MHOrOUYIEH CTEleH: N
L, (z) cymwecrByer u 0qHO3Ha4HO oupeensercd ycaopusamu Ly, (x;) = y;,
1=0,1,...,n.
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Murepnossnuonnsiit MEOTOYIEH Jlarpanxka nMeer BUL,

1;[(1'_‘%]) n w(a:)
e T S ey )

J i
=0 1=0
Hﬁl

n
rne w(z) = [[(x—x;) = (& —xo)(x — 1) -+ (x — xp).
i=0
Torpewnocrs 7(z) = f(x) — L, (x) B y3/1aX MHTEPHOJISALUK 11O OIIPE-
nesennto pasaa 7(z;) = 0pu ¢ = 0,1,...,n. Ilycrs = € [a,b] n © # a;
npu i = 0,1,...,n u nycrh f(2) WMeeT HempepbIBHBIE TPOU3BOHBIE 110
(n+ 1)-ro nopsiaka Ha orpeske [a,b]. Torma NOrpeIHOCTh ONpeIesIseTCst

(n+1)
kak r(z) = f(z) — Ly(z) = m
gepes M1 = sup ‘ f D (2)], mmeem omenKy MOTPENTHOCTH MHOTO-
z€[a,b]
4ierHa Jlarpamxka

w(z), rue € € [a,b]. O603nauuB

Mn+1
@)l < oy

3ameuanune. Eciu f(z) = P,(z) — MHOrowien n-oii cremnexu, 1O
r(z) = 0, 10 ectb Pp(x) = Ly(z). JIioboii MHOrOWwIeH N-0il creneHn
O/IHO3HAYHO BOCCTAHABJIMBAETCS 10 CBOEMY 1 + 1 3HAYEHUIO, B3ATOMY B
JIFOOBIX PA3JINYIHBIX TOYKAX.

VlaTepnonsauonnbiii MHOTOUIEH Jlarpan:ka MOKHO MOCTPOUTH MPH
JM0BOM PACTIOTIOKEHNHN Y37I0B HHTEPIOSIAN, OTHAKO OH HMEET OJIUH CY-
MIECTBEHHBIH HEJOCTATOK. EC/IM MOHAI00MTCS yBEJINYIUTD CTEIIEHb MPH-
GaBsieHrEM HOBOIO y3ja, TO KO3(dduuuenrst MHOrowreHa Jlarpanxka
MPUIETCS] BBIYACISITH 3aHOBO, TAK KaK KarKIbIi €ro tjieH 3aBUCHT OT
BCEX y3JIOB MHTEPMONUPOBaHus. VHTepHOIAnoOnHbIil MHOTOUIeH Hbro-
TOHA JIUIIIEH STOTO HeTOCTATKA,. Ero KoadduinenTs! BhIpaskaioTcs depe3
PA3HOCTHBIE OTHONIEHUS PA3TUIHBIX IIOPSIIKOB.

|w(@)| - (30)

4.2. NaTepnionsnuonubiiit MHOrouwieH HbroToHa

Iycts bynkuus f(x) 3amana Tabnutei

x i) X e I

f(@) || fleo) | fxa) | - | flan)
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Buauenus tabiauunoit byukuyu f(zg), f(x1),..., f(z,) Ha3bBaOTCH
pa3/IeIeHHbIMU PA3HOCTAMH HYJICBOrO MOPAIKa. PasieneHHas pasHOCTb

Ti41 — X4

HepBoro nopsiika pasHa f(x;, xiy1) = . OrHormrenue

f(@iv1, Tiy2) — f(wi, ig1)
Tita — T

f(xi, i1, Tigo) =

HA3bIBAETCSI PAa3/eJIEHHON pPAa3HOCTHIO BTOPOro Mopsifika. PazsenenHast
pa3HoCTDh k-TO TOPsIAKa paBHA

f(90i79€i+179€i+27~-~,ﬂ?i+k+1) =

 f@inmiges o i) = F (@ Ty, - i)

)

Titk+1 — T4
rme k = 0,1,...,n; ¢ = 0,1,...,n — k — 1. YcaoBumcsi pacrojararb
TabJIUIly pa3e/IeHHBIX PA3HOCTEH CJIEAYIONIAM 00pa30M:

wo | f(zo)
f(l'o,l‘l)

z1 | f(z1) f(zo,z1,m2)
f(z1,22) f(xo, 1,22, 23)

z2 | f(z2) flx1,22,23) flxo,x1,...,24)
f(x2,z3) f(z1, @2, 23, 24)

z3 | f(x3) f(z2, 23, 34)
f(l‘g,l‘4)

ra | f(za)

Paznenennnie pazuwocru f(xo,x1), f(xo, 1, 22), ..., f(xo,Z1,...,2p)

SABJISAIOTCS 9UCJIAMHU, KOTOPHIE OITHO3HAYHO OIPE/IEIISIOTCH 33JaHHOI Tab-
suueit. Hnmepnoaayuornroim mrozousenom Horomona na3piBaercs Bbl-
pazkeHue

Ny (x) = f(20) + (¥ — x0) f (0, 21) + (z — @0)(x — 21) f (0, T1, T2)+
oot (z—xo)(x—21) (T — 1) 0y 21, -y )
Ni(x) = f(2n) + (2 — 2n) f(@n-1,2n) + (@ — 2n—1)(® — 2p)-
S@p—oyp_1,2n)+ ...+ (@ —21) (. — 20) f(@0, 21, . ., Tp).

Samernm, uTO MHOrOWIeHb Jlarpam:xka u HpioTOHA COBIAmaiOT, 3TO
IPOCTO pa3nudHas (popMa 3aluch | BuIYnUCIeHnA. Eciu Mo JanHoit Tab-
JIWIie TIOCTPOEH MHOTOYJIeH Jlarpanxka, To npu g00aBI€eHuN HOBOTO y3J71a
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TpedyeTrcs TOJHBIA TepecyeT MHOTOYIEHA JlarpaHka, B TO BPeMs Kak
st maorowieHa Hpiorona mo6aBuTcsi BCEro JIMIIb OWH YJI€H, TAK KaK
HOBBIl y3€J1 MOXKHO IPUIKACATD B KOHIE TAOJIUIbI, HE3ABUCUMO OT €ro
BemunHbl. [lockombKy mMuOTOUIEeHB! Jlarpan:xka n HeioToHa oTmmdaior-
cs TosibkO opMoil 3amucu, npejcraBienue norpemHocTd B Buge (30)
crpaBenTuBo u 11 popmy bl HeroTona.

4.3. IHTepnoJIaIMOHHbIII MHOTOYJIEH DPMUTA

IIpu mocrpoennn muOrowienoB Jlarpanxka nu Hpiorona rpebosasioch
JIMIIb COBLIaJeHHe 3HadeHuil PyHKUMM B TOYKax. VHorma, eciu umeer-
cst madopMaryst o Mpon3BoAHBIX (yHKIWH f(x), Tpebyercss obecrnednTh
COBITQIEHIE U MTPON3BOIHBIX 0 HEKOTOPOro Mopsiaka. B Gosee obieit mo-
CTAHOBKE 337393 WHTEPIOJIANNNA COCTOUT B cieayrormneMm. Vmeem HAOOD
Y3II0B Tg, L1, L2,..., Tn : T3 7# &; UpU ¢ # j. IllycTh B HEKOTOPBIX y3/1aX
3a/aHa Tabauna 3HadeHnil (PYHKIMKY U ee [IPOU3BOJHDIX:

f(xi) = yi, Vi=0,1,...,n,
f(j)(xi):y(ﬂ)7 i=1,2,...,N;—1,¥i=0,1,...,n.

%

(31)

MHorousen, KOTOPbIH B y3/1aX COBIAJAET HE TOIBKO CO 3HAYEHHUIAMH
dbyHKIMM, HO 1 IPOU3BOAHBIMU 33AHHOIO LOPA/IKA HA3BIBACTCS UHIMEP-
NOAAYUOHHOM MHOZOYAEHOM IPMUMa. 3aMETUM, ITO IJIs KasKIOTO y3-
Jla MOXKeT OBITh CBOE KOJMYECTBO 3aIaHHBIX MPOM3BOAHLIX. OGO3HAYNM
MHOrO4YIeH dpmnTa depe3 H,, (x) :

Hpp(2) = ama™ + ap12™ 4 ...+ a12 + ag,

rae cremnedb MHorowiera m = Ng + Ny + ...+ N, — 1. CymecrBopanue
U eJIMHCTBEHHOCTH MHOIOYJIEHA DPMUTA CJIEAyeT U3 PEeLIeHUs COOTBET-
creyiomieit CJTAY myist koabdUIIMeHToR a; Tpu UCTOIHL30BAHUN YCIOBUH
unTepnonsiuun (31).

IIpumep. IlocTpouM HHTEPIOSIMOHHLIA MHOIOYJIEH DPMUTA IIO
TabJinile 3HaYeHuii:

v | flow) | f' (7o)
1 2 0
3 6 —

MmuorouseroMm dpmura OyAeT KBaapaTtudnas GyHKIIAS

Hy(x) = asx® + a1z + ag
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¢ npoussoguoit Hj(x) = 2asx + a;1. Ucnonb3yem yciaoBus MHTEPIOJIAIUE
Hg(l):a2+a1+a0:2, (IQ:].,
HQ(?)) = 9a2 + 3@1 +ag = 6, a; = —2,
Hé(l) =2a0+a; =0, ap = 3.
Torna Ha(z) = 2% — 2z + 3.
O6oznaunm Q(z) = (v — zo)M(x — 21)M -+ (z — 2,)V". Ecom
f € C™*1a,b], To MOrpentHOCTL UMeeT BUT
_ _ fm(e)
r(z) = f(z) — Hn(z) = WQ@) (32)
Ornenka MOrpemHocTH MHOrOUIeHa dpmuta |r(x)] < M1 [Q(z)]
S (m+1)! ’
rue Mm+1 = ?u% ’f(m+1)($)| .
a,b
3ameuanue. Ecju y3/1b1 MHTEPIOJIANMN o, T1, L2, - - - , Ly, TPOCTHIE,

TO eCTh N = 1M, TO HHTEPIOJANUOHHBI MHOTOYJIEH JPMUTA COBIATAELT C
muorowieHom Jlarpamxka L,, u coBmajaer oneHka mnorpeminoctu. Ecin
PACCMOTPETH PYIYIO0 KPARHOCTD: L) — €JMHCTBEHHDbIN y3€J1 KPATHOCTH
m-+1, To eCTh B TOUKE T 33JaHBI TPOU3BOIHBIE JI0 7-TO TOPSIIKA, BKIIIO-
YUTEIFHO, TO MHOTOYJIEH JPMUTA COBMAJAET C MHOrowIeHoM Teitsopa

m £k (g
H,(z) = Pp(x) = kgo fT('O)(x — x0)".

4.4. HTEepIOSIMpOBaHUE CIJIaHAMU

Paccmorpennbie  BhIllie  ammapaTbl MPUOINKEHWS OKA3BIBAIOTCS
HEY/IOBJIETBOPUTEBHBIMU B Psiie MPUKJIAIHBIX 3a7a4d. Hampuwmep, aj-
rebpanmdecKreé MHOTOUIEHBI O0JIAJAI0T PSA0M HEJOCTATKOB KaK aIlmapar
npubarKenus a1 QYHKIHHR ¢ OCOOEHHOCTIMH U 71t (PYHKITHI ¢ HeOOTb-
MOA IVIAJKOCTHIO. DTU TPYAHOCTH MOYKHO IMPEOJOJIETh, €CJIU Pa3dbuTh
OCHOBHO#1 OTPE30K Ha, YACTUYHBIE OTPE3KN U HA, KAYKIOM U3 TAKUX OTPE3-
KOB aNmpOKCUMHUPOBATH (DYHKIINIO CBOUM MHOTOUYIeHOM. OTHAKO B psize
3a/1a4 JOMOJHUTEIFHO TPEOyeTCs, 9T00bI MpuO/InKaomas MyHKIA ObI-
JIa TOCTATOYHO TTaAKoi. B aToMm ciaydae ciemyer mo3abOTHTHCsI, ITOOBI
B CMEXKHBIX TOYKAX MPUOJIUKAIOIIAE ArPEraThl CKJIEUBAJUCH JTOCTATOYHO
JIAJKO. DTO, 10 CYIIECTBY, U HPUBOJAUT HAC K MOHATHIO CILIAHA.
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B obmem cayuae, cnaatinemu HA3BIBAIOT (PYHKIUH, CKICEHHDLIE W3
Pa3/IMYHBIX KYCKOB 33/IAHHBIX CTAHAAPTHLIX DyHKIwmil. B Bordncanresns-
HOI MaTeMaTuKe BaXKHEHIIyI0 POJib CPeau CILIAfIHOB UrparoT PyHKIINH,
CKJIEEHHBIE M3 KYCKOB aJreOpanvdeckKux MHOTOUIEHOB. MbI orpanndaumcs
JMIh TakuMu citaitnaMu. CTOUT OTMETHTH €llle, YTO HOBEe/IeHIe MHOTO-
9JIEHOB B OKPECTHOCTU KAKOM-1M0O0 TOYKK OIMpPEesiseT UX MOBEJCHUE B
mesioM. CralfHbl JIMIIEHBI U 3TOrO HEJOCTATKA.

ITycrs na xoneunom orpeske [a,b] C R 3azana cerxa

Ap:a=xp<z1<...<xy =0

Onpepenenne. [ToAuHOMUGABHVLM CTLAGTHOM cmenenu M dedexma
kE (1 € k < m), nocrpoeHHbIM Ha ceTKe A, Ha3bBaeTCsd (DyHKIU,
YAOBJIETBOPAIONAA CJIEITYIOMIMAM yCTOBHAM:

1) Vo € [z, it1] : Smk(x) = Pp(2);
2) Spx € C"F)[a,b], a npomssouas (m — k + 1)-ro nopsijika Moxer
UMETh PA3PBIBBI B TOUKAX T';, KOTOPHIE HAZBIBAIOTCH Y3AAMU CTAGTUHA.

Ecnu Bemmonmenst ycaoBust Sy, x(x;) = f(z;), ¢ = 0,1,...,n, To
CIIJTAlH HA3BIBAETC UHMEPTIOAAUUOHHDLM.

Omnpegesieane. Hnmepnoisyuonnsim Kyouneckum cnaatinom, Imo-
CTPOEHHBIM Ha cerke A, mig (yHkoum f, HasbiBaeTcd (QyHKIUsA
S3(x) = S3(x, Ay, f), yAOBIETRODSIONIAST YCIOBUAM
1) S3(x) = Ps(z), x € [z, 2441], i =0,1,...,n—1;

2) S3(z) € CP|a, b);

3) BBINOJIHAIOTC yeaoBus uarepnossuu Ss(x;) = f(x;), i =0,1,...,n;
4) BBIMOJHAETCA OTHO W3 KPAEBBIX yCJIOBHIA:

(1) 85 (a) = S5 (b), i =1,2
(I S5f0) = . S50) = b
(IIT) S%,( a)=A,, S Wb) » y
(IV) S35 (#1 —0) = S (x1 + 0) Ss (£p—1 —0) =93 (zp—1 +0).

Yenorwue (I) ncnonnsyercs, ecan f(x) — (b—a)-nepuoanyeckast GbyHK-
must. B ycnosuwu (1) monarator a, = f'(a), b, = f'(b), eciiu mponssonHas
dbyukipn f cynecTByer, MHaUY€ — HCIOJIB3YIOT Pa3/iejieHHbIE PDA3HOCTU
HEePBOro MOPAIKA

f(xl) — f(a) bn _ f(-rnfl mn) _ f(b) — f(xn—l).

an = f(2o,21) = P —

Awnanoruuno B ycaosuu (II1) monarator A, = f"(a), B, = f"(b), ec-
au QyHKuusa f ¥MMeeT mpom3BOAHBIE BTOPOrO NOPAAKA, B NPOTHBHOM
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CIIydae, IMOJIaral0T PABHBIM Pa3Je/IeHHBIM PA3HOCTAM BTOPOLO IOPAIKA
A, = f(zo,x1,22), By = f(Xp—2,Tn_1,Ty). Ycnosue (IV) o3nauaer, uro
MBI «JIMKBHJIUPYEM» Y3JbL L1, Lp_1-

KyOuuecknit "HTEPTIOIAIIMOHHBIN CILIAMH, YIOBIETBOPSIONIUN OTHO-
My n3 Kpaesbix ycaosuit (I)—(IV) cymmecTByer u eMHCTBEHHBI.

1"

Beenem obosnauenus: f; = f(x;), M; = Ss(x;), hi = xig1 — T4,
i =0,1,...,n. Torna ana V& € [xr;,x;11] JOKaIbHOE [peEJCTABICHUE
CILTaliHA UMEeT B/,

M; M;
Sg(.’E) = —7(.% — l'i+1)3 + +l (l’ — $2)3+
fivi—fi  hi Mih;
—I—(Jrhi—G(MiH—Mi) ($—$i)+fi—T-
g naxoxaeraua M; mveem cuctemy mpu ¢ = 1,2,...,n — 1

1 1 1 Jiv1—fi fi— fix
—hi—1M;_1+< (hi—1 + hi) Mi+—-hiM; 1 = — , (34
611 113(11 z) 161 i+1 hz hifl ()

K KOTOPOIi OCTaI0Ch TOOABATH KPAEBBIE yCIOBHS:
B cayvae Kpaesbix ycaosuii (1) tuna: My = M,,, My,+1 = M1, h, = ho;

B cayvae (II): 2My + My = hg (flh_ fo _ an> ,
0 0
fn_fnl)

6
M,_1+2M, = —— (b, — o1
! hn—l ( hn—l

)

B cayvae (II1): My = A,,, M,, = By;

h h
B cayaae (IV): My = (1+ — ) My — 2 My,
hl hl

hnfl hnfl
M, = (1 + M, 1 — M, _s.
hn—2 hn—2
Marpua moIy9eHHoi CHCTEMBI IMEET TPeXINarOHAIbHBII BUI, TIPA-
1
1M B CHIy HEPABeHCTBa. g (

1 1
hi+hi—1) > Ehi,1 + Ehz uMeeM MaTpully
C JIOMUHMPYTOEH TIABHON JuaroHabio. A 3HAYUT, OLPEJEJIUTENb MAT-
PHIGI HE PABEH HYJIO, U cucreMa (34) mMeeT eJIMHCTBEHHOE DEIICHHUE.
Pemas cucremy (34) meromom nporouku (cM. 1.5.), Haxomum Ko3dhduu-
eutbl M;. Iloncrasasiem ux B dopmyay (33) mis HaxoXKaeHus CiLiaiiHa,

HOJIyYas ero IPeICTaBIeHUe HA KaXKJIOM OTPe3Ke [X;, T;y1].
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Eciu h; = h = const, To marpuna A nMeer IpocToil BUI

4 1 0 0 0

A 1 4 1 0 0

A=—. 0 1 4 1 0
6

0O - ... 0 1 4

4.5. Meroa HauMeHBITNX KBaJIPaTOB

Ilpy MOCTPOEHUHM MHTEPIOJSIIMOHHBIX MHOIOYJIEHOB Mbl TPEOOBAIN
COBIIIEHUs MHOIOYJIEHA C 33JaHHBIMU 3HAYeHUsAMU (DYHKIUU (TOYHOE
coBunazenue). ONHAKO HA NPAKTHKe 3HAYeHUs (DYHKIMU 33JAI0TCH KaK
pesysbrarbl dKcrepuMeHToB. IIpudyeM XapakTepHO# OCOOEHHOCTHIO Ta-
KUX 33Ja4 SBJISIETCS TO, YTO ITU JAHHBIE — 3aBEIOMO TPUOIUKEHHBIE.
ITosTomy Her cmbicia TpeOOBATH AOCOIIOTHOTO COBMAeHWS (OYHKIIAN
f(x) u ¢(x) B 3amannbix Toukax. C Apyroil CTOPOHBI, UCCJIEIOBATENN
CTPEMSATCS K HAKOIUIEHUI0 KaK MOXKHO OOJIBIIEr0 KOJUYECTBA JTAHHBIX,
¢ TeM 9TOOBI, yCPeaHsis X KaKuM-THO0 00pa3oM, MOy IUuTh TpedyeMble
mapaMeTphbl M3y94aeMoro sfejenus nanbosee Touno. Ho mpu yseandennn
KOJIMYECTBA JAHHBIX PACTET CTEMEHb WHTEPIOJSIIHOHHOr0 MHOTOYJICHA,
YTO HE COBCEM JIOTUYHO C TOYKM 3PEHUST CAMON 3a/1a9u anmpOKCUMAIINH:
B€JIb MbI XOTEJIH MOy IUTh GyHKIHO nompoire. [Toaromy ecTb cMbICT 3a-
paHee OrpaHUYHTh CTEIIEHb MHOIOYJIEHA, HE CBA3BIBAS €€ ¢ KOJTHIECTBOM
3a/IAHHBIX 3HAYEHUN U HE TPEOysi AOCOJFOTHOIO COBLAJICHUS 3HAYCHUN
C MCXOOHBIMY JAHHBIMHU. TOrma MOYKHO TepefiTH K APYyroi MOCTAHOBKE
33/1a49U AIPOKCUMAIIUH.

Mycrs gana rabmuna 3uavenuit Gyukiuuu f(x) :

X o T In
Yl Y | Y1 |- | Yn

B kauecrBe anunpokcumupyiouieil Gynkuuu ¢(x) Gyaem 6parb MHO-
rowieH @, (x) cremneHu m BHE 3aBUCUMOCTH OT KOJIUYECTBA 33/IaHHBIX
y3m0B. Bausocrs ¢(z) u f(x) Gynem onpenesars no BeIMYuHe — CyMMa,
KBaIPATOB OTKJIOHEHW MTPUHUMAET HANMEHBITEe 3HAUCHUE:

= (Qmlw:) —y:)* — min. (35)
=0
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Bynem crpoutb @ (x) = ap + a1 + -+ + apz™, m < n, Takoii,
YTO CyMMa Pa3HOCTEHl B KBAJpare MEXKJy 3HAYEHUSMH MHOTOWIEHA U
TabsmaabiMu ObL1a ObI MUHEMAJIBHON. Eciim m = n, T0O MEUHUMYM, paB-
HBIH HYJIIO, JOCTUTAETCS, OYEBUIHO, I MHTEPTIOISIIMOHHOTO MHOTOUJIe-
Ha Jlarpam:ka, mo3ToMy pacCMOTpUM Cjaydaitl, koraa m < n. Obo3HaunM
qepe3

Sk:fo, Vk=0,1,...,2m,; tk:Zyixf, Vk=0,1,...,m,
i=0 i=0

rie Sy = n+1. Torma nmeem cucreMy Ijis HaXOXK AeHNs KOIDumeHTon
MHOTOYJIEHA a;

Soag + Siay + -+ + Spam = to,
Siag + Sza1 + -+ + Spyp1am = t1, (36)

Smag + Sm+1a1 + oo+ Somam =t

Ecnnm y37161 pa3awdHbl, TO €CTh T; # T; P ¢ # j U m < 7, TO ONpe-
JenuTesib cucreMbl (36) OTIMYEH OT HyJisd U, CJIEA0BATEJLHO, 9Ta CUCTe-
Ma UMeeT eJuHCTBeHHOe pemienue. Torga MHOrouwieH @, (x) ¢ Takumu
ko3 durmentamu 6yaeT 0071a1aTh MUHIMAJIbHBIM KBAIPATHIECKUM OT-
KJIOHEHWEM CPEIN BCEX MHOTOUJIEHOB CTENEHH 171.

IIpumep. [Jana Tabnuia pe3yabTaTOB SKCIEPUMEHTA:

z]O0[1] 2 [ 3
y|1[2[25]35

IlocTrpoum MHOrO4Y/IeH 11E€PBOIl CTENEHN, KOTOPbIA HAMJLYYlIuM 00pa-
30M ANMpPOKCUMUPYET MAHHYI0 TabiaundHyr dyHKnnoo. [eomerpuueckn
3TO 03HAYAET, YTO MBI XOTHM Ha TJIOCKOCTH MPOBECTH TaKyIO MPAMYIO,
KOTOpas Hambosiee OJIM3KO PACIOIOXKEHA K JAHHBIM YETHIPEM TOYKAM.

2
Q1(l‘):a0+a1m;m:1,n:3, 50:n+1:47 Slz 23%267

i=0
2 2 2
So=>a?=14,to= >y, =9, t; = > yiz; = 17.5. Torga cucrema
i=0 i=0 i=0
4ag + 6a; =9,
(36) muist Hamero npuMepa IpUMeT BHL { 6ag + 14a, = 17.5. Pemas

ee, Hadinem a; = 0.8, ag = 1.05 u moayunm orser Qq(z) = 0.8z 4 1.05.
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5. JlaboparTopubie paboTbl
5.1. Pemntenne CJIAY. CobGcTBeHHbIe 3HAUYEHUS U BEKTOPBI

Perure cucremy juHEHHBIX aaredpandeckux ypaBHEHUIT, UCIOIb3Y sl

. merog, laycca nnm ero MoguuKamnuo;
. merox ZKopmama—Taycca;

. merox LU-pazsioxkenus;

. METOJT KBaPATHBIX KOPHEIl;

. MeTOJI, OPTOTOHATIH3AIINN;

. METO/T TPOTOHKH;

. METOJI, TPOCTHIX UTEPAITHii;

. meron fkobu;

9.

MeTos, 3eiiaesns.

10. ITo BOBMOKHOCTH CpaBHHUTE PE3YIbTATHI W ONMEHUTE TOTPENTHOCTD,
WJIN Haii/InTe HEeBA3KY JIJId KaXKJIOTO METOa.

11. Boraucnure onpenenuTessb MATPUILI IBYMS CIOCOOAMH.

12. Haiigure obparuyio marpuiry. OUeHuTe MOrPenrHoCTb.

13. Pemure CJIAY B KOMILUIEKCHOM [IPOCTPAHCTBE.

14. Haiignre MakcuMaabHOE W MWUHMUMAJIHHOE MO MOIYJII0 COOCTBEHHBIE
3HAYEHUS W COOTBETCTBYIOIINE UM COOCTBEHHBIE BEKTOPDI.

15. Haiiure Bce cOOCTBEHHBIE 3HAYEHUS ¥ COOTBETCTBYIOIINE COOCTBEH-
HbIE BEKTODDI.

BapuauTsr 3amanmii

JlaHbI MaTpuUIa CUCTEMBI A U BEKTOp IpaBoil dacTu b:

i 05-j 0 0.2-1 0
05-5  j 0.3 0 0.1-1
A=| 0 035 10 -03-5 05-1 |,
02-k 0 -03-5j 0.1

0 01k 05k —01-j

—7+0.05 - 52
—0.8-5+01-52-002-1-j
~-104+0.03-52-0.1-1-5 |,
—0.2-k+0.3-54+0.02- 52
0.01-k-j—05-k—02- 52

b

rae j = 1.5+ 0.1 n, n — HOMeDp BapHaHTA.
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Samanusa 1-3, 5, 8, 11, 12 Bemoanure tpu k = n, | = k — 0.1,
3amanugd 4, 9 — npu k = | = n, 3agamme 6 — npu k =1 = 0. B
3ajanuu 7 nojadepure Kodpdunuent HopmupoBanus ¢ > 0 marpuipt A,
HOJIB3YSICh CBOMCTBOM HOPMSBL ||cA|| = ¢||A|| 1 mocraTounbiM ycaoBrem
CXOZMMOCTH METO/Ia MPOCThIX ureparmii ||All < 1.

Hns 3aganusa 13 marpuna CJIAY A u Bekrop b umeror Bu;:

1—j-i 0  —j-i 1+j—3j-i
A=|—j—=2i —j-i 24j-i|,b=|-3j+4+2j-i]|,
i 2 j 2+ (j—1)-i

rae ¢ — MHHMag equHUNa, j = 1.5 4+ 0.1 - n, n — HOMep BapHmaHTa.

B zamanusax 14—15 s peanu3anny METOA0B HAXO0K/IEHIS COOCTBEH-
HbIX 3HAYEHUN CUMMETPHUYHBIX IIOJIO2KUTEJIbHO OIIPE/IEJIEHHBbIX MaTPUIIL
WCTIOIB3YHTEe MATPUILY U3 3aJaHud 4, B TPOTUBHOM CJIydae — MaTPHUILY
n3 3a7aHus 1.

5.2. Pentenne HeJMHEWHBIX YpaBHEHUI U CUCTEM

Pemure nenuneiinoe ypaBHeHue, UCIOJIb3Ys CJIEyIOIINE METO/IbL:

1. MeTO/I, IONIOBUHHOTO JIETIEHUS,

2. merox, Heiorona—Padcona (KacarenbHbIX),

3. MeTOoJ, CeKyIIux,

4. KOMOMHUPOBAHHBLI METOI,

5. MeTOo/1, IPOCTHIX UTEPAIHii.

BapuaHT ypaBHeHHE OTPE30K

1 e +a2>—2=0 [—4; —1.2]
2 e —x+2-0 [1.5; 5]
3 2siny —x+04=0 | [-1;—-0.1]
4 20 —4cosx — 0.6 =0 | [-0.5;1.5]
5 e —r—2=0 0; 3]
6 lnx—é:() [1.5;4]
7 2 —2sinx+0.7=0 ] [0.8;3]
8 —cosz— 22 +5=0 2; 3]
9 e ?—627+5=0 [—6; —4]
10 r—2lnx—2=0 [0.1; 3]
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BAPUAHT ypaBHeHuUe OTPE30K
11 Iz 022 +1=0 0.1;3]
1
12 nz—-—-1=0 [2.5; 5]
o
13 sinz — — +1=0 [4.6;6.2]
x
%3
14 —r = 1.8;
2 x =0 [1.8; 3]
ox .
15 —2sinc+2=0 |[-4.6;—-3.3]
15+ z?
16| - fxg —2cos(2e) +1=0 | [~1.5;—1]
T
17 6—e"=0 1;3
T t0¢ [1; 3]
18 arcsin(zx — 1)+ —2=0 [1.1;1.9]
19 arctg(r — 1) +x—2=10 [1.1; 3]
20 arccos(x —2) +2x —6=0 | [2.05;2.8]
21 —3arcsinx 4+ 32°+ 0.1 =0 | [-0.5;0.5]
22 lgz —x+2=0 [1; 3]
23 3lgr —2°+2=0 [1; 5]
21 2" 22 —0.7=0 [0; 1.5]
2% 3 — 7sinz = 0 [1.1;24]

Permmure cucremy HenmHENHBIX ypaBHEHHH

UCTOIb3Y 4

sin(ax +b) + cy +d =0,
cos(ey + f)+gr+h =0,

6. merom HeroTona,
7. MeTo/I, CILyCKa.

8. CpaBHUTE TOYHOCTHU TIOYUEHHBIX PEIICHU 115 yPABHEHUH U CHCTEM.
OrnernTe MOrpentHoCTh I KayKI0r0 MEeTOa WM HalluTe HeBsI3KY.
Kosddurmentsi a, b, ¢, d, e, f, g, h 175 cucTembl yKa3aHbl B TAOIHUIIE,

1 — HOMEp COOTBETCTBYIOIIETO BAPUAHTA.
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1.

i a b c d e f g h
1 1 w/2—1 3 —1.5 1 ™ 2 —4
2 1 2 -1 | -02] 2 0 1 1
3] 2 /2 1| 31| x2-1]1]05
4 1 -2 1 |-07] 1 w/2 2 | —-0.6
5 1| m/2—1 | 1 | —05] 1 - 1| -3
6 1 0 2 -2 1 -1 1 | -0.7
7 1 0.5 -1 -1 1 -2 1 0
8 1 2 —1|-15] 1 -2 1 | -05
9 1 [7/2405 | -1] -2 | -1 /2 -2 -1
10| 1 /2 —1 1 |-07]-1 /2 2 -2
11| -1 n/2+2 1 0 —1|7w/2-05| -1 —1
12 1 0 -2 | —1.6 1 0.5 1 —0.8
13 1 0.5 -1 -12] 1 -2 1 0
14 1 w/2—1 1 —0.5 1 T 1 -3
15| 1 0 2 -2 1 -1 1 | -0.7
16 1 /2 1 —-1.5 1 /2 —10.5 2 -1
171 1 | 3n/24+1 | 2 0 -1 /2 1 04
18 1 0 1 0.4 1 m+1 2 0
19| 1 w/2—2 1 | -05]|-1| n/2—2 | —-1]| —-15
20 1 w/24 0.5 1 -1 -1 /2 —2 —2
21 | 1 w/2—1 0 -2 | =1| @/2-1 | -1 1
22 1 /2 —1 1 —0.8 1 T 1 2
23| 1 -1 1 | -08] 1 7r 1 2
24 1 —1 2 0.5 1 2 1 -2
25| 1 T -1 -15] 1 -2 1 | -05

5.3. Teopus npubamn>keHns: u anmpokcuManus QyHKIUH

1.

Ilocrpoiite wunrepnonsuuonusiii MHOrowien Jlarpamaka s
dbyHKIMA, 3aTaAHHON TAOIHIHO:

T -3 -2 | =110 2 9 LT —1]0|1| 2 3

y | =180 | —19 | 2 3 65 ly | 11| 7T 7| 17|67 ]
z | =3 | =2 | -1 1 2 4 LT -2 (0|1 2 3
y | —47 | 13 7 13 | 133 ly | 67 |9 4| -1 |17 7
z| -3 | -2|01] 2 z| -2 -1]0 2

y| 64 | 14 | 4 34 0 y | 68 | 21 | 10 0
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11.

13.

15.

17.

19.

e[ 2101 [2] [a] -1 0 I [2]3] 4
y | =7 | =19 11|17 [y | —243| =32 -1]0]|1]32]
o] <4 [2[-1Jo[1[2]  [e[-1]O[I]2]3

y| =510 | 2 | 3 |2 66 | |y |17 |7 11 [49 |
] 2] -1J0J1[2[3]  [a]-2[-1J0]1]2

y| 6 |—2]0]9] 410 “[y|68 |21 10[5]0]
e[ —2[-1[0f1[2] [« 3[-2[-1]0 2

y | 170 [5]8]9) [y —-26]11] 0 |1 39 |
v 2] -1[0]1[2] fa[2[-1T0[ 173

y | 88 [ 19 |4 516 [y |86 |17 | 2| —7 | 161 |

el —2[-1Jof1[2] 3] [a[-T[0[1]2]3

y| 6 |18 | 6] 0|20 246 [y | 2238 8|24 [

e[ -3[-2[0f2]3 |, fa[-2[-1[0[1]2] 3

y| 7 11| =3[9 5" [y[12]6 [-4[2[8]-10]

2. TlocTpoiiTe MHTEPTONATIMOHHBIN MHOTOUIEH JlarpanyKa 715 3a1aH-
Hoit dynkuun f(x) ¢ 3amanubiMu y3namu. OUEeHuTe OrperiHOCTh HHTEeP-

MOJIAIAHA.
BapuanT | Gynkuns f(z) NENIS

1 sin x 0, /6, /4, 7/2
2 sin® z /6, /4, /3, w/2
3 cos? T 0, 7/6, 7/4, 7/3
4 ctgx /6, w/4, /3, m/2
5 tgx 0, 7/6, m/4, 7/3
6 CoS T 0,7/6, /4, 7/3
7 2sinz /6, m/4, /3, /2
8 5 1,0, 1,2
9 57 2, 1,0, 1
10 i 9, -1,0, 1
11 e 1,0, 1, 2
12 e 0.25, 0.5, 1, 2
13 R ~3, -2, -1, 0
14 2 ~1,0, 1,2
15 3" 1,1, 2,3
16 37 3. 1,0, 1
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BapuanT | Gynknus f(z) Y3JIBL X
17 sin 2x 0, 7/12, 7/8, 7 /6
18 327 2, 1,0, 1
19 972 —9.1,3,4
20 9327 2. 1,0, 1,2

3, 4. IloctpoiiTe MHTEPMOAATIMOHHBIN MHOrO4YJIeH HboTOHA A7
dbyuxnmit u3 3aganuii 1, 2 COOTBETCTBEHHO.
5. ITocrpoiiTe HHTEPTOMANMOHHBIA MHOTOUIEH DPMUTA:

T -1 0 1 2 T -2 -1 0 1
1Ly 9 8 5 0 9 LY 8 -7 | =8| =5
v | =24 0 | —12 | 504 | “ [ 7 o 1|
y' ] 230 | —4 | —58 y"’ —-176 | 8 | —32
T —1 0 1 2 T —2 -1 0 1
3 | Y 0 5| —4 |3 4 Y 8 0 —4 | 2
v | =26 0 | —2 » [y 244 | =13 0 | 31|
y” 4 | —24 y” 46 6
T -1 0 1 2 T -2 —1 0 1
5 1Y —-12 | =10 | =10 | 18 6. Y —48 | 34 | 16 | 30
Y | 43 0 | —25 R “a4 0| 20 |
Yy’ | —298 14 —154 y” 86 32 | =22
T -1 0 1 2 T —2 -1 0 1
7 Y 191 200 —209 | —16 8 Y —14 37 14 | 43
% 210 | —200 | —610 | 4080 [ | o =37 0 |79
y” | =330 | —420 | —330 y”’ —26 | 50
T -1 0 1 2 T -1 {0 1 2
9 Y —106 | —100 | —104 | 204 10 Y 2 1 —4 449
|y 31 0 —13 [ 1720 ] "y | =13 | 0| —17 | 2696 |
y” —4 —22 y' | 138 [ 0| =30
T -2 -1 0 1 z | —2 -1 0 1
y | -2 1 | 2] 9 vy | 51 7 | 7 | 1
1. y -30 | 3 54 12. y —13| 0 | =257
y” 138 | 0 | 282 Yy’ 90 | —6
T -1 0 1 2 x —1 1 2
v [ 4 [8 o [sd] [y [ -2 [T]0 48]
Y 15 0 3 Y 17 1 | 2240
y' | =78 | —6 | 66 y' | =96 48
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T —-110 1 2 x 0 1 2
s v [ 212 | [y [2]3 130
Ty =8 8 1024 [y 0|7 |448
y” 56 y' | 0] 42
T —2 -1 0 1 x -1 0 1 2
v 31 0 | 5| —6 v | =5 | 6| =3 [ 10
17 y —13 0 —-15 | 18. Y 17 0 1 '
y”’ 100 4 —92 y' | —176 8 —32
T -1 0 1 2 T -1 0 1 2
vy | 11 [ 10] 7 | 2 v | =5 | 10| =9 | —2
W= o [—i2 s Xy =2 0 | =2 '
v | 230 | =4 | =58 Y 1 | -

6, 7. IlocTpoiiTe HHTEPIOJATMOHHBIN KyOuIeCcKuii CIiaiit 1 QyHK-
it n3 3amanuit 1, 2 COOTBETCTBEHHO.

8. Ucnosib3ysd MeTo HAMMEHBIITHX KBAJIPATOB, MOCTPONTE MPSIMYIO
JIMHEWHON DPerpeccuul, anmpoKCUMHUPYIONTYI0 (MYHKIWO, 3aJAHHYIO Tab-
JIMYHO:

1 Le -3 -2 -1 0 1|2 9 L% -2 (-1]01 2] 3
y| —4|-3|-3|-1(1]0 7|y]| 12 6 |42 |8]107F
3 L% -3 —2 -1 0 1 2
|y | —1.86 | —1.91 | —1.28 | —1.31 | —1.84 | —1.65 [
4% -2 -1]0|1 2 |3 5 L7 -3 (-2 -1]0|1]2
Ty 1 1|21 -1|3] |y 2 4 5 | 3 4
6. L% -3 | -1 1 314 7 LT -3 | -1 0 113
Ny | =5 -1|-2|0|2] "|y|-1 1 -2 (0|17
g L% -2 -1]1 3 9. L% -2 |-1(0|1]|2]3
1y 2 3 1|12 "|y|-3|-1]2|1]1]|3]
10. L% 0 1 2 3 4 5 6
y | 2.131 | 2.253 | 2.259 | 2.197 | 2.113 | 2.124 | 2.318 |
11 L2 0 1 2 3 4 5 6
y | =331 | —=3.53 | =3.25 | —3.19 | —3.11 | —3.24 | —3.38 |
19 L% 0 1 2 3 4 5 6
y | 6.312 | 6.531 | 6.654 | 6.918 | 7.117 | 7.146 | 7.289 |
13. L% 0 1 2 3 4 5 6
y | 3.312 | 3.536 | 3.258 | 3.191 | 3.113 | 3.149 | 3.185 |
14 L% -1 0 1 2 3 15. L% -3 -2 -1 1 2
y |74 |73|72|69 |71 |y|b55|53]|52|51|54F7

44



16. % —2 -1 1 2 3 4 5
|y | 3.121 | 3.314 | 3.276 | 3.198 | 3.155 | 3.142 | 3.211 |
17 L% 1 2 3 4 5 6 7 8
y | 1.13 | 1.32 | 1.22 | 0.99 | 1.11 | 1.42 | 1.53 | 1.44 |
18 L% —1 0 1 2 3 4 5 6
y | 2.122 | 2.331 | 2.249 | 2.901 | 2.456 | 2.675 | 2.721 | 2.698 |
19. L% -1 0 1 2 3 4 5 6
y | 4.198 | 4.312 | 4.241 | 3.976 | 4.123 | 4.076 | 4.342 | 3.999 |
20. L% -3 | -2 -1 0 1 2 3 4 5
|y | 423732323840 |45 |47 |46 |

5.4. IlpumepHbie TeMbl JOMAITHUX 3aJIaHUI

Jomalinee 3aaHle COCTOUT B CAMOCTOSTE/IbHOM M3Y4eHUuU BbiOpaH-
HOTO METOJIa, HAMMCAHWU MPOrPAMMBI M OArOTOBKE OoTueTa (B Iedar-
HOM Buze). OTYer J0JIZKEH COAEpPKATh: MOCTAHOBKY 334K, ONUCAHUE
HCIIOJIB3YEMOTO METO/a, KO, IPOrPaMMbl, PE3Y/ILTAThI €€ paboThl Ha Te-
CTOBBIX [IPUMEPax, CIUCOK JIUTEPATYPhI.

1. Pemenue CJTAY, ucnosib3ysi METO/bl, OTJINYAIONTHEC OT 33/ [aHHBIX
B JlabopaTopHoit padore Nel.

2. Haxoxpmenne COOCTBEHHBIX 3HAYEHWI W COOCTBEHHBIX BEKTOPOB
JPYTUMHU METOIAMU, HEe UCIOJb3yeMbIMU B ja00paTopHoit pabore Ne 1.

3. Pemenne HenuHeHHBIX ypaBHEHUH APYTHMH METOJAMHU, HE pac-
CMAaTPUBAEMbIME B J1a00OpaTOpHOit padbore Ne2.

4. Permierme cucteM HEJTMHEHHBIX YPABHEHUN APYTUMU METOJAMMU, HE
paccMaTpuUBaEMbIMU B J1A00PATOPHOIT pabore Ne2.

5. [locTpoeHnre MHTEPIIONATMOHHBIX JIOMAHBIX.

6. DPMUTOBBI KyOUUIECKHE CILIAWHBI.

7. Uurepnosisuuonnbie napabosinvecKue CILuIaifiHbl (MCIOIb3Ysl OJUH
u3 4 TUIIOB KPAEBbIX yCJIOBHUIL).

8. NHTepnOAIMOHHbIE KyOUYeCKHe CILIARHBI (MCIONb3Ys OnuH u3 4
THUIIOB KPAEBBIX yCJIOBUI, HE PACCMATPUBAEMbIH B 1aO0OPATOPHOI paboTe
Ne3).

9. UMHTepnoJganuoHHbIl METOJ], HAXOXK/IEHHS XapPAKTEPUCTUIECKOrO
MHOIOYJIEHA.

10. Meron HAMMEHBIUX KBAAPATOB (MOCTPOEHUE MHOTOYJIEHOB CTe-
MeHN 2 ¥ BBIIIE).
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